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Abstract

A Smarandache multi-space is a union of spaces satisfying certain conditions. If the spaces being
united are vector spaces, then we have a vector multi-space [3]. In [4] we defined the notion of a multi-
matrix and operations with multi-matrices, and in this paper we shall define linear mappings on a vector
multi-space and study some of their properties.

1 Introduction

The notion of a multi-space was introduced by Florentin Smarandache as follows:

Definition 1.1 ([2]). For any integer i, 1 < i < n, let A; be a set with a system of laws L;, denoted by
(A;, L;). The union

A= LnJ(Ai;Li)

i=1

is called a multi-space.
When the spaces A; are vector spaces over the fields F;, we have the notion of a vector multi-space.

Definition 1.2 ([2]). Let

and let

be a multi-field space with the set of binary operations

O(F) = {(+i, xi), 1 <i <k}
If, for any integers i,j, 1 <i,5 <k, and
Va,bc €V, ki ks € F,
the following properties hold:

(i) (Vi,+i,i), 1 <i <k, is a vector space over the field F;, with vector addition +; and scalar multiplication
iy

(i)
(a+ib)+jc=a+;(b+;c);



(iii)
(k1 +i ko) -y a= (k1 -ja) +i (k2 -5 a),

whatever the operations +;,-; € O(V) may be,

then it is called a multi-vector space over the multi-field space ﬁ, with the set of binary operations O(f/), and
is denoted by (V; F).

For the subsets ‘71 C V and ﬁl C f, if ﬁl is a multi-field and (‘71; ﬁl) is a multi-vector space, then we

shall call (V;; F}) a multi-vector subspace.
In paper [4], the notion of a multi-matrix, the type of an element, and operations with multi-matrices
were introduced.

Definition 1.3 ([4]). Let
R= Lnj Ri,  O(R) = {(+4 xi), 1 <i<n}
i=1
be a complete multi-ring with a fized numbering of the rings, let [,m € N*, and let
T e M ,n({1,2,...,n})
be a matriz with | rows, m columns, and entries from the set {1,2,...,n}. The mapping
A:{1,2,.... 1} x{1,2,....m} =R

is called a multi-matriz of type (I x m,T) with entries in R.

We shall denote A(3, j) by A;j, and
Aij S RTi]"

Definition 1.4. Let a € R. The type of the element a is the smallest index of the ring to which a belongs.

The mapping _
t:R—{1,2,...,n}, t(a) =k,

where k is the type of a, is called the type mapping.

In this paper we shall consider complete vector multi-spaces defined over complete multi-fields.

2 Coordinate Systems

Definition 2.1. Let (17, ﬁ) be a complete vector multi-space over the multi-field ﬁ, where

and

k
F=JF, OWF)={(+ix), 1<i<k}

@,
Il
—

is a multi-field space. An ordered basis in V is called a coordinate system or frame.
Let B = (eq,ea,...,€) be a basis in V, with dim(V) = I, and let z € V,
T=T11€1+1T22€2+2 - +i—1 21 €.
The components x1, za, ..., x; are called the coordinates of x in the basis (e1,ea,...,€;), and we shall write

L= (1'1,1'2,~«~,xl)~



Change of Coordinates

Let B’ = (e},...,€;) be another coordinate system in V. We shall denote by aij,azj,...,a;; the coordinates
of the vector € in the basis B:

I
ey =aiy-11€1 +1 - +i—1 a1 1 €,

!
€y =a12-12€1 +1 - +1-1 Q12 12 €1,

!
e =ay el +i-+i—1au-uer-

Here -;; is the operation
i Fiiaiy) X Vicaiy) = Vicai)s

and -+ is the operation in the space V,,, where
p=1t(ai1 i1 €1 +1 - Fr—1 Qik—1 i k—1 €k—1)-

We shall write, in condensed form,

1

/ .

e = E aije;, j=1,...,1L
i=1

We have

l l l
!
= E E aijxj e; = E T;€;.
i=1

i=1 \j=1

Whence, using the uniqueness of the expression of a multi-vector in a basis [3], it follows that

l
12 .
T; = E aijT;, i=1,2,...,1
j=1

In matrix form, we have
/

T aix -t an 3
!/
z (£ 5 S 177} x;

The multi-matrix A is called the transition multi-matrix from the basis B to the basis B’, and we shall write,
in matrix form,
[z]s = Alz]p/,
where
e = (21, 00" lalp = (0, 2"

Let B” = (¢f,...,¢]) be a third ordered basis in V, and let (z/,24,...,z/) be the coordinates of z in

B”. Denoting by A; the transition multi-matrix from B’ to B”, we have
[z]p: = Aslz]pn.

From this relation and from [z]p = A[z]p/, we obtain

[I]B = AA1 [x]B//.



3 Linear Transformations on Multi-Vector Spaces

Definition 3.1. Let 1% and W be complete vector multi-spaces over the same complete multi-field F.
A mapping f: V — W with the properties

v fletiy) = f@) + fly),  i=tx), k=1i(f(2));
(i)
fiz) =X f(z),  i=t(z),
is called a linear transformation or homomorphism.
Remark. f(03) = 05, since

f05) = f(Ok k) =0k ¢ f(z) =0 cw.

Here, by 0y we mean an element 0;, € \7, and by Oy an element 0; € W, in the case when it is not specified
that all the elements 0; € V; are identified. The following property holds:

0; -1z = 0, 0, € Vg, $€‘7.

Indeed,
Oiz=00+10)12=012+10; 1 2.

If 0; -1 ¢ = yg, then
Y =012 +1 Yk

and
0112 =yr — yr,

hence
Ol 1L = Ok.

Let B = (e1,ea,...,¢e;) be a basis in ‘7, and let

l
xr = Z €xie; € ‘7
i=1
It follows that

1
flx) = foif(ei)~
i=1

Theorem 3.1. There exists a unique linear transformation of the multi-vector space 1% of dimension | into
the multi-vector space W which transforms a given basis into a given system of vectors in W of the same
cardinality.

Proof. Let B = (e1,ea,...,¢;) be a basis in V, and let

1
xr = Z €xie; € ‘7
i=1
Then l
flz) = foif(ei)~
i=1
It follows that f is determined by the vectors
f(61)7 f(€2)7 EERE f(el)'



The Equations of a Linear Mapping
Let B = (e1,ea,...,€;) be a basis in V, and let B = (€1,---,€m) be a basis in W. The vector fe;) is
expressed in B as a linear combination of the vectors of the basis B:
f(ej) :Z‘fijéh ]:1,71
i=1
The multi-matrix

Ju o fu
fz=1: -~
fml T fml

is called the multi-matrix associated with the mapping f in the bases B and B.

Let
l
xr = Z Zj€j
j=1

be an arbitrary multi-vector in V. We have

Jj=1 j=11:=1
m l
:E E Jijzj | €
i=1 \j=1

Thus, with respect to the basis B = (€1,...,&,) in W, the multi-vector f(x) has the coordinates yi,...,ym
given by the formulas

l
Yi = E fl]xjv Z.:]-v"’,mv
Jj=1

or, in matrix form,

Theorem 3.2. The image f(X) of a vector multi-subspace X of the vector multi-space V is a vector multi-
subspace of the vector multi-space W .

Proof. Tt is sufficient to show that, for any y; and yo in f(X), and for any \; and A in F ,

ALy R A2 y2 € f(X),
where
i =t(A), J=t(A2), k=1t(\iy1)
Since y1,y2 € f(X), there exist 1, z2 € X such that

fx) =y,  f(z2) = v
Since
A1 FE A2y a2 € X,

it follows that
A iy R A2 Y2 = A f(xn) Fr A2y f(22)

= f(Ar 214k A2 5 22) € f(X).



Theorem 3.3. The inverse image f~1(Y) of any vector multi-subspace Y of the vector multi-space W is a
subspace of V.

Proof. Let 1,22 € f~1(Y) and Ay, s € F. Tt follows that

SOL @1+ Ao w2) = Av i f(@1) 41 Az o f2) € F7H(Y).

Definition 3.2. Let f : V — W be a linear transformation. Then
ker f = () £7(0)
i=1
1s called the kernel of the mapping f.
Theorem 3.4. ker f is a multi-vector subspace of V.

Proof. We shall show that, in a complete multi-ring, the following relations hold:
Vk,lG{I,Q,...,n}, 0 +% 0; = 0;, )\k'kol:(]j,

where i,j € {1,2,...,n}.
Indeed, V is a complete multi-vector space and Ox 4+ 0; € V. Let

Ox +% 0; = 2.
Since
0x = O + Og, 0; = 0; 4+, 0y,

we have
r =0+, 0 = (Ok +k Ol) +; (Ok +k Ol) =x+; .

From x = x +; = it follows that
x =05, i =t(x).

Furthermore,
Mok 0p = A -k (0 4+, 0;) = Mg -, Oy +1 Mg -5 Oy,

hence
)\k 'k Ol = Oj.

Let 1,29 € ker f and A1, Ao € F. Then
FA 121 45 A2 2 22) = A1 1 f(x1) +5 A2 -2 fa2)

= A1 101+ A2 2 02
=0; +; Oj = 0.

Therefore,
A1 121+ A2 2 T2 € ker f.

O

Theorem 3.5. Let V and W be multi-vector spaces over the same multi-field F. For every linear mapping
f:V = W, the following relation holds:

dim(V) = dim(ker f) + dim(f(V)).



Proof. Let n = dim (V') and r = dim(ker f). We choose a basis of ker f,

(61,62,...,6,«),

which we extend to a basis
(1,€2, ..y Ery€ri1y... €n)

of the space V. If

r=> xif(e;)
i=1

n
=0 + 04, +---+ 05, + Z z; f(e;)
i=r+1

=0x + Z z; f(€:),

1=r+1
then it follows that
f(eT+1)7 f(eT’+2)7 R f(en)

is a system of generators for Im f, since these vectors are also linearly independent. Indeed, if
f(er+1)7 f(eT+2)7 R f(en)

were linearly dependent, then it would follow that
A1 f(ersn) + oo anflen) = 0n €W

and
Qry1€r41 + -+ + ane, € ker f.

Hence
Qpy1€r41 +---tape, =i+ + Qr€r,

an impossible equality, because the vectors
€1,€2,...,€n

are independent.
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