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Abstract

In this letter we show how member forces in a truss can be computed using complex

numbers. We give an example of a truss where equations with only one unknown

member force are formulated by taking moments about a particular chosen point. A

theorem provides an expression for a moment in terms of a complex valued force, a

complex valued point of application and some basic operations on complex numbers.

We consider the following two situations:

(i) The moments are taken about a joint of the truss.

(ii) The moments are taken about a point which is not a joint of the truss. A theorem
provides an expression for the position of that point in terms of joints of the truss.

As an example we consider the truss of Fig. 1, which is made of nine members connected by six
frictionless pins at joints located at the ends of each member. The rigid truss is supported by a pin at
joint 1 and a roller in joint 2.
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A free-body diagram of the entire truss is given in Fig. 2; external forces consist of one applied load in
joint 2, two applied loads in joint 6, two reactions in joint 1 and one reaction in joint 2.
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The necessary and sufficient conditions for the equilibrium of a rigid body in two dimensions may be
expressed as
YE =0, YXE =0, YXMp=0

The direction of the axes of coordinates and the location of point P may be chosen arbitrarily.
Using the complex-valued representation of a force F := F, + i - F,, the first two equations can be
combined as

0+i-0=CE)+i-XF)=X(F+i-F)=YF=0
For computation of the moments in the third equation we have the following theorem.

Theorem
let F:==F +i-F,and Z := Z, + i - Z, be the complex-valued representation of a force and its point of

application respectively, see Fig. 3. Then the moment M, of the force about the point P can be obtained
as

Mp = Im(E ' Z*)

Proof
F-7*=(F+iE) (Ze+i-2) =(F+iE) (Z.—i-Z,)
=(EZy+F-Z)+i-(F,-Z,—F - Z))

= Im(F-2)=Im((F Ze+ B -Z,)+i-(F-Zy — F - 2,)) = B, - Zy — - 2,

O
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Figure 3: Vector diagram consisting of the force F and its point of application Z.

The three unknown reactions R, ,, Ry ,, and R, ,, in the free-body diagram of Fig. 2 can be determined
from the following two equations of equilibrium

2E=O, ZM1=O

Equilibrium of the entire truss.

Determination of the reaction R, = R, ,, - L.

Taking moments about joint 1 to eliminate R, , and R, ,, from the computation.
ZMl = 0:

Im ((300 + Ry i) - (4 — 8i)" + (180 — 2400) - (20 — 101)*) = 0
Im ((Ry,y - i +300) - (4 + 81) + (180 — 240%) - (20 + 10i)) = 0
Im ((Rz,) - (1) - (4 + 81) + (300) - (4 + 81) + (180 — 2401) - (20 + 101)) = 0
Im (R, - (=8 + 4i) + (1200 + 24001) + (6000 — 30001)) = 0
Im (Rz'y (=8 + 4i) + (7200 — 600i)) =0
4Ry, — 600 =0
600

Ryy ="2=150N

Ry =R,y -i=150iN



The two moments in this equation follow from the two vector diagrams shown in Fig. 4.
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Determination of the reaction R; = R, , + Ry, - L.

Substituting the previous result for R, into
Y2F=0:

R, + R, + (300) + (180 — 240i) = 0
R, + 150i + 300 + 180 — 240i = 0
R, + 480 — 90i = 0

Ry = —480 +90i = Ry, + Ry, i N
Ry, = —480N

Ry, =90N

20—10im

180 — 240i N

To visualize the internal forces cuts are made in member () the vicinity of its joints p and g, see Fig. 5.
Each member is acted up on by two forces, one at each end; the forces have the same magnitude, same

line of action, and opposite sense, see Fig. 6.
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Figure 5: Cuts in the vicinity of joints Figure 6: Internal forces drawn away from the cuts as if the member (1)

p and q are denoted by red tildes. is tension.



The common magnitude of the forces exerted by member () on the joints p and q allows to express
the internal forces Ep(r) and fq(r) through the scalar member force F™as

OOt B C U Yt 7
I = ’ g =
Zq - Zpl |Zp qu
Remark: note that
™ ()
E " +FE =0

We assume that all members are in tension. A positive value obtained for member force F®indicates
that member (r) is in tension. A negative value obtained for member force F indicates that member
(r) is in compression. If F® = 0 then member () is said to be a zero-force member.

The nine unknown member forces F(T),r € {1,2,:--,9} can be determined by the method of sections.

In Fig. 7 a section has been passed through the members (1) and (2). The internal forces fs(l) and 55(2)
acting on joint 6 then can be expressed through their member forces FMand F@, respectively, as

FO = p . L7Zs _ p(n, U1430=Q0) _ pay, 29430 _ peyy 29430 _ pyy, 234
- |Z5- 26| [(11+301)-(20)| |-9+3i] V90 V10
55(2) — F(z) . Za—Zs —_r@. (16+81:)—(20) _ . —4+8L: _ F(z) 4480 _ F(z) J 1420
|Zs—Zs| |(16+81)—(20)| |-4+8i] V80 NG
4
o
) _ .71+2i
5 £ =F® 5
o
180 — 240i N

Figure 7



Equilibrium of joint 6.
Determination of member force F1,

Taking moments about joint 4 to eliminate F?) from the computation.
ZM4 = 0:

Im ((F<1> %) (4 — 80)* + (180 — 240i) - (4 — 8i)*) =0
m<£- (=3 +10) - (4 + 8) + (180 — 2400) - (4+8i)> =0

(1)
Im <i- (=20 — 200) + (2640 + 4801')) =0

~20 . =
mF +480 =0

20 r
480 7 F

FO = % 10 = +24V10 N

The two moments in this equation follow from the vector diagram shown in Fig. 8.
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Determination of member force F(%).
Taking moments about joint 5 to eliminate F@ from the computation.
ZMS = 0:

Im ((F(2> ”2‘) (9 — 30)* + (180 — 240i) - (9 — 3i)* )

Im <F(f) (=1 + 2i) - (9 + 30) + (180 — 240i) - (9 + 3z)>

)
Im <% (=15 + 15i) + (—2340 + 16201’)) =0

15, 5@ 4 -
= 1620 = 0
_ 15 p@

1620 = 2

F@ =%0-\/§ — +108V5 N

The two moments in this equation follow from the vector diagram shown in Fig. 9.
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Alternatively, the member force F® can be determined by substituting the previous result for FW into
Y. F =0, seeFig. 7.

FO .- v— L F@. 1}21 +180 — 240i = 0
2410 -2 4 F@. 1}2[ +180 — 240i = 0

F@ . 1&21 72 + 24i + 180 — 240i = 0
F@ . 1&21 +108 — 216i = 0

F@ . ‘1&“ = —108 + 216i

F<2>=— (—108 + 216i) = 222218 5 = 1108V5 N

= —1+2i




In Fig. 10, a section has been passed through the members (7), (8) and (9). The section divides the
truss into completely separate parts but does not intersect more than three members. These parts are
denoted by the joints they contain.

—480 4+ 90i N
. (5)

300 + 150i N

180 — 240i N

Figure 10

The member forces F(7), F® and F® act on part 1,2,3 and part 4,5,6 of the truss, see Fig. 11.
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The internal forces ﬂ;m, g(g)and 54(9) acting on part 4,5,6 in Fig. 12 can be expressed as through their
member forces F(7), F® and F(9, respectively, as

) = (), Z27Zs _ p(7), G420-01430) _ n(7) , 2720 _ p(7) . 2720 _ g7 2728
F F |Z,-2s] F [(11430)—(20)| |[—7—i] F V50 F 5v2
F(g) _ F(S) . Z3—Zs @) . (16+8i)—(20) _ = (8). —4+8i F(B) . —4+8i F(B) . —1+2i
= - |Z5—2:] [(16+80)—(20)| |—4+8i| N V5
FO _ O . L% _ po), UH110-(A6+8) _ pe9), 29431 _ p(9) , 24480 _ p(9) , 2341
—4 |Z5-24] [(7+110)—(16+80)]| |—9+3i| \/90 V10
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Equilibrium of part 4,5, 6.
Determination of member force F(7).

Taking moments about joint 3 to eliminate F® and F© from the computation.
2 M; =0:

Im ((pm _57—5) - (4 —80)* + (180 — 2400) - (13 — 11i)*> =0

(7)
Im <15% (=7 — i)+ (4 +8) + (180 — 240) - (13 + 11i)> =0

F(7 ] .
Im <ﬁ (=20 — 60i) + (4980 — 11401)) =0

;—jg-F(7)—1140=0

_ % ™

1140 = 2% F

FO = ==2.5v2 = —95V2 N



The two moments in this equation follow from the vector diagram shown in Fig. 13.
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Determination of member force F(®,

The lines of action of the internal forces &(7) and 54(9) intersect at point P, see Fig. 12.
To determine the location of point P of the moments we have the following theorem.

Theorem

Given the line with position vector Z,, and direction vector D,,. Given another line with position vector
Z, and direction vector D, see Fig. 14. If these lines are non-parallel then the position vector Z of the
point of intersection can be obtained as

D, -Im(Z, - D) = D, - 1m(Z, - D;)
Im(D, - D;)

Z:

0

Figure 14



Proof
Z=7 +2,-D, 1 €ER
14 14

Z=7 +24D, A €ER
- -9 —q

ZptAp-Dpy=Zy+2Dg & Z,=Z;+t A Dp=2g"Dy
X « Im((Zq_Zp)'Qé)
= 1 ((Z =2+ 4-0,) D;) =m((Ag-D,) D;) = 0 & Ay =—"rt
B B im((2-2,)D;) ~ _ Zym(DyD;)+DpIm((2,-2,) D)
_ 2y (DpDy=DpDg)+Dy ((24=2p)-Da—~(2-23)-Dg)  Zp'DpDi=Zp Dy Dg+Zq Dp'Di=Zp'DpDj=Z5D Da+Z-DyDg
- 2i-Im(Dp-D;) 2i-Im(Dy-D;)

2i'Im(DyD}) 2i'Im(D,D;)
_ Dy (ZgDi~2;Dq)~Dg (ZyDp~ZDp) _ DpIm(ZgDj)~DygIm(Zy D)
2i:Im(Dp-D;) Im(D,D};)

O

Applying the previous theorem to determine the point of intersection of the lines of action of the
internal forces &(7) and &(9).

The line of action of the internal force 55(7) is defined by the position vector Z; = 11 + 3i m and the
direction vector Ds = 3 — 1.

The line of action of the internal force 5(9) is defined by the position vector Z, = 16 + 8i m and the
direction vector D, = 7 + 1.

Dgtm(Z,D3) =D, m(Z5:DY) 7+ Im((16+80):(3—D)")=@=Im((114+30-(7+D") _ (7+) Im(40+40)—(3~)Im(80+10i)

Z= im(D-D}) Im((7+1):(3—0)*) Im(20+10i)

_ (7+0)(40)=(3-0)<(10) _ (280+40i)—(30-10i) _ 250+50i
- (10) - (10) T

=25+ 5im

Taking moments about point P to eliminate F and F© from the computation.
Y Mp = 0:

Im ((F(8> %) (=14 — 20)* + (180 — 240i) - (=5 — 5i)*) =0

(8
Im <% (—1+20) - (—14 + 20) + (180 — 240i) - (=5 + 5i)) =0

(8
Im <% (10 — 30i) + (300 + 2100i)> =0

‘T":’-F@) 42100 = 0
2100 =%F<B>

F@® =229 /5 — 170V5N
30



The two moments in this equation follow from the vector diagram shown in Fig. 15.
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In Fig. 16, a section has been passed through the members (4), (5) and (7).
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The internal forces 5(4), g(s)and &(7) acting on part 3,4,5,6 in Fig. 17 can be expressed as through their
member forces F®, F(®) and F(7), respectively, as

FW @ . 225 _ p@. (4+20)=(7+11)) _ (g), —3-90 _ F@ . -3-9i F@ . -1-3i
= = |Z,-25] — [(4+20)—(7+110)] [-3-9i] NE V10
(5) _ p(5), Za7Z _ p(s), (A00D-07+11D) _ n(s), =7=L _ p(5) . Z7=L _ p(5) , Z7—¢
h F |21 -25| F [(10D)—(7+110)] |-7~i] F V50 F 52
(N _ (7)., Z2=Zs @) . (4+20)—(11+31) _ (. -7-1 _ ) . -7-i _ ) . —-7-1
ko =F (Gr2)-(iesnl s m T g
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The equation of equilibrium ), F = 0 for part 3,4,5,6 in Fig. 17 can be visualized by the vector diagram
shown in Fig. 18. All the forces then can be considered to act on an arbitrary chosen point, for example
joint 3.
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Remark: in Fig. 17 the lines of action of the member forces F® and F7) are parallel, whereas in Fig. 18
the lines of action of these member forces coincide.

Taking moments about joint 1 to eliminate F® and F7) from the computation.
ZM]_ = 0:

Im ((F<4> ﬂ) (7 + )" + (180 — 2400) - (7 + i)*) =0

V10
I (F2 (21— 30) - (7 — 1) + (180 — 2400) - (7 — ) | = 0
m ﬁ'(_ —30)-(7—1i)+ (180 —240i) - (7 — i) | =
mm (22 (=10 = 200) + (1020 — 1860i) | =
m (‘= (=10 - 201) + (1020 — 18601) ) = 0

-20

Jio
_ — 20 r@
1860—m F

F® =189 . /70 = —93VI0N

20

F® —-1860 =0



The two moments in this equation follow from the vector diagram shown in Fig. 19.
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The member forces F) and F(® can be determined in a similar fashion as the member forces ¥ and
F@)_ The member forces F© can be determined in a similar fashion as the member forces F(7). The
member forces F®) can be determined in a similar fashion as the member forces F¥.
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