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Abstract: Physical quantities in continuously distributed matter in curved spacetime, and
equations for matter and fields are considered both from the point of view of tensor theory of
gravitation and on the basis of vector theory of gravitation. An example in the first case is the
general theory of relativity (GTR), which uses a scalar pressure field and a scalar acceleration
field. In the second case, relativistic vector fields are taken into account, including the covariant
theory of gravitation, the pressure vector field and the acceleration vector field. To analyze and
compare the results in each approach, formulas derived from the principle of least action and
from the corresponding Lagrangian are used. The problem of correlating scalar pressure with
the principle of least action in the general relativity is considered. The conclusion is drawn that
results of the general relativity, when scalar pressure is taken into account, are valid for
relativistic uniform systems, but in a more general case, they require correction. Three versions
of general relativity were analyzed: GTR!, GTR? and GTR™. The GTR! version is the closest
version to the standard general theory of relativity, the GTR? version follows exactly the
principle of least action, and the GTR™ version is characterized by the fact that the acceleration
field and pressure field are represented not as scalar fields but as vector fields. Equations for
metric, equations of motion, equations for fields, formulas for the energy and momentum,
which follow from the Lagrangian formalism, are presented for all versions of general relativity.
An explanation is given of where dark energy comes from and what it is within general
relativity.
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The general relativity theory is one of the most developed tensor theories of gravitation. In
the general relativity, the metric tensor is considered as a characteristic of a special metric field
that completely describes gravitational field. Thus, the properties of the gravitational field and
its action are reduced to the geometry of spacetime and the metric field. If in a physical system
it is necessary to take into account the action of some other field, then this other field must make
its contribution to the metric tensor and to the metric field. Each subsequent field changes the
metric tensor and through it changes the observed action of other fields in the system. Thus, it
turns out that all fields influence each other through the metric.

Due to inclusion of gravitational field in the metric field, a feature appears in general theory
of relativity in how the principle of general covariance and the principle of correspondence are
understood. The principle of general covariance implies that physical equations should be
written in such a way that the form of these equations does not depend on the choice of reference
frame and on the choice of coordinate system. According to the correspondence principle,
covariantly written equations in a gravitational field tending to zero should transform into
corresponding equations of special theory of relativity. In most situations, it is the gravitational
field that makes the maximum contribution to the curvature of spacetime. More generally, and
especially in alternative theories of gravitation, where gravitation is determined independently
of the metric and several different fields act simultaneously, the correspondence principle
should be formulated as follows: in weak fields that make a negligible contribution to the
curvature of spacetime, covariantly written equations should pass into the corresponding
equations of special relativity.

As arule, the principle of general covariance is fulfilled if the equations are written in terms
of invariant scalar functions, four-vectors and four-tensors. To fulfill conditions of the
correspondence principle, the total mass of particles of a system is reduced and the system
removed from the sources of external gravitational fields so that non-gravitational forces prevail
and behave in the same way as in special theory of relativity. In this case, the effects of
spacetime curvature become insignificant and gravitational phenomena in moving systems
must comply with Newton's law, taking into account the Lorentz transformations for
gravitational force.

Let there be covariant equations of some small-sized physical system, and a reference frame
is chosen in which gravitational phenomena in the system disappear. In general relativity, this
situation leads to the principle of equivalence of gravitational forces and inertial forces, and to

the equality of gravitational mass and inertial mass for point-sized bodies.



However, in general case, the equivalence principle cannot be considered as a single general
principle for every theory of gravitation, and especially in the case when large bodies are
considered. In large bodies, the gravitational acceleration is different at each point and directed
in different directions. Therefore, locally inertial reference frames, which can be represented at
each point of the body, will be accelerated relative to each other in different directions. This
means that for each other, locally inertial reference frames are not inertial systems and cannot
be connected to each other by Lorentz transformations. This situation does not meet the
conditions of the correspondence principle.

Since it is impossible to reduce the masses of large systems, significant gravitational fields
remain in such systems. Therefore, the equivalence principle holds only locally, in small regions
of spacetime, but not for the entire system as a whole. Therefore, the equality of gravitational
and inertial mass postulated for point bodies cannot be considered accurate for large massive
bodies. In this case, the inertial mass of a system of interacting particles is determined by the
internal properties of the system and is measured through acceleration of the center of
momentum of the system at a given force. The gravitational mass of the system is found in
another way, through interaction of the system with a small test body of known mass located at
some distance from the system. Due to difference in definition of these masses, the supposed
equality of gravitational and inertial masses of a system, as well as definition of the inertial
mass of the system itself, remains a subject of discussion in general relativity.

Unlike the general relativity, in covariant theory of gravitation, which is a vector theory,
gravitational interaction is not completely reduced to the curvature of spacetime. Moreover,
even in ideal case, in flat Minkowski spacetime, when the metric tensor does not depend on
time and coordinates, the gravitational force is assumed to be the same independently existing

physical force as the electromagnetic force.

The covariant theory of gravitation proceeds from the four-potential D, = (Z ,— Dj , which

c
is described in terms of the scalar potential ¥ and the vector potential D of gravitational field.
The gravitational field tensor @, is found using the four-curl V xD, =V D, -V D =, ,
which allows us to determine the stress-energy tensor of gravitational field, including the energy
and energy flux of the field [1].

Instead, in general relativity, we proceed not from the four-vector in the form of the four-

potential, but from the four-tensor, namely, from the metric tensor g, . The Christoffel

symbols and curvature tensor are expressed in terms of derivatives of the metric tensor with



respect to coordinates and time, with the help of which all the gravitational effects are then
specified.

In the case of a continuous distribution of matter, in many works in general relativity
difficulties arise due to the fact that either a non-covariant Lagrangian is used, or non-four-
dimensional coordinates and momenta are used. In order to overcome these difficulties and
express the Hamiltonian in covariant form, it is proposed in [2] to use the DeDonder-Weyl
formalism. In this case, four additional axioms are taken into account.

Analysis of general relativity and comparison of it with the theory of vector fields leads to

the following. Direct inclusion of the scalar pressure 7, into Lagrangian density in general
relativity is difficult, since there is no direct relationship between the variation 0/, and other

variables. In this regard, there is no standard expression for the Lagrangian density in the

general relativity, from which covariant expressions follow both for 7, in four-dimensional

form, and for the stress-energy tensor in continuous matter. Instead, various forms of such
Lagrangian densities have been proposed [3-5].

Unfortunately, the relationships between gravitation and geometry, as well as reduction of
physics to mathematics, create additional significant problems in general relativity. Among the
latest works aimed at solving these problems, one can point to article [6], which analyses
methods for determining the energy and momentum of gravitational field. An attempt is made
to explain the problem of cosmological constant and find the law of conservation of the energy-
momentum in general relativity. In [7], the energy and momentum of a star were estimated,
using the model of matter as an ideal fluid in which a scalar pressure field acts.

The main drawback of general relativity is that energy and momentum of a system are
usually not expressed by standard formulas of Lagrangian formalism, but rather volume
integration of time components of stress-energy tensor summed up with gravitational
pseudotensor components. It is believed that a four-dimensional quantity (integral
pseudovector) obtained in this way makes it possible to find four-momentum of a system.
However, if one calculates an integral pseudovector in the theory of vector fields, it turns out
that such a pseudovector describes distribution of energy and energy fluxes of fields of the
system and is not a four-vector [8].

Indeed, in a closed stationary system with a constant metric not only the energy, momentum
and angular momentum are conserved, but also configuration of spatial distribution of the field
energy. Moreover, the general relativity includes at least 7 different forms of gravitational

pseudotensors [9], which leads to different integral pseudovectors with noncoincident spatial



distributions of the fields’ energy and to the problem of interpreting an integral pseudovector
as a uniquely defined integral of motion.

When building cosmological models in general relativity, we are faced with a number of
problems associated with cosmological constant, singularities, and anomalies of cosmic
microwave background radiation, as well as with the need to introduce concepts such as dark
matter, and dark energy. To solve these problems, such works appear, in which, among other
things, vector-tensor theories of gravitation are considered [10-16], and the prospects of these
theories for future research are shown. This may also apply to covariant theory of gravitation,
which is a vector theory. In particular, in [17] the metric outside a massive body was calculated,
which characterizes spacetime within the framework of covariant theory of gravitation, and in
[18] the metric inside the body was found. Similar calculations can be used to determine the
metric in cosmology. In covariant theory of gravitation, the Pioneer effect is explained, which
should not exist according to general relativity [19].

A physical system, consisting of particles with the same charge-to-mass ratio, cannot radiate
in a dipole manner. The same applies to radiation of gravitational waves by a system of neutral
massive particles. In covariant theory of gravitation, gravitational dipole radiation is possible
from any accelerated mass, however, the total dipole radiation from a closed physical system is
close to zero due to mutual cancellation of oppositely directed radiation from the system’s parts.
The quadrupole radiation remains the same as is in the general relativity. Thus, both the
covariant theory of gravitation and the general relativity predict quadrupole-type gravitational
waves from massive cosmic objects; these waves were recently discovered and presented in
[20-21].

As a rule, when calculating using the general relativity, pressure in matter is considered as

a scalar field. In the simplest case of stationary matter, it is assumed that the scalar isotropic

pressure £ does not influence the energy density in time component of stress-energy tensor of

matter. In contrast, when calculating using covariant theory of gravitation, pressure is
considered as a vector field, so that the energy density turns out to be dependent on the scalar
potential of pressure field [22]. A similar situation arises in relation to acceleration field, which
in general relativity is represented as a scalar field. Thus, the Lagrangian of general relativity
with scalar fields in matter differs significantly from the Lagrangian for vector fields and
covariant theory of gravitation.

In [23] it was shown how vector fields are combined into a single general field. In the
concept of vector fields, it was possible to find formulas for kinetic energy and for distribution

of particle velocities inside a relativistic uniform system [24], as well as to derive the



generalized virial integral theorem [25], the Navier—Stokes equation [22], the equations of
motion of matter particles [26], expressions for covariant additive integrals of motion [27],
derive the generalized Poynting theorem and give a solution to the 4/3 problem [28], estimate
the parameters of planets and stars [29], prove the integral field theorem [30], find the
generalized four-momentum [31] and four-momentum of a physical system [8] in curved space-
time in continuously distributed matter.

The purpose of this work is to use the Lagrangian formalism [32] to analyze the general
relativity, indicating the difficulties that arise from the point of view of theoretical approach. In
particular, the well-known problem of general relativity with determining the mass, energy and
momentum of a system in gravitational field is solved by using auxiliary quantities that
represent the gravitational field as a vector field.

The principle of least action makes it possible to study physical systems and find equations
of motion not only in the Lagrangian, but also in the Hamiltonian formulation [33], [34].
However, the Lagrangian formulation is considered more fundamental [35], while the well-
known Lagrangian for vector fields is not difficult to adapt for general relativity. This makes it
quite easy to compare the results obtained in general relativity and in the theory of vector fields.

In our calculations we will everywhere use the metric signature of the form (+,—,—-).

2. Methods
Let us consider the particulars of application of Lagrangian formalism in general relativity.
Having studied a great number of papers, we have not ever found a Lagrangian density, which
allows us to uniquely express the scalar isotropic pressure in a four-dimensional form while
providing the standard stress-energy tensor of the general relativity for continuous matter. As a

result, we had to construct such a Lagrangian density £=L +/L by ourselves, which

consisted of two parts:

L, =-4, g —CJJ”JVgW —K(J”,g/w):

1)
1 0 1 0 7 4% (
:_Equu ¢+Ep0qu A.V_C\IJ,L J g/ﬂ/ _K(Jﬂ’g#")'
1 1
L, =———F, F" +ckR-2ckA=——F,F,¢"¢"" +ckR, g" ~2ckA,  (2)
T 4y, Aty



where 4, :(f,—Aj is the four-potential of electromagnetic field, given by the scalar
c

potential ¢ and the vector potential A of this field,
J* = py,u" is the charge four-current,

p,, 18 invariant charge density in the particle’s comoving reference frame,

u” is the four-velocity of a point particle or element of matter,

u’ is time component of four-velocity,

v is three-dimensional velocity of a particle or element of matter,

¢ is the speed of light,

J* = p,u” is the mass four-current,
P, 1s invariant mass density in the particle’s comoving reference frame,

K(J*,g,,) is scalar function depending on the four-current J* and the metric tensor g

U, 1s the magnetic constant,

F,=V,A4,-V, 4,=0,4,-0,64, is the electromagnetic tensor,

uv

3
Cc

k=- =- , where » i1s Einstein's gravitational constant,
l6rGB  2cx

R, 1s the Ricci tensor, R is the scalar curvature, A is the cosmological constant.

The Lagrangian density £=/L +L, with components £ (1) and £, (2) has a slight
difference from the standard Lagrangian density of general relativity in [36-38], taking into
account matter and electromagnetic field. This difference lies only in the fact that a scalar
function K(J*, g ) 1s introduced in (1). Given the function K(J "e W) , based on the principle
of least action, those terms appear in equation for the metric and in equation of motion of matter
that can be associated with scalar pressure 2, and with the pressure force in matter.

The four-currents j* and J* in (1) are four -vectors, as defined in [36-37], where the
variations of these four -currents, necessary in the principle of least action, are also calculated.

In this case, the continuity equations have the form V ;j*=0, V J*=0. Covariant

expressions for four-currents j* = poqu” and J* = p,u” correspond exactly to four-vector



algebra, since they are obtained by multiplying the invariant scalars g, and p, by the four-
velocity u” .

A feature of £ (1) is the direct dependence on the four-currents j* and J # whereas in L,
(2) there is no such dependence. Note that the term —c, fJ *J"g, in(1), when integrated over
the invariant four-volume in the action function and with subsequent variation, gives the same

result in the principle of least action as the corresponding term —( r'p, )1/2 in [37].

In (1). it is essential that the mass four-current J* in the radical /J “J"g,, should always

be used in the form of a contravariant four-vector, and the metric tensor should be taken as a

doubly covariant tensor g . It is due to this choice that the stress-energy tensor of matter in

the general relativity is obtained with a positive sign.

Next, we will need the Lagrangian density £=L + L, for four vector fields according to

[1], [22]:
L,=—A, j* =D, J"~U, J" ~7,J" =
u’ '
=7(—p0q(p+p0qA'V—,Ool//+,00D'V—p0:9+,OOU'V—pOgO—f-,OOH'V).
2 2 2
£f :_L WF#V + ¢ @, wo_ € ,, w € L, [ +ckR=2ckA ,
‘ 4u, 167G 167 l6ro™”

3)

where D, = (Z,—Dj is the four-potential of gravitational field, described in terms of the
c

scalar potential i and the vector potential D within the framework of covariant theory of

gravitation,

U,= (E,— U) is the four-potential of acceleration field, where ¢ and U denote the scalar
c

and vector potentials, respectively,

ZT, = (g,—l'[) is the four-potential of pressure field, consisting of the scalar potential @
c

and the vector potential II,

G 1is the gravitational constant,



®,=V,D,-V D, =0,D,-0,D, is the gravitational tensor,
n is the acceleration field coefficient,
u,=vV,U,-VU, =0,U, -0,U, is the acceleration tensor, calculated as the four-curl of

the four-potential of acceleration field,

o is the pressure field coefficient,

JSw=V,7,=V ,=0, 67, 6-0,7, is the pressure field tensor.

Similar to electromagnetic field equations, the gravitational field equations connect the
gravitational tensor @, with the mass four-current J # and allow one to calculate the
components of gravitational tensor [1]. The equation for calculating the four-potential D, has

the following form [26]:

A4z G
B _
VD, ===

B
Ju—D'Ry,,

where R,, is the Ricci tensor.

According to (1-2), the electromagnetic field is fully taken into account in the Lagrangian
density as a vector field, and the gravitational field manifests itself exclusively through the

metric tensor g, ; therefore, it is defined as a tensor field. The acceleration field has the energy

density of ¢,/J*J"g,, = p,c* = pyu,u” =u,J* and is represented as a scalar field. This is

evident from the fact that in the Lagrangian density (1-2) there is no additional tensor invariant

2
C

u, u"", associated with the acceleration field, while in the Lagrangian density for

uv

l6x7
vector fields (3) this tensor invariant is present.

One of the reasons that the electromagnetic field is represented in Lagrangian densities (1-
3) is that in both the covariant theory of gravity and the general theory of relativity, the terms
with the electromagnetic field have the same form. On the other hand, electromagnetic fields
are of great importance in the physics of relativistic charged particles and in the astrophysics of
stars, especially for white dwarfs and neutron stars. Thus, the results obtained in this work can

be useful in the analysis of phenomena involving electromagnetic fields.



Note that the four-velocity u, is a special and limiting case of the four-potential U, of
acceleration field, when each particle is considered as a point solid body moving by inertia. The
expression cm =u,J* in (1) in its meaning corresponds to the term U, J “ in the
Lagrangian density (3) for vector fields. Thus. the vector acceleration field in the Lagrangian

density (3) for vector fields includes the scalar acceleration field of general relativity in (1) as

a special case.
The mass density p,, charge density p,, , and scalar function K(J* ,gﬂv) in (1) are

invariant quantities, since they are given in the reference frame that comoves with the matter

. : . . 1 :
element under consideration. This means, for example, that the mass density p, =—u,J" is
¢

expressed in terms of the tensor invariant and therefore is a scalar function. Although in each

reference frame, the four-current J* and the four-velocity u, of a matter element have their

own values, the tensor invariant of these quantities always defines the mass density as equal to

the mass density p, in the comoving reference frame. A similar reasoning applies to the
: ﬂ

function K(J*,g,,).

Our goal will be to find the equation for the metric in general relativity, to derive the

formulas for the energy and momentum, to obtain the equation of motion and to relate the
function K(J*,g,,) with the scalar isotropic pressure 7 in matter.

First, we consider the equation for the metric. Since four-currents j* and J* , four-potential
A, , and the metric tensor g, are independent variables when varied, variation £, (1) with

respect to the metric tensor g, can be written as follows:

cJ"J" O
o kR 1 L

0g,, =——p,u‘u og, —
”)gw 2[00 g, 0. 20 " og,,

Since in (4) 0g,, =—&,,85 5g“’, the variation L, with respect to the metric tensor g%’

and the corresponding functional derivative are equal to:

1 ap aK ap
(5’Cp)gaﬁ :Epouauﬁé‘g +Ega,ugﬁv5g .

uv

10



oL
A v —gpagvﬂ' (5)

For variation £, (2) with respect to the metric tensor g“”? and for the corresponding

functional derivative, we can write similarly [36], [38]:

(oc

1 a 14 14
f)gw =2—FmFﬂ5g” +ckRW5g”

0

oL, 1 «
—=——F F°+ckR,, . (6)
ag,uv 2/10 H H

Taking (5-6) into account, we find the derivative of the entire Lagrangian density

L=L,+ L, with respect to the metric tensor in the general relativity:

oL 1 oK I .
ag'uv:Epou#uv+$gﬂagvﬁ+EE’0F;l+CkRyv' (7)

According to the principle of least action, to find the equations of motion of particles and
)
fields, variation of the action S = IL dt should be equated to zero:

h

5S=T5Ldt=tjz[j5(£ —g)dx‘a’xzdx3Jdt:0. (8)

4 H\V

In (8) there is the Lagrangian L = Iﬁ —g dx'dx’dx’ , found by integrating the Lagrangian
vV

. . . 1
density £ over the moving volume of the system. Since 5./—g = —E,\/—g g,0g" , from (8)

follows the expression

oS = J.J.é‘ﬁ —g dx'dx’dx’dt —%Ijﬁ g2,08" \-g dx'dx*dx’dt =0. 9)
vV

nv 4

11
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The metric tensor g** is included in the set of independent variables by which the
Lagrangian density is varied. We can assume that the Lagrangian density L= + L, in(1-2)

depends on the following variables

L=L(G"J", A,,F,,g"). (10)
Hence,
5£:%5j”+£5ﬂ+ oL o4, + oL oF,, + oL ogh. (11)
" aoJ* 04, oF,, og""

Substituting (11) into (9) gives:

oS = j}[[é‘ﬁ—%ﬁ gW&g”Vj\/%dxldxzdfdt =

%5]"%%5## oL 0A,+ oL oF, +
oj” oJ* o4, " oF, “

= -” —g dx'dx*dx’dt = 0.
4 oL —lﬁ ogh
o 2 -8 |08

(12)

The equation for metric follows from the equality to zero the last term in square bracket in

(12):

Y
8gw—5£gw = 0. (13)

Substituting (1-2) and (7) into (13) gives the following:

oK 1
—pu,u, +— +—F F° +ckR =
2p0 uv agaﬁ g//agvﬁ 2,U va 7 uv

0
= —%gﬂv [Aﬁ j +e, /J”‘ I’ 8up +K+4LFaﬁF“ﬂ —ckR+2ckAj.
U,

0

(14)

12



Let us write the standard expression for stress-energy tensor W, of electromagnetic field,
as well as the expression for stress-energy tensor 7, of matter considering the scalar pressure

P, which is used in general relativity in the limit of continuous matter:

1 a 1 apf
Wyv:;(FuaFv_'_Zg/tvFaﬁF j (15)
0
P
T,uv :[IOO_'_C_gju,uuv_E)g,uv' (16)

Substituting (15-16) into (14) taking into account the equality ¢,/J* J” g, 5 =PpC gives

2ckR,, —ckRg,, =

. oK P
=—g, (Aﬂ j? +p002 + P, +K+2ckA)—2a—gngﬁ +—°uﬂuv -7, W

2 v
ap c

17)

We apply contraction of equation (17) by multiplying by g** and take into account

nv

expression 7, (16), as well as the equalities g, g*" =4, g" u,u, =c*, g""'W,, =0 :

K
2ckR=5p,c* +44, j’ +4K+2%gaﬁ+80k/\. (18)
apf

In Sections 3.1 and 3.2 we turn to equations (17-18) in connection with the problem of

energy gauging and definition of the meaning of cosmological constant A .

According to [8], the energy of a physical system is written as follows:

E= i%(ﬁ—g}v u'J-gdx'a’ax’ - [(£, + £, )-g dx'dx’dx’ +§(vn Z%J (19)

u v

13



In (19) v, is the velocity of a particle or element of matter of the system with number #,

the quantity L, = IEJ, J—g dx'dx’dx’ is the Lagrangian associated with the Lagrangian density
vV

.

N J'Bgaﬁ =p,c’, we find:

Substituting £ (1) and £, (2) into (19), taking into account the equality

c ov

2 0 A
E= [i[lpoqu_i_poc 0+Kj+l (qu )_V:I_VMO\/_gdxldXde?:_'_
1% vicC u

N oL
+J.[ép0qu°go+p0c2 +K+ﬁFﬂvF‘” —ckR+20161\}/—gabcla’xzdx3 +Z(Vn ﬁ}
14 (]

n=1 n

(20)

If the electromagnetic field potentials ¢ and A depend on the velocity, then the terms with

partial derivatives 8i in (20) will not be equal to zero. In some cases, we can assume that the
v

sum p,c’+K does not directly depend on the particle velocity v; however, the time

component u° of the particles’ four-velocity in the general case depends on the velocity v.

c

Indeed, in the limit of the special theory of relativity u° = yc = —2/2 .
I-v7/c

According to [8], the relativistic momentum of a system is expressed by the formula:

L N OL
P:Ii(—g]uo —gdxldxzdx3+za—f. 21
v u n=1 OV

n

Substitution into (21) £, (1) and L, (2) taking into account the equality

Cy fJ“ JP g, = pyc’ gives:

1 6 (1 2 +K) 10(py,A)
P=||-p, A——| — + 0 += z
,J,.[cpoq G‘V(cpoqgo u’ j c Ov

N oL
+> L
' OV,

-v} u’J—gdx'dc’dx’ +

(22)
14



To obtain the equation of particles’ motion, it is necessary to calculate the action variation
in (9), which contains only variations of the four-currents, and to equate this variation to zero.

Consequently, in (9) it is necessary to use only the first integral on the right side:

58, = j [6L-g dx'dx’dx’dt=0. (23)

nv

The variation of Lagrangian density £=. + L, with respect to four-currents reduces to
the variation of £ , since £, (2) does not depend on the four-currents. Taking into account (1)

for variation Lp over four currents we find:

~ ‘ c(éJ”JVgW+J”5JVgW)_ oK . e K
0L, =-4,6j" - NN 0" =4, 8" ~u, 8" —— 5",
(24)
According to [36], the variations of four-currents are equal to:
1
o=V _[joox" —j Oox° )=—==0_| \J—g | j°ox" — j*Ox7 )|,
J“ =V, (7 0x" = j*5x7) \/%a[«/_g(J x = j#5x7) |
5J* =V, (J76x" ~J"5x7 )= 1 s [E (7 6x* —J* 5x° )] . (25)

ya

Let's substitute into (24) &/ and 6J* from (25), and then substitute 6L, into (23) instead

of 6L

. 4, 1 0, [«/—g (j"é'x“ —j“é‘x")]+
ss,=—[[1 V¢ “edddldidi=0.  (26)
W KNG (g5 —Jnsx°
+ u#+a]# U( x x )

fy

15



Acting as in [36], a variation of the action and the equation of motion were found in

Appendix A in (Al1):

. . K\ .o K.,
58, = ”[ F,,+J°V (#+ajﬂj—J Vi }5#,/ dx'dx’dx’dt =0,

J”VJ(uﬂ+aKj:J"V K _ o

a]/l M a]a _j Fcr,u : (27)

In (27), taking into account expression for the four-current J° = p,u®, we write the

. .. . . - D
equation of motion in terms of operator of proper-time-derivative u’V _ = D7 :
T
D oK oK
—|u,+ =J°V —Jj°F_ . 28
pODr[” aJ*‘) woge ) Ten %)

In general relativity the stress-energy tensor 7, =7, +W,, of matter with pressure P, is
used. In this case, the equation of motion is found by taking the divergence of this tensor:

VV , =0. Considering the expressions for W, (15) and for 7, (16), using the known

equation for electromagnetic field VVWW =7 FM, we express the equation of motion

V'T, =0 in terms of the pressure:

uv
v R -
\% p0+? M”MV :Vﬂﬂ%—] Fo_ﬂ. (29)

Equation (29) is the equation of motion in general relativity for charged matter in scalar
pressure field 7, in electromagnetic field with the tensor F,, and in gravitational field,
defined in terms of the metric tensor.

In derivation of equation of motion (27), we used the variations ¢ j* and 6J* from (25).
According to [36], the expressions for these variations are valid on the condition that the

continuity equations hold for the four-currents: V ,J* =0, V j*=0. Using the continuity
equation V J* =0, we substitute j°F,  from ((29) into (27). This leads to the following:
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K .y OK :iw(

J°V
7 aJ* o) A

Pu,u )—V

) B, (30)
If we multiply (30) by u*, the left side in (30), taking into account the equalities J° = p,u?
, J* = p,u”, vanishes:
oK oK oK oK

-u’J°V, —=u"J°V ——-u’J"V
oJ* “aJe oJ* oJ*

u'J°v, = 0. 31)

For the right side of (30) after multiplication by u* taking into account the equalities

u"V'u =0, u ﬂu” =¢”, the following is obtained:

1 1 1
C—zu”VV(E)uﬂuv)—u”VﬂE) :C—zu”uyuvvvé% +C—2E)u”vv(uﬂuv)—u”vﬂﬂ) =
P, P,
:uVV”E)+—§u”VV(uﬂuv)—u”VﬂE) =—§u”VV(uﬂuv)=R)Vvuv.
c c

(32)

From (30-32) it follows that the equations of motion (27) and (29) are consistent provided

that in (32) V'u, =0. Taking into account the continuity equation V" ( pouv) =0, we can see

d )
Po _ 0 must be satisfied, that
.

that in the system under consideration the condition u, V" p, =

is, the mass density p, must be constant in the comoving reference frame of each matter

element. This means that p, should not depend on the time and coordinates within each matter
element.

These restrictions on the consistency of equations of motion (27) and (29) show that
equation (29) in the general case does not represent a full description of motion of real matter.
The same applies to the stress-energy tensor 7, (16), which in this case must contain additional
specifying terms.

Equation (30) can be considered an equation for determining the value of K . Thus, provided

B, /J “Jr
that V  p, =0, the particular solution of (30) is K = ZoNT 7 B = F, . To prove this, we must
Po€
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RJ"T" g

take into account K = “~ | the condition V,p, =0 and the following relations in
Po€

(30):

oK  2RJg, Ru,

aJ” 2,0004/J”ngw ,0002’

u*Vu, =0, vV, J?=0. (33)

P,

The condition V , p, =0 is equivalent to the condition 0, p, = pwr

=0, which corresponds

to matter with uniform density, for example, an incompressible liquid or a body densely
composed of identical solid particles of constant mass density.
For free matter without an electromagnetic field and without considering the pressure, it

follows from (29):

v )=u,V"J, +JV'u, = Dy
pOu;tuv _uy v v uy_pO Dr -V

Du du
_ M _ O _ . A _ M A o _
a, Dr =u’V,u,=u0,u, - uu® = . -, uu®=0
Du* du”
a" = =u’V_u" zu"aau”+ngulu" = +Fﬁﬂu’lu" =0. 34)
Dt dr

Equations (34) for the covariant four-acceleration a,, and the contravariant acceleration a”

show that the free matter, in the absence of external fields and without taking into account the
internal pressure, moves with zero four-acceleration along the so-called geodesic line. This
means that the gravitational field changes synchronously with changing metric tensor in such a
way that the small test particles move in the same way regardless of their mass, when all other
conditions being equal. However, in the presence of external nongravitational fields, taking into
account the pressure and sufficiently large test particles, the equations (34) will no longer hold
true.

The latter follows from the fact that the metric inside a test particle arises not only from the

action of external gravitational field, in which the particle is moving but also from the particle’s

own gravitational field. Gravitation inevitably changes the internal pressure 7, in matter, the
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pressure gradients create internal forces, and the four-acceleration becomes nonzero. Equations

(34) are equations of motion for a single point particle, but not for real matter, for which (27)

should be used together with (30) to determine the relationship of the function K(J*,g,,) with
pressure P, .

The presence of an electromagnetic field manifests itself in general relativity in two ways —
on the one hand, the metric tensor and corresponding gravitational field change; on the other
hand, the charged particles experience the Lorentz force and generate electromagnetic radiation.
Thus, in the general case, the motions of neutral and charged particles differ significantly from
each other.

The results obtained above will not change, if we use as £, the following expression:

,Cp :—Aﬂ j“—cpoﬂ[u”uvgw —K(J”,gw)=

| | : (35)
:_ZPOqu°¢+;poqu"A~v—cpm/u"u 8w — K", 8).

In (35) the quantity cpoﬂ[u” u"g,, 1is used instead of CJJ” J" g, i (1); moreover, the

result of variation in the action remains the same.

3. Results
3.1. GTR! version
In this Section we consider the GTR! version, which is the closest version to standard
general relativity. In the analysis of GTR! we rely on the results of Section 2, obtained from the
principle of least action.

The equation for the metric in general relativity, which contains the cosmological constant

Ay , has the following form [36-39]:

1 =87Z’GT =%(

s T = T =z +W,,), (36)

Huv M

1
R,uv _ERg,uv +AGRg,uv =

where the tensor 7, =7, +W,, is the sum of stress-energy tensor (16) of matter and stress-

uv

c 1

167G 2cx

energy tensor (15) of electromagnetic field, &k =-
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It should be noted that the left side of (36) consists of geometric quantities associated with

the spacetime metric, and physical quantities are concentrated in the right side of (36). The

) 8
coefficient » =

— In front of stress-energy tensor 7, in (36) was chosen so that the general
c

relativity in the weak field limit reproduces Newton's law of gravitation. However, this
eliminates in advance those small additives that may be present in the value of coefficient s .
This means that in fact the coefficient > should be considered an unknown quantity, which
should be derived from the general relativity itself and from experiment, without relying on a

less accurate Newton theory. In this regard, in the theory of vector fields, which will be

zGp

discussed in Section 3.4, it is assumed that > = ——_—, where £ is a constant coefficient to be
c

determined.
Let us equate the identical terms in (36) and (17) and multiply the result by g*". Hence it

follows that both equations coincide under the following condition:

8ckAg, =44, j" +4p,c® +3P, +4K+262—Kgaﬁ+8ck/\. (37)
af

We apply contraction of equation (36) by multiplying by g“* and by taking into account

the tensor expressions (15-16):
2ckR =8¢k, + py,c* —3P,. (38)

Substitution of 8ckA ., from (37) into ((38) allows us to express the scalar curvature R

inside matter of the physical system in terms of A :

2ckR =5p,c* +44, j* +4K+2a‘%{gaﬂ+8ck1\. (39)
ap

Equation (39) coincides with (18). We substitute A, from (38) into (36):

1 87 G 2rG
R,uv_Zngv: C4 T,uv_ C4 (p002_3pi))gyv' (40)
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By solving equation (40), we can calculate the metric tensor inside matter and determine
scalar curvature R . Next, with the known value R, we find A, from (38). If equation (30) is
solved and the function K is determined, then from (39) we obtain the expression for A.

Let us consider the situation outside matter. In this case, according to (37), the following

equality holds true: A, =A. Then, the equality R=4A,, =4A follows from (38). The

equation for the metric (36), as well as equation (17), take the following form:

1
R —Lpe 87Cy (41)

meoy uv ot uv

In (41) the stress-energy tensor W, of electromagnetic field changes the spacetime

curvature outside matter. The solution of equations (40-41) is a dependence of the metric tensor
on coordinates and time, while at the points on the surface surrounding matter, the metric tensor
components in both equations, due to their equality, must coincide with each other. This allows
us to determine part of the unknown constants in solutions for the metric tensor inside and
outside matter.

We now turn to the formula for the system’s energy (20) and we substitute A with R with
Sy a1 1 )
the help of (39). Considering that 4, j* =— p,,u’"@——p,,u’A-v, we find the following for
c c

the energy inside matter:

1 1 24K o\ po, A
E,—J{ZpoqA—%(zpoc]@ﬁ-poc + ]-i—l (IOOq )'V}'VUO —gdx'dx’dx’ +
4

’ 0 ‘ c 0Ov
2 4l oL
+J. _pe 1K Sopt 1 FVF“V—lckR J-gax'dlde’ + v, - —L |
) 4  20g,, 4u, * 2 o ov,

(42)
Outside matter, according to (39), R=4A, so that the energy (20) is written as follows:

1 1 Lo a e O
Ea:j —FWF"V——ckR —gdx dx dx +Z v, —|. (43)
4 4[[,[0 2 n=l1 5V

n
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To determine the system’s energy with the help of (42-43), we need to know the dependence
of the scalar curvature R on the coordinates and time; that is, first, we need to solve equations
for the metrics (40-41). When calculating the total relativistic energy of a physical system, it is

necessary to sum up the energies (42) and (43): £ =E, + E, . Since (43) can be obtained from
(42)at p,=0, K=0 and P, =0, that is, in the absence of matter, (42) is the general formula

for the energy in standard general relativity.

The presence of the scalar curvature R in the formulas for energy (42-43) is necessary to
take into account contribution of gravitational energy to the total system’s energy with the help
of metric.

The relativistic momentum P of a system, according to (22), depends on the scalar

L5
curvature R and the cosmological constant A only through the sum Za—f . After calculating
n=l1 v

n

the energy £ and the momentum P, it is possible to determine the system’s four-momentum

of the system, defined in [8] as P, :[E,—Pj. The equation for determining the motion of
c

matter in GTR! is equation (29).

3.2. GTR? version
In this Section we proceed not from equation (36) for the metric of standard general
relativity, but rather from the derivation of general relativity with the help of Lagrangian
formalism in Section 2. This will lead us to a new version of general relativity, which we denote
GTR™.
Let us express A from (18) and 7, from (16), and substitute them into (17):

2ckR,, —ckRg,, =

_2—g/1agvﬂ _pO u,uuv _W/tv'

1 0K oK . (44)
og

1 1,
= _CkR__ cC ————
g,uv[z 4p0 2 agaﬁ gaﬂ »

Transposing the term containing R from the right-hand side (44) to the left-hand side,

3

taking into account the coefficient k =- , we obtain equation for the metric:

167
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1

R,uv_Zngv:

(45)
_ 27G 2, oK 87G ) oK W
- x PoC + @goxﬁ g;zv+c_4 @gztagv,ﬂ_'_pou#uv—'_ uv |

The left-hand side of (44) contains the Einstein tensor G,, =R, —%R g,, multiplied by

2ck . The well-known property of this tensor is that its divergence is equal to zero: V" Gw =0

. Consequently, the divergence of the right-hand side of (44) must also be equal to zero:

1 1 1 K oK
V | —ckR——p,c? ———— +20 V,—+V'(puu )+V'W_=0. (46
,u(2 4p0 2agaﬁ gaﬂJ gya B agaﬂ (pO 7 v) Hv ( )

In (46) we used expression g va =V, and the fact that under covariant differentiation the
metric tensor behaves as a constant. We substitute the equation of motion (27) into (46) and
take into account the equality for electromagnetic field V" W,=Jj ?F_,, the continuity equation

ou’

V" (p, u,) =0 and the equality 20, u,V'u, =2J°V u,:

1, oK oK oK oK
ckV R=V |—pc +—— -4 —+2J°V -2J°V . 47
M #(2’00 agaﬂ gaﬁj g/w! B agaﬂ 7 aJH “aJ° ( )

Now we take the covariant derivative V" of both sides of (17) and take into account the fact

that for the cosmological constant it must be V* (Agw) =V ,A=0. Using in the right-hand

side of (17) z,,, from (16) and equality V"W, = j°F, , we find:

. oK v o
V#(Aﬂ jﬂ+pocz+K)+2gWV/{$]+V (pouyuv)+j F,,=0. (48)
ap

A comparison of (48) with equation of motion (27) gives
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oK oK oK

V4, " +pc+K)+2g,,V,—=J°V -J°V : 49
/4( ﬂ] IOO ) g,ua ,Bagaﬂ Uajy ,ua]a ( )
Multiplication (49) by the four-velocity u* leads to the following:
“V (4, j° s k) +2u,v, 2K g 50
u ﬂ(ﬂj +p,c” + )+ua ﬂ@g =0. (50)
ap

We can assume that (45), (47) and (49-50) are the system of equations that allows us to
simultaneously find the function K and the metric tensor g, ,. After K and g, are found,
we can use them in the equation of motion (27).

If we express A from (18) and substitute it into (20), we obtain an expression coinciding
with the energy (42) in the GTR! version. Similarly, the expression for the momentum (22) is
remain unchanged.

Outside matter, it follows from (18) that R =4A , and the equation for metric (44) becomes
the same as that in (41) in the GTR! version. In this case, according to (47), V,R=0,R=0,

and we can assume that the scalar curvature R is a constant. However, inside matter, the scalar

curvature is a scalar function of the coordinates and time.

3.3. Discussion of GTR! and GTR? versions
Let's first consider the GTR! version. By definition, the cosmological constant A does not

depend on time or coordinates, which are taken into account during variation in the principle of

least action. It follows from (37) that the quantity A, is equal to the cosmological constant A
only outside matter. However, inside matter, A, is no longer constant and becomes a certain
scalar function, depending on the coordinates and time, such that V A, #0. The latter also
applies to the scalar curvature R, according to (38).

We rewrite the equation for the metric (40) in terms of the Einstein tensor

1 1
G"" =R" _ER g"", for which purpose we subtract the quantity ZR g,, from both parts of

4

87G

(40), taking into account the coefficient 2ck = —
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1 1 3
2ckG,, =—[EckR—Zpocz+ZF(’)Jgﬂv—TW. (51)

Let us take the covariant derivative V" of both sides of (51). The covariant derivative of the

left-hand side will be equal to zero, since V* G,, =0 due to the property of the Einstein tensor.

On the other hand, the covariant derivative of stress-energy tensor is equal to zero, V'T, w =0,

which leads to equation of motion (29). Taking into account the additivity of covariant
derivative with respect to the sum of tensors, for remaining terms on the right-hand side (51)

we have:
V., (2ckR-p,c* +3P)=0. (52)

The equation (52) represents an additional limitation on the value of the scalar curvature R
inside matter in GTR! version and relates R to the matter’s density and pressure.
In standard general relativity it is assumed that the equation for metric (36) is the primary

equation. However, we agree with the validity of (36) only in the case of uncharged dust-like

matter in the absence of pressure between the particles and at constant mass density p,, when

the stress-energy tensor of matter has the form 7, = p,u,u, . In this case, according to (37),

2ckA, = p,c’ +2ckA , and the equation of motion V'z,, =0 follows from the vanishing of

divergence of the right-hand side of (36); this equation coincides with the equation of motion
(34) of the free matter.

In the case of continuously distributed matter with scalar pressure, we could not find a
Lagrangian density that would give, as a result of applying the principle of least action, equation

(36) for the metric in general relativity, while fulfilling two conditions: 1) The stress-energy

P, :
tensor 7, :( £o +C—§ju”uv —Fg,, must be present in (36); 2) Ag; must not be a scalar

function, but rather a constant value and a real cosmological constant. The analysis of the

li i he i ion that th £y P '
lterature gives the impression that the stress-energy tensor 7, =| p, +c—2 u,u, —1r,g,, 18

inserted into the equation for the metric (36) “manually”, simply by analogy with the case of

uncharged dust-like matter, without accurate derivation from the principle of least action.
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To be more precise, we will remember that in hydrodynamics, the following Lagrangian

density is sometimes used:

)

dP,
L, :_pocz_po_[_0+E):_pocz_poH- (53)

0 0

P

cdP, P
In [36], the quantity I1= I ik _h is the potential energy of a fluid elastic compression,
0 pO pO
. . : , dIl . : .
which refers to the mass unit, while 2 = p, T In [40] an isentropic perfect fluid was
Po

considered, and instead of II, a similar quantity e=TI1/c¢* was used. Variation in the

Lagrangian density £, (53) gives the stress-energy tensor

B
o, AP,
T/JV =(p0+c_20.|. pOO]u,uuv_R)gyv (54)

0

and the equation of motion

popodﬂz()) v Uully v
P+t uV'u, =V, B~ VE, (55)

2
)

If in (54-55) we assume that the mass density p, does not depend on the pressure 7, take
into account the continuity equation V" (p,u,)=V"J, =0 and condition V"u, =0, then (54-
55) would coincide, respectively, with the stress-energy tensor (16) and equation of motion
(29), taken without regard to electromagnetic field. Thus, for the Lagrangian density £, (53)
to actually lead to the stress-energy tensor and the equation of motion required in general
relativity, it is necessary to satisfy the condition of constant mass density in the form V" p, =0
. In the general case, when V"p, #0, the Lagrangian density £, cannot be the Lagrangian
density of general relativity.

To understand this problem, we constructed Lagrangian density £=£ +L, (1-2) and

introduced the function K(J*,g,,), which leads to the emergence of pressure force in matter
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and is present in the equation of motion. Now, suppose that the cosmological constant A, is

still a constant value in general relativity. Then, (37) is an equation of the state of matter, since
it relates, with an accuracy of up to a constant, the mass density, the pressure, and the energy
density of electromagnetic current.

The equation of motion (29), which is a consequence of equation V'T, v =0, is consistent

with equation of motion (27), which is derived from the principle of least action, only when

4P, =0, which is equivalent to the relation % = %

Vu, =0,
v dr dt ot

+v-Vp, =0. In this case

P g,
the function K(J*,g,,) becomes equal to the pressure 7 : K = ONE U e o P, . With this
Po€

in mind, we take the derivative and substitute it into (37):

0g

Y2 Vv
oK PJ"J _ A W pOCZ+Aﬁjﬂ+2p0zzckAGR—zckAzconst.

i 2ppey' I g, 2

(56)

The last equality in (56), as an equation of state of matter, cannot be considered the general
expression, which limits the applicability of general relativity approach with its equation for
metric (36), stress-energy tensor of matter (16), and equation of motion (29).

As a result, we are faced with a number of paradoxical conclusions about general relativity,

the validity of which appears to be questionable and which we suggest taking on faith. For

example, let us assume that in (36) A, is a constant value and that
E, . . . .
T, =| Pt ) u,u,— I g,  asis assumed in general relativity in (16). Then, the divergence

of the left-hand side of (36) is zero, and the equality to zero of divergence of the right-hand side

(36) in form V'T, =0 gives us equation (29), which can be written as follows:

My

P, P
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By multiplying (57) by the four-velocity «” and taking into account that j% =p, u°,

HXT7V _ Moo 2
u"Viu, =0, uu,=c", and

as a consequence of the antisymmetry of tensor F, , then we obtain the following result:
V' (poe®+B)u, |-u*v, B =0. (58)

The equation (58) can be simplified by permutation and substitution of the indices:

A [(,00 + P, ) uv] =V, [(po + P, ) u”} . This gives us the following:

B
vﬂ(pou#)+c—gv#u* =0. (59)

The expression (59) is considered in general relativity as a relativistic definition of

continuity equation. However, (59) contradicts the continuity equation in the form

Vﬂ( pou“) =0, which was used for the action variation and finding equation of motion (27). In

addition, as mentioned above, for the consistency of equations (27) and (29); the following

conditions should be met: V ,u“ =0, VvV, p, =0. If these conditions are not met, then equation

of motion (29) of general relativity cannot be derived from the principle of least action;
consequently, (29) becomes an assumed but unproved equation.

The condition Vo, =0 corresponds to the condition of constancy of the mass density,

which is possible, for example, in the relativistic uniform model. In this case, the models of
compact stars using the general relativity will need correction if they are applied to matter with
nonuniform density p, .

Given that the standard general relativity is derived from the equation for metric (36), and
not from the principle of least action, neither formula (19) for the energy £, nor formula (21)
for the momentum P are used in general relativity.

Instead, a different approach is used in general relativity. It is assumed in [36-38] that the

time components of stress-energy tensor 7,, =7, +W,, in (36) during integrating them over
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the four-volume can fully replace the system’s four-momentum and give the energy E and the
momentum P for matter and nongravitational fields. As a consequence, the system mass is
related to the volume integral of the energy density in the time component of stress-energy
tensor of matter.

For the energy and momentum of gravitational field itself, the pseudotensor 7, is supposed

to be used for calculation. A well-known problem of this approach is that the pseudotensor of
the gravitational field is not a uniquely determined value. For example, in [9], seven different
pseudotensors were referenced. It is pointed out that the problem of impossibility of
unambiguous spatial localization of gravitational energy and the emergence of a pseudotensor
instead of an energy-momentum tensor is due to the fact that gravitational field is "hidden" in
the metric tensor.

In [41] it was emphasized that the gravitational field energy, found with the help of a
pseudotensor under condition of constant matter density, is consistent with physical
expectations, but differs if other equations of state of matter are used. In [42-43], it was proven
that in general relativity, it is impossible to uniquely calculate the energy and mass of any
arbitrarily chosen small part of the system. To the best of our knowledge, the questions of
whether the system’s energy and momentum, calculated in general relativity for continuously
distributed matter taking into account the pressure and the pseudotensor of gravitational field,
are truly equal to their values in formula (19) for energy £ and in formula (21) for momentum
P have not yet been studied.

In cosmology, the equation (36) of general relativity for the metric is sometimes written as

follows:

1 8zG
R,——Rg, = T, —Nr&u - (60)

m g v ot

Here, the cosmological constant A, is used to describe dark energy, the nature of which is

unknown but which modifies the equation for metric in accordance with observations. Let us

substitute A, (56) into (60):

1 87G 871G )
—Rg,, +Ag,, = T, +=—(pc* +4, j/ +2P)g,,. (61)

R —
w o o o
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In (61) a value is added to the stress-energy tensor 7, , which is proportional to rest energy
density of cosmological matter p,c”, the energy density of particles’ four-current A, j* and
the pressure 7, . This allows us to explain the meaning of mysterious dark energy — it appears

on the right side of (61) in the form of a term ( £, + A, jP+2P, ) g, as aconsequence of the

uv
fact that the equation for metric (36) is actually not derived from the principle of least action,

and A, according to (37) turns out to be a scalar function and is not a real cosmological

constant.
We now turn to characteristics of GTR?. In this version, equation for metric (45) and

equation of motion (27) are used, derived from the principle of least action with the help of

function K(J*,g /xv) . The GTR? version is more accurate and consistent than the GTR! version.

One drawback of GTR? is the need to determine specific form of its function K(J*, g W). The

disadvantage of both versions of general relativity is that we first need to solve equation for the
metric and to find the scalar curvature R so that we can calculate the energy £ and momentum
P of a system using formulas (19) and (21), respectively. This is a consequence of the fact that

gravitational field is included in the metric tensor.

We can achieve even greater accuracy in GTR? if, instead of the function K(J*, g ) > which

specifies the scalar pressure in Lagrangian density, we use corresponding terms for pressure as

for a vector field, that is, use the four-potential and the pressure field tensor.

3.4. GTR™ version
In this Section we consider modernized general theory of relativity, which we have
designated GTR™. Our goal will be to derive from the principle of least action equations of the
theory for continuous matter, taking into account pressure and electromagnetic field in curved
spacetime.

As mentioned in the previous Section, representation of the pressure as a scalar field has the

disadvantage that it becomes necessary to determine the function K(J*,g,,) simultaneously

with calculating spacetime metric tensor in a system of coupled equations. Moreover, the
transition from the scalar pressure field to the vector pressure field increases accuracy of
calculations and simplifies solution of equations. The same applies to acceleration field. Thus,
our modernization of standard Lagrangian density of general relativity will consist of
introducing the terms that turn the scalar fields into vector fields. This means that Lagrangian

density will now include the four-potentials of acceleration field and pressure field, as well as
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corresponding tensor invariants of these fields. In this case, the Lagrangian density £ =L + L]

of GTR™ version differs from the Lagrangian density (3) for vector fields only because of the

2

< o ,@*" for gravitational field:
loxG *

absence of terms Dﬂ J!+

0
u

L =-4,j"-U,J"—nr, J" =?(—poq(oﬂooqA-v—p08+p0U-V—pOgo+p0H-v).
(62)
1 c’ ¢’

L =—— F F*__% 4 u"_— " +ckR-2ckA 63
T 4y ™ 16z *" 167r6f’"’f ©3

The main characteristic feature of general relativity is that the spacetime curvature plays the

role of gravitational field, which is taken into account with the help of metric field given by the

metric tensor and its derivatives with respect to x*. While deriving GTR™, we can almost fully
use the results obtained for vector fields. Thus, the standard equations of electromagnetic field
and similar equations for acceleration field and pressure field, presented in [1], remain in force.

Moreover, after varying the Lagrangian density £'= L + L, (62-63) with respect to the metric

tensor in the principle of least action, the equation for metric is obtained in the following form:
2ckR,, -ckRg,, =-g, (4, j“+U,J*+7,J" +2ckA)-T,, . (64)

In (64) there is a total stress-energy tensor 7, =W, + B, +P,, thattakes into account the
stress-energy tensors of electromagnetic field W, , acceleration field B, and pressure field
P,, . The only difference between (64) and equation for the metric for vector fields in [1] is that

in (64) there is no contribution from the four-potential and from the stress-energy tensor of
gravitational field. This is due to the fact that in the Lagrangian density (62-63) there are no

terms that define gravitational field, except for scalar curvature R and the metric tensor.

Contracting equation (64) with the metric tensor g*" gives the following:

ckR=2(4, j+U, J“ +7,J“ +2ckA). (65)
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Equation (65) allows us to simplify the equation for metric (64). Considering the equality

4

2ck =— , where f is a coefficient of the order of unity, we find:

87G

R _le 872Gﬂ

v v
H 4 2

T, (66)

It is not at first clear in general relativity if the cosmological constant A can be used to
gauge energy, as was done for vector fields in [1]. Let us turn to general expression for the
energy of a system (19), into which we substitute the Lagrangian density (62-63). This for

energy in GTR™ version gives the following:

I
=;I{ (P @+ P8I+ py)+v :V(poqA+p0U+p0H)}-Vuo\/%dxldxzdxz'+
vV

2

u_(po ¢)+p019+p0<§0)+LFva’uv+ ° u Vu/‘V+
c 4, lzn * s
+I , —gdxdxdx +
= “ _ckR+2ckA
167r0f’”f ¢ ¢
N oL’
+> v, -
(67)
In (67), there is a quantity
L, :IE} —gdx'dx’dx’ =
| - g (6%)
=|| -—— Ve—u u" — " 4 ckR—-2ckA |\J—gdx'd’dx’,
;[( 4, Fuk l6zn 167rc7f*”f j &

which is that part of Lagrangian for which £ (63) is used.
The difference 2ckA—ckR in (67) must define the contribution of gravitational field to

energy of the system, while the quantities A and R must satisfy (65); therefore, they can no
longer be chosen arbitrarily for energy gauging. With the help of (65) we can exclude A in
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1 1
(67). Taking into account relations of the type 4, j“ =—p, quoqo—— Lo qu°A~V for all the
c c

fields, we find:

0
poqA+,00U+,00H—E(,00q(9+,00!9+p050)+

El.’:l_[ -vuo\/ga’xldxzcix3 +

c 0
4 +V-E(p0qA+p0U+p0H)

1 ¢’ ¢’ 1
+|| —F F* + u u+ " ——ckR J— dx'dx*dx’® +
I(% o e M ene el 72 ] &

(69)

By solving equation (66), we can determine the metric tensor g, , then calculate the scalar

curvature R and, with its help, find the system’s energy E/ (69) in matter. However, there still

remains the problem of gauging the undetermined coefficients in the metric tensor in such a
way that R correctly and uniquely defines the energy in (69). Usually. in general relativity, the
metric tensor is defined taking into account the fact that in the limit of a weak field the
gravitational force transforms into the Newtonian force of gravitation. But in the general case,
this may not be enough for the value R obtained through such metric tensor to exactly satisfy
the expression for energy (69).

We can avoid this problem in the following way. Let us suppose that the theory of vector
fields developed in [1] is valid just like the general relativity is. Then we can equate the energy
of general relativity (69) to the corresponding energy in the theory of vector fields.

For the part of the Lagrangian [, associated with £, (3), under the gauge condition

R=2A, which is applied to vector fields for the purpose of calculating energy and momentum

in continuously distributed matter, we can write:

L, :IE —gdx'dx’dx’ =

2 2

1 c c c’
= —_— Y+ o P ——y oyt —— m «f— dx'dx’dx’.
,J,.( 4 wt l6xG " l6zn " 167r0'fwf j &

(70)
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If we substitute Lagrangian density £= L + L, (3) into (19) under condition R=2A and

L, (70), we obtain the energy E, for vector fields inside matter [8], [32]:

0
——(,Doq¢+,001//+,0019+,0050)
= —I vu'J-gdx'd’dx’ +
v 2 (p), A+p,D+p,U+p,T)

uO
?(poq§0+p0l//+,00:9+,0050)+
+I | .2 .2 .2 —gdx'd’dx’ +
"\+—F, F" - D, D" + u, ut" S I
4u, 16z G 1677 167z
2
v _41 w +l6c G Pm®"
V4
+Z v, —I o —gdx'dx’dx’
n=1 ov,y _ ¢’ u ut— ¢’ oo fm
l6zn l6ro™ "
(71)
Let's equate energy E; (69) and energy E, (71):
E =E,. (72)

The equality of energies in (72) allows us to impose additional conditions on the values of
uncertain coefficients in the metric tensor in matter and on the value of scalar curvature R
present in energy (69). In this case, one should take into account the difference between metric
tensors in GTR™ and in the theory of vector fields, which follows from the difference in
equations for metric. This leads to the fact that the tensors F*", u*" and f*" in (69), depending
on the metric tensor, differ from the same tensors in (71). Therefore, similar terms in the left
and right sides of (72), associated with tensors, cannot cancel with each other.

Let us now consider the situation outside of matter, where, according to general relativity,
there is only an electromagnetic field and a metric field, and four-currents are equal to zero. In

this case, the equation for metric (64) is simplified:

2ckR,, —ckRg,, =—2ckAg,, —W,

uv’

(73)
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Contraction of equation (73) with the metric tensor g*" leads to relation R =4A, so that if

A is constant, then the scalar curvature R would also be constant. Substitution R =4A into

4

(73) taking into account the equality 2ck =— leads to equation for metric outside of

87G
matter:
1 _87Gp

R, ——Rg W (74)

1A% 4 y7i% c4 uv

Outside matter, the mass density p, and charge density p, are equal to zero, and

expressions (62-63), (68) have the following form:

=0, £ =——F F"sckR-2ckA . (75)

4,

L} = J'ﬁ} —gdi'd’dx’ = J‘[_iFvaW +ckR —ZCkAj\/—g dx'dx’dx’ . (76)
Vv

Vv 0

Taking into account the relation R=4A in (76), the expression for energy outside matter

in GTR™ version in (67) is also simplified:

E':J. LFWF’”—lckR —gdx'dx’dx’ +
AGIA 2

(77)

N
+Z|:V"-£ (— ! F”VF’“’+%ckRJ —gdxldxzdx3}.

For vector fields outside matter, there are only electromagnetic and gravitational fields, and
the relation R =4A =0 according to [1], [44] is valid. Instead of (71), the energy becomes equal

to the following expression:

1 c?
E = F_F* — & " | J-gdi'did +
° i(@o % 167G " j &

N 0 1 c?
+ | pn— F_F“ + b P «f— dx'dxidx’ |.
Z‘{ " 6vnV( w 167G ™ j &

(78)

n= 4/”0
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By solving equation (74), one can find expressions for the metric tensor and scalar curvature

R . Equality of energies in (77) and in (78) in the form

E =E,. (79)

makes it possible to clarify the value of scalar curvature R in energy (77), as well as to
clarify the values of uncertain coefficients in the metric tensor outside matter. In addition, the
equality of internal and external metrics on the surface of massive body also allows us to more
precisely define the undetermined coefficients in the metric tensor.

In a similar way as with the energy we can proceed with the system’s momentum. A
comparison of energies and momentums in OTO™ and in vector fields, taking into account the
formulas for momentum in Appendix B, leads to two relations (72) and (B8) for R in matter,
and to two relations (79) and (B11) for R outside matter. After clarifying the value R in OTO™
, it becomes possible to use formulas for energy in matter (69) and beyond matter (77). At the
same time, according to (B7) and (B10) in Appendix B, the formulas for momentum in OTO™,

respectively, in matter and outside matter have the following form:

Y0 1 ¢’
P= — || -—F F"— u, u" Mo — ckR \J-g dx'dx*dx’ .
o= E)Vn;[[ 4, " 16z * léro f‘”f J
(30)
i ——F F"V+lckR —gdx'd’dx’ . (81)
n=1 avn V 41”0 2

By summing the energies inside and outside matter (69) and (77), we find the energy E of
a physical system; similarly, the sum of the momenta inside and outside matter (80) and (81)
gives the momentum P of the system.

After the energy E and the momentum P are found, we can determine the four-momentum

of the system, defined in [8] in the form P, = (5

,—P) . The energy determined in the center-
c

of-momentum frame represents the rest energy E,, with the help of which the system’s inertial

E
mass in accordance with [32] is calculated as A7 =— .
c
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In vector field theory, the gravitational mass of a system is calculated after the gravitational

tensor @, is found, the time components of which include the gravitational field strength I".

Near the surface of a spherical massive body, the strength I', according to Newton’s law, is
equal to the free fall acceleration, found in terms of the gravitational mass of the body. Thus, a

connection between @, and the gravitational mass appears. Since the methods for determining

the inertial and gravitational masses are completely different, these masses can equal each other
only approximately. As a result, the principle of equivalence of the inertial and gravitational
masses, which contributed to the development of general relativity, is not satisfied for vector
fields.

Let us now consider the equation of motion of typical particles in matter in GTR™. Using

the principle of least action for the Lagrangian density £'=L + £ (62-63) and varying over

four-currents, we arrive at the equation of motion, which differs from the equation of motion

for vector fields in [1] only in the absence of a gravitational term:

Ju,,+J°f,,+JF,, =0. (82)

Equation (82) is also obtained from the expression V'T, /;V =0, where the total stress-energy

tensor of non-gravitational fields is presented in (66) in the form 7, =W, +B,, +P,

uv uv
Let us express the tensors of acceleration field and pressure field in terms of the fields’ four-

potentials and substitute them into (82):

uaﬂ:VUUﬂ—VﬂUJ, faﬂ:VJﬂﬂ—V#ﬂU,

JVU,=JV U +JV 7,V 7, +jF,, =0. (83)

We apply (83) to a relativistic uniform system of a spherical shape with chaotically moving
particles, which is kept in equilibrium by its proper fields. The root-mean-square velocity of
the particles” motion in such a system depends only on the radius and reaches its maximum at
the center [24], [29]. If the particles do not have proper vector potentials in the comoving
reference frames of these particles, then, due to the chaotic character of the particles’ motion in
such a system, the global vector potentials of all the fields would be equal to zero. This leads

to the absence of solenoidal vectors of the fields, similar to the magnetic field in the case of an
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electromagnetic field. To a first approximation, for the four-potential of acceleration field,
describing the motion of an arbitrary typical particle of the system, the following relation holds

true: U, = (g ,— Uj =u,,, where u  is the four-velocity of the particle, 9 and U represent the

C

scalar and vector potentials of the acceleration field, respectively. In the same approximation,

the four-potential of the particle pressure field will equal 7, = (Q,_ j= }%2 u, [45]. Let
c 0

us substitute these potentials into (83):

2 2 ou

P P
J“VUu#—J"V”uG+J"VG( 0 u#J—J”V#( 0 uaj+j"F ~0. (84)
Po€ Po€

Next, we use the continuity equation V_J? =0 and the following obvious relations:

IOV, =V (u,J7)=u,V,J7 =V (pu,u’), IV ,u,=pu’V,u,=0,

P P P, P
JV, °2uﬂ =V, | —5 AR °2uﬂVUJ°'=VU(—§ u#u"j,
Poc Poc Poc ¢

P P P P
J“Vﬂ( Ozugj: OZJUV#uU+u0J“Vﬂ[ Ozj:povy(_oj-

Po€ Po€ Po€ Lo
(85)
Taking into account (85), the equation (84) is written as follows:
P - R o
Vo‘|:(p0+_3ju,uu i|:pov,u£_0]_‘] Fo‘y' (86)
¢ Po

In relativistic uniform system, the equality V., p, =0, o, = (l % , Vpoj =0 holds true; the
c ot

invariant mass density p, =const , that is, the density p, does not depend on either time or

coordinates and is the same for all the particles in the system. In such a physical system
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P ) . . ) .
oY% H[—Oj =V ,F,, and we can see that equation (86) coincides with the equation of motion
Lo

(29) in general relativity when taking scalar pressure £, into account.

On the other hand, as we indicated in Section 2, the equation of motion (29) of general

relativity will be consistent with the principle of least action and (27) if u, V" p, = da’p ¢ =0; that
T

is, the mass density p, must be constant in the comoving reference frame of each matter

0
dp, _dtdp, _u” dp, _ 0, where 1’ is the time component of

element. Since in this case =
dr drt dt c dt

ap, _op

the four-velocity, then the condition
dt ot

+v-Vp, =0 must also be satisfied. All this is

satisfied by the equality p, =const for the relativistic uniform system. Thus, within the
framework of general relativity, calculations of equation of motion of matter inside massive
objects, such as compact stars, can be performed with condition p, =const . In all the other

cases, for greater accuracy, it is better to use not equation (29), but rather the equation of motion
in the form of (82-83), where the field tensors are found through the corresponding field

equations.

Let us apply the covariant derivative V" to both sides of equation (64) for the metric. On
the left-hand side, we obtain zero as a consequence of the properties of the Einstein tensor. The

right-hand side of (64) contains the total stress-energy tensor 7, =W, +B, +P, ofthe three

fields, for which the following equations hold:

V'W,, =jF V'B,, =Ju

uv ou’

ou VP, =JF,, (87)
Taking (87) into account, the following equation follows from (64):

Vo (4, j+U, T 47, T +2ckAN)+ T u,,+J° £, ,+°F,,=0. (88)

If we take into account equation of motion (82) in (88), then using (65) we obtain for scalar

curvature:
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V4, +U, J +m,J +2ckA)=7VﬂR=O. (89)

Condition (89) imposes an additional limitation on the quantity R in matter in GTR™.

3.5. Discussion of GTR™ version
The GTR™ version presented in the previous Section is more accurate than standard general

relativity due to the use of vector acceleration field and vector pressure field instead of
corresponding scalar fields. Indeed, it is difficult to directly include the scalar pressure 7, in
Lagrangian density because we need to make additional assumptions about the variation 07,

to apply it into the principle of least action. As a result, the equation of motion (29) of general

relativity is not derived from the principle of least action itself, but rather by equating the

divergence of stress-energy tensor to zero in the form V'7,, =0.

However, from the standpoint of Lagrangian formalism, derivation of equation of motion

from the principle of least action is preferable and necessary for completeness of the theory.

The use of scalar function K(J*, gﬂv) allows us to derive the equation of motion (27) and to
show that, on the condition that V o, =0, this function actually becomes equal to pressure P,

E,afJ“JVgW

Po€

since in this case K = = P, . The problem of this approach is associated with the

need to define a precise expression for the function K(J*, g W) in general case, which requires

solving the system of equations (45), (47) and (49-50) in GTR? version.

Achieving greater accuracy in GTR™ version is possible due to the additional terms in

Lagrangian density £'=L +/L (62-63), which include the tensor invariants u,,u*" of

acceleration field and f,, f*" of pressure field. The addition of these terms leads to the

emergence of independent equations of corresponding fields and allows us to quickly find all
the characteristics of these fields in standard form.

Substitution of gravitation by the spacetime curvature, and reduction of physical force of
body attraction to geometry were fully justified in general relativity for the case of motion of
small test bodies near massive objects, as happens in the case of motion of planets and rays of
light near the Sun. However, in obtaining solutions for the case of continuous matter with
pressure and electromagnetic field, as was shown above, we face various problems. One of

these problems is related to the system’s energy and momentum, and the other is related to the

40



ambiguity of solutions for the metric. The fact is that the energy and momentum cannot be
determined without considering the contribution of gravitational field. However, since
gravitation is included in the metric, it is first necessary to solve the equations for metric (66)
and (74) inside and outside matter, to find the metric tensor and scalar curvature R, and through
them evaluate the contribution of gravitation in energy and momentum. If we use the
Lagrangian formalism, energy and momentum inside matter in GTR™ can be found using
formulas (69) and (80), respectively, and energy and momentum outside matter can be found
using formulas (77) and (81).

With this method, ambiguity arises in the definition of energy and momentum, since the
solutions for the metric tensor contain undefined coefficients resulting from the integration of
the equations. To avoid such ambiguity, we proposed to use energy and momentum, calculated
in the theory of vector fields, as auxiliary quantities. Comparison of these quantities with the
energy in GTR™ in (72), (79), and momentum in (B8) and (B11) in Appendix B makes it
possible to clarify the values R inside and outside matter and thereby unambiguously determine
the energy and momentum of the system. However, it should be noted that the scalar curvature
inside matter must simultaneously satisfy both equality for energy (72) and equality for
momentum (B8). Similarly, the scalar curvature outside matter must simultaneously satisfy
both the equality for energy (79) and the equality for momentum (B11). In this case, at the
boundary of a body, the scalar curvature inside matter must be equal to the scalar curvature
outside matter.

The proposed approach is a consequence of Lagrangian formalism with respect to energy
and momentum. Therefore, this approach has an advantage over standard general relativity
approach, where the energy and momentum are defined in terms of volume integral of time
components of stress-energy tensor summed with gravitational pseudotensor components.

Let us consider, as an example, the symmetric Landau—Lifshitz pseudotensor of

gravitational field #*" [38], for which, in view of stress-energy tensor of matter and non-

87G
gravitational fields, the coefficient »# =—— and the cosmological constant A, the following
c

equation holds:
\4 v AGR v
o,| ()| T" +t"" ——=g"" | |=0. (90)
%

Integrating (90) over infinite volume gives the following:
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Rh= | (—g)[T"0 +14 —ﬁg*‘”jdx‘dx2 dx*. (1)
C V4

It is asserted that the integral vector P/, (91) represents the four-momentum of a system.

We noted some drawbacks of standard general relativity approach in Section 3.3, while
discussing GTR' and GTR?. We can add that an additional drawback is the lack of mathematical
proof that volume integral (91) of time components of stress-energy tensor summed with
gravitational pseudotensor components precisely gives the four-momentum of a system, not

any other value. At least such a proof does not follow from the Lagrangian formalism [8].

Indeed, treatment of A7 (91) as a four-momentum starts with the fact that stress-energy
tensor 7" is expressed through the stress-energy tensor 7, (16) in sum with the stress-energy
tensor W, (15) of electromagnetic field. Next, the weak gravitational field approximation is

used when we can assume that *” =0 in comparison with 7*". Then, to a first approximation,
the value P/ is close to the value of the system’s four-momentum. Hence, it is assumed that
in the general case, P is also the four-momentum.

In response to such argumentation, we would like to remember that the equation of motion

(29) in standard general relativity is consistent with the equation of motion (27), derived from

the principle of least action, and is valid only on the condition that u, V"' p, = dp 2 =0. This
T

condition is equivalent to the fact that a relativistic uniform system is always under
consideration. As was shown in [24], [29], equilibrium in a relativistic uniform system reduces
to equilibrium in gravitational and electromagnetic fields, in acceleration field and in pressure
field. If we consider the situation not from the standpoint of general relativity, but from the
standpoint of vector fields, then instead of (90) we must proceed from the equation of matter’s

motion in the form

or* 1 o(y=er)

v ogup H TPV _
+1“pVT +1“pVT =

ox” \/% ox”

v, T =

+T4 T =0. (92)

In (92), stress-energy tensor 7*" =W*" +U*" + B*" + P*" includes stress-energy tensors of

all four fields; therefore, there is no need for any gravitational field pseudotensor.
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Let's choose a reference frame in which the Christoffel symbols '/ are zero in some
element of matter. In this case, multiplying (92) by the element of covariant volume
J-g dx’dx'dc’dx’ and integrating over the four-dimensional volume of this element, taking

into account the divergence theorem, we have:
o(—gT™
I%dxo dx'dx’dx’ = J‘T"OQ/—g dx'dx’dx’ + IU T -g dx’dx’ ]dxo +
X

+JUT”2\/§dxldx3]dx° +I[IT”3\/§dxldx2]dxo ~0.

93)

Let's make the notation:
el j T [-g dx'dx’dx’ . (94)
c

[T g dvas + [T [-g dx'dx’ + [T**[~g dx'dx* = §p 7" n\[-g a5 . (95)

S

In (95), the sum of the three integrals is a surface integral over a two-dimensional surface S

, surrounding the volume element, n, is a unit vector perpendicular to the surface S and
directed outward, k=1,2,3. Substituting (94-95) into (93) and differentiating by variable

x" =ct, we find:

u
d;t +¢Jf)T”knk -gdS=0. (96)
N

The smaller the volume element in question is selected, the more precisely expressions (93)
and (96) tend to zero.

At ©=0 (96) describes the generalized Poynting theorem in integral form, according to
which energy fluxes flowing into a certain volume increase the energy of fields in this volume
[28]. When x=1,2,3 the values T** taken with a minus sign are components of a three-

dimensional stress tensor. In this case (96) can be considered as integral equations for the rates
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of change of energy fluxes in an element of matter. Such changes in energy fluxes are caused
by forces acting on the element of matter from the fields.

Suppose that the volume element in question is in such an equilibrium state that there are no
energy fluxes through its surface or the fluxes are on average zero. In this case, according to
(96), I” becomes a certain constant in time, /“ = const .

It is not difficult to verify that at equilibrium the integral over the three-dimensional volume

in matter in (94) vanishes [8], [28]. This is a consequence of equation of motion in the form
V'T,, =0, that is, the consequence of balance of all the forces in matter at equilibrium. If in
(96) the volume element is taken not in matter, but outside it, then in (96) only the total energy
of gravitational and electromagnetic fields outside matter and the fluxes of these energies
remain. It turns out that the integral vector /* does not set the four-momentum of the element
of matter, and even more so does not set the four-momentum of entire system consisting of
many particles and fields. Instead, the vector /* shows that in each volume element of a closed
equilibrium system, another value associated with the energy of fields must be preserved.

To obtain the vector /*, we had to use the weak field approximation by choosing a suitable
reference frame in which the Christoffel symbols in the volume element in question become
zero. But in the general case /* turns out to be a four-dimensional pseudovector, since the

equation of motion V"7, =0 in covariant form does not integrate over four-dimensional

volume and does not give a true four-vector.

The presented picture shows that the integral vector £/, in (91), like 7* in (94), is not the

system’s four-momentum, but an integral pseudovector. In this case, there is no other way in
general relativity to find the energy and momentum, than to use the formulas derived from the
Lagrangian mechanism and presented above.

We analyzed in more detail the problem of four-momentum and integral vector in general
relativity and in theory of vector fields in [8] and [27] where references were also provided to
papers showing inadequacy of general relativity approach for defining of energy and
momentum. For example, in [37] indicated that the energy of a closed system in general

relativity is either not conserved or depends on the choice of reference frame. It can be seen
from (91) that tensor 7*" and pseudotensor " have different transformation laws; therefore,
the system’s inertial mass, which should be obtained from P , will not be the same in different
reference frames. This is confirmed in [46], which also indicates the inequality of inertial and

gravitational masses of a physical system in general relativity. Moreover, according to [47], the

principle of correspondence does not hold in general relativity.
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In addition, even if " is a tensor, P/, cannot be an actual four-vector. This follows from

the fact that the right-hand side of (91) contains the time tensor components that are transformed
into another reference frame in a different way than the components of a four-vector should be
transformed [28]. The difference in transformation of tensor components and four-vector
components leads to the so-called 4/3 problem for a moving body, when the mass-energy in
volume integral of the time component of stress-energy tensor for electromagnetic or
gravitational fields is not equal to the mass-energy in integral of the space components of this
tensor.

From a philosophical standpoint, noncoincidence of four-momentum and integral
pseudovector 7* in (94) is associated with the duality of matter and field and with the difference
in their definitions in terms of four-currents and field tensors, respectively. The conservation of
four-momentum in a closed system is associated with the conservation of energy and
momentum of the matter’s particles that generate fields and act on each other through these
fields. At the same time, the conservation of integral pseudovector /* leads only to

conservation of energy and energy flux of fields in the system.

4. Conclusions

In order to covariantly describe the pressure effect, we introduced the scalar function
K(J*,g,,), which depend on the four-current J* and the metric tensor g, , into the

Lagrangian density (1) of general relativity. Next, we found the equation for metric (17),

derived the formulas for energy (20) and momentum (22), obtained equations of motion (27-
29) and in (30) related the function K(J*,g,,) to scalar isotropic pressure £ in matter.
With this in mind, in Section 3.1 we arrived at GTR! version, which is the closest to the

standard general relativity, and in Section 3.2 at GTR? version, which was fully derived from

the principle of least action. One of the results is that the equation of motion (29) in GTR! is

dpy =0. This means that
T

consistent with equation (27) only on the condition that u V" p, =

general relativity can be used to study relativistic uniform systems, where V" p, =0, but it may

be inaccurate in general cases.
The situation can be improved by using GTR?; however, the analysis of both versions of
general relativity in Section 3.3 revealed the presence of other notable drawbacks. For example,

in general relativity, the expression of continuity equation (59) differs from the standard

expression V #( pou”) =0. As we show when deducing from the principle of least action in
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OTO? version, the equation of motion (27) agrees with (29) only under the condition V yu” =0
. If we accept both the conditions V'p) =0 and V u” =0 in general relativity, then only in
this case (59) passes into standard continuity equation V ﬂ( pou”) =u"V ,py+pV, u"=0.

With the help of (61), we explain the meaning of dark energy, which emerges from the

cosmological model of general relativity, and is expressed as ( £, + A, JjP+2P, ) g,, Interms

of rest energy density of cosmological matter p,c”, energy density of particles’ four-current

A

" j” and pressure P, in matter. In this case, the dark energy emerges because the equation

for the metric (36) in general relativity is not derived from the principle of least action; and

according to (37) A, turns out to be a scalar function and is not a real cosmological constant.

In Section 3.4 we present modernized general theory of relativity, which we designate
GTR™. Unlike in standard general relativity, in GTR™ acceleration field and pressure field are
considered not as scalar fields, but as vector fields. Thus, for these fields it becomes possible to
write their own equations and to find four-potentials, tensors and stress-energy tensors at a
given mass four-current. This means, for example, that we no longer need to choose a possible
equation for the state of matter that relates the pressure and the mass density; — for this reason.
it suffices to solve standard differential equation for pressure field. The gravitational field,
according to general relativity approach, included in metric field, which is geometric in nature.
Thus, in OTO™, gravitation is still reduced to spacetime curvature.

To determine the energy and momentum as easily as possible, in the GTR™ version we

suggest using four-potential D, and gravitational field tensor @, as auxiliary quantities, taken
from the theory of vector fields. With the help of D, and &, , one can calculate for vector

fields the system’s energy inside and outside matter using formulas (71) and (78), and the
momentum of the system inside and outside matter using formulas (B1) and (B9) in Appendix
B. In this case, conditions (72), (79), (B8) and (B11) in Appendix B make it possible to
unambiguously gauge both the components of metric tensor, as well as the energy and
momentum in GTR™ version.

The equation of motion (83) in GTR™ version is fully written in terms of four-potentials and
tensors of the fields represented in a system. In the limit of relativistic uniform model, equation
(83) becomes equal to (86) and exactly transforms into the equation of motion (29) of standard
general relativity. Thus, the GTR™ version can be considered an improved version of general
relativity in many respects. On the other hand, the GTR™ version is much closer to the theory

of vector fields than to standard general relativity, which can be seen from comparison of
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Lagrangian density £'= L + /L, (62-63) and Lagrangian density (3). The difference between

these theories lies only in the fact that in theory of vector fields gravitational four-potential and
gravitational field tensor are directly included in Lagrangian density.

The advantage of vector fields is that the equation of motion can be obtained and confirmed

in two different ways — either from the principle of least action or from the equation V"7, =0

[1], [8]. Another advantage is that in the formulas for energy and momentum, due to use of
energy gauging with the help of cosmological constant A, we can eliminate scalar curvature
R and thus uniquely determine the formulas. In this case, the approach used in theory of vector
fields is preferable to that used in general relativity, since it is based entirely on Lagrangian

formalism [32].
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Appendix A

We proceed from the variation ¢S, containing variations ox”:

A4, —a [J_( i Sxt — “5x°)]+

58S, _—j j —g dx'dx’dx’dt = 0. (A1)
+(u# + oK jVU (J”5x" —J”é‘x")

oJ”
We transform by parts in (A1) the term with the mass four-current J*:
—]Z.J- u +8—K \Y (J”é'x” —J”é‘x") .,/— dx'dx’dx’ dt =
“oagr) e & -

—j j \Y% Ku +—)(J"5 “ Jﬂax")}/% dx'dx’dx’ dt + (A2)

+iJ(JU5x”—J”5XU)V ( +887Kj —g dx'dx*dx’dt.

L

The covariant divergence of an arbitrary four-vector B can be expressed as follows:
(e} ]' o
B :_aa(\/EB ) (A3)
V"8
Taking (A3) into account, the first integral on the right side of A2) can be written as follows:
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- V Joxt —=J"ox° —g dx'dx’dx’ dt =
=— 6 u, +8—K JOOx" —J"Sx°) | dx'dx’dx’ dt.
aJ”

(A4)

We now use the divergence theorem for the right-hand side of (A4), moving from
integrating the divergence of a four-vector over a four-dimensional volume to integrating the

corresponding four-vector over four three-dimensional hypersurfaces:

-[]e, {\/% (u# +§]—Kﬂj(J" Sxt —J"5x° )} dx'd*dx’ di =

1 K \( 1o on -
:_ZMM” o ](J Sxt —J"Sx ) —gdxldxzdxﬂ - (AS)

4

[g[i 0 Zorae s Frazazo
)

The three-dimensional unit vector n;, where the index j=1,2,3, represents an outward-
directed normal vector to the two-dimensional surface 2., surrounding moving physical system
under consideration. The equality to zero in (A5) follows from the fact that the variations ox*

at the time points ¢, and ¢, are equal to zero according to the condition of variation of action

function. In addition, in the case of integration over the surface ., the variation dx*“ on this
surface is also considered to equal zero.
According to (A4-AS), the first integral on the right side of (A2) is equal to zero. The second

integral in (A2) is transformed as follows:

]%J.(Jo5x”—J”5xU)VU(uy+§]—Kﬂ) —g dx'dx’dx’ dt =

LV

:II J"VU(u +8—KJ—J"V ( +6_Kj Sxt\|—g dx'dx*dx’dt =
Lot g oJ°

. oK) ._ 0K
- “{J [ YT j— J°V, NG }&C”J—g d'dx’dx’ dt.

(A6)
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In (A6) we used the relation J"Vﬂua=,00u"V#uU=%Vy(u”ua)=%vﬂcz=O.

Consequently, (A1) is equivalent to the following:

—gdx'dx’d’dt =0.

, A},Lag J-g (j7ox" - j*8x7) |-
5Sl:_“ N [ g(J j ]

- J"VU(u +8K]—J“v OK | sm
“oarr “oJ°

Let us transform the first integral in (A7):
t, 1 ~ . )
‘”{Aﬂ ﬁaa [\/%(J ox" = j"ox )}} —g dx'dx’dx’ dt =

- _tj [ o, A2 (j70x" = j#0x7) | dv'd’d’ de +
L

+T j J-g (7 0x" - j*5x7)0, A, dx'dx’dx’dt.
Ly

(A7)

(A8)

Taking into account the divergence theorem as in (A5), the first integral on the right side of

(A8) is equal to zero. The second integral in (A8) is transformed as follows:

i —g|j7ox" —j*o6x7 )0, A4 dx'dx*dx’ dt =
7]

wv

:tj [ (j7ox"0,4, - j*6x°0,4,) -g dv'dx’dx* dt =

o u
4

:t2 JOOx 0, A, — j°Ox"0 A, ) \—g dx'dx’dx’ dt =
u u

4y

_'2 Jj°(0,4,-0,4,)0x" \-g dx'dx*dx’ dt = 0 J°F, ,ox" \-g dx'dx*dx’ dt.
)’ u u
L

Ly

From (A8-A9) it follows:
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_tj}[{Aﬂ ﬁaa [H(j”&x” — j*Sx° )]} —gdx'dx’dx’dt =

(A10)
—”. JOF,,0x" —g dx'dx’dx’ dt.

Taking (A10) into account, from (A7) we obtain the action variation and equation of motion:

oS, = .” °F,,+J°V ( 6Kj Je oK Sx*\|—g dx'dx’dx’dt =0.
oaTt oI

—J°F,,. (A1)

oK jz Joy oK
oJ- "o

JO-VU(M#'F

Appendix B
For convenience, this appendix uses double numbering of formulas, indicating the
corresponding formulas in text of the article.

If we substitute the Lagrangian density £=L, + £, (3) into (21) and take into account L,

(70), we obtain the momentum of a system in theory of vector fields [8], [32]:

8
Po, A+ oD+ p Ut py TI-— (o, @+ P + Py 3+ poso) +
——J. 0 J—gdx'dx’dx’ +
{a (quA-I—,OOD-f-,OOU-I—,OOH)}

—F, F"+ D, D" —
4u, 167G lézn

Yoo 1 c* c? ¢’
u u" —— m J—gdxtdxdx’.
( p 167mf’”f J-g
(B1)

We now use the Lagrangian £'= L + £ (62-63) and L (68), replacing in (21) £, by L]

, L, by C_'. ,and L, by L; Thus, we find an expression for the momentum in GTR™:
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0
1 PoqA+PoU+P0H—g(00q§0+,0019+,0080)+
P’ :—I u’J—gdx'dx’dx’ +

c 0
d +V-g(poqA+poU+pOH)

N0 1 c* ¢’
+y — || -—F F* — u u" — iy ckR-2ckA «/— dx'dx*dx’.
;avnl( Py T T J &

(B2)

In matter, the quantities R and A are related by relation (65), which allows us to express

in (B2) A through R:

0
,OOqA+poU+,00H——(,004¢?+p0t9+p050)+
' ov 0 17233
P :—J. u’\J—gdx'dx’dx’ +

1 c’ ¢ 1
v SR W4 kR
" 6i-[ du, " l6zn 167[0'fwf 2 —gdx'dx’dx’.
~ ov
VU a4, U, T, T
(B3)

We further use (62) in the form

0

. u
A,u JIU+U/_1 J”"'”#J” :?(poq(/)—poqA-V+,0019—,00U-V+p0(@—p0H-V), (B4)

as well as a relation from [35]:

0
:;1_; _g dxldxzdx3 = u? —g dxldxzdx3 = dI/O N (BS)

where dV, is differential of invariant proper volume of any particle of a continuously

distributed matter.

Taking into account (B4- B5) we find:
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4

(B6)

In (B6), it was taken into account that when taking the partial derivative p with respect
\%

n

to the wvelocity v, of a particle with number n, the integral

.[(poq(p—poqA~V+p019—p0U-v+p0go—p0H-V)dVO over the volume of matter can be

Vv

replaced by the integral J-(poq(p—poqA-V+p0l9—p0U-v+pOgo—p0H~V)dV0 over the
v,

volume of this one particle with number 7 .

Substituting (B6) into (B3) gives the following:

2

N0 c
=y — —_u u” ”V+ ckR J—gdx b dx
,,Z;@Vn i[[ 4, Fun 16z “"  léro f’“'f ]

(B7)

Equating momentum (B7) to momentum (B1l) for vector fields, we obtain another
expression in which the scalar curvature R inside the body in GTR™ is expressed in terms of

other quantities:
P'=P. (BY)

Outside matter formula (B1) for vector fields remains valid and gives the momentum of

field associated with the matter and commoving with it. In this case, in (B1), the first integral

vanishes because the mass density p, and the charge density p,  outside matter are equal to

56



zero. In addition, the tensor invariants associated with acceleration field and pressure field are
equal to zero. As a result, in (B1) only the sum remains for all those particles that generate

electromagnetic and gravitational fields:

N 2
P, =Zij‘ _LF F* + ¢ b, D —gdxla'xzdx3 . (B9)
ov 44, 167G *

Similarly, from (B2) taking into account the relation R=4A, for the field momentum

outside matter in GTR™ we find:

N
P = Zij(—%F#VF"V +%ckR]«/—ga’xldxzdx3 : (B10)
)

The equality of momenta (B9) and (B10) gives a relation that allows us to estimate the value

of scalar curvature R in GTR™ outside matter:

P, =P . (B11)

o
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