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Abstract. Functional analysis works with TVS (Topological Vector Spaces),
classically over archimedean fields like R and C.Canonical non-Archimedean
functional analysis, where alternative but equally valid number systems such as
p-adic numbers Q,, etc. are fundamental, is a fast-growing discipline.

This paper deals with TVS over non-classical non-Archimedean fields *R# %
and*C#, :a

Definitions and theorems related to non-Archimedean functional analysis on
non-Archemedean field :@f and on complex field :Ef = :@f - i%are

considered.

Applications to constructive quantum field theory also are considered

[6] https://doi.org/10.1063/5.0162832

[12] https://iopscience.iop.org/article/10.1088/1742-6596/2701/1/012113

[notice in [6] and [12] we abbreviate *R? instead i@f for the sake of brevity].
Definitions and theorems appropriate to analysis on non-Archemedean
field *R¥ and on complex field *C# = *R¥ + i*R%are given in [1]-[2].
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Introduction

The incompleteness of set theory ZFC leads one to look for natural nonconservative
extensions of ZFC in which one can prove statements independent of ZFC which
appear to be “true”. One approach has been to add large cardinal axioms.

Or, one can investigate second-order expansions like Kelley-Morse class theory,
KM or Tarski-Grothendieck set theory TG or It is a nonconservative extension of
ZFC and is obtained from other axiomatic set theories by the inclusion of Tarski’s
axiom which implies the existence of inaccessible cardinals. See also related set
theory with a filter quantifier ZF(aa). In this paper we look at a set theory NC*,[18],
based on bivalent gyper infinitary logic with restricted Modus Ponens Rule [18].
Nonconservative extension namely IST# of the canonical internal set theory IST was
presented in [18].

§1.Bivalent hyper Infinitary first-order logic 2L” , with

restricted rules of conclusion.Generalized Deduction

Theorem.

Hyper infinitary language L* , are defined according to the length of hyper infinitary
conjunctions/disjunctions as well as quantification it allows. In that way, assuming a
supply of x < X§ = card(N*) variables to be interpreted as ranging over a nonempty



domain, one includes in the inductive definition of formulas an infinitary clause for
conjunctions and disjunctions, namely, whenever the hypernaturals indexed hyper
infinite sequence {45} ;. of formulas has length less than «, one can form the
hyperfinite conjunction/disjunction of them to produce a formula. Analogously,
whenever an hypernaturals indexed sequence of variables has length less than 4, one
can introduce one of the quantifiers V or 3 together with the sequence of variables in
front of a formula to produce a new formula. One also stipulates that the length of any
well-formed formula is less than X} itself.

The syntax of bivalent hyper infinitary first-order logics 2L” ; consists of a (ordered)
set of

sorts and a set of function and relation symbols, these latter together with the

corresponding type, which is a subset with less than X§ = card(N*) many sorts.
Therefore, we assume that our signature may contain relation and function symbols
on y < X§ many variables, and we suppose there is a supply of k < X} many fresh
variables of each sort. Terms and atomic formulas are defined as usual, and general
formulas are defined inductively according to the following rules.

If g,y,{ds : @ < y} (for each y < k) are formulas of L” ,, the following are also

formulas:
(i) /\a<y ¢a’ /\agy (p“’
() V ooy 905 V ooy G
(i) > v, o Ay, 0 Vy,—¢
(V) Vayxq¢ (also written Vx,¢ if x, = {x, : a < y}),
(V) Jacyxq¢ (also written 3x, ¢ if x, = {x, : @ < y}),
(vi) the statement /\M ¢, holds if and only if for any a such that a < y

the statement holds ¢,,
(vii) the statement \/N ¢, holds if and only if there exist a such that a < y

the statement holds ¢,.

Definition 1.1.A valuation of a syntactic system is a function that as signs T (true)

to some of its sentences, and/or L (false) to some of its sentences.Precisely, a

valuation maps a nonempty subset of the set of sentences into the set {T,1}.

We call a valuation bivalent iff it maps all the sentences into {1, 1}.

Definition 1.2.Let L be a propositional language. L is a classical bivalent
propositional

language iff its admissible valuations are the functions v such that for all sentences
A,B

of L the following properties hold

(@) v(4) e {T,1}

(b) v(—=4) = Tiff v(4) = L

(c)v(AANB) =Tiff v(4) = v(B) =T.



(d) by definition of the classical implication 4 = B the following truth table holds
v(4) v(B) v(4 = B)

(D
2)
3)
4)

Truth table 1.

T
T
1
1

|_

T
L

(e) vi(4) e{T, L}
f)v¥(—4) = Tiffv*(4) = 1
(@) v*(AAB) =Tiff vv(4) =v*(B) =T.

(h) by definition of the nonclassical implication 4 = B the following truth table holds
v¥(4) v*(B) v*(4 = B)

(1)
2)
3)
4)

Truth table 2.
Remark 1.1.Note that in the case (2) of the truth table 2

T
T
1
1

T

1
T
1

T

4
T
T

=4+ 4 -

T=vMA4 =B)+v(4d = B) =L

In this case we call implication 4 = B a weak implication and abbreviate

We call a statement (1.1) as a weak statement and often abbreviate v(4 = B) =T,
instead (1).

Definition 1.3.[7-8]. 4 is a valid (logically valid) sentence (in symbols, - 4) in L iff
every admissible valuation of L satisfies 4.

A=, B

(1.1)

The axioms of hyper infinitary first-order logic 2L* , consist of the following schemata:

l. Logical axiom
A1.4- [B - A]

A2.[

~[B~>C]~[4~B]-[4-C]]

A3.[-B > —A] - [A - B]

Ad [N\, 4~ 4] - [4-> A\, Al aeN

A 5. [/\i<aAi] - Aj,(X e N*

A 6. [Vx[4 - B] - [4 - VxB]]
provided no variable in x occurs free in 4;
AT7.VxA(x) > SAA),
where S/{(4) is a substitution based on a function ffrom x to the terms of the

language; in particular:



AT Vx[A(x;)] = A(t) is a wff of 2L”, and tis a term of 2L%, that is free for x;

in A(x;). Note here that t may be identical with x;; so that all wffs Vx;4 = 4

are axioms by virtue of axiom (7),see [8].

A 8.Gen (Generalization).

Vx;B follows from B.

Il.Restricted rules of conclusion.

Let F . be a set of the all closed wffs of L’jo#.

R1.RMP (Restricted Modus Ponens).

There exist subsets A;,A, < F i such that the following rules are satisfied.

From 4 and 4 = B, conclude Biff 4 ¢ Ay and (4 = B) ¢ A,,where A;,A; < F .
In particular forany 4,B € Fyir: A =, B € A,.

If4 ¢ Ay and (4 = B) ¢ A, we also abbraviate by 4,4 = B Frup B.

R2.RMT (Restricted Modus Tollens)

There exist subsets A},A, < F . such that the following rules are satisfied.

P = 0,—0 rrur —Piff P ¢ Aland (P = Q) ¢ A),where A|,A, © F .

Remark 1.2.Note that RMP and RMT easily prevent any paradoxes of naive Cantor
set theory (NC), see [1],[9].

lll.Additional derived rule of conclusion.

Particularization rule (RPR)

Remind that canonical unrestricted particularization rule (UPR) reads

UPR: If tis free for x in B(x), then Vx[B(x)] + B(t),see [8].

Proof.From Vx[B(x)] and the instance Vx[B(x)] = B(t) of axiom (A7), we obtain B(t)
by unrestricted modus ponens rule.Since x is free for x in B(x), a special case of
unrestricted particularization rule is:VxB + B.

Definition 1.4.Any formal theory L with a hyper infinitary lenguage L?, is defined
when the following conditions are satisfied:

1. A hyper infinite set of symbols is given as the symbols of L. A finite or hyperfinite
sequence of symbols of L is called an expression of L.

2. There is a subset of the set of expressions of L called the set of well formed

formulas (wffs) of L. There is usually an effective procedure to determine whether a
given expression is a wff.

3. There is a set of wfs called the set of axioms of L. Most often, one can
effectively decide whether a given wff is an axiom; in such a case, L is

called an axiomatic theory.

4. There is a finite set Ry, ..., R,, of relations among wffs, called rules of
conclusion. For each R;, there is a unique positive integer j such that, for
every set of j wfs and each wff B, one can effectively decide whether the
given j wffs are in the relation R; to B, and, if so, B is said to follow from

or to be a direct consequence of the given wffs by virtue of R;.

Definition 1.5.A proof in L is a finite or hyperfinite sequence By, ..., B,k € N*



of wffs such that for each i,either B; is an axiom of L or B; is a direct

consequence of some of the preceding wffs in the sequence by virtue of one

of the rules of inference of L.

Definition 1.6. A theorem of L is a wff B of Y such that B is the last wff of some

proof in L. Such a proof is called a proof of B in L.

Definition 1.7. A wff E is said to be a consequence in L of a set of I' of wffs if and

only if there is a finite or hyperfinite sequence B,,..., B,k € N* of wffs such that

E is B, and, for each i, either B; is an axiom or B; isin I', or B; is a direct

consequence by some rule of inference of some of the preceding wffs in the

sequence. Such a sequence is colled a proof (or deduction) £ from I'. The

members of I" are called the hypotheses or premisses of the proof.

We use I' + E as an abbreviation for £ as a consequence of I

In order to avoid confusion when dealing with more than one theory, we write

I' +, E, adding the subscript L to indicate the theory in question.

If I" is a finite or hyperfinite set {H;}_._,,,m € N* we write H,,...,H,, + E instead

of {Hi}ISiSm - E.

Lemma 1.1.[18]. - B = B for all wffs B.

Theorem 1.1.(Generalized Deduction Theorem1). If " is a set of wffs and B and E

are wffs, and I',B + E, then T + B = E. In pticular, if B + Ethen+ B = E.

Proof. Let £,...,E,,n € N* be a proof of E form ' U {B}, where E,, is E.

Let us prove, by hyperfinite induction on j, thatI' - B = E;for 1 <j < n.

First of all, E; must be either in T" or an axiom of L or B itself.

By axiom schema A1, £, = (B =, E;) is an axiom. Hence, in the first two cases,

by MP, I - B =, E, For the third case, when E, is B, we have + B =, E; by

Lemma 1, and, therefore, I' - B =, E;. This takes care of the case j = 1.

Assume now that: - B =, Ej for all k < j,j € N*. Either E; is an axiom, or E; is in

I, or E; is B, or E; follows by modus ponens from some E; and E,, where [ < j,

m < j, and E,, has the form E; =, E;. In the first three cases, I' - B = E; as in the

casej = 1 above. In the last case, we have, by inductive hypothesis, I' - B =; E;

andI' - B = (E; =, E;) But, by axiom schema (A2),

B = (Bl =4 Ej) =5 (B=s EI) =5 (B=yE)))

Hence, by MP, T (B =, E;) =, (B =, E;) and, again by MP, T" B =, E,.

Thus, the proof by hyperfinite induction is complete.

The case j = n € N* is the desired result. Notice that, given a deduction of E from

I and B, the proof just given enables us to construct a deduction of B =, E

from I'. Also note that axiom schema A3 was not used in proving the

generalized deduction theorem.

Remark 1.3.For the remainder of the chapter, unless something is said to the
contrary,

we shall omit the subscript L in +, . In addition, we shall use I', B + E to stand for



['U{B} + E. In general, we letI',B,,...,B, - Estand forT' U {B:} ., + E.
Remark 1.4.We shall use the terminology proof, theorem, consequence, axiomatic,
etc. and notation I' + E introduced above.

Proposition 1.1. Every wff B of K that is an instance of a tautology is a theorem of
K, and it may be proved using only axioms A1-A3 and MP.

Proposition 1.2.1f £ does not depend upon B in a deduction showing that
I''B+E, thenT + E.

Proof.Let D,,...,D, be a deduction of £ from I" and B, in which E does not
depend upon B.In this deduction, D, is E. As an inductive hypothesis, let

us assume that the proposition is true for all deductions of length less than n € N*
If £ belongs to I or is an axiom, then I" + E. If E is a direct consequence of

one or two preceding wffs by Gen or MP, then, since E does not depend

upon B, neither do these preceding wfs. By the inductive hypothesis, these
preceding wfs are deducible from I" alone. Consequently, sois E .

Theorem 1.2.(Generalized Deduction Theorem 2).Assume that, in some deduction
showing that I', B + E, no application of Gen to a wff that depends upon B has as
its quantified variable a free variable of B. ThenT + B = E.

Proof.Let Dy,...,D, be a deduction of £ from I" and B satisfying the assumption
of this theorem. In this deduction, D, is E. Let us show by hyperfinite induction
that ' - B =, D; foreach i < n € N*. If D, is an axiom or belongs to I, then

I' - B=; D;, since D, =, (B = D;) is an axiom. If D; is B, then

I' - B =, D;, since, by Proposition 1, - B = B.- If there existj and & less

than i such that Dy is - D; =, D;, then, by inductive hypothesis, I' - B = D;

and I' - B =, (D; =, D;). Now, by axiom A2,

B =, (D; = D;) =, (B =5 D;) = (B =, D;)).Hence, by MP twice,

I' - B =, D;. Finally, suppose that there is some ;j < i such that D; is Vx.D,.

By the inductive hypothesis, I' - B = D;, and, by the hypothesis of the theorem,
either D; does not depend upon B or x; is not a free variable of B. If D; does not
depend upon B,then, by Proposition 2, I - D, and, consequently, by

Gen, ' + VxD;. Thus, I' + D;. Now, by axiom A1, - D; =, (B = D).

So, I' - B =, D; by MP. If, on the other hand, x; is not a free variable of B,

then, by axiom A5, + Vxi(B =, D;) = (B = VxiD;) Since ' + B = D;,

we have, by Gen,I"  Vxx(B =, D;) , and so, by MP,I" - B = Vx;D;

thatis, I' - B =, D;. This completes the induction, and our proposition is

just the special case i = n..

§2.Set theory NC¥ ,.

Set theory NC*, is formulated as a system of axioms based on bivalent hyper
infinitary logic 2L” , with restricted modus ponens rule [1],[18]. The language of set
theory NC?, is a first-order hyper infinitary language L* , with equality =, which



includes a binary symbol €. We write x = y for - (x = y) and x ¢ y for —=(x € y).

Individual variables x,y,z,...,and x,y",z%, ... of L*,, will be understood as ranging
over classical sets. The unique existential quantifier 3! is introduced by writing, for
any

formula ¢(x),3!'xp(x) as an abbreviation of the formula
Ixfo(x) & Vy(p(y) =5 x = y)].

The language L* , will also contains the formation of terms of the form {x|p(x)}NCL,
for

any formula ¢(x) containing the free variable x.

Such terms are called non-classical sets; we shall use upper case letters 4, B, ...,

and ANCL BNCL  for such sets. For each non-classical set 4 = {x|p(x)} " the
formulas

Vx[x € 4 =, @(x)] and Vx[x € 4 <, ¢(x,4)] is called the defining axioms for the

non-classical set 4.

Remark 2.1.Remind that in logic 2L” , with restricted modus ponens rule the
statement a A (@ = ) does not always guarantee that

a,0 = f Frmp B 2.1)
since for some a and f§ possible

a,0 = [ Hrme B (2.2)
even if the statement a A (¢ = ) holds.

Abbreviation 2.1.We shall write for the sake of brevity instead (2.1) by

a = f (2.3)
and we shall write instead (2.2) by

a =, p. (2.4)

Remark 2.2.Let 4 be an nonclassical set.Note that in set theory NC?¥ ,the following
true formula

dAVx[x € A < ¢(x,4)] (2.5)

does not always guarantee that

xed,xed= ox,4) Frup ¢(x,A4) (2.6)
even if x € 4 holds and (or)

o(x,A4),p(x,A) = x € A Frup x € 4; (2.7)
even ¢(x,4) holds, since for nonclassical set 4 for some y possible

veAd, yed= op(y,A4) #¥rmr ¢(1,4) (2.8)
and (or)

(p(yaA)a (P(VaA) =)y €A HRmP y e A. (29)



Remark 2.3.Note that in this paper the formulas
daVx[x € a & @p(x) Ax € u] (2.10)
and more general formulas
daVx[x € a & ¢(x,a) Ax € u] (2.11)

is considered as the defining axioms for the classical set a.
Remark 2.4.Let a be a classical set. Note that in NC?,: (i) the following true formula

JaVx[x € a & o(x,a) Ax € u] (2.12)
always guarantee that
x € axea= ox,a)rup O(x) (2.13)
if x € a holds and
@(x),p(x) = x € a Frup X € a; (2.14)

if p(x) holds;

In order to emphasize this fact mentioned above in Remark 2.1-2.3,

we rewrite the defining axioms in general case for the nonclassical sets in the
following

form

JAVx{[x € 4 =5 p(x,A)]V[x € A =, o(x,4)]} (2.15)

and similarly we rewrite the defining axioms in general case for the classical sets in
the
following form

daVx[x € a =5 p(x) A (x € u)]. (2.16)
Abbreviation 2.2.We write instead (2.15):
Vx{[x € 4 =sw o(x,4)]} (2.17)

Definition 2.1. (1) Let 4 be a nonclassical set defined by formula (2.17).

Assum that: (i) for some y statement ¢(y) and statement ¢(y) = y € 4 holds and

(i) (), o) =y €A vrury €4,y € Ay € 4 = ¢(y) Hrur ().

Then we say that y is a weak member of non-classical set 4 and abbreviate y €,, 4.

Abbreviation 2.3. Let 4 be a nonclassical set defined by formula (2.17) We
abbreviate x e, A4 if the following statementx €; 4 Vx €, 4 holds, i.e.

X Egw A oar(x e AVX €, A). (2.18)

Definition 2.2.(1) Two nonclassical sets 4, B are defined to be equal and we write
A = Bif Vx[x €, 4 <=5 x €, B]. (2) A is a subset of B, and we often write

A 5, Bif  Vx[x €, A =5 x €5, B].(3) We also write CL. Set(a) for the formula
JuVx[x € a = x € u A p(x)]. (4) We also write NCL. Set(4) for the formulas
Vx[x €50 A <=5y @(x)] and Vx[x €, 4 <=5, ¢o(x,4)].




Remark 2.5.CL.Set(u) asserts that the set u is a classical set. For any classical set
u,

it follows from the defining axiom for the classical set u = {x|x €; u A p(x)} that

CL.Set({x]x €5 u A p(x)}).

We shall identify {x|x €, u} with u, so that sets may be considered as (special sorts
of)

nonclassical sets and we may introduce assertions such as u c; 4,u S, A, etc.

Abbreviation 2.4.Let ¢(¢) be a formula of NC*,.

(i) Vxop(x) and Vxe(x) abbreviates Vx(CL.Set(x) = ¢(x))

(i) Ixp(x) and ITxp(x) abbreviates 3x(CL.Set(x) = ¢(x))

(iii) VXo(X) and VYNCLXp(X) abbreviates VX(NCL.Set(X) = ¢(X))

(iv) IXp(X) and INCLXp(X) abbreviates IX(NCL. Set(X) = ¢(X))

Remark 2.6.1f 4 is a nonclassical set, we write 3x € 4 ¢@(x,4) for Ix[x € 4 A p(x,4)]

and Vx € Ap(x,A) for Vx[x € 4 = @(x,4)].

We define now the following sets:

1{u,uz,...oupy = Xx=u1 Vx=us V...Vx = u, y.2. {41,A2,...,An} =

={xx =41 Vx=42V..Vx = A4,}.3.U4 = {x|Fy[y € A Ax € y]}.

4.N4 = {x|Vylye A = x€y];.54AUB=4xjx € AV x € B}.

S5ANB={xx €c ANxe€B}.6A-B={xx € AAx & B}.T.u* =ulU {u}.

8.P(4) = {xlx € 4}.9.{x € 4|p(x,4)} = {xjx € AN\ p(x,4)}.10.V = {x|x = x}.

11.9 = {x|]x # x}.

The system NC*, of set theory is based on the following axioms:

Extensionality1: VuVv[Vx(x e u & x € v) = u = v]

Extensionality2: VAVB[Vx(x € 4 <, x € B) = A = B]

Universal Set: NCL.Set(V)

Empty Set: CL.Set(J)

Pairing1: VuVv CL.Set({u,v})

Pairing2: VAV B NCL.Set({4,B})

Union1: Vu CL. Set(Uu)

Union2: V4 NCL.Set(UA)

Powerset1: Vu CL.Set(P(u))

Powerset2: V4 NCL.Set(P(4))

Infinity 3a[J € a A Vx € a(x* € a)]

Separation1Vu,Vu,,...Vu,VaaCL.Set({x € alp(x,ui,uz,...,un)})

Separation 2 Vu,Vuy,... Vu,NCL Set({x €, A|lo(x,A;ui,uz,...,u)})

Comprehension1Vu,Yu,,...Vu,34Vx[x €50 A <=sw @(x;ui,u2,...,u,)]

Comprehension 2 Yu,Yu,,...Vu,3AVx[x €5y A =5 @0, A;u1,uz,...,u,)]

Comprehension 3 Yu,Yu,,...Vu,3aVx[x €; a <=, (a < u1) A o(x,a;ui,uz,...,u,)]

In particular:

Comprehension 3' VudaVx[x €5, a < (a < u) A o(x,a;u)]



Hyperinfinity: see subsection 2.1.

Remark 2.7.Note that the axiom of hyper infinity follows from the schemata
Comprehension 3.

Definition 2.3. The ordered pair of two sets u,v is defined as usual by

(u,v)y = {{u}, {u,v}}. (2.19)
Definition 2.4. We define the Cartesian product of two nonclassical sets 4 and B
as usual by

A x5 B =L, )x €sw ANy €50 B} (2.20)

Definition 2.5. A binary relation between two nonclassical sets 4, B is a subset
R S A x5, B. We also write aR;,,b for < a,b ><;,, R. The doman dom(R) and the
range ran(R) of R are defined by

dom(R) = {x|Fy(xRswy) },ran(R) = {y : Ix(xR;..y)}. (2.21)

Definition 2.6.A relation F,, is a function, or map, written Fun(F,,), if for each

a €5, dom(F) there is a unique b for which aF;,b. This unique b is written F(a) or
Fa.

We write F;,, : 4 - B for the assertion that F,, s a function with dom(#%,,) = 4 and

ran(F,) = B.In this case we write a » F,,(a) for Fa.

Definition 2.7.The identity map 1, on 4 is the map 4 - A4 given by a ~ a.

If X <, 4, themap x » x : X > 4 is called the insertion map of X into 4.

Definition 2.8.If F,,, : 4 - Band X <,,, 4, the restriction F,,|X of F,, to Xis the

map X - 4 given by x » Fy,(x). If Y <, B, the inverse image of Y under F,, is the

set

FoulY] = {x €qw A @ Fou(x) €5 Y. (2.22)
Given two functions F,, : A - B,G, : B - C, we define the composite function

Gswo Fyy : A > Cto be the function a » Gy, (Fs(a)). If Fy, @ A > A, we write F?,,

for F,, o Fy, F3,, for Fy,, o Fy,, o Fs,, etc.

Definition 2.9.A function F,, : 4 - B is said to be monic if for all

X,y €sw A, Fsw(x) = F,(y) implies x = y, epi if forany b €,,, Bthereisa &, A4 for
which b = F,(a), and bijective, or a bijection, if it is both monic and epi. It is easily
shown that

F, is bijective if and only if F;,, has an inverse, that is, a map G;,, : B - 4 such that

FswoGsyw =1pgand G,y 0 Fsy = 14.

Definition 2.10.Two sets X and Y are said to be equipollent, and we write X =;,, Y,

if there is a bijection between them.

Definition 2.11.Suppose we are given two sets 1,4 and an epi map Fs,, : [ - A.

Then 4 = {F;,,(i)|i € I} and so, if, for each i ,,, I, we write a; for F,,(i), then 4 can

be presented in the form of an indexed set {a; : i €;,, I}. If A is presented as an

indexed set of sets {Xii €, I}, then we write | J._,X; and [],_,X; for U4 and N4,



respectively.

Definition 2.12.The projection maps 7, : A x,,wB - Aand n, : A x;,, B > B are
defined to be the maps < a,b >~ a and < a,b >~ b respectively.

Definition 2.13.For sets 4, B, the exponential B is defined to be the set of all
functions from 4 to B.

Axiom of nonregularity

Remind that a non-empty set « is called regular iff Vx[x #+ & - (Fy e x)(x Ny = D)].
Let’s investigate what it says: suppose there were a non-empty x such that

(Vy e x)(xNy + ). Forany z; € x we would be able to getz, € z; Nx. Since z; € x
we would be able to get z3 € z, Nx. The process continues forever:

...€ Zy4l € Zy...€ z4 € z3 € 27 € z1 € x. Thus if we don’t wish to rule out such an
infinite regress we forced accept the following statement:

Ax[x # D - (Vy e x)(xNy + D)]. (2.23)

Axiom of hyperinfinity.
Definition 2.14.(i) A non-empty transitive non regular set u is a well formed non

regular set iff:
(i) there is unique countable sequence {u,} , such that

..€ Uyl € Up...€ Uy € U3 €E Uy € U] € U, (2.24)
(i) forany n e Nand any u,.1 € u, :
Up = UZ+1, (225)
where a* = a U {a}.
(ii) we define a function ¢ inductively by 'k = (g*K)",

Definition 2.15. Let « and w are well formed non regular sets. We write w < u iff
foranyn e N

W E u,. (2.26)

Definition 2.16. We say that an well formed non regular set u is infinite

(or hyperfinite) hypernatural number iff:

(I) For any member w € u one and only one of the following conditions are

satified:

()w e Nor

(i) w = u, for some n € Nor

(i) w < u.

(I1) Let <u be a set <u = {z|z < u},then by relation (- < -) a set -u is densely ordered
with no first element.

(N < wu.

Definition 2.17. Assume u € N* then u is infinite (hypernatural) number if u € N¥\N,
Axiom of hyperinfinity



There exists a set N* such that:

()N < N*,

(ii) if u € N"\N then there exists infinite (hypernatural) number v such that v < u,
(iii) if v € N"\N then there exists infinite (hypernatural) number w such that for any
neN:ut <w,

(iv) set N*\N is patially ordered by relation (- < ) with no first and no last element.

Axiom of existence the nonclassical truth predicate
Let 4, B be a closed wff's of NC*, (NC ,-sentences).There is truth predicate T*[4]

satisfies the following T#-schemas:
1LVxVy{T*[x = y] < (x =)}
2‘v’x‘v’y{T#[x € y] Ssw (x € J’)}
3.TH[T*[4]] =, T*[4]
4. T[-T*[4]] =, TH[—4]

(2.27)
5. T [4] =, =T*[4]
6. T [+—4] =, T#[4]
7.T*[A A B] <=, T*[4] A T*[B]
8.T*[4V B] <, T*[4] Vv T#[B]
and
9.T#[4] =y A. (2.28)

Definition 2.18.(i) We say that a NC* ,-sentence is a s-NC? ,-sentence (strong
NC* ,-sentence relative to Frmp ) if
T'[4] <y A. (2.29)
(i) We say that a NC” ,-sentence is a w-NC* ,-sentence (weak NC” ,-sentence
relative to Frmp ) if
T#[4] <, A. (2.30)
Notations 2.1.(i) We write x =; y if T"[x = y] =, (x = y).
(i) We write x =,, y and if T[x = y] <, (x = ).
Notations 2.2.(i) We write x €, y and will be say that a set if T*[x € y] <, (x € y).
(i) We write x €,, y and will be say that if T*[x € y] <. (x € ).
Definition 2.19.(i) We will be say that a set y is a s-set if

Vxlx ey =sx € y] (2.31)
(i) We will be say that a set y is a w-set if

Vx[x ey =, x g y] (2.32)
(iii) We will be say that a set y is a s, w-set if



Vx[x e y =5 x €0 y] (2.33)

Remark 2.8.For any model M in a first-order language, the definition of the truth
predicate of M is the same - we define the elementary diagram of M as the set of all
sentences with parameters from M that are true in M, using Tarski’s recursive
definition of truth, using the 7 schema. This is the same for a model of ZFC as for
any other model in first-order logic. Symbolically

T[4] < M ¢ A, (2.34)

where M ¢ A stands to 4 true in model M.
Remark 2.9. Remind that classical truth predicate T[4] unrestrictedly satisfies the
following T-schema [25-27]:

T[4] = A, (2.35)

i.e., the sentence 4 <= T[A4] is true for every sentence A4 of language L, where T[4]

stands for "the sentence (denoted by) 4 is true". Unfortunately T-schema incorrect

by well known Curry’s paradox.

Assume, too, that we have the principle called Assertion (also known as pseudo

modus ponens): (4 A (A = B)) = B.By diagonalization, self-reference we can get a

sentence C such that C < (T[C] = F) where F is anything you like. (For effect,

though, make F something obviously false, e.g. F =1= 0 = 1) By an instance of the

T-schema: T[C] < C we immediately get:T[C] < (T[C] = F).Again, using the
same

instance of the T-schema, we can substitute C[T, F'] for :T[C] in the above to get (1).

(1)~ C[T,F] < (C[T,F] = F) [by T-schema and substitution]

(2)+ (C[T,F] A (C[T,F] = F)) = F [by assertion]

(3) - (C[T,F] A C[T,F]) = F [by substitution, from (2)]

(4)+ C[T,F] = F [by equivalence of C and C A C, from (3)]

(5) + C[T,F] [by unrestricted Modus Ponens, from (1) and (4)]

(6) = F [by unrestricted Modus Ponens, from (4) and (5)]

Letting F be anything entailing triviality Curry’s paradox quickly 'shows’ that the

world is trivial.

Remark 2.10.Curry’s paradox easily avoided by restricted MP such that:

1. C[T,F] = F, (C[T,F] = F) = C[T,F] #rwp C[T,F]and

2. C[T,F],C[T,F] = F trme F,

Remark 2.11.The set of all 7-sentences T[¢] < ¢, where ¢ is any sentence of the

language L7, that is, where ¢ may contain 7, is inconsistent with PA (or any theory

that proves the diagonal lemma) because of the Liar paradox [28].

In formal languages, self-reference is also very easy to come by. Any language

capable of expressing some basic syntax can generate self-referential sentences via

so-called diagonalization (or more properly, any language together with an
appropriate



theory of syntax or arithmetic). A language containing a truth predicate and this
basic
syntax will thus have a sentence L such that

L < —Tr[L] (2.36)

This is a ‘fixed point’ of (the compound predicate) —7r, and is, in effect, our
simple-untruth Liar.

Other conspicuous ingredients in common Liar paradoxes concern logical behavior
of basic connectives or features of implication. A few of the relevant principles are:
Modus ponens (MP): 4,4 = B+ B

Excluded middle (LEM): + 4V -4

Explosion (EFQ): 4,—4 + B

Disjunction principle (DP): If A + Cand B+ Cthen AV B + C

Adjunction: If 4 - Band 4+ Cthen 4+ BAC.

An argument that Liar sentence L implies a contradiction runs as follows.
1. Tr[L] vV —Tr[L] [LEM]

2.Case One:

aTr[L]

b L [2a: release by MP from T schema (2.35)]

¢ —Tr[L] [2b: definition of L]

d —Tr[L] A Tr[L] [2a, 2c: adjunction]

Case Two:

a—Tr[L]

b L [3a: definition of L by MP]

c Tr[L] [3b: by MP from T schema (2.35)]

d —Tr[L] A Tr[L] [3a, 3c: adjunction]

4. —Tr[L] A Tr[L] [1-3: DP]

Remark 2.12. Liar easily avoided by restricted MP such that:

1. TF[L] Hrmp L

2. L HRMP TI'[L]

3. —|TI'[L] Hrmp L

4. L HRMP ﬁTI‘[L]

§3.Nonconservative extension of the model theoretical
NSA based on bivalent hyper Infinitary first-order logic

2L* , with restricted canonical rules of conclusion.

Extending the classical real numbers R to include infinite and infinitesimal quantities
originally enabled D. Laugwitz [1] to view the delta distribution J(x) as a nonstandard
point function. Independently A. Robinson [2] demonstrated that distributions could be
viewed as generalized polynomials. Luxemburg [3] and Sloan [4] presented an



alternate representative of distributions as internal functions within the context of
canonical Robinson’s theory of nonstandard analysis. For further information on
classical nonstandard real analysis, we refer to [8]-[11].

Abbreviation 3.1.In this paper we adopt the following notations. For a standard set
E

we often write E. For a set E let °E be a set 7Ey = {*x|x € E«}. We identify z with

’zi.e.,z="zforallz e C. Hence, ’Ex = E«ifE < C, e.g.,,°C=C, ‘R =R, °P =P,

7Lf = L{, etc. Let "R+, *R., *Ryin ,*Ro, and *N,, denote the sets of infinitesimal

hyper-real numbers, positive infinitesimal hyper-real numbers, finite hyper-real

numbers, infinite hyper-real numbers and infinite hyper natural numbers,
respectively.

Note that "Rpy = *R/*R.. , *C = *R +i*R, *Cgin = *Ryin + i*Roin.

Remind that Robinson nonstandard analysis (RNA) many developed using set-

theoretical objects called superstructures [8]-[11]. A superstructure V(S) over a set S

is defined in the following way

Vo(S) = S, V.u1(8) = Va(S) U (P(Vi(S)), V() = | Va(S). (3.1)
neN

Superstructures of the empty set consist of sets of infinite rank in the cumulative

hierarchy and therefore do not satisfy the in...nity axiom. Making S = R will suffice
for

virtually any construction necessary in analysis.

Bounded formulas are formulas where all quantifiers occur in the form

Vi(x ey = e+),Ix(x €y = =), (3.2)
A nonstandard embedding is a mapping

*: V(X) - V(T)

from a superstructure V(X) called the standard universum, into another

superstructure  V(Y), called nonstandard universum, satisfying the following
postulates:
1.V="X
2. Transfer Principle.For every bounded formula ®(xy,...,x,) and elements
ai,...,a, € V(X),the property @ is true for a;,...,a, in the standard universum if and
only if it is true for *a,,..., *a, in the nonstandard universum:
(V(X),e) & ®(ai,...,a,) < (V(Y),e) = O(*ai,..., a,).
3.Non-triviality.For every infinite set 4 in the standard universum, the set
{*ala € A} is a proper subset of *4.
Definition 3.1.[10].A set x is internal if and only if x is an element of *4 for some
element 4 of V(R). Let X be a set with 4 = {4,}._, a family of subsets of X. Then
the collection 4 has the infinite intersection property, if any infinite subcollection
J < I has non-empty intersection. Nonstandard universum is x-saturated if



whenever  {4;},is a collection of internal sets with the infinite intersection property
and the

cardinality of / is less than or equal to K,nA,- + .

iel

Remark 3.1.Remind that: (i) for each standard universum U = V(X) there exists

canonical language £ = Ly, (ii) for each nonstandard universum W = V(Y) there

exists corresponding canonical nonstandard language *£ = £y [10].

3*.The restricted rules of conclusion.

If W= Athen -4 v+ B,where Be LAB € *L.

Thus if 4 holds in W we cannot obtain from —4 any formula B whatsoever.

Remark 3.2. We write x = A4 instead W = A.

In this paper we apply the following hyper inductive definitions of a sets [18]

IASVP(P € *N)|:ﬂeSf:>S N\ (@ e§ = a*eS):|.
0<a<p
Definition 3.2.[18].A set S < *Nis a hyper inductive if the following statement
holds

N(@eS=50a"€l), (3.3)
ac*N
where a* = a + 1.Obviously a set *N is a hyper inductive.As we see later there is
just one hyper inductive subset of *N,namely *Nitself.
We extend up Robinson nonstandard analysis (RNA) by adding the following
postulate:
4 Any hyper inductive set S is internal.
Remark 3.3.The statement 4 is not provable in ZFC but provable in set theory NC%,
see [2]-[3].Thus postulates 1-4 gives an nonconservative extension of RNA and we
denote such extension by NERNA.
Remark 3.4.Note that NERNA of course based on the same gyper infinitary logic
with
Restricted Modus Ponens Rule as set theory NC% [1]-[3].
Remind that in RNA the following induction principle holds.
Theorem 3.1.[6]. Assume that S < *N is internal set, then

l1eSH)ANVxx e S=x+1] = 5= *N. (3.4)

In NERNA Theorem 1.1also holds.

Remark 3.5.1t follows from postulate 4 and Theorem 1.1 that any hyper inductive
set S'is equivalentto *N : § = *N.

Remark 3.6. Note that the following statements are provable in NCZ% [2]-[3]:

5 Axiom of w-induction

VS(S < N){Vﬁ(ﬂ €y N)|: N\ (@ e S=5at g S):| =, 5= N}. (3.5)

0<a<p



6 Axiom of hyper infinite induction

VS(S < *N){Vﬂ(ﬁ € *N)|: N\ (@eS=;a" e S):| =, S = *N}. (3.6)
0<a<p

Thus postulate 5 of the theory NERNA is provable in NC* .

Rules of conclusion

(1) Restricted Modus Ponens Rule (denoted by Frmp ) the same as in set

theory NC*,.

(2) Restricted Modus Tollens Rule (denoted by +rmt ) the same as in set

theory NC?%,.

(3) MRR1 (1.Main Restricted rule of conclusion)

Let o(x) be a wff with one free variable x and such that 37 (7 € *N\W) A V(Y) E ¢(7),

thenforalln > 7 : —p(n) #¥rmp B,i.€., if statement ¢(7) holds in V(Y) we cannot
obtain

from —¢(n),with n > 7 any formula B whatsoever.

(4) MRR2 (2.Main Restricted rule of conclusion)

Let o(x) be a wif with one free variable x and such that 37 (7 € *N) A V(Y) E o),

then for all n > 77 : —¢@(n) #rmp B,i.€., if statement ¢(7) holds in V(Y) we cannot
obtain

from —¢(n),with n > 77 any formula B whatsoever.

Remark 3.5.The MRR1,2 is necessarily in natural way, since by assumption —¢(n)

one obtains directly the apparent contradiction ¢(n) A —¢(n) from which by

unrestricted modus ponens rule (UMPR) one obtains ¢(n) A —¢(n) Fumer B.

Example 3.1. Remind the proof of the following statement:

Theorem 3.2. The structure (N, <) is a well-ordered set.

Proof.Let X be a nonempty subset of N. Suppose X does not have a < -least
element.

Then consider the set N\.X.

Case (1) N\WX =¢. Then X = N and so 0 is a < -least element. Contradiction.

Case (2) NX = &.Then 1 € N\X otherwise 1 is a < -least element. Contradiction.

Case (3) N\X = &. Assume now that there exists an » € N\X'such that n # 1.

Since we have supposed that X does not have a least element, thusn+1 ¢ X.

Thus we see that for all n : n € N\ implies that n + 1 € N\.X. We can

conclude by induction that n € N\X for all » € N. Thus N\X =N implies X = &.

This is a contradiction to X being a nonempty subset of N.

Remark 3.6.(i) The proof of the Theorem 3.2 is an example proof by a contradiction.

Remind that a mathematical proof employing proof by contradiction usually
proceeds

as follows:

1.The proposition to be proved is P.

2.We assume P to be false, i.e., we assume = —P.



3.1t is then shown that —P implies falsehood. This is typically accomplished by
deriving two mutually contradictory assertions, Q and —Q, and appealing to the
law of noncontradiction.
4.Since assuming P to be false leads to a contradiction, it is concluded that P is in
fact true.
(ii) The statement of the Theorem 3.2 obviously is unprovable by a contradiction
under
MRR2. Note that in the Case (3) thereisan7n + 1,7 € Xand 7 ¢ N\X. Thus
induction hypothesis = 77 € N\X'is not holds since7n ¢ N\X A7 € N\Xis a
contradiction
and by MRR2

7€ NXtHrmp 77+ 1 € NUX.

(iii) Note that proof of the Theorem 3.2 mentioned above completely abnormal in fact

even in point view of classical proof theory, since basic assuption 77 ¢ N\X which is

employed in proof by contradiction, contradicts with induction hypothesis = 7 € N\X.

Example 3.2. (i) We set now X; = *N\N, thus *N\X; = N.In contrast with a set X

mentioned in Example 3.1, the assumption n € *N\X| implies that n + 1 € *N\.X;

if and only if n is finite, since for any infinite n € *N\N the assumption n € *N\.X;

contradicts with a true statement V(Y) = n ¢ *N\X; = N and therefore in

accordance with MRR we cannot obtain for any infinite » from formula » € *N\X;

any formula B whatsoever.

Remark 3.7.Notice in order to prove an statement G = Vn(n € *N)P(n) by induction

one needs to proof that: P(n) Frmp P(n + 1),i.e. by assuming that P(») is true and
then

by RMP proving P(n + 1). Thus:

(i) any proof by hyperinfinite induction bused on additional assumption that

Hrmp (7 €5 *N)[-P®7)]. (3.7)
(i) any proof by w-induction bused on additional assumption that
Hrmp J71(71 €5 N)[—P(71)]. (3.8)

Definition 3.3.x is a natural number if x €; X for every set X such that 0 €, X and,
for

any 4, if L €, Xthen1+1 € Xji.e. L €, X brvp A+ 1 €5 X.

We remind now some basic theorem and definitions related to classical

naturals.

Definition 3.4. [20]. x is a natural number if x belongs to every set X such that

0 € Xand, forany 4, if A € Xthen1+1 € X.

(As usual, j,k,...,n will denote natural numbers.)

Remark 3.8.[20].If the set of all natural numbers exists, we call it N. But it is not

necessary for us to assume now that N exists. The assumption that N exists is a



form of
what is called the Axiom of Infinity.
Proposition 3.1.[20] For any «, {A|1 < k} exists.
Proof. Let A = . The desired set is {Z=?|B € P(A)} , Which exists by the Axiom of

Replacement.

Theorem 3.3.[20].

(a) 0 is a natural number, 0 < k

(b) If k is a natural number sois k+ 1,if k < Athenk+1 < A

(c) (Induction) Suppose that P(0) ('P holds for 0’); and that, for any natural

number n, P(n) = P(n+ 1) holds. Then for every n, P(n) holds.

Proof [20] (a) and (b) are very easy. For (c), suppose that the whole

hypothesis of (c) holds, but that, for some particular 7, P(7) fails,i.e. —P(7) holds.Put

X = {m < AlP(m)} (3.9)

X exists since X = {1]4 < 5 and 1 is a natural number

and P(1)} , which exists by Proposition 3.1 and the Separation Axiom. Obviously,
0 € X by Theorem 3.3 (a). It will be enough to show that: 1 + 1 € X whenever 1 € X -
as then Xis ’an X’ as in Definition 3.3, so, by Definition 3.3, the natural number

€ X,

and so P(7) holds, a contradiction. Suppose then that 1 € X, so that 1 < 7,1

is a natural number, and P(1).By our hypothesis (in (c)), P(A+1). By (b), A+ 1

is a natural number. Also, . <7, as P(7n) fails. Hence A+ 1 < n, by Theorem 3.3 (b).
Sol+ 1€ X, as desired.

Remark 3.9.Note that proof of the Theorem 3.3 mentioned above completely
abnormal sinse definition (3.9) incorrect. Correct definition reads

X = {m < #@T[P(m)] A P(m)} (3.10)

where T[A4] is a truth predicate such that for any well formed closed formula 4 of
ZFC [24]

S|

T[4] = A. (3.11)

However as well known such truth predicate is not exists by Curry’s paradox. Thus
a set X is not exists in general case.

Definition 3.5. An element x is said to be a first element of the linearly ordered
set 4 (with respect to the relation R) if xRy for all y € 4. On the other hand, if yRx
for all y, then x is said to be a last element of

A (with respect to R). Generally speaking, not every set has a first or

last element; but if such an element exists, then it is uniquely determined.
Theorem 3.4.[20]-[22]. In a finite non-empty subset X of a linearly ordered set 4
there is a first element and a last element of X.

Proof. The proof is by induction on the number of elements of X. If X has only one
element, then the theorem is obvious. Suppose that the theorem holds for subsets



with n elements. Let X = YU {a} where a ¢ Y and Y has n elements. Let b, be the

first and b, the last element of Y. Since 4 is linearly ordered, either a precedes b, or

b, precedes a. That element which precedes the other is clearly the first element of
Y.

Similarly we show that one of the elements a and b, is the last element of .X.

Corollary 3.1. Every finite subset 4 of N has a first element and also a last element.

Proof. From Theorem 3.4 by definitions.

Theorem 3.5.[20]. (a) (The least element principle). If for some 7, P(7), then there

is @ minimal (which is here the same as minimum) » such that P(n).

(b) (Course-of-values induction). If, for any n,if O(m) holds for all m < n,

then Q(n); then, for all n, O(n).

Proof of (a). Suppose P(7). If (P(m) for no m < 7, then 7 is minimal as desired.

Otherwise {k € W(n)|P(k)} (W(n) = {mlm < n} ) is non-empty, and so, being finite,

has a least element m, by Corollary 3.1. It is easy to see that m is the least number

with the property P, as desired.

Proof of (b). Assume the hypothesis of (b) holds and that, for some n, O(n). fails.

By (a) let k& be the least such n. Thus Q(m) holds for all m < k, so by our hypothesis,

QO(k) holds, a contradiction.

Theorem 3.6.(s-Induction) Let P(x) be wff of NC% with a free variable x. Suppose
that

T*[P(0)] A T*[P(0)] (3.12)
(P holds for 0’);T*[P(0)] <, P(0),and that, for any natural number »,

P(n) =>; Pn+1) (3.13)
and for every n,

T*[P(n)] <, P(n), (3.14)

i.e.or every given n, P(n) is s-sentence.Then for every n € N, P(n) holds, i.e.

Vn{T*[P(n)] < P(n)}.

Proof. Suppose that the whole hypothesis mentioned above holds, but that, for
some

particular 77, P(n) fails,i.e. —P(7) holds.Put

X = {m < AT*[P(m)] A P(m)} (3.15)

X exists since X = {J]A < n and 1 is a natural number and T*[P(m)] A P(1)} , which

exists by Proposition 3.1 and the Separation Axiom. Obviously, 0 € X by

Theorem 3.3 (a). It will be enough to show that: 1 + 1 €, X whenever A €, X -

as then Xis ’an X’ as in Definition 3.3, so, by Definition 3.3, the natural number
nes X,

and so P(7) holds, a contradiction. Suppose then that 1 €; X, sothat1 < 7,1

is a natural number, and P(1).By our hypothesis (in (3.13)), P(A+ 1). By (b), 1+ 1

is a natural number. Also, 1 < 7, as P(7n) fails. Hence A+ 1 < n, by Theorem 3.3 (b).



Soi+1¢€; X, as desired.

Theorem 3.7.[23] Any finite nonempty subset X of N has minimal and maximal
members.

Proof [23].Let X, consist of xi,...,x,. Define m; = x; and my as x; if x; < my-; and
m—1 otherwise. Then m, will be minimal. Similarly, X has a maximal element.

Remark 3.7.This proof in fact based on assumption ( the induction hypothesis) that

the theorem holds for X;_; consist of x,...,x1,i.e. m—; = min{xy,...,x,1 },then it

follows mj_; = min{xy,...,x4—1 } = m; = min{x,...,x;; and by induction we conclude

that for all » € N,m, = min{x,...,x,}.

Definition 3.6. An element x is said to be a first element of the linearly

s-ordered set 4 (with respect to the s-relation R) if xRy for all y €, 4. On

the other hand, if yRx for all y €, 4, then x is said to be a last element of

A (with respect to R). Generally speaking, not every set has a first or

last element; but if such an element exists, then it is uniquely determined.

Abbreviation 3.2 Let Xn(A),)zfn(A) = n be s-finite non-empty subset of a linearly

s-ordered set 4 suth that there is a first element and a last element of X,,. We shall

abbreviated: [X,(4), ()z(n(A) = n) is a s-finite non-empty subset of a linearly
s-ordered

set 4 suth that there is a first element and a last element of X,(4)] < f(n(A).
Under assumption

vrve Im(m €, N)ﬂX,,,(A)[—S(m(A)].

by axiom of w-induction we obtain

2 At = B | = wvreo[foen |

neN

In particular for 4 = N under assumption
vrmp Im(m € N)EIXm(N)[—‘?(m(N)]

by axiom of w-induction we obtain

vxn(N)[/\(?(n(N) =, ?(,H](N))} =, anxn(A)[?(n(N)].

neN

7 Axiom of existence non well-ordered s-finite subset of N.

Im(m e, N)EIXm(N)[—'?(m(N)J.

§4.Internal Set Theory IST.

The axiomatics IST (Internal Set Theory) was presented in 1977 [19] and in a

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

sense formulates within first-order language the behaviour of standard and internal

sets of a nonstandard model of ZFC. This were done by adding the unary



standardness predicate "st" to the language of ZFC as well as adding to the axioms
of ZFC three new axiom schemes involving the predicate "st": Idealization,
Standardization and Transfer.
Remark 4.1.Formulas which do not use the predicate st are called internal formulas
(or e-formulas) and formulas that use this new predicate are called external formulas
(or st-e-formulas).A formula ¢ is standard if only standard constants occur in ¢.
Abbreviaion 4.1.We denote a set of the all naturals by N*and a set of the all finite
naturals by N.
Abbreviaion 4.2.We write fin(x) meaning 'x is finite’. Let ¢(x) be a st- € -formula:
1.Vt xp(x) abbreviates Vx(st(x) = ¢(x)).2.3% xp(x) abbreviates Ix(st(x) A ¢(x)).
3.Viinxp(x) abbreviates Vx(fin(x)) = ¢(x)).4.3™ x¢(x) abbreviates

Ax(fin(x) A @(x)).
5.vstin xp(x) abbreviates Vx(st(x) A fin(x)) = o(x)).
6.3 xp(x) abbreviates Ix(st(x) A fin(x) A o(x)).
The fundamental axioms of IST :
() Idealization

VeinFRyvx € FIR(x,p) < 3bY*%R(x,b)] @1

for any internal relation R.

Remark 4.2.The idealization axiom obviously states that saying that for any fixed
finite set F there is a y such that R(x,y) holds for all x € F is the same as saying that
there is a b such that for all fixed x the relation R(x,5) holds.

(1) Standardization

VSAFBYStx(x € B <= x € A A ¢(x)) 4.2)
for every st-e-formula ¢ with arbitrary (internal) parameters.
(111 Transfer
V% 1, VS0 (1, ..o vn) ] = Yxe(,yt,. .., n) 4.3)
for all internal o(x,y1,...,y,).

Remark 5.3. An importent consequence of (l) is the principle of External Induction,
which states that for any (external or internal) formula ¢,one has

@(0) A [V¥n(p(n) = o(n+1))] = V¥np(n). (4.4)
Boundedness
Vx3sty(x € y) (4.5)

and since (2.5) contradicts idealization the following (bounded) form is taken
instead:

(IV) Bounded Idealization

For every e-formula R :

VYV ETy € Y(Vx € FR(x,y) < 3b(b € Y)V*XR(x,b))]. (4.6)



This gives a subsystem BST, which corresponds to the bounded sets of IST.

§5.Internal Set Theory IST#

The axiomatics IST” formulates within infinitary first-order language the behaviour
of standard and internal sets of a nonstandard model of NC*,. This done by adding
the unary standardness predicate "st" to the language of NC”, as well as adding to
the axioms of NC?, three new axiom schemes involving the predicate "st":
Idealization, Standardization, Transfer and Axiom of internal hyper infinite
induction.

Remark 5.1.Formulas which do not use the predicate st are called internal formulas
(or €, -formulas) and formulas that use this new predicate are called external
formulas (or st-,, -formulas).A formula ¢ is standard if only standard constants
occur in ¢.

Abbreviaion 5.1.We write fin(x) meaning ’x is finite’. Let ¢(x) be a st- €, -formula:
1.V$ xp(x) abbreviates Vx(st(x) =, ¢(x)).

2.V$, xp(x) abbreviates Vx(st(x) =, ¢(x)).

3.3% xp(x) abbreviates Ax(st(x) A ¢(x)).

4.¥™xp(x) abbreviates Vx(fin(x)) = ¢(x)).

5.V M xp(x) abbreviates Vx(fin(x)) =, 0(x)).

6.31" x¢(x) abbreviates Ix(fin(x) A o(x)).

7.7 xo(x) abbreviates Vx(st(x) A fin(x)) =, o(x)).

8.v3Mm xo(x) abbreviates Vx(st(x) A fin(x)) =, @(x)).

9.3%n xp(x) abbreviates Ix(st(x) A fin(x) A @(x)).

The fundamental axioms of IST* :

(1) Idealization for classical sets

v L), CLyCL e FTRCL(x,)) <> FbCUYIXRCL(x, b)] (5.1)

for any internal classical relation R (x,y).

Remark 5.2.The idealization axiom obviously states that saying that for any fixed
classical finite set F there is a classical y such that R (x,y) holds for all classical

x €, Fis the same as saying that there is a classical 5 such that for all fixed classical
x the classical relation R (x, ) holds.

(Il) Standardization for classical sets

VSt CLstBCLY sty Cl(x € B <, x € A A ¢(x)) (5.2)

for every st-e-formula ¢ with arbitrary (internal) parameters.
(1IN Transfer for classical sets

Vel Ly SRS (o (x, v, .., vn) ] =5 YXTo(x,yr, .., ) (5.3)

for all internal o(x,y1,...,yn).
Boundedness




VxCL3syCLl(x g y) (5.4)
and since (5.4) contradicts idealization the following (bounded) form is taken
instead:
(IV) Bounded Idealization for classical sets
For every e-formula R :

styCL[ystiin fCLY,CL ¢ Y(WxCL(x € F)R(x,y) <, IbL(b € Y)V*xR(x,b))]. (5.5)
(V) ldealization for nonclassical sets
VIR FNCLNCLyNCL ¢ FTRNCL(x ) =, FONCLYSL xRNCL(x p)] (5.6)

for any internal nonclassical relation RNt (x, ).

Remark 5.3.The idealization axiom obviously states that saying that for any fixed

nonclassical finite set F there is a classical y such that RNCL(x,y) holds for all
classical

x €, Fis the same as saying that there is a classical » such that for all fixed classical
x the nonclassical relation RNCL(x, b) holds.
(VI) Standardization for nonclassical sets
WSt ANCLIstBNCLY St xNCL(x €,y B <5 X € A A 0(X)) (5.7)

for every st-<,,, -formula ¢ with arbitrary (internal) parameters.
(VIl) Transfer for nonclassical sets
VN NCESSNCL o (1, vn) ] = VX N0 (X, V1, ., 0) (5.8)
for all internal o(x,y1,...,yn).
Boundedness for nonclassical sets
Vo xNCLISNCL(y e y) (5.9)

and since (5.9) contradicts idealization the following (bounded) form is taken

instead:
(VIIl) Bounded Idealization for nonclassical sets

For every €;,, -formula R :
V3t YNCL IR FNCLYNCL e Y(V,xNCL (x € F)R(x,y) <o (5.10)
IBNCL( < V)V, R(,B)]. |

(IX) Internal Hyper Infinite Induction
VS(S < N#){Vﬁ(ﬂ € N#)|: N\ (@& §S=5a & S):| = 8§ = N#}. (5.11)
0<a<p
The main restricted rules of conclusion.

If IST* ~ 4 then —4 v B,where B € £*,
Thus if statement 4 holds in IST* we cannot obtain from —4 any formula B



whatsoever.
Abbreviation 5.2 Let Xn(A),)=(n(A) = n be a s-finite non-empty subset of a linearly
s-ordered set 4 suth that there is a first element and a last element of X,,. We shall
abbreviated: [X,(4), ()zfn(A) = n) is a s-finite non-empty subset of a linearly
s-ordered

set 4 suth that there is a first element and a last element of X,,(4)] < f(n(A).
(X) Axiom of existence non well-ordered s-finite subset of N.

Im(m e, N)HXm(N)[—‘f(m(N)J. (5.12)

§6.Hypernaturals N*. Axiom of hyperinfinity

Definition 6.1.(i) A non-empty transitive non regular set u is a well formed non
regular set iff:
(i) there is unique countable sequence {u,} , such that

c..€ Ul € Up...€ Uy € U3 €E Uy € U] € U, (6.1)
(i) forany n e Nand any u,.; € u, :
Un = u;—%—l’ (62)

where a* = a U {a}.

(i) we define a function ¢**) inductively by 'kl = (g*K])".

Definition 6.2. Let « and w are well formed non regular sets. We write w < u iff
foranyn e N

W E uy. (6.3)

Definition 6.3. We say that an well formed non regular set u is infinite

(or hyperfinite) hypernatural number iff:

(I) For any member w € u one and only one of the following conditions are
satified:

()w e Nor

(i) w = u, for some n € Nor

(i) w < u.

(Il) Let <u be a set <u = {z|z < u},then by relation (- < +) a set -u is densely ordered
with no first element.

(N < wu.

Definition 6.4. Assume u € N* then u is infinite (hypernatural) number if u € N*\N.

Axiom of hyperinfinity
There exists a set N* such that:
()N < N*,
(ii) if u € N*\N then there exists infinite (hypernatural) number v such that v < u,
(iii) if u € N"\N then there exists infinite (hypernatural) number w such that for any



neN:ull<w,
(iv) set N“\N is patially ordered by relation (- < -) with no first and no last element.

§7.Axioms of the nonstandard arithmetic A”.

Axioms of the nonstandard arithmetic A* are:

Axiom of hyperinfinity

There exists a set N* such that:

()N c N

(ii) if u is infinite (hypernatural) number then there exists infinite (hypernatural)
number v such that v < u

(iii) if u is infinite hypernatural number then there exists infinite (hypernatural)
number w such that u < w

(iv) set N*\N is patially ordered by relation (- < ) with no first and no last element.

Axioms of infite w-induction

(i)
VS(SCN){[/\(neSzS n+eS):| zSS=N}. (7.1)

new

(i) Let F(x) be a wff of the set theory NC*,, then

|:/\(F(n) = F(n+)):| = Vn(n € )F(n). (7.2)

new

Definition 7.1.(i) Let B be a hypernatural such that 8 € N*\N. Let [0, 8] < N* be a
set such that Vx[x € [0,] & 0 <x < ] and let [0, B) be a set [0, ) = [0, B]\{B}.

(i) Let B € N\N and let .. = N*be a set such that
Vx{x € B < Fk(k > 0)[0 < x < BHH]}. (7.3)

Definition 7.2.Let F(x) be a wff of NC” ,with unique free variable x. We will say that

a wff F(x) is restricted on a classical set S such that S &, N* iff the following
condition
is satisfied

Vala € N\S =, —F(a)]. (7.4)

Definition 7.3.Let F(x) be a wff of NC” ,with unique free variable x. We will say that

a wff F(x) is strictly restricted on a set S such that § &, N* iff there is no proper
subset

S" < S such that a wff F(x) is restricted on a set S'.

Example 7.1.(i)Let fin(a),a € N*be a wff formula such that fin(a) < a € N.

Obviously wff fin(a) is strictly restricted on a set N since Va[a € N\N = —fin(a)].



Let hfin(a),a € N*be a wif formula such that hfin(a) <, a € N*\N since
Vala € N =, —hfin(a)].
Definition 7.4. Let F(x) be a wff of NC” ,with unique free variable x. We will say that

wff F(x) is unrestricted if wff F(x) is not restricted on any set S such that § & N*.
Axiom of hyperfinite induction 1

VS(S S [0, VBB €5 NY) N\

(7.5)
{Va(a € [0,ﬂ))|: N\ (@e S=a' e S):| =, 8 = [O,ﬂ]}.
0<a<p
Axiom of hyperfinite induction 1’
VS(S S [0, B])VB(B € N¥) N\
{Va(ae [O,ﬁw])[ A (@eS=at ES):| :>S:[0,ﬁw]}. (7.6)
0<a<fow

Axiom of hyper infinite induction 1

VS(S <, N#){Vﬁ(ﬁ € N#)|: N\ (@& S=a" e S):| =, S = N#}. (7.7)

0<a<p
Definition 7.5.A set S <, N*is a hyper inductive if the following statement holds
N\ (@ S=,a" & S). (7.8)

aeN?
Obviously a set N* is a hyper inductive. Thus axiom of hyper infinite induction 1
asserts that a set N* this is the smallest hyper inductive set.
Axioms of hyperfinite induction 2
Let F(x) be a wff of the set theory NC*, strictly restricted on a set [0, 5] then

[Vﬁ(ﬁ € [O,ﬂ])[ A\ (Fla) = F(a")) | | =5 Va(a € [0, f])F(a). (7.9)

0<a<p

Let F(x) be a wff of the set theory NC* , strictly restricted on a set [0, 8] then

|:Vﬁ(,3 € [O,ﬂw])|: N\ Fla) =5 F(a")) =, Va(a € [0, B-])F(a). (7.10)

0§(X<ﬁw

Axiom of hyper infinite induction 2
Let F(x) be anrestricted wff of the set theory NC*, then
0<a<p

[Vﬁ(ﬁ € N#)[ N\ Fa) = F(d*))}} =5 VB(B € N")F(B). (7.11)

The main restricted rules of conclusion.
If A* - 4 then —4 + B,where B € £*.



Thus if statement 4 holds in A* we cannot obtain from —4 any formula B
whatsoever.

§8.The Generalized Recursion Theorem.

Theorem 1. Let Sbe aset,c € Sand G : § > Sis any function with dom(G) = S and

range(G) < S.Let W[G] € N* x S be a binary relation such that:

(@) (1,¢) € W[G] and

(b) if (x,y) € W[G] then (Sc(x),G(y)) € W[G].

Then there exists a function & : N* — § such that:

(i) dom(F) = N*and range(F) < S;

(i FQA) =c;

(iii) for all x € N*, F(Se(x)) = G(F (x)).

1.The desired function & is a certain hyper inductive relation W < N* x S.1t is to
have

the properties:

(i") (1,c) € W;

(iii") if (x,y) € W then (Se(x),G(y)) € W.

Remark 1. The latter is just another way of expressing (iii), that if

Fx)=y (1)
then

F(Se(x)) = GO). (2)
Remark 2.Note that any relation W mentioned above is hyper inductive relation
since the hyper inductivity conditions (ii')-(iii') are satisfied.
However there are many hyper inductive relations which satisfy the conditions
(ii")-(iii"); on such is N* x S.What distinguishes the desired function from all
these other relations is that we want (a,b) to be on it only as required by (ii") and
(ii"). In other words, it is to be the smallest relation satisfying
(ii")-(iii"). This can be expressed precisely as follows:
(1) Let M be a set of the relations W satisfying the conditions (ii') and (iii');
then we define

F=[W

WeM

Hence

(2) whenever W € M then & < W.

We shall now show that we can derived from (1) that & is also one relation in M.
(3) (1,¢) e &F.

This follows immediately from the definition of n and the fact that (1,¢) € W for

WeM

allw e M.



(4) If (x,y) € F then (Se(x),G(y)) € F.

Forif (x,y) € F then (x,y) € W for all W € M;hence by (iii')

(Se(x),G(y)) € Wfor all W € M so that (Sc(x),G(y)) € F by (1).

We must now verify that & is actually a function, i,e., we wish to show

that for any x,z,,z, € N*, if (x,z)) € F and (x,z2) € F, then z; = z,.

We shall prove this by hyper infinite induction on x. Let

(5) 4 = {x|x e N* and for all z,z, € N*, if (x,z;) € F and (x,z2) € F

then z; = z,}.

We shall show 4 = N* by applying hyper infinite induction. First we have

(6)1 € A.

To prove (6), it suffices to show that for any z, if (1,z) € F thenz = c.

We prove this by contradiction; in other words, suppose to tbe contrary that there
is some z with (1,z) € & but z = ¢. Consider the relation W = F\{(1,z)}. Since

(1,¢) € Fand (1,¢) # (1,z), it follows that (1,¢) € W. Moreover, whenever (u,y) € W
then (u,y) € F and hence (Sc(u),G(y)) € F but Sc(u) + 1, so (Se(u),G()) = (1,2),
and hence (Sc(u), G(y)) € W. Thus W satisfies both conditions (ii’) and (iii'); in other
words, W € M. But then it follows from (2) that & < W however this

is elearly false sinee (1,z) € & and (1,z) ¢ W. Tbus our hypothesis has led us to a
contradiction, and henee (6) is proved. Next we show that

(7) forany x € N* if x € 4 then Sc(x) € 4.

Suppose that x € 4, so that whenever (x,z,) € F and (x,z;) € F then

z1 = z». We must show that whenever (Sc(x),w;) € Fand (Se(x),w;) € F

then w; = w,. To prove this, it suffices to show that

(8) whenever (Sc(x),w) € F then there exists a z with w = G(z) and (x,z) € F.

For if (8) ia true, we would have for the given w;,w, some z; = z, with

w1 = G(z1), wa = G(z2), (x,z1) € F and (x,z2) € F. Then, since x € 4,z; = z;

and henee G(z,) = G(z2) , thatis, w; = w».

Now to prove (8) suppose, to the contrary, that it is not true; in other words,
suppose that we have some w with (Se(x),w) € & but such that for all

z which (x,z) € & we have w = G(z). Consider the relation W = F\{(Se(x),w)}.

We shall show that W € M. First of all (1,¢) € Fand (1,¢) # (Se(x),w); hence

(1,¢) € W. Suppose that (u,y) € W;then (u,y) € F and (Sc(u),G()) € F.

Clearly if u + x then (Se(u),G(y)) # (Se(x),w),so that in this case (Sc(u),G(y)) € W.
On the other hand, if u = x and (Sc(u), G(y)) = (Sc(x),w), then w = G(y), where
(x,y) € F, contrary to the choice of w henee (Sc(u), G(y)) + (Se(x),w)), so again
(Sc(u),G(y)) € W. Thus whenever (u,y) € W, also (Se(u), G(y)) € W. Now that we
have shown W € M we see by (2) that & < W but this is false since (Se(x),w) € F
and (Sc(x),w) ¢ W. Thus our hypothesis that (8) is incorrect has led to a
contradiction, and now (8) is proved. Sinee (7) follows from (8), we have

by hyper infinite induction from (6) that 4 = N*. Hence

(9) & is a function.



We have still to prove that & satisfies,condition (i); we must show that

for each x € N* there- is a y with (x,y) € F. Since F < N* x S, it will

then follow that dom(F) = N* and range(F) < S. Let B = dom(¥), that is,
(10) B = {x|x e N* and for some y, (x,y) € F}.

We prove now by hyper infinite induction that B = N*. First, 1 € B, since (1,¢) € F
by (3). Next, if x € B, pick some y with (x,y) € &F; then by (4), (Sc(x),G(y)) € F,
and henee Sc(x) € B.

Thus concludes the first part of the proof, that there is at least one function &
satisfying conditions (i)-(iii).

Part 2. We prove that there cannot be more than one such function.

Suppose that F, and &, both satisfy the conditions (i)-(iii) we wish to show
Fi1=F,, ie.,thatforall x e N*, Fi(x) = F,(x). Thus

is proved by hyper infinite induction on X. By (ii), #1(1) = cand F,(1) = ¢, so
F1(1) =F,(1). Suppose that F(x) = F,(x); then F(Se(x)) = G(F1(x))

and F,(Se(x)) = G(F2(x)), so Fi(Se(x)) = Fa(Se(x)).

Theorem 2. Let Sbe aset,c € Sand G : S xN* - Sis a binary function with
dom(G) = § x N* and range(G) < S.

Then there exists a function & : N* - § such that:

(i) dom(F) = N*and range(F) < S;

(i) F(1) = ¢

(iii) for all x € N*, F(Se(x)) = G(F (x),x).

We omit the proof of the Theorem 3.4.2 since it can be given by simple modification
of the proof to Theorem 3.4.1.

§9.General associative and commutative laws.

Definition C.1. Suppose that S is a set on which a binary operation + is defined and
under which Sis closed. Let {x;} .+ be any hyper infinite sequence of terms of S.
For
every n € N* we denote by Ext-)_ x; the element of S uniquely determined by the
k=1
following conditions:

1 n+l n
(i) Ext=-Y_xx = xu; (i) Ext-)_xx = Ext-Y_xx + xn41 for all n e N*,
k=1 =1 =1

Remark 9.1.This definition is justified on the following grounds. The sequence
{xk} IS @ given external function H with domain N*, H(x;) = x; for every k. We
seek

a function F with domain N* whose value F(n) is to be Ext-)_ x;. Then the conditions
k=1

(i), (ii) above correspond to the following conditions on F :
(i"YF(1) = HQ);(ii") Fn+1) = F(n) + Hn + 1), for all n € N*,



Let(1) c = H(1);(2) G(n,z) =z+ H(n+1).

Thus the conditions (i') and (ii') are equivalent to

(i") F(1) = c;

(i") F(n + 1) = G(n,F(n)) for all n € N¥,

Given the function H, the element ¢ of S and the function G are well-defined by
(1)-(2).

Then by Theorem B.1 we see that there is a unique function F satisfying (1)-(2) with

dom(F) = N* and range(F) < S. Thus (i')-(ii’) is just another form of recursive
definition.

(Hence it should be expected that various properties of Exz-)_ x; will have to be

k=1

verified

by hyper infinite induction on n € N*,)

Definition 9.2. Suppose that S is a set on which a binary operation x is defined and

under which S is dosed. Let {x;},_.+ be an hyper infinite sequence of terms of S. For

every n € N* we denote by Ext-[ [ x« the element of S uniquely determined by the
k=1
following conditions:

n n+l n
(i) Ext-] [xx = x1; (i) Ext-[ [xx = (Ext—ka> x xn+1 for all n e N#,
k=1 k=1 k=1

Theorem 1.(1) Suppose that S is a set closed under a binary operation + and that
+ is associative on S, i.e.,for all x,y,z € S,x + (y +2) = (x +y) +z. Let {x;},+» be any
hyper infinite sequence of terms in S. Then for any n,m € N*. we have

Ext-g:mxk = (Ext-zn:xk> + (Ext-zm:xn+k>. 9.1)

k=1 k=1 k=1
(2) Suppose that S is a set closed under a binary operation x and that x is
associative
on S, i.e. forallx,y,z € S,x x (y xz) = (x xy) x z. Let {x;},.+ be any hyper infinite
sequence of terms in S. Then for any n,m € N*. we have

n+m

Ext- ka = (Ext- xk> X Ext—l_[x,1+k. 9.2)
1 k=1

k=1 k=

Proof. We prove (3.5.1); the proof of (2) is completely similar. Let n be fixed; we
proceed by hyper infinite induction on m.For m = 1 from Eq.(3.8.1) we get

n+l n 1
Ext-)xj; = (Ext-Zxk> + (Ext-Zx,,+k). (9.3)

k=1 k=1 k=1
By Definition 3.8.1(i) we obtain

1
EXt-)_ Xpsk = Xnsl- (9.4)

k=1



Suppose Eq.(3.8.1) is true for m € N*.We show that is true for m + 1,i.e.,that

n+(m+1) m+1
Ext- Y. xp= (Ext—Zxk> + (Ext-an+k>. 9.4")

=1 k=1 =1

By associativity + on N* we get

n+(m+1) (n+m)+1
Ext- > xi=Ext- Y. x. (9.6)
=1 k=1

From Eq.(3.8.6) by Definition 3.8.1(ii) we obtain

(n+m)+1 n+m n+m

Ext- Z xp = Ext- Zxk + X (nmy+1 = Ext- Zxk + Xni(m1)- 9.7)
k=1 =1 k=1
From Eq.(3.8.7) by induction hypothesis we obtain
n+m n m
Ext- Zxk + Xna(me1) = (Ext- Zxk + Ext-Zxk> + Xt (ms1)- (9.8)
k=1 k=1 k=n

From Eq.(3.8.8) by associativity + on S we get
(Ext-Zxk + Ext-Zxk> + Xpe(mr1y = Ext- Y xp + (Ext— D> Xk + x,H(mH)). 9.9)

k=1 k=n k=1 k=n

From Eq.(3.8.9) by Definition 3.8.1(ii) we obtain
n m m+1
Ext-Y_ xi + (Ext-Zxk +xn+(,,,+1)> Ext-Zxk + Ext- Zxk (9.10)

k=1 k=n
This equality completes the inductive step and hence the proof of the theorem.
Definition 9.3. Let (x1,...,x,),n € N*\N be an hyperfinite sequence of elements of
R%.
Then Ext-Y_ x and Ext-[ | x« are defined for any n,m € N* by the recursions

k=m k=m

(i) Ext->_xx =0 and Ext-[[xx = 1lifn < m;

k=m k=m
n n—1
(i) Ext-)>_xi = (Ext-Zxk> +x, and
k=m k=m
n n—1
(iii) Ext-] [ xx = xn x (Ext—ﬂxk> if m < n.
k=m k=m

The condition (ii) of the above definition is justified by recursive definition, see
Appendix B.
Definition 9.4. Let (X1,...,%j,...),j € Nbe a countable sequence of elements of R¥.

Then w-sum Ext-Zxk and w-product Ext-l_[xk are defined for any m € N by

J=m Jj=m

(iv) Ext-)_x; £ Ext-Y_y;,where (yi,...,y;,...,va),n € N\ is a hyperfinite sequence

J=m J=m



such thatx; = y; for all j € Nand y; = 0 for all j € N¥\N;
(V) Ext-] [ x; £ Ext-] [y;,where (y1,...,y;,...,ya),n € NN is a hyperfinite sequence

Jj=m Jj=m
such thatx; = y; forallj e Nand y; = 1 for all j € N*\N,
Theorem 9.2 Let (x;,...,x,),n € N\N be an hyperfinite sequence of elements of R¥.
Then we have
n n—m-+q
Ext- Zxk = Ext- Z Xktm—q (9.11)
k=m k=m
and
Z X (Ext-Zxk> = Ext- )z X Xj, (9.12)
k=m k=m
z € R%,

Proof.Let (x1,...,x,),n € N*\N be an hyperfinite sequence of elements of R¥.
Consider now any hyperfinite nonnegative integers

ni,M2,. . Mi,... . n,n€ NN, 1 <7<t
and set
n=ny+ny+...+ns. (9.13)
Given xy,...,x,, we can group these as:
X1lyeeesXnys Xnj+loe-esXni+nas Xnj4no+tls e sXnj4nstnz s« - Xnj+not.nptlo -« « s Xnj+na+..np s+ (9 14)

Here, if n; = 0, the corresponding subsequence is regarded as being empty.
Theorem 9.3. Let (x1,...,xs,...) be an hyper infinite sequence of elements of R?.

Let (n1,...,n:) be a sequence of nonnegalive integers. Foreach i = 1,...,t € N¥,
i-1

let m; = Y n; and let n = m, + n,. Then
j=1

n t n;
Ext-) xi = Z(Ext—meiJrk) (9.15)

k=1 i=1 k=1
and

Ext—ﬁxk = ﬁ(Ext—ﬁxm[Jrk). (9.16)

k=1 i=1 k=1

Proof. By hyper infinite induction.

Definition 9.5. A function F is said to be a permutation of a set S if it is one-to-one

and dom(F) = range(F) = S.

Definition 9.6. Let [1,n] aset {kk e N A (1 <k <n)}

Theorem 9.4.Let (x1,...,x,),n € N\N be an hyperfinite external sequence of
elements

of R%. Then for any n € N* and any permutalion F of [1,#] following holds




Ext-Y_xi = Ext- Y Xrg). (9.17)
= i1

The same holds if we replace Ext-)_ by Ext-] [.

Proof. The proof is by hyper infinite induction on n € N*. For n = 1 it is trivial.
Suppose that it is true for n. Let G be a permutation of [1,n+ 1].Then G(m) = n+ 1
for a unique m, such that 1 <m < n+ 1. Then by Eq.(3.5.15)

n+1 m—1 n+l
Ext—ZxG(k) = Ext- ZXG(k) + Xp + Ext- Z XG(k) (9 18)
=1 =1 k=m+1
and by Eq.(3.8.18)
m—1 n+l1 m—1 n
Ext- Zx(;(k) + Xp1 + Ext- 2 XGk) = Ext- ZXG(k) + Ext- ZXG(kH) + Xl (9.19)
k=1 k=m+1 k=1 k=m

Thus by Eq.(3.8.11) we obtain
n+1 m—1 n

EXI-ZXG(k) = Ext- ZXG(k) + Ext- ZXG(kH) + Xn+1. (920)
k=1 k=1 k=m

To reduce this to the inductive hypothesis, we wish to rewrite the external sum of the
first

two terms as Ext-)_ xrq for suitable F. Define F by
k=1

Gk) if 1<k<m
F(k) = (9.21)
Glk+1) if m<k<n

Since all valucs of G(k) for k + m, we have forall k < n
1 <F(k)<n (9.22)

Now we claim that

F is a permutation of [1,x]. (9.23)
By (3.8.21) and (3.8.22) we need only check that F is one-to one. Suppose that
F(k1) = F(k2).
If both k,%, are < m or both are > m, it lollows from (3.8.21) and the fact that G is a
permutation that k; = k,.If, say, k; < m < k,, we have G(k;) = G(k, + 1), hence
ki1 =k + 1, which contradicts our assumption. Thus neither this case- nor, by
symmetry, the case k, < m < k; can occur. We have from (3.8.20) and (3.8.21) that

m+1 m—1 n n
Ext- ZXG(k) = Ext- ZxF(k) + Ext-ZxF(k) + Xn+1 = Ext-ZxF(k) + Xn+1 (924)
=1 =1 f=m pa

by (3.8.23) and inductive hypothesis



n+1

n n
Ext-)_ Xp@y + Xne1 = Ext-Y X+ Xne1 = Ext- ) xi (9.25)
k=1 k=1 k=1

This equality completes the inductive step and hence the proof of the theorem.

§10.Hyperrationals Q*.

Now that we have the hypernatural numbers N*, defining hyperintegers and

hyperrational numbers is well within reach [2].

Definition 10.1. Let Z¥ = N* x N*. We can define an equivalence relation ~ on Z*

by (a,b) = (¢,d) ifand only if a + d = b + c. Then we denote the set of all
hyperintegers

by 7% = Z#/ = (The set of all equivalence classes of Z* modulo =).

Definition 10.2. Let 0" = 7% x (Z* - {0}) = {(a,b) € 7% x 7*|b + 0}. We can define
an

equivalence relation ~ on 0" by (a,b) = (c,d) ifand only if a x d = b x c. Then we
denote

the set of all hyperrational numbers by Q* = Q'/ ~ (The set of all equivalence classes
of

O'modulo ).

Definition 10.3. A linearly ordered set (P, <) is called dense if for any a,b € P such
that

a < b, there exists z € Psuch thata <z < b.

Lemma 10.1. (Q¥,<) is dense.

Proof. Let x = (a,b),y = (c,d) € Q" be such that x < y.Consider z = (ad + bc,2bd) €
Q.

It is easily shown that x < z < y.

11.External Cauchy hyperreals R# via Cauchy

completion.

Definition 11.1. A hyper infinite sequence of hyperrational numbers (or for the sake
of

brevity simply hyperrational sequence) is a function from the hypernatural numbers
N#

into the hyperrational numbers Q*. We usually denote such a function by n - a,,or
by

a : n - a,so the terms in the sequence are written {a;,a»,as,...,a,...}. To refer to

the whole hyper infinite sequence, we will write {an}fjl,or {an} o, OF for the sake of

brevity simply {a,}.

Definition 11.2. Let {a,} be a hyperrational sequence. Say that {a,} #-tends to 0 if,



given any ¢ > 0,¢ ~ 0,there is a hypernatural number N € N\N, N = N(¢) such that,

after N (i.e.for all n > N), |a,|< €. We often denote this symbolically by a, —# 0.

We can also, at this point, define what it means for a hyperrational sequence
#-tends

to any given number ¢ € Q7 : {a,} #-tends to ¢ if the hyperrational sequence
{an—q}

#-tendstoOi.e., a, —q -4 0.

Definition 11.3. Let {a,} be a hyper infinite hyperrational sequence. We call {a,} a

Cauchy hyperrational sequence if the difference between its terms #-tends to 0.

To be precise: given any hyperrational number ¢ > 0,¢ = 0,there is a hypernatural

number N = N(¢) such that for any m,n > N,|a, — anl< &.

Theorem 11.1. If {a,} is a #-convergent hyperrational sequence (that is, a, —4 ¢ for

some hyperrational number ¢ € Q*), then {a,} is a Cauchy hyperrational sequence.

Proof.We know that a, -« ¢.Here is a ubiquitous trick: instead of using ¢ in the

definition, start with an arbitrary small ¢ > 0,¢ ~ 0 and then choose N € N*/N so that

la, — q|< &/2 when n > N. Then if m,n > N, we have

lan — aml= [(an — q) — (am — @)|I< |lan — ql+|am — q|< €/2 + €/2 = €.

This shows that {a,} is a Cauchy hyper infinite sequence.

Theorem 11.2. If {a, } is a Cauchy hyperrational sequence, then it is bounded or
hyper

bounded; that is, there is some M € QF finite or hyperfinite such that |a,|< M for all

n e N*.

Proof.Since {a,} is Cauchy, setting ¢ = 1 we know that there is some N € N*/N such

that |a,, — a,|< 1 whenever m,n > N. Thus, |an.1 — a,|< 1 for n > N. We can rewrite
this

as ans1 — 1 < a, < any1 + 1. This means that |a,| is less than the maximum of |ay.; — 1]

and |an.1 + 1]. So, set M equal to the maximum number in the following list:

{laol,|ail,...,lanl,lans1 — 1,lana + 1]}. Then for any term a,,, if n < N, then |a,| appears
in

the list and so |a,|< M; if n > N, then (as shown above) |a,| is less than at least one
of

the last two entries in the list, and so |a,|< M.Hence, M is a bound for the sequence.

Definition 11.4. Let S be a set . A relation x ~ y among pairs of elements of S

is said to be an equivalence relation if the following three properties hold:

Reflexivity: for any s € §,s~s.

Symmetry: for any s,¢ € S, if s~t then t~s.

Transitivity: for any s,t,r € S, if s~¢t and ¢t~r, then s~r.

Theorem 11.3. Let S be a set, with an equivalence relation (-~ +) on pairs of
elements.

For s € S,denote by cl[s] the set of all elements in S that are related to s. Then for

any s,t € S,either cl[s] = cl[7] or cl[s] and cl[{] are disjoint.



The hyperreal numbers R# will be constructed as equivalence classes of Cauchy

hyperrational sequences. Let &+ denote the set of all Cauchy hyperrational

sequences of hyperrational numbers. We define the equivalence relation on & .

Definition 11.5. Let {a,} and {b,} be in F 4+. Say they are #-equivalent if

a, — b, >4 0i.e., if and only if the hyperrational sequence {a, — b, } tends to 0.

Theorem 11.4.Definition 11.4 yields an equivalence relation on & .

Proof. We need to show that this relation is reflexive, symmetric, and transitive.

Reflexive: a, — a, = 0, and the sequence all of whose terms are 0 clearly

#-converges to 0. So {a,} is related to {a,}.

Symmetric: Suppose {a,} is related to {b,}, so a, — b, -4 0.

But b, —a, = —(a, — b,),and since only the absolute value |a, — b,|= |b, — a,| cOmes

into play in Definition 11.2, it follows that 5, — a,, »» 0 as well. Hence, {b,} is related

to {a,}.

Transitive: Here we will use the &/2 trick we applied to prove Theorem 11.1.
Suppose

{a,} is related to {b,}, and {b,} is related to {c,}. This means that a, — b, -4 0 and

b, —c, -+ 0.To be fully precise, let us fix ¢ > 0,¢ = 0; then there exists an N € N*

such that for all n > N, |a, — b,|< &/2; also, there exists an M € N* such that for all

n > M,|b, — c,|< /2. Well, then, as long as n is bigger than both N and M, we have

that |a, — cal= |(an — by) + (b — cn)|< |an — bau|+Hbn — cnl< €2 + /2 = €.

So, choosing L equal to the max of N, M, we see that given ¢ > 0 we can always

choose L so that for n > L,|a, — c,|< €. This means thata, — ¢, -4 0—i.e. {a,} is

related to {c,}.

Definition 11.6. The hyperreal numbers R? are the equivalence classes cl[{a,}] of

Cauchy sequences of hyperrational numbers, as per Definition 11.5. That is, each

such equivalence class is a hyperreal number.

Definition 11.7. Given any hyperrational number ¢ € Q*, define a hyperreal number

g” to be the equivalence class of the sequence ¢* = (¢,9,9,q,...) consisting entirely

of g. So we view Q¥ as being inside R by thinking of each hyperrational number

g € Q" as its associated equivalence class ¢*. It is standard to abuse this notation,

and simply refer to the equivalence class as g as well.

Definition 11.8. Let 5,7 € R?, so there are Cauchy sequences {a,},{b,} of

hyperrational numbers with s = cl[{a,}] and ¢ = cl[{b,}].

(a) Define s + ¢ to be the equivalence class of the sequence {a, + b, }.

(b) Define s x ¢ to be the equivalence class of the sequence {a, x b, }.

Theorem 11.5.The operations +, x in Definition 8.8 (a),(b) are well-defined.

Proof. Suppose that cl[{a,}] = cl[{c,}] and ¢cl[{b,}] = cl[{d,}]. Thus means that

a,—cy, -4 0and b, —d, -4 0. Then (a, + b,) — (cn +d,) = (an—c,) + (by — dy).

Now, using the familiar &/2 trick, you can construct a proof that this tends to 0, and

so cl[{a,+b,}] = cl[{c, +d,}].

Multiplication is a little trickier; this is where we will use Theorem 11.2. We will also



use another ubiquitous technique: adding 0 in the form of s — s. Again, suppose that
cl[(a,) =cl[(c,)] and cl[{b,}] = cl[{d,}]; we wish to show that

cl[{a, x b,}] = ¢el[{c, x d,}], or, in other words, that a, x b, — ¢, - d, —»# 0.Well, we
add and subtract one of the other cross terms, say

= (an X bn - bn X Cn) + (bn XCp—Cp X dn) = bn X (an - cn) +cCp X (bn - dn)

Hence, we have |a, x b, — ¢, x d,|< |bu|x|an — cul|+|ca|X|bn — dy]. NOW, from
Theorem 11.2, there are numbers M and L such that |»,|< M and |c,|< L for all
n € N*. Taking some number K which is bigger than both, we have

|an X bn —Cp X dnlf |bn|>< |an - Cn|+|Cn|X |bn - dnlf K(|an - Cn|+|bn - dn|)-

Now, noting that both a, — ¢, and b, — d, tend to 0 and using the &/2 trick (actually,
this

time we’ll want to use ¢/2K), we see that a, x b, —c, x d, -4 0.

Theorem 11.6. Given any hyperreal number s = 0, there is a hyperreal number ¢
such

thats x ¢t = 1.

Proof. First we must properly understand what the theorem says. The premise is
that

s is nonzero, which means that s is not in the equivalence class of {0,0,0,0,...}. In

other words, s = cl[{a,}] where a, — 0 does not #-converge to 0. From this, we are to

deduce the existence of a hyperreal number ¢ = cl[{b, }] such that
sxt=cl{a,xb,}]

is the same equivalence class as cl[{1,1,1,1,... }]. Doing so is actually an easy

consequence of the fact that nonzero rational numbers have multiplicative inverses,

but there is a subtle difficulty. Just because s is nonzero (i.e. {a,} does not tend to
0),

there’s no reason any number of the terms in {a,} can’t equal 0. However, it turns
out

that eventually, a, + 0.

That is,

Lemma 11.1. If {a,} is a Cauchy hyper infinite sequence which does not #-tend to
0,

then there is an N € N*/N such that, forn > N,a, = 0.

We will now use Lemma 11.1 to complete the proof of Theorem 11.7.

Let N be such that a,, # 0 for n > N. Define a hyper infinite sequence b, of

hyperrational numbers as follows:

forn < N,b, =0, and forn > N,b, = 1/a,;<{b,} = (0,0,...,0,/ay.1,/an2,...).

This makes sense since, for n > N, an is a nonzero hyperrational number, so 1/a,

exists. Thena, - b, isequaltoa, -0 =0forn <N, and equals a, «+ b, = a, « 1/a, =1



for n > N. Well, then, if we

look at the hyper infinite sequence (1,1,1,1,...), we have (1,1,1,1,...) — (a, * b,) is
the

hyper infinite sequence whichis 1 -0 =1forn < Nandequals1—-1 = 0forn > N.

Since this sequence is eventually equal to 0, it #-converges to 0, and so

c{a, -b,}] =cl[(1,1,1,1,...)] =1 € R% This shows that ¢t = cl[{b,}] is a

multiplicative inverse to s = cl[{a,}].

Definition 11.9. Let s € R%. Say that s is positive if s # 0, and if s = ¢l[{a,}] for
some

Cauchy sequence of hyperrational numbers such that for some N € N* a4, > 0 for all

n > N. Given two hyperreal numbers s, ¢, say that s > ¢ if s — ¢ is positive.

Theorem 11.7. Let s, be hyperreal numbers such that s > ¢, and let » € R#. Then

S+r>t+r.

Proof. Let s = cl[{a,}],t = cl[{b,}], and r = cl[{c,}]. Sinces > ti.e.,s—t> 0, we

know that there is an N € N* such that, forn > N, a, - b, > 0. Soa, > b, forn > N.

Now, adding ¢, to both sides of this inequality (as we know we can do for

hyperrational numbers), we have a, + ¢, > b, + ¢, for

n> N, or (a, +c,) — (b, +c¢,) > 0forn > N. Note also that

(an +cu) — (by + cy) = a, — b, does not #-converge to 0, by the assumption that

s—t > 0. Thus, by Definition 11.8, this means that

s+r=cl{a,+cp}] > cl[{b,+c,}] =t+r.

Theorem 11.8. (Generalized Archimedean property)Let s,z > 0 be hyperreal
numbers.

Then there is m € N* such that m x s > ¢.

Proof. Let 5, > 0 be hyperreal numbers. We need to find a hypernatural number m
o)

that m x s > ¢. First, recall that, by m in this context, we mean cl[{m,m,m,m,...}]. So,

letting s = cl[{a,}] and ¢ = ¢l[{b,}], what we need to show is that there exists m € N*

with

cl[{m,m,m,m,...}] x cl[{ai,a2,as,aa,...}] = cl[{m xa,m xar,mx az,mxaa,...}] >

> Cl[{bl,bz,b3,b4, ces }]

Now, to say that cl[{m x a,}] > cl[{b,}], or cl[{m x a, — b, }] iS positive, is, by

Definition 11.9, just to say that there is N € N* such that m x a, — b, > 0 foralln > N,

while m x a, — b, »# 0. To be precise, the first statement is:

There exist m,N € N so that m x a, > b, foralln > N.

To produce a contradiction, we assume this is not the case; assume that

(#) for every m and N, there exists an n > Nso that m x a, < b,.

Now, since {b,} is a Cauchy sequence, by Theorem 11.2 it is hyperbounded — there

is a hyperrational number M € Q¥ such that b, < M for all n. Now, by the properties
for

the hyperrational numbers Q#, given any hyperrational number ¢ > 0,¢ ~ 0, there is



an
m € N* such that M/m < /2. Fix such an m. Then if m x a,, < b,, we have
an < by/m < Mim < ¢/2.
Now, {a,} is a Cauchy sequence, and so there exists N so that for
nk > N,|a, — ail< €/2.
By Asumption (#), we also have an n > N such that m x a, < b,, which means that
an < €/2. But then for every £ > N, we have that a; — a, < ¢/2, so
ar < a,+¢e2< ¢&2+¢/2 =c¢. Hence, a; <¢forall k > N. This proves that a; -4 0,
which by Definition 11.9 contradicts the fact that cl[{a,}] = s > 0.
Thus, there is indeed some m € N so that m x a, — b, > 0 for all sufficiently infinite
large n € N*\N. To conclude the proof, we must also show that m x a, — b, » 0.
Actually, it is possible that m x a, — b, - 0 (for example if {a,} ={1,1,1,...} and
{b,} ={m,m,m,...}). But that's okay: then we can simply choose a larger m. That is:
let m be a hypernatural number constructed as above, so that m x a, — b, > 0
for all sufficiently large € N*\N. If it happens to be true that m x a, — b, » 0, then the
proof is complete.
If, on the other hand, it turned out that m x a,, — b, - 0, then take instead the integer
m+ 1.Since s = cl[{a,}] > 0, we have a n > 0 for all infinite large n, so
(m+1)xa,—b, =mxa,—b,+a, >a, >0 for all infinite large n, so m + 1 works just
as
well as m did in this regard; and since m x a, — b, - 0, we have
(m+1)xa,—b, =mxay,—b,) +a, » 0sinces = cl[{a,}] > 0(soa, » 0).
It will be handy to have one more Theorem about how the hyperrationals Q* and
hyperreals R# compare before we proceed. This theorem is known as the density of
Q*in
R#, and it follows almost immediately from the construction of the R# from Q7.
Theorem 11.9. Given any hyperreal number » € R¥, and any hyperrational number
£>0, ¢&=~0,thereis ahyperrational number g € Q* such that |r — g|< ¢.
Proof. The hyperreal number r is represented by a Cauchy hyperrational sequence
{a,}.
Since this sequence is Cauchy, given ¢ > 0,¢ ~ 0, there is N € N*so that for alll
m,n > N,
la, — an|< €.Picking some fixed / > N, we can take the hyperrational number ¢ given
by
g = cl[{as,as,ay,...}]. Then we have r —q = cl[{a, —a;} ], and
q—r=cl[{ar—an} gl
Now, since [ > N, we see that forn > N,a, —a; < ¢ and a; — a, < ¢, which means by
Definition 11.9thatr— ¢ < ¢ and g — r < ¢; hence, |r—g|< ¢.
Definition 11.10.Let S & R¥ be a non-empty set of hyperreal numbers.
A hyperreal number x € R? is called an upper bound for Sif x > s for all s € S.
A hyperreal number x is the least upper bound (or supremum supS) for S'if x is an



upper bound for S and x < y for every upper bound y of S.
Remark 11.1.The order < given by Definition 11.9 obviously is <-incomplete.
Definition 11.11. Let S < R’ be a nonempty subset of R%. We we will say that:
(1) S is <-admissible above if the following conditions are satisfied:
(i) S bounded above;
(i) let A(S) be a set Vx[x € A(S) < x > S]thenforany ¢ > 0,¢ =~ 0 there exsta € §
and € A(S) suchthat f—a < e = 0.
(2) S is <-admissible belov if the following condition are satisfied:
(i) S bounded belov;
(i) let L(S) be a set Vx[x € L(S) < x < S]thenforany ¢ > 0,¢ =~ 0 there exsta € §
and B € L(S) suchthata - < ¢ = 0.
Theorem 11.10. (i) Any <-admissible above subset S — R? has the least upper
bound property.(ii) Any <-admissible below subset S — R? has the greatest lower
bound property.
Proof. Let S — R# be a nonempty subset, and let M be an upper bound for S. We are
going to construct two sequences of hyperreal numbers, {u,} and {/,}. First, since S
is nonempty, there is some element s, € S. Now, we go through the following
hyperinductive procedure to produce numbers ug,u;,uz,...,u,,... and
Lo, ...
(i) Setup = Mand [y = s.
(i) Suppose that we have already defined u, and /,. Consider the number
m, = (u, + [,)/2,the average between u, and /,,.
(1) If m, is an upper bound for S, define u,.,; = m, and /,.; = [,..
(2) If m, is not an upper bound for S, define u,.1 = u, and ;1 = m,.
Since s < M, it is easy to prove by hyper infinite induction that (i) {u,} is a
non-increasing sequence: u,.; < u,,n € N*(ii) {/,} is a non-decreasing sequence
Lot > L,n € N*and (i) u, — 1, = 27"(M — s).
This gives us the following lemma.
Lemma 11.2. {u,} and {/,,} are Cauchy sequences of hyperreal numbers.
Proof. Note that each /, < M for all n € N*. Since {/,} is non-decreasing and
u, — I, = 27"(M - )., it follows directly that {/,} is Cauchy.
For {u,}, we have u, > s, for all n € N*, and so —u, < —s,. Since {u,}
is non-increasing, {-u, ; is non-decreasing, and so as above, {-u,} is Cauchy. It is
easy to verify that, therefore, {u,} is Cauchy.
The following Lemma shows that {u,} does tend to a hyperreal number.
Lemma 11.3. There is a hyperreal number u such that u, -4 u.
Proof. Fix a term u, in the sequence {u,}. By Theorem 11.9, there is a
hyperrational
number ¢, such that |u, — ¢g.|< 1/n. Consider the sequence {q1,92,93,...,4n,... } Of
hyperrational numbers. We will show this hypersequence is Cauchy. Fix ¢ > 0,& ~ 0.
By the Theorem 11.8, we can choose N € N* so that 1/N < ¢/3. We know, since {u, }



is Cauchy, that there is an M e N* such that for n,m > M, |u, — u.|< &/3. Then, so

long

as n,m > max{N,M}, we have

|gn — qml|= 1(gn —un) + Un — ttm) + (Um — qm)|<
< |gn — Un|Httn — Um|[Hitm — gu|< €3 + &3+ /3 = €.

Thus, {g.} is a Cauchy sequence of hyperrational numbers, and so it represents a
hyperreal number u = cl[{g,}]. We must show that u, —u -4 0, but this is practically
built into the definition of u. To be precise, letting ¢;: be the hyperreal number
cl[{gn,qn,qn,...}], Wwe see immediately that ¢ — u -4 0 (this is precisely

equivalent to the statement that {g, } is Cauchy). But u, — g;; < 1/n by construction;
it is easily verify that the assertion that if a sequence ¢} -+ v and u, — g;; -4 0, then
u, -4 u.So {u,}, a non-increasing sequence of upper bounds for §, tends to a

hyperreal

number u. As you’ve guessed, u is the least upper bound of our set S. To prove this,

we

n,

need one more lemma.
Lemma11.4./, - u.
Proof. First, note in the first case above, we have that

U, +1 U, — 1
Unil = Lyt = My — 1, = n2 L1, = n2 -
In the second case, we also have
u, +1 u, — 1
un+l_ln+1:un_mn:un_ n2 o= n2 -

Now, this means that u; — /1 = 5 (M ~s), and so uz — > = 5 (u1 = 1)) = 5 (M ),
and in general by hyperinfinite induction, u, — [, = 27"(M —s). Since M > s SO

L -5 >0, and since 2™ < 1/n, by the Theorem 11.8, we have for any ¢ > 0 that
27"(L - s) < ¢ for all sufficiently large n € N*/N. Thus, u, — [, = 27(L —s) < ¢ as well,
and so u, — [, -4 0. Again, it is easily verify that, since u, —-» u, we have [, -4 u
as well.

Proof of Theorem 11.10. First, we show that u is an upper bound. Well, suppose
it is not, so that u < s forsome s € S. Then ¢=s—-uis > 0, and since u, — u and is
non-increasing, there must be an » so that u, — u < ¢, meaning that

u, <u+é&=u+(s—u)=s. Since u, is an upper bound for S, however, this is a
contradiction. Hence, u is an upper bound for S.

Now, we also know that, for each n,/, is not an upper bound, meaning that for each

thereisan s, € Ssothat/, <s,. Lemma 11.4 tells us that /, -+ u, and since the
sequence {/,} is non-decreasing, this means that for each ¢ > 0, there is an

N € N¥/N

so that forn > N,/, > u — ¢.Hence, forn > N,s, > [, > u— ¢ as well. In particular, for



each ¢ > 0, there is an element s € S such that s > u — ¢. This means that no number
smaller than u can be an upper bound for S. Hence, u is the least upper bound for S.
Remark 11.2.Note that assumption in Theorem 11.10 that S is < -admissible above
subset of R? is necessarily, othervice Theorem 11.10 is not holds. For example let

A = {¢le > 0 A e ~ 0}.Obviously a set A is not < -admissible above subset of R,

It is clear that Theorem 11.10 is not holds for a set A.

Theorem 11.11.(Generalized Nested Intervals Theorem)

Let {7} .o = {[an,bnl} - [an,ba] < RE be a hyper infinite sequence of closed
intervals satisfying each of the following conditions:

hVh=2hah2a..21,2..,

(i) b, —a, -+ 0as n —» oo,

Then N, 1, consists of exactly one hyperreal number x € R¥. Moreover both
sequences {a,; and {b,} #-converge to x.

Proof.Note that: (a) the set 4 = {a,|n € N*} is bounded or hyperbouded above by 5,
and (b) the set 4 = {a,|n € N*} is < -admissible above subset of R¥.

By Theorem 11.10 there exists supA. Let & = supA.

Since I, are nested,for any positive hyperintegers m and » we have

am < Amin < bmn < by,s0 that & < b, for each n € N*. Since we obviously have a, < &
for each n € N*,we have a, < & < b, for all n € N¥,which implies & € N, I,..Finally,

En e N I, with & < n, then we get 0 < n— & < b, —a,,forall n € N* so that

0 <n-¢& < inf,q¢lby—an| = 0.

Theorem 11.12.(Generalized Squeeze Theorem)

Let {a,},{c,} be two hyper infinite sequences #-converging to L,and {b,} a hyper

infinite sequence. If Vi > K,K € N* we have a, < b, < ¢, , then {b,} also

#-converges to L.

Proof. Choose an ¢ > 0,¢ ~ 0. By definition of the #-limit,there is an N, € N* such

that for all » > N, we have |a, — L|< ¢, in other words L — ¢ < a, < L + ¢.Similarly,
there

is an N, € N* such that for all » > N, we have L —¢ < ¢, < L +¢. Denote

N = max(N,N,,K). Thenforn > N,L —¢ < a, < b, <c¢, <L+eg, inother words

|b, — LI< ¢.Since ¢ > 0,& = 0 was arbitrary, by definition of the #-limit this says

that #-lim,,_, .+ b, = L.

Theorem 11.13.(Corollary of the Generalized Squeeze Theorem).

If #-lim,_+#|a,|= O then #-lim,__+a, = 0.

Proof.We know that —|a,|< a, < |a,|.We want to apply the Generalized Squeeze

Theorem.We are given that #-lim,_, .+|a,|= 0.This also implies that

#-lim,_.+(—|a,]) = 0.So by the Generalized Squeeze Theorem, #-lim,,_..+a, = 0.

Theorem 11.14. (Generalized Bolzano-Weierstrass Theorem)

Every hyperbounded hyperinfinite sequence has a #-convergent hyper infinite



subsequence.

Proof. Let {w,} . be a hyperbounded hyper infinite sequence. Then, there exists
an

interval [a,b,] such that a; < w, < b, for all n € N*.

Either [ a1, <22 ] or [ 225, | contains hyper infinitely many terms of {w,}. That
] or there

is, there exists hyperinfinitely many » in N* such that a, is in [al, %bl
exists

hyper infinitely many n in N* such that a, is in [ <225, ]. If [ a1, 252 ] contains

hyper infinitely many terms of {w,}, let [a2,62] = [ a1, <42~ ]. Otherwise, let
[a2,b2] = [ 4521 b, ].Either [ a2, 4222 ] or [ 4222, b, | contains hyper infinitely many

ax+by

terms of {w,} . If [az, T] contains hyper infinitely many terms of {w,}, let
[a3,b3] = [ a2, 4222 ]. Otherwise, let [a3,b3] = [ “222,b, |. By hyper infinite induction,
we can continue this construction and obtain hyper infinite sequence of intervals
{[an,b,]} o SUCh that:
(i) for each n € N*,[a,, b,] contains hyper infinitely many terms of {w,} _,
(i) for each n € N*,[au1,b,11] S [an,b,] and
(iii) for each n € N*, b1 — a1 = +(by — an).
Then generalized nested intervals theorem implies that the intersection of all of the
intervals [a,,b,] is a single point w. We will now construct a hyper infinite
subsequence of {w,} . Which will #-converge to w.
Since [a1,b:] contains hyper infinitely many terms of {w,} _., there exists k; € N*
such that wy, isin [a1,b1]. Since [a2,b,] contains hyper infinitely many terms of
{Wn} - there exists &k, € N*, ky > ki, such that wy, is in [a2,5,]. Since [a3,b3]
contains hyper infinitely many terms of {w,} ., there exists k3 € N*, k3 > k», such
that wy, is in [a3,b3]. Continuing this process by hyper infinite induction, we obtain
hyper infinite sequence {wx, } .+ such that wy, € [a,,b,] for each n € N*.The
sequence {wy, }, . iS a subsequence of {w,} . since k.., > k, for each n € N*.
Since a, —»# w, and a, < w, < b, for each n € N*, the squeeze theorem implies that
Wk, —># W.
Definition 11.12. Let {a,} be a R#-valued hyper infinite sequence

i.e.,a, € R* n e N*.
Say that {a,} #-tends to 0 if, given any ¢ > 0,& ~ 0,there is a hypernatural number
N e NA\N, N = N(¢) such that,for all n > N, |a,|< . We often denote this symbolically
by a, - 0.
We can also, at this point, define what it means for a hyperreal sequence #-tends to
a given number ¢ € R? : {a,} #-tends to ¢ if the hyperreal sequence {a, — ¢}
#-tendstoOi.e., a,—q -4 0.
Definition 11.13. Let {a,},n € N* be a hyperreal sequence. We call {a,} a Cauchy
hyperreal sequence if the difference between its terms #-tends to 0. To be precise:




given any hyperreal number ¢ > 0,& = 0,there is a hypernatural number N = N(¢)
such that for any m,n > N, |a, — a.|< &.

Theorem 11.15. If {a,} is a #-convergent hyperreal sequence (that is, a, -« b for
some hyperreal number b € R¥), then {a,} is a Cauchy hyperreal sequence.
Theorem 11.16. If {a,} is a Cauchy hyperreal sequence, then it is bounded or hyper
bounded; that is, there is some M € R? such that |a,|< M for all n € N*.

Theorem 11.17. Any Cauchy hyperreal sequence {a,} has a #-limit in R i.e.,there
exists b € R# such that a, -4 b.

Proof.By Definition 11.13 given ¢ > 0,¢ = 0,there is a hypernatural number N = N(¢)
such that for any n,n' > N,

la, —a,|< e. (11.1)

From (11.1) for any n,n’ > N we get

a, —&<a,<ap,+e. (11.2)

The generalized Bolzano-Weierstrass theorem implies there is a #-convergent

hyper infinite subsequence {a,,} < {a.} such that a,, -4 b for some hyperreal

number b € R#.Let us show that the sequence {a,} also #-convergent to this
b € RY.

We can choose k € N* so large that n;, > N and

ldn, — b| < &. (11.3)

We choose now in (11.1) n' = n; and therefore

la, —anl< €. (11.4)

From (11.3) and (11.4) for any n > N we get

|(an, —b) + (an—an)| = |lan — b| < 2e¢. (11.5)

Thus a, - b as well.

12.The Extended Hyperreal Number System [Ii%ff

Definition 12.1.(a) A set S = N* is hyperfinite if card(S) = card({x|0 < x < n}),

where n € N*\N.(b) A set S = N* is hyper infinite if card(S) = card(N*)

Notation 12.1. If F'is an arbitrary collection of sets, then U{S|S € F}is the set of all

elements that are members of at least one of the sets in 7, and N{S|S € F} is the
set

of all elements that are members of every set in F. The union and intersection of

finitely or hyper finitely many sets S;,0 < k < n € N* are also written as U}, S; and

N7, Sx. The union and intersection of an hyperinfinite sequence S,k € N* of sets
are

written as UZ, S or U, S and N2, S or N, S correspondingly.

A nonempty set S of hyperreal numbers R# is unbounded above if it has no
hyperfinite



upper bound, or unbounded below if it has no hyperfinite lower bound. It is
convenient

to adjoin to the hyperreal number system two points, +oo” (which we also write more

simply as «*) and —eo*,and to define the order relationships between them and any

hyperreal number x € R? by —oo* < x < o,

We call —oo* and oo* points at hyperinfinity. If S is a nonempty set of hyperreals, we

write sup S = o to indicate that S is hyper unbounded above, and infS = —o* to

indicate that S'is hyper unbounded below.

12.#-Open and #-Closed Sets on [Iiiﬁ.

Definition 12.2.If « and b are in the extended hyperreals and a < b, then the #-open

interval (a,b) is defined by (a,b) £ {x|la < x < b}.

The #-open intervals (a,") and (—*,b) are semi-hyper infinite if « and b are finite

or hyperfinite, and (—oo”, o*) is the entire hyperreal line.

If —o* < a < b < o”, the set [a,b] £ {xla < x < b} is #-closed, since its complement

is the union of the #-open sets (—*,a) and (b,»") . We say that [a,b] is a #-closed

interval. Semi-hyper infinite #-closed intervals are sets of the form [a,©) = {x|a < x}

and (—oo”,a] = {x|x < a},where a is finite or hyperfinite. They are #-closed sets,

since their complements are the #-open intervals (—o* a) and (a,©"), respectively.

Definition 12.3.If x, € R? is a hyperreal number and ¢ > 0,¢ ~ 0 then the #-open
interval

(xo — &,x0 + €) is an #-neighborhood of x,. If a set S « R¥ contains an
#-neighborhood

of xo,then S'is a #-neighborhood of x¢, and x, is an #-interior point of S. The set of

#-interior points of S is the #-interior of S, denoted by #-Int(S).

(i) If every point of S is an #-interior point (that is, S = #-Int(S) ), then S is #-open.

(i) A set S is #-closed if S¢ = R¥\S is #-open.

Example 12.1. An open interval (a,b) is an #-open set, because if xo € (a,b) and

¢ <min {xo —a;b—xo}, then (xo — &x0 + &) < (a,b).

Remark 12.1.The entire hyperline R# = (—o*, ") is #-open, and therefore & is

#-closed.However, & is also #-open, for to deny this is to say that & contains a point

that is not an #-interior point, which is absurd because & contains no points. Since
%)

is #-open, Iﬁ%ﬁ is #-closed. Thus, [Ii%ﬁ and & are both #-open and #-closed.

Remark 12.2.They are not the only subsets of R# with this property mentioned
above.

Definition 12.4.A deleted #-neighborhood of a point x, is a set that contains every

point of some #-neighborhood of x, except for x itself. For example,

S = {x|0 < |x —x¢| < €},where ¢ = 0, is a deleted #-neighborhood of x,. We also say

that it is a deleted  &-#-neighborhood of x.

Theorem 12.1.(a) The union of #-open sets is #-open:



(b) The #-intersection of #-closed sets is #-closed:

These statements apply to arbitrary collections, hyperfinite or hyperinfinite, of #-open

and #-closed sets.

Proof (a) Let L be a collection of #-open sets and S = U {G|G € L}.

If xo € S, then xo € G, for some Gy in L, and since G is #-open, it contains some

e-#-neighborhood of xy. Since G, c S, this e-#—neighborhood is in S, which is

consequently a #-neighborhood of x,. Thus, S is a #-neighborhood of each of its
points,

and therefore #-open, by definition.

(b) Let F be a collection of #-closed sets and 7= N{H|H € F}. Then
T¢ = U{H‘|H € F}

and, since each H¢ is #-open, T¢ is #-open, from (a). Therefore, T is #-closed, by

definition.

Example 12.2. If —o” < a < b < ©*, the set [a,b] = {xla < x < b} is #-closed, since

its complement is the union of the #-open sets (—o*a) and (b,"). We say that [a,b]

is a #-closed interval. The set [a,b) = {x|la < x < b} is a half-#-closed or half-#-open

interval if —o* < a < b < o, asis (a,b] = {x|la < x < b} however, neither of these
sets

is #-open or #-closed. Semi-infinite #-closed intervals are sets of the form

[a,00%) = {x|a < x} and (—%,a] = {x|x < a},where a is hyperfinite. They are #-closed

sets, since their complements are the #-open intervals (-»*, a) and
(a,0"),respectively.

Definition 12.5. Let S be a subset of [li%if = (—oo*,0*). Then

(a) xo is a #-limit point of S if every deleted #-neighborhood of x, contains a point of
S.

(b) xo is a boundary point of § if every #-neighborhood of x, contains at least one
point

in Sand one not in S. The set of #-boundary points of S is the #-boundary of S,
denoted

by #-6S. The #-closure of S, denoted by #-S, is S U #-0S.

(c) xo is an #-isolated point of S if xo € S and there is a #-neighborhood of x, that

contains no other point of S.

(d) xo is #-exterior to S if x¢ is in the #-interior of S¢. The collection of such points is
the

#-exterior of S.

Theorem 12.2. A set S is #-closed if and only if no point of §¢ is a #-limit point of S.

Proof. Suppose that S is #-closed and x, € §¢. Since S¢ is #-open, there is a

#-neighborhood of x, that is contained in S and therefore contains no points of S.

Hence, x(, cannot be a #-limit point of S. For the converse, if no point of §¢

is a #-limit point of S then every point in $¢ must have a #-neighborhood contained

in S¢. Therefore, S¢ is #-open and S is #-closed.



Corollary 12.1.A set S is #-closed if and only if it contains all its #-limit points.

If S'is #-closed and hyper bounded, then inf(S) and sup(S) are both in S.

Proposition 12.1. If S is #-closed and hyper bounded, then inf(S) and sup(S) are
both

inS.

12.2. #-Open Coverings

Definition 12.6.A collection H of #-open sets of R? is an #-open covering of a set S if
every point in S is contained in a set H belonging to H; that is, if S < U{F|F € H}.
Definition 12.7.A set S — R? is called #-compact (or hyper compact) if each of its
#-open covers has a finite or hyperfinite subcover.

Theorem 12.3.(Generalized Heine—Borel Theorem) If H is an #-open covering of a
#-closed and hyper bounded subset S of the hyperreal line R? (or of the R n € N¥)

then S has an #-open covering ﬁconsisting of hyper finite many #-open sets
belonging

to H.

Proof. If a set Sin R#" is hyper bounded, then it can be enclosed within an n-box

Ty = [—a,a]” where a > 0. By the property above, it is enough to show that T is

#-compact.

Assume, by way of contradiction, that T is not #-compact. Then there exists an
hyper

infinite open cover C..» of T\, that does not admit any hyperfinite subcover. Through

bisection of each of the sides of T, the box T, can be broken up into 2n sub
n-boxes,

each of which has diameter equal to half the diameter of 7). Then at least one of the

2n sections of T, must require an hyper infinite subcover of C,:, otherwise C itself

would have a hyperfinite subcover, by uniting together the hyperfinite covers of the

sections. Call this section T.Likewise, the sides of T, can be bisected, yielding 2"

sections of T, at least one of which must require an hyper infinite subcover of C_:.

Continuing in like manner yields a decreasing hyper infinite sequence of nested

n-boxes:

To > T T, o...o T o...,k € N*, where the side length of T} is (2a)/2*, which

#-converges to 0 as k tends to hyper infinity, £ — «*. Let us define a hyper infinite

sequence {x;},.+ such that each x; : x; € T. This hyper infinite sequence is

Cauchy, so it must #-converge to some #-limit L. Since each T}is #-closed, and for

each k the sequence {x;},_ is eventually always inside T;, we see that L € T for

each k € N*. Since C_+ covers T, then it has some member U € C_+ such that
LeU.

Since Uis open, there is an n-ball B(L) < U. For large enough &, one has

Tr < B(L) < U, but then the infinite number of members of C..» needed to cover T}

can be replaced by just one: U, a contradiction.Thus, T is #-compact. Since S is



#-closed and a subset of the #-compact set Ty, then S is also #-compact.

As an application of the Generalized Heine—Borel theorem, we give a short proof of

the Generalized Bolzano—Weierstrass Theorem.

Theorem 12.4.(Generalized Bolzano—Weierstrass Theorem) Every hyper bounded

hyper infinite set § — R# has at least one #-limit point.

Proof. We will show that a hyper bounded nonempty set without a #-limit point can

contain only finite or a hyper finite number of points. If S has no #-limit points, then §
is #-closed and every point x € S has an w-#-open neighborhood N, that

contains no point of S other than x. The collection H = {N,|x € S} is an w-#-open

covering for S. Since S is also hyper bounded, Theorem 12.3 implies that S can be

covered by finite or a hyper finite collection of sets from H, say N,,,...,Ny,,n € N*,

Since these sets contain only xi,...,x, from S, it follows that S = {x\} .7 € N*.

13.External non-Archimedean field *R%.
via Cauchy completion of internal non-Archimedean field
Definition 13.1. A hyper infinite sequence of hyperreal numbers from *R is a
function
a : N* - *Rfrom hypernatural numbers N* into the hyperreal numbers *R.
We usually denote such a function by n ~ a,,or by a : n - a,,so the terms in the
sequence are written  {ai,a»,as,...,a,...}. To refer to the whole hyper infinite
sequence, we will write {an}ffjl ,0r {a,} .+, O for the sake of brevity simply {a,}.
Definition 13.2. Let {a,} be a hyper infinite *R-valued sequence mentioned above.
Say that {a,} #tends to 0 if, given any ¢ > 0,& ~ 0,there is a hypernatural number
N e NA\N, N = N(¢) such that, after N (i.e.for all n > N), |a,|< . We denote this
symbolically by a, —»4 0.
We can also, at this point, define what it means for a hyper infinite *R-valued
sequence #-tends to any given number ¢ € *R : {a,} #-tends to ¢ if the hyper
infinite sequence {a, — ¢} #tendsto0Oi.e.,a, — g -4 0.
Definition 13.3. Let {a,} be a hyper infinite *R-valued sequence. We call {a,} a
Cauchy hyper infinite *R-valued sequence if the difference between its terms
#-tends
to 0. To be precise: given any hyperreal number such that ¢ > 0, ~ 0,there is a
hypernatural number N = N(g) such that for any m,n > N,|a, — an|< €.
Theorem 13.1.1f {a,} is a #-convergent hyper infinite *R-valued sequence (that is,
a, -4 g for some hyperreal number ¢ € *R), then {a,} is a Cauchy hyper infinite
*R-valued sequence.
Proof. We know that a, - ¢. Here is a ubiquitous trick: instead of using ¢ in the
definition Definition 13.3, start with an arbitrary infinite small ¢ > 0,¢ = 0 and then
choose N € N“\N so that |a, — g|< /2 when n > N. Then if m,n > N, we have



lan — aml= [(an — q) — (am — q)|I< |lan — ql+am — q|< €/2 + €/2 = &. This shows that

{a.} .+ 18 @ Cauchy sequence.

Theorem 13.2. If {a,} is a Cauchy hyper infinite *R-valued sequence, then it is

bounded or hyper bounded; that is, there is some finite or hyperfinite M € *R such

that |a,|< M for all n € N*.

Proof.Since {a,} is Cauchy, setting ¢ = 1 we know that there is some N € N* such

that |a,, — a,|< 1whenever m,n > N. Thus, |ans1 — as|< 1 for n > N. We can rewrite

this as an.1 — 1 < a, < ans1 + 1. This means that |a,| is less than the maximum of

lan+1 — 1] and |ays1 + 1]. So, set M equal to the maximum number in the following list:

{laol,|ail,...,lanl,lanc1 — 1|,|an+1 + 1]}. Then for any term a,,, if n < N, then |a,| appears

in the list and so |a,|< M; if n > N, then

(as shown above) |a,| is less than at least one of the last two entries in the list, and
SO

la,|< M.Hence, M € *R is a bound for the sequence {a,}.

Definition 13.4. Let S be a set. A relation x ~ y among pairs of elements of S

is said to be an equivalence relation if the following three properties hold:

Reflexivity: for any s € S, s~s.

Symmetry: for any s,t € S, if s~t then t~s.

Transitivity: for any s,t,r € S, if s~t and ¢t~r, then s~r.

Theorem 13.3. Let S be a set, with an equivalence relation (-~ +) on pairs of
elements.

For s € S,denote by cl[s] the set of all elements in S that are related to s. Then for

any s,t € S,either cl[s] = cl[7] or cl[s] and cl[{] are disjoint.

The hyperreal numbers *R#? will be constructed as equivalence classes of Cauchy

hyper infinite *R-valued sequences. Let & -z denote the set of all Cauchy hyper
infinite

*R-valued sequences of hyperreal numbers. We define the equivalence relation on

F r.

Definition 13.5. Let {a,} and {b,} be in F . Say they are #-equivalent if

an, —b, -4 0i.e., if and only if the hyper infinite *R-valued sequence a, — b, #-tends

to 0.

Theorem 13.4.Definition 13.5 yields an equivalence relation on F «g.

Proof. We need to show that this relation is reflexive, symmetric, and transitive.

Reflexive: a, — a, = 0, and the hyper infinite sequence all of whose terms are 0

clearly #-converges to 0. So {a,} is related to {a,}.

Symmetric: Suppose {a,} is related to {b,}, so a, — b, - 0.

But b, —a, = —(a, — b,),and since only the absolute value |a, — b,|= |b, — a,| comes
into play in Definition 13.2, it follows that b, — a, - 0 as well. Hence, {b,} is related

to {a,}.

Transitive: Here we will use the &/2 trick we applied to prove Theorem 10.1.



Suppose
{a,} is related to {b,}, and {b,} is related to {c,}. This means that a, — b, -4 0 and
b, —c, -+ 0.To be fully precise, let us fix ¢ > 0,& =~ 0; then there exists an N € N*
such that for all n > N, |a, — b,|< €/2; also, there exists an M such that for all n > M,
|b, — ca|< €/2. Well, then, as long as n is bigger than both N and M, we have that
lan — cul= [(an — bn) + (by — )< an — bul+|by — cul< €2 + €/2 = &.
So, choosing L equal to the max of N, M, we see that given ¢ > 0 we can always
choose L so thatforn > L,|a, — c,|< €. This means that a, — ¢, -4 0 —i.e. {a,} is
related to {c,}.
Definition 13.6. The external hyperreal numbers *R# are the equivalence classes
cl[{a,}] of Cauchy hyper infinite *R-valued sequences of hyperreal numbers, as per
Definition 13.5. That is, each such equivalence class is an external hyperreal
number.
Definition 13.7. Given any hyperreal number ¢ € *R, define a hyperreal number ¢*
to be the equivalence class of the hyper infinite *R-valued sequence
9" =(4.9.9.9,-..)
consisting entirely of . So we view *R as being inside *R¥ by thinking of each
hyperreal number ¢ as its associated equivalence class ¢”. It is standard to abuse
this
notation, and simply refer to the equivalence class as ¢ as well.
Definition 13.8. Let 5,7 € *R¥, so there are Cauchy hyper infinite *R-valued
sequences {a, },{b,} of hyperreal numbers with s = cl[{a,}] and ¢ = cl[{b,}].
(a) Define s + ¢ to be the equivalence class of the sequence {a, + b, }.
(b) Define s x ¢ to be the equivalence class of the sequence {a, x b, }.
Theorem 13.5.The operations +, x in Definition 13.8 (a),(b) are well-defined.
Proof. Suppose that cl[{a,}] = cl[{c,}] and cl[{b,}] = cl[{d,}]. Thus means that
a,—cy, -4 0and b, —d, -4 0. Then (a, + b,) — (¢, +d,) = (an—c,) + (by — dy).
Now, using the familiar &/2 trick, you can construct a proof that this tends to 0, and
so cl[{a, + b, }] = cl[{c, +d,}].
Multiplication is a little trickier; this is where we will use Theorem 13.3. We will also
use another ubiquitous technique: adding 0 in the form of s — s. Again, suppose that
cl[(a,)] =ecl[(c,)] and cl[{b,}] = el[{d,}]; we wish to show that
cl[{a, x b,}] = cl[{c, x d,}], or, in other words, that a, x b, — ¢, - d, -4 0.Well, we
add and subtract one of the other cross terms, say
byxcy:ianxby,—cypxdy=a,xb,+ byxcyn—byxcy)—cuXxdy, =
=(anxby—byxcy)+ (byxcy—cnpxdy) =byx(ayn—cn)+cyx(b,—dy).
Hence, we have |a, x b, — ¢, x d,|< |bu|x|an — cnl|+|ca|x|bn — dy]. NOW, from
Theorem 13.2, there are numbers M and L such that |»,|< M and |c,|< L for all
n e N*.
Taking some number K which is bigger than both, we have
lan X by —cun % du|< |bulX |an — colt+|calx |bn — dn|< K(|an — cal+Hbn — dnl).



Now, noting that both a, — ¢, and b, — d, tend to 0 and using the &/2 trick (actually,

this time we’ll want to use ¢/2K), we see thata, x b, —c, x d, -4 0.

Theorem 13.6. Given any hyperreal number s € *R¥, s +# 0, there is a hyperreal

number ¢ € *R# such thats x ¢ = 1.

Proof. First we must properly understand what the theorem says. The premise is
that s

is nonzero, which means that s is not in the equivalence class of {0,0,0,0,...}. In
other

words, s = cl[{a, ] where a, — 0 does not #-converge to 0. From this, we are to
deduce

the existence of a hyperreal number ¢ = cl[{b,}] such that s x t = cl[{a, x b, }] is the

same equivalence class as cl[{1,1,1,1,... }]. Doing so is actually an easy
consequence

of the fact that nonzero hyperreal numbers have multiplicative inverses, but there is
a

subtle difficulty. Just because s is nonzero (i.e. {a,} does not tend to 0), there’s no

reason any number of the terms in {a,} can’t equal 0. However, it turns out that

eventually, a, + 0.

That is:

Lemma 13.1. If {a,} is a Cauchy sequence which does not #-tend to 0, then there is

an N € N* such that, forn > N,a, = 0.

Definition 13.9. Let s € *R%. Say that s is positive if s # 0, and if s = ¢l[{a,}] for

some Cauchy sequence of hyperreal numbers such that for some N € N*, a4, > 0 for

all n > N. Given two hyperreal numbers s, ¢, say thats > ¢if s — ¢ is positive.

Theorem 13.7. Let s, € *R% be hyperreal numbers such that s > ¢, and let

re *R%¥. Thens+r>t+r.

Proof. Let s = cl[{a,}],t = cl[{b,}], and r = cl[{c,}]. Sinces > ti.e.,s—t> 0, we

know that there is an N € N* such that, forn > N, a, - b, > 0. Soa, > b, forn > N.

Now, adding ¢, to both sides of this inequality (as we know we can do for

hyperreal numbers *R), we have a, + ¢, > b, + ¢, forn > N, or

(an +cu) — (b, +c,) > 0forn > N. Note also that (a, + ¢,) — (b, +¢,) = a, — b, does

not #-converge to 0, by the assumption that s — ¢ > 0. Thus, by Definition 13.8, this

means that s + » = cl[{a, +c,}] > el[{by+cu}] = t+r.

Theorem 13.8. Let s, € *R? 5,1 > 0 be hyperreal numbers.Then there is m € N

such that m xs > ¢.

Proof. Let 5,7 > 0 be hyperreal numbers. We need to find a natural number m so
that

m x s > t. First, recall that, by m in this context, we mean cl[{m,m,m,m,...}]. So,

letting s = cl[{a,}] and ¢ = cl[{b,}],what we need to show is that there exists m with



cl[{m,m,mym,...}] x cl[{ai,az,as,aa,...}] =
c[{mxai,mxay,mxaz,mxas,...}] >

> Cl[{b],b2,b3,b4,...}].

Now, to say that cl[{m x a,}] > cl[{b,}], or cl[{m x a, — b, }] is positive, is, by
Definition 13.9, just to say that there is N € N* such that m x a, — b, > 0 forall n > N,
while m x a, — b, »4 0. To be precise, the first statement is:
There exist m,N € N* so that m x a, > b, foralln > N.
To produce a contradiction, we assume this is not the case; assume that
(#) for every m and N, there exists an n > N so that m x a, < b,.
Now, since {b,} is a Cauchy sequence, by Theorem 13.2 it is hyperbounded - there
is a hyperreal number M € *R such that b, < M for all n € N*. Now, by the
properties for the hyperreal numbers *R, given any hyperreal number such that
g > 0,e = 0, there is an m  N* such that M/m < ¢/2. Fix such an m. Then if
mxa, <b,, wehave a, <b,/m < Mm < &/2.
Now, {a,} is a Cauchy sequence, and so there exists N so that for

n,k > N,|a, — arl< €/2.
By Asumption (#), we also have an n > N such that m x a, < b,, which means that
a, < ¢/2. But then for every £ > N, we have that a; — a, < ¢/2, so
ar < a,+¢&2< ¢&2+¢/2=c¢ Hence, a; <e¢forall k > N. This proves that a; -4 0,
which by Definition 13.9 contradicts the fact that cl[{a,}] = s > 0.
Thus, there is indeed some m € N so that m x a, — b, > 0 for all sufficiently infinite
large n € N*\N. To conclude the proof, we must also show that m x a, — b, »# 0.
Actually, it is possible that m x a, — b, -4 0 (for example if {a,} = {1,1,1,...} and
{b,} = {m,m,m,...}). But that’s okay: then we can simply choose a larger m. That is:
let m be a hypernatural number constructed as above, so that m x a, — b, > 0
for all sufficiently large € N“\N. If it happens to be true that m x a, — b, »4 0, then the
proof is complete.
If, on the other hand, it turned out that m x a, — b, —# 0, then take instead the integer
m+ 1.Since s = cl[{a,}] > 0, we have a n > 0 for all infinite large n, so
(m+1)xa,—b, =mxa,—b,+a, >a, > 0 for all infinite large n, so m + 1 works just
as well as m did in this regard; and since m x a, — b, - 0, we have
(m+1)xa,—b, =(mxa,—by)+a, »4 0sinces = cl[{a,}] > 0(so a, »4 0).
It will be handy to have one more Theorem about how the hyperreals *R and
hyperreals *R# compare before we proceed. This theorem is known as the density
of *R in *R#, and it follows almost immediately from the construction of the *R?
from *R.
Theorem 13.9. Given any hyperreal number » € *R¥, and any hyperreal number

e >0, ¢ = 0, there is a hyperreal number ¢ € *R such that |r — ¢g|< &.
Proof. The hyperreal number r is represented by a Cauchy *R-valued sequence




{an}.

Since this sequence is Cauchy, given ¢ > 0,¢ ~ 0, there is N € N* so that for alll
m,n > N,

la, — an|< €.Picking some fixed / > N, we can take the hyperreal number ¢ given by

g = cl[{as,as,ay,...}]. Then we have r—gq = cl[{a, —a;} ], and

q—r=cll{ar—an} ¢l

Now, since [ > N, we see that forn > N,a, —a; < ¢ and a; — a, < ¢, which means by

Definition 13.9that r— g < ¢ and g — r < ¢; hence, |r—g|< ¢.

Definition 13.10.Let S & *R¥ be a non-empty set of hyperreal numbers.

A hyperreal number x € *R? is called an upper bound for Sif x > s for all s € S.

A hyperreal number x is the least upper bound (or supremum supS) for Sif x is an
upper

bound for S and x < y for every upper bound y of S.

Remark 13.1.The order < given by Definition 10.9 obviously is < -incomplete.

Definition 13.11. Let S < *R¥ be a nonempty subset of *R%.We we will say that:

(1) S is < -admissible above if the following conditions are satisfied:

(i) S bounded or hyperbounded above;

(i) let A(S) be a set Vx[x € A(S) < x > S]thenforany ¢ > 0,¢ =~ 0 there exsta € §

and € A(S) suchthat f—a < e = 0.

(2) S is <-admissible belov if the following condition are satisfied:

(i) S bounded belov;

(i) let L(S) be a set Vx[x € L(S) < x < S]thenforany ¢ > 0,¢ =~ 0 there exsta € §

and B € L(S) suchthata - g < ¢ = 0.

Theorem 13.10. (i) Any <-admissible above subset S c *R? has the least upper

bound property.(ii) Any <-admissible below subset S — *R¥ has the greatest lower

bound property.

Proof. Let S — *R? be a nonempty subset, and let M be an upper bound for S. We
are

going to construct two sequences of hyperreal numbers, {u,} and {/,}. First, since S

is nonempty, there is some element s, € S. Now, we go through the following

hyperinductive procedure to produce numbers u,u;,uz,...,u,,... and
Loyl 0, ..

(i) Setup = Mand [y = s.

(i) Suppose that we have already defined u, and /,. Consider the number

m, = (u, + [,)/2,the average between u, and /,,.

(1) If m, is an upper bound for S, define u,.,; = m, and /,;; = [,..

(2) If m, is not an upper bound for S, define u,.;1 = u, and 1,1 = /,.

Remark 13.1.Since s < M, it is easy to prove by hyper infinite induction that

(i) {u.} is a non-increasing sequence: u,.1 < u,,n € N*and {/,} is a non-decreasing

sequence [,.1 > l,,n € N* (i) u, is an upper bound for S for all n € N*




and /, is never an upper bound for S for any n € N*_ (i) u, — 1, = 27"(M - 5).

This gives us the following lemma.

Lemma 13.2. {u,} and {/,} are Cauchy *R-valued sequences of hyperreal
numbers.

Proof. Note that each /, < M for all n € N*. Since {/,} is non-decreasing and

u, — I, = 27"(M —s), it follows directly that {/,} is Cauchy.

For {u,}, we have u, > s, for all n € N*, and so —u, < —so.

Since {u,} is non-increasing, {-u,} is non-decreasing, and so as above, {-u,} is

Cauchy. It is easy to verify that, therefore, {u,} is Cauchy.

The following Lemma shows that {u,} does #-tend to a hyperreal number u € *R%.

Lemma 13.3. There is a hyperreal number u € *R? such that u, -4 u.

Proof. Fix a term u, in the sequence {u,}. By Theorem 13.9, there is a hyperreal

number ¢, € *R,n € N* such that |u, — g.|< 1/n. Consider the sequence

{91,92,93,...,qn, ...+ of hyperreal numbers. We will show this sequence is Cauchy.

Fix ¢ > 0,& = 0. By the Theorem 13.8, we can choose N € N* so that 1/N < ¢/3. We

know, since {u,} is Cauchy, that there is an M € N* such that for n,m > M,

lu, —uml|< €/3. Then, so long as n,m > max{N,M}, we have

\gn = qml= (gn — tn) + Un — um) + WUm — gm)|<
< \gn — tnlHun — p|Hum — gul< €3 + €3 + /3 = €.

Thus, {¢g.} is a Cauchy sequence of internal hyperreal numbers, and so it
represents

the external hyperreal number u = cl[{g,}]. We must show that u, —u —4 0, but this
is

practically built into the definition of u. To be precise, letting ¢;; be the hyperreal
number

cl[{g1,9n,q0n,...}], Wwe see immediately that ¢ — u -4 0 (this is precisely

equivalent to the statement that {¢,} is Cauchy). But u, — ¢}, < 1/n by construction;

it is easily verify that the assertion that if a sequence ¢} -+ v and u, — g;; -4 0, then

u, -4 u.So {u,}, a non-increasing sequence of upper bounds for S, tends to a
hyperreal

number u. As you’ve guessed, u is the least upper bound of our set S. To prove this,
we

need one more lemma.

Lemma13.4./, -4 u.

Proof. First, note in the first case above, we have that
Up — I,

_Untln
l, = > Ly 5

Unit — Ly = my —

In the second case, we also have



up +1 up, — 1
Unst = vt = Uy —my = u, — =54 = "1,

2 2
Now, this means that u; —/; = - (M —s), andsous -l = +(u1 - 1)) = ZLZ(L—s),
and in general by hyperinfinite induction, u, — [, = 27"(M —s). Since M > s so
M—s > 0, and since 27 < 1/n, by the Theorem 13.8, we have for any ¢ > 0 that
27"(M - 5) < ¢ for all sufficiently large n € N*. Thus, u, — 1, = 27"(M —5) < ¢ as well,
and so u, — [, -4 0. Again, it is easily verify that, since u, —»» u, we have [, -4 u
as well.
Remark 13.2.Note that assumption in Theorem 13.10 that S is <-admissible above
subset of R? is necessarily, othervice Theorem 13.10 is not holds.
Theorem 13.11.(Generalized Nested Intervals Theorem)
Let {7} ,o¢ = {[an,bnl} - [an,ba] < RE be a hyper infinite sequence of closed
intervals satisfying each of the following conditions:
hVh=2hah2a..21,2..,
(i) b, —a, »# 0as n —» oo,
Then N, I, consists of exactly one hyperreal number x € R¥. Moreover both
sequences {a,; and {b,} #-converge to x.
Proof.Note that: (a) the set 4 = {a,|n € N*} is hyperbouded above by »,and
(b) the set 4 = {a,|n € N*} is <-admissible above subset of R¥.
By Theorem 13.10 there exists supA4. Let & = supA.
Since I, are nested,for any positive hyperintegers m and » we have
am < Amin < bmn < by,s0 that & < b, for each n € N*. Since we obviously have a, < &
for each n € N*,we have a, < & < b, for all n € N¥,which implies & € N, I,..Finally,

&En e N I, with & < n, then we get0 < n—¢& < b, —a,,forall n € N* so that

0 <n-¢& < inf,q¢lby—an| = 0.

Theorem 13.12.(Generalized Squeeze Theorem)

Let {a,},{c,} be two hyper infinite sequences #-converging to L,and {b,} a hyper

infinite sequence. If Vi > K,K € N* we have a, < b, < ¢, , then {b,} also

#-converges to L.

Proof. Choose an ¢ > 0,¢ ~ 0. By definition of the #-limit,there is an N, € N* such

that for all » > N, we have |a, — L|< ¢, in other words L — ¢ < a, < L + ¢.Similarly,
there

is an N, € N* such that for all » > N, we have L —¢ < ¢, < L +¢. Denote

N = max(N{,N,,K). Thenforn > N,L —¢ < a, < b, <c¢, <L+eg, inother words

|b, — LI< ¢.Since ¢ > 0,& = 0 was arbitrary, by definition of the #-limit this says

that #-lim,,_, .+ b, = L.

Theorem 13.13.(Corollary of the Generalized Squeeze Theorem).

If #-lim,_+#|a,|= O then #-lim,__+a, = 0.

Proof.We know that —|a,|< a, < |a,|.We want to apply the Generalized Squeeze



Theorem.We are given that #-lim,,_,.+|a,|= 0.This also implies that

#-lim, ..+ (—|a,]) = 0.So by the Generalized Squeeze Theorem, #-lim,_.+a, = 0.

Theorem 13.14. (Generalized Bolzano-Weierstrass Theorem)

Every hyperbounded hyper infinite *R#-valued sequence has a #-convergent hyper

infinite subsequence.

Proof. Let {w,} _+ be a hyperbounded hyper infinite sequence. Then, there exists
an

interval [a,b,] such that a; < w, < b, for all n € N*,

Either [ a1, <22 ] or [ 22,5, | contains hyper infinitely many terms of {w,}. That

2
is, there exists hyper infinitely many » in N* such that a, is in [al, ‘“2;’“] or there

exists hyper infinitely many » in N* such that a, is in [ <22, b, ]. If [ a1, <52 ]

contains hyper infinitely many terms of {w,}, let [a2,b>] = [a1, 22 ]. Otherwise, let
[a2,52] = [ 452,51 .
Either [ a2, <222 ] or [ <225, | contains hyper infinitely many terms of {wy} . If
[ @2, 42222 ] contains hyper infinitely many terms of {w,}, let [a3,b3] = [ a2, 452 .
Otherwise, let [a3,b3] = [ <22, b, |. By hyper infinite induction, we can continue this
construction and obtain hyper infinite sequence of intervals {[a,,b,]} . such that:
(i) for each n € N*,[a,,b,] contains hyper infinitely many terms of {w,} .,
(ii) for each n € N* [a,41,b011] < [an,bs] @and
(iii) for each n € N*, b1 — a1 = 5 (by — an).
Then generalized nested intervals theorem implies that the intersection of all of the
intervals [a,,b,] is a single point w. We will now construct a hyper infinite
subsequence of {w,} . Which will #-converge to w.
Since [a1,b:] contains hyper infinitely many terms of {w,} ., there exists k; € N*
such that wy, isin [a1,b1]. Since [a2,b,] contains hyper infinitely many terms of
{Wn} v there exists k, € N*, k, > ki, such that wy, is in [a2,b,]. Since [a3,b3]
contains
hyper infinitely many terms of {w,} .+, there exists k3 € N*, k3 > k», such that w, is
in
[a3,b3]. Continuing this process by hyper infinite induction, we obtain hyper infinite
sequence {wx, },.+ such that wy, € [a,,b,] for each n € N*. The sequence {wy, },
is
a subsequence of {w,}, . since k,.i > k, for each n € N*. Since a, -4 w, and
a, < w, < b, for each n € N*, the squeeze theorem implies that w;, —s w.
Definition 13.12. Let {a,} be a hyperreal sequence i.e.,a, € *R¥ n € N*. Say that
{a,} #tends to 0 if, given any ¢ > 0,¢ =~ 0,there is a hypernatural number N € N*\N,
N = N(¢) such that,for all n > N, |a,|< &. We often denote this symbolically by
Ay 4 0.
We can also, at this point, define what it means for a hyperreal sequence #-tends to

neN




a given number g € *R? : {a,} #-tends to g if the hyperreal sequence {a, — ¢}
#-tendstoOi.e., a,—q -4 0.

Definition 13.13. Let {a,},n € N* be a hyperreal sequence. We call {a,} a Cauchy
hyperreal sequence if the difference between its terms #-tends to 0. To be precise:
given any hyperreal number ¢ > 0,& ~ 0,there is a hypernatural number N = N(¢)
such that for any m,n > N,|a, — au|< &.

Theorem 13.15. If {a, } is a #-convergent hyperreal sequence (that is, a, -« b for
some hyperreal number b € R¥), then {a,} is a Cauchy hyperreal sequence.
Theorem 13.16. If {a,} is a Cauchy hyperreal sequence, then it is hyper bounded;
that is, there is some M € R¥ such that |a,|< M for all n € N*,

Theorem 13.17. Any Cauchy hyperreal sequence {a,} has a #-limit in *R? i.e.,
there exists b € *R? such that a, -4 b.

Proof.By Definition 13.13 given ¢ > 0,¢ = 0,there is a hypernatural number N = N(¢)
such that for any n,n’ > N,

la, —a,|< e. (13.1)
From (13.1) for any n,n' > N we get
a, —&€<a,<a,+e. (13.2)

The generalized Bolzano-Weierstrass theorem implies there is a #-convergent
hyper infinite subsequence {a,,} < {a,} such that a,, -4 b for some hyperreal
number b € *R%.Let us show that the sequence {a,} also #-convergent to this

b € *R%.
We can choose k € N* so large that n;, > N and
lan, —b| < . (13.3)
We choose now in (13.1) n’ = n; and therefore
la, —anl< €. (13.4)
From (13.3) and (13.4) for any n > N we get
[(an, —b) + (an —an,)| = |lan — b| < 2e. (13.5)

Thus a, -4 b as well.
Remark 13.3.Note that there exist canonical natural embedings

R < *R < *R¥, (13.6)

13.1.The Extended Hyperreal Number System *R?#
Definition 13.14.(a) A set S < N* is hyperfinite if card(S) = card({x|0 < x < n}),
n € N \N.(b) A set S = N* is hyper infinite if card(S) = card(N%).
Notation 13.2. If ' is an arbitrary collection of subsets of *R#, then U{S|S € F}is the
set of all elements that are members of at least one of the sets in 7', and
N{S|S € F»



is the set of all elements that are members of every set in F. The union and

intersection of finitely or hyperfinitely many sets 5,0 < k < n € N* are also written
as UL, Sy and N, Sx. The union and intersection of an hyperinfinite sequence
Si,k e N*

of sets are written as U, S or U, S and N, S or N, S correspondingly.

A nonempty set S of hyperreal numbers *R? is unbounded above if it has no
hyperfinite

upper bound, or unbounded below if it has no hyperfinite lower bound. It is
convenient

to adjoin to the hyperreal number system two points, +wo* (which we also write more

simply as «*) and —o#,and to define the order relationships between them and any

hyperreal number x € *R¥ by —o* < x < 0o,

We call —oo* and oo” points at hyperinfinity. If S is a nonempty set of hyperreals, we

write sup S = o to indicate that S is unbounded above, and infS = —o* to indicate
that

S'is unbounded below.

13.2. #-Open and #-Closed Sets on *[ﬁ%ﬁ.

Definition 13.15.If « and b are in the extended hyperreals and a < b, then the open

interval (a,b) is defined by (a,b) £ {x|la < x < b}.

The open intervals (a,+") and (—*, b) are semi-hyperinfinite if « and » are

finite or hyperfinite, and (—o”, o*) is the entire hyperreal line.

If —o* < a < b < o”, the set [a,b] £ {xla < x < b} is #-closed, since its complement

is the union of the #-open sets (—*,a) and (b,»") . We say that [a,b] is a #-closed

interval. Semi-hyper infinite #-closed intervals are sets of the form [a,©) = {x|a < x}

and (—oo”,a] = {x|x < a},where a is finite or hyperfinite. They are #-closed sets,

since their complements are the #-open intervals (—o* a) and (a,©"), respectively.

Definition 13.16.If xo € R? is a hyperreal number and ¢ > 0,¢ ~ 0 then the open
interval

(xo — &,x0 + €) is an #-neighborhood of x. If a set S — *R¥ contains an

#-neighborhood of x, then S is a #-neighborhood of x, and x, is an #-interior point
of S.

The set of #-interior points of S is the #-interior of S, denoted by #-In#(S).

(i) If every point of S is an #-interior point (that is, S = #-Int(S) ), then S is #-open.

(i) A set S is #-closed if S¢ = *R#\S is #-open.

Example 13.1. An open interval (a,b) is an #-open set, because if xo € (a,b) and

& <min {xo —a;b —xo}, then (xo — &,%0 + g) < (a,b)

Remark 13.4.The entire hyperline *R# = (—oo” o¥) is #-open, and therefore & is
#-closed.

However, & is also #-open, for to deny this is to say that & contains a point that is
not



an #-interior point, which is absurd because & contains no points. Since & is
#-open, i

*R# is #-closed. Thus, *R# and & are both #-open and #-closed.

Remark 13.5.They are not the only subsets of *R# with this property.

Definition 13.17.A deleted #-neighborhood of a point x, is a set that contains every
point

of some #-neighborhood of x, except for x, itself. For example,
S = {0 < |x —xo| < €},

where ¢ =~ 0, is a deleted #-neighborhood of xo. We also say that it is a deleted

e-#-neighborhood of xy.

Theorem 13.18.(a) The union of #-open sets is #-open:

(b) The #-intersection of #-closed sets is #-closed:

These statements apply to arbitrary collections, hyperfinite or hyperinfinite, of #-open

and #-closed sets.

Proof (a) Let L be a collection of #-open sets and S = U {G|G € L}.

If xo € S, then xo € G, for some Gy in L, and since G is #-open, it contains some

e-#-neighborhood of xy. Since Gy c S, this e-#—neighborhood is in S, which is

consequently a #-neighborhood of x(. Thus, S is a #-neighborhood of each of its
points,

and therefore #-open, by definition.

(b) Let F be a collection of #-closed sets and T'= N{H|H € F}. Then
T° = U{H|H € F>

and, since each H¢ is #-open, T¢ is #-open, from (a). Therefore, T is #-closed, by

definition.

Example 13.2. If —0o” < a < b < ©o*, the set [a,b] = {xla < x < b} is #-closed, since

its complement is the union of the #-open sets (—o*a) and (b,"). We say that [a,b]

is a #-closed interval. The set [a,b) = {x|la < x < b} is a half-#-closed or half-#-open

interval if —o* < a < b < ¥, asis (a,b] = {x|la < x < b} however, neither of these
sets

is #-open or #-closed. Semi-infinite #-closed intervals are sets of the form

[a,0%) = {xla < x} and (—oo%,a] = {x|x < a},where a is hyperfinite. They are #-closed

sets, since their complements are the #-open intervals (-»* a) and
(a,o"),respectively.

Definition 13.18. Let S be a subset of R? = (—o*,x*). Then

(a) xo is a #-limit point of S if every deleted #-neighborhood of x, contains a point of
S.

(b) xo is a boundary point of S if every #-neighborhood of x, contains at least one
point

in Sand one not in S. The set of #-boundary points of S is the #-boundary of S,
denoted

by #-6S. The #-closure of S, denoted by #-S, is S U #-0S.



(c) xo is an #-isolated point of S if xo € S and there is a #-neighborhood of x, that
contains

no other point of S.

(d) xo is #-exterior to S if x¢ is in the #-interior of S¢. The collection of such points is
the

#-exterior of S.

Theorem 13.19. A set S is #-closed if and only if no point of §¢ is a #-limit point of .

Proof. Suppose that S is #-closed and x, € §¢. Since S is #-open, there is a

#-neighborhood of x, that is contained in S and therefore contains no points of S.

Hence, x, cannot be a #-limit point of S. For the converse, if no point of S¢

is a #-limit point of S then every point in §¢ must have a #-neighborhood contained

in S¢. Therefore, S is #-open and S is #-closed.

Corollary 13.1.A set S is #-closed if and only if it contains all its #-limit points.

If S is #-closed and hyper bounded, then inf(S) and sup(S) are both in S.

Proposition 13.1. If S is #-closed and hyper bounded, then inf(S) and sup(S) are
both

inS.

13.3. #-Open Coverings

Definition 13.19.A collection H of #-open sets of R? is an #-open covering of a set S
if

every point in S is contained in a set H belonging to H; that is, if S < U{F|F € H}.

Definition 13.20.A set S — R? is called #-compact (or hyper compact) if each of its

#-open covers has a hyperfinite subcover.

Theorem 13.20.(Generalized Heine—Borel Theorem) If H is an #-open covering of
a

#-closed and hyper bounded subset S of the hyperreal line *R? (or of the
R n e N¥)

then S has an #-open covering ﬁconsisting of hyper finite many #-open sets
belonging

to H.

Proof. If a set S in *R#" is hyper bounded, then it can be enclosed within an n-box

Ty = [—a,a]” where a > 0. By the property above, it is enough to show that T is

#-compact.

Assume, by way of contradiction, that 7 is not #-compact. Then there exists an
hyper

infinite open cover C..» of T\, that does not admit any hyperfinite subcover. Through

bisection of each of the sides of T, the box T, can be broken up into 2n sub
n-boxes,

each of which has diameter equal to half the diameter of 7). Then at least one of the

2n sections of T\, must require an hyper infinite subcover of C,:, otherwise C itself



would have a hyperfinite subcover, by uniting together the hyperfinite covers of the
sections. Call this section T.Likewise, the sides of T, can be bisected, yielding 2"
sections of T, at least one of which must require an hyper infinite subcover of C_.
Continuing in like manner yields a decreasing hyper infinite sequence of nested
n-boxes: To > Ty o T o...> T} o...,k € N*, where the side length of T} is (2a)/2*,
which #-converges to 0 as k tends to hyper infinity, £ - «*. Let us define a hyper
infinite sequence {x;},. such that each x; : x; € T. This hyper infinite sequence
is Cauchy, so it must #-converge to some #-limit L. Since each Tj}is #-closed, and
for each k the sequence {x;},_ is eventually always inside T}, we see that L € T}
for each k € N*. Since C_+ covers Ty, then it has some member U € C_+ such that
L € U. Since Uis open, there is an n-ball B(L) < U. For large enough &, one has
Ty < B(L) < U, but then the hyper infinite number of members of C..» needed to
cover T} can be replaced by just one: U, a contradiction.Thus, T is #-compact.
Since
S is #-closed and a subset of the #-compact set Ty, then S is also #-compact.
As an application of the Generalized Heine—Borel theorem, we give a short proof of
the Generalized Bolzano—Weierstrass Theorem.
Theorem 13.21.(Generalized Bolzano—Weierstrass Theorem) Every hyper
bounded
hyper infinite set S — *R# has at least one #-limit point.
Proof. We will show that a hyper bounded nonempty set without a #-limit point can
contain only finite or a hyper finite number of points. If S has no #-limit points, then S
is #-closed and every point x € S has an #-open neighborhood N, that
contains no point of S other than x. The collection H = {N,|x € S} is an #-open
covering for S. Since S is also hyper bounded, Theorem 13.20 implies that S can be
covered by finite or a hyper finite collection of sets from H, say N,,,...,Ny,,n € N*,
Since these sets contain only xi,...,x, from S, it follows that S = {x\} .7 € N*.

14 .External Cauchy hyperreals R? and *R# axiomatically.

A model for the Cauchy hyperreal number system consists of a set R?, two distinct
elements 0 and 1 of R¥, two binary operations + and x on R* (called addition and
multiplication, respectively), and a binary relation < on R, satisfying the following
properties.

Axioms:

.(R%,+,x) forms a field i.e.,

() Forallx,y, andzinR*, x+ (y+z) = (x+y)+zand x x (y xz) = (x X y) X z.
(associativity of addition and multiplication)

(i) Forallxand yinR*, x+y=y+xandxxy =y x x.

(commutativity of addition and multiplication)

(iii)Forall x,y, and zinR* x x (y +z) = (x xy) + (x x 2).

(distributivity of multiplication over addition)



(iv)For all x in R*, x + 0 = x.

(existence of additive identity)

0 is not equal to 1, and for all x in R*, x x 1 = x.

(existence of multiplicative identity)

(v) For every x in R*, there exists an element —x in R#, such that x + (—x) = 0.

(existence of additive inverses)

(vi)For every x # 0 in R*, there exists an element x — 1 in R*, such that x x x—1 = 1.

(existence of multiplicative inverses)

Il.(R* <) forms a totally ordered set. In other words,

(i) For all x in R*, x < x. (reflexivity)

(i) For all x and y in R*, if x < y and y < x, then x = y. (antisymmetry)

(iii)For all x,y, and z in R*, if x < y and y < z, then x < z. (transitivity)

(iv)For all x and y in R*, x < y or y < x. (totality)

The field operations + and x on R* are compatible with the order <. In other words,

(v)For all x,y and z in R*, if x < y, then x + z < y + z. (preservation of order under
addition)

(vi) For all x and y in R*, if 0 < x and 0 < y, then 0 < x x y (preservation of order
under

multiplication)

lll.Non-Archimedean property

Q* c R*i.e.,R* is non-Archimedean ordered field.

Remark 14.1.Here a hyperrational is by definition a ratio of two hyperintegers.
Consider

the ring Q, of all limited (i.e. finite) elements in Q*. Then Q}, has a unique maximal

ideal IZ, the infinitesimals or infinitesimal numbers are quantities that are closer to
zero

than any real number from the field R, but are not zero.The quotient ring Qf, /1%
gives the

field R of real numbers.

Definition 14.1. An element x € R* is called finite if |x| < » for some r € Q, r > 0.

As we shall see in a moment in bivalent case,

Theorem 14.1.Every finite x € R* is infinitely close to some (unique) » € R in the
sense

that |x — r| is either 0 or positively infinitesimal in R*. This unique r is called the
standard

part of x and is denoted by s#(x).

Proof. Let x € R* be finite. Let D;, be the set of » € R such that » < x and D, the set
of

r' € R such that x < . The pair (D,,D,) forms a Dedekind cut in R, hence
determines a

unique ro € R. A simple argument shows that |x — 7| is infinitesimal, i.e., st(x) = ro.




Notation 14.1.We usually write x = 0 iff x € I%.

Definition 14.2. A hypersequence of hyperreal numbers is any function a : N* - R¥,

Often hypersequences such as these are called hyperreal hypersequences,

hypersequences of hyperreal numbers or hypersequences in R* to make it clear that
the

elements of the sequence are hyperreal numbers. Analogous definitions can be
given for

sequences of hypernatural numbers, hyperintegers, etc.

Notation 14.2.However, we usually write a, for the image of n € N* under a, rather
than

a(n).The values a, are often called the elements of the hypersequence (x,) ¢

Definition 14.3. We call x € R* the limit of the hypersequence (x,), if the
following

condition holds: for each hyperreal number ¢ € R* such that ¢ ~ 0,¢ > 0, there exists
a

hypernatural number N € N* such that, for every hypernatural number n > N, we
have |x, —x|< &.

Definition 14.4.The hypersequence (x,),¢ IS said to #-converge to the #-limit x,

written x, -» x,n - o or lim,_+(x,) = x. Symbolically, this reads:

Ve[(e = 0) A (e > 0)][AN € N¥*(Vn e N*(n > N = |x, — x|< €))]. (14.1)

If a hypersequence (x,),.¢ converges to some limit, then it is convergent; otherwise
it

is #-divergent. A hypersequence that has zero as a #-limit is sometimes called a null

hypersequence.

Limits of hypersequences behave well with respect to the usual arithmetic
operations.

Ifa, - a,n - ©* and b, - b,n - " | then a, + b, - a+ b,n - «* and

a, x b, - a x b,n - o if neither b, or any b, is zero, a, x b, - a x b,n - o

The following properties of limits of real hypersequences provided, in each equation

below, that the limits on the right exist.

The limit of a hypersequence is unique.

1.#-lim, .+ (a, £ b,) = #-lim,_ .+ a, £ #lim,_ .+ b,

2.#-lim,_+(c x ay,) = ¢ x #-lim,_+ a,

3.#-lim,_+(a, x b,) = (#lim,_+) x (#-lim,_ .+ b,)

4 #-lim,_ .+ (a,/b,) = #-lim,_ .+ a,/#-lim,_ .+ b, provided #-lim,_ .+ b, + 0

5.4-lim,,_ .« an = [#-lim,_ .+ a,]”

6. If a, < b, where n greater than some N, then #-lim,_, .+ a, < #-lim,_ .+ b,

7. (Squeeze theorem) If a,, < ¢, < b,, and #-lim,_ .+ a, = #-lim,_ .+ b, = L, then

#-lim, .+ c, = L.

Definition 14.5.A hyper infinite sequence (x,) is said to tend to hyperinfinity, written



x, - oo or #lim,_+x, = oo, if for every K € R*, there is an N € N* such that for
every

n > N, that is, the hypersequence terms are eventually larger than any fixed K.

Similarly, x, - —o* if for every K € R*, there is an N € N* such that for every n > N,

x» < K. If a hypersequence tends to infinity or minus infinity, then it is divergent.

However, a divergent hypersequence need not tend to plus or minus hyperinfinity

Definition 14.6.A hypersequence (x,),.+Of hyperreal numbers is called a Cauchy

hypersequence if for every positive hyperreal number ¢, there is a positive
hyperinteger

N e N* such that for all hypernatural numbers m,n > N : |x,, — x,|< &,where the
vertical

bars denote the absolute value. In a similar way one can define
Cauchy hypersequences

of hyperrational numbers,etc. Cauchy formulated such a condition by requiring

xm —xu| = 0i.e., to be infinite small for every pair of infinite large m,n € N*,

Definition 14.7.Let R be the set of Cauchy hypersequences of hyperrational
numbers.

That is, hypersequences (x, ), of hyperrational numbers such that for every

hyperrational ¢ > 0, there exists an hyperinteger N € N*\N such that for all
hypernatural

numbers m,n > N,|x, — x,|< ¢. Here the vertical bars as usial denote the absolute
value.

Definition 14.8. A standard procedure to force all Cauchy hypersequences in a
metric

space to converge is adding new points to the metric space in a process called

completion. R# is defined as the completion of Q* with respect to the metric |x -y, as

will be detailed below.

Definition 14.9. Cauchy hypersequences (x,),.+ and (y,),«+ can be added and

multiplied as follows:

(xn)neN# + (yﬂ)neN# = (xﬂ +yn)neN#a (142)
and

(cn)nent X Vi) nent = (Xn X V) penvt - (14.3)

Definition 14.10. Two Cauchy hypersequences are called equivalent if and only if

the
difference between them tends to zero. This defines an equivalence relation that is
compatible with the operations (14.2)-(14.3) defined above, and the set R? of alll
equivalence classes cl[(x,),cy*] can be shown to satisfy all axioms of the hyperreal
numbers.
We can embed Q* into R* by identifying the rational number » € Q* with the



equivalence
class of the hypersequence  (r,),¢ With , = rfor all n € N*,
Remark 14.2.Comparison between hyperreal numbers is obtained by defining the
following comparison between Cauchy hypersequences:

(cn)nent = (Vi) nent (14.4)
if and only if x is equivalent to y or there exists an hyperinteger N € N* such that
Xn 2 Yn
foralln > N.

Remark 14.3.By construction, every hyperreal number x € R is represented by a
Cauchy hyper infinite sequence of hyperrational numbers. This representation is far
from unique; every hyperrational hypersequence that converges to x is a
representation of x. This reflects the observation that one can often use different
hypersequences to approximate the same hyperreal number.The equation
0.999...= 1 states that the hyper infinite sequences
(0,0.9,0.99,0.999,...) and (1,1,1,1,...) are equivalent, i.e., their difference
#-converges to 0.
IV.The field R* is complete in the following sense:
Definition 14.11.Let S < R’ be a non-empty set of hyperreal numbers.
A hyperreal number x € R? is called an upper bound for Sif x > s for all s € S.
A hyperreal number x is the least upper bound (or supremum supS) for S if x is an
upper
bound for § and x < y for every upper bound y of S.
Remark 14.4.The order < given by Eq.(14.4) obviously is <-incomplete.
Definition 14.12. Let S < R? be a nonempty subset of R%. We we will say that:
(1) S is <-admissible above if the following conditions are satisfied:
(i) S bounded above;
(i) let A(S) be a set Vx[x € A(S) < x > S]thenforany ¢ > 0,¢ =~ 0 there exsta € §
and € A(S) suchthat f—a < e = 0.
(2) S is <-admissible belov if the following condition are satisfied:
(i) S bounded belov;
(i) let L(S) be a set Vx[x € L(S) < x < S]thenforany ¢ > 0,¢ =~ 0 there exsta € §
and B € L(S) suchthata - <& = 0.
Theorem 14.2.(i) Every <-admissible above subset S & R? has a supremum sup S.
(i) Every <-admissible belov subset S < R¥ has infinum infs.
Proof.Let S < R? be a nonempty subset of R#, and let M € Q" be an hyperrational
upper bound for S. We are going to construct two hypersequences of hyperrational
numbers, (u,),¢and (/,),a¢. First, since S is nonempty, there is some element
S0 € S.
We can choose a hyperrational number L € Q* such that L < s,. Now, we go through
the following hyperinductive procedure to produce hyperrational numbers



Uo,U1,U2,...
and 10,11, 12,13,... .
(i) Setup = Mand [y = L.
(i) Suppose that we have already defined u, and /,,n € N*,
Consider the number m, = (u, + 1,)/2,i.e.,the average between u, and /,,.
(1) If m, is an upper bound for S, define u,,; = m, and /,;; = [,.
(2) If m, is not an upper bound for S, define u,.; = u, and ;1 = m,.
Since [y < M, itis easy to prove by hyperinfinite induction that (u,) . is a
non-increasing hypersequence, i.e.u,.1 < u, and (/,),«+ IS @ non-decreasing
hypersequence, i.e. [,11 > [,.
Remark 14.5. Note that in the first case above, we have that

_u11+ln_ _un_ln
—ly = S =y = S (14.5)

Uni1 — Ly = my,

In the second case, we also have that

Upil —lpi1 = Uy — My = Uy — Un + 1o _ u”_l”. (14.6)

2 2
Now, this means thatu, -/, = (M -L)andsou, — [, = +(u1 - 1) = ;—Z(M—L),
and in general by hyperinfinite induction one obtains
up — 11, =2""(M-L). (14.7)

Since M > Lso M- L > 0, and since 27 < n~! we have for any ¢ > 0,¢ ~ 0 that
27"(M - L) < ¢ for all sufficiently large n € N*\N. Thus, u, — [, < ¢ as well, and so

# -lim, .+ (tn — 1) = 0. (14.8)

This defines two hypersequences of hyperrationals, and so we have hyperreal
numbers

[ = (l,),en @and u = (u,),o. It is easy to prove, by induction on n € N* that:

(i) u, is an upper bound for S for all n € N*and

(ii) /, is never an upper bound for S for any n € N*.

Thus u is an upper bound for S. To see that it is a least upper bound, notice that the

#-limit of (u, —[,),# is 0, and so / = u. Now suppose b < u = [ is a smaller upper
bound

for S.Since (/,,),+ IS monotonic increasing it is easy to see that » < [, for some
n e N*,

But /, is not an upper bound for S and so neither is . Hence u is a least upper
bound

for S.

§14.1.External non-Archimedean field ﬁ@ via special
extension of external non-Archimedean field R¥.



Notation 14.1.3. Let A c R? and A # {0}.Then we write A > 0iffa € A = a > 0.

Definition 14.1.13. Let A < R* and A > 0.Assume that: a,b € A = a+b € A. Then

we say that A is a positive idempotent in R%.

Notation 14.1.4. We will denote by R, ;; a set of the all positive finite number in R

except infinitesimals in R?.

Remark 14.1.6.Note that a set RY, ; \{0Ogz:} < R is a positive idempotent in R?.

Proposition 14.1.1. Let A — R? is a positive idempotent in R#. Then the following
are

equivalent.[In what follows assume a,b > Og:].

(Yae A= 2aeA,

(i) a € A = na € Afor all standard integers n € N,

(iii) a € A = ra € A for all finite » € R%.

Proof. All parts are immediate from the Definition 14.1.13.

Notation 14.1.4. AZ =2 {5 € R¥|6 > 0,6 ~ 0},i.e. A% is a set of the all positive

infinitesimals in R%; AL £ {§ € Rf|6 < 0,6 = Og: },i.e. A% is a set of the all

negative infinitesimals in R%. Note that AL~ = —A%F.

Remark 14.1.7 Note that a set A" < R? is a positive idempotent in R# and A%

is a negative idempotent in R¥.

Definition 14.1.14. Let {a,}, be R’ . - valued countable sequence

a : N - RY, s such that:

(i) there is M e N such that {a,},, is monotonically decreasing R, ;- valued

countable sequence a : N —» RY, 5 \{Og+}

(i) there is M e N such that for all n > M,a, + Oy [it follows from (ii)]

(iii) for all n € N,a, # Ogy and for any € > 0,e # Ogs,€ € RY, o there is N € N such

that foralln > N : a, < € and we denote a set of the all these sequences by A

We define a set A" by ¢, € A’ = {—c,}7, € As".Note that A" = —As".

Remark 14.1.8.Note that a set A" is a positive idempotent in R* and a set A is a

negative idempotent in R¥.

Proposition 14.1.2.(1) Let {a,.} , € A5 and {bn}7y € AP then:

() {an} =g+ {bn}™ g 2 {an+ba} 2, € A

(if) {any g = {bu} 7o 2 {an—ba} 7y € MG UAS UAF UAE U{0g} 7,

where {0y} is a countable Og;- valued sequence.

(iii) {an} 7o % {ba} "y 2 {an x by} € AL

(2) Let {a,}*, € A and {b,}*, € A, then we define

() {an} 2y + {bad ™y 2 {an+ b, 37, € AL

(i) {an} 2y — {bn} ™y 2 {an—ba}™, € A UAS

(iii) {an} 2y X {bn} 2y £ {an x ba}™, € AG"

(3) Let {a.}7, € A UAG and x,y € R then we define



(iV) x +y{any o 2 X +yany,

Proof. Immediately by definitions and by Definition 14.1.14.

Definition 14.1.15. We define the relation (- < ) on aset As" by:

let {a,} 7, € A and {b,} 7, € A then {a,}*, < {b,}~, iff there is N € N such
thatforalln > N : a, < b, and similarly we define the relation (- < -) on a set A by:
let {a,} 7, € A’ and {b,} 7, € A then {a,}”, < {b,}~, iff there is N € N such
thatforalln > N : a, < b,

Definition 14.1.16. (1) We define the relation (- < +) on a set A} x RE, an DY:

let {a.} , € A and x € R?, an then {a, ), < xiff there is N € N such that for all
n>N:a, <x.

(2) We define the relation (- < ) on a set A*" x A.' by: let {any’ ., € A and x € A
then x < {a,} _, iffthere is N € Nsuch thatforalln > N : x < a,.

(3) Let {a.} , be AZ*- valued countable sequence a : N - AZ*, and we denote a set
of the all these sequences by A%,

We define the relation (- < -) on a set A%, x AL by: let {an}7, € AL, and x € AL
then {a,}, , < xiffthereis N € N such thatforalln > N : a, < x.

Proposition 14.1.2.Let {a,}”, € AL’ {a,}7, + Og: then there is N € N such that
Ops < AE < {anyiy < RE, 2\{Ogs )

Proof. Immediately by definitions and by Definition 14.1.15.

Remark 14.1.9.Note that it follows from Proposition 14.1.2 that

Ops < A < ALY < RY, 5 \{Ogs ). (14.1.9)

c+,fin

+0
(0]

Definition 14.1.17. Let {a,,}, be monotonically increasing R?, ;- valued countable
sequence a : N - R%, 2 \Af such that:

(i) there is M e N such that for all n > M,a, # Ogs

(i) there is N e N such that for all » > N and for any & > 0g:,& € [Rif;,ﬁn a, > & and we
denote a set of the all these sequences by A.”.We define a set A, by

cn € A" = {—c,}7, € A" Note that A = —AL"”.

Proposition 14.1.3.(1) Let {a,}>, € Ao” and {b,}”, € As” then:

() {an} =g+ {bn}7 g 2 {an+ba3 7, € AS”

(i) {an k2o = b} g 2 {an—bayiy € A UAS” UAE UAL UAL UAS {0gs )7,
where {OM}::O is a countable Og;- valued sequence.

(i) {an} 2y x {bay 2y 2 {an x by}2, € AL,

(2) Let {a.}7, € Aw~ and {b,}”, € Au" then we define

(i) {an}2 g+ {ba}2y 2 {an+ba}2, € Ao”

(i) {an} 2y = {bu} 2y 2 {an—ba} ™, € A" UAG”

(iii) {an} 2o % {bn} "y £ {an x by} 7y € AL

(3) Let {a.}7, € A” and x,y € R? then we define



(iV) xn + yufany o = {xn + yuany ., and we denote a set of the all these sequences

by {As”, xa i Wn ¥ b
Proof. Immediately by definitions and by Definition 14.1.16.
Remark 14.1.10.Note that {a,} 7, € As” = {a;'}7, € AL

Definition 14.1.18.(1) Let {a,.}, , € AR and let {An}n:() = {a.},_, be a hyper infinite
sequence
{An}:;#o = {an};o:() = <a07 {an};11=07 ] {an}ﬁ=07 ] {an}:}:O’ e >9 (14 1 10)

i.e. for any infinite m € N*\N,4,, = {a.} " ,. We will denote a set of the all these
hyper

|nf|n|te sequences by A

by A ".(2) Let {x, +yuan} g € {A" {xa b )i p @nd let

and a set of the all hyper infinite sequences {-a.}

oot e
{xn +ynAn}n:0 = {xn +ynan}n:0

1 X . (14.1.11)
(x,, + Vn@0s X0+ Yuln} s s 30 T Yulnf s s Xn Fn Yany,_os- -

i.e. for any infinite m € N"\N,4,, = {x, + y.a.},. We will denote a set of the all
these

hyper infinite sequences by {A”O {Ln o os {y,,}fzo}.

Definition 14.1.19.Let {4,}*" = {a,}~, and {B,}*", = {b.} ", be in AP
Then we define:
(i) 4.3, + {B. };’j“o =)o + by £ {ant biyiy = {4u+ B, ye AP
(ii) {4, };1.00 {Bx }n 0= {an}n 0 {b }n 0= {an _bn}n:() =
= {4, - B}, € AT UA U {OR#}

+10

(ii}) {4,} 7 > {B» },, "= Jan x{b b = 4 2 Lap x by} o = = {4, xB,}", € A
Let {4, }n -0 {an}n _p and {B, }n —0 = {b”}n _, be 'n{A {xln}fo’{yl"}fzw}and
(B} = {buyr, be m{AZ} X2 s Van o O,} Then we define:

(V) {Aa} 7+ {Bu} g = Tta + V10 ) g +4520 + 20Dy g 2

2 X1 +x00 FYinan Fy2ubu} ., = {xl,n + X2 F Yindn +y2uBa}

Definition 14.1.20.Let {¥,}*, be in A ,i.e.foralln e N, ¥, € A“O. Say
{‘Pn}fjo #-tends to Ogsas n — oo iff for any given ¢ > Ogs,& = Ogy there is a

hypernatural number N € NN, N = N(¢) such that forany n > N, |¥,|< .
Definition 14.1.21. Let {‘Pn}f:o be a hyper infinite sequence such that for all

neN ¥, e A”O We call {‘Pn}fjo a Cauchy hyper infinite sequence if the



difference between its terms #-tends to Og:. To be precise: given any & > Ogs,& = Ogs
there is a hypernatural number N € N\, N = N(¢) such that for any
m,n > N,|¥, —¥,l< €.

A~

Theorem 14.1.3.Let {¥,}* be in AJ". If {\I’n}ffjo is a #-convergent hyper infinite

sequence (thatis, ¥, -+ ® as n — «' for some ® e A;"), then {‘Pn}fjo is a Cauchy

hyper infinite sequence.

Proof.We know that ¥, -4 ®. Here is a ubiquitous trick: instead of using ¢ in the

definition, start with an arbitrary infinitesimall ¢ > 0,& = O+ and then choose N so
that

¥, —®| < ¢/2whenn > N. Then if m,n > N, we have

W, == (P = D)= (P — D) |, — D+, —D| < e/2+8/2 = ¢

This shows that {‘Pn}fjo is a Cauchy hyper infinite sequence.

Theorem 14.1 4.If {‘Pn}fjo is a Cauchy hyper infinite sequence, then it is bounded

in R%; that is, there is some number M € R¥ such that |{‘P,,}fj0|§ M for all n € N,

Proof. Since {‘Pn}fjo is Cauchy, setting € = 1 we know that there is some N such

that |V, — ¥,|< 1 whenever m,n > N. Thus, |Yy.1 —W,|< 1 forn > N. We can rewrite

thisas Wy — 1 < ¥, < Was1 + 1. This means that |V, is less than the maximum of

|Wni1 — 1] @and [P a1 + 1. So, set M € R larger than any number in the following list:

{AYols Vil -y ¥l Yt = 1, [Wr + 1]}

Then for any term ¥, if n < N, then |¥,| appears in the list and so |Yr|< M;if n > N,

then (as shown above) |V,| is less than at least one of the last two entries in the list,

and so |¥,|< M. Hence, M is a bound for the sequence.

Let = denote the set of all Cauchy hyper infinite sequences We must define an

equivalence relation on =.

Definition 14.1.22. Let S be a set of objects. A relation among pairs of

elements of S is said to be an equivalence relation if the following three properties

hold:

Reflexivity: for any s € S, s is related to s.

Symmetry: for any s,z € S, if s is related to t then ¢ is related to s.

Transitivity: for any s,¢,7 € S, if s is related to ¢ and ¢ is related to r, then s is

related to r.

The following well known proposition goes most of the way to showing that an

equivalence relation divides a set into bins.

Theorem 14.1.5. Let S be a set, with an equivalence relation on pairs of elements.

Fors € S, denote by [s] the set of all elements in S that are related to s. Then for

any s,t € S, either [s] = [¢] or [s] and [¢] are disjoint.

The sets [s] for s € S are called the equivalence classes, and they are the bins.

Corollary 14.1.1. If S is a set with an equivalence relation on pairs of elements, then

the equivalence classes are non-empty disjoint sets whose union is all of S.



I~

Definition 14.1.23.Let {‘Pm}fjo and {‘Pz,n}fjo be in A, Say they are equivalent
(i.e. related) if [¥1,, — Wau| »# O+ @s n — oo*, i.e. if the sequence {|¥1,, — ‘Pz,n|}f=#0
#-tends to Og;.

Proposition 14.1.4.Definition 4.1.23 yields an equivalence relation on =.

Proof. we need to show that this relation is reflexive, symmetric, and transitive.

* Reflexive: ¥, -V, = Og:, and the sequence all of whose terms are 0Oy clearly
converges to 0g:.So {‘Pn}fjo is related to {\Pn}ffjo.

« Symmetric: Suppose {\Pl,n}fjo is related to {‘Pz,n}fjo, S0 Wi, — Wau =4 Oge.
But¥,, - Y¥i,=—-(¥i,—-Y¥Y2.),and since only the absolute value |V, — Y2.|=

= [¥2,, — ¥1.| comes into play in Definition 14.1.23,it follows that ¥,, — V1, —# Ogs
as well. Hence, {‘Pz,n}fjo is related to {‘Pl,,,}:’jo.

* Transitive: Here we will use the ¢/2 trick we applied to prove Theorem 14.1.4.
Suppose {‘I’l,n}fjo is related to {‘Pz,n}fjo, and {‘Pz,n}fjo is related to {‘P3,n}ff0. This
means that ¥, — V2, -4 Ogr and W, — W3, -4 Ogs.

To be fully precise, let us fix infinite small ¢ > Og+; then there exists an N € N*\N
such that for all n > N,|¥ ., — Y2.l< €/2; also, there exists an M such that for all
n> M|V, —Vsa.l< €/2. Well, then, as long as n > max(N, M) , we have that

Won = Wanl= [(Win—Vou) + (Wou —V3,) S [Pin — PoulHWon — VPinl< €2+ 62 = €.
So, choosing L equal to the max of N,M , we see that given ¢ > 0 we can always
choose L so that forn > L,|'¥1, — ¥s,|< €. This means that ¥, — Vs, -4 Ogs —i.€.
{‘Pl,n}fjo is related to {‘Pg,,,}fjo.

So, we really have equivalence relation, and so by Corollary 14.1.1, the set = is
partitioned into disjoint subsets (equivalence classes).

Definition 14.1.24. The hyperreal numbers @f are the equivalence classes
[{‘Pl,n}ﬁo] of Cauchy hyper infinite sequences of, as per Definition 14.1.23.

That is, each such equivalence class is a hyperreal number in R¥.

Definition 14.1.25.Let 5,7 € @f, so there are Cauchy hyper infinite sequences
(¥}, and {@, )7 with s = [ {¥,}7 ] and ¢t = [{@,} 7 ].

(a) Define s + t to be the equivalence class of the hyper infinite sequence

¥, +@,07,.

(b) Define s x t to be the equivalence class of the hyper infinite sequence

W, x D,

Proposition 14.1.5.The operations +, - in Definition 14.1.25 (a),(b) are well-defined.
Proof. Suppose that [{‘Pn}fj()] = [{‘Pl’n}fjo] and [{@n}fj()] = [{d)l’n}fjo].
Thus means that ¥, — ¥, »# Oz and @, — @, -4 Og:. Then

Wy+D,) - (Win+P1p) = (Vy—VYiu)+ (D, —Dy,).Now, using the familiar /2
trick, you can construct a proof that this tends to Og+, and so



[(Wn+ D@p)] = [(Win + Dra)l.

Multiplication is a little trickier; this is where we will use Theorem 14.1.4. We will
also use another ubiquitous technique: adding Og: in the form of s —s. Again,
suppose that

(27 ] = [{¥ar  and [{@,3 7 ] = [{®1.}7, | we wish to show that
({0 x @37 | = [{¥10 x @14}, ], or, in other words, that

Wy x @, —¥1, x Dy, -4 Ogs. Well, we add and subtract one of the other cross
terms, say ®, x ¥, :

VYVox®p -V, x01, =¥, x0p+ (@, x Vi, —Opx Vi) - VYinxDP1, =
=Wux @,—D, x Y1)+ (@) x Yip—VYinx ®1p) =

= (I)n X (‘Pn - \Pl,n) + \Pl,n X ((Dn - (1)1,,,).

Hence, we have [V, x ®, — W, X @,< |®y|x |Vy — ViaHVial |@n— Pyl
Now, from Theorem 14.1.4, there are numbers M and L such that |®,|< M and
|¥,,|< L forall n € N*, Taking some number R (for example R = M + L) which is
bigger than both, we have

|\Pn X (Dn - \Pl,n X (Dl,nlf |(Dn|>< |\Pn - \Pl,n|+|\Pl,n|X |(Dn - (I)l,n|S

< R(l\Pn - LI"1,n|_+'|(1)n - d)l,nD-

Now, noting that both an - cn and ®, — @, #-tend to Og; and using the &/2 trick
(actually, this time we’ll want to use /2R, we see that

Y, x0, - \Pl,n X (Dl,n > O[Rf.

Theorem 14.1.6. Given any hyperreal number

s € [R?’ S * 0@ = [ORg} = [(OR?)OR§7OR?’OR§"")]’

there is a hyperreal number ¢ € @f such that
SX = 1@ = [i\ugg} = [(le,l[Rﬁf, le,l[Rﬁ,...)].

Proof. First we must properly understand what the theorem says. The premise is

that s is nonzero, which means that s is not in the equivalence class of

0@ = (Og#,0g#,0r#,0p%,...). In other words, s = [{‘Pn}fj()] where ¥, — Og:+ does not

#-converge to Og:as n — «*. From this, we are to deduce the existence of a
hyperreal

number

t = [{®@.}7, ] such thatsx ¢ = [{¥, x ®,} ] is the same equivalence class as

1@ = [(Ig#, 1gs, 1gs, Igs,...)]. Doing so is actually an easy consequence of the fact
that

nonzero hyperreal numbers from R# have multiplicative inverses, but there is a
subtle

difficulty. Just because s is nonzero (i.e. {‘I’n}fjo does not #-tend to Og:), there’s no

reason any number of the terms in {‘I’n}fjo can’t equal Og:. However, it turns out



that

eventually, ¥, + Og;.

That is,

Lemma 14.1.1. If {‘P,,}fjo is a Cauchy hyper infinite sequence which does not
#-tend

to Og#, then there is an N € N* such that, for n > N, ¥, # Og:.

We will now use it to complete the proof of Theorem 14.1.6.

Let N € N be such that ¥, # Og+ for n > N. Define hyper infinite sequence @, of

hyperreal numbers from @f as follows:

forn < N,®, = Ogs, and forn > N, ®, = 1/¥, :

(0,37 = (0gs,0g1,. .., Ogs, 1gs /P rver, 1/ ns2, ).

This makes sense since, for n > N, an is a nonzero hyperreal number, so

lgi/¥), exists.

Then ¥, x @, is equal to ¥, x0g: = Og+ for n < N, and equals

Wy x®, =¥, x lgs/¥,=1gs forn >N

Well, then, if we look at the hyper infinite sequence 1@ = (1, Ips, 1ge, 1ge,. .. ), we

have (1g#, gy, Lgs, Lgs,...) — (¥ x @,) is the sequence which is 1@ — 0@ = 1@

for n < N and equals 1@ —1@ = Og+ for n > N. Since this hyper infinite sequence is

eventually equal to O:, it #-converges to O+ as n » «*, and so

(4% x @037 ] = [Qaps Legs L T )] = 15 € R7. This shows that ¢ = [ {®,}%, ]
is a multiplicative inverse to s = [{‘P,,}fjo]

Definition 14.1.26. Let s € R? . Say that s is positive if s = 0z, and if s = ({37 ]

for some Cauchy hyper infinite sequence such that for some N,¥,, > O for all
n>N.

Given two hyperreal numbers s,¢, say that s > ¢if s — ¢ is positive.

Theorem 14.1.7. Let s,z € @f be hyperreal numbers such thats > ¢, and let » @f.

Thens+r>t+r.

Proof. Lets = [ {¥,}7 |.t = [{®.}2, ], and r = [{©,}7, |- Since s > 1, ie.

s —t > 0, we know that there is an N such that, forn > V¥, -®, > 0.So ¥, > @,

for n > N. Now, adding ©, to both sides of this inequality , we have

¥, +0, > ®,+0,forn >N, or (¥, +0,) - (D, +0,) > 0g: forn > N. Note also that

(¥, +0,) - (@, +0,) =Y, -, does not #-converge to Oy as n - *, by the

assumption that s — 7 > O@. Thus, by Definition 14.1.26, this means that:

s+r= [{‘I’n +®n}:’j0] > [{CD,, + ®"}fjo] — 47
Definition 14.1.27. There is canonical imbeding



R# o RY (14.1.14)
defined by

a — [a] (14.1.15)
where 7 is hyper infinite sequence a= (a a,....),a € R,
Notation 14.1.5.a = (a,a,....) € [R# ae [R#
Remark 14.1.11.If q € @f we will identify hyperreal a with hyper infinite sequence
{an}fjo = ap,ai,...,an-1,dy,N € N¥since a = #-lim,_ .+ a,.

Definition 14.1.28. (i) Let {an}ﬁzo,k e N be finite sequence in @f, {an}ﬁ:() c @f.
,_/% —~
We define external hyper infinite sequence {an}’;zo c R% by

* k
Ansky Lo = Aanf o = (14.1.16)

= (a0, {an} ) gpee s dan} - fan} 0, an).

(ii) Let {a,} ", be countable sequence in @ Han), C @

f_/%
We define hyper infinite sequence {4, }n o = san) ., C [R# by

/ o’ ©
{An;oo}n:() = {a"}n:() =

e (14.1.17)
= (ao,{an};_o,,...,{an}ﬁ_o,...{an}f_o,{an}f_o).
(iii) Let {an}ffzo,N e N*\N be external hyperfinite sequence in @g : {a,,}ﬁl\’:o c @f
We define hyper infinite sequence m C @’sz by
—
{Au; Ny, = fany iy = (14.1.18)

= (ao,{an},llzo,...,{an}nzo,...,{an}n O,{an}n O,aN>

Definition 14.1.29.(i) Let {a,}*_,,k e N be finite sequence in RY, {a,}* < RY,
A=k

We define external finite sum Exz-) _ a, by

/\ﬂ—k

=k—1
Ext-y, o an=4cath g = (co{enthgreees e}t et ') (14.1.19)
where ¢y = ag,¢; = EXt‘Zn;o an0 <n <k
(ii) Let {a,} ", be countable sequence in @f Han), < @f. We define external

AN=0

countable sum Ext-) = a, by



AN\N1=0
Ext—Z o Gn = {Cn}j:o = (14.1.20)

(CO,{cn};_oa {cﬂ}n -0 " ’{C"}:}—O’{c"}n—o)

where co = ao,cr = Ext—2n=k an,k € N.
(iii) Let {a,})_ O,N e N*\N be external hyperfinite sequence in [R# {an}n 0 C R#
/\n—N

We define external hyperfinite sum Exz-) | _ a, by
/\I’l—N /—% n=N—1
Ext-). . an {cn = (co.dcnttgreeesdent it dent i 2n) (14.1.21)
“dn, 0 <k <Ny = Ext-zn \ dn.
{a,}", = R¥ such

where ¢y = ao,cr = Ext-
(iv) Let {a,}"—),N € N*\N be external hyperfinite sequence in [R#

that a, = 0 for all n € N*\N. We assume that
~n=N AN=0
Ext—ano an = Ext—ano ay. (14.1.22)
Example 14.1.1.Consider the G.P: a,ar, ar NN e N q e @f
re ﬁ@ be the first term and the ratio of the G.P respectively. Then for any
N € N* by Proposition 14.1.6 and Definition 14.1.29 one obtains that
—_— —_—
~n=N-1 e N 1@; /N\
= n—1 — c — c _ 14
Ext anl ar a ——r .a ——r a ——r (14.1.23)
R R% RZ
and
/\
NP . 1@ e *
Ext—Zn=lar R vomrl A b vesrl S (14.1.24)
R% RE n=1

Example 14.1.2.Consider the G.P: a,ar, ar N N e *N,a € @/sz,r e R¥,

r > 0,r = 1.Note that
/\
N _~_n=N-1

1@ —r
_®e _ n-1 _
a llRif — Ext anl or
A© P
— _ }’l*] _ n 1 —
Ext anlar + Ext Z(%N#\NM(}?SNA)O! (14.1.25)
/l\ o
—~ P
— R% _ r" _ n—1
¢ l~-r a{ l~—r } + b Z(neN#\N)A(nSNfl)W '
[Rc RC I’l:1

From (14.1.25) we obtain



N o0
N l——r = n
Ext- E ar! = gq—2¢ -a Re yogd —I" =
(ne*NW)A(n<N-1) 1 gt —F l——r l——r

Assume that: (i) » < 1~.then from (14.1.26) we obtain

N
- n—1 —
Ext Z(neN#\N)/\(nsN—l )ar > O[Rff'

(ii) > 1~,then from (14.1.26) we obtain

R
/\
o~ o0 L ——
1 77 X },.N
Ext- E ar™ =« +a > 0~.
(neNAN)A(n<N-1) l~-r r—1~ RE
[Rg n=1 Rﬁ

Proposition 14.1.6.(i) Consider the G.P: a,ar,ar?,....arN"',N € N* . Let Sy,

a € R% r € R? be the sum of N terms, first term and the ratio of the G.P

respectively. Then for any N € N*the statement ®y holds

n=N-1 . | lps — rN
ar =a

(I)N = Ext- an] ﬁ.
RE ™

Proof.(i) Directly by hyperinfinite induction. Note that ®y =, @y, :

_ NN -l NN el N _ z N _
Sny1 = Ext an] ar" = Ext anl ar"” +ar" = a—lR# - tor
1ge =1V (1 R#—r>rN 1 e — N+ 7N — N
=Q— +a < = q—= =
le—V l[Rﬁ—r l[Rﬁ—r
B I[Rff — N+l
le —r
IR# +I"N+1
Thus Sy.1 = « 1” p and therefore @y, holds.
R# —

(i) Consider the G.P: a,ar,ar?,....ar™!,N € N* Let Sy,

a e @’R\f,r € @’R\f be the sum of N terms, first term and the ratio of the G.P

respectively. Then for any N € *Nthe statement @y holds

~n=N-1 IN—FN
~~ _1 R#
(DN f— Ext- E ar” =qQ—F——-.
n=1 1@—}”

Notice that (i)=(ii) by definitions.

(14.1.26)

(14.1.27)

(14.1.28)

(14.1.29)

(14.1.30)

(14.1.31)

Definition 14.1.30. Let {an}:’jo,n e N* be external hyperinfinite sequence in ﬁR{f :



/\00#

{a,,}fjo c @f We define external hyperinfinite sum Exz-Y _ a, by

o~ ~h=N
Ext-)] an = #-limy ¢ (Exf-Zn_o an> (14.1.32)

if #-limit in (14.1.31) exists.

Example 14.1.3.Consider the G.P: a,ar,ar?,....ar"',n e N*,a € @f,r € @f
From (14.1.27) we obtain

N

oot ~n=N 1@ —7
Ext-znzoarn_l = #- limNﬂw# (Exl—zn_o ar”—1> = #-limNﬁoo# aﬁ =
R (14.1.33)
7
= <
1@ -r

c

since #-lim_ .+ Y = 0~ if |r| < 1.From (14.1.33) and (14.1.25) we obtain

1@ Ao | AN\® 1 P 1
c — - n—1 _— - n— - n—1 —
a = Ext-) 0O Ext-) 0" + Ext > et O

l~-—r
R

(14.1.34)

From (14.1.34) we obtain

l~-—-r l~-—r
R R

c c

o0
_ r"
= a{ lf;—r} > OR?.
R? n=1

Definition 14.1.31. Let {a,}, be R%- valued countable sequence
a : N - *R# such that:
(i) there is M e N such that for all n > M,a, # 0.y,

—+,%0

we denote a set of the all these sequences by =&

—+,#0

We define a set -257° by {c,}>, € 25" = {-c.}*, € Z57°.Note that

- +,#0 _ = +,+0
—) — T —i® .

(ii) there is countable subsequence {a., },, < {a.}, , such thata, = Ogs,k > m
and a, # Og: iffa, & {an -
we denote a set of the all these countable sequences by =5*=°.

We define a set —Z5™"" by {c,}*, € -Ea' " < {~ca}>, € o . Note that
— +,#0v=0 _ ) +,#0v=0
et (1) .

= —=o

P 1~ 1~ ®
_ nl _ RE _ RE r" _
Ext E ot = a o a o =

(14.1.35)




Definition 14.1.31.

(1) Let {a,}>, € :zﬁ“) and {b,}*, € E5°
() {an} =g+ {bay 2y 2 {an + by} 7, € 250V
(ii) {any g = bnr2y 2 {an—bu}>, € 2570

(i) {an}iry x {buyiry = {an x bu}iey € Eo™

(V) anbie)™ 2 {ap'ye, € 257

(2) Let {a,}”, € 27" and {b,}, € 25" then we define
(i) {any g+ {buyiy = {an+bayy € B0

(ii) {an}>y — {ba}>y 2 {an—bo}>, € 2577
(i) {an} ™y X {bn} 2y £ {an x by}*, € THHOV0
(V) {an}2) ™" £ {ak 7, where

a;l if an * O*R#
al = _ ‘ (14.1.36)

O*[Rff |f a, = O*Rﬁ

Note that
(i) (Gany2)™) ™ = {any 2,

(i) {an}7 o x ({an}2y) ™" = 1.ps where 1.gs = {a,}7, is countable sequence

such that
1 if a, 0
4y = { . " (14.1.37)

ORf |f o, = ORf
Definition 14.1.32. We say that
({an}7,) """ € 267 is a quasi inverse of {a,}*,.

Definition 14.1.33.(1) Let {a,.}, , € 257V and let {4, } 0 {an}n _, be a hyper
infinite sequence

A = anr oy = (aos{an} g o4y oo i@y 2@} ) (14.1.38)
i.e. for any infinite m € N*\N,4,, = {a.} " ,. We will denote a set of the all these

~t#0V=0
hyper infinite sequences by =,

(2) Let {x, +yna,}7, € 257"~ and let

o —_—
{n +yndn g = {xn +ynan}n:o =

1 . . (14.1.39)
(xo +Y0a0, X0+ Yuln} s os 30 T Yulnfogs- s X0 Fn Yany,_os- -

i.e. for any infinite m € N"\N,4,, = {x, + y.a.},. We will denote a set of the all

these hyper infinite sequences by {Z57"", {x,} 7. Voo -

~+ #0\/ 0

Definition 14.1.34.Let {4, }n o = {any,and {B,},% = {ba}>, bein E,
Then we define:



+,#0V=0

. oof 0 T 3 % 7L o AT T o © ~-
() {Anymo + {Bu} T = {and iy +4bu) g 2 {an + bay oy = {dn + B,}7, € B,
" oot ot < o 7L swo AT I wo

(") {An}nzo - {Bn}n:o = {an}nzo _{bn}n:o = {a, _bn}n:o =

oot :i,¢0\/:0
- {An_Bn}n=0 S ‘:‘C()
~t#0V=0

(iii) {4} 7o % (Bt = {ant g X{butog 2 {an X b}y = $Au x Bu} iy € B,
Definition 14.1.35.Let {¥,}*, be in Ef,’ﬂv:o,i.e. forall n e N*, ¥, € 2500,
Say {‘Pn}fjo #-tends to Ogs as n — o iff for any given & > Ogs,& =~ Og: there is
a hypernatural number N € N\N, N = N(¢) such that forany n > N,|¥,|< .
Definition 14.1.36. Let {\Pn}f:o be a hyper infinite sequence such that for all

~t#0

neN' V¥, ez, V:O.We call {Tn}fjo a Cauchy hyper infinite sequence if the
difference between its terms #-tends to Og:. To be precise: given any ¢ > Ogs,
¢ = Ogsthere is a hypernatural number N € N\, N = N(¢) such that for any
m,n > N,|¥, - ¥,l< €.

Theorem 14.1.8.Let {¥,}*, be in Ef,’qtovzo. If {¥, ), is a #-convergent hyper

~t#F0V=

infinite sequence (thatis, ¥, -+ ® as n » «" for some ® € =, O), then
{Tn}fjo is a Cauchy hyper infinite sequence.

Proof.We know that ¥, -4 ®. Here is a ubiquitous trick: instead of using ¢ in the
definition, start with an arbitrary infinitesimall ¢ > Og#,& = Ogs and then choose

Nsothat |V, - ®| < &2whenn > N. Then if m,n > N, we have

Wy = W] = (P = D) = (P — D)< [P, — D| +¥,, —D| < &/2+6/2 = &.

This shows that {‘Pn}fjo is a Cauchy hyper infinite sequence.

Theorem 14.1.9.If {‘Pn};‘fo is a Cauchy hyper infinite sequence, then it is

bounded in R¥; that is, there is some number M € R such that

|{‘Pn}fjo|§ M for all n e N,

Proof. Since {¥,},% is Cauchy, setting ¢ = 1 we know that there is some N such
that |¥,, — ¥,|< 1 whenever m,n > N. Thus, |¥Yy:1 — W,|< 1 forn > N. We can rewrite
thisas Wy — 1 < ¥, < Was1 + 1. This means that |V, is less than the maximum of
|¥yi1 — 1] and [Py + 1. So, set M € R larger than any number in the following

list: {|lI’0|, Pil,...,|¥Ynl, | Warr — 1], [P yer + 1|}

Then for any term ¥, if n < N, then |¥,| appears in the list and so |¥,|< M;ifn > N,
then (as shown above) |V, | is less than at least one of the last two entries in the list,
and so |¥,|< M. Hence, M is a bound for the sequence.

~

Let = denote the set of all Cauchy hyper infinite sequences. We must define an

equivalence relation on z.

Definition 14.1.37. Let S be a set of objects. A relation among pairs of

elements of S is said to be an equivalence relation if the following three properties
hold:

Reflexivity: for any s € S, s is related to s.



Symmetry: for any s,z € S, if s is related to t then ¢ is related to s.

Transitivity: for any s,z,7 € S, if s is related to ¢ and ¢ is related to r, then s is

related to r.

The following well known proposition goes most of the way to showing that an

equivalence relation divides a set into bins.

Theorem 14.1.5.10. Let S be a set, with an equivalence relation on pairs of
elements.

Fors € S, denote by [s] the set of all elements in S that are related to s. Then for

any s,t € S, either [s] = [¢] or [s] and [¢] are disjoint.

The sets [s] for s € S are called the equivalence classes, and they are the bins.

Corollary 14.1.2. If S is a set with an equivalence relation on pairs of elements, then

the equivalence classes are non-empty disjoint sets whose union is all of S.

~+,0V=0
Definition 14.1.38.Let {¥,,}*, and {¥,,}*’, be in =2 say they are
equivalent (i.e. related) if [¥1,, — W2.| »# Og+ @s n - o, i.e. if the hyper infinite

sequence {|¥1, — W2,.[} 7, #-tends to Og;.
~+#0V=0
Proposition 14.1.4. Definition 4.1.38 yields an equivalence relation on Ewi '

Proof. We need to show that this relation is reflexive, symmetric, and transitive.
* Reflexive: ¥, -, = Oz:, and the sequence all of whose terms are 0O: clearly
#-converges to Og+.So {‘P,,}fjo is related to {‘Pn}fjo.
« Symmetric: Suppose {‘I’Ln}fjo is related to {‘I’z,n}fjo, SO Wi, — Wou =# Oge.
But¥,, - ¥, = —(¥i, - ¥2.),and since only the absolute value |¥;, — ¥,,|=
= |¥2,, — ¥1.,| comes into play in Definition 14.1.35,it follows that ¥, — W1, —»# Ogs
as well. Hence, {‘Pz,n}fjo is related to {‘Pm}fjo.
* Transitive: Here we will use the &/2 trick we applied to prove Theorem 14.1.4.
Suppose {\Pl,n}fjo is related to {‘Pz,n}fjo, and {‘Pz,n}fjo is related to {‘Pg,,,,}fjo.
This means that ¥, — W2, —»# Ogz and W2, — W3, —»# Ogs.
To be fully precise, let us fix infinite small £ > 0g:; then there exists an N e NAN
such that for all n > N, |V, — ¥2.| < €/2; also, there exists an M such that for all
n> MY, —¥s,< /2. Well, then, as long as n > max(N, M) , we have that
Vo, — Viaul= |(\P1n —Wou)+ (Waon — \P3,n)‘§ Win — WYoul+Wou — Viul< €/2+€/2 = ¢.
So, choosing L equal to the max of N, M , we see that given ¢ > 0 we can always
choose L so that forn > L,|V1, — ¥3,|< €. This means that ¥, — V3, =4 O,
i.e. {‘Pl,n}fjo is related to {‘P3,n}f:0.

~1+0V=0

So, we really have equivalence relation, and so by Corollary 14.1.2, the set =,
is partitioned into disjoint subsets (equivalence classes).

Definition 14.1.39. The hyperreal numbers @’sz contain: (1) all the equivalence
classes [{‘I’l,n}fj()] of Cauchy hyper infinite sequences of, as per

Definition 14.1.38 and (2) the all gyperreals R? — @f by canonical imbedding



R# & RY (14.1.42)-(14.1.43).
That is, each such equivalence class is a hyperreal number in R .

Definition 14.1.40. Let 5,7 € @’RE so there are Cauchy hyper infinite

sequences {¥,}’ and {®,}7 with s = [{¥,}7 ] and r = [ {®,}7, ].

(a) Define s + t to be the equivalence class of the hyper infinite sequence

¥, + 0,07,

(b) Define s x t to be the equivalence class of the hyper infinite sequence

W, x ®,07 .

Proposition 14.1.5.The operations +, x in Definition 14.1.25 (a),(b) are well-defined.
Proof. Suppose that [ {¥,}7 | = [{¥1.}7, | and [{@.}7 ] = [{@u.}2 ].
Thus means that ¥, — ¥, »» Oz and ®, — @, -4 Og:. Then

Wi+ Dy) — (Pin+DPip) = (Vy—Yin) + (P, — Dy ,). Now, using the familiar ¢/2
trick, you can construct a proof that this tends to Og:, and so

[(\Pn + (Dn)] = [(\Pl,n + (Dl,n)]'

Multiplication is a little trickier; this is where we will use Theorem 14.1.10. We will
also use another ubiquitous technique: adding Og: in the form of s — 5. Again,
suppose that

[{‘Pn}fj()] = [{‘Pl,n}fjo] and [{@n}fj()] = [{d)l’n}fjo]; we wish to show that
[{‘Pn X cI),,}fj()] = [{‘Pl,n X (D1,n};0j0:|, or, in other words, that

W, x @, =¥, x D1, -4 Ogs. Well, we add and subtract one of the other cross
terms, say @, x ¥y, :

VYVox®, -V, x0, =¥, x0,+ (@, x Vi —Opx Vi) =VinxP1, =
=Wux @, -0, x Y1)+ (@, x Yip—VYinx @) =

=0, x (V,—Yiu)+¥Yiux (O, —Dyy).

Hence, we have [V, x ®, — W, X @,|< |Oy|x |Vy — Via[HYial |@n— D1yl
Now, from Theorem 14.1.9, there are numbers M and L such that |®,|< M and
|¥1.|< L for all n € N*. Taking some number R (for example R = M + L) which is
bigger than both, we have

Wy x @y —Wipx Oaf< [@ufX [Py = Viu[HW 14X [Pr — P 1|<

< R(l\Pn - \Pl,n|+|q)n - (I)l,nD-

Now, noting that both ¥, -¥;, and ®, — @, #-tend to Og; and using the &/2 trick
(actually, this time we’ll want to use &/2R, we see that

Y, x Dy — Wi, x Dry >4 Ogy

Theorem 14.2.11. Given any hyperreal number s € R?, s # 0@, there is a

hyperreal number r € R suchthatsx 1= 1~ orsx = 1~.
R R

Proof. First we must properly understand what the theorem says. The premise is
that s is nonzero, which means that s is not in the equivalence class of



0@ = (Og#,0g#,0r#, Ogs,... ). (14.1.40)

In other words, s = [{‘Pn}fjo} where W, — 0 does not #-converge t0 0g.
From this, we are to deduce the existence of a hyperreal number ¢ = [{d)n}fj()]
such that s x ¢ = [{‘Pn X cD,,}ij] is the same equivalence

class as 1@ = [(Ip#, 1g#, 1gs, Lg#,... )] OF @as some I@. Doing so is actually an

easy consequence of the fact that nonzero hyperreal numbers from R# have
multiplicative inverses, but there is a subtle difficulty. Just because s is nonzero

(i.e. {‘P,,}fjo does not #-tend to Oz+ as n - «*), there’s no reason any number
of the terms in {‘P,,}fjo can’'t equal 0~. However, it turns out that eventually,
VY, + O[Ryg.
That is,
Lemma 14.1.2. If {‘Pn}fjo is a Cauchy hyper infinite sequence which does
not #-tends to Og:, then thereisan N e N* such that, forn > N, ¥, # Og.
We will now use it to complete the proof of Theorem 14.2.11.
Let N € N* be such that ¥, # Og+ for n > N. Define hyper infinite sequence @, of
hyperreal numbers from @ as follows:
forn < N,®, = Ogs, and forn > N, ®, = 1gs/\¥, :
{(Dn}:f() = (Or#,Opt, ..., Ogs, Lps/ P ivir, g/ P v, .. 0 ).
This makes sense since, for n > N, an is a nonzero hyperreal number, so
1g#/'¥,, exists.
Then ¥, x @, is equal to ¥, x0g; = O+ for n < N, and equals
¥, xd,=Y¥, x lRﬁ/‘Pn = I[Rff forn > N
Well, then, if we look at the hyper infinite sequence
l@gz (1, Ige, 1ge, 1ge,..n ), (14.1.41)
we have (Ig#, 1gs, 1ge, Igs,...) = (W, x @,) is the hyper infinite sequence which

is 1@ — 0@ = 1@ for n < N and equals 1@ —1@ = 0@ for n > N. Since this

hyper infinite sequence is eventually equal to Oy, it #-converges to Og+ as n —» o,
and s0 [{¥, x ©,}7% ] = [(less Lag, Tas Tags--)] = 1z € R? and similarly

[{‘Pn X cI),,}fj()] = i@; e R7. This shows that ¢ = [{d),,}fj()] is a multiplicative
inverse (and similarly; quasi inverse) to s = [{‘P,,}fjo]

Definition 14.2.41. Let s € @ . Say that s is positive if s + O@, and if

s = [{‘Pn}fj()] for some Cauchy hyper infinite sequence suck; that for some N,

¥, > Og; for all n > N.Given two hyperreal numbers s,¢ € ﬁsz say that s > ¢if



s —t is positive.

Theorem 14.1.7. Let s, € @f be hyperreal numbers such that s > ¢, and let

r e /*I]\RE.Thens+r > t+r.

Proof. Lets = [ {¥,}7 |.t = [{®.}7 ], and r = [{©,}7 ] Since s > 1, ie.

s —t > 0, we know that there is an N such that, forn > V¥, -®, > 0.So ¥, > @,
for n > N. Now, adding ©, to both sides of this inequality , we have

Y, +0, > ®,+0,forn >N, or (¥, +0,) - (®, +0,) > 0g: for n > N. Note also that
¥, +0,)-(@,+0,) =¥, -, does not #-converge to 0.z as n - *oo, by the
assumption that s — 7 > 0@. Thus, by Definition 14.2.41, this means that:

s+r= [{‘Pn +®,,}ij] > [{(Dn + @n}fjo} =t+r.

Definition 14.1.42. There is canonical imbeding

R# & R¥ (14.1.42)
defined by
a— (14.1.43)

~

where 7 is hyper infinite sequence @ = (a,a,....) € R¥,a € R%.
Notation 14.1.5. a2 = (a,a,....) € R?¥,a € R%,

Definition 14.1.43. (i) Let {a,}*_,,k € N be finite sequence in RY, {a.}t < RY,
,_/% —~
We define external hyper infinite sequence {an}ﬁzo c Rfby

Ak} = {an}t =
nsky, o = {an},o = (14.1.44)
= (a()oalo"'oam:'"9ak—1’ak’a;>-

(ii) Let {a,} ., be countable sequence in @f Han), C @’RE

# f_% I~
We define hyper infinite sequence {4,}", = {a.} ., < R% by
! *o0 )
A0}, = {an}, o =

R o (14.1.45)
— (ao,al,...,ak,...{an}n_o,{an}n_o).

(iii) Let {an}ffzo,N e N*\N be external hyperfinite sequence in ﬁ@ : {a,,}ﬁl\’:o c ﬁ{;f
,_/% ~
We define hyper infinite sequence {a,}" , = R¥ by

*o50 N
{An;N}n:O = {a”}nzo =

(14.1.46)
P
= (a():al::'"9am9"'9aN—laN’aN>~



Definition 14.1.44.(i) Let {a,}*_,,k N be finite sequence in R7, {a,}Y, < R7.
/\I’l=k

We define external finite sum Ext-» _ a, by
~n=k ——
Ext-Y, . an=4ca}h = (co.ct,...,c, k) (14.1.47)
where ¢y = ag,c; = Ext-zg an0<j<k

(ii) Let {a,} ., be countable sequence in @f : {an}7, < RE. We define external
A\N=0
countable sum Ext-)

A~J=0

o0
Ext-ZnZO an =Scnf o=

- (CO,CI,...,Ck,...{Cn};o:()am) € [m} (14.1.48)

k
where co = ao,cx = Ext-) " an,k € N,

(iii) Let {a,}"=),N € *N\N be external hyperfinite sequence in “RY {a.}Y, < “RY.

/\}’l:N
We define external hyperfinite sum Exz-»_ _ a, by
~n=N ——
Ext). . an= {en 32 = (C0,ClynevsChiyevasCN> ) (14.1.49)

—k -N
where ¢y = ao,cir = Ext—ZZ:O an, 0 <k<N,cy = EXt'Z::() an.

(iv) Let {an},’jj)v,N e N* be external hyperfinite sequence in @f : {an}ff:o c @’@
such that a,, = 0 for all n € N*\N. We assume that

~h=N AN=0

Ext—zn:O a, = Ext—zn:O an. (14.1.50)

Example 14.1.3.Consider the G.P: a,ar,ar?,....ar!' N € N*,a € @f

re @ be the first term and the ratio of the G.P respectively. Then for any
N € N* by Proposition 14.1.6 and Definition 14.1.44 one obtains that

Vi T T
ANN=N ~ =7 ~
_ n—-1 _ RE — R¥ _ I”N
Exty, ar'=a e = (14.1.51)
and
—_— /\
% . 1@ pe *
Ext-), ar''=a =T (14.1.52)
[Rc RL’ n=1

Example 14.1.4.Consider the G.P: a,ar,ar?,....ar™!' N € N*,a € @f,r € @f
r < 0, |r| < 1.Note that



-

1,\; —_ ’/'N /\n:N—l
R— — _ n-1 _
o IR? — Ext Zn=1 ar
A S
— _ n—1 _ n-1 _
Ext anlar + Ext Z(neN#\N)/\(nSNfl)ar (14.1.53)

N

1 o0
_ RE r" - "
1~ — a{ 7 } + Ext Z(neN#\\N)/\(nSNfl)ar '

n=1

( c

From (14.1.53) we obtain

— - I
S5 n—-1 _ ! _@ r 1@ 7" ) —
EXt-Z(neN#\N)/\(nSN—l)ar - a lps — 7 —a 1@ — + a{ 1@ — } | =
% (14.1.54)
S
1~ —-r 1@ -r’
n=1
Assume that: (i) r < Oz I < 1 then from (14.1.54) we obtain
- n—1
Ext_Z(neN#\N)/\(nsN—na<_lﬁ§§> |”|n_1 * 0@- (14.1.55)

§14.2.External non-Archimedean field :@% via special

extension of non-Archimedean field *R*

Notation 14.2.3. Let A ¢ *R¥ and A # {0}.Then we write A > 0iffa € A = a > 0.
Definition 14.2.13. Let A — *R? and A > 0.Assume that: a,b ¢ A = a+ b € A.

Then we say that A is a positive idempotent in *R%.

Notation 14.2.4. We will denote by *R? ;, a set of the all positive finite number in R
except infinitesimals in *R?.

Remark 14.2.6.Note that a set *R”, ; \{0} < *R# is a positive idempotent in *R%.
Proposition 14.2.1.Let A c *R? is a positive idempotent in *R¥. Then the following
are equivalent.[In what follows assume a,b > 0].

(Yae A= 2aeA,

(i) a € A = na € Afor all standard integers n € N,

(iii) a € A = ra € Afor all finite r € *R%,.

Proof. All parts are immediate from the Definition 14.2.13.

Notation 14.2.4. A™" £ {5 € *R%,.|6 > 0,6 = 0},i.e. A%" is a set of the all positive
infinitesimals in *R%, ;AL 2 {6 € *R% |6 < 0,6 ~ Og:},i.e. AL = AZ" is a set of

the all negative infinitesimals in *R¥.Note that A%~ = —A%F,



Remark 14.2.7 Note that a set A%F < *R? is a positive idempotent in *R# and A%~
is a negative idempotent in *R¥.
Definition 14.2.14. Let {a,}_, be *RY, g
a : N - *R?, ¢ such that:
(i) there is M e N such that {a,},, is monotonically decreasing *R?, - valued
countable sequence a : N —» *R?  \{Og+}
(i) there is M e N such that for all n > M,a, + 0.; [it follows from (ii)]
(iii) for all n € N,a, # 0.g+ and for any € > 0,€ # Ogs,€ € *RY, ; thereis N e N
such thatforalln > N : a, < € and we denote a set of the all these sequences by

+0
We define a set A"’ by ¢, € A’ = {—c,}7, € As".Note that A" = —As".
Remark 14.2.8.Note that a set A" is a positive idempotent in *R¥ and a set A is a
negative idempotent in *R¥.
Proposition 14.2.2.(1) Let {a,} , € A5 and {bn}y7y € AP then:
() {an} ™y + {bu} g 2 {an +ba}", € AL
(i) dant g = by 2 dan b}y € A UAS UAE UAL U{0ws)
where {0.g:} " is a countable 0.g:- valued sequence.
(iii) {an} 7o % {ba} "y 2 {an x ba} 7y € AL
(2) Let {a,}7, € A’ and {b,}”, € A" then we define
() {an} =y + {bad ™y 2 {an+ b, 37, € AL
(i) {an 2y — {bn} ™y 2 {an—ba}™, € A UAS
(iii) {an} 2y X {bn} 2y £ {an x ba}™, € AG"
(3) Let {a.}7, € AX UAGY and x,y € R then we define
(iVv) x +y{any o 2 X +yany,
Proof. Immediately by definitions and by Definition 14.2.14.
Definition 14.2.15. We define the relation (- < -) on a set A" by:
let {a,} 7, € A and {b,} 7, € A then {a,}*, < {b,}~, iff there is N € N such
that foralln > N : a, < b, and similarly we define the relation (- < -) on a set AP
by: let {a,}7, € As” and {b,}7, € As" then {a,}*, < {b.}7, iff thereis N e N
such thatforalln > N : a, < b,
Definition 14.2.16. (1) We define the relation (- < +) on a set A} x *RY, g DY:
let {a.} , € A and x € *RE, 4o then {a,}7 ) < x iff there is N e N such that for
alln>N:a, <x.
(2) We define the relation (- < -) on a set A** x Al by: let {a,}”, € ALY and x € A%
thenx < {a.}, , iff there is N € Nsuch thatforalln > N : x < a,.
(3) Let {a,}, be AL*- valued countable sequence a : N - A%", and we denote a set
of the all these sequences by A%,

- valued countable sequence



0

We define the relation (- < -) on a set A%, x A% by: let {any, € AL}, and x € AL
then {a,}  , < xiffthereis N € Nsuch thatforalln > N : a, < x.

Proposition 14.2.2.Let {a,}7, € A"’ {a,}7, # 0.5 then there is N e N such that
0. < AL < Lan}? ) < *RE 5 \{Ougs ).

Proof. Immediately by definitions and by Definition 14.2.16.

Remark 14.2.9.Note that it follows from Proposition 14.2.2 that

0-ps < AP < ALY < *RY, 5 \{0-ps ). (14.2.9)

Definition 14.2.17. Let {a,} ., be monotonically increasing *R?, ;- valued
countable sequence a : N - *R’, . \A% such that:
(i) there is M e N such that for all n > M,a, + 0.gs
(ii) there is N € N such that for all » > Nand for any & > 0.#,& € *RY 5 ,a, > &
and we denote a set of the all these sequences by Aw”.We define a set A,™ by
cn € AL = {—ca}7, € Au”.Note that A" = —AL”.
Proposition 14.2.3. (1) Let {a,}”, € A&™ and {b,}”, € AL’ then we define
() {an )y + {bay 2y 2 {an+ba)2, € A"
(u) {any iy —{butig 2 {an—ba}iy € Ad” UAS” UAZ UAL UAG U
A" U {O*W}°0 where {OR#}“’ is a countable 0Og:- valued sequence.
(|||) {any 2o % by 2 {an x ba}7, € AG”.
(2) Let {a,}7, € Aw” and {b,}>, € As" then we define
(i) {an} g+ {budirg = {an+ba}iy € A"
(i) {an} 2y = ¥y 2 {an—ba)7y € AGTUAS”
(i) {an} >y x {ba}. 0 2 La, x by}, € AG”
(3) Let {a,}, € A and x,y € R¥ then we define
(iV) xn + yufany o = {xn + yuany ., and we denote a set of the all these sequences
by {Aw”,{xa} g In o b
Proof. Immediately by definitions and by Definition 14.2.16.
Remark 14.2.10.Note that {a,} 7, € As” = {a;'}7, € A

Definition 14.2.18.(1) Let {a,.}, , € As” and let {An}n:() = {a.},_, be a hyper infinite
sequence

A5 = Lantiy = (a0, 4an} pgre-osfanh g dany g si@ntiog,... )  (14.2.10)

i.e. for any infinite m € *N\W,4,, = {a,},_,. We will denote a set of the all these

+l0

hyper infinite sequences by A~ and a set of the all hyper infinite sequences

{~a.}", by AP ’.(2) Let {x, +yuaa ), {AZ}O,{xn}f:O,{yn}f:O} and let



{xn +ynAn}:,fo = {xn +ynan};o:0

1 X . (14.2.11)
(xo +Y0a0, X0+ Yuln} s s 3Xn T Yl f s s X0 F Ynlny, gy

i.e. for any infinite m € *N\W,4,, = {x, + yqa.},_,. We will denote a set of the all

these hyper infinite sequences by {A“O Ln sy 0}

Definition 14.2.19.Let {4,} %, = {a,} =, and {B,}.%, = {b.+ -, be in A
Then we define:

o~

() 440y, % +4{Bu %y = {any g +{ba g 2 {an+ bayy = 4+ Bay, 7 € A
(ii) {A }; 0 {B }n 0= {an}n 0 {b }n 0= {an _bn};o:() =
= {4, - B.}% € A”‘) Yy {ow}n=O

(iii) {4}~ OX{B »e mxm— {anx by}, = {Aann}f:O e A
Let {4, = {an} o @nd {Bu}, " = {batry b In{AG" {1} g (71} o paNd
{Bi}7 = {bayig be in{AS" {20} 70, v2uy o - Then we define:

(iv) {An}ﬁo + {Bn};fo = X+ Yin@ny g F%2n + y2nba} L, =

& {1+ X2+ Y 1ntin +V2nbal g = X1+ A2+ Y10 +y2uBa}, %

Definition 14.2.20.Let {¥,},% be in A”O e foralln e *N, ¥, € AL”. Say
{¥,},% #-tendsto 0.g; asn - *w iff for any given ¢ > Ogs,& ~ 0.g; there is a

hypernatural number N e *N\N N = N(¢) such that forany n > N,|¥,|< e.
Definition 14.2.21. Let {¥,} * be a hyper infinite sequence such that for all

ne*N,V¥Y, e A“O We call {‘Pn}nzo a Cauchy hyper infinite sequence if the
difference between its terms #-tends to 0.z:. To be precise: given any & > 0.1,
¢ = 0.gsthere is a hypernatural number N € *N\N,N = N(¢) such that for any
m,n > N,|¥Y, —¥,l< €.

Theorem 14.2.3.Let {‘Pn}nwo be in A”O If {‘P,,};“’O isa #-convergent hyper infinite

sequence (thatis, ¥, -4 ® asn - *o for some ® € A“O) then {‘Pn};fo isa
Cauchy hyper infinite sequence.

Proof.cWe know that ¥, -4 ®. Here is a ubiquitous trick: instead of using ¢ in the
definition, start with an arbitrary infinitesimall £ > 0.z#,& = 0.+ and then choose
Nsothat|¥,-®| < e2whenn > N. Then if m,n > N, we have

Wy =Wl = (P = D) = (P — D)< [P, — D +¥,, —D| < /2 +6/2 = &.

This shows that {‘Pn};fo is a Cauchy hyper infinite sequence.

Theorem 14.2 4 If {an};fO is a Cauchy hyper infinite sequence, then it is bounded
in *R?; that is, there is some number M € *R? such that |{¥,} * |< M for all

n € *N.



Proof. Since {¥,},%, is Cauchy, setting ¢ = 1 we know that there is some N such
that |\¥,, — ¥,|< 1 whenever m,n > N. Thus, |Yy.1 —W,|< 1 forn > N. We can rewrite
thisas Wy — 1 < ¥, < Way + 1. This means that |V, is less than the maximum of
Wi — 1] and [Py + 1]. So, set M € *R?% larger than any number in the following
list: {|‘Po|, |\P1 |, cees |‘PN|, |‘PN+1 - 1|, |‘PN+1 + 1|}

Then for any term ¥, if n < N, then |¥,| appears in the list and so |¥,|< M;if n > N,
then (as shown above) |V,| is less than at least one of the last two entries in the list,
and so |¥,|< M. Hence, M is a bound for the sequence.

Let = denote the set of all Cauchy hyper infinite sequences We must define an
equivalence relation on =.

Definition 14.2.22. Let S be a set of objects. A relation among pairs of

elements of S is said to be an equivalence relation if the following three properties
hold:

Reflexivity: for any s € S, s is related to s.

Symmetry: for any s,z € S, if s is related to t then ¢ is related to s.

Transitivity: for any s,z,7 € S, if s is related to ¢ and ¢ is related to r, then s is

related to r.

The following well known proposition goes most of the way to showing that an
equivalence relation divides a set into bins.

Theorem 14.2.5. Let S be a set, with an equivalence relation on pairs of elements.
Fors € S, denote by [s] the set of all elements in S that are related to s. Then for
any s,t € S, either [s] = [¢] or [s] and [¢] are disjoint.

The sets [s] for s € S are called the equivalence classes, and they are the bins.
Corollary 14.2.1. If S is a set with an equivalence relation on pairs of elements, then
the equivalence classes are non-empty disjoint sets whose union is all of S.

I~

Definition 14.2.23.Let {¥,,} %, and {¥.,}.%, be in Ai". Say they are equivalent
(i.e. related) if V1, — W2.| »# 0-g+ @S n - *oo, i.e. if the hyper infinite sequence
{¥ 10— Panul},” #-tends to 0.

Proposition 14.2.4 Definition 4.2.23 yields an equivalence relation on

2 = {A Ay g i -
Proof. we need to show that this relation is reflexive, symmetric, and transitive.
* Reflexive: ¥, -V, = 0.z+, and the sequence all of whose terms are 0.+ clearly
converges to 0g;.So {¥,},”, is related to {¥,},%.
« Symmetric: Suppose {‘Pl,n};fo is related to {‘Pz,n};fo, SO Wi, —Wau —=# Ouge.
But¥,, - Y¥i,=-(¥i,—-Y¥Y2.),and since only the absolute value |V, — Y2.|=
= |¥2,, — ¥1..| comes into play in Definition 14.2.20,it follows that W, — V1, =% 0.g:
as well. Hence, {¥,,} % is related to {¥1,} .
 Transitive: Here we will use the &/2 trick we applied to prove Theorem 14.1.4.
Suppose {¥1,}.% is related to {¥»,} %, and {¥»,} % is related to {¥3,} .




This means that ¥, — W2, —»# Og: and W2, — V3, =4 Ogs.

To be fully precise, let us fix infinite small £ > 0.+; then there exists an N € *N\N
such that for all n > N,|¥ ., — Y2.l< €/2; also, there exists an M such that for all
n> M|V, —Vsa.l< €/2. Well, then, as long as n > max(N, M) , we have that

(Vo —Wsul= [(Win —Vou) + (Won — Vi3IS Wi — Voul+ Vo —Vaul< €2 +€/2 = &.
So, choosing L equal to the max of N,M , we see that given ¢ > 0 we can always
choose L so that forn > L,|'¥1, — ¥s.|< €. This means that ¥',, — V3, =4 O-gs,
i.e. {¥1,} % is related to {¥s,} .

So, we really have equivalence relation, and so by Corollary 14.2.1, the set Z is
partitioned into disjoint subsets (equivalence classes).

Definition 14.2.24. The hyperreal numbers % are the equivalence classes
[{¥1.},% ] of Cauchy hyper infinite sequences of, as per Definition 14.2.23.

That is, each such equivalence class is a hyperreal number in *R¥ .

Definition 14.2.25.Let s,t € % so there are Cauchy hyper infinite sequences
{¥,},5 and {@,} % withs = [{¥,},%5 ] and ¢ = [{®,},% ]

(a) Define s + t to be the equivalence class of the hyper infinite sequence

(V0 +Du}, %

(b) Define s x t to be the equivalence class of the hyper infinite sequence

(¥, x D, } %

Proposition 14.2.5.The operations +, x in Definition 14.2.25 (a),(b) are well-defined.
Proof. Suppose that [ {¥,},% | = [{¥1.},5 | and [{®@.},5 ] = [{@u.},5 |-
Thus means that ¥, — ¥, »# 0.g: and @, — ®;, -4 0.g¢. Then

Wy +®,) - (WPip+DPi1p) =Wy —Yiu) + (@, — D1,).Now, using the familiar £/2
trick, you can construct a proof that this tends to 0.z, and so

[(Wn+ )] = [(Win+ Dia)l.

Multiplication is a little trickier; this is where we will use Theorem 14.2.4. We will
also use another ubiquitous technique: adding 0.+ in the form of s — 5. Again,
suppose that

[{¥.},5% ] = [{¥},% ] and [{@.},.5 ] = [{®1.},% ]; we wish to show that
[{¥,x @}, % ] =[{P10x Pra},% ] Or, in other words, that

Yy x®, =¥, x Dy, -4 0.5:. Well, we add and subtract one of the other cross
terms, say ©, x ¥, :

VYVyx®, -V, x0, =¥, xO,+ (@, x Vi, —Dpx VYy1,) - VY1inxD1, =

= (Wi x @, =Dy x Vi) + (P x Vip—Viux @) =

=0, x (W, Y1) +¥Yiux (O, —Dyy).

Hence, we have [V, x ®©, =W, X @,< |Oy|x |Vy — Via[HYial |Pn — D1yl
Now, from Theorem 14.2.4, there are numbers M and L such that |®,|< M and
|¥1./< L forall n € *N. Taking some number R (for example R = M + L) which is



bigger than both, we have

Wi x @y —Wipx ©raf< [@ufX [Vn = Viu[HW 14X [@r — P14|<

< R(lqln - \Pl,n’+|q)n - q)lnD

Now, noting that both ¥, -¥;, and ®, — @, , #-tend to 0.z and using the &/2 trick
(actually, this time we’ll want to use &/2R, we see that

lP,, X (Dn — \Pl,n X (DI,n >4 0*[R§

Theorem 14.2.6. Given any hyperreal number s € ?@E s # 0—~, thereis a

*[R(;
hyperreal number ¢ € *R¥ such that s x 1 = 1~.
*Rc

Proof. First we must properly understand what the theorem says. The premise is
that s is nonzero, which means that s is not in the equivalence class of

057 = (O-rg, Oomys 0omp, Ovmps ). (14.2.12)

In other words, s = [ {¥,},%, | where ¥, — 07 does not #-converge to 0-z;.

From this, we are to deduce the existence of a hyperreal number ¢ = [ {®,}.% ]
such that s x ¢ = [{¥, x ®,},% ] is the same equivalence

class as 1;@ = [(1+p#, Lgs, Logs, Loge,... ) ]. DoINg so is actually an easy
consequence of the fact that nonzero hyperreal numbers from *R? have
multiplicative inverses, but there is a subtle difficulty. Just because s is nonzero
(i.e. {‘Pn}fjo does not #-tend to 0.z as n - *w), there’s no reason any number
of the terms in {¥,} % can’t equal 0—. However, it turns out that eventually,

*R

VY, + O*Rﬁ-

That is,

Lemma 14.2.1. If {¥,}  is a Cauchy hyper infinite sequence which does not
#-tends

to Og:, then there is an N € *N such that, forn > N, ¥, # Og:.

We will now use it to complete the proof of Theorem 14.2.6.

Let N € N be such that ¥, # Og: for n > N. Define hyper infinite sequence @, of

hyperreal numbers from @f as follows:

forn < N,®, = 0-z#, andforn > N, ®, = 1/¥, :

{@,3,% = (0-gs,0egss- ., 0ug, Legst/ P i, /¥ i, .. ).

This makes sense since, for n > N, an is a nonzero hyperreal number, so
lgi/¥, exists.

Then ¥, x @, is equal to ¥, x0.g+ = 0.z« for n < N, and equals

Wyx @, =V, x Lge/¥y = 1lugs forn > N

Well, then, if we look at the hyper infinite sequence

Igg = (g Lo Lo Lo o), (14.2.13)

we have (1.gs, Ligs, Legs, Ligr,...) = (¥, x @,) is the sequence which is



1% - 0% =l o7 forn < Nand equals 1 — 1?@ =05 —~ forn > N. Since this

hyper infinite sequence is eventually equal to Og, it #-converges to Og: as n » *o,
and so [ {¥, x ®u},% ] = [(L-gs, Legss Legey Logs, .. )] = I € *R”. This shows that
t =[{®.},% ] is a multiplicative inverse to s = [ {¥,},% ].

Definition 14.2.26. Let s *IR# Say that s is positive if s + 0—~, and if

=
s = [{‘Pn}n:()] for some Cauchy hyper infinite sequence such that for some N,

¥, > 0.g¢ for all n > N.Given two hyperreal numbers s,z € i@f, say thats > rif

s —t is positive.

Theorem 14.2.7. Let s,t € iE@ be hyperreal numbers such that s > 7, and let

re /*[I\QE.Thensjtr >t+r.

Proof. Lets = [ {¥,},% .t = [{®.,},% ], and r = [{©,},%, ]. Since s > ¢, i.e.

s—t > 0, we know that there is an N such that, forn > N¥,-®, > 0.So ¥, > @,
for n > N. Now, adding ©, to both sides of this inequality , we have

Y, +0, > ®,+0,forn >N, or (¥, +0,) - (D, +0,) > 0g: forn > N. Note also that
(¥, +0,) - (®,+06,) =¥, -, does not #-converge to 0.z: as n -~ *oo, by the
assumption that s — 7 > 0@. Thus, by Definition 14.2.26, this means that:
s+r=[{¥i+0,},5]> [{®,+0,},5]=t+r

Definition 14.2.27. There is canonical imbeding

“R¥ o *R¥ (14.2.14)
defined by
a— T (14.2.15)

where 7 is hyper infinite sequence @ = (a.4,....) € “RY,q e *R¥ U AL,
Notation 14.2.5. 3 = (a,a,....) € "Rf,a € "RV

Remark14.2.11.Leta :@? We will be identity a € i@? with any {a,} = < :@E
such that #-lim,.+» a, = a and we denote by [[«]] the equivalence class
corresponding to a € %

Definition 14.2.28. (i) Let {a,}* .k < N be finite sequence in *R%, {a,}* , = “R%.
,_/% ——
We define external hyper infinite sequence {an}ﬁzo c *Rfby

f_}%
{Aiky, 5 = dandy = (14.2.16)
= (ao,al,...,am,...,ak,l,ak> S [[ak]]

(ii) Let {a,} ", be countable sequence in :@f Han), C I@.



We define hyper infinite sequence {4, } % {an}n o ?@E by

*o0 ,_T
;03,7 = Hant oy =

o (14.2.17)
_ (ao,al,...,ak,..,{an}fo) e [[{an}y™, 1]

(iii) Let {a,}" ,,N € *N\N be external hyperfinite sequence in “RY {a. Y, < “RY,
,_}% P
We define hyper infinite sequence {a,}", = *R¥ by

* N
N o = Adndio = (14.2.18)
Py o
= (ao,al,,...,an,...,aN_l,aN> S [[aN]]

Definition 14.2.29.(i) Let {an}n »»k € N be finite sequence in *R# {an}ffzo c ITI!{E.
A= =k

We define external finite sum Ext-» _ a, by

~n=k

/—’%
Ext-Y, o an = {cathy = (co.dcn} g s {Cnt it s Ck) (14.2.19)
where ¢y = ag,¢; = Ext-zn;fo a,,0 <j<k

(ii) Let {a.}, be countable sequence in *R% : {a,}” , < *RE We define external
A\N=0

countable sum Exz-»_ _ a, by

n=0

AN=0 ,_T
Ext-) o Gn =Cnp,o =
/\J

| o (14.2.20)
= (codent oo dent b Aot Tt ) € [T i

k
where co = ao,cx = Ext-) " an,k € N,

(iii) Let {a,}"=),N € *N\N be external hyperfinite sequence in “RY {a.}Y, < “RY.

~n=N

We define external hyperfinite sum Exz-» _ a, by
_~=N ,_/%N
Ext-), o an = {ea}iy = (Co,{cn}pgs---s{Cn}igs---rCN-CN) (14.2.21)

Z:](;an, 0<k<N,cy = Ext-zn ~a.

(iv) Let {an}n‘f}’,N € *N be external hyperfinite sequence in *[Rﬁ : {a,,}ﬁl\’:o c :@f
such that a, = 0 for all » € *N\N. We assume that

~n=N A=

Ext-) | an, = Ext-) a, (14.2.22)

where ¢y = ao,cr = Ext—Z

Example 14.2.1.Consider the G.P: a,ar,ar?,....ar! N € *N,a € ?RE



re ?@f be the first term and the ratio of the G.P respectively. Then for any
N € *N by Proposition 14.2.6 and Definition 14.2.29 one obtains that

-

_~n=N-1 1 1:@_; — N 1% /r_N\
Ext—ZnZl ar! o mag—— —a (14.2.23)

*[RC *IRC *[R(:

and
/\ —/\
A 1 1% rn o0

EXI'Z,,ZIW =a 1~#—_ PR ﬁ . (14.2.24)

R R n=1

Example 14.2.2.Consider the G.P: a,ar,ar?,....ar"!',N € *N,a € %,r € ?@f

r > 0,r # 1.Note that

//\
1% —_ rN /\}’l:Nfl
P H - n—-1 _
a - Ext anl ar
S ~
_ _ n—1 _ n—1 _
= Ext-) @ e EXY (14.2.25)
/\
ER P e S
=Qg———0 ——— + Ext- ar!,
I?TRE -7 1% -7 i (ne*NW)A(n<N-1)
From (14.2.25) we obtain
s 1*[R# - l"N 1% n ®
Ex _Z n—1 =aqa C c + a & —
(ne*NW)A(n<N-1) Lege —r I*R# —-r 1:@ -r
S ‘ "~ (14.2.26)
o0 /-]v\
*R# —-r =1 *R# —-r
Assume that: (i) r < 1—,then from (14.2.26) we obtain
N
_ n—1 P
Ext Z(ne*N\N)A(nSN_U“” > 0. (14.2.27)
(i) » > 1= then from (14.2.26) we obtain
—~ T N7 /N\
_ n-1 _ r" : r _
Ext Z(ne*N\N)A(nSMW a{ 1%_},} ta— p >0 (14.2.28)
c n=1 c

Proposition 14.2.6.(i) Consider the G.P: a,ar,ar?,....ar™! N € *N.Let Sy,

aec *Rt re ?@f be the sum of N terms, first term and the ratio of the G.P
respectively. Then for any N € *Nthe statement ®, holds



n=N-1 _ Ly =7V
Oy <= Ext-)."" "7 ar! = g———. (14.2.29)
n=1 I*R? —r
Proof.(i) Directly by hyperinfinite induction. Note that &y =, Oy, :
n=N n=N-1 legs — rV
Sni1 = Ext-)_ B ar"! = Ext-)_ . ar ' +arV = a 7 < . +arV =
n= n= *R#Ci -
_ N . _ N . _ N N _ .N+1
B legs — 7 (Lege —1)r :alRﬁ N+ —r _ (14.2.30)
I*Rg—r I*R?—V I*Rg—l"
I*Rﬁ — N+l
= a—
I*R#Ci —r
Lgs + NVt
Thus Sy = alw—rr and therefore @y, holds.
*Rg —
(i) Consider the G.P: a,ar,ar?,....ar™!,N € *N.Let Sy,
a € *R? r e *R¥ be the sum of N terms, first term and the ratio of the G.P
respectively. Then for any N € *Nthe statement @y holds
~ ~n=N-1 1% _ ],.N
Oy =, Ext- ar"! = g———. 14.2.31
N Zn=1 1’*?@-? —r ( )

Notice that (i)=(ii) by definitions.
Definition 14.2.30. Let {an};fo,n € *N be external hyperinfinite sequence in i@f ;

Ao

{a.}.% < :@E We define external hyperinfinite sum Exz-» _ a, by

Ao A~N=N
Exz-znzoan = #' limNa*oo (Ext'zno an) (14232)

if #-limit in (14.2.31) exists.
Example 14.2.3.Consider the G.P: a,ar,ar?,....ar"',n € *N* a € *R%,r € *R%,
From (14.2.27) we obtain

A~ oo =N 1% B ’,.N
Ext-zn=0ar"—l = #'limN—r*oo (Ext-ZrPo (X}"n_1> — #'limN_,oo#a 1; — _
e (14.2.33)
'
=da
1:@ —r

since #-limy. o 1V = 0 if |r| < 1.From (14.2.33) and (14.2.25) we obtain



Ty n=0
(14.2.34)
1*[R# rn ” Fas 1
T T + Ext-) .. 0"
*[Rﬁ *R? n=1
From (14.2.34) we obtain
— 1 _—— 7 3=
Ext-i\ ar™! = a “®E a— i—a _r _
ne™NW l—~-r l~-r l—~-r
*[Ric# *Rg *R#Ci n=1
(14.2.35)

Definition 14.2.31. Let {a,} , be *R%- valued countable sequence
a : N - *R% such that:

(i) there is M € N such that for all n > M,a, # 0.y,

we denote a set of the all these sequences by 25%.

We define a set —Z4™° by {c¢.}*, € ~Eo™" < {-ca} 7, € Zu . Note that

=130 _ =10
_4(1) - -—4a)

(ii) there is countable subsequence {a,, },_,, < {ax},, such thata,, = 0.gs,k > m
and a, # O-g¢ iffa, & {an )

m?2

we denote a set of the all these countable sequences by =5,
We define a set - Eo V0 by {ea} € oV = {-cu}P, € Bi 54070 Note that
\_4(1) —_— _i—ia) .

Definition 14.2.31.

1) Let {a,}7, € 27 and {b,}>, € 2 then we define
i) {an} o+ {bn}n:() 2{an+bu) €

i) {an} o = {bntig = {an = bu}, g €
i) {an} o x {bn} o £ {anxbny, €
(V) ({an}rig) ™ 2 {az' vy, € E57°
2) Let {a,}*, € E5"" and {b,}*, € 25" then we define
( n=0 }n 0

() {an}iy + {batiy = {an+ba}yr, € B

(il) {an}y o —<batiy 2 {an—bu}iry € T

(iii) {any oy x {butrg 2 {an x buyiy € B

(V) ({an} 7)™ £ {ak 7 where

(
(
(
(



a;l if an * O*R#
als = ‘ (14.2.36)

O*[Rff |f a, = O*Rﬁ

Note that
(i) (Gany2)™) ™ = {any 2,

(i) {an} g x ({an}2y) ™" = 1.ps where 1.gs = {a,}7, is countable sequence

such that
1- if a, + 0.
@y = { . " (14.2.37)

O*Rﬁ |f o, = O*Rﬁ
Definition 14.2.32. We say that
(an}7,)"" € 267 is a quasi inverse of {a,}*,.

Definition 14.2.33.(1) Let {a,.}, , € 257V and let {4, } 0 {an}n _, be a hyper
infinite sequence

{An};fo ={any, o = (ao,ar,....ak,....3an}, 4o - s3@n} 5. ) (14.2.38)
i.e. for any infinite m € *N\W,4,, = {a,.},_,. We will denote a set of the all these

~+¢0\/ 0
hyper infinite sequences by =,

(2) Let {x, +yuan}>, € Zo '™ and let

{xn +ynAn};ioo = {xn +ynan};o=o =

1 . (14.2.39)
(xo + 200, X0+ Vnln ) y_gse s 3Xn FYnlnly_gseesXn Fn Vny o gsee- )s

i.e. for any infinite m € *N\W,4,, = {x, + yna.},_,. We will denote a set of the all

these hyper infinite sequences by {””&OV s n fo}

~+#0V=0

Definition 14.2.34.Let {An}n:O = {a”}n:O and {Bn}; = {b o, being,
Then we define:
() 440} ,% + {Bu}, 5 = {an}fo +{bn }fo 2 {an+ba}iy = {4n+Bs},% €
(ii) {4, }; 0 ~{B. }n 0= {an}n 0 {b }n 0= {an _bn};o:() =
~+¢0\/ 0

= {A B”}n =0 )

3] © A ) ot {:i,iOVZO
(i) {40} 75 % {Bn}, 5 = Lany oy x{bu}y 2 {a,, X ba}y = {ds x By} 7 € 2,

+¢0

Definition 14.2.35.Let {¥,} % bein =, " J.e.forallne *N, ¥, e 257V,
Say {¥,} % #tendsto 0.g» @s n — *oo iff for any given ¢ > Ogs,& = 0.+ there is
a hypernatural number N € *N\N N = N(¢) such that forany n > N,|¥,|< e.
Definition 14.2.36. Let {¥,} * be a hyper infinite sequence such that for all

+

+0V=0

[112

~+,+0V=0

ne*N,¥, ez, .We call {‘Pn}nzo a Cauchy hyper infinite sequence if the



difference between its terms #-tends to 0.r:. To be precise: given any & > 0.,
¢ = 0.gsthere is a hypernatural number N € *N\N,N = N(¢) such that for any
m,n > N,|¥Y, —¥,|< €.

Theorem 14.2.8.Let {¥,} * be in §2,¢ov=o. If {¥,} %, is a #-convergent hyper

~1+0V=0

infinite sequence (thatis, ¥, -4 ® asn - *oo forsome ® € =, ), then
{‘Pn};fo is a Cauchy hyper infinite sequence.

Proof.We know that ¥, -»» ®. Here is a ubiquitous trick: instead of using ¢ in the
definition, start with an arbitrary infinitesimall ¢ > 0.z¢,& ~ 0.z and then choose

Nsothat |¥, - ®| < &2 whenn > N. Then if m,n > N, we have

W, —Wul= (P —D) = (¥ — D)< |V, —D| H¥,, —D| < 82 +¢/2 =&.

This shows that {‘Pn};fo is a Cauchy hyper infinite sequence.

Theorem 14.2.9.If {‘Pn};fo is a Cauchy hyper infinite sequence, then it is

bounded in *R?#; that is, there is some number M € *R# such that

{¥,} “|< Mforalln e *N.

Proof. Since {¥,},%, is Cauchy, setting ¢ = 1 we know that there is some N such
that |\¥,, — ¥,|< 1 whenever m,n > N. Thus, |Yy.1 —W,|< 1 forn > N. We can rewrite
thisas Wy — 1 < W, < Way1 + 1. This means that |V, is less than the maximum of
Wi — 1] and [Py + 1]. So, set M € *R? larger than any number in the following
list: {|‘Po|, |\P1 |, ey |‘PN|, |‘PN+1 - 1|, |‘PN+1 + 1|}

Then for any term ¥, if n < N, then |¥,| appears in the list and so |¥,|< M;if n > N,
then (as shown above) |V,| is less than at least one of the last two entries in the list,
and so |¥,|< M. Hence, M is a bound for the sequence.

Let = denote the set of all Cauchy hyper infinite sequences We must define an
equivalence relation on =.

Definition 14.2.37. Let S be a set of objects. A relation among pairs of

elements of S is said to be an equivalence relation if the following three properties
hold:

Reflexivity: for any s € S, s is related to s.

Symmetry: for any s,z € S, if s is related to t then ¢ is related to s.

Transitivity: for any s,z,7 € S, if s is related to ¢ and ¢ is related to r, then s is

related to r.

The following well known proposition goes most of the way to showing that an
equivalence relation divides a set into bins.

Theorem 14.2.10. Let S be a set, with an equivalence relation on pairs of elements.
Fors € S, denote by [s] the set of all elements in S that are related to 5. Then for
any s,t € S, either [s] = [¢] or [s] and [¢] are disjoint.

The sets [s] for s € S are called the equivalence classes, and they are the bins.
Corollary 14.2.2. If S is a set with an equivalence relation on pairs of elements, then
the equivalence classes are non-empty disjoint sets whose union is all of S.



Definition 14.2.38.Let {¥,,} % and {¥,,} % bein =, . Say they are

equivalent (i.e. related) if |V, — V2,.| »# O0-gx @S n » *oo, i.e. if the hyper infinite

sequence {|¥1, — ¥a,|}.% #tends to 0.g;.

~+#0V=0
Proposition 14.2.4. Definition 4.2.38 yields an equivalence relation on E:, '

Proof. we need to show that this relation is reflexive, symmetric, and transitive.

* Reflexive: ¥, -V, = 0.z¢, and the sequence all of whose terms are 0.g: clearly
converges to 0gs.So {¥,} % is related to {¥,} %,

- Symmetric: Suppose {¥,} % is related to {¥,} %, S0 W1, — P2, > 0.
But¥,, - ¥, = —(¥i, — ¥2.),and since only the absolute value |¥;, — ¥,,|=

= |¥2,, — ¥1.,| comes into play in Definition 14.2.35,it follows that V5, — W1, —»# O«
as well. Hence, {¥,,},”% is related to {¥1,} %

* Transitive: Here we will use the ¢/2 trick we applied to prove Theorem 14.2.4.
Suppose {¥1,}.% is related to {¥»,} %, and {¥»,} % is related to {¥3,} .
This means that ¥, — W2, —»# Ogs and ¥a,, — W3, —»# Ogs.

To be fully precise, let us fix infinite small £ > 0.g+; then there exists an N € *N\N
such that for all n > N,|¥, — WYa.|< &/2; also, there exists an M such that for all

n> MY, —¥s3,< €/2. Well, then, as long as n > max(N, M) , we have that

Vo, — WViaul= |(\P1n —WYou)+ (Waon — \P3,n)‘§ |Win — WYoul+Wou — Viul< €/2+€/2 = ¢.
So, choosing L equal to the max of N, M , we see that given ¢ > 0 we can always
choose L so that for n > L,|¥1,, — ¥3,|< €. This means that ¥, — V3, =4 O,

i.e. {¥1,},7% is related to {¥s,} .

So, we really have equivalence relation, and so by Corollary 14.2.2, the set Ezﬁovzo
is partitioned into disjoint subsets (equivalence classes).

Definition 14.2.39. (1) The hyperreal numbers ;@f are the equivalence classes
[{‘Pl,n};f()] of Cauchy hyper infinite sequences of, as per Definition 14.2.38 and

(2) the all gyperreals *R¥ — :ﬁf by the canonical imbedding *R? — %
(14.1.42)-(14.1.43).

That is, each such equivalence class is a hyperreal number in *R¥ .

Definition 14.2.40. Let s,¢ € :‘-@f so there are Cauchy hyper infinite

sequences {¥,},% and {®,} % withs = [{¥,},% ] and = [{®,},5 ]

(a) Define s + t to be the equivalence class of the hyper infinite sequence

¥, + 0,07,

(b) Define s x t to be the equivalence class of the hyper infinite sequence

(¥, x D, } %

Proposition 14.2.5.The operations +, x in Definition 14.2.25 (a),(b) are well-defined.
Proof. Suppose that [ {¥,},% ] = [{¥1.},5 | and [{®@.},5 ] = [{@u.},5 |-

Thus means that ¥, — ¥y, »# 0.g: and @, — ®;, -4 0.g¢. Then



Wy+®D,) - (Win+P1pn) = (Vy—VYin) + (D, —Dy,).Now, using the familiar /2
trick, you can construct a proof that this tends to 0.z, and so

(W +Dy)] = [(P1n+DP1a)]

Multiplication is a little trickier; this is where we will use Theorem 14.2.10. We will
also use another ubiquitous technique: adding 0.g: in the form of s — 5. Again,
suppose that

[P35 ] = [{¥u)5 ] and [{@.).5 ] = [{®1.},% ]; we wish to show that
[{¥0x @0}, 5 ] = [{F¥1a x P1a},5 ], OF, in other words, that

Wy x @, =¥, x Py, -4 0.5:. Well, we add and subtract one of the other cross
terms, say ®, x ¥, :

VYVox®, -V, x®1, =¥, xO, + (@, x Vi, — D, x Yi1,) Vi xP, =
=Wux ©,—D, x Y1)+ (@, x Yip—VYinx ®1p) =

= (Dn X (\Pn - ‘"Pl,n) + \Pl,n X ((Dn - q)l,n)-

Hence, we have |V, x ®, — ¥, x @1,[< [@,|x ¥y — ViaHV1u] [@n — Pl
Now, from Theorem 14.2.9, there are numbers M and L such that |®,|< M and
|¥1./< L forall n € *N. Taking some number R (for example R = M + L) which is
bigger than both, we have

Wy x @y =W x Oaf< [@ufx [Py = Viu[HY 10X [@r — O1|<

SR(¥y = Yia[HDPyw — D1a)).

Now, noting that both ¥, -\¥';, and @, — @, , #-tend to 0.r; and using the &/2 trick
(actually, this time we’ll want to use &/2R, we see that

Yy x @, —Vipx @iy oy Oepe

Theorem 14.2.11. Given any hyperreal number s € :@f, s # 0—~, thereis a

“RE
hyperreal number ¢ € :ﬁf such thats x ¢ = 1;@ orsx t= i%.
Proof. First we must properly understand what the theorem says. The premise is
that s is nonzero, which means that s is not in the equivalence class of

ON - (O*Rﬁao*RﬁaO*Rﬁao*Rﬁ"")' (142.40)

RP
In other words, s = [ {¥,},% | where ¥, — 07 does not #-converge t0 0-z;.

From this, we are to deduce the existence of a hyperreal number ¢ = [{d)n};f()]
such thats x ¢ = [ {¥, x ®,},% ] is the same equivalence

class as 1;@ = [(Legs, Logs, Legs, Loge,... )] OF @S some i%. Doing so is actually an
easy consequence of the fact that nonzero hyperreal numbers from *R¥ have
multiplicative inverses, but there is a subtle difficulty. Just because s is nonzero
(i.e. {‘P,,}fjo does not #-tend to 0.z as n - *w), there’s no reason any number
of the terms in {‘P,,};fo can’t equal O;@. However, it turns out that eventually,

VY, + O*Rg.

That is,



Lemma 14.2.2. If {‘Pn};fo is a Cauchy hyper infinite sequence which does
not #-tends to Og:, then there is an N € *N such that, forn > N, ¥, # Og:.

We will now use it to complete the proof of Theorem 14.2.11.
Let N € N* be such that ¥, # Og+ for n > N. Define hyper infinite sequence @, of
hyperreal numbers from @f as follows:
forn < N,®, = 0.zs, andforn > N, @, = 1.gs/'¥, :
{@,3,% = (0gs, 0gts o, 0y, Legs/ P nir, Logs/ P a2, ).
This makes sense since, for n > N, an is a nonzero hyperreal number, so
1.gs/¥, exists.
Then ¥, x @, is equal to ¥, x0.g: = 0.g: for n < N, and equals
Vyx®, =¥, x lgs/¥V, = lugs fOorn >N
Well, then, if we look at the hyper infinite sequence
1;@ = (Lege, g, Leger, Logey o), (14.2.41)

we have (1.gs, L+gs, Lo, Logsr,...) — (¥ x @,) is the sequence which is
1% — 0% = liﬁm’g for n < N and equals 1% _I?TRE = 0?@3 for n > N. Since this

hyper infinite sequence is eventually equal to Oy, it #-converges to Og: as n —» *oo,
and SO [{Tn X d)n}:lio()] == [(1 *jo I*Rgb 1 *jo 1*R§9' .o ):| = 1~ c % or Slmllarly

*Rﬁ
(W, x @}, 5 ]=1=¢€ “R?. This shows that ¢ = [ {®,}.%, ] is a multiplicative
inverse (or similarly quasi inverse) to s = [ {¥,},% |-
Definition 14.2.41. Let s € “R? . Say that s is positive if s # 0~ and if

*[R#Ci’

s = [{‘Pn};f()] for some Cauchy hyper infinite sequence such that for some N,
¥, > 0.gs for all n > N.Given two hyperreal numbers s,z € i@f, say thats > rif
s —t is positive.

Theorem 14.2.7. Let s, € *R¥ be hyperreal numbers such that s > ¢, and let

r e %.Thenerr > t+r.

Proof. Let s = [{¥,},% .t = [{®,},% ] and r = [{©,},%]. Since s > ¢, i.e.

s —t > 0, we know that there is an N such that, forn > N¥,-®, > 0.So ¥, > @,
for n > N. Now, adding ©, to both sides of this inequality , we have

Y, +0, > ®,+0,forn >N, or (¥, +0,) - (D, +0,) > 0g: forn > N. Note also that
(¥, +0,)-(®,+0,) =¥, - D, does not #-converge to 0.z as n » *oo, by the
assumption that s — 7 > O@. Thus, by Definition 14.2.41, this means that:
s+r=[{¥i+0,},5]> [{®,+0,}.5]=t+r

Definition 14.2.42. There is canonical imbeding

‘R o *R¥ (14.2.42)
defined by



a— T (14.2.43)
where 7 is hyper infinite sequence ad=(aa,..)Ec *[R# a € *R%.
Notation 14.2.5. 2 = (a,a,....) € *[R# ae *[R#

Definition 14.2.43. (i) Let {a,}*_ .k € N be finite sequence in *[Rﬁ,{an}ﬁ:() c ?@f

——
We define external hyper infinite sequence {an}’;:O c *bey

n=0°

* k
Ak}, = Lank, = (14.2.44)

= (a0.4an} h o {@n} s an i ).

(ii) Let {a,} -, be countable sequence in :@g : {an}w 0 C i@f

We define hyper infinite sequence {4, } % {an}n o ?@E by

*o0 o0
{08, 7 = {anty =
/\)

| k ] _ (14.2.45)
_ (ao,{an}n0,...,{an}n0,...{an}n0,{an}no .

(iii) Let {a,}" ,,N € *N\N be external hyperfinite sequence in “RY {a.}Y, < “RY,

,_}% P
We define hyper infinite sequence {a,}", = *R¥ by

* N
AN}, = Lan} o = (14.2.46)

= (a()’ {aﬂ}:,:()’a ceey {aﬂ}:,n:()’ tee {an} {an}n O’aN

Definition 14.2.44.()) Let {a,}* .k N be finite sequence in *R7, {a,}", = *RP.
/\I’l=k

We define external finite sum Ext-» _ a, by

~n=k

r—’%
Ext-Y, o an = {cath g = (Co.dcn}pgs--s{Cntitn--sCk) (14.2.47)
where ¢o = ag,¢; = Exz-zn;fo an0 <j <k

(ii) Let {a.}, be countable sequence in *R% : {a,}” , < *RE We define external
A\N=0

countable sum Exz-»_  a, by

n=0

AN=0 ,_T
Ext-) o Gn =Cnp, o =
/\J

| o (14.2.48)
= (codent oo dent b Aot i Tt ) € [T

—k
where co = ao,cx = Ext-) " ank € N,



(iii) Let {a,}"=),N € *N\N be external hyperfinite sequence in “RY {a.}N, < “R¥.
/\n=N

We define external hyperfinite sum Exz-» _ a, by

=N

——
Exz-Z,F() an = {Cn}zif)v = <C(),{Cn}rllzo,,,.,{CH}ZZ;,..,,CN,/C\N> (14249)

= =N
where ¢y = ao,cr = Ext- Zzl(; an, 0 <k < N,cy = Ext-) "

n=0 n-

—~

(iv) Let {a,}"~),N € *N be external hyperfinite sequence in “RY {a,}Y, = *R?
such that a, = 0 for all n € *N\N. We assume that

/\n:N A N=0
Ext35, o an = Ext-3,  an. (14.2.50)
Example 14.2.3.Consider the G.P: a,ar,ar?,....ar! N € *N,a € i@f

re ?@E be the first term and the ratio of the G.P respectively. Then for any

N € *N by Proposition 14.2.6 and Definition 14.2.44 one obtains that

—//\
< A
Ext- ar'! = g—2¢ —g—=t g T ) 14.2.51
anl 1:@—1" 1%—7 1%—1" ( )
and
/\ A
=" lﬁ n ”

Ext), ar'!=am————as+L—" . (14.2.52)

n= % r % r -

Example 14.2.4.Consider the G.P: a,ar,ar?,....ar!' N € *N,a € %,r € i@f

r < 0~;, |r| < 1.Note that

*[Rf,
//\
l— - 7N ~=N-1
*R
o0 ——— = Ext- ar™! =
1 *[R#Ci —r Zn=l
A© P
— _ n—1 _ n-1 _
Ext anlar + Ext Z(ne*N\N)/\(nstl)ar (14.2.53)
/\
I;E; n *® P
—qg—>"G— —q —L— +Ext-Z ar" .
l——-r l——-r (ne*NW)A(n<N-1)
“RE RE n=1

From (14.2.53) we obtain



Ext-/z\: ar™! :algu\@—l’N -« 1% +a{ r’ }Oo =
(ne*NW)A(n<N-1) 1 gt —F 1;@ -r I?TRT; —-r y
S (14.2.54)
Sl
1~ —r IT{# —-r’
n=1
Assume that: (i) » < 0~ |r| < 1 then from (14.2.54) we obtain
- n—1
Ext—Z(ne*N\N)A(nSN_I)a(—1;@ "t O (14.2.55)

§15.Basic analisys on external non-Archimedean field
R%.

§15.1.The #-limit of a function /' : R? - R?

Definition 15.1.The (¢,6) definition of the #-limit of a function : D - R is as
follows:
Let f be a R#-valued function defined on a subset D — R of the Cauchy hyperreal
numbers. Let ¢ be a limit point of D and let L be a hyperreal number. We say that
#-lim,., . fix) = L (15.1)

if for every ¢ = 0,& > 0 there exists a6 = 0,6 > 0 such that, for all x € D, if
0 < |x—cl< 4, then [f(x) — L|< &, symbolically:

lime, .f(x) =L < (Ve(e = 0Ae>0)0(0 = 0Ad>0)Vx e D,0< |x—cl<d =
flx) —L| < e.
Definition 15.2.The function /' : R? — R? is #-continuous (or micro continuous) at

some
point ¢ of its domain if the #-limit of f{(x), as x #-approaches ¢ through the domain of

/.

exists and is equal to f{c) :

(15.2)

#-lim,.,, . f{x) = flc). (15.3)
Theorem 15.1.If #-lim,.,, », f(x) exists; then it is unique that is; if
#-lil’nx_,# xoj(x) =1, and #-liqu# xof(x) = Lz,then L = L».
Theorem 15.2. If #-lim,.,, »,/1(x) = L; and #-lim,.,, », /2(x) = L, then



#-ﬁmx_,# xo[fl (x) ifz(x)] = L] iLz,

#-limye, o [f1(x) X f2(x)] = L1 x Lo, (15.4)

N _ Ly
fz(x) = L; ,Lz = 0.

Definition 15.3.(a) We say that f{(x) #-approaches the left-hand #-limit L as x
#-approaches x, from the left,and write #-lim..,,- f{x) = L, if f{x) is defined on some
#-open interval (a,x¢) and, foreach ¢ > 0, ~ O thereisaé > 0,6 ~ 0 such that
fix)-L|<eif xp—35 <x < xo.
(b) We say that f(x) #-approaches the right-hand #-limit L as x #-approaches x, from
the
right, and write #-lim,.,, ..+ f{x) = L,if f(x) is defined on some open interval (x¢,b) and,
for
each ¢ > 0, thereisa d > 0,6 = 0 such that [f(x) - L|< €, > 0,6 = O if
X0 < x < Xxo+0.
Left- and right-hand #-limits are also called one-sided #-limits. We will often simplify
the
notation by writing #-lim,..,, »,— fix) = f{xo —) and #lim,.,, x,+ f{x) = fxo +).
Theorem 15.3. A function fhas a #-limit at x, if and only if it has left- and right-hand
#-limits at xo; and they are equal. More specifically; #-lim,.., », f(x) = L if and only if
flxo+) =flxo-) =L
Definition 15.4. We say that f{x) approaches the #-limit L as x approaches «* , and
write #-lim,, ..« f{x) = L,if fis defined on an interval (a,0") and, for each ¢ > 0,¢ = 0,
there is a number p such that [f(x) = L| < ¢ifx > B.
Definition 15.5. We say that f{(x) approaches «* as x approaches x, from the left,
and write

#' limxe# X0

#-lim,.., ;,- f{x) = o or flxg —) = oof (15.5)

if fis defined on an interval (a,x¢) and, for each hyperreal number M, there is a

0 ~ 0,0 > 0suchthat fix) > Mifxo—56 < x < xo.

Similarly we define: #-lim,,,- f{x) = —oo®, #lim,_, 1+ f(x) = —00®, #-lim,.,, 1.+ f{x) = 0o
Example 15.1. (i) #-lim,., ,-x™' = —oo” (i) #-lim,., v+ x~! = 400,

(iii) #-lim #x% = oo,

Remark 15.1. Throughout this paper, #-lim,., ,, f{x) exists” will mean that

#-lim,., , f(x) = L, where L is finite or hyperfinite.

To leave open the possibility that L = +oo”, we will say that

#-lim,_, f{x) exists in the extended hyperreals.

This convention also applies to one-sided limits and limits as x approaches +owo* .

2 _ .
oy oot XT = Hlimy o

15.2.Monotonic Functions /' : R# — R%,



Definition 11.6.A function /' : R? » R? is nondecreasing on an interval I c R? if

Sfxr) < fx2) (15.6)
whenever x; and x; are in / and x; < xz, or nonincreasing on / if
Sox1) = flx2) (15.7)

whenever x; and x, are in / and x; < x».

In either case, fis on I.If < can be replaced by < in (11.6), fis increasing on I. If >
can be replaced by > in (11.7), fis decreasing on 1. In either of these two cases, f'is
strictly monotonic on 1.

Theorem 11.4. Suppose that f{x) is monotonic on (a,b) and define

a = inf,«; f(x) and B = sup«.«» f(x). Suppose that 3a and 35, then:

(a) If fis nondecreasing, then fla +) = a and f(b-) = B.

(b) If fis nonincreasing; then fla +) = pand f(b —) = a.

Here a += —oo” if a = —o* and b += o if b = oo*,

(c) If a < xo < b, then f{xo +) and f(x, —) exist and are finite or hyperfinite;
moreover, f(xo +) < flxo) <f(xo —) if fis nondecreasing, and f(xo +) > f(xo) > f(xo —)
if is nonincreasing:

Proof (a) We first show that f{a +) = a. If M > a, there is an Xy in (a,b) such that
flxo) < M. Since fis nondecreasing, f(x) < M if a < x < xo. Therefore, if , a = —o*,
then fla +) = —o*. If .a > —0*, let M = a + &, where ¢ ~ 0,& > 0.

Thena < flx) <a+¢, so(i) [fix)—a| <eifa < x < xo.

If a = —o*, this implies that f{—o*) = a,. If a > —o*, let § = xo —a. Then (i) is
equivalent to |[f{x) — a| <¢ if a < x < a + &, which implies that fla +) = a.

We now show that f(b +) = B. If M < B, there is an x¢ in (a,b) such that f{x¢) > M.
Since f{x) is nondecreasing, f{x) > M if xo < x < b. Therefore, if B = «o*, then
fb-) = If B <o letM=pB—-¢, wheree =~ ¢ > 0. Then f—¢ < flx) < B,

so (i) [filx) - B| < eifxo <x < b.

If b = oo, this implies that f{00?) = B. If b < o® |, let § = b —x¢. Then (ii) is
equivalent to f{x) <if b—0 < x < b,which implies that (b -) = .

(b) The proof is similar to the proof of (a).

(c) Suppose that f(x) is nondecreasing. Applying (a) to f{(x) on (a,x¢) and (x¢,b)
separately shows that f{xo —) = supa<<x, f(x) and f{xo +) =infy <x<p f(x).

However, if x| < xo < x2, then f{x1) < f{xo) < f(x2) and hence,

Sxo =) < flxo) < flxo +).
15.3. #-Limits Inferior and Superior

Definition 15.7.We say that: (i) /is bounded on a set S < R if there is a constant
M € R,M < oo such that f{x) < M for all x € S,(ii) fis hyperbounded on a set § < R#
if / is not bounded on a set S and there is a constant M € R#/R, M < «* such that
fix) < Mforallx € S.



Definition 15.8. Suppose that fis bounded or hyperbounded on [a,x(), where x,
may

be finite or hyperfinite or . For a < x < xo, define (i) S/{(x;x0) = sups=wx, f(t) and

(if) Zr(x;x0) = infrecicr, fT0).

Then the left #-limit superior of f{x) at x, is defined to be

#-lim,,, 1o-f(x) = #-lim,, v, SA(x;X0) (15.8)
and the left limit inferior of f{x) at x, is defined to be
#-lim ,, . fx) = #lime, o (x5 X0). (15.9)

If xo = oo, we define xo — = «o".
Theorem 15.5. If f{x) is bounded or hyperbounded on [a,x(), then =
#'h_mx—w xo—ﬂx)
exists and is the unique hyperreal number with the following properties:
(@) Ife > 0,6 = 0, there is an a; in [a,x() such that
() fix) < B+eifa <x<xo
(b)Ife > 0,6 = 0and a; is in [a,x¢), then
fx) > B—¢forsomex € [a,xo).
Proof. Since f(x) is bounded or hyperbounded on [a,x¢),SAx;x0) iS nonincreasing
and bounded or hyperbounded on [a,x,). By applying Theorem 15.4(b) to S/(x;x0),
we conclude that g exists finite or hyperfinite.
Therefore, if ¢ > 0,¢ = 0, there is an @ in [a,x¢) such that
(il) B—e/2 < SHx;x0) < B+e2ifa <x < xo.
Since S/(x;x0) is an upper bound of {f{t)|x <t < xo},f(x) < SA{x;x0). Therefore,
the second inequality in (ii) implies the inequality (i) with a; = @. This proves (a).
To prove (b),let a; be given and define x; = max{a;,a}. Then the first inequality in
(if) implies that (iii) S/(x;x0) > B — &/2. Since SH(x;x0) is the supremum of
{f(t)|x1 <t < xo}, thereis an x in [x1,x0) such that
SIX) > Si(x;x0) — /2. This and (iii) imply that f{x) > - ¢/2. Since X is in [a1,x0), this
proves (b).
Now we show that there cannot be more than one hyperreal number with properties
(a) and (b). Suppose that 3, < 8, and 3, has property (b); thus, if ¢ ~ 0, > 0 and a,
is in [a,x¢) there is an x in [a;,x¢) such that f(x) > B, — ¢ . Letting ¢ = B, — B1, we see
that there is an x in [a;,b) such that f{x) > > — (B2 — B1) = B1So B cannot have
property (a).Therefore, there cannot be more than one hyperreal number that
satisfies
both (a) and (b).
Theorem 15.6. If /() is bounded or hyperbounded on [a,x,), then a = lim . _f{x)
exists and there is the unique hyperreal number with the following properties:
(@) If e = 0,6 > 0 there is an a; in [a,x() such that
fix) >a—c¢ifa; <x < xp.



(b)Ife ~ 0,6 > 0and a, isin [a,x0), then

fx) < a+¢eforsomexe [ax).

Theorem 15.7. If f{x) is bounded or hyperbounded on [a,x,), then

(i) lim,,, ,,/0x) <Time, xAX);

(") h_n’lx_)# xo—ﬂ_x) == li_lnx—’# xo—ﬂx);

(iii) lim...., x,- ) = — lim, ., ., f(x);

(iv) lim,, ., fx) = lim.., «,-f(x) if and only if lim,., ., fx) exists, in which case

limx*# xo—f(x) = mx»# xo—f(x) = Enx—*# XO—f(x)

Theorem 15.8.Suppose that f{x) and g(x) are bounded or hyperbounded on [a,x) .

Then: (i) lim,., »,-(f+ g)(x) < lim,., - fx) + lim,y,-g(x);

(i) lim,,, ., (f+g)(x) = lim,,, . flx) +lim, . . g(x).

Theorem 15.9.The o = lim,.,,- f({x) exists i.e.,a is finite or hyperfinite

if and only if for each ¢ =~ 0,6 > O thereisad = 0,6 > 0

such that Jf(xl) —f(XQ)| <¢gifxog—08 < x1,x2 < xo.

Theorem 15.10.(i) Suppose that f(x) is bounded or hyperbounded on an interval
(x0,b],

then lim ., . .f{x) = lim,., ,.f(x) if and only if lim,.,. f{x) exists, in which case

limx*# xo+f(x) = mx»# x0+f(x) = an—’# xo+f(x)-
(i) Suppose that f(x) is bounded or hyperbounded on an open interval containing x,
then lim,.., «, f{x) exists if and only if

mlx”# XOT](('X) = mlx”# X0+f(x) = li—rnx—># xo—ﬂx) = li—rnx—># xo+ﬂx)'

15.4.The #-continuity of a function : R# — R%,

Definition 15.9. (i) We say that a function /': R? - R. is #-continuous at x if /'is
defined on an #-open interval (a,b) containing xo and lim,.,, »,— f{xo) = xo.

(i) We say that f'is #-continuous from the left at x, if f'is defined on an #-open
interval (a,x0) and flxo —) = f(xo).

(iii) We say that f'is #-continuous from the right at x, if fis defined on an #-open
interval (xo,b) and flxo +) = f(xo).

Theorem 15.11. (i) A function f'is #-continuous at x, if and only if f is defined on an
#-open interval (a,b) containing xo and for each ¢ = 0, > O thereisa o = 0,6 > 0
such that

[flx) —flxo)| < € (15.10)
whenever |x — xo| < 0.
(i) A function f'is #-continuous from the right at x, if and only if fis defined on an
interval [xo,b) and for each ¢ ~ 0, > 0 thereisa é ~ 0,6 > 0 such that (15.10) holds
whenever xo < x < xo + 6.
(iii) A function f'is #-continuous from the left at x, if and only if fis defined on an
interval (a,xo] and for each ¢ ~ 0, > 0 thereisa é ~ 0,6 > 0 such that (11.10) holds



whenever xp — 6 < x < xy.
Note that from Definition 15.9 and Theorem 15.8, f'is #-continuous at x, if and only if
flxo +) = flxo —) = flxo) or, equivalently, if and only if it is #-continuous from the right
and left at x.
Definition 15.10. A function /: R? - R# is #-continuous on an open interval (a,b) if
it is
#-continuous at every point in (a,b). If, in addition,
fb-) = f(b) (15.11)

or

fla+) = fla) (15.12)
then f'is #-continuous on (a,b] or [a,b), respectively. If fis #-continuous on (a,b) and
(15.11) and (15.12) both hold, then f'is #-continuous on [a,b]. More generally, if S'is

a
subset of dom(f) consisting of finitely or countably or hyper finitely or hyper infinitely
many disjoint intervals, then fis #-continuous on S if fis #-continuous on every

interval
inS.

Definition 15.11. A function /' : R¥ - R# is piecewise #-continuous on [a,b] if

(i) flxo +) exists for all x in [a,b);

(i) flxo —) exists for all x¢ in (a,b];

(iii) £ (xo +) = flxo —) = flxo) for all but except finitely or hyper finitely many points x
in (a,b).

If (iii) fails to hold at some x¢ in (a,b), f has a jump #-discontinuity at xo. Also, fhas a
jump #-discontinuity at a if fla +) + fla) or at b if f(b—) + f(b).

Theorem 15.12. If fand g are #-continuous on a set S, then so are '+ g, and

fe. In addition, f/g is #-continuous at each x, in S such that g(xo) # 0.

By hyper infinite induction, it can be shown that if Vi € N* £, (x) are #-continuous on

a
set S, then so are an(x).Therefore, Vn,m € N* any rational function

r(x) = »_ax'l Y bx',b; + 0 is #-continuous for all values of x except those for
which _
its denominator vanishes.

Chapter II.*R%-Valued abstract measures



1.0%-algebras

Definition 1.1 (¢*-algebra). Let X be any set. We denote by
2X=PX)={4:4c X}

the set of all subsets of X. A family & < 2¥ is called a s*-algebra (on X) if:

(YT e &F,

(i) F is closed under complements, i.e. 4 € F implies X\4 € &F;

(iii) F is closed under hypercountable unions, i.e. if (4,), is @ hyper infinite
sequence in F then | J .« 4, € F.

Proposition 1.1.If F is a ¢"-algebra on X then:

1. F is closed under hypercountable intersections, i.e. if (4,),¢ is @ hyper infinite
sequence in F then (] 4, € &.

neN*

2.Xe &F.

3. F is closed under hyperfinite unions and hyperfinite intersections.

4. F is closed under set differences.

5. F is closed under symmetric differences.

Proposition 1.2.Suppose F — 2% is a family of subsets satisfying the following:
1.0 e &F;

2. F is closed under complements;

3. F is closed under hyperinfinite intersections.

Then & is a o*-algebra.

Proposition 1.3.If (F,). is a collection of ¢*-algebras on X, then [ F , is also a

o"-algebra on X.
Proposition 1.4.(s"-algebra generated by subsets). Let K be a collection of subsets
of X. There exists a ¢*-algebra, denoted ¢*(K) such that K — ¢#(K) and for every

other

o" algebra F such that K — & we have that ¢(K) < F

We call ¢#(K) the o*-algebra generated by K.

Proof. Define ¢%(K) 2 ({F|¥F is a o"-algebra on X,K c F}.

This is a o*-algebra with the required properties.

Proposition 1.5.I1f K — £ then ¢*(K) < ¢*(X£). Also, if K « F and F is a
o"-algebra, then ¢*(K) — F.

Definition 1.2. (Borel s*-algebra). Given a topological space X, the Borel ¢*-algebra
is the o*-algebra generated by the open sets. It is denoted B*(X).

Specifically in the case X = *R# d € N*we have that

B 2 B*(*R*) = ¢*(U|U is an #-open set ).

A Borel-#-measurable set, i.e. a set in B#(X), is called a #-Borel set.

Measurable functions. Let fbe a *R#-valued function defined on a set X. We
suppose that some ¢*-algebra Q < P(X) is fixed.

Definition 1.3. We say that fis #-measurable, if /' ([a,b]) € Q for any hyperreals



a,b € *R* such that a < b.

The following three propositions are obvious.

Proposition 1.7. Let / : X - *R¥ be a function. Then the following conditions
are equivalent:

(a) fis #-measurable;

(b) /1([0,b)) € Q for any hyperreal b € *R¥;

(c) £1((b,0)) e Q forany hyperreal b € *R¥;

(d) f1(B) € Qforany B € B(R).

Proposition 1.8 Let fand g be #-measurable functions, then

(@) a x f+ B x g is #-measurable for any «,8 € *R¥;

(b) functions max{f,g} and f x g are #-measurable.

In particular, functions f* := max{f,0},/~ = (-f) ¥, and |[f:= " +f~ are
#-measurable.

§2. #-Measures and measure #-space

Definition 2.1. A pair (X,F) where & is a ¢"-algebra on X is call a #-measurable

space. Elements of F are called #-measurable sets.

Given a #-measurable space (X,¥), a function u* : F - [0,0"] is called a
#-measure

on (X,¥F) if

1. ¥ (@) = 0;

2. (Hyper infinite additivity) For all hyper infinite sequences (4,),. < &F of pairwise

disjoint sets in &, we have that p*| | J 4, | = Ext-)_ u*(4,).
neN* neN*
(X, F,u") is called a #-measure space.
Definition 2.2. A measure space (X, ¥, u") is called: (a) hyperfinite if p#(X) < oo*.
(b)lt is called o*-hyperfinite if X = U A, where 4, € F and u*(4,) < «* for all
neN#
n e N*.
Definition 2.3. Let X be a ¢”-algebra of subsets of a set X, and let £ = (£, || ||,,) be
a non-Archimedean Banach space.A function p* : £ - EU {*} is called a
vector-valued #-measure (or E-valued measure) if

(a) p*(@) = 0;

(b) p* U A, | = Ext-Z u*(4,) for any pairwise disjoint sequence 4,,n € N*,
neN# neN*

A, €%

(c) forany S € X, u#(S) = «, there exists B € X such that B < S and

0 < [u#(B)], < *oo.

Definition 2.4.(a) A function u* : & - *C# U {*o} is called a complex #-measure
if



1.0%(0) = 0,

2'“#<U An> = Ext-Z u*(4,) for any sequence 4,,n € N* of pairwise disjoint
neN# neN*

sets from &, and, for any 4 € F,u#(4) = *oo, there exists B € & such that

B < dand 0 < |u*(B)|, < *o.

(b) A function p* : F - *R? U {*o} is called a signed #-measure if

wi(@) =0

;,L#(U An> = Ext-Z n*(4,) for any sequence 4,,n € N* of pairwise disjoint
neN* neN#

sets from &, , and, for any 4 € F,u"(4) = *oo, there exists B € & such that

B c Aand 0 < |u*(B)|< *oo.

Definition 2.5. If a certain property involving the points of #-measure space is true,
except a subset having #-measure zero, then we say that this property is true
#-almost everywhere (abbreviated as #-a.e.).

Proposition 2.5. Let u* be a #-measure on a s*-algebra #,4, € ¥, and 4, - A.
Then 4 € F and p#(4) = #-lim,.-., n*(4,). In particular, if (B8,),% is a decreasing
hyper infinite sequence of elements of F such that N,* B, = 0, then u*(B,) - 0.
Definition 2.6. If F is a *-algebra of subsets of X and p* is a #-measure on &,
then the triple (X, F, ) is called a #-measure space. The sets belonging to &

are called #-measurable sets because the #-measure is defined for them.

§2.1.#-Convergence of functions and the generalized

Egoroff theorem.

Definition 2.1.1. Let /,,n € N* be a hyper infinite sequence of *R#-valued functions
defined on X. We say that:

1. fu -4 fpointwise, if f,(x) -4 fix) for all x € X;

2. f, —»# falmost #-everywhere (#-a.e.), if f,(x) - flx) for all x € X except

a set of #-measure 0;

3. f» =+ funiformly, if for any ¢ > 0,¢& = 0 there is n(¢) such that

sup{[fu(x) — fx)|: x € X} < eforall n > n(e).

Theorem 2.1.1. (generalized Egoroff s theorem) Suppose that p*(X) < *wo,
{f»+,5 and fare #-measurable functions on X such that f, —»x f#-a.e. Then, for
every ¢ = 0,& > 0,there exists E < X such that u#(E) < ¢ and £, -« funiformly on
E¢ = X\E.

Proof: Without loss of generality, we may assume that f, -4 f'everywhere on

X and (by replacing 1, with 1, —f) that f = 0. For k, n € *N, let

E.(k) = U{x s fm@)> k—1}.Then, for a fixed &, E,(k) decreases as n increases,

m=n



and ﬂEn(k) = @J. Since p*(X) < *oo, we conclude that u*(E,(k)) -« 0 asn - *oo.
n=1

Given ¢ = 0,¢ > 0 and *N, choose n; such that u*(En.(k)) < ex27* and set

E = UEnk(k).Then u*(E) < ¢, and we have |f,(x)|< k'(Vn > nj,x ¢ E).
n=1

Thus f, -4 0 uniformly on X\E.

Generalized exhaustion argument.

Let (X,X,u*) be a o*-finite #-measure space. Given a hyper infinite sequence
(U2 <X, asetd e Xis called (U,),-bounded if there exists n € *N such that
A < U, p#-almost everywhere.

Theorem 2.1.2. (Generalized Exhaustion theorem) Let (Y,),?, < X be a

hyper infinite sequence satisfying ¥, 1 X and pu*(Y,) < *w for all n € *N.

Let P be some property of (¥,),-bounded

#-measurable sets, such that 4 € P iff B € P for all B,u*(4AB) = 0. Suppose

that any (Y,,),-bounded set 4, u*(4) > 0, has a subset B € X, u#(B) > 0 with the
property P. Moreover, assume that either

(@) 41 UA, € Pforevery A;,4, € P, or

(b) Unern B, € P for every at most hyper infinite family (B,), of pairwise disjoint
sets possessing the property P.

Then there exists hyper infinite sequence (X,),” < X such that X, 1 X, and
P>X,CY,

for all n € *N. Moreover, there exists a pairwise disjoint sequence (4,),2 <
such that Uyesn 4, = Xand 4, € P for all n € *N.

Proof: Let 4 be a (¥,),-bounded set with u*(4) > 0. Denote

Py ={BeP:Bc Ay Am(4) = sup{p*(B) : B € P4}.

I(a) Suppose P satisfies (a). Then there exists a sequence (F,),” < P, such
that m(4) = #-lim,_- u*(F,), We may assume, that ¥, 1. By Proposition 2.5

the set F = U,*, F, satisfies u*(F) = m(4). We show that p#(4) = m(4). If not
then u#(4\F) > 0. The set A\F has a subset of positive #-measure F, € P.

Then F, UFy € Py and p*(F, UFy) > m(4) for a sufficiently large n € *N, which
contradicts to the definition of m(4). Therefore, u*(4) = m(4).

Now we apply this for 4 = Y,. Thus, there exists hyper infinite sequence (X}), < X
such that X}, € Y,, X,,n € P, and u*(Y¥,\X,) < n"'for all n € *N. By (a), we may
assume that X), 1. The set X, = U, X, satisfies Y,\X;, < Y,\X}, so u*(¥,\X;) < n~!
forall n € *N. Then p#(Y,\X;) = 0, and p*((U,% Y.)\X},) = 0, or p*(X\X}) = 0.

Let X, = (X, U (X\X,) N Y, then the hyper infinite sequence (X,), has the required
properties. The desired pairwise disjoint sequence (4,), is given recurrently by
Ay = X\and Ap = X\ UL, 4.

I(b) Suppose P satisfies (b). Let F4 be the family of all pairwise disjoint



families of elements of P, of nonzero measure. Then F, is ordered by inclusion
and, obviously, satisfies the conditions of the Zorn lemma. Therefore, we have
a maximal element in F4, say A. Then A is at most hyper infinite family, say

A = {D,},. By (b), its union D = U, D, is an element of P, as well. If D is

a proper subset of A, then u#(4\D) > 0. The set A\D has a subset F € P

of the positive measure. Then A, := AU {F} is an element of F4, which is
strictly greater then A. The obtained contradiction, shows that 4 € P for every
(Y.).-bounded set 4. So, we may take X, = Y, for each n € *N.

Now we apply this for 4 = Z,, = Y,,\ U™} Y, be a pairwise

disjoint union, where D} € P for all n,m € *N. The family {D?'}, . is an at most
hyper infinite disjoint decomposition of X, say {D”},.. = (4,),5. The sequence
(4,),7 satisfies the required properties.

Theorem 2.1.3.(The generalized Borel-Cantelli lemma) Let (X,Z, u¥) be a
#-measure space. Assume that {4,}, < X and Ext—Z;fl u(4,) < *oo then

lim sup,+0 p*(4,) = 0.

§2.2.Vector-valued #-measures

In this section, we extend the notion of a measure. Then we study the basic
operations with signed measures and present the Jordan decomposition theorem.

2.2.1. Vector-valued, signed and complex #-measures.

Let * be a o*-algebra of subsets of a set X, and let E* = (E*,||-||,) be a
non-Archimedean Banach space.

Definition 2.2.1 A function p* : ¥ - E* U {*o} is called a vector-valued
#-measure (or E*-valued measure) if

(@) n' (@) = 0; )

(b) n* (U5 Ax) = Ext-)_ " u*(4,) for any pairwise disjoint sequence (4:)r < X¥;
(c) for any 4 € ¥, u#(4) = *oo,there exists B € £* such that B < 4 and

0 <[lw*B) I, < *oo.

Example 2.2.1 Take X* = P(*N), and ¢} is the non-Archimedean Banach space
of all #-convergent C#-valuedhyper infinite sequences with a fixed element
(an)n € c}. Define now for any 4 < Ny(4) := (Ba) s,

where 8, = a, ifn e Aand B, = 0if n ¢ A. Then y is a cj-valued #-measure on
P(*N).

Example 2.2.2 Let X be a set and let Q be a s*-algebra in P(X). Then for any
family {u} 7., of finite #measures on Q and for any family {w}}., of vectors of
R#, the R#"-valued #-measure ¥ on Q is defined by the formula

Y(E) = Ext-) " ui(E) x wy, (E € Q).

Example2.2.3 Let X be a set and let Q) be a ¢*-algebra in P(X). Then for

any family {u}7-, of finite #-measures on Q, for any family {4,}7-, of pairwise



disjoint sets in Q, and for any family {w;}7, of R, n € *N, the R#"-valued
#-measure ® on Q) is defined by the formula ®(E) = Ext-) " ui(E N Ax) x wy,
(E € Q).

§3. The Lebesgue #-Integral

In the following consideration, we fix a ¢*-finite #-measure space (X, F,p*).
Definition 3.1.Let 4, € F,i = 1,...,n € *N, be such that p*(4;) < *« for all i, and
A;N4; =0 forall i+ j. The external function

fx) = Ext- Zln:l Aixa, (x), 3.1)

A; € *R% is called a simple external function. The Lebesgue external integral
(Lebesgue #-integral) of a simple external function f{(x) is defined as

Ext-I fx)d*u* = Ext- Zn | Ain#(4;). (3.2)
X =

The Lebesgue external integral of a simple function is well defined.
Notation 3.1.Let 4; € F,i =1,...,n € *N, be such that u#(4,) < *oo for all i, and
AiNA; =0@foralli = . Letfi(x),/2(x) be a simple external function such that

()0 < fi() < f2(0) and (i) i(x) = Ext-3 " dniga,(0)o2(x) = Ext-D " dia ().
Ext- " Ji < Ext-) " o, (3.3)

then we will write 11 (x) <, f2(x).
Definition 3.2. Suppose that p* is hyperfinite. Let / : X - *R¥ be an arbitrary
nonnegative bounded in *R’ #-measurable external function and let (f,) ..., be a

hyper infinite sequence of simple external functions which #-converges uniformly
to /. Then the Lebesgue #-integral of f'is

Ext- | O = elim, OO(Ext— IX fn(x)d#u#). (3.4)

Remark 3.1.1t can be easily shown that the #-limit in Definition 3.2 exists and does
not depend on the choice of a hyper infinite sequence (f,) ..., and moreover, the

hyper infinite sequence (f,),..can be chosen such that 0 < f, < fforall n € *N.
Notation 3.2.Let /1 : X - *R¥ and /> : X » *R¥ be an arbitrary nonnegative
bounded in *R¥ #-measurable external functions and let (f1,,) .., and (f2..) . be

a hyper infinite sequences of simple external functions which #-converges uniformly
to f1 and to £, correspondingly. We assume that for all » € *N the inequality (3.3)
is satisfied, then we will write f1(x) <; f2(x).

Definition 3.3. Let /: X - *R? be a #-measurable function. Then the Lebesgue
#-integral of f'is defined by

Ext-j fo0)dtt :Ext-j FH)d ut — Ext- j F(o)d . (3.5)
X X X



If both of these terms are finite or hyperfinite then the function f'is called
#-integrable.

In this case we write ' e LY = L{(X,F,pn*).

Notation 3.3.We will use the following notation. For any 4 € & :

Ext- JAﬂx)d#u# = Ext- JXﬂx)xA (x)d*u?. (3.6)

Lemma 3.1.(1) Let /: X - *R? be an arbitrary nonnegative #-measurable function
then

Ext- J.Xf(x)d#p# =
3.7)

sup{Ext- [ _9Wd**|¢ is a simple function such that 0 < ¢(x) <. f(x)}.

(2) If £,g : X > *R¥ are #-measurable, g is #-integrable, and |f(x)|<, g(x), then f
is #-integrable and

‘Ext— _“Xf(x)d#u#‘ < Ext- IXg(x)d#u#. (3.8)

(3) Ext- jxlf(xnd#u# — 0ifand only if Ax) = 0 #a.e.
A If f1,/5,...fn : X » *R¥. n € *N are integrable then, for A,,1,,...,4, € *R%,
the linear combination Exz-) " 1 is #-integrable and
Bxt- [ (Bxe X0 aaf o = B (B[ 2t (3.9)
(5) Let f e Li(X,F,u?), then the formula
vi(4) = Ext- JAﬂx)d#u# = Ext- JXﬂx)xA (x)d*p* (3.10)

defines a signed #-measure on the ¢*-algebra F.
Remark 3.2. Assume that f,g : X - *R¥ are #-integrable functions and such that
0 <f<, g#-a.e., then

Ext—j fx)du® < Ext—J gx)d*p?.
X X

#-Convergence theorem

Definition 3.4. We say that a hyper infinite sequence {fn};fl of #-integrable

functions  L%-#-converges to f (or #-converges in L{(X,F,u")) if

Ext- [ |fy —fld*n* >4 0@s n > *co. (3.11)
X

Theorem 3.1 (The monotone #-convergence theorem) If {fn};fl is a hyper infinite
sequence in L{" (X, F,u") such that f; <; f;+1 for all j and f{x) = supe-n f,(x) then

Ext- | f)d*ut = #-lim, ... Ext- | _f,(x)d"u". (3.12)
X X



Proof: The #-limit of the increasing sequence

(Ext-J. f,,(x)d#u#)
X
(x-finite or x-infinite) exists. Moreover by (3.2),
Ext-j fu(x)d¥p# < Ext-J. fx)d*u*
X X

*o0

n=1

forall n € *N, so
Helimy e (Ext— [ fn(x)d#u#) < Ext-[ _flo)d*p?.
X X
To establish the reverse inequality, fix a € (0,1), let ¢ be a simple function with

0<gp<fandletE, = {x : f,(x) > ap(x)}. Then (E,),% is an increasing hyper
infinite sequence of #-measurable sets whose union is X, and we have

Ext-| fi@d'y* = Ext-[ fu(o)d'n* a(Ext- | (p(x)d#;,t#> (3.13)
X E, E,
By (3.10) and by Proposition 2.5,
HTiMm oo (Ext- j go(x)d#p#) — Ext- j () d*u*, (3.14)
E, X
and hence
- iy (Ext- [ fn(x)d#u#) > a(Ext— [ (p(x)d#u#). (3.15)
E, X
Since this is true for all a,0 < a < 1, it remains true fora = 1 :
H-Tim, oo (Ext— j fn(x)a’#p#) > Exz-j o(x)d* . (3.16)
E, X

Using Lemma 3.1.(1), we may take the supremum over all simple functions ¢,
0<¢<f Thus

B Tim,, e (Ext- j ) f,,(x)d#u#) > Ext- jX o0)d k. (3.17)

Proofs of the following two corollaries of Theorem 3.1 are straightforward.
Corollary 3.1 If (1), is a hyper infinite sequence in L!(X) and 1 = Ext-z:l:fn
pointwise then

Ext- | S@d'n* = Ext- X7, (Ext— IX £ (x)d#u#). (3.18)

Corollary 3.2 If (1), is a hyper infinite sequence in L1(X), f e LL(X), and
fn —# [ nf-a.e., then

Ext- Jan(x)d#p# —~4 Ext- Jxﬂx)d#u#. (3.19)

Theorem 3.2 (Generalized Fatou’s lemma) If (£,),%is any hyper infinite sequence
in L1(X) then

Ext- | #-liminfnq*w(ﬁ,(x))d#u#S#-liminf,,ﬁ*oo(Ext- [ f,,(x)d#u#). (3.20)
X X



Theorem 3.3 (The dominated #-convergence theorem) Let fand g be #-measurable,
let f, be #-measurable for any n € *N such that |f,(x)|<; g(x) #-a.e., and f,, -4 f
#-a.e. If g is #-integrable then fand f, are also #-integrable and

Ext—J. So)d* u* = #-limeo0 Ext—J. Ja@)d*pt. (3.21)
X X

Proof: fis #-measurable and, since |f | < g p*-a.e., we have
fe LL(X). We have that g+ 1, > 0 u*-a.e. and g — f,, > 0 so, by Fatou’s lemma,

Ext- [ gdu*+ Ext- [ _fd*y* < #-lim inf,.. (Ext_ [ T+ d#u#) _
X X .
Ext-I gd?p¥ + #-1im inf,_+o (Ext—J. fnd#u#),
X X
Ext-j gd# # _Ext-j fd#“# < #-lim inf,_ (Ext-J [g _ﬁz]d#u#) _
X X B

= Ext- IX gd*p? —#-1im sup .+« (Ext— jXﬁqd#u#)

(3.22)

Therefore
#-Tim inf oo (Ext— j fnd#u#) > Ext- j fdfpt > #-1im suppe (Ext— j fnd#u#) (3.23)
X X X
and the required result follows from (3.23).

§ 4. #-Convergence in #-measure.

Definition 4.1. We say that a hyper infinite sequence (fn);f1 of #-measurable
functions on (X, M, u*) is Cauchy in #-measure if, for every ¢ ~ 0,& > 0,

W s [fa () = fu )= &}) —4 0@s m,n - *oo, (4.1)
and that (}”,1);1"1 #-converges in #-measure to fif, for every ¢ ~ 0,¢ > 0,
W s [fu(x) =)= e}) —4 0asn > *oo, (4.2)

Proposition 4.1. If /;, -+ fin L! then f,, -4 fin #-measure.
Proof. Let E,. = {x : |[f,(x) = fix)> ¢}. Then

Bxtof | fu=fldu® 2 B[ | fo=fldn® 2 en ),

En,s

SO W(Ene) < & Ext-[ | fu—fldn* =4 0.

X
Theorem 3.1. Suppose that (fn);fl is Cauchy in #-measure. Then there is a
#-measurable function f'such that f, -4 fin #-measure, and there is a
hyper infinite subsequence (f,,) e« that #-converges to f#-a.e. Moreover, if
f» —# g in #-measure then g = f#-a.e.
Proof. We can choose a hyper infinite subsequence (g;); = (f,,); of ()5 such
that if £; = {x : |g;(x) — g1 (¥)[> 27} then p*(E)) < 27. If Fy = | JE; then

J=k



w(Fy) < Ext-) 27 =2"* andifx ¢ F, we have fori > >k
j=k
i—1 i-1

g/ (¥) — g[S Ext=3 |gi (x) — gi(x)|< Ext-3 <217, (4.3)

I=j I=j
Thus (g)); is pointwise Cauchy on F{. Let F = (| Fx = lim sup; E;. Then p*(F) = 0,
k=1

and if we set f{x) = limj.+» g;(x) forx ¢ F, and f(x) = 0 for x € F, then f'is
#-measurable and g; -« f'a.e. By (4.3), we have that |g;(x) — Ax)|< 2!7forx ¢ F;
and j > k. Since u*(Fy) -4 0 as k > *oo, it follows that g; —4 fin #-measure,
because

() =) & < {x 2 fulr) - gD (172)e) U {x « [gi(x) — )= (172)},  (4.4)
and the sets on the right both have infinte small #-measure when »n and ;j are infinte
large. Likewise, if f, -4 g in #-measure

) —g) = e < {x [fx) —fu)= (172)e} ULx : [fu(x) —g()= (172)e}  (4.5)
for all n € *N, hence p*({x : |fix) —g(x)> ¢}) = 0foralle > 0, and f = g #-a.e.
Theorem 3.2 Let f, —» fin L} then there is a hyper infinite subsequence (f;, )«
such that /"« -4 f#-a.e.
Proof. Let E,,. = {x : [fu(x) — f(x)|> &}.Then

Ext- | o fidtn = Exi- [ 1fy =t > opt (En),

so u*(E..) »# 0. Then, by Theorem 3.1, there is a hyper infinite subsequence
(f».)« such that f,, — f#-a.e.

§ 5.The Extension of #-Measure
§ 5.1.0uter #-measures.

Definition 5.1.1. Let X be a nonempty set. An outer #-measure

(or #-submeasure) on X is a function &* : 5(X) - [0, *oo],;’(X) c P(X) that
satisfies:

(a) &'(@) = 0;

(b) &*(4) < &B) if 4 < B;

(c) & (UA,) < Ext-y_,&*(4;) for all hyper infinite sequences (4,), in PX).
=1 Jj=1

The common way to obtain an outer #-measure is to start with a family G of
“‘elementary sets” on which a notion of measure is defined (such as rectangles
or cubes in *R#"and then approximate arbitrary sets from the outside by hyper

infinite unions of members of G.
Proposition 5.1.1 Let G ?(X) be a set such that@ € G,X € G and let



p : G - [0,*0] be a function such that p(@d) = 0. For any 4 < X, define

é"#(A) =p*4) = inf{Ext—*fp(Gj) : G e Gand 4 < GGJ}'
j=1

j=1
if p*(4) exists. Then &* is an outer #-measure.
Definition 5.1.2.We will say that 4 < X is admissible if p*(4) exists.
Proof. For any admissible 4 = X, &#(4) is well defined. Obviously & (@) = 0.

To prove x-countable subadditivity, suppose {Aj};j{ c 1'3(X) and ¢ ~,& > 0.

For eachj € *N, there exists {G,};% < G such that 4; < | J G and
k=1

Ext-Y_p(G}) < &(4;) +e27.Then if 4 = | J4;, we have 4 < |J G, and
k=1 J=1 Jk=1

Ext-Y_ p(G}) < D &4)) + e,whence & (4) < Ext-Y & (4;) +¢. Since ¢ > 0 is

Jihk=1 Jj=1 Jj=1
arbitrary, we have done.
Definition 5.1.3. A set 4 X s called &*-measurable if p*(4) exists and
VB < X such that p*(B) exists the equality (5.1.2) holds

¢'(B) = (B NA)+ (BN (XW)).

Of course, the inequality &#(B) < & (BN A4) + & (B N (X\4)) holds for any
(admissible) set 4 and B.

So, to prove that 4 is &#-measurable, it suffices to prove the reverse inequality,

which is trivial if &#(B) = *. Thus, we see that 4 is &*-measurable iff for
any admissible B < X,&#(B) < *w

&'(B) = &(BNA) + (BN (X)).
Theorem 5.1.1 (Generalized Caratheodory’s theorem) Let &# be an outer

#-measure on X. Then the family X of all #*-measurable sets is a ¢*-algebra, and

the restriction of &# to X is a complete #-measure.

Proof: First, we observe that X is closed under complements, since the definition

of &#-measurability of 4 is symmetric in 4 and 4¢ = X\4. Next, if 4,8 € ¥ and
EcC X,

FHE)=FHENA)+EHENA) =FENANB) +EF(ENANB) +EH(ENAcNB) +

+EH(E N A° N BY).

But AUB) = (ANB)UMANB)U(4° N B) so, by subadditivity,
FENANB)+EFENANB)+EH(ENANB) > F(EN(AUB)),

and hence & (E) > E(EN (AU B)) +&(EN (4 UB)°).

It follows that 4 U B € X, so X is an algebra. Moreover, if 4,B € ¥ and
ANB=0,#AUB) = E#((AUB)NA) +E((AUB) NA°) = & (A) + & (B),
so & is hyperfinitely additive on X.

To show that X is a o*-algebra, it suffices to show that X is closed under

(5.1.1)

(5.1.2)

(5.1.3)



x-countable disjoint unions. If (Aj)_;‘ji is a sequence of disjoint sets in X, set
B, = J4,; AB = |J4,.Then, for any admissible £ < X,
Jj=1 j=1

FENB,) = EENBy N Ay) + (BN By N 4S) = EE N Ay) + E(E N Bo),
so a hyperfinite induction shows that &(E N B,) = Ext-Y_ &*(E N A4;). Therefore

Jj=1
EE) = E(ENB,) +E(ENBy) > Ext-) & (ENA)) +EENB)
j=1
and, letting n - *o0, we obtain

FHE) > Ext-fié#(EmAj) +(ENBC) > & GEmAj) +(ENBS) =ENB) +
j=1 =1

+ZH(E N BY) > &(E).
Thus the inequalities in this last calculation become equalities. It follows B € .

Taking E = B we have &*(B) = Ext-)_ ¢*(4;), so & is o*-additive on . Finally, if
=1

& (4) = 0 then we have for any admissible set £ = X

SHE) S SHENA) +EHENA) =HENAS) < EH(E), s04 € X

Therefore &*(E N A4) = 0 and &[5 is a complete #-measure.

Combination of Proposition 5.1.1 and Theorem 5.1.1 gives the following corollary
which is also called generalized Caratheodory’s theorem.

Corollary 5.1.1 Let G < P(X) be asetsuch thatd € G,X € G, and let

p . G - [0,*0] satisfy p(#) = 0. Then the family X of all p* #-measurable sets
(where p*is given by (5.1.1)) is a o*-algebra, and the restriction p*|z of p* to T is a
complete #-measure.

Definition 5.1.4 Let 4 be an algebra of subsets of X, i.e. 4 contains # and X, and
A is closed under hyperfinite intersections and complements. A function

A - [0,*0] is called a #-premeasure if {(#) = 0 and C(UA,-) = Ext-Y_ {(4;) for
=1 =1

any disjoint sequence (4;),e-n of elements of 4 such that | J4; € 4.

=1
Theorem 5.1.2 If {'is a #-premeasure on an algebra 4 < P(X) and
* o P(X) - [0,*0] is given by (5.1.1) then {*|, = and every 4 e 4 is
{* #-measurable.

§ 5.2.The Lebesgue and Lebesgue — Stieltjes

#-measure on *R?.

The most important application of generalized Caratheodory’s theorem is the
construction of the Lebesgue #-measure on *R?. Take G as the set of all intervals
[a,b], where a,b € *R? U {~*o0,+*0} and [a,b] = @ if a > b. Define the



function p : G - *R% U {*o} by
Vavb(a < b) [p([a,b]) = b —a] and YaVb(a > b)[p([a,b]) = 0]. (5.2.1)

The function p has the obvious extension (which we denote also by p) to the
algebra 4 generated by all intervals, and this extension is a #-premeasure on A4.
The ¢*-algebra X given by Corollary 5.1.1 is called the the Lebesgue s*-algebra
in R, and the restriction of p* to T = Z(*R¥) is called the Lebesgue #-measure
on *R? and is denoted by p*. By Theorem 5.1.2, u* is the unique extension of p.
By the construction, B#(*R#) < X(*R¥). Hence the Lebesgue #-measure is a Borel
#-measure. It can be shown that B#(*R¥) = Z(*R?) and that the Lebesgue
#-measure can be obtained also as the completion of any Borel #-measure
w? such that w*([a,b]) = b —a(Va < b).
The notion of the Lebesgue measure on *R? has the following generalization.
Suppose that p* is a o*-finite Borel measure on *R?, and let Vx €* R?

F(x) = p*((=*o0,x]) (5.2.2)
Then F is increasing and right #-continuous . Moreover, if b > a, (—*w,b] =
(=*0,a] U (a,b], so p*((a,b]) = F(b) — F(a).
Our procedure used above can be to turn this process around and construct a
measure J starting from an increasing, right-continuous function F. The special
case F(x) = x will yield the usual Lebesgue #-measure. As building blocks we can
use the left-#-open, right-#-closed intervals in *R¥ i.e. sets of the form (a, 5] or
(a, *o) or @, where —*o0 < g < b < *oo. We call such sets z-intervals. The
family 4 of all finite disjoint unions of 4-intervals is an algebra, moreover, the
o"-algebra generated by 4 is the #-Borel algebra B*(*R¥).
Lemma 5.2.1. Given an increasing and right #-continuous function F :* R - *R¥,
if (a;,b;]G = 1,...,n),n € *N are disjoint Z-intervals, let

n

Mﬁ(@(%bﬂ) = Ext- ) [F(b)) - F(a))], (5.2.3)

J=1

and let p(#) = 0. Then puj is a #-premeasure.
Lemma 5.2.2.f Assume that {(a.,b.)|a € G} is a hyperfinite or x-countable
family of intervals in *R# such that [0, 1] S U (a4, b,) then Ext-Zaec laq — bo| > 1.
Theorem 5.2.1 If F : *R? - *R¥ is any increasing, right #-continuous function,
there is a unique Borel #-measure u# on *R? such that Vavb(a,b € *R?)

wi((a,b]) = F(b) ~ F(a).
If G is another such function then p# = u# iff F — G is constant.
Conversely, if u* is a Borel #-measure on *R? that is gyperfinite on all #-bounded
#-Borel sets, and we define F(x) = p*((0,x]) if x > 0,F(x) = 0ifx = 0,
F(x) = —pu*((x,0]) if x < 0,
then F is increasing and right #-continuous function, and p* = u#.
Proof: Each F induces a #-premeasure on B*(*R¥) by Lemma 5.1.1. It is clear



that F and G induce the same #-premeasure iff F — G is constant, and that these

#-premeasures are ¢”-finite (since *R} = | J(j,j + 1]). The first two assertions

follow now from Lemma 5.2.2. As for the last one, the monotonicity of p*

implies the monotonicity of 7, and the #-continuity of u* from above and from
below implies the right #-continuity of F for x > 0 and x < 0. It is evident that

u* = u% on algebra 4, and hence p* = pf on B*(*R¥) (accordingly to Lemma 5.2.4).
Lebesgue — Stieltjes #-measures possess some important and useful regularity
properties.

Let us fix a complete Lebesgue — Stieltjes #-measure p* on *R# associated to an
increasing, right #-continuous function /. We denote by X : the Lebesgue algebra
correspondent to u”. Thus, for any £ e Tt

*

u(E) = inf{EXf'f[F(bj) — F(a))] ‘E < ij(aj,bj]} =

j=1 =1

(5.2.4)
1nf{Ext-ZuF((a], ‘E c U(a,, }
if infinum in RHS of (5.2.4) exists. Since B*(*R¥) < X+, we may replace in the
second formula for u*#(E) A-intervals by #-open intervals, namely
Lemma 5.2.3 Forany E € X+,
Wi(E) = inf{Exf'ZMﬁ*((aj,bj))‘E c Ul(aj,bj)}. (5.2.5)
=1 =

Theorem 5.2.2 If £ € T+ then

E € X+ = inf{p* :U2Fand Uis #—-open} =

pr = Inf{p" (V) pen} (5.2.6)

= sup{p*(K) : K < Fand K is # — compact}.

Proof. By Lemma 5.2.2, for any e ~¢e > 0, there exist mtervals (aj,b;) such that

*00

EcC U(aj,b ) and p#(E) < Ext-Z w*((a;,b))) +e. If U = U(aj,b ) then U is #-open,

J=1 j=1 J=1
E c U, and p#(U) < u#(E) +&. On the other hand, p*(U) > p*(E) whenever E < U
so the first equality is valid.
For the second one, suppose first that £ is bounded in *R%. If E is #-closed then E
is #-compact and the equality is obvious. Otherwise, given ¢ =,¢ > 0, we can
choose an #-open U, (#-E)\E < U, such that u*(U) < p*((#-E) \E) +e.
Let K = (#-E) \U. Then K is #-compact, K < E, and
pH(K) = pH(E) —pH(EN D) = p*(E) - [W(U) - n (V\E)] =
> uH(E) — n (U) + W ((#-E)\E) > p*(E) —e.



If £ is unbounded in *R%, let E; = EN (j,j + 1]. By the preceding argument, for
any ¢ ~,& > 0, there exist a #-compact K; < E; with u*(K;) > p*(E,) — €27. Let
J=n Jj=n
H, = |J K;. Then H, is #-compact, H, < E, and p*(H,) > u* | J(E)) —&.
. =

J=n
Jj=n
Since p*(E) = #-lim,. p*{ |J E,-), the result follows.

Theorem 5.2.3. If E < *R%, the following are equivalent:

(a) E e X«

(b) E = \N,, where Vis a Gs—set and pu#(N;) = 0;

(c) E = HUN,, where His an F_«—set and pu*(N;) = 0.

Theorem 5.2.4. If E € X » and p*(E) < *w then, for every ¢ ~,¢ > 0, there is

a set 4 that is a hyperfinite union of #-open intervals such that u*(FAA4) < e.
Lemma 5.2.4 Let 4 < P(X) be an algebra, let uj be a ¢”-finite #-premeasure on
A, and let Q be the ¢*-algebra generated by 4. Then there exists a unique
extension of p§ to a #-measure p* on Q.

§ 5.3. Product #-measures.

Definition 5.3.1.Let {(X,,F ,, 1%)}«ca be @ nonempty family of #-measure spaces.
We
define the family Q of blocks:

A(Ao Aoy -y Aa,) =
= Aq, X Agy X+ + * XA, x Ext- H Xos (5.3.1)

aeA ooy, 1<k<n
where 4,, € &, and define a function

no 1 Q- *REU {*oo} =

5.3.2
,u#(Aal)X,u#(Aaz)x"‘Xﬂ#(Aan)X|:EXf' 11 u#(Xa)} ©:3:2)

aeAa*oy,1<k<n

This function possesses an extension (by #-additivity) on the #-algebra 4 generated
by Q. It is easily to show that p}, is a #-premeasure on 4.

Definition 5.3.2 The #-measure {i” on the o*-algebra X generated by 4 accordingly
to Theorem 2.1.3 is called the product #-measure of {u’}.ca, and the triple

(]_[Xa,z,ﬁ#> is called the product of #-measure spaces (X,,Z,,u%).

aeA

We denote the o*-algebra T by @ X,, and the #-measure fi* by @ u?.

acA acA

Definition 5.3.3.If £ < X; x X, and x; € X1,x; € X, we define
Eq, ={xeXy: (x1,x) € Ey and E® = {x € X; : (x,x2) € E}.
If £: X, x X, - *Rfis a function, we define £, : X, - *R# and /2 : X; - *R?



by f: (x) = flx1,x) and f*2(x) = flx,x2).
Theorem 5.3.1. (The generalized Fubini’'s theorem) Let uf, u5 be o*-hyperfinite
#-measures on (X1,F 1) and (X3, F»),

(X1 x X2, F 1 @ Fa,uf @ pi) = (X1, F 1,1]) x (X2, F 2,15), (5.3.3)
and |etf€ L?(Xl x X, F1® fz,p? ® uﬁ)Thenfxl € L?(Xz,gjz,ug) uT-#-a.e.,
and /2 e L{(X1,F1,u}) us-#-a.e., and

&ﬁ[Mﬁﬂﬁ®u®=ﬂﬁh[&ﬁhﬁwmﬂﬁﬂ=

= Ext- J.X |:Ext- IX fxld#Hg:|

Lemma 5.3.1. Let (X1,Z,u?) and (X»,2,,p5) be #-measure spaces, E € T ® X,
and let fbe a X, ® ¥,-measurable function on X; x X,, then:

(@) Ex, € Zyforallx; € Xy and E,, € X, for all x; € Xy;

(b) fx,is X,-measurable and f,,is X;-measurable for all x; € X; and x, € X.
Proof. Denote by 4 the collection of all 4 < X, x X, such that 4,, € X,and

A% € 21(Vx1 € Xi1,x; € Xz).

The family 4 contains all rectangles. Thus, since

X1

dtut (5.3.4)

|:L_J1An:| = U[An]xla[Bn]xz = [Ba]™ (5.3.5)
n= x| n=
and

[X] X Xz\A]X1 = Xz\Axl,[Xl X )(2\./‘1:|x2 = X]\sz, (5.3.6)

Ais a o*-algebra. So X ® £, < 4, and (a) is proved.Now the part (b) follows from
(a) due to £, (4) = [f' ()], and [£2]7(4) = [ ()] (V4 < *RY).

Definition 5.3.4 A family M < P(X) is called a monotone class if M is

closed under x-countable increasing unions and x-countable decreasing
intersections.

Lemma 5.3.2. If 4 < P(X) is an algebra then the monotone class generated

by 4 coincides with the ¢*-algebra generated by A.

Lemma 5.3.3. Let (X1,X, 1Y) and (X»,2,,p5) be #-measure spaces, E € | ® X,.
Then the functions x; —» p5(E,,) and x, —» u{(E*) are #-measurable on (X1,X)
and (X>,%,), and

Wi @ piE) = Ext- | pi(E=)d*f = Ext- [ (B )d"uf (5.3.7)
X> X1

Proof. First we consider the case when p% and pu} are finite. Let 4 be the family
ofall £ € X, ® X, for which (5.3.7) is true. If E = A x B, then

Ri(E™) = pi(d)ys(x2) and pi(Ey,) = n3(B)xa(x1), so E € 4. By additivity,

it follows that gyperfinite disjoint unions of rectangles are in 4 so, by Lemma
5.3.2,bit will suffice to show that 4 is a monotone class. If (E,),% is an increasing



*

hyper infinite sequence in 4 and £ = | J £, then the function f,,(x2) = wi((En)*)
n=1

are #-measurable and increase pointwise to f{y) = pi(£**). Hence fis #-measurable
and, by the monotone convergence theorem,

Ext- j WH(E)dpd = #-1imp. - ExtX; j W ((En)*)dut =
X % (5.3.8)

#-1im,ne0 uf x W5(E,) = pi x pi(E).

Likewise puf x u5(E) = Ext-_[ ui(E,duf, so E € A. Similarly, if (E,),% is a decreasing
X1

*

hyper infinite sequence in 4 and E = (] £, the function x, — pi((E1)*)isin
n=1

Li(u%) because pf((E1)x,2) < pf(X1) < *oo and pj(X>) < *oo, so the dominated
convergence theorem can be applied to show that E € A. Thus, 4 is a monotone
class, and the proof is complete for the case of finite #-measure spaces.
Finally, if uf and u} are o*-finite, we can write X; x X, as the union of an
increasing hyper infinite sequence ()(’i X )(é)jji of rectangles of finite or hyperfinite
#-measure. If E € £, ® X, the preceding argument applies to £ N (X} x X5) for each
j gives us

Wix WiEN (Y x X)) = Bxt- | pi(E2 N X)pd = Exe- [ pi(Ee, nXDuf. (5.3.9)

X, X

The application of the monotone convergence theorem then yields the desired
result.
Lemma 5.3.3. (Generalized Tonelli’s theorem) Let (X1,Z1,p}) and (X2,Z2,u5)
be #-measure spaces, and /' : X; x X, » *R¥, be a | ® Z,-#-measurable
function.Then the functions

fu(xr) = Ext- _“fxld#ug and f,:(x2) = Ext- fﬁzd#wf (5.3.10)
X2

X

are X;-#-measurable and X,-#-measurable, respectively, and

Ext- | fa'w} @ pf = Ext- | [Exr— | ﬁZd#u?]d#uﬁ -

X1xX, X Xi

= Ext- I [Ext— J.fxld#ug ]d#u?.

X Xo

(5.3.11)

Proof: In the case when fis a characteristic function, the statement of
this lemma follows from Lemma 5.3.3. Therefore, by linearity, it holds also
for nonnegative simple functions. If a nonnegative #-measurable function fis



arbitrary, there exists a sequence of nonnegative simple functions which increase
pointwise to £, say (f,),= . By the monotone convergence theorem,

Ext- J.fugd#wf = #-limnﬁ*oo|:Ext— J.fﬁgd#lvl#f:| _

X X

(5.3.12)
= #- lim,ﬁ*w[Ext- j fod'nf ® ué‘]
XixX»
and
Ext- | fuyd*uf = #'limnﬁ*oo|:EXt' ffﬁ?d#u?} =
X = (5.3.13)
— 4 1imn%*{Exr- [ fudtut @ s }
X1xXp
where
fly) = Ext- [[f], d*p5.f ) = Ext- [ [, 5d"ut. (5.3.14)
X X3

This proves (5.3.11) and the lemma.

Proof of Theorem 5.3.1. Since an *R#-valued function fis Lebesgue #-integrable
iff its positive f* and negative f~ parts are #-integrable, it is sufficient to

prove the theorem only for nonnegative function e L{(X; x X5, Z,p}f ® ub).

But this was exactly done in Lemma 5.3.3.

§ 5.4.Lebesgue #-measure and integral in *R#*

In this section, we study *R#" n € *N and functions from *R#'to *R# from the

point of view of the Lebesgue #-measure and Lebesgue integration. All results
presented below possess obvious *C#"-valued analogs. Then we define and study
generalized Cantor sets which are interesting from the point of view of the set
topology and the #-measure theory. Cantor sets are #-closed #-Borel nowhere
#-dense subsets of the interval [0, 1] or, more generally, of a Hausdorff #-space.
Definition 5.4.1.The Lebesgue #-measure u* on *R#" is the #-completion of the
product of the Lebesgue #-measure on *R#" according to Definition 5.3.1.The
domain X" of u* (of course, B*(*R#") < x") is the class of Lebesgue #-measurable
sets in *R#". We write d*x" for d*u*" and

Ext—J. fx)d*x" = Ext—J. fdfu#.

We extend some of the results of previous section to the n-dimensional case with



n € *N.If E = Ext-] | E; is a block in *R#", we call sets E; < *R#" the sides of
j=1

the block E.

Theorem 5.4.1. Let £ € X". Then

(@) p*(E) = inf{u*(U) : E < U,U #-open} =sup{u”(K) : K < E,K #-compact};

(b) E = 41 UN, = A2\N>, where 4, is an F » set, 4, is a G4 set, and

u*(Ny) = p*(N2) = 0;

(c) If p*(E) < *oo then, for any & = 0,¢ > 0, there is a hyperfinite family {Rr;} ¥,

of disjoint blocks, whose sides are intervals such that u* (EA Uj’il R)) <e.

Proof: By the definition of product #-measures, if £ € £ and ¢ ~ 0,& > 0, there

is a x-countable family {7} % of blocks such that £ ¢ U5 T; and

Ext-3, " u#(T)) < p*(E) +e.

For each j, by applying Theorem 5.2.3 to the sides of R;, we can find blocks
U; 2 F; whose sides are #-open sets such that u*"(U;) < p(T}) + 27,
If U= U5 U then U'is #-open and

() < Ext-3. " n#(U) < p#(E) + 2.
This proves the first equation in part (a). The second equation and part (b)
follow as in the proofs of Theorems 2.1.6 and 2.1.7.
Next, if p#*(E) < *oo then p*(U;) < *oo for all j. Since the sides of U; are
x-countable unions of #-open intervals, by taking suitable hyperfinite subunions,
we obtain blocks V; < U; whose sides are hyperfinite unions of intervals such that
uwh (V) = u(U;) — e27.1f N € *N is sufficiently hyperfinite large, we have

N N *o0
“#H<E\UV1>S H#"<UUJ‘\VJ>+M#" U U]> < 2¢
J=1 J=1

i=N+1

N *00
W(U VJ\E> < p (U U_;\E> <é,
Jj=1 J=1

so u"(EAUY, V;) < 3e. Since UY, ¥; can be expressed as a hyperfinite disjoint

union of rectangles whose sides are intervals, we have proved (c).

§ 5.5.Lebesgue #-integrable functions on *R%"

Let u* be the Lebesgue #-measure in *R?". The set M(*R#", u#) of all *R#-valued

u*-measurable functions on *R#" is a vector space (addition and scalar
multiplication

are pointwise). By L{(*R#" u*") we denote its subspace of all Lebesgue

#-integrable functions (with finite in *R¥ #-integral). Now write /'~ g for fand g in

M(C*R#, u*), whenever fand g differ only on a u**-null set (a set of p*’-measure

zero). It is easily seen that ~ is an equivalencerelation. Let Ly = Lo(*R#", p**) be the

and



set of equivalence classes of functions in M(*R#, u**). We denote the equivalence
classes of f,g,...by[f],[g],.... The set L, becomes a vector space over field *R¥ by
defining [f] + [g] = [f+ g] and a[f] = [of] for a real a € *R%. Observe that these
definitions do not depend on the choice of fand g in their equivalence classes. The
same is true for the partial order in L, if we define [f] < [g] to mean f{x) < g(x) for
all x € *R#"except a null set. In practice, the elements of Ly = Lo(*R#", p*) are
usually denoted by f£,g,... and treated as if they were functions instead of
equivalence classes of functions.

Definition 5.5.1.

Theorem 5.51. If f e L{(u*) and ¢ = 0,¢ > 0, there is a simple function

Q= Ext-Zj]il a;xr;» Where each R; is a product of intervals such that

Ext-j]f— go|d#p#" < ¢, and there is a #-continuous function g vanishing outside of a
bounded in *R# set such that Ext-[|f — gld*u* < e < e.

Proof. By the definition of Lebesgue #-integrable functions, we can approximate
/by simple functions in L%-#-norm. Then use Theorem 5.4.1 to approximate a
simple function by a function ¢ of the desired form. Finally, use the generalized
Urysohn Lemma to approximate such ¢ by a #-continuous function.

Theorem 5.5.2.The Lebesgue #-measure on *R#" is translation-invariant. Namely,
let a € *R#". Define the shift z, : *R# - *R¥by 7,(x) = x + a.

(@) If E € £% then 7,(E) € £ and u*(z,(E)) = p*(E);

(b) If f: *R#" —» *R¥ is Lebesgue #-measurable then so is for,. Moreover, if either
f>0orfe L{(u*) then

Ext- j (fora)d ™ = Ext- j fdtutn, (5.5.1)

Proof. Since 1a and its inverse 7_, are #-continuous, they preserve the class of
#-Borel sets. The formula p*'(z,(E)) = p*(E) follows easily from the trivial one
dimensional variant of this result if £ is a block. For a general #-Borel set E, the
formula u*(z,(E)) = u*(E) follows from the previous step, since p* is determined
by its action on blocks. Assertion (a) now follows immediately.

If fis Lebesgue #-measurable and B is a #-Borel set in *R¥, we have /! (B) = EUN,
where E is #-Borel and u#(N) = 0. But ;! (E) is Borel and p#(z;!(NV)) = 0, so
(for.) "' (B) € =" and f'is Lebesgue #-measurable. The equality (5.5.1) reduces to the
equality u*(z_,(E)) = p™(E) when f = yg. It is true for simple functions by linearity,
and hence for nonnegative #-measurable functions by the definition of #-integral.
Taking positive and negative parts of real and imaginary parts, we obtain the result
for f e Li(n*).

Theorem 5.5.3. (Generalized Lusin’s theorem) If fis a Lebesgue #-measurable
function on *R# and ¢ = 0,& > 0 then there exist a #-measurable set 4 < *R#"

such that u*(*R#"\4) < ¢ and the restriction of fonto 4 is #-continuous.



Chapter II.*R#-valued distributions.

§1.*R%-valued test functions and distributions

Definitions and theorems appropriate to analysis on non-Archemedean field *R# and
on complex field *C# = *R¥ + i*R¥are given in [1]-[2].
Definition 1.1.[3].(i) Let U be a free ultrafilters on N and introduce an equivalence
relation on sequences in RN as fi ~y /> iff {i € N| f1(i) = /2(i)) } € U.
(i) RN divided out by the equivalence relation ~; gives us the nonstandard extension
*R, the hyperreals; in symbols, *R = RN/ ~; and similarly NN divided out by the
equivalence relation ~; gives us the nonstandard extension *N, the hyperintegers;
in
symbols,*N = NV/ ~; .
Abbreviation 1.1.If f € RY, we denote its image in *R by
mai'e"[f] = {g € IRN|g ~Uf}'
Remark 1.1.For any real number r € R let r denote the constant function r :N - R
with value r,i.e.,r(n) = r,for all n € N.We then have a natural embedding
x(¢) : R - *R
by setting *r = [r(n)] for all » € R.We denote it image *(R) in *R by *R.
Definition 1.2.[3]. An element x € *R is called finite if [x| < » for some r € Q,r > 0.
Abbreviation 1.2.For x € *R we abbreviate x € *Rg, if x is finite.

Remark 1.2.[3]. Let x € *Rg, be finite. Let D,, be the set of » € Q such that r < x
and D, the set of ' € Q such that x < 7. The pair (D1, D;) forms a Dedekind cut in
R,

hence determines a unique r, € R. A simple argument shows that |x — r¢| is
infinitesimal,i.e., [x — ro| = 0.

Definition 1.3.[1].This unique ry is called the standard part of x and is denoted by °x
or st(x).

The following notation will be used throughout this paper.

n € N* is a fixed positive integer and U — *R#" is a fixed non-empty #-open subset of
Inear space *R#" over non Archemedan field*R?.

N = {0,1,2,...} denotes the standard natural numbers.

k will denote a non-negative integer or o« .

If f'is a function then Dom(f) will denote its domain and the support of £, denoted by
supp(f),is defined to be the closure of the set {x € Dom(f) : f(x) # 0} in Dom(/).

For two functions f,g : U - *C%, the following notation defines external canonical
pairing:

(f.g) = Ext- [ flx)g(0d"x. (1.1)
U

A multi-index of size n € N* is an element in N* if the size of multi-indices is



omitted then the size should be assumed to be n. The length of a multi-index

a = (ai,...,a,) € N is defined as Ext—Z?=1 a; and denoted by |a|. Multi-indices are
particularly useful when

dealing with functions of several variables, in particular we introduce the following
canonical notations for a given multi-index a = (a1,...,a,) € N,

x% = x(fl...xzn’
g o oM (1.2)
Ofx 1"+ Oxr
-xl oo xn

We also introduce a partial order of all multi-indices by £ > « if and only if 8; > «; for

all 1 <i <n. When g > a we define their multi-index binomial coefficient as:

(ﬁ) _ (ﬁl )(ﬁ )

o a1 Op :

1.Let k e N* U oo,

2.Let C**(U) denote the vector space of all k-times #-continuously #-differentiable

*R#-valued or *C#-valued functions on U.

For any #-compact subset K < U, let C*(K) and C**(K; U) both denote the vector

space of all those functions f € C*(U) such that supp(f) < K.

Note that C**(K) depends on both K and U but we will only indicate K, where in

particular, if f € C*(K) then the domain of fis U rather than K. We will use the
notation

C*(K; U) only when the notation C**(K) risks being ambiguous.

Every C**(K) contains the constant 0 map, even if K = &.

Let C#*(U) denote the set of all f € C**(U) such that f € C*(K) for some #-compact

subset K of U.

Equivalently, C#(U) is the set of all f € C*(U) such that f has #-compact support.

C#(U) is equal to the union of all C**(K) as K < U ranges over all #-compact
subsets

of U.If fis a *R#-valued function on U, then f is an element of C#(U) if and only if ¥

is a C** bump function. Every *R#-valued test function on U is always also a

*C#-valued test function on U.

For all j,k € N and any #-compact subsets K and L of U, we have:

C*(K) = CE(U) < C*(U);

C*M(K) < C*(L) if K < LC*(K) < CH(K) ifj < k;

CIHU) € CIU) ifj < k;

C*(U) < CY(U) ifj < k.

Definition1.1. Elements of C**"(U) are called *R#-valued test functions on U and

Ct='(U) is

called the space of *R#-valued test functions on U. We will use both D(U) and
CE'(U)

to denote this space.



Definition1.2. Distributions on U are #-continuous *R?*-valued linear functionals on

C*"(U) when this vector space is endowed with a particular topology called the
canonical

LF-topology.

The following proposition states two necessary and sufficient conditions for the

#-continuity of a linear functional on C***(U) that are often straightforward to verify.

Proposition1.1. A linear functional 7 on C**"(U) is #-continuous, and therefore a

distribution, if and only if either of the following equivalent conditions are satisfied:

1.For every #-compact subset K < U there exist constants C > 0 and N € N
dependent

on K such that for all f € C#**"(U) with support contained in K

IT(/)|< Csup{|0*f(x)|: x € U,|a|< N}.

2.For every #-compact subset K < U and every sequence {ﬁ}‘;ﬂ in C*"(U) whose

supports are contained in K, if {6%f;}7, #-converges uniformly to zero on U for
every

multi-index a, then #-lim,, .+ 7(f;) = 0.

§ 2.The non-Archimedian external*R#-Valued Schwartz

distributions.

Defined below are the tempered distributions, which form a subspace of D¥ (*R#"),
the space of distributions on *R#" . This is a proper subspace: while every tempered
distribution is a distribution and an element of D (*R#") the converse is not true.
Tempered distributions are useful if one studies the Fourier transform since all
tempered distributions have a Fourier transform, which is not true for an arbitrary
distribution in D¥ (*R#") .

§ 2.1.Schwartz space S*(*R#").

Definition 2.1. A function /: X —» *R¥ defined on some set X is called
finitely bounded (or bounded) if the set of its values is finitely bounded, i.e.,
AIX) < [a,b] where a,b € *R? . In other words, there exists a finite hyperreal

cfin *

number M € *R’ g such that

)| < M. (2.1)
Definition 2.2.A function /' : X - *R¥ defined on some set X is called
hyper finitely bounded (or hyper bounded) if the set of its values is hyper finitely
bounded, i.e., f{IX) < [a,b] Where a,b € *Rﬁ\*ﬂ%iﬁn. In other words, there exists a
hyperfinite hyperreal number M € *R¥\*R? such that |f{X)| < M.
Definition 2.3.For n € N*, an #-integrable function ¢ : *R#* - *Rf%is called #-rapidly
decreasing if for all & € N* the product function x — x“¢(x) is a finitely bounded or
hyper finitely bounded function.




Remark 2.1.1f ¢ is a #-rapidly decreasing function, then its integral exists

Ext- j d(x)d"x < cof (2.2)

*R?"

In fact for all « € N the integral of x ~ x*¢(x) exists

Ext- j XU(x)dx < oo, (2.3)
*Rﬁ"
Definition 2.4.The Schwartz space, S*(*R#"), is the space of all #-smooth functions
in C*"(*R#") that are rapidly decreasing at #-infinity along with all partial
#-derivatives.
Thus

¢ : *R# - *R?% is in the Schwartz space provided that any #-derivative of ¢,
multiplied

with any power of |x|, #-converges to 0 as |x|» «*. These functions form a
#-complete

TVS with a suitably defined family of seminorms. More precisely, for any
multi-indices
a and £ define:

Pap($) = sup s [x“ 074 (x)|. 2.1)

Then ¢ is in the Schwartz space S*(*R#") if all the values satisfy: p,s(¢) < o*.
Thus

S'CRELRE) 2 {p € CTCRERIVE. B € N (up(9) < %)}
Similarly

S'CRE*CE) 2 {p e C(CRITHIVa, B € N (pop(g) < o)}
The family of seminorms p,4(+) defines a locally convex topology on the Schwartz
space S*(*R#).
For n = 1, the seminorms are norms on the Schwartz space S*(*R#). One can
also use the following family of seminorms to define the topology:

Pk = supppzn (supcomn {1+ DH@ N} ) om € N, (2.2)
Otherwise, one can define a norm on S*(*R#") by
111k = maxgjp<k SUP,cpen [X*OPP(x)],k > 1. (2.3)

The Schwartz space S*(*R#") is a Fréchet space (that is, a #-complete metrizable
locally convex space). Because the Fourier transform changes 6+ into multiplication
by x* and vice versa, this symmetry implies that the Fourier transform of a Schwartz
function is also a Schwartz function.



Definition 2.5. A sequence {f;}| #-converges to 0 in S*(*R#") if and only if the
functions (1 + |x|)*(6"f;)(x) #-converge to 0 uniformly in the whole of *R#", which
implies that such a sequence must converge to zero in C*" (*R#).

The subset of all #-analytic Schwartz functions is #-dense in S*(*R#")

The Schwartz space is nuclear and the tensor product of two maps induces a
canonical surjective TVS-isomorphisms S*(*R#") ® S*F(*R#) —» SF(*REmm),
where ® represents the #-completion of the injective tensor product

§ 2.2.Schwartz space S, ("R )

fin c.fin
Definition 2.6.For n € N, an *R”§;, -valued and #-integrable function
¢ : *Ri" - *R¥ is called #-rapidly decreasing if for all « € N" the product function
x = x*¢(x) is a finitely bounded function.
Remark 2.2.If ¢ is a #-rapidly decreasing *R ", -valued function, then its integral

exists
and finite,i.e.,

Ext- j p(x)d"x € "RY . (2.2)
*Rﬁn

In fact for all a € N” the integral of x » x*¢(x) exists and finite,i.e.,

Ext- j xep(x)d*x € R g (2.3)
*[R?n
It follows from () that for all « € N" and for any R € *REV*RY o)
Ext- I x*P(x)d*”x = 0 (2.3)
*R¥1\B(R)

where B(R) £ {x € *R¥|lx| < R}

Definition 2.7.The Schwartz space, S;,(*R"4,), is the space of all *R”%;, - valued

#-smooth functions that are rapidly decreasing at #-infinity along with all partial

#-derivatives any finite order 1 < m < oo.

Thus

¢ : *R¥ - R% is in the Schwartz space provided that any #-derivative of ¢, multiplied

with any power of |x|, #-converges to 0 as |x|»> «*. These functions form a
#-complete

TVS with a suitably defined family of seminorms. More precisely, for any
multi-indices

a and S define:

Pap($) = sup g [x“ 074 (x)|. 2.1



§ 2.3.Non-Archimedian tempered distributions S* (*R#").

A non-Archimedian tempered distribution is a distribution u € D'(*R#") that does not
“grow too fast” — at most polynomial (or tempered) growth — at #-infinity in all
directions; in particular it is only defined on *R#*, not on any #-open subset.
Formally, a tempered distribution is a #-continuous linear functional on the Schwartz
space S*(*R#") of smooth functions with #-rapidly decreasing #-derivatives. The
space of tempered distributions (with its natural topology) is denoted S* (*R#").

Every #-compactly supported distribution is a tempered distribution , yielding an
inclusion £ (*R#") — S*(*R#).

§ 3. The Fourier transform on S*(*R#), Sk (*R#")

We begin by defining the Fourier transform, and the inverse transform, on S*(*R#"),

n € N*, the Schwartz space of C*” functions of rapid decrease.
Definition 3.1. Suppose f € S*(*R#"). The Fourier transform of f{x) is the function

)
given by

f) =

Ext- j OO [Ext-exp(—ix » 1)]d"x |, (3.1)
*[Ric#n

where x « A = Ext-Z?:lxM,[. The inverse Fourier transform of f, denoted by}‘, is the

function

1
(27[#)71/2

) = (2@1)”/2 Ext- | foo)[Ext-exp(ix - 1)Jd*x |. (3.2)

R

We will usualy write = F[f] and f = F'[f].

Since every function in Schwartz space is in £{(*R#"), the above integrals (1.1) and
(1.2) make sense.

We will use the standard multi-index notation. A multi-index a = (a,...,a,),n € N* is
an n-tuple of nonnegative integers. The collection of all multi-indices will be denoted
by I". The symbols |a|,x*, D**,and x? are defined as follows:



n
la| = Ext-)_ a;
i1

x% = Ext-| [x{" or Ext-(x{'x5* « « x%) or simbolically x{'x5? « « «x%"
o . (3.3)
o _ ol , . . _ “fx
Dff(x) = Ext-g a#xaff(x) or simbolically D*f{x) = Fa g .
x? = Ext-)_x?.
i=1
Lemma 1.1.The maps f — fand f+— fare #-continuous linear transformations of
S*(*R#) into  S*(*R#").Furthermore, if « and p are multi-indices, then
A _—/\
(G2)*D*F)(A) = D ((=ix)"f(x)) (A). (3.4)
Proof The mapr]”is clearly linear. Since
(GA)*DPF)(2) =
— 1 Ext- j (1) (—ix) P00 [Ext-exp(—ix-1) Jflx)dPx | =
(27[#)" *R#n
1 1 #a H =\ B #Hn _
—— | Ext- — (D[ Ext-exp(—ix-A —ix)Pf(x)d™x | = (3.5)
T j iy (DL Ext-exp(-i2) ) (-00) fx)
N4 #ﬁ
(=0) = Ext- j [Ext-exp(—ix-A)1D¥* ((-ix)Pfix) ) d*x
(277:#)n Riny

We conclude that

A

f

25(D*7) ()] < —1 Ext- j D (xPAx)) |dx | < oot (3.6)

= sup
n/2
B rermin Qry)’

*[Rin

soﬁ—»}‘takes S*(*R#") into S*(*R#"), and we have also proven (1.4).Furthermore,
if k is large enough, [(1 +x2) *dtx < oot so that



(1+x2)*

p 1 #a 2\ B #n
< ———| Ext- ——— D ((—ix) f(x)) |d"x | <
f a.p (27_[#)}1/2 e (1 +x2)7k | <( )-f( )>|
‘ (3.7)
1 — | Ext- j (L+x2)d*x | sup (1 +x2)" | D ((-ix)?fx)) |}
(277'-#) xR xe*R#n
Using generalized Leibnitz’s rule we easily conclude that there exist multi-indices
a;, B; and constants ¢; so that
R M
A, = 226l (1.8)
Jj=1

Thus the mapr}is bounded and therefore #-continuous. The proof foer]”is

the same.

Theorem 1.1. (Generalized Fourier inversion theorem) The Fourier transform (3.1)

is a linear bicontinuous bijection from S*(*R#") onto S*(*R#"). Its inverse map is the

inverse Fourier transform, i.e.,F ' (F[f]) = fand F(F'[f]) = 1.

Proof. We will prove that F -1 (F[f]) = f. The proof that F(F~'[f]) = fis similar.

F(F[f]) = fimplies that F[f] is surjective and F~!(F[f]) = fimplies that F[f] is

injective. Since F[f] and & ~'[f] are #-continuous maps of S*(*R#*) onto S*(*R#"), it

is sufficient to prove that F-!(F[f]) = ffor f contained in the dense set C3" (*R#").

Let C.,c ~ 0 be the cube of volume (2/¢)" centered at the origin in *R#". Choose
e=0

infinite small enough so that the support of f'is contained in C.. Let

K. = {k € *R¥| each k;/ers € Kk is an integer }

f(x)zExt— ((2 )n [Ext-exp(ik « x)],f )( ) [Ext-exp(ik « x)] (3.9)

is just the hyper infinite Fourier series of fwhich #-converges uniformly in C; to /'
since
f'is #-continuously #-differentiable. Thus

flx) = Ext- Z f(k)[Eg—ex)pn/(zzk 22l (emy)". (3.10)

Since *R#" is the disjoint union of the cubes of volume (¢z4)" centered about the
points in K;, the right-hand side of (1.10) is just a hyper finite Riemann sum for the
integral of the function 7(k)[Ext— exp(ik - x)]. By the lemma 3.1,

F(k)[Ext-exp(ik - x)] € S*(*R#"), so the hyperfinite Riemann sums (1.10)
#-converge to the integral. Thus F~'(F[f]) = /.

Corollary 3.1.Suppose f € S*(*R#"). Then



Ext- [ [foe)Pd*x = Ext- [ [ftk) 2"k (3.11)
*Ric#n *Ric#n
Proof. This is really a corollary of the proof rather than the statement of Theorem

1.1.
If fhas #-compact support, then for ¢ ~ 0 small enough,

1) = Ext- 3 (L&) Exr-explik - )17 ) (L&) [Ext-exp(ik - x)] (3.12)
X xkEZKs(<28> xt-exp(ik « x )(28) xt-exp(ik « x
n/2n/2

Since {(%s) [Ext-exp(ik -x)]}k < is an orthonormal basis for £5(C.),

S

Ext- [ [fw)Pd™x = Ext- [[foo)Pde = 3 | (2e)" (Ext-explik - 0] /) | =
*R#n C, keK;

(3.13)
)M HCIRC A= WIOTRE

kGKg *[R?n

This proves the corollary for /€ CZ"(*R#"). Since f - ]A‘ and ||-||, are #-continuous
on S*(*R#") and C3" (*R#") is #-dense, the result holds for all of S*(*R#").
Definition 3.2. Let 7 € S*(*R#")the Fourier transform of 7,denoted by 7 or F[T],
is the tempered distribution defined by 7(¢) = 7(9).

Suppose that 1, € S*(*R#"),then by the polarization identity and the corollary to
Theorem 1.1 we have (h,¢) = (ﬁfﬁ) Substituting F[g] = F ~'[g] for 4, we obtain

Te(p) = Ext- [ 2)p@)d™x = Ext- [ g)p(0)d™x = T,(§) = Tul).
*Rﬁ" *[Rﬁ”
where T; and T, are the distributions corresponding to the functions g and g
respectively. This shows that the Fourier transform on S*(*R#") extends the
transform we previously defined on S*(*R#").
Theorem 3.2. The Fourier transform is a one-to-one linear bijection from S* (*R#")
to S (*R#") which is the unique weakly #-continuous extension of the Fourier
transform on S*(*R#").
Proof. If hyper infinite sequence {¢,} .+ #-convergence to ¢ € S*, then by
Theorem 1.1, hyper infinite sequence {?ﬁn}neN# #-convergence to ¢ € S*,s0
T(@J >y T(fﬁ) for each 7' e S*. Thus #-lim,,, T(fﬁn> = T(fﬁ) which shows that
Tis a #-continuous linear functional on S*. Furthermore, if T, >, T, then T, >, T
because 7(9, ) -« T(9) implies T(¢,) »+ T(p). Thus T — T is weakly
#-continuous.

Definition 3.3. Suppose that 7,g € S*(*R#"). Then the convolution of fand g,
denoted by fx g, is the function



(F+ ) = Ext- [ fy-x)g(x)d™x. (3.14)
xR #n

Convolutions frequently occur when one uses the Fourier transform because the
Fourier transform takes products into convolutions.
Theorem 3.3.(a) For each f € S*(*R¥"), g » f* g is a #-continuous map of S*(*R#")
into S*(*R#).

ey ~ — ~
(b) fg= Qry)™fxgand fxg = (2m4)"*f8.
(c) For f,g,h € S*(*R¥") ,fxg=gxfand f* (gx h) = (fx g) * h.
Definition 3.4. Suppose that f € S*(*R"), T € S*(*R#") and let 7(x) denote the
function, f(—x). Then, the convolution of T and f'denoted T x f'is the distribution in ,
SY(*Rim) given by (T * f)(p) = TG’* (p> for all p € S*(*R¥).
The fact that g~ f * g is a #-continuous transformation guarantees that
Txfe SY(*R¥).
Abbreviation 3.1.Let f, denote the function £, (x) = flx —y) and 7y the function
fly —x).When fis given by a longe expression (- - -), we will sometimes write (- - )~
rather than (-5 .).
Theorem 3.4. For each f € S*(*R#") the map T - T * fis a weakly #-continuous
map of S¥(*R#") into S*(*R#") which extends the convolution on S*(*R#").
Furthermore,
(a) T  fis a polynomially bounded C** function. In fact, (T f)(y) = T<7y> and
D*B(T x f) = (D*BT) *x f= T x D*Pf;
(b) (T*f) xg =T (f*g);
() Txf=Qu"iT.
Theorem 3.5. Let T € S¥(*R#") and f € S*(*R#"). Thenﬁ"e O’ and
ﬁ" (k) = Qny)"?*T(f[Ext-exp(—ik - x)]). In particular, if T"has #-compact support and
v € S*(*R#") is identically one on a #-neighborhood of the support of 7, then

T(k) = Qry)"*T(y[Ext-exp(—ik « x)]). (3.15)

Proof By Theorem 3.4.c and the Fourier inversion formula we have

A -~ ~ A A A

fT = Qrys)"*f * T.Thus fT € O}, and /T (k) = (271#)”/2T(fk) =

Q2r#)"? T(f[Ext-exp(—ik « x)]).

Remark 3.1.We remark that one can also define the convolution of a distribution

T e D¥(*R#") with an f € D*("R¥") by (Tx H(») = T(F,).

Definition 3.5. Let j(x) be a positive C** function whose support lies in the sphere of
radius one about the origin in *R}" and which satisfies Ext-j*mllj(x)d#"x = 1. The
function j.(x) = ¢™"j(x/¢),e = 0 is called an approximate identity.

Proposition 3.1. Suppose 7 € S*(*R#") and let j.(x) be an approximate identity.



Then
T xje(x) -4 Tweakly as ¢ -4 0.
Proof. If o € S*(*R#"), then (T * j.)(p) = T(f‘(g * go), so it is sufficient to show that

7, * 0 -4 @in S*(*R¥).To do this it is sufficient to show that (274)"27 ¢ -« @ in

S*(*R#).Since 7 (1) = j(eA) and j(0) = (274)"2, it follows that (274)"2] ,(x)

#-converges to 1 uniformly on #-compact sets and is uniformly bounded. Similarly,

D*j #-converges uniformly to zero. We conclude that (274)"27 ¢ —4 .

Theorem 3.6 (The generalized Plancherel theorem) The Fourier transform extends

uniquely to a unitary map of £5(*R#") onto L5(*R#"). The inverse transform extends

uniquely to its adjoint.

Proof The corollary to Theorem 3.1 states that if f € S*(*R{"), then |//]|, = ||]A‘|| )

Since F[S*] = S* is a surjective isometry on L5(*R#").

Theorem 3.7 (The generalized Riemann-Lebesgue lemma) The Fourier transform

extends uniquely to a bounded map from £%(*R#") into C**(*R#"), the #-continuous

functions vanishing at «*.

Proof For f € S*(*R#"), we know that / € S*(*R¥") and thus f € C*"(*R#"). The

estimate is trivial. The Fourier transform is thus a bounded linear map from a

#-dense set of L#(*R#") into C*"(*R#"). By the generalized B.L.T. theorem, extends

uniquely to a bounded linear transformation of C*"(*R#") into C*" (*R#").

Remark 3.2.We remark that the Fourier transform takes £%(*R#") into, but not onto

C*" (*R#n).

A simple argument with test functions shows that the extended transform on
LICRE)

and £5(*R*) is the restriction of the transform on S*(*R#**), but it is useful to have
an

explicit integral representation. For f € £{(*R#"), this is easy since we can find

fm € S*(*R¥") so that #-lim,,_.+|[f—fu |, = 0. Then, for each A,

S = #-lim,,_.o (F,,()) =

#-lim,_» L Ext- j [Ext-exp(—ik + ) [fu(x)d?x | & =
Q7 kS (3.16)

(27T1¢)" —| Ext- *g#n [Ext-exp(—ik « x)]fx)d*x
So, the Fourier transform of a function in £{(*R#") is given by the usual formula.
Next, suppose f € £L5(*R#") and let



) 1 if x| <R 3.17)
x) = :
xE 0 if || >R

Then yzf € LY(*R#") and #-limg_.+ yzf = fin L4, so by the generalized Plancherel
theorem #-limRﬂw#;;f: 7in 2% Thus

SfA) = #-limg,.» 1| j [Ext-exp(—ik » x)]f(x)d*x (3.18)
(2ﬂ#)n/2 r
where by #-limg .+ we mean the #-limit in the £5-norm. Sometimes we will dispense
with |x| < R and just write

SfA) = #-limg,.» W (Ext- I[Ext- exp(—ik x)]f(x)d#x) (3.19)

for functions 1 e Li(*R).

We have proven above that F : £L5(*R*") - L5(*R*") and
F 1 LICRE) > L1, (RE)

and in both cases is a bounded operator.

Theorem 3.8 (Generalized Hausdorff-Young inequality) Suppose 1 < ¢g < 2,
and p™' + ¢! = 1. Then the Fourier transform is a bounded map of £;(*R}") to

Li(*Rim) and its norm is less than or equal to (274)"(1"*19).

Chapter lll.Non-Archiedean Hilbert Spaces over field

'3 #
(CC°

§ 1. Non-Archiedean Hilbert Spaces over field ;Ef
Basics.

Definition 1.1.(i) Let H be external hyper infinite dimensional vector space over field
*Ct = *R. +i"R..An inner #-product(or non-Archiedean inner product) on H

isa ?@-valued function, (.,+), : Hx H - *C,, such that

(1) (ox + By,z), = alx,z) + B(y,z),, i.€. x = (x,z), is linear.

(2) (e, y)y = ox)y

(3) ||x||§ = (x,x), > 0 with equality ||x||2 = 0 iff x = 0.

Notice that combining properties (1) and (2) that x - (z,x) is anti-linear for
fixed z € H, i.e. z,ax + by), = az,x), + b(z,y),.

(ii) Let {a,}* .k € N be finite sequence in H, {a,}*_, = H.
——
We define external hyper infinite sequence {an}’;zo c H by



* k
{Anak}n=0 = {a”}n=0 =

s
= (ao,al,...,am,...,ak,l,ak .
a=(a,a,....),acH.
(iii) Let {a,} ", be countable sequence in H : {a,} ., < H.

" ,_J%
We define hyper infinite sequence {4,} %, = {a.}, , < Hby
! *oo 0
s 03,y = {any,o =
/\
- (ao,al,...,ak,...{an}fo,{an}fo).

(iv) Let {a,}Y ,,N € *N\N be external hyperfinite sequence in H : {a,}, = H.
f_%
We define hyper infinite sequence {a,}" , = H by

*00 N
{An;N}nzo = {an}n:o =
A~
= (ao,al,,...,am,...,aN_laN,aN>.

(v) Let {a,}*_,k € N be finite sequence in H, {a,}" , = H.
~n=k

We define external finite sum Exz-Y  a, by
=k ,—T
Ext-ZnZO an, = cnp,o = (co,Cl,...,Chs...,Ck) € [[Ci]]
where ¢y = ao,c; = Ext—ZZZ‘) a,,0 <j <k
(vi) Let {a,} ", be countable sequence in H : {a,}_, = H.We define external

AN\N=0

countable sum Ext-) = a, by

AN=0

Ext-). . an = m =
= (co,cl,,,.,ck,...{cn}f_o,m) € Hmﬂ

where co = ao,cr = Ext—zzzg an,k € N.
(vii) Let {a,,}"~),N € *N\N be external hyperfinite sequence in H : {a,}", = H.

~n=N

We define external hyperfinite sum Exz-» _ a, by
/\I’ZZN /—/j
Ext-) o an=Aca}ny = (CosClynnisChonnnsen, n) € [[En]]

& N
where co = ao,cx = Ext-) " an, 0 < k < N,cy = Ext-) " a,.

(viii) Let {a,}"=),N € *N\N be external hyperfinite sequence in H : {a,}) , = H

such that a,, = 0 for all n € *N\N. We assume that

0.1)

(0.2)

(0.3)

(0.4)

(0.5)

(0.6)



Ext-), . a,=Ext-). . a, (0.7)
Remark 1.1. (i) Let {x;}Y, = Hand {y;}", = H,N € *N by external hyperfinite
sequences; let {a;}7, “C* and By, < *C*. Then the equality holds

N —~N

T ~N
Ext-) (axi+Byiz), = Ext-) ,  aixiz), + Ext-) | Bilviz), (0.8)
(i) Let {x;} <« H,N,K € *N,K <j <i < N, by external hyperfinite sequences; let
{a;}", = *C# .Then the equality holds

~N —~.N —~.N
<Ext—ZK<j<i<Na iiXij Z> = EXt_Z[:K (Ext—ZiKa X2 ) ) . ( 0. 9)
o #

(iii) Let {xi};j c H by external hyperinfinite sequence in H. We call {xi};j a Cauchy
hyperinfinite sequence if for any ¢ ~ 0,¢ > 0 there is N € *N\Nsuch that for any
m,n > N, ||x, —xnll, < &.
(iv) We now stand ready to give construction of 4*. The members of H* will be
constructed as equivalence classes of Cauchy hyperinfinite sequences in H. Let
C(H)
denote the set of all Cauchy hyperinfinite sequences in H. We must define an
equivalence relation on C(H).For s € C(H), denote by [s] the set of all elements in
C(H)
that are related to s. Then for any s, € C(H), either [s] = [{] or [s] and [{] are disjoint.
Let {x;},” and {y;}.” be in C(H). Say they are equivalent (i.e. related
iy~ k)
if [[x, = yull, =4 Os i.e. if the hyperinfinite sequence ||x, —y. |, #tends to O as
n — *oo,
(vi) Definition (iv) yields an equivalence relation (+ ~ «) on C(H).
Proof. We need to show that this relation is reflexive, symmetric, and transitive.
* Reflexive: x, —x, = Oqﬁ(c,n € *N and the sequence all of whose terms are 0;@;
clearly #-converges to O%.So {x[}:]’ is related to {x;}
- Symmetric: Suppose {x;} ] is related to {y;},", 80 x, —yall, >+ Oz . But
Yn —Xa = —(x, — ya),and since only the absolute value |x, —y.|l, = |y, — x|, comes
into play in Definition (iv), it follows that |y, —x. ||, >+ Oz as well. Hence, {yi}:j is
related to {x;}.*.
- Transitive: Suppose {x;}.”, is related to {y;},%, and {y;},* is related to {z;}
This means that [|x, =y, |, —# O and ||y, —za |, —»# O
To be fully precise, let us fix ¢ = 0,¢ > 0; then there exists an N € *N\N such that
foralln > N, |lx, —y.ll, < &/2; also, there exists an M such that for all n > M,

*00
i=1"

*o0
i=1"



lyn —zall4 < €/2. Well, then, as long as n is bigger than both N and M, we have that
”xn ~Zn H# = ”(xn —Yn) + ()/n +Zn)||# < ”xn —Vn ”# + ”yn —Zn H# <el+el2 =e.

So, choosing L equal to the max(V, M) , we see that given ¢ = 0, > 0 we can always
choose L so that for n > L, ||lx, —z, ||, < &. This means that |lx, —z.[l >4 05 —i.e.

{x;}.% is related to {z;}.”.
So, we really have an equivalence relation (- ~ +), and therefore the set C(H) is
partitioned into disjoint subsets (equivalence classes).We will denote that partition
C(H)/ ~ by H*
C(H)/ ~ = H*. (0.10)
(vii) assume that [s] = [ {x;}, | € H*and [¢] = [ {3}, ] € H?, we define inner
#-product ([s],[]), on H* by
~iy= o

(L g L Lo :|># - EXt-Zi,j=l xiYidy (o11)

In particular if for all i # j (x;,y;), = Oz
~i=F0

(] [ora ), = Ext—Zizl Cciyidy. (0.12)

Remark 1.2.The following formula useful:
e+ 315 = 4 yx+3), = Il + [ l1G + @)y + 0nx), = Ixl5+ Ivll; +2Rex,y), (1.1)
Theorem 1.1. (Generalized Schwarz Inequality). Let (#,(-,+),) be an inner #-product

space and x,y € H. Assume that:
(1) at least one of hyperreals |x]|,, |y] , is invertible

in i@f then
Gy dal< lxlly > Nyl (1.2)

and equality holds iff x and y are linearly dependent.
(2) both of hyperreals ||x||,, Iy ||, is not invertible in *R¥ then

|<x,y>#|><i:5,@ < lxlly < Iyl (1.2")
Proof. (1) If y = 0, the result holds trivially. So assume that y + 0 and [y ||, is

invertible

in *R?. First off notice that if x = ay for some a € *C#, then (x,y) = al|y||; and

hence  [(x,p),l= lalllylls = llxll, Iyl
Note that in this case a = (x,y)|y|>. Now suppose that x € H is arbitrary, let
z=x-— ||y||;2<x,y>#y. So z is the orthogonal projection of x onto y. Then



2

X, X, V)| X,
0< 2l = |lx— E2ey | — gz o 020 ||y||i—2Re<x,< y>;y> -
iz, Il R s
e lenr
= el - 12l
Iy

from (1.3) it follows that 0 < ||y||f¢||x||f¢ — |[(x,y),|* with equality iff z = 0 or equivalently
iff x = 1y 11200
(2)Letz =x— (||y||;1*)2<x,y>#y. So z is the orthogonal projection of x onto y. Then

0<lzl2 = = e (vl )| =
e l2 + e P ) I 2 = 2Redx e, (v 15 ) ) = (1.3)
= flxll} = ey Pl )™
From (1.3') it follows that 0 < [ly |7 x [lx |5 — [(x,»)4|* x i:@g-

Corollary 1.1. Let (#",(-,+)) be an inner #-product space and |x||, := ,/{(x,x), . Then

-1, is @ *R.-valued #-norm on H*. Moreover (-, +), is #-continuous on H" x H*,
where

H is viewed as the #-normed space (H", |+l ,).

Proof. The only non-trivial thing to verify that ||-||,, is a #-norm is the triangle

inequality:

e+ y1% = lx® + Iy 1% + 2Re, ), < [lxl> + Iy 112 + 20l vl = lxl, + 1y l,)?

where we have made use of Schwarz’s inequality. Taking the square root of this

inequality shows ||x + | < |lx|| + |ly||. For the #-continuity assertion:

0625 = G0 = e = 20, + Gy = Y Il = DL+ D Dy =1

< Ayllglx =x", + Alxlly + e =x" WDy =yl = I llllx ="M, + lx Wy =2,

+ [lx = x"[l .y = »'ll, from which it follows that (-, -) is #-continuous.

Definition 1.2. Let (/,(-,+),) be an inner #-product space, we say x,y € H are

orthogonal and write x L y iff (x,y), = 0. More generally if 4 — H is a set,

x € His orthogonal to A and write x L A4 iff (x,y) = 0 forall y € 4. Let

A, = {x € H: x L A} be the set of vectors orthogonal to 4. We also say that a

set S < His orthogonal if x L y for all x,y € S such that x = y. If S further

satisfies, | x||, = 1 for all x € §, then §'is said to be orthonormal.

Proposition 1.1. Let (H,(-,+),) be an inner product space then

(1) (Parallelogram Law)

e+ 05+ llx =y 5 = 201x 113 + 21113 (1.4)

forall x,y € H.
(2) (Pythagorean Theorem) If S — H is a hyperfinite orthonormal set, then



T 2 T

Ext—Z e = Ext-Z eSllxllﬁi (1.5)
#

(3) If A — H" is a set, then A4, is a #-closed linear subspace of H*.

Proof. We will assume that * is a complex Hilbert space with iTCE-valued inner
product, the real case being easier. Statements (1) and (2) are proved by the
following elementary computations:

Ix+ 12 = lIxl; + Iyl; +2Rex,p), + XI5 + Iy [I7 — 2Rex,y), = 2[Ix]12 + 2]yl (1.6)
and

P
Ext-Zx

xe§

2 o~ ~ —~
= <Ext-2x,Ext-Zy> = Exr‘2<an/># =
#

# xe§ yes x,yes ( 1. 7)

S S
= Ext—Z(x,x># = Ext-lexlli.

xeSs xeS

Item 3. is a consequence of the #-continuity of (-, -), and the fact that

A* = Nxea Ker({+,x)) where Ker((-,x)) = {y € H|(y,x), = 0} is a #-closed subspace
of H.

Definition 1.3. A non-Archiedean Hilbert space H* is an inner #-product space
(H,(+,+),) such that the induced Hilbertian #-norm is #-complete.

Example 1.3. Let (X, M, ") be a #-measure space then H* = L5(X, M, p*) with

inner #-product (f,g),, = Ext-_[ fed*u* is a non-Archiedean Hilbert space. Note that
X

every non-Archiedean Hilbert space H* is “equivalent” to a Hilbert space of this
form.

Definition 1.4. A subset C of a non-Archiedean vector space X is said to be convex

if for all x,y € C the line segment [x,y] = {&x+ (1 —¢)y : 0 <t < 1} joining xto yis

contained in C as well. (Notice that any vector subspace of X is convex.)

Definition 1.5.M c H" is essentially #-closed if Vx(x € H")3[inf.cyllx -z || ,].

Theorem 1.2. Suppose that H* is a non-Archiedean Hilbert space and M < H* be a

essentially #-closed convex subset of H*. Then for any x € H* there exists a unique

y € M such that ||x - y||,, = dist(x,M) = inf.cy|x — z||, Moreover, if M is a vector

subspace of H*,then the point y may also be characterized as the unique point in M

such that (x —y) 1L M.

Proof. (1) Uniquiness: By replacing M by M —x = {m — x|m € M} we may assume

x = 0.Let 6 = dist(0,M) = inf,ey ||m], and y,z € M.By the parallelogram law and the

convexity of M one obtains

+z |2
2903+ 20205 = Iy + 20+ =215 = 4| 257 || + Iy =215 = 482 + Iy -5 (1.8)

Hence if |lyll, = llzIl, = J, then 26% + 252 > 40* + ||y—z||i, so that ||y—z||i = 0.



Therefore, if a minimizer for dist(0, -)|,, exists, it is unique.

(2) Existence: Let y, € M be chosen such that ||y, |, = 6, -4 J = dist(0,M). Taking
y =ym and z = y, in Eq.(1.8) shows 262 + 262 > 462 + ||y, — yu ||;. Passing to

the #-limit m,n — *ooin this equation implies, 262 + 262 > 462 +

+ #-lim SUpyupeo V0 — v |1 5. Therefore {y,},= is hyper infinite Cauchy

sequence and hence #-convergent.Because M is #-closed, y = #-lim sup,.+ v, € M
and because ||-||, is #-continuous, [|y|, = #-lim sup,.+« [y, [, = ¢ = dist(0,M).So y
is the desired point in M which is closest to 0.

Now for the second assertion we further assume that A is a #-closed subspace of
Hand x € H*. Lety € M be the closest point in M to x. Then for w € M, the

function g(¢) = |[x— (v +w) |7 = lx - y|l; —2tRe(x — y,w), + £*|w|; has a minimum
att = 0. Therefore 0 = g"(0) = —2Re(x — y,w),. Since w € M is arbitrary, this implies
that (x —y) L M. Finally suppose y € M is any point such that (x —y) L M. Then for
z € M, by Pythagorean’s theorem,

lx =z} = lx—y+y =z} = lx=ylI} + ly=zI} > x - ||} which shows [dist(0,A)]* >
lx =l ﬁ That is to say y is the point in M closest to x.

Definition 1.6. 4 : H* - H" is a bounded in *R# operator if and only if there exists
some M € *R¥,M > 0 such that for all x € H*, | 4x||, < M|x]l,. The smallest such M
if exists is called the operator #-norm of 4 and denoted by || 4],,, or [|4]|,. Thus

14114 = supjep 1 ([l4xl,) < o0 (1.9)

if supremum in RHS of (1.9) exists and sup .

holds

Proposition 1.2.A linear operator 4 : H} - Hj between #-normed spaces is
bounded

in*R%if and only if it is #-continuous.

Proof.Suppose that 4 is bounded in *R* Then,for all vectors x,# € H} with 7 = 0

non zero we have [|A(x + h) —Ax) |4 = [|[A(h) || < M||h||4, M € *RE, M > 0.Letting A

go to zero shows that 4 is #-continuous at x .Moreover, since the constant M does

not depend on x, this shows that in fact 4 is uniformly #-continuous, and even

Lipschitz #-continuous.

Conversely, it follows from the #-continuity at the zero vector that there exists a
e~ 0,

¢ > 0 such that ||4(h) |4 = |A(h) — A(0)||» < 1 for all vectors h € HY with

|k|l¢ < e. Thus, for all non-zero x € Hf, one has

X X X X
ot = |l gl Y |- el e

- &
#
This proves that 4 is bounded in*R%.
Definition 1.7. Suppose that 4 : H# - H" is a bounded in *R? operator. The
#-adjoint of 4, denote 4*, is the unique operator 4* : H* -~ H* such that (4x,y), =

1(Jl4x]l,) < *oo.Conversely if (1.9)

H#:

[RalE
=

<
#




(x,A*y),.(The proof that 4* exists and is unique will be given in Proposition below.)

A bounded in *R? operator 4 : H* - H" is self #-adjoint or Hermitian if 4 = A4*.

Definition 1.8. Let /* be a non-Archiedean Hilbert space and M < H be a #-closed

subspace.The orthogonal projection of H* onto M is the function Py, : H* -» H* such

that for x € H*, Py/(x) is the unique element in M such that (x — Py/(x)) L M.

Proposition 1.3. Let ¥ be a non-Archiedean Hilbert space and M < H* be a
#-closed

subspace.The orthogonal projection P,, satisfies:

(1) P is linear (and hence we will write Pjx rather than Py(x).

(2) P3, = PM (P is a projection).

(3) Pi; = Py, (Py is self-#-adjoint).

(4) Ran(Py) = M and ker(Py) = M*.

Proof. (1) Let x;,x, € H* and a € *R¥, then Pyx; + aPyx, € M and

PMX1 + OCPM)Cz — (x1 + 0()62) = [PMx1 — X1 + OC(PM)Cz —X2)] e M+

showing Pyxi + aPux2 = Pu(x1 + axz), i.e. Py is linear.

(2) Obviously Ran(Py) = M and Pyx = x for all x € M. Therefore P, = Py,.

(3) Let x,y € H”, then since (x — Pyx) € M* and (y — Pyy) € M*,

(Pvx,y )y = (Pux, Pyy +y — Puyy)y = (Pux, Pyy), = (Pux + (x — Pyr), Pyy), = (x,PMy),,.

(4) It is clear that Ran(P,) < M. Moreover, if x € M, then Pyx = x implies

that Ran(Py) = M. Now x € ker(Py) iff Pyx = 0iffx =x—-0 € M*.

Corollary 1.2. Suppose that M — H* is a proper closed subspace of a

non-Archiedean Hilbert space H*, then H* = M & M*.

Proof. Given x € H*, lety = Pyxsothatx—y € M*. Thenx =y+ (x-y) € M & M*.

Ifxe MNM L, thenx 1L x, i.e. [|x| = (x,x), = 0. So M N M* = {0}.

Proposition 1.4. (Generalized Riesz Theorem). Let H** be the dual space of H*.

The map

ze H* 5 (.z2), € H* (1.9"

is a conjugate linear #-isometric isomorphism.

Proof. The map j is conjugate linear by the axioms of the non-Archiedean inner

products. Moreover, for x,z € H*,|(x,z),|< Ilx||, l|zIl, for all x € H" with equality when

x = z. This implies that |jz|| ;+ = (+,z)» = llzll, . Therefore j is #-isometric and this

shows that ; is injective. To finish the proof we must show that j is surjective. So let

f € H* which we assume with out loss of generality is non-zero. Then M = ker(f) is

a #-closed proper subspace of H*. Since, by Corollary 1.1, H* = M & M*,

f: H*/M ~ M* - *C# is a linear isomorphism. This shows that dim(A/*) = 1 and

hence H* = M & *Cfx, where xo, € M*\{0}.Alternatively, choose x, € M*\{0} such

that flxo) = 1. For x € M* we have f(x — 1x(¢) = 0 provided that A = f{x). Therefore

x—2Axo € MNM* =<0}, i.e. x = Axo. This again shows that M* is spanned by xo.

Choose z = Axo € M* such that fx) = (xo,z). (S0 A = f{xo)/[|x0||* .) Then for

x =m+xo withm € Mand 1 € *Ci, fix) = IfAxo) = Mxo,2), = (Ax0,2), =



= (m + Ax0,2), = (x,z), Which shows that f = jz.

Proposition 1.5. (Adjoints). Let #* and K* be a non-Archiedean Hilbert spaces and
A : H" - K* be a bounded in *R? operator. Then there exists a unique bounded
operator A* : K* - H" such that

(Ax,y)r = (X, A™Y) (1.10)
for all x € H* and y € K*.Moreover (4 +AB)* = A * +AB* , A** = (4*)* = A,
[A*]l, = |4]l, and [|[4*4], =||4 |2 for all 4,B € L(H",K") and 1 € *C!.
Proof. For each y € K*, then map x - (4x,y),+ is in H** and therefore there
exists by Proposition 12.15 a unique vector z € H* such that (4x,y)+ = (x,z),+ for all
x € H".This shows there is a unique map 4* : K* -~ H" such that (4x,y) =
= (x,A*(y)),» forallx € H* and y € K*. To finish the proof, we need only show 4* is
linear and bounded in *R? operator. To see A* is linear, let y,,y, € K* and 1 € *C#,
then for any x € H*,(Ax,y1 + Ap2) e = (AX, 11 ) x + HAX, Y2 )
= (X, A* (1)) r + K6, A*(12) ) = (5, A*(¥1) + A4*(v2))» @nd by the uniqueness of
A*(yl +/1y2) we find A*()/l +/1y2) = A*(yl) +M*()/2).
This shows 4* is linear and so we will now write 4*y instead of 4*(y). Since
(A*Y,x) g = (X, A*Y) s = (Ax, Y ) v = (¥, Ax) .+ It fOllows that 4** = 4. The assertion that
(4 +AB)* = A* + AB* is left to the reader.
The following arguments prove the assertions about #-norms of 4 and 4* :
4% | 4 = supre? iy =1 147kl = SUPgegs i =1 SUP et n) =1 (A K )y l=
= SUPeprt ) <1 SUPkek? k| =1 KK AR y= SUPjer <1 1 AR, = 1414,
laxAll, < 14* 11,1141, = 4115 and
1A4ll; = SUP ers? i) =1 (AR, AR 4= SUP pepse ) =1 [Chs A* AR y|< SUP et ) 1 | A7 AR =
= 4741,
Corollary 1.3. Let 4%, K*, M* bea non-Archiedean Hilbert space, 4,B € L(H",K"),
C e L(K*,M*) and 1 € “C*. Then (4 + AB)* = A* + 1B* and (CA)* =
= A*C* € L(M*,HY).
Corollary 1.4. Let H* = ?@n and K* = ?@n equipped with the canonical inner

7

products, i.e. (z,w);s = Ext- Y  z; - W, for z,w € H'. Let 4 be an m x n external

1<i<n
hyperfinite matrix thought of as a linear operator from H* to K*. Then the hyperfinite
matrix associated to 4* : K* — H" is the conjugate transpose of 4.
Corollary 1.5. Let K : L5(v*) —» L5(n*) be the operator defined in Corollary 1.3.
Then K* : Li(X,u*) - L5(X,v") is the operator given by

K*g() = Ext- | KCe2)g()d"n’ (x).

Definition 1.9. {u,} .« < H" is an orthonormal set if u, L uy for all a + g and
””a “# = L.



Proposition 1.6 (Generalized Bessel’s Inequality). Let {u,} .4 be an orthonormal
set,
then

Ext-) _ Kxua),* < |1x11} (1.11)
for all x € H".In particular the set {a € 4 : (x,uq), + 0} is at most x-countable, i.e.
card(4) = card(*N) for all x € H*.
Proof. Let I' — 4 be any hyperfinite set. Then

T 2 T

X — Ext—Zaer(x, Ua)ulla || = llx ||i —2Re (Ext-Zaer<x,ua>#(ua,x>#> +
# (1.12)

N N

FExt-D  _ua)y? = Ix ] - Ext- ] [oxua)l?
and (1.12) gives that

0<

N

Ext-) 0 uadyl? < x5 (1.13)

Taking the supremum of the inequality (1.13) of I' cc 4 then proves (1.11).
Proposition 1.7. Suppose 4 — H* is an orthogonal set. Then s = Ext-Z LV exists

ve

P
HY iff Ext-) _IvlI} < *eo. In particular 4 must be at most a *-countable set.

T

2
Moreover, Ext-z veA”vH# < *oo, then
2 < 2
(1) sl = Ext-3_ _ IvIl; and

N
(2) (s,x), = Ext—Zv€A<v,x># for all x € H*.

Similarly if {v,},% is an orthogonal set, then s = Ext—Z v, exists in H* iff

n=1
* *
A~ © ~ ©

Ext-z n < *00. In particular if Ext-Z U exists, then it is independent of

rearrange ments of {v,},%.
N

Proof. Suppose s = Ext—Z n exists. Then there exists I' cc A4 such that

A~ o~ 2
2 = -
Ext-) vl = ‘ Ext), v #

have used Pythagorean’s theorem.

ve

< 1 for all A cc A\I' ,wherein the first inequality we

N
Taking the supremum over such A shows that Ext—Z EA\F||v||f¢ < 1 and therefore

O~ O~

2 2
Ext-p |VIE <1+ Ext-) _|v]} < oo,



T

Conversely, suppose that Ex"Z » ||v||§ < *oo.Then for all ¢ = 0,¢ > 0 there exists
I'. cc 4 such that if A cc A\I',

—~ 2 —~ )
‘ Ext—ZveAv # = Ext—ZveAHvH# <e. (1.14)
T~ ]
Hence by Ext ZVGAV exists. R

Foritem 1, let I'; be as above and set s, = Ext-Z v. Then

vel'e
sl = lisellyl < ls = sell, < & and by Eq.(1.14), 0 < (Ext-zveAnvn;) s} < &2

Letting ¢ »4 0 we deduce from the previous two equations that ||s; ||, »# |sll, and

O~ P

2 2 2 2
lsell} > Ext-)_ _ llvl; as & —+ 0 and therefore [is||} = Ext-D | _ [Iv]3.

For the final assertion, let sy = Ext-ZnN=1 v, and suppose that #-limy.+, sy = s exists
~N

in H* and in particular {sy} %, is Cauchy. So for N > M : Ext-Zn:M+1 v ]2 =
o
= llsw = sull} >+ 0 as M,N - *oowhich shows that Ext-» _ va is #-convergent,
A~

i.e.Ext-Z WV < *00,
n:

Corollary 1.6.Suppose H* is a non-Archiedean Hilbert space, p < H” is an
orthonormal set and M = span(f). Then

Pux = Ext—Zueﬁ@c,u}#u, (1.15)
2 <« 2
| Pux ||y = Ext—Zu€ﬁ|(x,u>#| , (1.16)
and
N
(Pay)y = Ext-) | Ou) (), (1.17)
for all x,y € H*.
N
Proof. By Bessel’s inequality, Ext—Zu€ﬁ|<x,u>#|2 < ||x||i for all x € H* and therefore
N

by Proposition 12.18, Px = Ext-Z Gﬂ(x,u>#u exists in H* and for all x,y € H,

(Px,y), = Ext-Zueﬁ«x,u)#u,y)# = Ext-Zueﬁ(x,w#(u,y)#. (1.18)

Taking y € gin Eq. (1.18) gives (Px,y) = (x,y),, i.e. that (x — Px,y), = O for all y € .
So (x — Px) L span(f) and by continuity we also have (x — Px) L M = #-span(f).
Since Px is also in M, it follows from the definition of P, that Px = Px proving



Eq. (1.15). Equations (1.16) and (1.17) now follow from (1.18), Proposition 1.7 and
the fact that (P, y), = (Pimx,y), = (Pux,Puy), for all x,y € H".

§2.Non-Archimedean Hilbert Space Basis.

Definition 2.1. (Basis). Let H* be a non-Archiedean Hilbert space. A basis 3 of H*

is @ maximal orthonormal subset g < H*.

Proposition 2.1. Every non-Archiedean Hilbert space H* has an orthonormal basis.

Proof. Let F be the collection of all orthonormal subsets of #* ordered by

inclusion. If ® < & is linearly ordered then U® is an upper bound. By Zorn’s

Lemma there exists a maximal element g € F.

An orthonormal set f — H* is said to be complete if 8+ = {0}. That is to say

if (x,u), = 0forallu € pthenx = 0.

Lemma 2.1. Let g be an orthonormal subset of H#* then the following are equivalent:

(1) pis a basis,

(2) p is #-complete and

(3) span(B) = H*.

Proof. If B is not #-complete, then there exists a unit vector x € +\{0}.

The set p U {x} is an orthonormal set properly containing g, so £ is not maximal.

Conversely, if B is not maximal, there exists an orthonormal set 81 < H* such that

p < pi. Thenifx € p1\B, we have (x,u), = 0 for all u €  showing f is not
#-complete.

This proves the equivalence of (1) and (2). If B is not complete and

x € fH\{0}, then #-span(B) — x* which is a proper subspace of H*. Conversely

if span(B) is a proper subspace of H*,+ = #-span(8)" is a non-trivial subspace by

Corollary 1.2 and g is not #-complete. This shows that (2) and (3) are equivalent.

Theorem 2.1. Let § — H* be an orthonormal set. Then the following are

equivalent:

(1) p is #-complete or equivalently a basis.

/\

(2)x = Ext-Z eﬂ(x,u>#u for all x € H*.

(3) (), = Ext—2u6ﬁ<x,u)#<u,y)# for all x,y € H".

2
(4) |Ix|I; = EXt'Zu€ﬁ|<x’“>#| for all x € H".
Proof. Let M = #-span(f) and P = Py,.

N
(1) = (2) By Corollary 1.6, Ext—Zueﬁ@c,u)#u = Pyx. Therefore
N
x- Ext-ZuEﬂ(x,w#u =x—Pyx € M+ = p*+ = {0}.
(2) = (3) is a consequence of Proposition 1.6.
(3) = (4) is obvious, just take y = x.



(4)= (1) Ifx € g+, then by 4), |Ix][, = 0, i.e. x = 0. This shows that f is #-complete.
Proposition 2.2. A non-Archimedean Hilbert space H* is x-separable iff H* has

a x-countable orthonormal basis p — H*. Moreover, if H* is x-separable, all
orthonormal bases of H* are x-countable.

Proof. Let D — H* be a x-countable dense set D = {u,},%. By Gram-Schmidt
process there exists f = {v,},% an orthonormal set such that

span({v,|1 < n < N}) 2 span({u,|l <n < N}). So if (x,v,), = 0 forall n € *N then
(x,un), = 0 foralln € *N. Since D < H" is #-dense we may choose {w;} < D such
that x = #- lim;.+» wi and therefore (x,x), = #- lim;.«(x,wx) = 0. That is to say

x = 0 and g is #-complete.

Conversely if p — H* is a x-countable orthonormal basis, then the x-countable set

/\

D = {Ext-z eﬁa”“|a” € 0+iQ :#{u:a+0} < *oo} is #-dense in H*.

Finally let p = {u,},% be an orthonormal basis and 8, < H* be another orthonormal

basis. Then the sets B, = {v € Bi|v,u, = 0} are x-countable for each n € *N and

hence B := U, B, is a countable subset of 3.

Suppose there exists v € 8,\B, then (v,u,), = 0 for all n € *N and since g = {u,},5

is an orthonormal basis, this implies v = 0 which is impossible since ||v|, = 1.

Therefore p,\B = & and hence §, = B is x-countable.

Definition 2.2.A linear map U : H" — K" is an isometry if || Ux || ;e = x| 4

for all x € H* and U is unitary if U is also surjective.

Proposition 2.3. Let U : H* - K* be a linear map, show the following are
equivalent:

(1) U : H* - K" is an isometry,

(2) (Ux, Ux") s = (x,x"),,for all x,x" € H”,

(3) U*U = idys.
Proposition 2.4. Let U : H* - K* be a linear map, show the following are
equivalent:

(1) U : H* - K" is unitary

(2) U*U = id,+ and UU* = idg+.

(3) Uis invertible and U~! = U*.

Proposition 2.5.Let H* be a non-Archimedean Hilbert space. Then there exists
a set X and a unitary map U : H* - [5(X). Moreover, if H* is x-separable and
dim(H*) = *oo, then X can be taken to be *N so that H* is unitarily equivalent to
I5(*N).

Remark 2.1. Suppose that {u,},” is a #-total subset of H*, i.e. #-span{u,} = H*.
Let {v,},% be the vectors found by performing Gram-Schmidt on the set {u,},%.
Then {v,},%is an orthonormal basis for H*.

§3.1.Weak #-Convergence.



Suppose H* is an hyper infinite dimensional non-Archimedean Hilbert space

and {x,},%is an orthonormal subset of #*. Then, by Eq. (1.1), |x, —xn ||i =2

for all m + n and in particular, {x,},%, has no #-convergent subsequences. From
this we conclude that C := {x € H" : |x||, < 1}, the #-closed unit ball in H#*, is not
#-compact. To overcome this problems it is sometimes useful to introduce a weaker
topology on X having the property that C is #-compact.

Definition 3.1. Let (X, |-||,) be a non-Archimedean Banach space and X* be its
#-continuous dual. The weak topology, z,,, on X is the topology generated by X*. If
{x,},% < Xis a hyper infinite sequence we will write x, > x as n - *oo to mean
that x, -4 x in the weak topology.

Because 7, = t(X*) c 7f|+||, = ©({[lx — -], : x € X}, it is harder for a function

f: X - Fto be #-continuous in the z,, - topology than in the #-norm topology, | -||,..
In particular if ¢ : X - Fis a linear functional which is z,, -continuous, then ¢ is

7,, -continuous and hence ¢ € X*.

Proposition 3.1. Let {x,},* < X be a hyper infinite sequence, then x, > x € X as
n - *owiff p(x) = #lim,-+» @(x,) forall p € X*.

Proof.By definition of z,,,we have x, SyxeXiffforallTcc X*and e ~ 0, > 0
there exists an N € *N such that |p(x) — p(x,)|< e foralln > Nand ¢ € T.

This later condition is easily seen to be equivalent to ¢(x) = #- lim,+» ¢(x,) for all
0 € X"

The topological space (X, ,) is still Hausdorff, however to prove this one needs

to make use of the generalized Hahn Banach Theorem 18.16 below. For the
moment we will concentrate on the special case where X = H* is a non-
Archimedean Hilbert space in which case H** = {¢. := (-,z), : z € H"}, see
Propositions 3.2. If x,y € H* andz = y —x # 0,then

0<eg:= “Z”i = 0:(2) = 0:(y) — ().

Thus V, 2 {w e H* : |p.(x) —p.(W)|< &2} and V, = {w € H" : |p.(y) — p.(W)|< &/2}
are disjoint sets from z,, which contain x and y respectively. This shows that
(H?,t,) is a Hausdorff space. In particular, this shows that weak #-limits are unique
if they exist.

Remark 3.1. Suppose that H* is an *-infinite dimensional non-Archimedean
Hilbert space and {x,},% an orthonormal subset of #*. Then generalized Bessel's
inequality (Proposition 1.6) implies x, %4 0 € H* as n > *o. This points out the
fact that if x, >4 x € H* as n - *oo, it is no longer necessarily true that

x|, = #-lim,.~ x|, . HOwever we do always have ||x||, < #- lim inf,.« ||lx, || ,
because, ||x||§ = #-limroo (X, X ), < #=liminf o [0 |4 llx [ 4] =

= [Ix || #-1lim inf, e [, || .

Proposition 3.3. Let H#* be a non-Archimedean Hilbert space, f < H* be an
orthonormal basis for H* and {x,},*, < H* be a bounded in *R* hyper infinite
sequence, then the following properties are equivalent:



(1) x, >4 x € H asn - *oo.

(2) (x,y), = #-lim o (x,,y), forally € H”.

(3) (x,»)y = #lim, o0 (x,, ), forall y € p.

Moreover, if ¢, £ #-lim,.-.(x,,y), exists for all y € f, then

P w R N
Ext-Zyeﬁ]cy\z < *oandx, -4 x= Ext—ZyEﬁcyy € H" asn —» *w.
Proof. 1. = 2. This is a consequence of Propositions 1.4 (Generalized Riesz
Theorem) and Proposition 3.2. =3. is trivial.
3.=> 1. Let M = sup, |x.|l, and H, denote the #-algebraic span of g. Then for
y € H* and z € H,,
[0 = XIS K8 = 0, 2400 = Xy = 21Dy < O = X, 2 2M 1y = 211,
Passing to the #-limit in this equation implies
Hlim sup,-ea [(r = X0, 3),0S 2M [ly =zl
which shows #-lim sup,-+ [(x —x,,y),| = 0 since H, is #-dense in H".
To prove the last assertion, let I' cc f. Then by Bessel's inequality (Proposition

P N )
1.6),Ext-Zyer|cy|2 — #-1imy oo Ext—Zyeer — X p),|? < #lim inf e [, |2 < M2,
S
Since I' cc f8 was arbitrary, we conclude that Ext-) | JJol” < M < *o0 and hence
ye

S
we may define x £ Ext- | 4. By construction we have
ye

(.Y, = ¢y = #lim,w(x,,1), for all y € g and hence x, >4 x € H* as n - *w by
what we have just proved.

Theorem 3.1. Suppose that {x,},~ < H" is a bounded in *R# hyper infinite
sequence. Then there exists a subsequence y; = x,, of {x,}, and x € X such
that y, >4 x as k » *o.

Proof. This is a consequence of Proposition 3.3.Let A} = #-span{x, : n € *N} is

a x-separable non-Archimedean Hilbert subspace of H*. Let {1,,},2, < Hj be an
orthonormal basis and use hyper infinite Cantor’s diagonalization argument to find a
hyper infinite subsequence y; = x,, such that ¢,, = #-lim.+«(yx,An), €xists for all
m € *N. Finish the proof by appealing to Proposition 3.3.

Theorem 3.2. (Alaoglu’s Theorem for a non-Archimedean Hilbert Spaces).
Suppose that H* is a x-separable non-Archimedean Hilbert space,

C £ {x € H*||x|l, < 1} is the #-closed unit ball in #* and {e,},Z is an orthonormal
basis for H*. Then

plr.y) = Ext- >, (12")(x - y.en)y (3.1)

defines a non-Archimedean metric on C which is compatible with the weak
topology on C, ¢ = (z)c = {V' N C|V € 7,,}. Moreover (C,p) is a #-compact
non-Archimedean metric space.

Proof. That is simple to check that p is a #-*R- valued metric . Let 7, be



the topology on C induced by p. For any y € H* and n € *N, the map x € H* -
(X =y,en)s = (X,en)y — (v,en), I8 1, cOntinuous and since the sumin Eq. (3.1) is
uniformly #-convergent for x,y € C, it follows that x — p(x,y) is 7¢ - continuous.
This implies the #-open balls relative to p are contained in z¢ and therefore 7, < zc.
For the converse inclusion, let z € H*,x - ¢.(x) = (z,x), be an element of H**, and
—~N —~N
forn e *Nletzy = Ext-Zn:I(z,en>#e,,. Then ¢., = Ext-Zn:I(z,en>#goen is
p-#-continuous, being a hyperfinite linear combination of the ¢., which are easily
seen to be p- #-continuous. Because zy »4 zas N - *oo. it follows that
suprec|@:(x) — -y (X)| = |z —zn|, »# 0 @S N > *o0.
Therefore ¢, | C is p- #-continuous as well and hence ¢ = ©(¢. | Clz € H*) C 1,.
The last assertion follows directly from Theorem 3.1 and the fact that sequential
#-compactness is equivalent to #-compactness for a non-Archimedean metric
spaces.

Theorem 3.3. (Weak and Strong #-Differentiability). Suppose that f € L} (%n)

andv e :@fﬂ\{O}. Then the following are equivalent:
(1) There exists {t,},% < *R#\{0} such that #-lim,_+ ¢, = 0 and
ﬂ' +t,V) _f(')

< *oo,
ty

#2
(2) There exists g € L,(*R% ) such that (f,0}¢), = ~(g,¢), forall ¢ € CZ‘”(*[R? )

SUPne*N

(3) There exists g € L% (%n) andf, € C.” (?@f}? such that f, 5, fand

LZ
0ify =4 gas —» *oo,
(4) There exists g € Li(*[R%ﬁ ) such that
fe+m)=f0) 13
7 N

ast - 0.
Proof. 1. = 2. We may assume, using Theorem 3.1 and passing to a
subsequence if necessary, that

f(' +th) _ﬂ') l‘;# g

for some g € LE(*R#"). Now for ¢ € C.” (*R#n),

<g,¢># - #-limnﬂ*w<ﬂ' + l‘ntV) - f(+) ’¢> — #lim, e <f, o+ +t,v) — () > _

Iy
- <f’#'1imn—»*oo ﬁo(' ? tnl:) - go(.) > N _<ﬁ aﬁ¢>#a
#

wherein we have used the translation invariance of Lebesgue #-measure and the
dominated #-convergence theorem.




2.3, LetpeC” (TR?TR?) such that Exr-j%n o()d*x = 1 and let g, (x) =
m"p(mx). then by Proposition 11.24, h, — g + f€ C'* (Tl@) for all m e *N
and 0yhm(x) = Oipm * flx) = Ext-j:ﬁn OVpmx =)W’y = (f,-0i[pm(x = )]), =

(& om(x =)y = om * g(x). (,

By Theorem11.21, h,, —4 f Lg(%") and 0%/ = g * g =4 gin Lg*(?l@") as
m — *oo. This shows 3. holds except for the fact that /4,, need not have #-compact

support. To fix this let y € C.* (?RE",[O, 1]) such that w = 1 in a neighborhood of 0
and let y.(x) = w(ex) and (0%y).(x) = (0%w)(ex). Then

aﬁ (wehm) = a?\g»tl//«shm + V/saﬁhm = 8(8§W)8hm + Wgaﬁhm

so that w.h,, —# h, in L and 0% (wohy) =4 0fh, in Ly as e »4 0. Let £, = we, hnm
where ¢,, is chosen to be greater than zero but small enough so that

lWenhim = hm ”#2 + 0% (Wenhm) = O ”#2 < lm.

Then f,, € Co°(*R¥), fin >4 fand 0%, —4 gin L% as m - *oo.

3. = 4. By the fundamental theorem of calculus

1
Tme(X)t —fn(xX) _ fulr+ Wt) —fm(x) _ % (j j_:qu(x + stv)d#s>
0

1 (3.2)
= I(@ﬁfm)(x + stv)d*s.
0

Let
1 1
Gi(x) = J.Lstvg(x)d#s = Ig(x + stv)d?s
0 0
which is defined for #-almost every x and is in L;(*R#"*) by generalized Minkowski’s

inequality for integrals. Therefore

1

o) Z/n) G2y = [[(@8fi)x+ 519) — gCx + st)]ds
0

and hence again

‘L'_ p—
1A% 17; fm _ Gt

1 1
< _[ 1 7-50v (OVfm) — T-sng |l 4o d¥s = jllavfm — gl d*s.
#2
0 0

Letting m - *oo in this equation implies (t_.f— f)/t = G, #-a.e. Finally one more
application of Minkowski’s inequality for integrals implies,

T_ —
= | =16l -
#2

1 1
[Eng=od's| < [IGng-2)l,ds
0 0

#2



By the dominated convergence theorem and Proposition 11.13, the latter term tends
to 0 as t -4 0 and this proves 4. The proof is now complete since 4. = 1. is trivial
Proposition 3.3. Let (/,(-,),) be a not necessarily #-complete inner product
space and f — H* be an orthonormal set. Then the following two conditions are
equivalent:

S~
(1) x = Ext-)_(x,u),u for all x € H*.
uep

S~
(2) llx|1; = Ext-)_[x,u),|* for all x € HY.

uefl
Moreover, either of these two conditions implies that # = H* is a maximal
orthonormal set. However g — H* being a maximal orthonormal set is not
sufficient to conditions for 1) and 2) hold.
Proof. As in the proof of Theorem 12.24, (1) implies (2). For (2) implies (1) let
A cc p and consider

‘ X — <Ext-/i<x,u)#u>

ueA

2 S ) P )
= |Ix|I? —2<Ext-2|(x,u>#| ) + Ext-)_|(x,u),|

uel ueA

# (3.3)
N~ 5
= [lx|I; - (Ext-ZKx,w#l )
ueA
Since x| = Ext-Y_(x,u),/|’, it follows that for every & > 0, ~ 0, there exists
uef
A cc psuch that for all A cc fsuchthat A, < A,
S~ 2 S~
‘ x—Ext-Z(x,u>#u = ||x||i — Ext — Z|(x,u>#|2 <eg (3.4)
ueA # ueA
N~
showing that x = Ext-Z(x,u>#u.
uef
Suppose x = (x1,X2,...,Xn,...) € p*+. If (2) is valid then ||x||ﬁ =0,i.,e.x=0.So

p is maximal.

Let us now construct a counter example to prove the last assertion.

Take H* = Span({e;},%) < l5 and let %, = e; — (n + 1)e,y1 forn = 1,2.... Applying
Gramn-Schmidt to {i,},% we construct an orthonormal set g = {u,},* < H*.

| now claim that # — H* is maximal. Indeed if x = (x1,x2,...,x,,...) € p* then

x Lu,foralln,ie. 0= un), =x1— @+ 1)xu.

Therefore x,.1 = (n+ 1)"'x, for all n. Since x € Span({e;},%),xy = 0 for some

N sufficiently large and therefore x; = 0 which in turn implies that x,, = 0 for all n.
So x = 0 and hence g is maximal in H*. On the other hand, A is not maximal

in /4 . In fact the above argument shows that g+ in /5 is given by the span of



v=(1,1/2,1/3,1/4,1/5,...). Let P be the orthogonal projection of 75 onto the

Span(f) = v*-.Then Ext-z. 1<x,un>#un =Px=x—- %v so that
i= v

*o0

Ext-zizl(x,u,Z)#un = x iff x € Span(p) = v+ < [5. For example if x = (1,0,0,...) € H*

(or more generally for x = e; for any i),x + v* and hence Ext-» Xttt # X.
.

Proposition 3.4. (Parallelogram Law Converse). If (X, | -||,) is a #-normed space
such that Eq.(11.4) holds for all x,y € X, then there exists a unique inner product
on (-, such that |x||, = ,/{(x,x), forall x € X. In this case we say that |||, is a

Hilbertian #-norm.
Proof. If ||-]|,, is going to come from an inner product (., -),, it follows from Eq.(12.1)
that 2Re(x,x), = [lx +y|; — IxI; - lvll; and -2Re(x,x), = llx—yll; - Ixl; - 13-
Subtracting these two equations gives the “polarization identity,”

4Re(x,x), = [x+ylI} - Ix =yl (3.5)
Replacing y by iy in this equation then implies that

4Imix,x), = llx+iyll; - Ix—iyl3. (3.6)
from which we get

(XYY = 1/4<Ext-/ie||x + eyIIi) (3.7)

eeG
where G = {t1,i} - a cyclic subgroup of *S' < *C%. Hence if (-, -), is going to exists
we must define it by Eq. (3.7). Notice that

N~
(,x), = 1/4<Exr-ze||x+ex||;> = |lx 12+ dllx + ix||2 — illx — ix|| 2 =

ecsG (38)
el + a0+ i el =l =il = x5
So to finish the proof of (4) we must show that (x,y), in Eq. (3.7) is an inner
product. Since
S /\ /\
Ay,x), = Ext-)_elly+ex||; = Ext-)_elle+ex) |1} = Ext-)_ell(ey+€x) |2
ecG esG esG (3 9)

. . . . 2
= lly+xlz+ -y +xl;+illy +ix|l; - ill-iy +xl; =
2 2 . . 2 . . 2
= llx+yllz+ lIx=pllz +illx—ivlly —illx +ivlly = 4x,p),

it suffices to show x - (x,y), is linear for all y € H*. We will need to derive an
identity from Eq. (1.4). To do this we make use of Eq. (1.4) three times to find



2 2 2
e +y+zI5 = —lx+y—zIZ+2lx+ 15+ 20215 =
2 2 2 2 2 2
= llx—y—zlly = 2lx—zlly = 2yl + 2lx + ylly + 2lx + y 1 + 2121l =
2 2 2 2 2
Iy +z=xlly=2lx—zlly =20yl + 2lx +yll; + 201l =

2 2 2 2 2 2 2
=y +z+xlly + 2y +zlly + 2Mx 1l = 2l — 2115 = 2My 1y + 2Mx + 15 + 211l

Solving this equation for ||x +y + z||i gives
bty 422 = et zl2+ ey 2 = =202 + w2+ 1112 - D12

Using Eq. (3.11), for x,y,z € H,

4Re(x +z,y), = ||x+z+y||i— ||x+z—y||§é =

= ly+zli+lIx+p05 = llx—zl5 + lxllG + 1z15 = Ivll; -
~(lz=yli+llx =yl = llx=zll5 + lIx 13+ 215 = Ivll;) =
= lz+yl;=lz=yl; + lx+yl; = lx=yll; =
4Re(x,y), +4Re(z,y).,.

Now suppose that 6 € G, then since |J= 1,

N~ P
4(0x,y), = 1/4<Ext-26||5x+ey||i> = 1/4<Ext-Z€||5x+5‘1ey||i> =

eeG esG

= 1/4<Ext-256||5x + 5ey||§> = 45(x,)),.
eceG

where in the third inequality, the substitution - 6 was made in the sum. So
Eq.(3.13) says (*ix,y), = +i(*ix,y),, and —(x,y), = (-x,),. Therefore

Im(x,y), = Re(=ix,y),) = Re((~ix,y),)
which combined with Eq. (3.12.) shows
Im(x + z,y), = Re(—ix — iz,y), = Re(=ix,y), + Re(—iz,y), = Im(x,y), + Im(z,y),
and therefore (again in combination with Eq. (3.12)),
(X +z,y), = (x,p), +{(zy), forallx,y € H".
Because of this equation and Eq. (3.13) to finish the proof that x — (x,y), is
linear, it suffices to show A(x,y), = (Ax,y), forall A > 0. Now if L = m € *N, then

(mx,y), = X+ (m—=1)x,y), = (6,3), +((m = 1)x,y),

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

so that by hyper infinite induction (mx,y),, = m(x,y),. Replacing x by x/m then shows

that (x,y), = m(m'x,y),, so that (m~'x,y), = m™'(x,y), and so if m,n € *N, we find
< % y> = n< 1 ,y> = 7 2L (x,y), so that A(x,y), = (Ax,y), forallA > 0and 1 € Q.

By #-continuity, it now follows that A(x,y), = (Ax,y), forall 1 € *[R’j,,l > 0.

Proposition 3.5. Let (#",(-,),) be a not necessarily #-complete inner product space



and g — H* be an orthonormal set. Then the following two conditions are equivalent:

/\

(1) x= Ext-Z(x,u)#u for all x € H*.
uef
(2) llx]17 = Ext-)_[(x,u),|* for all x € HY.
uef

Moreover, either of these two conditions implies that g < H* is a maximal ortho-
normal set. However g — H* being a maximal orthonormal set is not sufficient to
conditions for 1) and 2) hold.

Proof. As in the proof of Theorem 2.1, (1) implies (2). For (2) implies (1) let

A cc p and consider

X — (Ext-i(x, u>#u>

ue

= ||xII2 —2<Ext-2|(x,u>#| > +Ext-Z|(x,u>#| =

# ue ue (3 15)

12 - (Exz-2|<x,u>#|2>.

ue

Since x|} = Ext-Y |(x,u),|’, it follows that for every & ~ 0.g,& > 0.5; there exists
uef
A cc psuch that for all A cc g such that A, c A,

S~ 2 N~
X - (Ext-Z(x,u)#u> = ||x||i - (Ext-ZKx,w#]z) <& (3.16)

ueA # ueA

showing that x = Ext-) (x,u),.Suppose x = (x1,x2,...,xs,...) € f*. If (2)is valid
uefi

then ||x||i =0 i.e. x = 0. So fis maximal. Let us now construct a counter

example
to prove the last assertion. Take H* = Span{e;};5 < I5 and let i, = e; — (n + 1)en
for n € *N. Applying Gramn-Schmidt to {z,},” we construct an orthonormal set
B =uny 5 < H.
We now claim that # — H* is maximal. Indeed if x = (x1,x2,...,x,,...) € B* then
x Lu,foralln e *N, i.e. 0;@ = (X, Un), =x1 — (0 + D)xps1.

*R#g’

Therefore x,.1 = (n+ 1)"'x; for all n € *N. Since x € Span{e;}.%, xy = 0 for some
N sufficiently large and therefore x; = 0 which in turn implies that x,, = 0~ for all

n € *N. Sox = 0 and hence f is maximal in H*. On the other hand, g is not

maximal in /4. In fact the above argument shows that B+ in 7, is given by the span of
v= (1~ lg/2~ 1 —/3~,1—/4—~,1—/5—~,...). Let P be the orthogonal

projection of /; onto the Span(B) = v-*.



Ext-Z(x,un>#un =Px=x-— <| ># , so that Ext—Z(x Up )ity = X iff
ueA # ueA
x € Span(p) = v < 5. For example if x = (1— 0—~,...) € H*(or more

*[R#’ *[Ric#’ *Rg,

S
generally for x = e; for any i € *N), x & v* and hence Ext-Y (x,ux),un # X.
ue

§ 3.2.#-Analytic vectors.Generalized Nelson’s #-analytic
vector theorem.

Let H* be a #-complex Hilbert space over field 1@ The most natural way to

construct
a #-continuous one-parameter unitary group U(¢) : H* - H* is to try to make sense

/\OO#

of the power series Ext—Z :O(itA)” on a #-dense set of vectors. Notice that this can

certainly be done if 4 is self-adjoint. For let Eq be the family of spectral projections
for

A.Then on each of the spaces E_, 4 is @ bounded operator and

/\(D#

Ext-Z =O(itA)"/n! #-converges to Ext-exp(itd) in #-norm. In particular, for any

¢ < UMzo E-aan,

—~N . n
#-limy,,¢ (Ext—z y (’;A,) ) = Ext-exp(itd). (3.1)

Since UMZO Eua is #-dense in H”, we see that the group generated by a
self-adjoint
operator 4 is completely determined by the well-defined action of the hyper infinite

/\OO#

series Ext-) _,(iz4)"/n! on a #-dense set. We will prove the #-converse: namely,

/\00#

if 4 is symmetric and has a #-dense set of vectors to which Ext-Z :O(itA)”/n! can be

applied, then 4 is essentially self-#-adjoint. We need several definitions.
Definition1.1. Let 4 be an operator on a non-Archimedean Hilbert space H”. The
set

C*'(4) = ﬂ:jo D(4") is called the C” -vectors for 4. A vector @ € C*'(4) is called an
#-analytic vector for 4 if

OO

Ex tZ . 14 "’”t ‘oo (3.2)

for some ¢ > 0.If 4 is self-adjoint, then C°° (A) will be #-dense in D(4). However, in



general, a symmetric operator may have no C~"-vectors at all even if 4 is essentially
self-#-adjoint. We caution the reader to remember that #-analytic vectors and
vectors of

uniqueness (defined below) must be C”’- vectors for 4. A vector @ € D(A) can be an

#-analytic vector for an extension of 4 but fail to be an #-analytic vector for 4
because

it is not in C*" (4).

Definition1.2.Suppose that 4 is symmetric. For each ¢ € c’ (4), define

~N
D, = {Ext—z :OanA"q)

Let H), = #-D,, and define 4, : D, - D, by

~N _~N
A¢<Ext-2 OanA”go> = Ext—Z :Oa,,A"“go.

¢ is called a vector of #-uniqueness if and only if 4, is essentially self-#-adjoint on
Dy

as an operator on Hj.

Finally, a subset S « H" is called #-total if the set of hyperfinite linear combinations
of

elements of S is #-dense in H”.

Lemma (Generalized Nussbaum’s lemma) Let 4 be a symmetric operator and

suppose that D(4) contains a #-total set of vectors of #-uniqueness. Then 4 is

essentially self-#-adjoint.

Proof We will show that Ran(4 + i) are #-dense in H*. By the fundamental criterion

this will show that 4 is essentially self-#-adjoint. Suppose v € H* and ¢ > 0 are
given

and let S denote the set of vectors of #-uniqueness. Since S is #-total we can find

(a)), and (v,)Y, with y, € Sso that

N € *N,a, € /*@\Cf} (3.3)

/\N

H v - Ext—anlant//,,

Since v, is a vector of #-uniqueness, there is a ¢, € D, so that

~N -1
Iy = A+ Deall, < %(E’“'Zn_J“"') : (3.5)

Setting ¢ = Ext—ZnN=1 a,¢p, We have ¢ € D(4) and |ly — (4 +i)ell, < e
Thus Ran(4 + i) is #-dense. The proof for (4 — i) is the same.
Theorem 3.1. (Generalized Nelson’s #-analytic vector theorem) Let 4 be a

symmetric
operator on a non-Archimedean Hilbert space H”. If D(4) contains a #-total set of

< el (3.4)
#




#-analytic vectors, then 4 is essentially self-#-adjoint.
Proof By Generalized Nussbaum’s lemma, it is enough to show that each #-analytic
vector v is a vector of #-uniqueness. First notice that 4,, always has self-#-adjoint
extensions, since the operator
_~NN

C: Ext-Zn:OanAnw (3.6)
extends to a conjugation on Hj, which commutes with 4,,. Suppose that B is a
self-#-adjoint extension of 4, on H}, and let u* be the spectral #-measure for B
associated to y. Since vy is an #-analytic vector for 4,

/\N

Ext-Zn=0||A”1//||#/n! < *oo (3.7)
forsomer > 0. Let0 < s < ¢ Then

/\00#

EXt-Zn:()% Ext- I x|"d*u? | <
*R?
, 12 12
=" (3.8)
< Ext-Zn:O% Ext- J. x2d* u# Ext- J. d*u* =
*[R#z_ *Rﬁ

~"
s *
Il Extd ] Seldmyl, < *o.

Therefore by generalized Fibini’s theorem

Exe- [ (Ev307% St )dtu? = Bxt- [ Exi-(slx))d*u* < *oo. (3.9)

*Rﬁ *Rfﬁ
As a result, the function
(w,[Ext-exp(itB)]y), = Ext- j [Ext-exp(itx) d* u* (3.10)
*Rg

has an #-analytic continuation

Ext- j [Ext-exp(izx)]d* (3.11)

*[R#z_

to the region [Imz|< ¢. Since



[(j—é)k Ext—I[Ext-exp(izx)]d#u# :| =
z=0

"R (3.12)
= Ext- j‘ [ Ext-exp(ix)* |d*u* = (v, (iA)kl//>#,
*Ric#
we obtain
(v, [Ext-exp(isB)]y), = Ext-Zn:O (i;!) = (v, (i) '), (3.13)

for [s|< «. Thus, for |s|< ¢ (and therefore for all 5), the function (y 1, [Ext-exp(isB)]y2),

is completely determined by the numbers (y1,4"y2),,n € *N.

Similar proof shows that (y 1, [Ext-exp(isB)]y2 ), is determined by the numbers

(y1,A"y2),,n € *Nfor any y,,y, € D,. Since D, is #-dense in Hj, and Ext-exp(isB)

is unitary, Ext-exp(isB) is completely determined by the numbers (y1,4"y>),,n € *N

forany vi,y> € D,.Thus, all self-#-adjoint extensions of 4, generate the same
unitary

group, so by generalized Stone’s theorem 4, has at most one self-#-adjoint
extension.

As we have already remarked, 4, has at least one self-#-adjoint extension. Thus 4,
is

essentially self-#-adjoint and v is a vector of uniqueness.

Corollary 3.1 A #-closed symmetric operator 4 is self-#-adjoint if and only if D(4)

contains a #-dense set of #-analytic vectors.

The statement of Corollary 1 is not true if “self-#-adjoint” is replaced by “essentially

self-#-adjoint.” A self-#-adjoint operator 4 may be essentially self-#-adjoint on a

domain D < D(4) and D may not even contain any #-vectors.

Corollary 3.2 Suppose that 4 is a symmetric operator and let D be a #-dense linear

set contained in D(4). Then, if D contains a #-dense set of #-analytic vectors and if

is invariant under 4, then 4 is essentially self-#-adjoint on D.

Proof Since D is invariant under 4, each #-analytic vector for 4 in D is also an
#-analytic vector for 4 | D. Thus, by Theorem 3.1 4 | D is essentially self-#-aadjoint.
The reason that one needs the invariance condition in Corollary 2 is that for a vector
v € D to be #-analytic for 4 | D, it must first be C** for 4 | D. This requires that

A" € Dforall n € *N.

§4.The generalized Spectral Theorem

§ 4.1.The #-continuous functional calculus
In this section, we will discuss the generalized spectral theorem in its many guises.



This structure theorem is a concrete description of all self-#-adjoint operators. There

are several apparently distinct formulations of the spectral theorem. In some sense

they are all equivalent.

The form we prefer says that every bounded self-#-adjoint operator is a
multiplication

operator. (We emphasize the word bounded since we will deal extensively with

unbounded self-#-adjoint operators in the next chapter; there is a spectral theorem
for

unbounded operators which we discuss in Section § 4.3)

This means that given a bounded self-#-adjoint operator 4 on a non-Archimedean

Hilbert space H* over field i@f or :Ef we can always find a #-measure p* on
a #-measure space M and a unitary operator U : H* — Li(M,d" ") so that

(UAU'H(x) = F(x)Ax) (4.1.1)
for some bounded real-valued #-measurable function £ on M.
In practice, M will be a union of copies of *R# and F will be x so the core of the proof
of
the theorem will be the construction of certain #-measures. This will be done in
Section
§ 4.2 by using the generalized Riesz-Markov theorem. Our goal in this section will
be to
make sense out of f{4), for fa #-continuous function.
In the next section, we will consider the #-measures defined by the functionals

Sy fDy), (4.1.2)

for fixed v € H”.

Given a fixed operator 4, for which f'can we define f{4)? First, suppose that 4 is an
arbitrary bounded in*R? operator. If f{x) = Ext-ZnN:1 cqx", N € *Nis a polynomial,
we let fld) = Ext-Y_" c,A". Suppose that flx) = Ext-Y_ “ c,x" is a hyper infinite
power series with radius of #-convergence R. If || 4], < R then hyper infinite power
series Ext-zzfl cnA™ #-converges in £(H") so it is natural to set

fid) = Ext-3. " cad” (4.1.3)

In this last case, fwas a function #-analytic in a domain including all of o(4).

The functional calculus we have talked about thus far works for any operator in any

Banach space. The special property of self-adjoint operators or more generally
normal

operators is that ||P(4)||# = supiesw)|P(1)| for any polynomial P, so that one can use
the

B.L.T. theorem to extend the functional calculus to #-continuous functions. Our
major



goal in this section is the proof of:
Theorem 4.1.1. (#-continuous functional calculus) Let 4 be a self-#-adjoint operator
on
a Hilbert space H*. Then there is a unique map ¢ : C*(c(4)) - L(H") with the
following properties:
(a) ¢ is an algebraic x-homomorphism, that is,
¢(fg) = ¢(NP(g).¢(Af) = 26(N,d(1) = Lo(f) = ¢(N".
(b) ¢ is #-continuous, that is, [|§() [l ¢+, < CIIfN -
(c) Let f'be the function f(x) = x; then ¢(f) = A.
Moreover, ¢ has the additional properties:
(d) If Ay = Ay, then ¢(Nyv = f(L)y.
() a[o(H] = {fAL)|L € 6(4)} [spectral mapping theorem].
(f) If >0, then ¢(f) > 0.
@IeAN I, = If1l.,.. [this strengthens (b)].
The proof which we give below is quite simple, (a) and (c) uniquely
determine ¢(P) for any hyperfinite polynomial P(x). By the generalized Weierstrass
theorem, the set of polynomials is #-dense in C*(c(4)) so the main part of the proof
is
showing that
”P(A)”#Op = “P(x) ||C#(G(A)) = Supkea(A)‘P()V)’- (4.1.4)

The existence and uniqueness of ¢ then follow from the generalized B.L.T. theorem.
To prove the crucial equality, we first prove a special case of (e) (which holds for
arbitrary bounded operators):

Lemma 4.1.1.Let P(x) = Ext-y_  c.x", N € *N. Let P(4) = Ext-y_  c,A". Then

o(P(4)) = {P(L)|A € o(4)}. (4.1.5)

Proof Let 1 € (4). Since x = 1 is a root of P(x) — P(1), we have

P(x) —P(A) = (x—1)0(x), so P(4) — P(A) = (4—1)0(A). Since (4 — 1) has no
inverse neither does P(4) — P(A) thatis, P(1) € a(P(4)).

Conversely, let u € o(P(4)) and let 14,...,4, be the roots of P(x) — u, that is,
Py —p=a(Ext-[1,(x=1:)).If A1,..., A, ¢ o(4), then

P - =at (Ext-TT, (A= 2)7") (4.1.6)

so we conclude that some A; € o(4) that is, u = P(A) for some A € o(4).
Definition Let #(4) = sup,co) |A|- Then r(4) is called the spectral radius of 4.

Theorem 4.1.2. Let X be a Banach space, 4 € £(X) Then lim,.+» ,/[|A” 4, €Xists
and is equal to r(4) . If X'is a Hilbert space and 4 is self-#-adjoint, then

r(A) = |41,
Lemma 4.1.2. Let 4 be a bounded in *R# self-#-adjoint operator. Then



1P(A)[ls = supicoP(A)]. (4.1.7)
Proof By Theorem 4.1.2 and by Lemma 4.1.1 we obtain

IPIE = 1P PA)lx = [(PP)(Alx =

B 2 (4.1.8)
= sup|A| =sup |PP(A)[=| sup |[P(A)] ] .
Aea((PP)(4)) Aec(A) Aeo(4)

Proof of Theorem 4.1.1. Let ¢(P) = P(4). Then | ¢(P) ||£(H#) = ||P||C#(6(A)) SO ¢ has a

unique linear extension to the #-closure of the polynomials in C*(c(4)). Since the
polynomials are an algebra containing I, containing complex conjugates, and
separating points, this #-closure is all of C*(c(4)). Properties (a), (b), (c), (g) are
obvious and if ¢ obeys (a), (b), (c) it agrees with ¢ on polynomials and thus by
#-continuity on C*(c(4)) To prove (d), note that ¢(P)y = P(1)y and apply
#-continuity. To prove (f), notice that if /> 0, then f = g with ¢ *R#-valued
and g € C*(a(4)). Thus ¢(f) = ¢(2)* with ¢(g) self-#-adjoint, so ¢(f) > 0.
Remark 4.1.1. In addition:
(1) ¢(f) = 0 if and only if /> 0.
(2) Since fg = gffor all f,g, {f{4)|f € C*(c(4))} forms an abelian algebra closed
under adjoints. Since [[¢(A) ||, = IfIl.,, and C*(c(4)) is #-complete,
fAD)f € CHo(A))}
is #-norm-#-closed. It is thus an non-Archimedean abelian C* algebra of operators.
(3) Ran(¢) is actually the non-Archimedean C* algebra generated by 4 that is, the
smallest C*-algebra containing 4.
(4) This result, that C*(c(4)) and the non-Archimedean C*-algebra generated by 4
are #-isometrically isomorphic
(5) (b) actually follows from (a) and Proposition 4.1.1. Thus (a) and (c) alone
determine ¢ uniquely.
Proposition 4.1.1. Suppose that ¢: C*(X) - L(H") is an algebraic
x-homomorphism,
X a #-compact metric space. Then
(@) If f> 0, then ¢(f) > 0.
(b) leN Iy < (A1 e
Definition 4.1.1 if n,k € *N with k£ < n, then we define
| #

(n ) _ n
k K (n — k)!*
m,see ref [7].

(4.1.8)

where n!* = Ext-[ ] _
Lemma 4.1.3. Whenever n,k € *N are such that k£ < n,then

OHEN! @19



Proof. Directly from the formula (4.1.8)

n!* n!* n!* n
= = . (4.1.10
(7’1 k> (n— k)'#n—(n D1~ -V K- k)1 (k) ( )
Lemma4.1.4. Let n,k € *N with 0 < k < n,then

()=o) () (4.1.11)

Proof. Directly by hyper infinite induction [7].
Proposition 4.1.2. (Generalized binomial theorem) Let x,y € *R¥ and let n € *N,
then we have

(x+y)" = Ext- ZZ:O( n ) "hyk = Ext-3 0( Z )xky”‘k. (4.1.8)
Proof.We prove the result by hyper infinite induction. When n = 1, we trivially have

x+y) =x+y= (é)x+(i)y

Suppose that there is an n € *Nfor which the statement (4.1.8) is true. We then
have

n+l

(x+)" = @x+»)"(x+y) =
[ B3, (1 )ik i) =
(052 e e [ (1)) -
(52 (1)e ][5 (1)e ) -
x™ + Ext- Zkl[( +(k ):|x”kyk+y””=
(75 e [(1)+ (2 ) (i) -
~Eay (1 1) ek

i)
i)

where we have used Lemma 4.1.4.
Definition 4.1.2 (Hyperfinite Bernstein Polynomials). For each n € *N, the n-th
Bernstein Polynomial B (x,f) of a function f e C*([a,b],*R?) is defined as

Bixf) = Bxt- o /() (1 )xH(1 -2y, (4.1.9)
Lemma 4.1.3.Forany n € *N :
Exe- 3o, (1 )kt -0 = 1, (4.1.10)

Ext- Zko( )k(l )"k = nx) = 0, @.1.11)



Ext-z;;o( n )xk(l — )"k = nx)? = nx(1 - x). 4.1.12)

Proof. To prove these identities, first, from the generalized binomial theorem, for
any n € *N one obtains that

Ext- 0, (1 )k =)™ = [+ (1= 0))" = 1. (4.1.13)
By the generalized binomial theorem we have
Ext-zko( )y kgnk = (y 1 )", (4.1.14)

By the #-differentiating with respect to y of the identity (4.1.14) we obtain

LT ] = e ()it et -

4t o . (4.1.15)
= d_#y(wz) =n(y+z)".
Thus
Exr-z;;o( " )kyk’lzn’k = n(y +z)"! (4.1.16)
and therefore
Ext- 0, (1 Yhkzrh = my(y+2)". (4.1.17)
Replacing y by x and z by 1 — x in the above expression, we have identity
Ext-) 0( )kxk(l x)"* = nx. (4.1.18)
From (4.1.18) we obtain
Ext- (1) £x1 - xy - (4.1.19)

From (4.1.19) and (4.1.13) we obtain the identity (4.1.11).By the #-differentiating
with
respect to y of the identity (4.1.17) we obtain

;; [Ext_zko(l’l)kykzn—k} ZEX"ZZ=0< )kz kel nk _

= ndTy(y+z)” V= n+2)" +nn- 1yl +2)"2

(4.1.20)

Thus
EXI-ZZ:O( Z )kzyk—lzn—k _ n(y—i—z)”_l +}’l(}’l _ l)y(y+z)n—2 (4 121)

and therefore



Ext- ZZZO( T )kz;v"Z”*" = ny(y+2)"" +n(n - 1)y (y +2)">. (4.1.22)
Replacing y by x and z by 1 — x in the expression (4.1.22) we have identity
Ext- ZZ:O( Z )kzxk(l —x)"™* = nx +n(n - 1)x2. (4.1.23)

From (4.1.23) and (4.1.10)-(4.1.11) one obtains (4.1.12).

Theorem 4.1.2. (Generalized Weierstrass Approximation Theorem). Let

fe C*([a,b],*R%). Then there is a hyper infinite sequence of polynomials

pn(x),n € *N that #-converges uniformly to f(x) on [a, b].

Proof. For a #-continuous function f'defined on [0, 1] by (4.1.9) and (4.1.10) we
obtain

fx) — Bi(x) = Ext- Zzzo[f(x) —f(%) :|( Z )xk(l - x)k. (4.1.24)
From the identity (4.1.24) one obtains that
| ) - By | < Exe- 35 A - (4| ( " )xk(l —x)~. (4.1.25)

Since fis #-continuous on [0,1], it is bounded in *R%on [0, 1], i.e., there exists a

number M € *R? such that |[f{x)|< M,x € [0,1]. Moreover f'is uniformly #-continuous

on [0,1].Choose ¢ ~ 0,¢ > 0, then there exists 6 ~ 0,0 > 0 such that x,y € [0, 1] with

Ix — y|< ¢ implies that [f{x) — f{y)|< . For x € [0, 1], split the sum in the righthand side
of

(4.1.1) into two parts:

Ext- Z |f(x) —f(%) |(Z>xk(1 —x)k (4.1.12)
x—kln|<

and

Ext- Y |fw) —f(%)KZ)xk(l—x)k (4.1.13)

|x—k/n|>o

From (4.1.9) we obtain

Ext- 3 ) (L) ( n )xk(l —x)F<e (4.1.14)

W—k/n|<0

From (4.1.9) we obtain

Ext- Z L/(x) —](%) |(Z>xk(l —x)f < 2M|:Ext- Z (Z)x"(l —x)k:|

|x—k/n|>o x—k/n|>o

s %—Af[Ext- Z‘(x—%)z(’i)xk(l_x)ﬂ - (4.1.15)

< 2 e, (- §)'(3 00t 2



Finally we obtain
Ifx) — BE(x)| SE—F%. (4.1.16)

By choosing n € *N large enough the righthand side can be made less than 2¢. This
estimate is independent of x € [0, 1]. Hence, for ¢ > 0 there exists a number N € *N
such that » > N and x € [0, 1] imply |[f{x) — B#(x)|< 2¢. Therefore fis the uniform #-limit
of the polynomials B%.

Theorem 4.1.3.(Generalized B.L.T.theorem) Suppose that Z is a #-normed space, Y
is a non-Archimedean Banach space, and S c Z is a #-dense linear subspace of Z. If
T : S - Yis abounded linear transformation (i.e. there exists C < *« such that
I7z]|, < C ||z]|, for all z € S), then T has a unique extension to an element of £(Z, 7).

§ 4.2.The spectral #-measures

Theorem 4.2.1.(Generalized Riesz-Markov theorem) Let X be a locally #-compact
non-Archimedean metric space endowed with *R#-valued metric.Let C?(X) be the
space of #-continuous #-compactly supported *C#-valued functions on X.
For any positive linear functional ® on C#?(X), there is a unique #-measure x* on X
such that

Ve CHX) : O(f) = Ext-jxf(x)d#ﬂ#(x).
Theorem 4.2.2.(Generalized Riesz lemma) Let Y be a #-closed proper vector
subspace of a normed space (X, ||+||+) and let « € *R¥ be any real number
satisfying 0 < a < 1. Then there exists a vector u € X of unit #-norm |ju||s = 1
such that ||u—y|ls+ > aforally € Y.
We are now introduce the #-measures corresponding to bounded in*R?# self-#-adjoint
operators. Let 4 be an bounded in*R* self-#-adjoint operator. Let v € H*. Then

S (), (4.2.1)
is a positive linear functional on C*(c(4)). Thus, by the generalized Riesz-Markov
theorem, there is a unique #-measure uj () on the #-compact set o(4) with the
property

W SA), = Ext- [ fO)d i, (4.2.2)
o(4)
Definition 4.2.1.The #-measure uj (+) is called the spectral #-measure associated
with
the vector v € H”.
The first and simplest application of the uj,(+) is to allow us to extend the functional
calculus to B#(*R?#), the bounded in*R# #-Borel functions on *R¥. Let g € B*(*R%).

It is natural to define g(4) so that (y,g(4)y), = Ext- J. g(A)d" ui,. The polarization
o(A4)
identity lets us recover (y,g(4)¢), from the proposed (y,g(4)y ), and then



the Generalized Riesz lemma lets us construct g(4).

Theorem 4.2.1.(spectral theorem-functional calculus form) Let 4 be a
bounded in*R¥ self-#-adjoint operator on H*. There is a unique map
¢ : B*(*R?) > £(H") so that

(a) ¢ is an algebraic x-homomorphism.

(b) ¢ is #-norm #-continuous: ||$(f) || o < Sl -

(c) Let £ be the function flx) = x; then ¢(f) = A.

(d) Suppose f,(x) -4 fx) for each x as n - *woand hyper infinite sequence

Ifill-..n € *N is bounded in*R¥. Then ¢(f,) —+ ¢(f) as n - *costrongly.

Moreover ?ﬁ(-) has the properties:

(e) If Ay = Ay, then ¢(f) = fAl)w.

(f) If £> 0,then ¢(f) > 0.

(9) If BA = AB then ¢(f)B = By(f).

Remark 4.2.1. Note that: (i) Theorem 4.2.1 can be proven directly by extending
Theorem 4.1.1, part (d) requires the dominated #-convergence theorem. Or,
Theorem 4.2.1 can be proven by an easy corollary of Theorem 4.2.3 below.

The proof of Theorem 4.2.3 uses only the #-continuous functional calculus, ¢
extends ¢ and as before we write (/) = f(4). As in the #-continuous functional
calculus, one has f(4)g(4) = g(4)f(4).

(i) Since B*(*R¥) is the smallest family closed under #-limits of form (d) containing
all of C*(*R#), we know that any ¢(f) is in the Smallest non Archimedean C*-algebra
containing 4 which is also strongly #-closed; such an algebra is called a von
Neumann #-algebra or non Archimedean W*-algebra. When we study von Neumann
#-algebras we will see that this follows from (g).

(iii) The #-norm equality of Theorem 4.2.1 carries over if we define ||f]|.. to be the
L%, #-norm with respect to a suitable notion of “#-almost everywhere.” Namely, pick
an orthonormal basis {1//,1}231 and say that a property is true #-a.e. if it is true #-a.e.

with respect to each uj,, Then ||$(f) || L 171"

Definition 4.2.2. A vector y € H" is called a cyclic vector for 4 if gyperfinite linear
combinations of the elements {4"y} * are #-dense in H.

Not all operators have cyclic vectors, but if they do.

Lemma 4.2.1. Let 4 be a bounded in*R? self-#-adjoint operator with cyclic vector v .
Then, there is a unitary operator U : H* - L3(c(4),d*ui,), with (UAU'/)(A) = M(A)
where equality holds is in the sense of elements of L}(c(4),d*u,).

Proof Define U by U¢(f) = fwhere f is #-continuous. U is essentially the inverse

of the map ¢ of Theorem 4.1.1. To show that U is well defined operator we compute

16w 15 = 8" D80, = (w-d(f x1)v), = Ext-[Ifia) " i
Therefore, if f = g a.e. with respect to uj,, then ¢(Hy = ¢(g)y. Thus U is well



defined on {¢(Nv|f € C*(c(4))} and is #-norm preserving. Since vy is cyclic it
#-closure #-{¢p(Hw|f € C*(c(4))} = H" so by the generalized B.L.T. theorem U
extends to an #-isometric map of H" into L5(c(4),d*uf,). Since C*(c(4)) is #-dense
in L5, Ran U = L}(c(4),d*uf).Finally, if f € C*(c(4)) one obtains

(UAU'N) () = [UAp(H](A) = [Up(xN](A) = A(4).

By #-continuity, this extends from C*(c(4)) to Lj.

To extend this lemma to arbitrary Ay we need to know that 4 has a family of
invariant subspaces spanning H” so that 4 is cyclic on each subspace:

Lemma 4.2.2. Let 4 be a self-adjoint operator on a x-separable Hilbert space H".

N
Then there is a direct sum decomposition H* = Ex+-@ H? with N € *N or

n=1

H* =Ext-@ H! such that:

n=1

(a) 4 leaves each H? invariant, that is, v € H? implies Ay € H} = Exz-é HY
n=1
so that:
(b) For each n € *N, there is a ¢, € H? which is cyclic for 4 | H i.e.
Hj = #-{f(4)¢.|f € C*(c(4))}
Theorem 4.2.3 (spectral theorem-multiplication operator form) Let 4
be a bounded in*R? self-#-adjoint operator on H”, a x-separable Hilbert space.

Then, there exist #-measures {,ufj}iv:l with N € *N or {yﬁ};wl ono(4) and a

N 0
unitary operator U : H* - @ Li(*R%, d*ut) or U : H* - @ L5(*RE, d*ut)
n=1 n=1

so that (UAU'v),(1) = Ay.(1)
N
where we write an element v € @ Li(*R¥,d"*u) as an N-tuple (w(A),...,wn (1))

n=1

or x-tuple

This realization of 4 is called a spectral representation.

Proof. Use Lemma 4.2.2 to find the decomposition and then use Lemma 4.2.1
on each component.

This theorem tells us that every bounded self-#-adjoint operator is a multiplication
operator on a suitable #-measure space; what changes as the operator changes
are the underlying #-measures. Explicitly:

Corolarly 4.2.1. Let 4 be a bounded in*R# self-adjoint operator on a x-separable
Hilbert space H”. Then there exists a finite in*R* measure space (M, u*), a
bounded in*R¥ function F on M, and a unitary map, U : H* —» L5(M,d**) so that
(UAU'f)(m) = F(m)f(m).

Proof Choose the cyclic vectors ¢, so that |¢, ||, = 27". Let M = U}* R

i.e. the union of N € *N copies of *R¥. Define u by requiring that its restriction

to the n-th copy of *R be p,. Since u(M) = Ext-Y_"  pf(*R¥) < *oo, p, is finite



in*R%. We also notice that this last theorem is essentially a rigorous form of the
formaal Dirac notation. If we write ¢, = ¢(x;n), we see that in the “new
representation defined by U” one has
(w.9), = Ext-y_ Ext-[d* iy (A;n)¢(A;n)

and

(v.Ap), = Ext-3, Ext-[ d iy Bin)2g(A;n).
These are the Dirac type formulas familiar to physicists except that the formal
sums of Dirac are replaced with integrals over spectral measures, where we define:
Definition 4.2.3. The #-measures d”u, are called spectral measures; they are just
d”u, for suitable y.
Remark 4.2.2. Notice these #-measures are not uniquely determined.
We now investigate the connection between spectral measures and the spectrum.
Definition 4.2.3. If {yﬁ}fle,N € *N is a family of #-measures, the support of {uﬁ}fj:l
is the complement of the largest #-open set B with u#(B) = 0 for all n € *N so

supp ({ui} ) = #J)_, supp(u}). (4.2.1)

Proposition 4.2.1. Let 4 be a self-#-adjoint operator and {u#}" N e *N a family of

spectral #-measures. Then

o(4) =supp({ui} ).

Definition 4.2.4. Let F be a *R#-valued function on a #-measure space (M, u*) .

We say 1 is in the essential range of F if and only if

p{mA —e < F(m) < A +¢&} > 0.

foralle =~ 0,¢ > 0.

Proposition 4.2.2. Let F be a bounded in *R¥ *R#-valued function on a #-measure

space (M, u*). Let T; be the operator on L3 (M,d* u*) given by (Trg)(m) = F(m)g(m)

Then o(TF) is the essential range of F.

Definition 4.2.5. Let 4 be a bounded in *R# self-#-adjoint operator on H*

Let Hj, = {w|ujis pure point}, Hi. = {y|uj is absolutely #-continuous},

Hing = {wpjy is #-continuous singular}.

We have thus proven.

Theorem 4.2.4.H" = H},, ® Hj. ®H},,. Each of these subspaces is invariant under
A.

A | Hjy, has a #-complete set of eigenvectors, 4 | Hj. has only absolutely
#-continuous

spectral #-measures and 4 | Hfing has only #-continuous singular spectral
#-measures.

Definition 4.2.6. o-pp(A) = {A|4 is an eigenvalue of 4},

O#eont(4) = 0(4 f #eont — Hfmg ® Hie),

n=1>



Oac(4) = o(4 | Hje),

Osing(4) = 0 (A | Hipg).

These sets are called the pure point, #-continuous, absolutely #-continuous,
and

singular (or #-continuous singular) spectrum respectively.

Remark 4.2.2. While it may happen that c..(4) U osing(4) U opp(4) # o(4) this is only

true because we did not define op,(4) as o(4 | Hj,) but rather as the actual set of

eigenvalues.

Proposition 4.2.3. 64cont(4) = Gac(4) U Osing(4),

o(4) = #'m U G #cont(4).

The sets need not be disjoint, however. The reader should be warned that o ing(4)

may have nonzero #-Lebesgue measure. For many purposes, breaking up the

spectrum in this way gives useful information.

Finally, we turn to the question of making canonical choices for the spectral

#-measures, a subject which goes under the title of “multiplicity theory.” We will

describe the basic results without proof:

§ 4.2.1. Multiplicity free operators

We must first ask when 4 is unitariiy equivalent to multiplication by x on
L3(*RE,d* ),

that is, when only one spectral #-measure is needed. An symple examples tells us
this

happens in the finite-dimensional case only when 4 has no repeated eigenvalues, so

we define:

Definition 4.2.7. A bounded in *R7self-#-adjoint operator 4 is called multiplicity

free if and only if 4 is unitarily equivalent to multiplication by A on L;(*R?, d*u*) for

some #-measure u*.

One is interested in intrinsic characterizations of “multiplicity free” and there are

several:

Theorem 4.2.5. The following are equivalent:

(@) 4 is multiplicity free.

(b) A4 has a cyclic vector.

(c) <{B|AB = BA} is an abelian algebra.

#-Measure classes

Next we must ask about the nonuniqueness of the #-measure in the multiplicity free

case. Suppose d*u* on *R¥ is given and let F be a #-measurable function which is

positive and nonzero #-a.e. with respect to u* and locally L{(*R¥,d*u*), that is,

IZ |F|d* u* < *oo for every compact set = < *R%. Then d*v = Fd*u* is a #-Borel

#-measure and the map, U : L{(*R?,d*v) - L{(*R?,d*u*) given by (U)(L) = U(Af)

is unitary (onto since F = 0 #-a.e.) and A(Uf) = U(Xf), Thus, an operator 4 with a



spectral representation in terms of pi could just as well be represented in terms of v.
By the generalized Radon-Nikodym theorem, d*v = Fd*u* with F #-a.e. nonzero if
and only if v¥ and u* have the same sets of #-measure zero. This suggests the
definition:

Definition 4.2.8. Two #-Borel #-measures u* and v* are called equivalent if and only
if they have the same sets of #-measure zero. An equivalence class (u*) is called a
#-measure class.

Then, the nonuniqueness question is answered by:

Proposition 4.2.7. Let u* and v* be #-Borel #-measures on *R? with bounded in
*R¥ support. Let 4+ be the operator on L5(*R%,d"u*) given by (4,4)(A) = A1)

and similarly for 4,+ on L5(*R¥,d*v*). Then 4, and 4,+ are unitarily equivalent if and
only if u* and v# are equivalent #-measures.

§ 4.2.2. Operators of uniform multiplicity

If one wants a canonical listing of the eigenvalues of a matrix, it is natural to list all

eigenvalues of multiplicity one, all eigenvalues of multiplicity two, etc. We thus need

a way of saying that A is an operator of uniform multiplicity two, three, etc. It is
natural

to take:

Definition 4.2.9. A bounded self-adjoint operator 4 is said to be of uniform
multiplicity

m € *N if 4 is unitarily equivalent to multiplication by 1 on Ext-®L5(*R¥,d*u*) where

there are m terms in the external sum and u* is a fixed #-Borel #-measure.

That this is a good definition is shown by

Proposition 4.2.8.1f 4 is unitarily equivalent to multiplication by A on
Ext-®L5(*R¥, d* u*)

(m times) and on Ext-®L5(*R¥,d*v) (n times), then m — n and u* and v* are
equivalent #-measures.

§ 4.2.3.Disjoint #-measure classes.The multiplicity

theorem

In listing eigenvalues of multiplicity one, two, three, etc. in the finitedimensional
case,

we must add a requirement that prevents us from counting an eigenvalue of
multiplicity

three once as an eigenvalue of multiplicity one and once as an eigenvalue of
multiplicity

two. In the hyperfinite-dimensional case, we avoid this “error” by requiring the lists to
be

disjoint. The analogous notion for #-measures is:



Definition 4.2.10. Two #-measure classes (u*) and (v*) are called disjoint if any
ui e (u*yandvi e (v*) are mutually singular.
We can now state the basic theorem:
Theorem 4.2.6.(commutative multiplicity theorem) Let 4 be abounded in
*R#self-#-adjoint operator on a Hilbert space H*. Then there is a decomposition
Ext-®,7, Hj, so that
(a) 4 leaves each H? invariant.
(b) 4 | H% has uniform multiplicity m € *N.
(c) The #-measure classes (uf ) associated with the spectral representation
of 4 HE,
are mutually disjoint.
Remark 4.2.3. Moreover, the subspaces {H?n}:n‘jl (some of which may be zero) and
the #-measure classes {(um};‘jl are uniquely determined by (a)-(c).
The spectral theorem with the multiplicity theory just described is thus one of those
gems of mathematics: a structure theorem, that is, a theorem that describes all
objects
of a certain sort up to a natural equivalence. Each bounded in *R? self-#-adjoint
operator 4 is described by a family of mutually disjoint #-measure classes on
[~1l414, |41 .]; two operators are unitarily equivalent if and only if their spectral
multiplicity #-measure classes are identical.

§ 4.3. Spectral projections.

In the last section, we constructed a functional calculus, /'~ f(4) for any #-Borel
function and any bounded in*R? self-#-adjoint operator 4. The most important
functions gained in passing from the continuous functional calculus to the #-Borel
functional calculus are the characteristic functions of sets.

Definition 4.3.1. Let 4 be a bounded self-#-adjoint operator and Q a #-Borel set
of *R%. Po = ya(A) is called a spectral projection of A.

As the definition suggests, Pq, is an orthogonal projection since yo = ¥4 =1
pointwise. The properties of the family of projections {PQ|Q an arbitrary #-Borel set}
is given by the following elementary translation of the functional calculus.
Proposition 4.3.1. The family {Pq} of spectral projections of a bounded
self-#-adjoint operator 4, has the following properties:

(a) Each Pq is an orthogonal projection.

(b) Pz = 0; P4q = Ifor some a € *RE.

(c) If @ = Ext-| J.%, Q, with Q, N Q,, = @ for all n = m then

Po = s-#-limy.o (Ext-3_ | Pa,). (4.3.1)

(d) Pa,Pa, = Pana,.
Definition 4.3.2. A family of projections obeying (a)-(c) is called a projection-valued



#-measure (p.v.#-m.).

We remark that (d) follows from (a) and (c) by abstract considerations.

As one might guess, one can integrate with respect to a p.v.#m. If Pq is a p.v.#-m.,
then (¢, Pa¢), is an ordinary #-measure for any ¢. We will use the symbol
d*(¢,P.¢), to mean integration with respect to this #-measure. By generalized Riesz
lemma methods, there is a unique operator B with (¢, B¢)., = Ext—jj(/l)d#<¢,Pl¢>#.

Theorem 4.3.1. If Pg is a p.v.#-m. and fa bounded in *R? #-Borel function on
supp(Pq), then there is a unique operator B which we denote Ext—ff(x)d#P,l so that

(.B9), = Ext-[f1)d* ($,Pr¢),. (4.3.2)

Theorem 4.3.2.(spectral theorem-p.v.#m. form) There is a one-one
correspondence

between (bounded) self-#-adjoint operators 4 and (bounded) projection valued

#-measures {Pq} given by

A~ {Pa} = {xald)} (4.3.3)
and
{Pa} » A = Ext-[ Ad*P,. (4.3.4)

Spectral projections can be used to investigate the spectrum of A.
Proposition 4.3.1. 1 € o(4) if and only if P .¢)(4) for any ¢ > 0.
The essential element of the proof is that ||(4 — 1)~ II# = [dist(A,5(4))]7".

This suggests that we distinguish between two types of spectrum.

Definition 4.3.3. We say that (i) 1 € 0.s(4), the essential spectrum of 4 if and only
if P(i—ea46)(A4) is hyper infinite dimensional for all & > 0.

(i) If L € a(4) but P-4+ (4) is hyperfinite dimensional for some ¢ > 0, we say
A € o4ise(4), the discrete spectrum of 4. P is hyper infinite dimensional means
Ran(P) is hyper infinite dimensional.

Thus, we have a second decomposition of o(4). Unlike the first, itis a
decomposition into two necessarily disjoint subsets. We note that o 4isc is not
necessarily #-closed, but notice that.

Theorem 4.3.3 o.(A) is always #-closed.

Proof Let 1, —» A with each 1, € o.s(4). Since any #-open interval / about 1
contains an interval about some 1,,P;(4) is hyper infinite dimensional.

The following three theorems give alternative descriptions of o 4isc and oess;
Theorem 4.3.4 ) < o4 if and only if both the following hold:

(a) A is an #-isolated point of o(4) that is, for some ¢ ~ 0,

A-gAl+e)No(4) = {A}.

(b) 1 is an eigenvalue of hyperfinite multiplicity, i.e., {y|dy = Ay} is hyperfinite
dimensional.

Theorem 4.3.5 1 € o if and only if one or more of the following holds:



(a) A e G#cont(A) And Gac(A) U Gsing(A)-
(b) 4 is a #-limit point of o, (4).
(c) 4 is an eigenvalue of hyper infinite multiplicity.
Theorem 4.3.6 (Generalized Weyl’s criterion) Let 4 be a bounded in *R#
self-#-adjoint operator. Then (i) A € o(4) if and only if there exists {1//,,}::1 with
”Wn ||# =1and #'lirnrw*oO ” (A - )’)Wn ||# = 0.
(i)A € oess(A4) if and only if the above {y,} can be chosen to be orthogonal.
As one might guess, the essential spectrum cannot be removed by essentially
hyperfinite dimensional perturbations. In Section 4.4, we will prove a general
theorem which implies that cess(A4) = oess(B) if 4\B is #-compact.
Finally, we discuss one useful formula relating the resolvent and spectral
projections.

It is a matter of computation to see that

0 if xea,b]

Sfe(x) —=4 12 if x=aVvVx=5»b
1 if xe(ab)

if ¢ -4 0, where
b
fo(x) = Qmsi)™! (Ext-j[(x —A—ige) ' = (x—A+ig)”! ]d#l) (4.3.5)

Moreover, |f:(x)| is bounded in x €* R% uniformly in ¢ ~ 0, so by the functional
calculus, one obtains that.

Theorem 4.3.7 (Generalized Stone’s formula) Let 4 be a bounded in *R?
self-#-adjoint operator. Then

b
s-lim,., o(2myi)™" (Exr-j[(A —A—ie) ' —U—-2r+ie)! ]dﬂ) =
. (4.3.6)

= %[P[a,b] + Pp)]-

§ 4.4.The #-continuous functional calculus related to

unbounded in*R? self-#-adjoint operators

In this section we will show how the spectral theorem for bounded in*R#
self-#-adjoint operators which we developed in § 4.3 can be extended to unbounded
in*R# self-#-adjoint operators. To indicate what we are aiming for, we first prove the
following:

Proposition 4.4.1. Let (M, u*) be a #-measure space with u* a hyperfinite
#-measure. Suppose that fis a #-measurable, *R#-valued function on M which is
finite or hyperfinite a.e.u”. Then the operator 7y : ¢ - fp on L5(M,d* u*) with domain



D(Ty) = {olfp € LS(M,d*u*)} (4.4.1)
is self-#-adjoint and o (7)) is the essential range of 7.
Proof 7 is clearly symmetric. Suppose that y € D(77) and let

%N{ 1 if [fim)| <N

0 otherwise
Then, using the generalized monotone #-convergence theorem,

IT5yl, = #limyen | gnTiw ], = #-1imN~*w( sup [, 7w >#|> -

loll,=1

#-1imzv»*oo< sup |<xN7}<P,l//>#I> = #-ﬁmzv»*oo( sup |<<p,xzvﬁ//>#l> =

gl =1 gl =1

#-limpe o || g nfw |l 4
Thus, fy € L5(M,d*u*), so y € D(Ty) and therefore T, is self-#-adjoint. That o(7))
is the essential range of f follows as in the bounded case.
With more information about f, one can say something about the domains on which
Ty is essentially self-#-adjoint:
Proposition 4.4.2. Let fand T, obey the conditions in Proposition 4.4.1. Suppose
in addition that f e L) (M,d"u") for 2 < p < *o. Let D be any #-dense set in
Li(M,d"u*) where g7! + p~' = 1/2. Then D is a #-core for T.
Proof Let us first show that L/ is a #-core for 7). By the generalized Holder’s
inequality [igll,, < 1111, + g, and fgll,, < Ifll,, « Igll,, so Li = D(TY.
Moreover, if g € D(T)) let g,,n € *N be that function which is zero where
lg(m)| > n and equal to g otherwise. By the generalized dominated convergence
theorem, g, —# g and fg, -4 fgin L5. Since each g, is in L, we conclude
that L/ is a #-core for Ty. Now let D be #-dense in L} and let g € L%. Find g, € D
with g, 4 gin L. Since g, - gll,, < I, - lgn - gll,, and

1THgn =) ll 4o < If1ly, * lgn —gll4,» & € #- D(Iy 1 D).

Thus L < D(Ty | D) so D is a #-core. Unless fe L% (M,d*u*) the operator T
described in Propositions 4.4.1 and 4.4.2 will be unbounded.

Thus, we have found a large class of unbounded self-#-adjoint operators. In fact,
we have found them all.

Theorem 4.4.1. (spectral theorem-multiplication operator form) Let 4 be a
self-adjoint operator on a *co-dimensional a non-Archimedean Hilbert space H*
with domain D(4). Then there is a #-measure space (M, u*) with u* a hyperfinite
#-measure, a unitary operator U : H* —» L(M,d**), and a *R#-valued function f
on M which is finite or hyperfinite u*-a.e. so that

(@) w e D) if and only if -)(Uy)(+) € L5(M,d*u?).

(b) If ¢ € UD(4)], then (UAU " ¢)(m) = fim)p(m).



Proof It easily verify that 4 + i and 4 — i are one to one correspondence and
Ran(4 + /) = H”.Since 4 + i are #-closed, (4+ i)™ are #-closed and therefore

bounded in *R¥. Note that the operators (4 +i)~! and (4 — i)' commute. The
equality (4 — Dy, (A + ) (A + Do), = (A +1)"'(4 -y, (4 +i)e),and the fact that
Ran(4 i) = H” shows that ((4 +i)™")" = (4 —i)~'. Thus the operator (4 + i)' is
normal.
We now use the easy extension of the spectral theorem for bounded in *R?
self-#-adjoint operators to bounded in *R¥ normal operators. The proof of this
extension is a straightforward. We conclude that there is a #-measure space (M, u*)
with u* a hyperfinite #-measure, a unitary operator U : H* - L5(M,d*u*), and a
#-measurable, bounded, in *R# *C#-valued function g(m) so that
U + i) 'U " p(m) = glm)p(m) for all ¢ € L5(M,d*u*).Since Ker((4 +i)~") is empty,
g(m) + 0 a.e.u”, so the function f{m) = g7'(m) — i is hyperfinite a.e.u*. Now, suppose
v € D(A). Theny = (4 +i)"'¢ for some ¢ € H* and Uy = gUp. Since fg is bounded
in *R*, we conclude that {Uy) e L5(M,d*u*). Conversely, if {(Uy) e Li(M,d*u?),
then there is a ¢ € H” so that Up = (f+i)Uy. Thus, gUp = g(f+i)Uy = Uy, SO
v = (4 +i)~'e which shows that v € D(4). This proves (a).
To prove (b) notice that if y € D(4) then v = (4 + i)' for some ¢ € H” and
Ay = ¢ —iy. Therefore, (Udy )(m) = (Up)(m) — i(Uy)(m) = (g~'(m) = i)(Uy )(m)
= fim)(Uy)(m). Finally, if Im(f) > 0 on a set of nonzero Lebesgue #-measure, there
is a bounded in *R¥ set B in the upper half plane so that S = {x|f(x) € B} has
nonzero Lebesgue #-measure. If y(x) is the characteristic function of S then fy
€ L5(M,d"u*)
and Im{y,fy) > 0. This contradicts the fact that multiplication by /is self-adjoint
(since it is unitarily equivalent to 4). Thus fis *R#-valued function.
There is a natural way to define functions of a self-#-adjoint operator by using the
above theorem. Given a bounded in *R# #-Borel function # on *R* we define

h(4) = UTyp U™ (4.4.2)

where Ty, is the operator on L5(M,d*u*) which acts by multiplication by the function

h(f(m)). Using this definition the following theorem follows easily from Theorem
441.

Theorem 4.4.2. (spectral theorem-functional calculus form) Let 4 be a self-#-adjoint

operator on H”. Then there is a unique map $ from the bounded #-Borel functions
on

*R* into £(H") so that

(a) ¢ is an algebraic x-homomorphism.

(b) ¢ is #-norm #-continuous, that is, || o(h) || < ||,

L(H)
(c) Let ,(x),n € *N be a hyper infinite sequence of bounded in *R# #-Borel
functions with #-lim,_« 4,(x) = x



for each x and |A,(x)| < |x| for all x and n € *N. Then, for any v € D(4),
H-lim §(ha)w = Ay,
(d) If ,(x) -»# h(x) pointwise and if the hyper infinite sequence |4, | . ,n € *N
is bounded in *R¥, then ¢(h,) —+ ¢(h) strongly.
In addition:
(e) If Ay = Ay then ¢(h) = h(A)y.
() If h > 0, then ¢(h) > 0.
The functional calculus is very useful. For example, it allows us to define the
exponential Ext-exp(itA) and prove easily many of its properties as a function of ¢
(see the next section). In the case where 4 is bounded in *R#* we do not need the
functional calculus to define the exponential since we can define Ext-exp(it4) by
the power series which #-converges in #-norm.
The functional calculus is also used to construct spectral #-measures and can be
used to develop a multiplicity theory similar to that for bounded self-#-adjoint
operators.
A vector y € H" is said to be cyclic for 4 if {g(4)y|g € C"*(*R¥)} is #-dense in H”.
If v is a cyclic vector, then it is possible to represent H* as L5(*R¥,d*uf ) where pi,
is the measure satisfying Ext- j g(x)d*ul (x) = (w,g(A4)y),in such a way that 4

*Rﬁ
becomes multiplication by x.In general, H* decomposes into a direct sum of cyclic
subspaces so the #-measure space, M in Theorem 4.4.1 can be realized as a union
of copies of *R¥. As in the case of bounded in *R# operators we can define
Gac(A),0pp(A),04ing(4) and decompose H* accordingly.
Finally, the spectral theorem in its projection-valued #-measure form follows easily
from the functional calculus. Let P be the operator yo(4) where yq is the
characteristic function of the measurable set Q < *R¥. The family of operators
{Pq} has the following properties:
(a) Each Pq is an orthogonal projection.
(b) Py = 0; P(,*w,*w) =1.
(c) If Q = Ext-{J.” Q. with Q, N Q,, = & for all n = m then

Po = s-#-limy.wo (Ext-3_ | P, ). (4.4.3)

(d) Po,Pa, = Pa na,-

Definition 4.4.1.Such a family is called a projection-valued #-measure (p.v.#-m.).

Remark 4.4.1. This is a generalization of the notion of bounded in *R# projection-

valued #-measure introduced in § 4.3.In that we only require P« +») = I rather

than P, = I for some a € *R¥. For ¢ € H”,(p,Pap), is a well-defined Borel

#-measure on *R# which we denote by d*(p,P,¢), as in § 4.3.

The complex *Cf-valued #-measure d*(p,P,y), is defined by polarization. Thus,
given



a bounded in *R¥ #-Borel function g we can define g(4) by
(.g(A)g), = Ext-]. ., g()d (9. Ps9p), (4.4.4)

It is not difficult to show that this map g —» g(4) has the properties (a)-(d) of
Theorem 4.4.1, so g(4) as defined by (4.4.4) coincides with the definition of g(4)
given by Theorem 4.4.1. Now, suppose g is an unbounded *C#-valued #-Borel
function and let

D, = {plExt-[,, e)d . Prg), < "0 }. (4.4.5)
Then, D, is #-dense in H* and an operator g(4) is defined on D, by
(0:8(A)p), = Ext-[ ., e(1)dX9. P1g), (4.4.6)
As in § 4.3, we write symbolically
g() = Ext-[ ., g(W)d"P;. (4.4.7)

In particular, for ¢,y € D(A),
(9. Ay, = Ext- [, gA)d @, Prp) (4.4.8)

if g is *R#-valued, then g(4) is self-#-adjoint on D,. We summarize:

Theorem 4.4.3. (spectral theorem-projection valued measure form) There is a

one-to-one correspondence between self-#-adjoint operators 4 and
projection-valued #-measures {Po} on H” the correspondence being given by

A = Ext-| o AP (4.4.9)

We use the functional calculus developed above to define Ext-exp(itA).
Theorem 4.4.4. Let A be a self-#-adjoint operator and define U(¢) = Ext-exp(itA).
Then

(a) For each ¢ € *R%, U(?) is a unitary operator and U(z + s) = U(¢) U(s) for all

s,t € *R%,

(b)Ifp € H* and ¢ -4 to, then U(t)e -4 U(ty)o.

(c) Forany w € D(4) : w -4 iAy ast -4 0.

(d) If #-lim,, o M exists, then v € D(A4).
Proof (a) follows immediately from the functional calculus and the corresponding
statements for the complex-valued function Exz-exp(itA). To prove (b) observe that

| Ext-exp(itd)p — @ ||i = Ext-j.*R§|Ext- exp(ith) — 1|2d#(P1(p,(p)#. (4.4.10)

Since |Ext-exp(itA) — 1|* is dominated by the #-integrable function g(1) = 2 and

since for each 1 € *R? : |Ext-exp(itA) — 1|* -4 0 as t -4 0 we conclude that

U)o — go||§ -4 0ast -4 0, by the generalized Lebesgue
dominated-#-convergence



theorem. Thus ¢ » U(z) is strongly #-continuous at ¢ = 0, which by the group
property

proves t — U(t) is strongly #-continuous everywhere. The proof of (c), which again

uses the dominated #-convergence theorem and the estimate |Ext-exp(ix) — 1> < |x|.

To prove (d), we define

D(B) = {wk#ﬁmp#oiﬁg%:jieﬂSS} (4.4.11)

and let

mw=#meog@%lﬂ. (4.4.12)

A simple computation shows that B is symmetric.By (c), B © 4,50 B = A.

Definition 4.4.2. An operator-valued function U(¢) satisfying (a) and (b) is called a
strongly #-continuous one-parameter unitary group.

Definition 4.4.3. If U(¢) is a strongly #-continuous one-parameter unitary group, then
the self-#-adjoint operator A with U(¢) = Ext-exp(it4) is called the infinitesimal
generator of U(¢).

Suppose that U(¢) is a weakly #-continuous one-parameter unitary group. Then
1U®e - ol = 1U@D 1} - (U©D)g. 0}, — (9, UD), + lpll; »+ 0 @s ¢ >4 0. Thus
U(z) is actually strongly #-continuous. As a matter of fact, to conclude that U(¢) is
strongly #-continuous one need only show that U(¢) is weakly #-measurable,that is,
that (U(¢)e,y), is #-measurable for each ¢ and y. This startling result sometimes
useful since in applications one can often show that (U(£)¢,y), is the #-limit of a
hyper infinite sequence of #-continuous functions;(U(¢)¢, v ), is therefore
#-measurable and by generalized von Neumann’s theorem U(¢) is then strongly
#-continuous.

Theorem 4.4.5. Let U(¢) be a one-parameter group of unitary operators on a hy
infinite dimensional Hilbert space H”. Suppose that for all ¢,y € H*,(U()y, @), is
#-measurable. Then U(z) is strongly #-continuous.

Proof. Let y € H".Then for all ¢ € H*, (U(H)y, ¢), is a bounded in *R¥ #-measurable

function and ¢ ~ f(U(t)w,q))#d#t is a linear functional on H* of #-norm less than or
0
equal to a|¢||,. Thus, by the generalized Riesz lemma there is a y, € H” so that

War )y = [(UDW,0),d". (4.4.13)
0

Note that



(UDWa,0)y = (Wa, UD)P), = (U@, U(=b)p),d"t =
‘ (4.4.14)

a+b

[(UG+ )y, p),d't = [ U@, p),d"t.
0 b

From (4.1.14) we obtain

KUDW a, @)y = War 9| =

a+b

[ (U, p),d*t
b

b

Uy, e),d*t
0

(4.4.15)

- + < 2alollllvll,

and therefore #-lim;., o(U(b)y 4, 9), = (W4, ), SO that U(d) is weakly and therefore
strongly #-continuous on the set of vectors of the form {y .|y € H*}. It remains only
to show that this set is #-dense, since by by an ¢ ~ 0,&/3 argument we can then
conclude that ¢ — U(¢) is strongly #-continuous on H*. Suppose that

¢ € {wdy € H ,a € "R} and let {y™} __ be an orthonormal basis for H*.

Then for each n € *N
0 n _ (n) _
Ext-.!(U(t)l//( L, 0),dt = (! ,g0># —0 (4.4.16)

for all a € *R¥ which implies that (U(1)y ™, ), = 0 except for ¢ € §,, a set of
Lebesgue #-measure zero. Choose ty & Unern S,. Then (U(zo)y ™, ), = 0 for all

n € *N which implies that ¢ = 0, since U(ty) is unitary.

Theorem 4.4.6.Suppose that U(¢) is a strongly continuous one-parameter unitary
group. Let D be a #-dense domain which is invariant under U(¢) and on which U(¢) is
strongly #-differentiable. Then i~! times the strong #-derivative of U(¢) is essentially
self-#-adjoint on D and its #-closure is the #-infinitesimal generator of U().

This theorem has a reformulation which is sufficiently important that we state it as a
theorem.

Theorem 4.4.7. Let 4 be a self-adjoint operator on H* and D be a #-dense linear set
contained in D(A). If for all ¢, Ext-exp(itA) : D — D then D is a #-core for A.
Theorem 4.4.8.Let U(¢) be a strongly #-continuous one-parameter unitary group on

Hilbert space H*. Then, there is a self-#-adjoint operator 4 on H* so that

U(t) = Ext-exp(itA).

Proof Part (d) of Theorem 4.4.4 suggests that we obtain 4 by differentiating

U(r) at t = 0. We will show that this can be done on a #-dense set of especially nice
vectors and then show that the #-limiting operator is essentially self-#-adjoint by
using the basic criterion. Finally, we show that the exponential of this #-limiting
operator is just U(¢).Let f € Cy*(*R?) and for each ¢ € H” define



o7 = Ext- | lyU)gd*t. (4.4.17)
*[Ric#
Since U(z) is strongly #-continuous the integral in (4.4.7) can be taken to be a
Riemann integral. Let D be the set of hyperfinite linear combinations of all such
oy With ¢ € H” and f e Cy*(*R%). If j.(¢) is the approximate identity then

Ext- | j:(0[U(t)p — pld*t

*R?

loj. —ell, = <

# (4.4.18)
< (Ext— fjg(t)d#t> sup [[U@De -0,

*R# te[—¢,¢]

Since U(¢) is strongly #-continuous, D is #-dense in H*. We have used the inequality

Ext- | h(t)d*t

*Rg

< Ext- [ |[h(t)|l ,d*t (4.4.19)

# RE

for non-Archimedean Banach space-valued #-continuous functions on the real line
*R# (which can be proven using the approximate partial sums as in the *R#-valued
case). For ¢, € D we obtain that

(U(sz—l)@f:Ext_ Iﬂt)(U(S+tz—U(l))q)d#t:

*Rg

1 e (4.4.20)
Ext- _[ #U(T)wd#r -y — Ext- J‘f#/(r)U(r)q)d#r =Q_y
*Rfﬁ *R?
since [f(t — s) — f(t)]/s #-converges to —f* (¢) uniformly. For ¢r<€ D we define
Apy = i*‘(p_f#r .Note that U(r) : D > D,A : D > D and U(t)Ap; = AU(t)@sfor ¢, € D.

Futhermore if o1, o, € D we obtain that

. U(s) — 1
<A(Df’ ¢g># = #'hmsﬁ# 0<( (525, )‘Pfa (Dg> =
# (4.4.21)

. I—U(-s
— #-lim,.., 0<(Pf, (%)q@# = L{opo ), = (0r400),

so A4 is symmetric. Now we show that 4 is essentially self-#-adjoint. Suppose that
there isau € D(4*) so that A4*u = iu. Then for each ¢ € D(4) = D

j—;(U(t)qo,u)# = (AU, u), = -U@D e, A"y, = —{UWD @, in), = (Ug,u), (4.4.22)

Thus, the *CZ-valued function f(r) = (U(t)e,u), satisfies the ordinary differential
equation /¥ = f'so f(t) = f{0)[Ext-exp(¢)]. Since U(¢) has #-norm one, [f(¢)| is
bounded,

in *R¥ which implies that {0) = (p,u), = 0. Since D is #-dense, u = 0. A similar proof



shows that 4*u = —iu can have no nonzero solutions. Therefore 4 is essentially
self-#-adjoint on D.
Let V(¢) = Ext-exp(it(#-A)). It remains to show that U(¢) = V'(¢). Let ¢ € D(4). Since
¢ € D((#-4)), V(£)p € D((#-A4)) and V¥ () = iAV(t)¢ by (c) of Theorem 4.4.4, We
already know that U(Y)p € D < D(#-A) for alle *R%. Let w(f) = U(t)p — V(£)p. Then
w(t) is a strongly #-differentiable vector-valued function and
w?(£) = idU®) o — i#-A)V(t)p = iAw(?). (4.4.23)
Thus
# — —
L W) 13 = =AW, (D), + i0w(0). (H=-A)w(D)),. (4.4.24)

Therefore w(¢) = 0 for all t € *R¥ since w(¢r) = 0. This implies that U(¢)p = V(t)p

forall t € *R%,p € D. Since D is #-dense in H*, U(¢) = V(¢).

Remark 4.4.2.Finally, we have the following generalization of Stone’s theorem
4.4.8.

If gis a *R#-valued #-Borel function on *R?#, then

g(4) = Ext-| o EA)A*P, (4.4.25)

defined on D, (4.4.5) is self-#-adjoint. If g is bounded, g(4) coincides with ¢(g) in

Theorem 4.4.2.

We conclude with several remarks. First, generalized Stone’s formula, given in

Theorem 4.3.7 relates the resolvent and the projection-valued measure associated

with any self-#-adjoint operator. The proof is the same as in the bounded in *R?
case.

The spectrum of an unbounded self-#-adjoint operator is an unbounded subset of

the real axis *R#. One can define discrete and essential spectrum; Theorem 4.3.6

(Generalized Weyl’s criterion) still holds if one adds the criterion that the vectors
{wn}

must be in the domain of 4.

Finally, we note that the measure space of Theorem 4.4.1 can always be chosen so
that

Proposition 4.4.2 is applicable.

The following theorem says that every strongly #-continuous unitary group arises

as the exponential of a self-#-adjoint operator.

Theorem 4.4.9. Let U(t) = U(ty,...,t,) be a strongly continuous map of *R?" into the

unitary operators on a hyper infinite dimensional Hilbert space H* satisfying

U(t+s) = U(t)U(s) Let D be the set of hyperfinite linear combinations of vectors of

the form

or = Ext-{_, AUt (4.4.26)

where ¢ € H f e C{™(*R#").Then D is a domain of essential self-#-adjointness for



each of the generators 4; of the one-parameter subgroups U(0,0,...,¢,..,0), each

Aj : D - D and the 4, commute, j = 1,...,n. Furthermore, there is a
projection-valued

#-measure Pq on *R#" so that

(p,Ut)y), = Ext- I*Rﬁ” Ext- exp(i(t,l))d#<§0,le//># (4.4.27)

for all o,y € H”.

Proof Let 4; be the infinitesimal generator of U;(¢;) = U(O,....¢,..,,0). The

procedure used in the proof of Theorem 4.4.8 shows that D < D(4,),

Aj : D - D,and U;i(t;)) : D - D. Theorem 4.4.7 shows that 4; is essentially

self-#-adjoint on D.Because of the relation U(t +s) = U(t)U(s), U,(¢;) commutes

with U,'(l‘,') for all tj,l‘[ S *Rﬁ

Therefore, it follows from Theorem 4.5.1, that 4; and 4; commute in the sense

that is, their spectral projections commute.Let PL, be the projection-valued

#-measure on *R¥ corresponding to 4;. Define a projection valued #-measure

Pgq on *R{" by defining it first on rectangles r, = Ext-[ [(a;,b:) by P,, = Ext-] | P{, ;,
i=1 i=1

and then letting P be the unique extension to the smallest ¢#-algebra containing

the rectangles, namely the #-Borel sets. Notice that, by Theorem 4.5.1, the Pféj

commute since the groups U; commute. For each ¢,y € H”, (p,Pqy), is a

*Cl-valued #-measure of hyperfinite mass which we denote by d*(¢, Pay),.

Applying generalized Fubini’s theorem we conclude that

(p, U)y), = <(p,Ext—]£[U(t,~)y/> = Ext-| o EX=eXp((6A)d 0, Pry),.  (4.4.28)
i=1 # ¢

§ 4.5.Nearstandard C;} algebras generated by spectral
prodjections related to unbounded in*R# self-#-adjoint

operators.

Suppose that 4 and B are two unbounded self-#-adjoint operators on a
non-Archimedean Hilbert space H*. We would like to find a reasonable definition
for the statement: "4 and B commute."

This cannot be done in the straightforward way since AB — B4 may not make sense
on any vector y € H* for example, one might have (Ran(4)) N D(B) = & in which
case BA does not have a meaning. This suggests that we find an equivalent
formulation of commutativity for bounded self-#-adjoint operators. The spectral
theorem for bounded self-#-adjoint operators 4 and B shows that in that case

AB — BA = 0 if and only if all their projections, {P4} and {PZ}, commute, We take
this as our definition in the unbounded case.

Definition 4.5.1.Two possibly unbounded in*R# self-#-adjoint operators 4 and B



are said to commute if and only if all the projections in their associated projection-

valued #-measures commute.

Remark 4.5.1.The spectral theorem shows that if 4 and B commute, then all the
bounded in*R# #-Borel functions of 4 and B also commute. In particular, the
resolvents R;(4) and R,(B) commute and the unitary groups Ext-exp(it4) and
Ext-exp(isA) commute.

The converse statement is also true and this shows that the above definition of
"commute" is reasonable:

Theorem 4.5.1. Let 4 and B be self-#-adjoint operators on a non-Archimedean
Hilbert spaceHilbert space H*.

Then the following three statements are equivalent:

(a)  Spectral projections P(,,, and P¢. ,,, commute.

(b) IfImA and Imu are nonzero, then R, (4)R.(B) — R (B)R:(4) = 0.

() Foralls,t € *R¥ [Ext-exp(itd) |[Ext-exp(isB)] = [Ext-exp(isB)][Ext-exp(itA)]

Proof The fact that (a) implies (b) and (c) follows from the functional calculus. The
fact that (b) implies (a) easily follows from the formula which expresses the spectral

projections of 4 and B as strong #-limits of the resolvents (generalized Stone’s
formula) together with the fact that

§-H- limgﬁ# Ol:igRa+i8(A):| = P?la}'

To prove that (c) implies (a), we use some simple facts about the Fourier
transform. Let f € S*(*R%). Then, by generalized Fubini’s theorem,

Ext-| s SOExt-exp(itd) o, w),dit =
= Exz-j*mf(z) (Exz-j*m ([Ext-exp(—itA)1d5(Pio,v),) )d#t =
= 2 (B[, TO0diPlo.w), ) = V27 (0. T,
Thus, using (c) and generalized Fubini’s theorem again,
(0. JDEBW), =
Ext-[,_, Ext- [ e (OG($) @, [Ext-exp(=itA) | Ext-exp(~isB) Jy),d"sd"t =
= (9.2B) (),

so, for all f,g  S*("R¥), /(4)2(B) — 2(B)f(4) = 0.

Since the Fourier transform maps S*(*R#) onto §*(*R#) we conclude that
flA)g(B) = g(B)f(A) for all f,g € S*(*R¥). But, the characteristic function, y .
can be expressed as the pointwise #-limit of a hyperinfinite sequence f,,n € *N
of uniformly bounded functions in $*(*R#). By the functional calculus,

S'#'limn_ﬁ‘oo_]%(A) = Plgla,b).

4.5.1)

(4.5.2)

(4.5.3)

(4.5.4)



Similarly,we find uniformly bounded g, € $*(*R¥) #-converging pointwise to y .«
and

S'#'limn»*oogn(B) = P(Bc’d). (45.5)
Since the f, and g, are uniformly bounded in*R# and

fn(A)gn(B) = gn(B)fn(A) (456)
for each n € *N, we conclude that P{, ,, and P¢, ;. commute which proves (a).

Definition 4.5.2. Let 4 : H* - H” be bounded in*R? self-#-adjoint operator. The

operator 4 is essentially bounded in*R? if there is st(||4||,) € R and st([|4],) * oo.

Remark 4.5.2. Note that if 4 is essentially bounded in*R? operator then for any

nearstandard vector y € H* vector Ay again nearstandard, i.e. st(|Ay | ,) # .

Definition 4.5.3.Let 4 and B be self-#-adjoint essentially bounded in*R#operators on

a non-Archimedean Hilbert spaceHilbert space H*..The operators 4 and B are

~-commute if |[AB|, = [|BA|,

Remark 4.5.3. Note that the operators 4 and B are ~-commute if for any
nearstandard

vector v € H* : Ay ~ By.

Theorem 4.5.2. Let 4 and B be self-#-adjoint operators on a non-Archimedean

Hilbert space H* and essentially bounded in*R#. Then the following three statements

are equivalent:

(a) Spectral projections P{, ,, and P{, ;, ~~commute.

(b) If ImA and Im i are nonzero, then R;(4)R,(B) and R,(B)R,(4) =~~-commute.

(c) For all s,¢ € *R%,[Ext-exp(itA)][Ext-exp(isB)] and [Ext-exp(isB)][Ext-exp(itA)]

~-commute.

Theorem 4.5.3. Let 4 and B be self-#-adjoint operators on a non-Archimedean

Hilbert space H*. Then the following three statements are equivalent:

(a) Spectral projections P(, ,, and P{. ;, ~-commute.

(b) For all s, € *R?,[Ext-exp(itd) ][ Ext-exp(isB)] = [Ext-exp(isB)][Ext-exp(itd)].

~-commute.

§4.6. *C#-valued quadratic forms.

One consequence of the generalized Riesz lemma is that there is a one-to-one

correspondence between bounded in *R# quadratic forms and bounded in *R*

operators; that is, any sesquilinear

map ¢ : Hx H - *C} which satisfies |g(p,y)«| < Mol ,llyl, is of the form

q(p,y) = (p,Ay), for some bounded operator 4. As one might expect, the situation
is

more complicated if one removes the boundedness restriction. It is the relationship

between unbounded forms and unbounded operators which we study briefly in this

section.



Definition 4.6.1. A quadratic form is a map ¢ : O(g) x O(g) - *C#, where O(q) is a
#-dense linear subset of H called the form domain, such that ¢(-,w) is conjugate
linear
and ¢(o, ) is linear for ¢,y € 0(q). If (¢, v) = q(y, ) we say that ¢ is symmetric. If
q(p,p) > 0forall ¢ € O(g), q is called positive, and if g(¢,p) > —M||(p||i for some
M € *R¥we say that g is semibounded in *R¥.
Notice that if ¢ is semibounded, then it is automatically symmetric if H is complex.
Example 4.6.1. Let H = £5(*R¥) and O(q) = C3" (*R¥) with q(f,g) = f0)g(0). Then ¢
is a positive quadratic form. Since ¢(f,g) = 6%(fz) one could formally write
q(fg) = (£, 4g)
where 4 : g » §%(x)g(x). Since multiplication by 5(x) is not an operator, ¢ is an
example
of a quadratic form not likely to be associated with an operator.
Example 4.6.2 Let 4 be a self-#-adjoint operator on H*. Let us pass to a spectral
representation of 4, so that 4 is multiplication by x on @, L5(*R¥, u¥). Let

0(q) = {(wn)nN:1|Exr-ZnN:1 Ext- | *Rﬁ|x||y/n(x)|2d#'uﬁ} < *o (4.6.1)
and for ¢,y € O(q) define
ao.v) = Xt (Bxt-[ , x0uCOw ()’ af). (4.6.2)

We call ¢ the quadratic form associated with 4 and write O(q) = Q(4);0(4) is called
the form domain of the operator 4. For v, € O(4), we will write g(¢,y) = (p,4y),
although 4 does not make sense on all y € O(4),then O(4) is in some sense the
largest domain on which ¢ can be defined.

To investigate the deep connection between self-#-adjointness and semi-bounded
in *R¥ quadratic forms we need to extend the notion of “#-closed” from operators to
forms. An operator 4 is #-closed if and only if its graph is #-closed which is the same
as saying that D(4) is complete under the #-norm |y || , = [[Ay [, + v | ..
Analogously we define:

Definition 4.6.2. Let ¢ be a semibounded in *R¥ quadratic form, g(yv,y) > _M”‘/’”i

is called #-closed if O(q) is complete under the #-norm

1Vl = Jawy) + M+ Dyl (4.6.3)

If ¢ is #-closed and D < Q(g) is #-dense in O(q) in the [y || ,,, #-norm, then D is
called a form #-core for g.
Notice that ||y ||,,, comes from the inner product

W.0)u = q(y,0) + M+ 1)y, p),. (4.6.4)
It is not hard to see that q is #-closed if and only if whenever
H
Pn€ Oq) ¢n > @ and g(@n — @, @n — @m) >4 0, @S n,m ~ *oo, then ¢ € O(q)




and g(¢, — @, 0, — @) -4 0. This criterion and the dominated #-convergence

theorem show that the form g associated with a semibounded self-#-adjoint operator

(Example 4.6.2) is #-closed. Furthermore, any operator #-core for 4 is a form #-core

for g.

Now, let ¢(f,g) = f0)g(0) as in Example 4.6.1 and ¢, € C3"(*R¥). Then ¢, —4 0,
and

q@n—Om,@n —@m) —# 0, but g(@,, 0,) -+ 1 + q(0,0) which proves that ¢ has no

#-closed extensions. Therefore, even though q is positive (and therefore symmetric)

there is no semibounded self-#-adjoint operator 4 so that ¢(f,g) = (f,Ag), for all

f.g € C§'("RY) .

The deep fact about semibounded quadratic forms is that unlike the case for
operators,

they cannot be #-closed and symmetric, yet not self-#-adjoint.

Theorem 4.6.2. If ¢ is a #-closed semibounded in *R¥ quadratic form, then g is the

quadratic form of a unique self-#-adjoint operator.

Proof We may assume without loss of generality that ¢ is positive. Then, since ¢ is

#-closed and symmetric, O(g) is a Hilbert space, which we denote by /#*,, under the

inner product (p,y),., = q(e,v) +{(p,y),.We denote by H*, the space of bounded

in *R# conjugate linear functionals on H*,. Let j, given by y +> (~,v), be the linear
imbedding of H* into H*, is bounded in *R? because

W) (@) < llellyllvlly < lellllylly < lollu, v, (4.6.5)
Since the identity map i embeds H*, in H* we have a “scale of spaces”
HY, 5 H L HE (4.6.6)

We now exploit the generalized Riesz lemma. Given ® € H* |, let B be the element

of H*, which acts by [ﬁd)](q)) = q(,®) + (¢, D)4 By the generalized Riesz lemma, B

is an isometric isomorphism of /%, onto H*,. Let D(B) = {1// € Hﬁ1|§w € RanQ’)}.

Define now B on D(B) by B = j~'B. Notice that

wt - u St Lo (4.6.7)

First, we prove that the range of j is #-dense in H*,.If it were not, there would

be a A € H* sothat 1 # 0, and A[j(y)] = 0 for each v € H*.By the generalized

Riesz Lemma, there is a ¢, + 0 in A%, so that 0 = A[j(y)] = [i(y)1(@21) = (@1, ¥),

for all y € H*.Since ¢, + 0, this is impossible. Therefore Ran(j) is #-dense in H*,.

Since B is an isometric isomorphism we conclude that D(B) is | +||..,, #-dense in H%,.

Further, since |||, < [I+I|.,, and H%, is #-norm #-dense in H*, D(B) is #-norm
#-dense

in H*. Suppose ¢,y € D(B). Then one obtains that



(@.By)y = q(@.v) +(0.¥)y = g, 0) + (v, 0), = (W, Bp), = (Bo,y),. (4.6.8)
Thus, B is a #-densely defined symmetric operator.

/\ _1
We will prove now that B is self-#-adjoint. Let C = (B) j. C takes H* into H* and is

an everywhere defined symmetric operator. By the generalized Hellinger-Toeplitz

theorem, C is a bounded in *R# self-#-adjoint operator. Moreover, C is injective.

A simple application of the spectral theorem in multiplication operator form shows
that

C! : Ran (C) - H" is a self-#-adjoint operator. But C-! = B.

We now define 4 = B—1. Then 4 is also self-#-adjoint on D(4) = D(B) and for

o,y € DA), {(p,Ay), = q(p,y). Since D(4) is | +||,.,, #-dense in HY, is the quadratic

form associated to 4. Uniqueness is obvious.

Thus, there is an principal distinction between semi-bounded in *R# symmetric

operators and semi-bounded in *R# quadratic forms. For symmetric operators, there

is never any problem finding #-closed extensions.

Reark 4.6.1. Note that: (1) If 4 and B are self-#-adjoint operators and D(4) c D(B)

with B | D(4) = A then 4 = B. But it can happen that « and b are #-closed

semibounded in *R# quadratic forms and b | Q(a)xQ(a) = a without having a = b.

(2) Let 4 be a symmetric operator that is semibounded in *R¥. Let ¢ be the quadratic

form g(o,y) = (p,Ay), with O(a) = D(4). Suppose that ¢ has a #-closure , that is,

a smallest #-closed form which extends it. Then the self-#-adjoint operator 4 which

corresponds to g (by Theorem 4.6.2) may be bigger than the operator #-closure of
A.

(3) While a general quadratic form may have no #-closed extensions, forms that
come

directly from semibounded in *R¥ operators always have #-closures and thus

semibounded in *R¥ operators always have self-#-adjoint extensions.

§ 4.7. #-Convergence of unbounded in *R¥ operators

One of the main difficulties with unbounded in *R¥ operators is that they are only
#-densely defined. This difficulty is especially troublesome when one wants to find a
notion of #-convergence for a hyper infinite sequence 4, -4 A,n € *N of unbounded
in *R¥ operators since the domains of the operators 4, may have no vector in
common. For example, if 4, = (1 —n~")x on L5(*R¥), it is clear that in some sense
A, -4 A = x; yet we could have been given domains D(4,) and D(4) of essential
self-#-adjointness for these operators which have no nonzero vector in common. Of
course, in this simple case the #-closures of 4, and 4 all have the same domain, but
in general this will not be true, and in any case, one is often forced to deal with
domains of essential self-adjointness since closures of operators are sometimes
difficult to compute. It is very natural to say that self-#-adjoint operators are “close” if
certain bounded in *R# functions of them are “close.” Most of this section is devoted



to this approach. However, we also introduce graph #-limits, a topic which will be
explored further.
Definition 4.7.1.Let (4,),..,and 4 be self-#-adjoint operators. Then 4, is said to

#-converge to A4 in the #-norm resolvent sense (or #-norm generalized sense) if
R,(4,) -4 R, (A4) in #-norm for all A with ImA + 0. 4, is said to #-converge

to 4 in the strong resolvent sense (or strong generalized sense) if Ry(4,) —4 Ri(A4)
strongly for all A with ImA +# 0..

We have not introduced the notion of weak resolvent #-convergence since weak
resolvent #-convergence implies strong resolvent #-convergence. The following
theorem shows that #-norm resolvent #-convergence is the right generalization of
#-norm convergence for bounded in *R? self-#-adjoint operators. A similar result
holds for strong resolvent #-convergence, but the analogue for weak #-convergence
is not true.

Theorem 4.7.1.Let (An);fl and 4 be a family of uniformly bounded in *R#
self-#-adjoint operators. Then 4, -4 A as n - * in the #-norm resolvent sense

if and only if 4, -4 4 as n - *ooin #-norm.

Proof. Let 4, -4 A as n - *owin #-norm. Then if ImA = 0, (4, —A)(A - A1) -4 0

in #-norm. Thus, using the equality (4, —1)™' = (4-2)"'[I+ 4, —4)A - 1) :|_1
we obtain that (4, - 1) -s (4—21)"'in#normas n - *o.

Conversely, suppose 4, -4 A as n - *win the #-norm resolvent sense. Then,
since 4, —A4 = (4, —i)(4, —i)7'[(4 i)' — (4, —i)7'](4 — i), we conclude that

4, = All, < (supulldull, + DI =D = (4 =)7L, (Il + 1) >4 0@s n > *oo.
The following theorem shows that to prove generalized convergence one need only
show #-convergence of the resolvents at one point off the hyperreal axis *R?.
Theorem 4.7.2. Let (A,,);f1 and 4 be self-#-adjoint operators, and let 1, € *C%.

(@) If ImAo # 0 and ||Ry,(4,) —Ri,(A)|l, =4 0, then 4, -4 A as n - *ooin

the #-norm resolvent sense.

(b) If ImAo # 0 and if R;,(4,)¢ — Ry, (A)p —4 0, for all ¢ € H* then 4, >4 A as

n — *woin the strong resolvent sense.

Proof (a) Both R;(4) and R;(4,) are analytic in the half-plane of *C# containing 1
and have hyper infinite power series around A,

*00

Ri(4) = Ext-) (o = 2)"[Ra, ()],

m=0

4.7.1)

*00

Ri(Ay) = Ext= ) (Ao = A)"[Rsy(4n)]""!
m=0
which #-converge in #-norm in the circle |1 — 2¢| < [ImAo|™". Since R;,(4,) —# R,(4)
in #-norm, R;(A4,) —# R,(4) in #-norm for A4 in this circle. Therefore, by repeating this
process, we get #-convergence for all 4 in the half-plane of *C# containing 2.



Furthermore, since

IRz (An) = R (Al = [(R2o(An) = Rao(A))" |l =

4.7.2)
”Rlo(An) _R/IO(A) ||# -y 0asn - *o

the same argument shows that the resolvents converge in #-norm in the hal-fplane

of *C# containing Ao.

(b) The proof is the same as the proof of (a) except for two things. First, we consider

the vector-valued functions R, (4,)¢ and R,(4)¢. Secondly, since the map 7 - T*

is not #-continuous in the strong topology, one needs a separate argument to get

from one half-plane of *C?# to the other. Suppose that 1, is in the lower half-plane of

*C#. Then, as in (a), we get #-convergence everywhere in the lower half-plane of
*CE,

in particular at 4 = —i. The formula

Ay =D)7"' == =

(4.7.3)
[(An + D) A =)' N[An + D) = A+ D) ][4, + D) (A —D)7']

which follows from elementary calculations, can then be used to prove that hyper
infinite sequence (4, —i)~',n € *N #-converges strongly to (4 —i)~'. The above
argument then shows that hyper infinite sequence R (4,) ,n € *N #-converges
strongly to R, (4) everywhere in the upper half-plane of *C%.

For alternative ways of proving that strong #-convergence, R,(4,) >4 R,(4) in one
half-plane implies strong #-convergence in the other half-plane, see Theorem 4.7.9.
We will investigate several aspects of generalized #-convergence. First, we ask how
resolvent #-convergence is related to the #-convergence of other bounded functions
of 4, and A. Secondly, we investigate the relationship between the spectra of 4, and
the spectrum of 4 if 4, -4 4 in a generalized sense. Finally, we give criteria on the
operators 4,,4 themselves which are sufficient to guarantee that 4, -» 4 asn - *©
in a generalized sense.

Theorem 4.7.3. Let 4, and 4 be self-#-adjoint operators.

(@) If 4, -4 A as n - *woin the #-norm resolvent sense and f'is a #-continuous
function on*R? vanishing at *o, then [|f(4,) —fA4) ||, -4+ 0asn - *o

(b) If 4, -+ A in the strong resolvent sense and f'is a bounded in *R? #-continuous
function on *R%,then f{4,)¢ —»» f{4)p as n > *wo,for all ¢ € H.

Proof By the generalized Stone-Weierstrass theorem, polynomials in (x + i)' and
(x—i)~" are #-dense in C"*(*R*), the #-continuous functions vanishing at hyper
infinity. Thus, given ¢ = 0,& > 0, we can find an hyperfinite polynomial P(s,?) so that

) - P(x+ ) e =) )L < % (4.7.4)

Therefore,



AAn) = P(An+ ) (An =) )N, < £ (4.7.5)

and
i) - P(+7a=-0") ., < £ (4.7.6)
If 4, -4 A as n - *ooin the #-norm resolvent sense, then
P(An+D) " An=D)") e P(A+D),(4-D)7") 4.7.7)

in #-norm as n — *oo,and thus for hyperfinite » large enough, [|(4,) —f4) ||, < e.
This proves (a).

To prove (b) we first note that the same proof as above shows that if 4, -4 4 in the
strong resolvent sense and 1 € C**(*R¥), then h(4,)p - h(4)p. Let y € H* and
¢~ 0, > 0 be given and define g,,(x) = Ext-exp(—x?/m). Since g, (x) - 1 pointwise,
gn(d)y -4 v by spectral theorem , so we can find an m with

lgm(4)y — Wll# < g(6]//1] *oo)_1~ Furthermore since g, € C*Oo(*[Rg)agm(An)‘// —4 gn(A)y
by the remark above, so we can find an Ny, so that » > N, implies

lgn( Ay — gn( Dy, < e6lf]...)". Therefore, if n > Ny,

lgm @)y —wl, < eGlAl.) " (4.7.8)
Since fg,, is #-continuous and goes to zero at *«o, there is an Ny so thatn > N,
implies
An)gm(An)y = fl)gm(Dw |, < % (4.7.9)
Let N = max(No,N;). Then forn > N,

”f(An)W _ﬂA)W ”# < Hf(An)gm(An)W _f(A)gm(A)V/ ”# +

(4.7.10)
+HAnll 4 llgm @)y —wil, + 14l ,llgn( Dy —wl,.

Since y and ¢ were arbitrary, this proves (b).

As an example of an application of part (a) let (An);f1 and 4 be positive self-#-adjoint

operators. Then, if 4, -4 A4 in the #-norm resolvent sense Ext-exp(—t4,) #-converges

in #-norm to Ext-exp(—tA) for each positive ¢. To see that part (a) does not extend to
all

of C*(*R¥), notice that on L;(*R¥) the operators 4, = (1 — n~!)x #-converge to the

operator 4 = x in the #-norm resolvent sense but | Ext-exp(id,) — Ext-exp(id,) ||, = 1

forall n € *N.

An important application of part (b) is the following generalization of the classical

Trotter theorem.

Theorem 4.7.4. Let (4,),%, and A be self-#-adjoint operators. Then 4, —»4 4 in the

strong resolvent sense if and only if Ext-exp(itd,) #-converges strongly to
Ext-exp(itA)

for each .



Proof Since Ext-exp(itx) is a bounded #-continuous function of x, Theorem 4.7.3

implies that if 4, -4 4 in the strong resolvent sense, then

Ext-exp(itd,) —# Ext-exp(itA) as n - *oo,strongly for each .

To prove the theorem in the other direction, we first derive a formula for the
resolvent

of a self-#-adjoint operator 4. Suppose that Imu < 0. Then, by the functional
calculus

(V.Ru(A)p), = Ext- | (ﬁ)dw,mm# -

*R?

Ext- | (Ext— | i[Exz-exp(izu)][Ext-exp(it;L)]d#z> =
0

*R#Ci

o (4.7.11)
Ext- I i[Ext-exp(—itp) " (w, Ext- exp(itd) ), =
0
<1//,Ext— j i[Ext- exp(itu)][Ext—exp(itA)]qod#t> .
0 #
Therefore,
Ru(A)g = Ext- j i[Ext-exp(—ity) |[Ext-exp(itd) |pd't (4.7.12)

0

where the #-integral is a Riemann #-integral. The third step in the computation uses
generalized Fubini’'s theorem. Applying (4.7.12) to the operators 4, and 4 we obtain

IR (4n)e = Ru(Aoll, <

< (4.7.13)
Ext- I [Ext-exp(¢Im p)]||[Ext-exp(itd,) — Ext-exp(itd) o || ,d*t

0

*

so if Ext-exp(itd,) —# Ext-exp(itd) as n » *oofor each ¢, ||Ru(4,)p — Ru(A)o|, =+ 0
as n —» *ooby the generalized Lebesgue dominated convergence theorem. Using a
formula similar to (4.7.12) one concludes in the same way that

Ru(An)p — Ru(A)e]l, »# 0 for Imp > 0.We remark that it is possible to show that if
A, -4 A in the strong resolvent sense, then Exr-exp(itd,) —4 Ext-exp(itA) for each ¢
uniformly for ¢ in any gyperfinite interval.

Theorem 4.7.5. (Generalized Trotter-Kato theorem) Let (An);f1 be a sequence of
self-#-adjoint operators. Suppose that there exist points, A in the upper half-plane
of *C# and po in the lower half-plane of *C# so that R;,(4,)p and R,,(4,)¢
#-converge as n - *w for each ¢ € H*. Suppose further that one of the limiting



operators, T, or T,,, has a #-dense range. Then there exists a self-#-adjoint
operator

A sothat 4, -4 A as n - *win the strong resolvent sense.

Proof Since ||[R1,(4:) |, < |ImAo|™, || T2 || < |Im2o|™, and so

*00

Th = Ext-) (Ao —A)"(Ta)"". (4.7.14)
n=0

is well defined for |19 — A| < |[Im Ao|™'.Furthermore, since R;,(4,)¢ —# T1,,
R, (4,)¢ -4 Trp in the same circle.
Continuing in this way we can define an #-analytic operator valued function T’ in the
half-plane containing 1o which is the strong #-limit of R,(4,). Since the half-plane is
simply #-connected, the determination of 7, at a point 4 is independent of the path
taken from 1y to 1. The same argument for the half-plane containing shows that we
can extend the definition of T, to that half-plane of *C# so that for all 2 with ImA + 0

T30 = #-limyoew Ry (4,0, (4.7.15)

The T, commute, satisfy the first resolvent equation, and T = T, since these
statements are true for each R;(4,) It follows from the first resolvent formula and
the commutativity that the ranges of all the T, are equal; we denote this common
range by D. By hypothesis, D is #-dense and this implies that the kernel of T, is
empty, since Ker(7;) = (Ran(7%))" = (Ran(7;))" = D™ = {0}. We can therefore
define 4 = A/ - T;! on D and a short calculation with the resolvent equation shows
that this definition is independent of which A with ImA + 0, is chosen. Since

Ran(4 + i) = Ran(T3}) operator 4 is self-#-adjoint. It is clear that the resolvent of 4
is 7.

Notice that in the Trotter-Kato theorem we need convergence at two points, one in
the upper half-plane and one in the lower half-plane of *C#. For, we cannot use
Theorem 4.7.3 until we know that the #-limiting operator is self-#-adjoint, and the
self-#-adjointness proof depends on the #-convergence in both half-planes of *C?.
The Trotter-Kato theorem is important since its hypotheses do not assume the a
priori existence of a #-limiting operator A. It can be used to assert the existence of a
generalized #-limit of a sequence of self-#-adjoint operators. This can also be done
with the one-parameter groups. To see why it is necessary to use the resolvents or
groups rather than the operators themselves to prove such an existence theorem
consider the following example: Let 4 be a closed symmetric operator which is not

self-#-adjoint but which has a self-#-adjoint extension 4. Let P, be the spectral

projection of 4 corresponding to the interval [-n,n]. Then PnZPn are bounded
self-#-adjoint operators (and therefore essentially self-#-adjoint on D(4)) such that
forall ¢ € D(A) : PnZPngo -4 Z(p = Ap.Thus the P,AP, are essentially self-#-adjoint
on D(A4) and the strong #-limit exists but the #-limit is not essentially self-#-adjoint.
One of the most useful aspects of generalized #-convergence is that the spectra and



projections of the 4, are related to the spectrum and projections of 4.
Theorem 4.7.6. Let (A,,);fland A be self-#-adjoint operators and suppose that
A, -4 A in the #-norm resolvent sense. Then

(@) Ifu ¢ o(4), then u ¢ o(4,) for n € *N sufficiently large and

[Ru(A4n) = Ru(A) |, —# O (4.7.16)
(b) Let a,b € *R%, a < b, and suppose that a € p(4), b € p(4). Then
|1Paby(An) = Pany(A) I, =% 0 (4.7.17)

Proof (a) We need only consider the case where u € *R¥. Since u € p(4), there
isad =~ 0,0 >0sothat (u—o,u+0)No(4)= . Thus, by the functional calculus,
R ytisr3(A) ||, < 1/6. Now, we can find N so that [|R:is3(4.) ||, < 2/6 for n > N which
implies that the power series for R,(4,) about u + i6/3 has radius of #-convergence
at least 5/2. We already know that where the series #-converges it is an inverse for
An.S0, u € p(4,) forn > Nand |R,(4,) — R, (4)], »» 0a@asn - *oo.

To prove (b), we note that since a,b € p(4), there exists ¢ < (1/2)(b — a) and an N,
so that sup,,ZN{H(A,, ~a)” I (A = b)™! II#} < 1/e. Therefore, by the functional
calculus, o(4,) N (a,b) < (a+¢&,b—¢) forn > N. Let f; be a #-continuous function
which equals one on (a + £,b — ¢) and is equal to zero outside (a,b). Then

Pn(4,) = f:(4,) and P (4) = f:(4) and so by Theorem 4.7.3 one obtains
1Papy(An) = Papy(A)ll, -+ 0@sn —» *o.

Theorem 4.7.7. Let (A,,);f1 and 4 be self-#-adjoint operators and suppose that

A, - A in the strong resolvent sense. Then

(@) Ifa,b € *R¥ a < b, and (a,b) No(4,) = @ for all n € *N, then

(a,b) No(A) = . Thatis, if A € o(4), then there exists 1, € 6(4,) so that 1, -4 A.
(b) If a,b € *R¥ a < b,and a,b ¢ opp(4) then

Pap)(An)p =4 Puy(d)p forall o € H.

Proof By the functional calculus, the statement that (a,5) N o(4,) = D is equivalent
to the statement that ||(4 — )" || g < J2 /(b - a) where 4 = (a+ b)/2 +i(b— a)/2.
But (4, — A9) ! #-converges strongly to (4 — 10) ' so we have

(4= 2o)" I, < #limymee || (4, — Ao)™! I, < J2 /(b — a).This proves (a).

To prove (b), we find uniformly bounded sequences of #-continuous functions (fn);f1
and (g,),” S0 that 0 < £, < x(n)-fu(x) =4 X (x) pointwise and y .z < gn,

gn(x) =4 xap(x) pointwise. Then f,(4) =4 Pup(4) and g,(4) =4 P (A4) strongly.
Since a,b & opp(4), Pap)(4) = Plap)(4) which means that given y and € = 0,¢ > 0,
we can find #-continuous functions f, g, with f'< y . < ¥ < g so that

)y -y |, < /5 By Theorem 4.7.3(b) we can find N € *N so thatn > N
implies ||[4,)y — Ay, < ¢/5and ||g(4.)y —gA)y |, < €/5 so by an &/3 argument
we get |[g(4,)y — g(4.)v ||, < 3¢/5.Since the functional calculus implies

Ay = Pap(@wl, < Ay — gDy |, another /3 argument implies



[P @n (DY = Pan(@Dyl, < e.

Remark.Part (a) of Theorem 4.7.7 says that the spectrum of the #-limiting operator

cannot suddenly expand. It can, however, contract rather spectacularly as the

following example shows: Let (An);f1 = (x/n);fl on L5(*R*) then 4, #-converges to

the zero operator in the strong resolvent sense. For each n, 6(4,) = *R#, but the

spectrum of the #-limiting operator contains only the origin. An easy application of

part (a) is the statement that if the 4, are positive and 4, -4 4 in the strong
resolvent

sense, then 4 is positive.

If 4, #-converges to A4 in #-norm resolvent sense, Theorem 4.7.6 tells us that the

spectrum of the #-limiting operator cannot suddenly contract in the sense that if

A € o(4,) for all sufficiently infinitely large n, then A € o(4). Notice that in the

example 4, = x/n above, A4, does not #-converge to 4 in the #-norm resolvent sense.

The principle of noncontraction of the spectrum under #-norm resolvent

#-convergence remains true even when 4, and 4 are not self-#-adjoint. But the

principle of nonexpansion of the spectrum in the strong resolvent #-limit is not
always

valid for general not-necessarily-self-#-adjoint operators. In fact, there exists a
#-norm  #-convergent sequence of uniformly bounded operators 4, -4 4 with o(4,)
the unit

circle in *C? for each n € *N and o(4) the entire unit disc. Thus the reader should

be careful to apply Theorem 4.7.7 only in the self-#-adjoint case.

In applications, one is usually given the operators (An):;o1 and 4 on domains of

self-#-adjointness or essential self-#-adjointness and it may be very difficult to

compute the resolvents. Thus, in order to use Theorem 4.7.6 and Theorem 4.7.7

one must have criteria on the operators (An);f1 and 4 themselves which guarantee

#-norm or strong resolvent #-convergence.

Theorem 4.7.8. (a) Let (A,,);f1 and 4 be self-#-adjoint operators and suppose that

D is a common #-core for all 4, and 4. If 4,9 -4 Ap for each ¢ € Dthen 4, -4 A

as n - *oo in the strong resolvent sense.

(b) Let (An);f1 and A4 be self-#-adjoint operators with a common domain, D.

Norm D with [[@ll,, = |l + 1| .- 1f supjpp, -1 (| (4 = Apll,) =+ 0 asn > *oo

then 4, -4 A4 in the #-norm resolvent sense.

(c) Let (A,,);f1 and A4 be positive self-#-adjoint operators with a common form domain

H?, which we norm with ||y || .., = (v, 4y), + (v, y),.If 4, >4 A in #-norm in the sense

of maps from H%, to H*, that is, if

wp KOUA—ADy)l Ko -Av)l g (4.7.18)

y#0,pD ”(P”#H ”‘//”#H w#0,yeD (v, (4 +1)‘//>#

then 4, -»# A in the #-norm resolvent sense.
Proof (a) Letp € D, v = (4 +i)p, then




[+ D =@+ ]y = (A + D)7 (A~ 4o
#-converges to zero as as n - *w, since (4 —A4,)p — 0 and the (4, +i)"" are
uniformly bounded. Since D is a #-core for A the set of such v is #-dense so for all
o€ H : (A,+i1)"'¢ -4 (4+1) " ¢.A similar proof holds for (4, —i)~".
We sketch the proofs of (b) and (c). For (b), first one proves that the hypothesis is
equivalent to (4, —4)(4 + i)' -4 0 in the ordinary H*-operator #-norm. Thus

I+ - A4+ i)”)‘1 exists and #-converges to 7 in #-norm as as n - *.As a

result (4, +i)™ = A+ I+ U -A)A + i)‘1>_1 >4 (4 +1)7"in #-norm. Similarity

(U, —i)"" -4 (4-1i)"".To prove (c), we first prove that the hypothesis is equivalent

to (4 +1)""2(4, —4)(4 +1)""* >4 0 in the ordinary operator #-norm. Using the
identity

U+ D =@+ D P[I+ @+ DU — DA+ D) ]‘1 (4 +1)""? one then follows

the proof of (b).

§ 4.8.Graph #-limits.

Definition 4.8.1.Let (An):;o1 be a hyper infinite sequence of operators on a non
Archimedean Hilbert space H*, We say that a pair (y,¢), € H" x H" is in the strong
graph #-limit of 4, as as n - *wif we can find v, € D(4,) so thaty, -4 v,
A,y, —# @. We denote the set of pairs in the strong graph #-limit by I's . If 'S, is the
graph of an operator 4 we say that 4 is the strong graph #-limit of 4, and write

A = st.gr.-#-1im4,. (4.8.1)
First, we consider the case where all the 4, are self-#-adjoint and 4 is also
self-#-adjoint
Theorem 4.8.1. Suppose that (An);f1 and 4 are self-#-adjoint operators. Then
A, —»# A in the strong resolvent sense if and only if 4 = st.gr.-#-lim 4,,.
Proof Suppose first that (4, + i)' -+ (4 +i)~! strongly. Suppose ¢ € D(A4).
Then ¢, = (4, +i) (A + )¢ -4 ¢ and 4,0, = (A +i)p — ip, SO (p,Ap), € ',
Thus I'(4) < T'%,. On the other hand, suppose ¢, € D(4,),p, =+ @
and 4,0, -+ v. Weletn, = (4 +i)'(4, +i)p, € D(4), then

M= @n = [(A+)7 = (ln+)7' ][4y + D] =
=[A+)7 = (A + D[4 + Dou —y —ip] + (4.8.2)
+HA+D) T =, + D) [ +ip] 4 0
asn - *oo.Thus, n, -4 ¢ and An, = (4, +i)@, —in, - v SO since 4 is #-closed
(p,v), € I'(4). Thus, I'(4) =TI,
Conversely, suppose that 4 = st.gr.-#-lim4,. Let ¢ € D(4). Then there exist
o, € D(4,) so that ¢, -4 ¢ and 4,0, -4 Ap as n - *o. Thus,

[(An+ D)7 = A +D)T[A+ D] = Ay + D)7 [(An + D)@ = (An + Dpn] = (@ = @n) >4 0
asn —» *oosince [[(4, +)7' |, < 1,4, + )@, =4 (A+1)e ,and ¢, -4 ¢. Since



Ran(4 + i) = H.* the strong #-convergence of (4, +i)~! to (4 +i)~! follows.

Remark 4.8.1.Thus, we see that if the #-limit is self-#-adjoint, then strong graph and
strong resolvent #-convergence are the same. It is in the case when we do not know
a priori that the #-limit is self-#-adjoint that strong graph #-limits are particularly
important. For example, the existence of graph #-limits can sometimes be combined
with other information to prove that the #-limit is self-#-adjoint.

Theorem 4.8.2. Let (A,,);f1 be a hyper infinite sequence of symmetric operators.

(a) Let D%, = {wl(w,p), € T for some ¢ }.If D%, is #-dense, then I't,, is the graph
of an operator.

(b) Suppose that D% is #-dense and let 4 = st.gr.-#-lim4,,.

Then 4 is symmetric and #-closed.

Proof We will prove (a); the proof of (b) is obvious. Suppose ¢,, ¢, € D(4,) and

©n >4 0,0, -+ @ and 4,0, -+ v, 4,0, >+ v'. Letn € D%,. Then there is an

n. € D(4,), sothatn, -» nand 4,n, -4 pasn - *o. Thus,

(W —vy.m)y = #limecldn(@n — @), M)y = #liMyeoc{@n — @, Antln), = 0

so v = y' since D%, is #-dense.

We also define weak graph #-limits. We give the definition and state one theorem.
Definition 4.8.2. Let (An);f1 be a gyper infinite sequence of operators on H*. We
say that (v,¢), € H" x H" is in the weak graph #-limit T'Y, if we can find v, € D(4,)

ll-1l

sothaty, -4 wand 4,yv, -+ ¢ weakly. If 'Y, is the graph of an operator, 4 we
say that 4 is the weak graph #-limit of 4, and abbreviated as 4 = w.gr.-#-lim 4,,.
Theorem 4.8.3. Let (An):;o1 be a gyper infinite sequence of symmetric operators. If
DS, = {w|<y/,(p># e I'8 for some (p} is #-dense, then 'Y, is the graph of a symmetric
operator.
Remark 4.8.2.Finally we note that if 4, is a uniformly bounded sequence of
operators
then 4 = w.gr.-#lim 4, ifand only if 4, -4 4 as n - *win the weak operator
topology. This fact shows that the notions of weak graph #-limit and weak resolvent
#-convergence are distinct. It is not true that weak graph #-limits are necessarily
#-closed if each 4, is symmetric.

§ 4.9. Generalized Trotter product formula

Theorem 4.9.1. (Generalized Lie product formula) Let 4 and B be external
hyperfinite-dimensional matrices.Then

Ext-exp(A4 + B) = #-lim,~ {[Ext-exp(A4/n)] x [Ext-exp(B/n)]}". (4.9.1)
Proof Let S, = Ext-exp((4 + B)/n) and T, = [Ext-exp(A4/n)] x [Ext-exp(B/n)]. Then

n—1
Sp—Tp = Ext- Y Sp(Sy—T)T;! (4.9.2)
m=0

so that



1S5 = Tall, < n(max(1Sull o 1 Ta )" 1S = Tull, <

(4.9.3)
< nl|Sy — T || y[Ext-exp([| 4], + I1B][,)].
Since
”Sn_Tn”#:
S | (A+B\" S 1 (A 1 /B
EXl"ZW(T> —(Ext-zm<7) )(Ext-ZW<7> > (494)
m=0 ) m=0 ' m=0 : #
< C/n

where constant C depends only on | 4|, and ||B||,we conclude that
#-lim,, o0 ”S’;z - T ”# = 0.
Remark 4.9.1.This theorem and its proof can be extended to the case where 4 and
B
are unbounded self-#-adjoint operators and 4 + B is self-#-adjoint on D(4) N D(B).
Theorem 4.9.2 Let 4 and B be self-#-adjoint operators on H* and suppose that 4 + B
is self-#-adjoint on D = D(4) N D(B). Then
Ext-exp[it(A + B)] = s-#-lim,_+ {[Ext-exp(itA/n)] x [Ext-exp(itB/n)]}". (4.9.5)
Proof Let v € D. Then

s~V {[Ext-exp(isA)] x [Ext-exp(isB)] — I}y =

s H[Ext-exp(isd)] — I}y + s~ '{[Ext-exp(isB)] — I}y -4 i(4 + B)y (4.9.6)

and
sTH{[Ext-exp(isd)] x [Ext-exp(isB)] — [}y —4 i(A + B)y (4.9.7)
as s -4 0. Letting
K(s) = s {[Ext-exp(isA)] x [Ext-exp(isB)] — [Ext-exp(is(4A + B))]} (4.9.8)
we see that K(s)y -4 0 as s -4 0, for each v € D. Since 4 + B is self-#-adjoint on D,
Dis a
Banach space under the #-norm
W llgss = 1A +BYw L+ vl (4.9.9)

Each of the maps K(s) : D - H* is bounded and K(s)y :{: 0ass -4 0or *oo for

each y € D.

Thus, we conclude from the uniform boundedness theorem that the K(s) are
uniformly

bounded, that is, there is a constant C so that |[K(s)y ||, < Clly | ,,,; for all s € *R%

and y € D.Therefore, an ¢/3 argument shows that on ||+, ,, , #-compact subsets of
D



K(s)y -4 0 uniformly.Since 4 + B is self-#-adjoint on D, [Ext-exp(is(4 + B))]y € D if
v € D. Moreover, s - [Ext-exp(is(4 + B))]y is a #-continuous map of *R? into D
when D is given the || ,,,; #norm topology. Thus

{[Ext-exp(is(4 + B)) lv|s € [-1,1]}
is a ||+, #-compact set in D for each fixed y.
We are now ready to mimic the proof of the generalized Lie product formula. We
know that

tY{[Ext-exp(itd)] x [Ext-exp(itB)] — [Ext-exp(it(4A + B))]} x

(4.9.10)
x[Ext-exp(is(4+ B)) ]y -4 0
uniformly for s € [-1,1]. Therefore, we write

({[Ext-exp(itA/n)] x [Ext-exp(itB/n)]}" — [Ext-exp(it(4 + B)/n)]" )y =

- Y - ; 5 . ; ko
Ext kz(;{[Ext exp(itd/n)] x [Ext-exp(itB/n)]} @o.11)

[({[Ext-exp(itA/n)] x [Ext-exp(itB/n)]} — [Ext-exp(it(A + B)/n)])] x
[Ext-exp(it(4 + B)/n)]" "'y

The #-norm of the RHS of (4.9.11)

s
max H (L) {(Ext-exp(it(4 + B)/n)] — {[Ext-exp(itd/n)] x [Ext-exp(itBIn)]} } H # (4.9.12)
|s|<t
and so we conclude that
{[Ext-exp(itA/n)] x [Ext-exp(itB/n)]}"w }i»## Ext-exp(it(4 + B) )y (4.9.13)

asn - *wo if y € D;Since D is #-dense and the operators are bounded by one, this
statement holds on all of ##. The above proof shows that on a fixed vector the
#-convergence is uniform for ¢ in a #-compact subset of *R?.

Remark 4.9.2.The same argument can be used to show that

s-#-1im,,_, o {[Ext-exp(itA/n)] x [Ext-exp(itB/n)]}" = Ext-exp(t(A + B)) (4.9.14)

if A and B satisfy the same hypotheses and in addition are semibounded. The
following

result is considerably stronger than Theorem 4.9.2 since it only requires essential

self-#-adjoint ness of 4 + B on D(4) N D(B).

Theorem 4.9.3 (the generalized Trotter product formula) If 4 and B are self-#-adjoint

operators and 4 +B is essentially self-adjoint on D(4) N D(B) then

s-#- im0 {[Ext-exp(itA/n)] x [Ext-exp(itB/n)]}" = Ext-exp(it(A + B)) (4.9.15)
Moreover, if 4 and B are bounded from below, then



s-#-1im,,_, oo {[ Ext-exp(—tA/n)] x [Ext-exp(—tB/n)]}" = Ext-exp(-t(4 + B)). (4.9.16)

§ 4.10.The polar decomposition

Note that an arbitrary bounded operator 7 can be written T'= U|T| where |T]| is

positive
and self-#-adjoint and U is a partial isometry. Moreover, the conditions that
Ker(|7]) = = Ker(7) and that the initial space of U equals (Ker(7))* uniquely

determine |7] and
U. In this section we extend this result to closed #-unbounded operators. As in the
bounded case, U is easy to construct once |7| has been constructed and, as in
the bounded case, we will let |T| = J/T*T. In the bounded case, the hard part was
the
construction of the square root. Now that we have the spectral
theorem, it is easy to construct /T*T if we can prove that 7*T is a positive self-
#-adjoint operator. It is this fact that is hard in the unbounded case. A priori, it is not
clear that {y|yv € D(T) and Ty € D(T*)} is different from {0}. In fact, this set is
#-dense, but our approach using the theory of semi-bounded quadratic forms does
not
require us to prove this.
Theorem 4.10.1. (the polar decomposition) Let I" be an arbitrary #-closed operator
ona
non Archimedean Hilbert space H*. Then, there is a positive self-adjoint operator |77,
with D(|T|) = D(T) and a partial isometry U with initial space, (Ker(7))*, and final
space #-Ran(7) so that 7' = U|T| and U are uniquely determined by these properties
together with the additional condition Ker(|7|) = Ker(7).
Proof. Define the *C#-valued quadratic form s(y, ) on D(T) by

s(y, ) =Ty, To),. (4.10.1)
Quadratic form s(y, ¢) is clearly positive. Now suppose ||y, —yul 4, = 0. Then
lvn—wmll, =+ 0and | T(y, —yn)ll, »# 0. Since Tis #-closed there is a y € D(T)
with
Iy =wlly + 1T =)l =4 0, (4.10.2)

i.e. ”Wn - W“#H -4 0.

Thus s(v, ) is a #-closed form. Therefore, by Theorem VIII.15, there is a unique,
positive self-#-adjoint operator S with O(S) = D(T) and s(y,9) = (y,S¢), in the sense
of *C#-valued quadratic forms. Let |T| = SV2. Then D(|T|) = Q(S) = D(T) and by
construction |||T]y ||; = s(w,y) = | Ty ||; so Ker(|T|) = Ker(7). Define the operator

U : Ran(|T]) - Ran(7T) by UT|y = Ty.Since |[|T|y ||, = Ty | ,, Uis well defined and
#-norm preserving. Thus U extends to a partial isometry from Ran(|7|) to Ran(7).
Finally, since |T] is self-#-adjoint, #-Ran(7) = (Ker(|T|))* = (Ker(T))*. Uniqueness



is obvious.

§ 5.Tensor products and second quantization.

§ 5.1.Tensor products.

In this section we describe some aspects of the theory of tensor products of
operators
on non Archimedean Hilbert spaces. Let 4 and. B be #-densely defined operators on
non Archimedean Hilbert spaces HY and Hj respectively. We will denote by
D(4) ® D(B) the set of hyperfinite linear combinations of vectors of the form ¢ ® v
where ¢ € D(4) and y € D(B). D(4) ® D(B) is dense in Hf ® H; We define 4 ® B
on
D(4) ® D(B) by
AQB(p Q@y) = Ap @ By (5.1.1)

and extend by linearity.

Proposition 5.1.1 The operator 4 ® B is well defined. Further, if 4 and B are
#-closable,

Sois A4 ® B.

Proof Suppose that Ext-)c; ¢; ® y; and Ext-) d;¢; ® y; are two representations of

the same vector ' € D(4) ® D(B). Using Gram-Schmidt orthogonalization we

obtain bases {n;} and {6;} for the spaces spanned by {¢:} U {¢;} and {y;} U {y;}

respectively so that n, € D(4) and 6; € D(B). ¢; ® y; and ¢; ® y; can be expressed

Qi @y = Ext-) ai(k ® 6) (5.1.2)
and
0; @y = Ext-35, Bk ® 61). (5.1.3)
Since the two expressions for /' give the same vector, Ext-)_ ciaj; = Ext-zj d; B, for
each pair (k,/). Thus,
(A ®B)[Ext-Y . ci(pi ® wi) | = Ext-Y,  (Ext-Y, cialy ) (Ank ® BO;) =
Ext- 3, (Ext-3, diBy ) (Ani ® BO:) = (4 ® B)| Ext- Y di(9; ® v)) ]
so A ® B is well defined. If g is any vector in D(4*) ® D(B*) then
(4 ®B)f.g), =(f.(4" @ B*)g), 0O
D(A4*) @ D(B*) c D((A® B)™). (5.1.5)
If A and B are #-closable, D(4 x) and D(B*) are #-dense. Therefore, in that case
(4 ® B)™ is #-densely defined which proves that 4 ® B is #-closable.
Similarly, if 4 and B are #-closable then 4 ® I+ 1 ® B defined on D(4) ® D(B) is

#-closable.
Definition 5.1.1. Let 4 and B be #-closable operators on a non Archimedean Hilbert

(5.1.4)



spaces Hf and Hj. The tensor product of 4 and B is the #-closure of the operator

A ® B defined on D(4) ® D(B). We will denote the #-closure by 4 ® B also. Usually
A + B will denote the #-closure of A ® I+1® B on D(4) ® D(B).

Proposition 5.1.1. Let 4 and B be bounded in *R# operators on a non Archimedean
Hilbert spaces H} and H3. Then |4 ® B||, = ||All, x || Bl

Proof Let {¢;} and {y,} be orthonormal bases for /} and H% and suppose
Ext-) ., cu@r ® y; is a gyperfinite sum. Then

|(4®D[Ext-3, cupr @ wi] || i = Ext-3_, || Ext- 3, cudox ||i =

) ; ) 5 (5.1.6)
< Ext- Z[”A ||#<Ext- Zk‘cm ) = ||4 ||# ||Exl‘-zk CrPr @ Y || e

Since the set of such gyperfinite sums is #-dense in H}{ ® H3, we conclude that
[A®Ill, < 4], Thus [A @B, < [AQ I, x BRI, < [l4ll, x Bl
Conversely, given ¢ = 0,¢ > 0,there exist unit vectors ¢ € Hf, v € Hj so that

ldell, = 11411, —¢ (5.1.7)
and

1By ll, = 1B, —e. (5.1.8)
Then

I4® Bl @), = ldoll, x By, = I4ll, < |Bll, - el4ll, - €lBll, + &> (5.1.9)

Since ¢ > 0 is arbitrary ||4 ® B[, > [|4]l, x | B .. which concludes the proof.

Remark 5.1.1.We notice that both of the above propositions have natural

generalizations to arbitrary hyperfinite tensor products of operators. This can be

proven directly or by using the associativity of the hyperfinite tensor product of a non

Archimedean Hilbert spaces.

Remark 5.1.2.We turn now to questions of self-adjointness and spectrum. Let
(Ak)ﬁcv:l

be a hyperfinite family of operators, 4, self-#-adjoint on H}. We will denote the

#-closure of Iy ® + + + ®A4; ® + + - Iy on D = Ext-®Y., D(4;) by A, also. Let
P(xl,...,xN)

be a polynomial with *R#-valued coefficients of degree n; in x;. Then, the operator

P(44,...,Ay) makes sense on Ext-Q D(A4,,) since D(4,,) < D(4;) forall I <ny. In
fact,

P(A41,...,4y) is essentially self-#-adjoint on that domain.

Theorem 5.1.1. Let 4, be a self-#-adjoint operator on Hf. Let P(x,,...,xy) be a

polynomial with *R#-valued coefficients of degree n; in the k-th variable and suppose

that D is a domain of essential self-#-adjointness for 4}*. Then,

(@) P(41,...,4y) is essentially self-adjoint on D! = Ext-®Y., D\.

(b) The spectrum of #-P(A41,...,An) is the #-closure of the range of P(4,,...,4y) On
the



product of the spectra of the 4. Thatis o (#-P(41,...,4x) ) = #P(c(41),...,0(dn)).

Proof We will first prove that P(41,...,4x) is essentially self-#-adjoint on

D = Ext-®Y., D(4;"). By the spectral theorem, there is a #-measure space (M, uj)
SO

that 4, is unitarily equivalent to multiplication by a *R¥-valued #-measurable function

fr on L5(M;,d*uf). Thus we may assume that uf is hyperfinite and that

fi € Nizp<ron L#(Mk,d#,u ). Furthermore Ext-®% |, L(My,d* u}) is naturally isomorphic

to Li(Ext- i, My, Ext- @, d*u}). Under this isomorphism P(4,,...,4y) corresponds

to multiplication by P(f1,...,fv) and D corresponds to the set of hyperfinite linear

combinations of hyperfinite linear combinations of functions Ext-]_[i1 @i(m;)

such that f} ¢, € Li(M;,d" 1}

To prove essential self-#-adjointness we use result from functional calculus. First,

since uj is hyperfinite and f{*¢x € Li(M;,d"u}) we conclude that f; € L#(My,d" u}

for 1 < p < *oo. From this it follows immediately that P(f1,...,fy) is in L} for all such

p; in particular P(f1,...,fy) € Li(Ext- <}, My, Ext- @Y, d*u}). Since f;* is self-#-adjoint

on Dy, D, contains the characteristic functions of #-measurable sets in M.

Thus D contains all hyperfinite linear combinations of the characteristic functions of

rectangles. By the property on product #-measures we conclude that the
characteristic

function of any #-measurable set in M is equal to such a hyperfinite linear

combination except on a set of arbitrarily small Ext-®%, d*u} #-measure. Thus the

simple functions on Ex#-x;_; M can be approximated in the L} sense with 1 < p < *«

by elements of D.In particular D is #-dense in Lj(Ext- <}, My, Ext- @, d"u}).
Essential

self-#-adjointness now follows from Proposition 5.1.2.

To show that P(4,,...,4y) is essentially self-adjoint on D’ we need only show

that #-P(41,...,4Ay) | D' extends P(41,...,Ay) | D. Suppose Ext-®}_, ¢, € D. Then

¢r € D(A4}"), so since D is a domain of essential self-#-adjointness of 4}* there is a

hyper infinite sequence (¢k)1:1 so that ¢}, —4 ¢, and A ¢l —» A7 di. An easy
estimate

shows that this implies that 47'¢} — A7¢, for all 1 < m < n;. Therefore

Ext-®kN:1 (]55( >4 Ext—®§f:1 ¢ and
P(A,,...,AN)(Ext- ®§€V:1 qﬁ) -4 P(A41,...,AN)(Ext- ®2/:1 ok)

The same argument works for hyperfinite linear combinations of vectors of the form

Ext-®Y., ¢ s0 #-P(A1,...,Ay) | D' extends P(4,,...,Ay) | D. This completes the
proof

of (a).

To prove (b), suppose that A € 6 (#-P(41,...,4x)). If Iis any #-open interval about 1

then P-'(44,...,4Ax)(I) contains a product Ext-x%, I; of open #-intervals so that




Iy No(dy) + . Since o(4;) = #-ess range(f}’ck),uﬁ[o‘f’{")_l(lk)] + 0so0

ulP(f1,..../;»)(D)] # 0. That is, 1 € #-ess range(P(f1,...,fy)) which equals

o (#P(d1,...,Av)).

Conversely if A ¢ #-P(c(4)),...,0(4dy)) then (A — P(f1,....fv)) " is bounded #-a.e.

on Ext-xj.; My so A € p(#P(dy,...,Av)).

Remark 5.1.3.1f 4;,...,4x,N € *N are bounded in*R¥, P(4,,...,Ay) is #-closed,

but in general it is not.

Corollary 5.1.1. Let 4;...,4x,N € *N be self-#-adjoint operators on H%,..., H} and

suppose that, for each &, D, is a domain of essential self-#-adjointness for 4. Then,

(a) The operators 4, = Ext-Q% , A, and 4s = Ext—ZZzl Ay are essentially self-#-adjoint

on D = Ext-®Y., Dy.

(b) 6(4r) = #-Ext-[], 6(A) and o(4s) = #-Ext->  o(Ay) -

Example 5.1.1. Suppose that V(x) is a potential so that #, = —-V# + V(x) is
essentially

self-#-adjoint on S*(*R}?). Then H, = -V + V(x) — Vi + V() is essentially

self-#-adjoint on the set of hyperfinite sums of products ¢(x)w(y), with

o,y € S*(*R¥). Further o(H,) = #-0c(H,) + o(H,).

is obvious.

§ 5.2.Non-Archimedean Fock spaces.

Let H* be a non-Archimedean Hilbert space and denote by H™",n € *N the n-fold
tensor product H'" = Ext-®}_, H and define

FHH") = Ext-®,% H™" (5.2.1)
F#(H") is called a non-Archimedean Fock space over H*; it will be x-separable if H*
is. For example, if H* = L5(*R¥), then an element v € F(H*) is a hyper infinite
sequence of functions

v = Awo,yi1(x1),yi1(x1,x2), ¥ 1(x1,%2,%3),..., (5.2.2)
so that

|l//0|2 +Ext—2:§1 (Ext—J‘*Rﬁn l//n(xl,...,xn)d#”x> < *oo, (5.2.3)

where y, € *C# d*'x = Ext-]_[;’=1 d*x;. Actually, it is not F#(H*) itself, but two of its
subspaces which are used in quantum field theory. These two subspaces are
constructed as follows: Let P,,,n € *N be the permutation group on n € *N
elements and let {gpk},fl be a basis for H*. For each ¢ € P, we define an operator
(which we also denote by a) on basis elements of #' ™ n € *Nby

O-(EXt' ®zr'l:1 goki) = Ext- ®?:1 (pkc(i) (524)

a extends by linearity to a bounded in *R# operator (of #-norm one) on H* so we can
define



S, = (#)Ext—zﬁpn o. (5.2.5)

It is easy to show that 82 =S, and S} =S, so S, is an orthogonal projection The
range

of S, is called the n-fold symmetric tensor product of /#*. In the case where

H* = L{(*R¥) and H'" = Ext-®7}_, Li(*R*) = L{(*R#"), S, H™ is just the subspace of

L5(*R#") of all functions left invariant under any permutation of the variables. We
now

define

FHH*) = Ext- @) S, H*" (5.2.6)
n=0
FE(H") is called the symmetric non Archimedean Fock space over H* or the non
Archimedean Boson Fock space over H*.

§ 5.3.Second quantization of the free Hamiltonian.

Let H* be a non Archimedean Hilbert space, #(H*) the associated non
Archimedean

Fock space over H*. Suppose that 4 is a self-#-adjoint operator on H* with a domain
of

essential self-#-adjointness D. Corresponding to each such 4 we can define an
operator dI'*(4) on F#(H") as follows.Let

APV =A4Q Q@+ QI+IQR AQ ++-QI+IQ---QI R4 (5.3.1)

on Ext-®", D as follows. Let D, c F#(H") be the set of {y¢,y1,...} such that
vn=20

for n large enough and vy, € Ext-®7_, D for each n. D4 is #-dense in F#(H*) since D
is

#-dense in H*. Define 4© = 0 and dl'*(4) = Ext-ZZ’O A" dI'*(4) makes sense on

D, and obviously to be symmetric. By Theorem 5.1.1, 4™ is essentially
self-#-adjoint

on Ext-®%_, D.Thus A™ + ui has a #-dense range on Ext-®’_; D whenever y € *R?

and p # 0. From this it follows that dI'*(4) + i has a #-dense range on D,.Thus
dl'*(4)

is essentially self-#-adjoint on D4 . If 4 is the quantum mechanical operator which

corresponds to the free energy, dI'*(4) is called the second quantization of the free

energy. dI'*(4) commutes with the projections onto the symmetric and
antisymmetric

non Archimedean Fock spaces and it follows that dI'#(4) | F%(H*) and
dU*(4) t FLH")



are essentially self-#-adjoint on D N F%(H*) and D N Fi(H") respectively.

Chapter IV.Non-Archimedean Banach spaces
endroved with*R#-valued norm.

1.Definitions and examples

A non-Archimedean normed space with*R#-valued norm (#-norm) is a pair (X, ||+||»)

consisting of a vector space X over a non-Archimedean scalar field *R?or complex

field *C# together with a distinguished norm ||-||+ : X - *R%. Like any norms, this

#-norm induces a translation invariant distance function, called the canonical or
(norm)

induced non-Archimedean *R?%-valued metric for all vectors x,y € X, defined by

d*(x,y) = lx=ylls = lly = x|l (1.1)
Thus (1.1) makes X into a metric space (X,d"). A hyper infinite sequence (x,)~, is
called d#-Cauchy or Cauchy in (X,d*) or | -||+ -Cauchy if for every hyperreal r € *R¥,
r > 0, there exists some N € N* such that

d*(xn,xm) = X0 —xmll, <7, (1.2)

where m and n are greater than N. The canonical metric d* is called a #-complete
metric if the pair (X,d*) is a #-complete metric space, which by definition means for
every d*-Cauchy sequence (x,)%, in (X,d*), there exists some x € X such that

#-limnqw#||x,,—x||# =0 (13)
where because ||x, — x||» = d*(x,,x), this hyper infinite sequence’s #-convergence to

can equivalently be expressed as: #-lim, .+ x, = x in (X,d").

Definition 1.1. The normed space (X, ||+]|») is a non-Archimedean Banach space

endroved with*R#-valued norm if the #-norm induced metric d* is a #-complete

metric, or said differently, if (X,d") is a #-complete metric space. The #-norm |||+ of
a #-normed space (X, | +||#) is called a #-complete #-norm if (X, ||+||») is a

non-Archimedean Banach space endroved with*R?-valued #-norm.

Remark 1.1.For any #-normed space (X, ||-||.,), there exists an L-semi-inner product

(+,+); X x X - *R¥ such that ||x|, = /¢x,x), forallx € X; in general, there may be

infinitely many L-semi-inner products that satisfy this condition. L-semi-inner
products

are a generalization of inner products, which are what fundamentally distinguish

non-Archimedean Hilbert spaces from all other non-Archimedean Banach spaces.

Characterization in terms of hyper infinite series,see ref. [1].

The vector space structure allows one to relate the behavior of hyper infinite Cauchy

sequences to that of #-converging hyper infinite series of vectors.



Remark 1.2.A #-normed space X is a non-Archimedean Banach space if and only if
each absolutely #-convergent hyper infinite series Ext—ZfS1 v, in X #-converges in

# #

o0

X,i.e., Ext- Z lva |l < oo implies that Ext- ZV” #-converges in X.

n=1 n=1

2.Linear operators,isomorphisms

If X and Y are #-normed spaces over the same ground field *R#, the set of all
#-continuous *R¥-linear maps T : X - Y is denoted by B*(X, Y).In hyper infinite-
dimensional spaces, not all linear maps are #-continuous. A linear mapping from a
#-normed space X to another normed space is #-continuous if and only if it is
bounded or hyper bounded on the #-closed unit ball of X. Thus, the vector space
B*(X,Y) can be endroved with the operator norm

ITIl = sup{l[ Txll 4y | x € X, llx]lye < 1) 2.1)

For Y a non-Archimedean Banach space, the space B*(X,Y) is a Banach space with

respect to this #-norm.

If X is a non-Archimedean Banach space, the space B*(X) = B#(X,X) forms a unital

Banach algebra; the multiplication operation is given by the composition of linear
maps.

Definition 2.1.If X and Y are #-normed spaces, they are #-isomorphic #-normed
spaces

if there exists a linear bijection T': X - Y such that 7 and its inverse 7! are

#-continuous. If one of the two spaces X or Y is #-complete then so is the other

o0

space.
Two #-normed spaces X and Y are #-isometrically isomorphic if in addition, 7 is an
#-isometry, that is, ||7(x)|| = ||x]| for every x € X.

Definition 2.2.Let {X, ||-||} be standard Banach space.Forx € *Xand ¢ > 0,6 = 0

we define the open ~-ball about x of radius ¢ to be the set

B:(x) = {y € "X[*|x -yl <&}

Definition 2.3.Let {X, ||-||} be standard Banach space, Y ¢ Xthus *Y < *X and let

x € *X.Then x is an x-accumulation point of *X if for every

e>0,e~0,YN(B:x)\{x}) = Q.

Definition 2.4.Let {X, ||-||} be a standard Banach space, let Y < *X, Y is x-closed if

every x-accumulation point of Y is an element of Y.

Definition 2.5.Let {X, ||-||} be standard Banach space.We shall say that internal
hyper

infinite sequence {xn}Zin in *X x-converges to x € *X as n - *woif for any

&> 0,6 ~0thereis N € *N such thatforanyn > N : *||x, — x| < &.

Definition 2.6.Let {X, ||-|| },<Y, | -|| } be a standard Banach spaces. A linear internal

operator A4 : D(4) < *X — *Yis x-closed if for every internal hyper infinite



sequence {x,}"=,” in D(4) x-converging to x € *X such that 4x, - y € *Y as

n - *oo one has x € D(4) and Ax = y. Equivalently, 4 is x-closed if its graph is
x-closed

in the direct sum *X & *Y.

Given a linear operator 4 : *X - *Y, not necessarily x-closed, if the x-closure of its

graph in *X @ *Y happens to be the graph of some operator, that operator is called

the x-closure of 4, and we say that A is x-closable. Denote the x-closure of 4 by
*-4.

It follows that 4 is the restriction of x-4 to D(4).

A x-core (or x-essential domain) of a x-Aclosable operator is a subset C c D(A4)
such

that the x-closure of the restriction of 4 to C is *-4.

Definition 2.7. The graph of the linear transformation 7 : H - H is the set of pairs

{o.To)l(¢ € D(1))}.

The graph of T, denoted by I'(7), is thus a subset of H x H which is a
non-Archimedean

Hilbert space with inner product ({@1,w1),{(@2,¥2)).

T is called a #-closed operator if I'(7) is a #-closed subset of H x H.

Definition 2.8. Let 7, and T be operators on H. If I'(T}) o I'(T), then T, is said to be
an

extension of 7"and we write 7, © T. Equivalently, 71 © Tif and only if D(T,) > D(T)

and T1¢ = To for all ¢ € D(T).

Definition 2.9. An operator T is #-closable if it has a #-closed extension. Every
#-closable

operator has a smallest #-closed extension, called its #-closure, which we denote by
#-T.

Theorem 2.1.1f T is #-closable, then I'(#-T) = #-I'(T).

Definition 2.10.Let 7' be a #-densely defined linear operator on a non-Archimedean

Hilbert space H. Let D(T*) be the set of ¢ € H for which there is an ¢ € H with

(Ty, ) = (y,&) forall y € D(T).

For each ¢ € D(T*), we define T*¢p = &. T* is called the #-adjoint of 7. Note that

¢ € D(T*) ifand only if |(Ty, )| < C|lw| for all y € D(T). We note that S < T implies

T < S*.

Theorem 2.2. Let T be a #-densely defined operator on a non-Archimedean Hilbert

space H.

Then:(i) T* is #-closed.

(ii) Tis #-closabie if and only if D(T*) is #-dense in which case T = T**.

(iii) If T is #-closabie, then (#-7)* = T*.

Definition 2.11. Let T be a #-closed operator on a Hilbert space H. A complex
number

A € *C# is in the resolvent set,p(7),if Al — T is a bijection of D(T) onto H with a



a finitely or hyper finitely bounded inverse. If A € p(T), R,(T) = (A[-T)"" is called
the

resolvent of T at A.

The definitions of spectrum, point spectrum, and residual spectrum are the same for

unbounded operators as they are for bounded operators. We will sometimes refer to

the spectrum of nonclosed, but closabie operators. In this case we always mean the

spectrum of the closure.

3. Symmetric and self-#-adjoint operators: the basic

criterion for self-#-adjointness.

Definition 3.1. A #-densely defined operator 7 on a non-Archimedean Hilbert space
is

called symmetric (or Hermitian) if ' < T*, that is, if D(T) < D(T*) and Tp = T*¢ for

all o € D(T).

Equivalently, T is symmetric if and only if (To,w) = (¢, Ty) for all ,w € D(T)

Definition 3.2. T is called self-adjoint if T = T*, that is, if and only if 7'is symmetric
and

D(T) = D(T™).

A symmetric operator is always #-closable, since D(T*) o D(T) is #-dense in H. If T
is

symmetric, 7* is a closed extension of T so the smallest #-closed extension 7** of T’

must be contained in T*. Thus for symmetric operators, we have

T c T** < T*.For #-closed symmetric operators,7 = T** < T* and, for self-adjoint

operators,7 = T"* = T*

From this one can easily see that a #-closed symmetric operator T is self-adjoint if

and only if 7* is symmetric.

The distinction between #-closed symmetric operators and self-adjoint operators is
very

important. It is only for self-adjoint operators that the spectral theorem holds

and it is only self-adjoint operators that may be #-exponentiated to

give the one-parameter unitary groups which give the dynamics in

QFT. Chapter X is mainly devoted to studying methods for proving that operators
are

self-adjoint. We content ourselves here with proving the basic criterion for
selfadjointness.

First, we introduce the useful notion of essential self-adjointness.

Definition 3.3 A symmetric operator T is called essentially self- #-adjoint if its
#-closure #-Tis self- #-adjoint. If T is #-closed, a subset D < D(T) is called a core for
Tif

F—TTD=T

If Tis essentially self-#-adjoint, then it has one and only one self-#-adjoint extension.



The importance of essential self-#-adjointness is that one is often given a nonclosed

symmetric operator 7. If T can be shown to be essentially self-#-adjoint, then there is
uniquely associated to Ta self-adjoint operator 7' = 7**. Another way of saying this is
that if 4 is a self-#-adjoint operator, then to specify 4 uniquely one need not give the

exact domain of A (which is often difficult), but just some #-core for 4

Chapter V. Semigroups of operators on a
non-Archimedean Banach spaces.
§1.Semigroups on non-Archimedean Banach spaces and

their generators.

A family of #-bounded operators {7(#)|0 < ¢ < «*} on external hyper infinite
dimensional

non-Archimedean Banach space X endoved with *RZ, - valued norm | -], is called a

strongly #-continuous semigroup if:

(@) T1T(0)=1

(b)  T(s)T(¢) = T(s+¢) forall s,z € *RY,

(c) Foreach ¢ € Xt » T(¢) is #-continuous mapping.

We will see that strongly continuous semigroups are the “exponentials,”

T(t) = Ext-exp(—tA), of a certain class of operators. .

We begin by studying a special class of semigroups:

Definition 1.1. A family {T(#)|0 < ¢ < «*} of bounded or hyper bounded operators on

external hyper infinite dimensional Banach space X is called a contraction
semigroup

if it is a strongly #-continuous semigroup and moreover ||7(2)||» < 1 for all ¢ € [0,00%).

Note that the all theorems about general strongly #-continuous semigroups are easy

generalizations of the corresponding theorems for #-contraction semigroups. Thus,

we study the special case first. We then briefly discuss the general theory and

conclude the section by studying another special class, #-holomorphic semigroups.

Proposition 1.1. Let 7(¢) be a strongly #-continuous semigroup on a

non-Archimedean Banach space X and set 4p = #-lim,.,, 0 4, where

D(A4) = {op| #-lim,,, o A, exists}. Then 4 is

#-closed and #-densely defined. 4 is called the infinitesimal generator of 7(¢). We will

also say that 4 generates 7(¢) and write 7(¢) = Ext-exp(—tA).

Proof.Let 7(¢) be a contraction semigroup on a Banach space X. We obtain the

generator of T(¢) by #-differentiation. Set 4, = ' (/ - T(¢)) and define

D(A4) = {p| #-lim.,, o A, exists}.
For ¢ € D(4), we define Ap = #-lim.., o 4;¢. Our first goal is to show that D(4) is
#-dense. For ¢ € X, we set



0, = Ext-j T(0)pd"t. (1.1)
0
For any r > 0, we get
T(r)p, = Ext- [ T(t+rpd't (1.2)
0

thus

Arps = —% (Ext— _[[T(z +7r)p — T(t)(p]d#t> =

0

-5 (Ext— I T(t)<Pd#t> + L (Ext- I T (t)cod#t)

From Eq.(1.3) one obtains #-lim,., 0 4,¢s = —T(s)p + ¢. Therefore, for each ¢ € X

(1.3)

and s > 0, ¢, € D(4). Since s™lp; >+ ¢ as »» 0, A is #-densely defined.
Furthermore, if o € D(4), then 4,T(t)¢p = T(1)A,¢p, so T(¢) : D(4) -~ D(4) and
#
L= T(0)p = ~AT()p = ~T(DAg (1.4)
A is also #-closed, for if ¢, € D(A), #-lim,_ .+ @, = ¢, and #-lim,__ .+ Ap, = v, then

#elim,., o Arg = #-lim,.., o#-1im,, [ —L(T()pa — 01) | =

#-lim,,, o #-1im,,_,.# % (Ext- I T (l‘)A(pnd#t> =
g (1.5)

#-1im,, o % (Ext— I T(t)y/d#t>

N

SO ¢ € D(4) and Ap = y.
The formal Laplace transform

- }L < = —(Ext— .([ (Ext-exp(=At))(Ext- exp(—tA))d*‘t) (1.6)

suggests that all u € *C# with Reu < 0 are in p(4). This is in fact true and the
formula (1.6) holds in the strong sense. For suppose that Re A > 0. Then, since
| Ext-exp(—tA)| < 1, the formula (1.7)



i

R = Ext- J.(Ext- exp(—At)) (Ext-exp(—t4)p)d"t (1.7)
0

defines a hyper bounded linear operator of #-norm less than or equal to (Re ).
Moreover, for r > 0,

ARp = —% (Ext— _[ (Ext-exp(—At) ) (Ext-exp(—(t + r)A) — Ext-exp(—tA) )(pd#t> =
0

oot

L= Ext-exp(Ar) (Ext- [ (Exi-exp(-1)) (Ext- exp(tA))god#t> n (1.8)

0

Ext-exp(hr) (Ext— [ Ext-exp(-21)) (Ext- exp(rA))wd#t>
0

soasr -4 0,4.Rp -4 (p — ARp). Thus Rp € D(4) and ARp = ¢ — ARp which
implies (A + A)Rp = ¢. In addition, for ¢ € D(4) we have ARp = RA¢p since

A(Ext- j (Ext-exp(—At))(Ext- exp(—tA))(pd#t> -
0
Ext- j (Ext-exp(—At))A(Ext-exp(—tA) )pd't = (1.9)
0

ot

Ext- j (Ext-exp(—At))(Ext-exp(—tA))Apd*t.
0

The first equality follows by approximation with external hyperfinite Riemann
sums (see [1]) from the facts that (Ext-exp(—At))(Ext-exp(—tA))¢ and
A(Ext-exp(—At))(Ext-exp(—tA)) are #-integrable, A4 is #-closed. Thus, for ¢ € D(A),
R(A+A)p = ¢ = (A + A)Rp which implies that

R=@Q+4)". (1.10)
The properties of 4 which we have derived are also sufficient to guarantee that 4
generates a contraction semigroup. In fact, we only need information about real
positive 4.
Theorem 1.1. (Generalized Hille-Yosida theorem) A necessary and sufficient
condition that a #-closed
linear operator 4 on a Banach space X generate a contraction semigroup is that
(i) (-0",0) <= p(4)
(i) [(A+4)71], for all 2 > 0.



Furthermore, if 4 satisfies (i) and (ii), then the entire #-open left half-plane is
contained in p(4) and

ot

(A+A) "o = —Ext- I(Exz-exp(—;tt))(Exz-exp(—tA))d#t (1.11)
0

for all p € Xand A with ReA > 0. Finally, if 7,(¢) and T»(¢) are contraction
semigroups

generated by 4, and 4, respectively, then T»(¢) = T,(¢) for some ¢ implies that
A + A,.

Proof. Since we showed above that conditions (i) and (ii) are necessary and that
(1.11)

holds, we need only show sufficiency. So, suppose that 4 is a #-closed operator on
X

satisfying (i) and (ii). For A > 0, define A® = 1 — A2(1 + 4)~!. We will show that as

A - o AW -, 4 strongly on D(4) and then construct Ext-exp(-t4) as the strong

#-limit of the semigroups Ext-exp(—tA™).For ¢ € D(4), AP ¢ = A(AL+ A4) ' Aep.

Moreover, by (ii),

#-1im,_ +[A(A+A) "o — @] = #-1lim,_+[-(A + A4)'Ap] = 0. (1.12)

By condition (ii) the family {A(1 + 4)~!|A > 0} is #-uniformly hyperfinitely bounded

in #-norm, so since D(A4) is #-dense, #-lim,_+«[A(A + 4A)'y] = w for all y € X.

Thus #-lim,_ .+ A® @ = Ag for all ¢ € D(4).Since 4 is hyperfinitely bounded, the

semigroups Ext-exp(—tA™)) can be defined by hyper infinite power series. Since

| Ext-exp(—tA™) ||, = ||(Ext-exp(=At))(Ext-exp(tA*(A + 4) ™) ||, <

#

S A (1.13)
< (Ext-exp(—/lt))(Ex;. %H(l_i_A)—l |Z> <1
n=0 :
they are contraction semigroups. For all u,A,¢ > 0, and all ¢ € D(4), we have
[Ext' eXp(—tA(/'L))](p _ [EXZ‘-CXp(—tA(“))](p _
(1.14)

Ext- I d* (Ext-exp(—sAM ) ((Ext-exp(—(t — s)AP))p)d"s
g d*s

SO,



I[Ext-exp(~tA™)] — [Ext-exp(~tA“)]o||, <
t
Ext- I | (Ext-exp(—sA™))((Ext-exp(=(t = )A)N | |4Wo — 4P| d*s < (1.15)
0

< t|AWo —AWg],.

We have used the fact that Ext-exp(—t4™®) and [Ext-exp(—(t — s)4™)] commute
since {4AW|A > 0} is a commuting family. Since we have proven above that
#-lim,_ .+ AP @ = Ap,{Ext-exp(-tA™)} is Cauchy as A - o« for each ¢ > 0 and

¢ € D(A). Since D(A) is #-dense and the Ext-exp(—tA™)) are uniformly hyperfinitely
bounded, the same statement holds for all ¢ € X. Now, define

T(t)p = #-1im,_ .+ [Ext-exp(—tA™)p]. (1.16)

7(¢) is a semigroup of contraction operators since these properties are preserved

under strong #-limits. The above inequality shows that the #-convergence in
Eq.(2.16)

is uniform for ¢ restricted to a hyperfinite interval, so 7(¢) is strongly #-continuous
since  Ext-exp(—tAW) is. Thus, T(¢) is a contraction semigroup.lt remains to show that
the

infinitesimal generator of 7(¢), call it Z, is equal to 4. For all ¢
and ¢ € D(A4),

t
[Ext-exp(—tAM)p] — @ == |:Ext—|:J.Ext- exp(—s4A™) :|A(Mq)d#s:| (1.17)
0

so, since #-lim,_ .+ AM¢p = Ap, we have
t
() — ¢ = —[Ext— j T(S)A(pd#s]. (1.18)
0

Thus, Z,q) -4 Ap ast -4 0. Therefore D(Z) > D(4) and A I D(4) = A. For A > 0,

(12 + A)7! exists by hypothesis and (/l +Z> B exists by the necessity part of the
theorem.

§2 Hypercontractive semigroups

In the previous section we discussed £%-contractive semigroups. In this section we
will

prove a self-adjointness theorem for operators of the form 4 + V" where Vis a

multiplication operator and 4 generates an £%-contractive semigroup that satisfies a

strong additional property.

Definition 2.1. Let (M, u*) be a #-measure space with u*(M) = 1 and suppose that 4



is a positive self-adjoint operator on £2(M,d*u*). We say that Ext-exp(—tA4) is a
hypercontractive semigroup if:

(i) Ext-exp(—tA) is £i-contractive;

(i) for some b > 2 and some constant C;, there is a T' > 0 so that

| Ext-exp(—td)o |, < Chll@ll, for all ¢ € LE(M,d*u*).

By Theorem X.55, condition (i) implies that Ext-exp(—t4) is a strongly #-continuous
contraction semigroup for all p < «*. Holder’s inequality shows that

1l < 11, 2.1)

if p > ¢. Thus the X£%-Spaces are a nested family of spaces which get smaller as p
gets

larger; this suggests that (ii) is a very strong condition. The following proposition
shows

that b plays no special role.

Proposition 2.1. Let Ext-exp(—t4) be a hypercontractive semigroup on £3(M,d*u*).

Then for all p,q € (1,%%), there is a constant C,, and a ¢,, > 0 so that if 7 > #,, then

IExt-exp(~tA)p|l, < Cpqlipll, for all ¢ € L5,

Proof. The case where p < ¢ follows immediately from (i) and (1). So suppose that
p > q. Since Ext-exp(—t4) : £2 - £} and Ext-exp(—t4) : £3" - £3" the generalized
Riesz-Thorin theorem implies that there is a constant C so that for all » > 2,

| Ext-exp(—td)e|l,. < Cllo|l,,,- We now consider two cases. First, if ¢ > 2 we choose
n large enough so that 2(5/2)" > p. Then ||Ext-exp(—nTA)(p||2(b/2),, < Cll¢l, so the

conclusion follows if 2 < ¢g,p > 2(b/2)", by using (1), and hypothesis (i). If 1 < ¢ < 2,

then we choose n large enough so that 2(6/2)" > p and ¢ > ¢ where

¢+ (2(b/2)")~! = 1. Since 4 is self-adjoint and Ext-exp(-nTA)¢ is a bounded or
hyper

bounded map from £3 to £2"?" (Ext-exp(—nTA))* = Ext-exp(-nTA) is a bounded or

hyper bounded map from £$ to £2. Thus Ext-exp(—2nTA) is a bounded or hyper

bounded map from £¢ to £3?". Since ¢ < ¢ < p < 2(b/2)", (1) implies the
proposition.

Theorem 2.1. The operator -4 d*/d*x? + xd*/d*x on £} (*R?, x;" Ext-exp(—x?)d*x)

is positive and essentially self-adjoint on the set of hyperfinite linear combinations of

Hermite polynomials, and generates a hypercontractive semigroup.

As a preparation for our main theorem, we prove the following result.

Theorem 2.2. Let (M, u*) be a #-measure space with u*(M) = 1 and let H, be the

generator of a hypercontractive semigroup on £2(M,du). Let V be a real-valued

measurable function on (M, u*) such that V e £L(M,d*u*) for all p € [1,%") and

Ext-e™ e LL(M,d*u*) for all t > 0. Then H, + V is essentially self-#-adjoint on

C*"(Hy) N D(V) and is bounded below, where C*"(H,) = Mpent D(HY).



Proof First define

V., .
0 otherwise

) { V(x) if V(0| < mon e N 0.2)

Then H, = Hy + V, is #-self-adjoint on D(H,) by the generalized Kato-Rellich
theorem.

We will first derive various uniform bounds on Ext-exp(tH,) as a map from £% to £Z.

We then use these bounds to prove that Ext-exp(tH,) #-converges strongly to

a one-parameter #-self-adjoint semigroup 7(¢) on £3(M,d**) , so that T(¢) is
generated

by a semibounded #-self-adjoint operator H. Finally, we show that H is essentially

#-self-adjoint on C*"(Hy) N D(V) and equals Hy + V there.

Part I. For any ¢ > 0, sup,||Ext-exp(tH,) | ,, < «" and is uniformly bounded in ¢ in any

#-compact subinterval of [0, 0").

To prove this statement, notice that if V'(x) < 0, then V,(x) > V(x) so

Ext-e™""® < Ext-e~"® On the other hand, if V(x) > 0, then V,(x) > 0 so that

Ext-e™""®) < 1.Thus,Ext-e”""® < Ext-e™"® + 1 forall x, so that

V(%) _po—tV(x)
|Ext-e™" " ||, < [|Ext-e™"™ ||, + 1.

0 otherwise

- { Vx), V()= 0 03)

Vo =V-V,, then | Ext-exp(-tV(x)) | ,, < 1and ||Ext-exp(—tV_(x))||,,and is
monotone

increasing; the uniformity statement follows easily.

Part Il. Let p < ¢ be given. Then for each ¢, there is a constant C, (depending on

g,p € N*, and ¢ but independent of n € N*) so that for all ¢ € £,

| Ext-exp(-tt,)p |, < Cillo .

For fixed p and ¢, C, is uniformly bounded for ¢ in a #-compact subinterval of [0, ).

Notice that this is a fairly weak result since p < ¢, but the conditions on 7 are so
strong

that it will be sufficient when we need it in Part IV.

Let 4,, = [(Ext-exp(—tH,/m))(Ext-exp(-tHo/m))]" ,m € N

First we will show that ||Am(p||#p < C/lo ||#q and then use the generalized Trotter

product formula. Let » satisfy »! + ¢g~! = p~! Then we can write the map 4,, as



Ext-exp(t/mH Ext-exp(t/mH, 114161y Ext-exp(¢/mH,
q Ex E(,m(’) ;qu P(mn);e(mrJrq) 5(, 0)

I# # - # # #

Ext-exp(t/mH,
—

) 27
Each of the maps Ext-exp(t/mH,) is a contraction since Ext-exp(tH,) is a
hypercontractive semigroup. And by generalized Holder’s inequality, each of the

maps
Ext-exp(—t/mV,) has #-norm less than or equal to || Ext-exp(¢/mV,) | ,,,. Thus

l4n@lly, < |Ext-exp(-=timV)olly,, < o,

Furthermore,

1/mr 7] m
| Ext-exp(—t/mH,)o||%, . = (Ext- J. Ext- exp(tVnr)> = ||Ext-exp(tV) ||,
M

so we conclude that
[4Am@ll,, < [ Ext-exp@Va) 4 @]l

By the generalized Trotter product formula 4,, - Ext-exp(—tH, )¢ for all ¢ € £3. But,
by the weak-* #-compactness of the unit ball in £% , 4,,¢ also has a weak-x #-limit
point v in £% with |y Iy, < I Ext-exp(eVa) |l l@ |l . A little #-measure theory now

shows

fo

to

that we must have y = Ext-exp(—tH, ). This proves the bound. The uniformity
llows

similarly to the uniformity in Part I.

Part lll. There is a constant E, independent of n € N*, so that

| Ext-exp(—tH, )¢ ||, < Ext-exp(E) [ @l -
We first show that
(Ext-exp(—THy)) (Ext-exp(—2TV,))(Ext-exp(—THy))

is a bounded map from £3 to £2 with bound D € R? independent of n € N*. Since H,

is hypercontractive, Ext-exp(—TH,) is a bounded map (with bound D; € R¥) from X3

£2. By generalized Holder’s inequality, Ext-exp(-2TV,) is a bounded map from £3 to

L3

with bound || Ext-exp(—2TV,) || ,, = ||Ext-exp(~8TV,) | 1 < (|| Ext-exp(-8TV) ||, + 1)

by

Part |. Finally, Ext-exp(—TH,) is a contraction on £2 so

(m’lr’lJrq’l )71 Ext-exp_()t/mHn) i (m’lr’1+q’l )71

—



| (Ext-exp(=THy))(Ext-exp(=2TV,))(Ext-exp(=THo)) |l , < D.
Thus, by generalized Segal’s lemma,
| Ext-exp(=2T(Ho + Vi) |l, < D

or
Ext-logD
2T
Part IV. Let ¢ € £2(M,d" ). Then T(¢)¢p = lim, .+ Ext-exp(—tH,) exists and T(¢) is a
strongly #-continuous semigroup of #-self-adjoint operators satisfying
I7(5) || , < Ext-exp(Et). Further, there is a unique #-self-adjoint operator H satisfying
H > —E so that T(¢) = Ext-exp(-tH). We begin by expressing Ext-exp(-tH, )¢ for
¢ € L}
by generalized Duhamel’s formula:

-E <

Ext-exp(—tH, )@ = Ext-exp(—tH, )¢ +

’ (2.4)
+Ext- I(Ext- exp(—(t—u)H,)) (Vi — Vi) (Ext-exp(—uH,,) ) pd*u.
0

This formula (2.4) holds because both sides applied to a vector in D(H,) solve the

same first order #-differential equation. Since H, is #-self-adjoint on D(H,), the

semigroups are equal. Now suppose ¢ € £3" and let ¢ be fixed. Then by Part Il we
can

find a constant K so that || (Ext-exp(—uHn))¢ |l s < Kill@ll .+ for all m € N* and all

u € [0,¢]x. We can also find K, so that

” (EXt' CXp(—(f - u)Hn))l// ” #2 < K ” 4 ” #4

for all n € N* and all u € [0,7]«. Finally, by generalized Holder’s inequality, V,, — V,,
has

#-norm ||V, — V|l ,c @s @ map from £§ to £4. Thus by generalized Duhamel’s
formula,

|| (Ext-exp(—tH,) )¢ — (Ext-exp(—tHn))@ |y, < KiKot||[Vin = Vil yg 1w Il e

Since V, {’E‘ V, (Ext-exp(~tH,,))e is Cauchy in £%; so we can define
T(t)p = lim,_, .+ (Ext-exp(—tH,) ).

By Part lll, {Ext — exp(—tH,,)} are uniformly bounded for ¢ in #-compact subintervals

of [0,0%) so an &/3 argument shows that (Ext-exp(—tH,))¢ #-converges for all
e L3

Similarly, since the #-convergence for ¢ € £3" is uniform on #-compact ¢ intervals,
T(r)

is a strongly #-continuous semigroup. We now define H to be the infinitesimal
generator

of T(¢). Since each Ext-exp(—tH) is #-self-adjoint, H is symmetric. But Ext-exp(—tH) is



a

semigroup bounded by Ext-exp(tE) so —E — 1 € p(H). By the fundamental criterion, H
is

#-self-adjoint. The bounds follow immediately from Part Ill.

PartV. Let D = {¢| ¢ = Ext-exp(-tH)y for some y € £ }.Then, D < £4 N D(H,).H
is

essentially #-self-adjoint on D, and if ¢ € D then Hp = Hop + Vo.

£%" is dense in £2, so by the generalized spectral theorem, we know that D is

#-dense
in £3. Also, by the generalized spectral theorem, it is easy to see that the set

(H +1)[D],
is £L2-#-dense, so H is essentially #-self-adjoint on D. Now, suppose that
¢ = Ext-exp(-tH)y € D. By Part Il,Ext-exp(—tH)y € L% and by using generalized
Duhamel’s formula similarly to the above, one can show that {Exz- exp(—tH,Jyx}jff1
is Cauchy in £%. Since ¢, = Ext-exp(—tH, )y 4 ¢ we conclude that ¢ € £% < D(V).
Further, since 1, ﬁ V, we have V,p ﬁ Vo.Now, let £, () = Ext-exp(—tH,) and f(¢) =
= Ext-exp(—tH). Then £,(¢) and f{¢) are #-analytic in the #-open right half-plane of C*
and by Part ll, ||,(0) ||, < Ext-exp((Re?)E) uniformly in n € N*. Since f,(1) -4 A1),
n - o on the real axis R#, we conclude by the Vitali type #-convergence theorem
that
£.5(0) >4 f*(¢) strongly, uniformly on #-compact subsets of the #-open right
half-plane
of C*. It follows by the generalized Cauchy integral theorem that £," (1) —& f"#(¥)

strongly,
i.e., H,p, -+ Hp,n - oo” Therefore, Hyp, = (H, — V), -+ (H—V)p,n - «*. Thus,
@ € D(Hy) and Hp = Hop + Vo.
Part VI. H, + V' is essentially #-self-adjoint on C*"(Ho) N D(V).
By Part V, H, + V is essentially #-self-adjoint on D(H,) N £% If. Let v € D(Ho) N L4

and
define v, = Ext-exp(—Ho/n),n € N*. Then by the generalized spectral theorem

v, € C*(Ho) and Hoy, -4 Hoy. But, since Ext-exp(—tH,) is hypercontractive,
4 2
v, € L£Liand y, g v. Thus, My, g Vy. Therefore
#
D(Ho) N L4 < D((Ho+ V) | C*"(Ho) N X% .Since £4  D(V),H, + V is essentially
#-self-adjoint on C*"(H,) N D(¥).This concludes the proof of Theorem 2.2,

Chapter VI. Singular Perturbations of Selfadjoint
Operators on a non-Archimedean Hilbert space.




§1. Introduction

We study the sum 4 + B of two #-selfadjoint operators on a non-Archimedean

Banach spaces, and we find sufficient conditions for C = 4 + B to be #-selfadjoint.

Our technique is to approximate B by a hyperinfinite sequence of bounded
#-selfadjoint

operators B,,n € *N and so to approximate C by #-selfadjoint operators C, = 4 + B,,.

We answer three questions separately:

1.When do the operators C, have a #-lim C? 2.When is C a #-selfadjoint operator?

3.Whenis C = 4 + B?

In Theorem 8 we give a set of estimates on the relative size of 4 and B which

ensure a positive answer to all three questions. Hence these estimates show that

A + B = Cis #-selfadjoint. In another paper [5], we use Theorem 2.8 to prove

the existence of a self-interacting, causal quantum field in 4-dimensional

space-time. Formally this field theory is Lorentz covariant and has non-trivial

scattering; this application was the motivation for the present work.

In order to investigate the meaning of #-lim,.+» C,, we give a new definition for

the strong #-convergence of a hyperinfinite sequence of operators. Consequences

of this definition

are worked out in Section 2. In Section 3 we give estimates on operators C,

which are sufficient to ensure that the #-lim,.-, C, = C exists and that C is maximal

symmetric or #-selfadjoint. This result is given in Theorem 5 and Corollary 6.

In Section 4 we investigate whether #-lim,..-, C, = Cis equal to 4 + B.

We combine this work in Theorem 8, our second main theorem, where B is

a singular, but nearly positive #-selfadjoint perturbation of a positive #-selfadjoint

operator 4. To illustrate this theorem, let 4 > I and let B be essentially #-selfadjoint
on

D* =, D). (1.0)
Assume now that, for some > 0 and some «,
AP B4~(0-P) and APBA* (1.1)

are #-densely defined, bounded operators. Also, for some positive a,& € *R%,
satisfying 2a + ¢ < 1, suppose that there is a constant » € *R? such that, as bilinear
forms on D x D,
0<ad+B+b (1.2)
and
0 <gA?+[A"2,[AV2,B]] +b. (1.3)

Then 4 + B is #-selfadjoint.
We see from this example that neither the operator B nor the bilinear form B
need be bounded relative to A.



While it may not appear evident, the conditions (1.1)-(1.3) are closely related
to a more easily understandable estimate on D* x D¥,
A?> + B%’c(A+B)* +c. (1.4)
In fact, estimates (1.1)-(1.3) are chosen because they allow us not only to prove
(1.4),
but also the similar inequality where B is replaced by B,.
Let us now see that if 4 + B is #-selfadjoint, then (1.4) must hold for every
vector in D(4 + B) = D(4) N D(B).
Proposition 1.1. Let 4 and B be #-closed operators. Then 4 + B is #-closed if and
only if there is a constant ¢ € *R¥ such that for all v € D(4 + B)

Ayl + 1By, < 14+ By ll, +clvll, (1.5)

and (1.5) is equivalent to (1.4) on D(4 + B) x D(4 + B).
Proof: Certainly (1.5) implies that 4 + B is #-closed. Conversely, assume that
A + B is #-closed and introduce the #-norms on D(4 + B) = D(A) N D(B),

lwily 2 llwll,+ 14y, + 1By, (1.6)
and
lwily, 2 lyll,+ 14 +By]., (1.7)

Then D(4 + B), ||| ,, is a non-Archimedean Banach space because 4 + B is
#-closed.
The identity map from D(4 + B), || +|| ., to D(4 + B), || -] ,, has a #-closed graph

because
A,B, and 4 + B are c#-losed. By the #-closed graph theorem, the identity map is

#-continuous; hence
Iy iy < cllylly,. (1.7")
Proposition 1.2.Let 4 > I, B be #-selfadjoint operators with D* < D(B) and
suppose (1.2) and (1.3) hold. Then (1.4) is valid on D* x D¥,
Proof The operators 42, B2,4B,BA, and 4">*BA'? define bilinear forms
on D* x D*, Using (1.2) and (1.3), we have the inequality:
A?>+B?* = (A4 +B)?> —24'"2BAV> —[AV2 [A"> B]] < (A+B)>+ (Qa+¢g)A>+24b+b
which establishes (1.4).

§2. Strong #-Convergence of Operators

Let £(C) be the graph of the operator C. For any hyperinfinite sequence
{Cy},n € *N
of #-densely defined operators we define

L+w(C) = {¢, xlp = #-lim,sc @y, ¢ € D(Cy), x = #-lim,xes Cry ). (8)



In general, £+, will not be the graph of an operator. If the hyperinfinite sequence
{Cy}, n € *N#-converges strongly on a #-dense domain D to an operator C*,
namely,

Cry = #-lim,- Cpw,y € D,

then £, is the graph of some operator C*. In particular, if each C, is self #-adjoint,
and if the C, #-converge on a #-dense set D to an operator C defined on D,

then £+, = £+,(C+») and C+, is a symmetric extension of C.

Definition 2.1. G #CONVERGENCE. The hyperinfinite sequence of operators
C.,n € *N #-converge strongly to C-, in the sense of graphs, written

Chp =46 Cro (8")

if £+ is the graph of a #-densely defined operator C-, .
Remark 2.1.Note that for a hyperinfinite sequence of uniformly bounded operators
{C} e SUCh that C, 46 C+, C+ is the usual strong #-limit of the operators

C,,n € *N and is everywhere defined.

Definition 2.2.R #-CONVERGENCE. Let the resolvents R, (z) = (C, —z)~',n € *N
exist for some z € *C#, and be uniformly bounded in n. The operators C, #-converge
strongly to C- in the sense of resolvents, written

Cyp =#r Cro (8"

if the resolvents R,(z) #-converge strongly to an operator R(z), which has a
#-densely

defined inverse.

Remark 2.2.Note thatln that case, the operator C+,, = R™!(z) + z exists for all z € *C#

for which the strong #-limit of the R, (z) exists, and R~!(z) + z is independent of z.

Remark 2.3.Note that G #-convergence is weaker than R #-convergence, in the case

C, = C; at least, because, as we shall show, in this case C, »# C-. implies

C, »s6 C. It seems likely that G #-convergence is strictly weaker than

R #-convergence; this could be established by giving an example for which

Cr = Cy =46 C+» With C+, not maximal symmetric. The importance of

G #-convergence is that it is technically easier to verify-and gives less information

about the #-limit-than R #-convergence, while automatically selecting the correct

domain in the case that R #-convergence also holds. The most familiar examples of

G #-convergence occur where there is C, strong #-convergence on a #-dense
domain.

A less trivial example occurs where there is D(C,) is independent of », but
apparently

D(C) N D(C,) = {0}

We have the following connection between G and R #-convergence for a
hyperinfinite



sequence of #-selfadjoint operators.

Proposition 3.Let C,,n € *N be #-selfadjoint.

(a) The domain D+, = {¢y{¢,x} e L+, for some ;(} is #-dense in H and oniy if
C, -4 C+»,and in this case C- is necessarily symmetric.

(b) If R,(z) = (C, —z)~',n € *N #-converges to a bounded operator R(z) for an
unbounded set of z's with ||zR, (z) || , bounded uniformly inz € *C? and n € *N
and if C, »4¢ C+»,then each R(z) is invertible.

(c) If R,(z) #-converges to an invertible R(z), then C, —»4 C.

(d) If C, -4 C,then C,, »46 Cro, L+ = L(C),and C is maximal symmetric.

(e) Conversely, if C,, -4 C, where C is maximal symmetric, then C,, -4 C.

In case the #-limit of the C,,n € *N is actually selfadjoint, there are further
connections between G and R #-convergence.

Theorem 4.

(@) Cy —»4¢ C,and C = C*.

(b) C, —>ur C, and C = C*.

(c) The hyper infinite sequences {R,(z)} and {[R.(z)]"},n € *N #-converge
strongly and #-lim,+» R,(z) is invertible for some z.

(d) Statement (c) holds for all non-real z € *C#

§3.Estimates on a G #-convergent hyper infinite

sequence

In this section we give estimates which are sufficient to assure that it G #-convergent
sequence of operators is R #-convergent, and that the limit is maximal symmetric or
selfadjoint. In order to measure the rate of #-convergence, we introduce a selfadjoint
operator N > [ and the associated non-Archimedean Hilbert spaces H, with the scalar
product

W, W)y, = Ny, N2y, (3.1)
By standard identifications we have for A > 0 : H, < Hy < H_; and H, = H.
If D : H, - Hp is a #-densely defined, bounded operator from H, to Hg, we let
||D||#a’ﬁ denote its #-norm. Setting | D||, = || D||,,, we obtain

1Dy, 5 = INPEDN=2]. (3.2)

Let C,,n € *N be a hyper infinite sequence of #-selfadjoint operators, and consider
the following three conditions.

(i) Suppose that C, — C,, is a #-densely defined, bounded operator from H,to H_,,for
some A,and that as n,m - *«

”Cn = Chn ”#JL,—)L -4 0. 3.3)



(i) Suppose that, for some p and for an unbounded set of z = x + iy € *C% in the
sector |x| < const x |y|,

IRa@) |, < M), (3.4)

where the bound M(z) is uniform in n € *N.
(iii) Suppose that, for the above z’s,

IRu@) |, < M. 3.5)

Theorem 5. Let C,,n € *N be a hyper infinite sequence of #-selfadjoint operators
with a common domain, such that
C, —uc C.
If conditions (i) and (ii) hold, then
Cn —»ur C
and C is maximal symmetric.
Corollary 6. If in addition to the hypothesis of Theorem 5, condition (iii) also holds,
then C is #-selfajoint.
Remark 3.1.(1) If = 0 in (ii), then the resolvents #-converge uniformly.
(2) If the C, are uniformly semibounded from below, then we may choose
the z in condition (ii) to be infinite large negative numbers. In that case the
conclusion
of Theorem 5 is that C, —»4x C = C*.

§ 4.Estimates for singular perturbations

In this section we consider a singular perturbation B of a #-selfadjoint operator A.
We give estimates on B which ensure that the sum 4 + B is #-selfadjoint.
Abbreviation 4.1.We abbreviate 4% instead #-A.

Definition 4.1. A #-core of an operator C is a domain D contained in D(C) such
that C = (C| D)*.

Lemma?7.letA4,4,,n € *N,B,B,,n € *Nand C, = 4,+B,,n € *N be

#-selfadjoint operators with a common #-core D. Assume the hypotheses of
Theorem 5 and Corollary 6 for C,,n € *N and suppose also that, for 6 € D,

(A =40, + I1(B=Bx)O|l, >+ 0a@asn — *oo (4.9)
and
||A,,0||i + ||B,,0||i < const. ><||9||§é + const. ><||C,,0||i, (4.10)
with constants independent of n. Then 4 + B is #-selfadjoint and C,, -4 4 + B.
Remark 4.1.As hypothesis for our next theorem, our second main result, we

assume
that N < 4 and that N and 4 commute. Let

D™*(4) = [,con A(A™) 4.11)



the elements of D"*(4) are called C™* vectors for 4. Assume that D**(4) is a #-core
for the #-selfadjoint operator B. Also assume that, as bilinear forms on D™ x D™,
and for some « and ¢ in the indicated ranges,

0<aN+B-+const.,0<a<1/2 (4.12)
and
0 < g4? + const x B+ [4"2,[AY?,B]] + const.,2a + € < 1. (4.13)

Let B be a bounded operator from H, to H_, and from H, to Hp for some «,  and
v, > 0 (H, is defined following Theorem 4.) If v > 2, assume that forall ¢ > 0

0 < eN#2 4 [N@D2 [NWD2 B] + const. (4.14)

as bilinear forms on D** x D", for some p > v —2.
Theorem 8. Under the above hypothesis, 4 + B is #-selfadjoint.

Chapter V.
§1.Free scalar field

oof
Let H” be a #-complex Hilbert space over field C# and let F (H*) = @ H”

n=0

(where HY” = @ H*) be the Fock space over H*. Our goal is to
k=1

define the abstract free field on F,(H"), the Boson subspace of F (H"); to do this we
need to introduce several other families of operators and some terminology. Let
fe H" be
fixed. For vectors in HY” of the formn =y, @ y» ® - - - ®y, we define a map b=() :
(n) (n-1)
H;" - Hy by

b=(Nn = Fy)y2® -+ Qva) (1)
b~(f) extends by linearity to finite linear combinations of such n, the extension is well
defined, and [|b=()nl| < |[fiIx|Inl|. Thus b~(f) extends to a bounded map (of norm ||f]])

of

HY" into H,ﬂ"‘l). Since this is true for each n (except for n = 0 in which case we
define

b=(f) : Hff) - 0), b=(f) is in a natural way a bounded operator of norm ||f| from &F (H*)
to

F(H"). Itis easy to check that b*(f) = (b-(f))* takes each HY” into H""" with the
action



b*(m=fRy1®@y2® -y, 2)
on product vectors. Notice that the map f+— b*(f) is linear, but f — b= (f) is

antilinear.
#

Let S, be the symmetrization operators introduced in Section I1.4. Then S = @8, is
n=0

the projection onto the symmetric Fock space & ,(H*) = @ S,H*™ We will write
n=0

S, H* ™ = Hi" and call Hi" the n-particle subspace of &F,(H"). Notice that b~ (f)
takes

F;(H") into itself, but that 5*(f) does not. A vector ¥ = {1//(“}:; for which y ™ = 0

for all except finitely many » is called a finite particle vector. We will denote the set of

finite particle vectors by F. The vector Q, =(1,0,0,...) plays a special role; it is

called the vacuum.

Let 4 be any self-adjoint operator on H” with domain of essential selfadjointness D.

Let D4 = {¥ € Foly™ e ®}_, D for each n € N*} and define dI'*(4) on D4 N H{"
as

AT (A) =AQI++ QI+ IQAQ +++ QI+ ++++Q[++- QIR A. (3)

Note that dI'*(4) is essentially self-adjoint on D, ; d'#(A4) is called the second

quantization of 4. For example, let 4 = I. Then its second quantization N = dI'*(J) is

essentially self-adjoint on F, and for y € Hi"), Ny = ny. Nis called the number

operator. If U is a unitary operator on H*, we define dI'*(U) to be the unitary

operator
on F,(H") which equals Ex-®"_, U when restricted to H:"” for n > 0, and which

equals
the identity on H/Y . If Ext-exp(itA) is a #-continuous unitary group on H”, then
['*(Ext-exp(itd)) is the group generated by dI'*(4), i.e., ['*(Ext-exp(itd)) =
Ext-explitdl#(A)].
Deinition1.1. We define the annihilation operator a~(f) on F ;(H*) with domain F, by

a(f) = JN+1b(f) 4)

a~(f) is called an annihilation operator because it takes each (n + 1)-particle
subspace into the r-particle subspace. For each v and n in Fy,

(WN+Tb(y.n) = (v.Sb*(NJIN+T). (5)
Then Eq.(5) implies that
(@ ()1 Fo=Sb*(HIN+T (6)
The operator (a (f))" is called a creation operator. Both a~(f) and a ()" | F, are

#-closable; we denote their #-closures by a~(f) and a~(f)* also.
Example 1.1. If H* = L§(M,d" ), then @, L5(M,d* 1) = Li(xL, M,®", d*u) and that



S, LM, d" ) = L5 (<1, M,®", d*u),where L is the set of functions in L which
are invariant under permutations of the coordinates. The operators a~(f) and a (f)*
are given by

a Ny D(my,...,m,) = Jm(Ext- J.M]”(m)l//(””)(m,ml,...,mn)d#u)
a(f) v ™ (m, my) = LZ" Ami)y @D (m, i M) @
yeas My i _ Slm N /PR 7
where ii; means that m; is omitted. If 4 operates on L;(M,d* 1) by multiplication by
the
*R#-valued function w(m), then

@A) m,oma) = (D00 00m) )y @ my, ..., my) (8)
Eq.(6) implies that the Segal field operator ®%(f) on F, defined by
%) = Z=la (D +a ()] 9)

is symmetric and essentially self-#-adjoint. The mapping from H” to the self-#-adjoint
operators on F ;(H") given by

R X0 (10)
is called the Segal quantization over H”. Notice that the Segal quantization is a real
(but not complex) linear map since /'~ a~(f) is antilinear and /'~ a=(f)* is linear. The
following theorem gives the properties of the Segal quantization.

Theorem 1.1. Let H” be hyper infinite dimensional Hilbert space over field

*C. = *R? + i*R*¥and ®%(f) the corresponding Segal quantization. Then:

(a) (self-adjointness) For each /' € H” the operator ®%(f) is essentially self-adjoint on
Fo,

the hyperfinite particle vectors.

(b) (cyclicity of the vacuum) Q, is in the domain of all hyperfinite products

[T, ®5().n e N

and the set {J ], ®5(/))Q |fi and n arbitrary} is #-total in & ,(H").

(c) (commutation relations) For each v € Fp and f,g € H”

[®5(NDE(g) - PEDEN ]y = iIm(fg) oy (11)
Further, if W(f) denotes the external unitary operator Ext-exp(i®%(f)) then
W(f+g) = [Ext-exp(%) :|W(f) W(g) (12)

(d) (#-continuity) If {fn}fjlis hyper infinite sequence such as #-lim,_.: f, = fin H,
then: (i) #-lim,,_.« W(f, )y exists for all y € F,(H*) and

#-lim,, o W(fa)y = Wy (13)



(ii) #-lim,,_,..» ®L(f, )y exists for all y € F and
#-1im,,_.» DL (f)y = O5(Ny. (14)
(e) For every unitary operator U on H*, T#(U) : D(CI)S(f)> - D(W} and for
y € D(®(UY))
T*(O)@ENTHU) 'y = ®S(UNy (15)
for all f € H”.

Proof. Let v € H!™. Since @ 5 1 Fo - Fo, wisin C*"(®%(f)). Further, it follows
from Eq.(5)-Eq.(6), and the fact that |6~ (/)||= |If], that

la* v |, < (Ext-TTe, Jp+ ) A5, (16)
where a*(f) represents either a~(f) or a(f)*. Therefore,
[ @Dy ||, < 252G+ DA I, (17)

Since Ext-y_, " 2¥2((n + K)1) "2 |fIl£llw ||, < *oo for all £,y is an #-analytic vector
for ®%(f). Since F, is #-dense in F;(H") and is left invariant by ®%(f) is essentially
self-adjoint on F, by generalized Nelson’s analytic vector theorem (Theorem ).
The proof of (b) is obviously.
To prove (c) one first computes that if y € Fy, then

a~(Na~(g)'y —a (@) a(Nvy = (Lgv (18)
Eq.(11) follows immediately. Although Eq.(11) and Eq.(12) are formally equivalent,
Eq.(11) by itself does not imply Eq.(12) We sketch a proof of Eq.(12) which uses
special properties of the vectors in Fo.Let y € Hi?’. Then

05N @) "y I, < 202 (Ext- H"“" Jo )Gl v, (19)

which implies that hyper infinite series Ext—Z o Llespn @) vl /ntm!)
#-converges for all € *R*.Since y is an #-analytic vector for ®%(g),

Ext-Z ((ld) (g)™)m)y = (Ext-exp[i®%(g)])w.Further, for each n € N,
(Ext-exp[i®%(g)])w is in the domain of ((I) (f)) since any finite and hyperfinite sum

(0}
Exteoxp Z (®4e)") (g) )
with M e N* is in it and ®%(f)” (Ext- . 0((zd) (g) )/m')l[l) #-converges as M — oo,
Thus the estimate Ext-zw il (1050 " @%()"w || /ntm! )"t < o shows that
(Ext-exp[i®%(g)]) is an #—analytlc vector for ®%(f) and therefore can be computed

by
the external hyper infinite power series. Thus

oo# oot (I) (())
(Ext-exp[i®5(/)]) (Ext-exp[i®5(g) )y = Ext-> " " 0um=0 (l (f);!f;! 5)”

(20)



Similarly one obtains
(Ext- exp[—ﬁlm«, e D(Ext- explit®i(f+ g)])y =
n Om 0 n'm' |:( Im(fg)H#) (ltq)g'(f—i_g)) :|

where the hyper infinite series in RHS of Eq.(21) #-converges absolutely. Direct
computations using Eq.(11) now show that Eq.(12) holds by a term-by-term
comparison of the #-convergent external hyper infinite power series.

To prove (d) let v € Hi® and suppose that #-lim, .« f, = fin H?. Then

D5y — @5 Il < J2(k+ 1) [Ifa =yl (22)

S0 #-lim,,_» ®L(f,) = ®4(f). Thus, ®5(/,) #-converges strongly to ®%(f) on F,.
Since Fy is a core for all ®%(f,) and ®%(f), Theorems VII1.21 and VIII.25 imply that
#-1im,,_, .« (Ext-exp[it®@%(f,) Jv) = Ext-explit®@%(f) |y for all y € F (H?).

To prove (e), let n € H*™ be of the formn = y; ® - - - ®y,,. Then
TH)b~(HF*U) ' = THU)D (NU 'y @+« + ®U4wn> -

HFO)EU Ty DUy @+ QU yy) = (Uw1) (W2 ® ++ - ®wy) = b (U

Since finite linear combinations of such n are dense in H*™ and »~(g) has norm
lgll, we conclude that T*(U)b~(HT*(U) ™' = b~ (Uf). But N and S commute with
I'*(U) so this immediately implies that T*(U)a~ (HT*(U)™' = a~(Uf) on F,. Taking
adjoints and restricting to F, we also have I'*(U)(a™ () *T*(U)™" = (a~(Uf))*.
Thus for y € Fo, T*(U)®E(HT*(U) 'y = ®%(Uf)y. Since the operators on both the
right- and left-hand sides of this equality are essentially self-#-adjoint on F,, we
conclude that T#(U)@H(NTH(U)™ = @L(UY).

Remark 1.1. Henceforth we use ®%(f) to denote the #-closure of ®%(f).

Definition 1.1. Foreach m > 0,m € *R” . let

¢ fin
H; ={p € "R¥p-p=m?po >0}, (23)

where p = (p°,—p!,—p?,—p?).The sets H7,, which are called mass hyperboloids, are

invariant under °£!. Let j,, be the #-homeomorphism of H% onto *R* (or in the case

m = 0 onto *R¥\{0}) given by j. : (po,p1,p2.p3) — (P1,p2,p3) = p. Define a
#-measure QF on H7, by

(21)
Ext—

QO (E) = Ext- j __d% (24)

juiey AP+ m?
for any measurable set £ — H,. The measure Q,(E) can easily be seen to be
o £l invariant. In fact, up to a constant multiple, QF, is the only o ¢! invariant
measure
on H* . Furthermore, every polynomially bounded °£!-invariant measure on 7, is
the
sum of a multiple of § and an integral of the measures Q},. We state this fact as a



theorem.

Theorem 1.2. Let u* be a polynomially bounded #-measure with support in 7, . If u*
is  “£l-invariant, there exists a polynomially bounded #-measure p on [0,0%) and a

constant ¢ so that for any f € S#(*R#*)

Ext- | A = f0) + Bt | : d#p#(m)(Ext- j% fd#Qi). 5)

Theorem 1.3.

We can now use the Segal quantization to define the free Hermitian scalar field of

mass m. We take H” = L4 (H},,d*Q)},,), where Hf,,m > 0, is the mass hyperboloid in

*R# consisting of those p € *R# satisfying p - p —m? = 0 and py > 0, and d*Q,

is the Lorentz invariant #-measure.

For each /'€ S*(*R*) we define Efe H* by Ef = 2r4f | HY, where the Fourier
transform

Q)™ (Ext— J.<Exp- exp[i(p . 56) ])f(x)d#4x) (26)

is defined in terms of the Lorentz invariant inner product p - X. The reason for the

extra /274 in our definition of £ and the plus sign in the definition of Fourier
transform

is that if /is the distribution f{x) = g(x)8%(s), then /2% f is the ordinary
three-dimensional

Fourier transform of g. If ®%(-) is the Segal quantization over L4 (H},,d*Q,,), we
define

for each *R#-valued f € S*(*R#*)

D} (f) = OY(ES). (27)
For *C#-valued function f € S*(*R#*) we define
D (f) = @} (Ref) + i@}, (Imf) (28)

The mapping /'~ ®% (/) is called the free Hermitian scalar field of mass m.
On L5(H%,d*Q,,) we define the following unitary representation of the restricted
Poincare group:

(Un(a, M) () = (Exp-exp[i(p+ @) ] )w(A™'p) (29)
where we are using A to denote both an element of the abstract restricted Lorentz
group
and the corresponding element in the standard representation on *R§ = R*.
Remark 1.3. Recall that a #-conjugation on a Hilbert space H” is an antilinear
#-isometry C* so that C* = 1.
Definition 1.2. Let H” be a *C#-complex Hilbert space, ®%(+) the associated Segal
quantization. Let C* be a #-conjugation on H* and define Hf., = {|C*f = f}. For each
/€ H.: we define ¢*(f) = @%(/) and 7*(f) = ®%(if). The map f — ¢*(f) is called the



canonical free field over the doublet (H*,C*) and the map /' +— =*(f) is called the
canonical conjugate momentum. We often drop the (H*,C*) and just write H" if the
intended #-conjugation is clear.
Remark 1.4.Note that the set of elements of H” for which the maps f +— ¢*(f) and
f— m*(f) are defined depends on the #-conjugation C*.
Theorem 1.4. Let H* be a *C#-complex Hilbert space with #-conjugation C*. Let

¢*(+) and 7*(-) be the corresponding canonical fields. Then:
(i) Foreach fe Hii,¢"(f) is essentially self-adjoint on Fy.
(i) {o*(NIf € HL+} is a commuting family of self-adjoint operators.
(iii) Qo is a #-cyclic vector for the family {¢*(|f € Hf+}.
(iv) If #-lim, .« f» = fin Hf.,then

#-lim,_.+ 0" (f,)v = o*(Hy forall y € F,
and
#-lim,,_ .« (Exp-exp[io” (f,)w) = Exp-exp[io”(f)]y for all y € F,(H")

(v) Properties (i)-(iv) hold with ¢*(f) replaced by =*(f).
(vi) Iff,g € H,, then

" (N7 (@ — " (@) (Nv = i(f,v (30)
forally € Fy and
(Exp- exp[ ip*(f) :|> ( Exp- exp[ in*(g) :|> =
(Exp-expli(f,2)]) (Exp exp[ m#(g):D (Exp exp[ lgo#(f):D

Proof. (i) and (iv) follow immediately from the corresponding properties
of ®(+) proven in Theorem 1.1. To see that {p*(f)|f € H}..} is a commuting family,
notice that (12) implies

( Exp- exp[ itp*(f) :|> ( Exp- exp[ isp*(g) ]) =
(Exp-exp[—itsIm(f,2)]) ( Exp-exp| isp*(g) :|> ( Exp-exp| ito*(f) ])

where we have used the fact that ¢*(-) is real linear. If ;g € Hf., then it follows
from polarization that (f,g) = (C*f,C*g) = (g,f),s0 Im(f,g) = 0. Thus

( Exp-exp[ ito*(f) ]) ( Exp-exp[ isp*(g) ]) =
( Exp-exp[ isp*(g) ]) ( Exp-exp| itp*(H) ])

for s and ¢. Therefore, by Theorem VIII. 13, ¢*(g) and ¢*(f) commute.

The proof of (b) is similar to the proof of (a). (X.70) and (X.71) follow immediately
from

(X.64), (X.65), and the fact that if /,g € HZ,, then Im(f;ig) = Re(f,g) = (£, g).

Definition 1.3.We write / € £3(H},,d*Q%,,.) as fipo,p) and define now the
#-conjugation by (C*f)(po,p) = flre,—p).

(31)

(32)

(33)



Remark 1.4.Note that C* is well-defined on L£4(H%,,d*Q, ) since (po,p) € HE, if
and only if (po,—p) € H?. C" is clearly a #-conjugation.

Definition 1.4.We denote the canonical fields corresponding to C* by ¢*(-) and
n*(+) and define ¢ (f) = ¢*(Ef) and = (f) = n*(uEf),n = |p? + m? for *R#-valued
fe L(*R#), extending to all of L(*R#*) by linearity. In terms of a=(f),

oh(N = {la (EN)" +a (C'EN}IVZ,
() = i{(a (EN)" +a (C"uEN}IV2.

Remark 1.5.Note that the a’s in these last formulas differ from those most often
used in discussing the free field and that the correct space-time free field is ®% and
not ¢#, as we will discuss below, ¢# and =%, are useful for discussing the time-zero
field. The maps /'~ %, (f) and f ~ =% (f) are complex linear and ¢%,(f), 7% (f) are
self-adjoint if and only if Ef € HZ..

Because of the projection £ we can extend the class of functions on which ¢%,(-) and
n%(+) are defined to include distributions of the form 5(z — #9)g(x1,x2,x3) where

g € *R¥ . In particular, if z = 0,g is *R#-Ivalued, and Ext-g is the usual Fourier
transform on *R#3, then

(34)

(C*E8 ) w0, ) = @r) "2 = (274)*2(-p) = Ebg, (39)
Thus E(8g) and uE(5g) are in HL... Therefore ¢% (5g) and 7}, (5g) are self-adjoint if
g € L(*R?) is real. For obvious reasons, the maps g » ¢%(5g),g » =% (5g) are
called the time-zero fields. From now on we will only use test functions of the form
dgin ¢f(+) and =% (+) and write ¢# (g) and r#,(g) if g € S**R¥ instead of ¢%(5g) and
7 (58).
If fand g are *R#-valued functions in L(*R#), then
(X.70) implies that for v € Fy,

o mh@ly = i( B[ T0)REMEIV%, ). (36)

For convenience and also so that our notation coincides with the standard
terminology,

we now transfer the fields we have constructed from the Fock space built up from
L5(HE,dQ% ) to the Fock space built up from £5(*R#). For notational simplicity, we
define for f € L4(HY,,dQ%,,)
a'(f) = (a= ()", a(f) = a (C*). (37)
First notice that each function f{p) € £5(H%,dQ%,,) is in a natural way a function
fp) = fu(p),p) on *R%. For each f € LE(H},,dQ% ), we define
UNP) = flu(p),p)/ ulp) - (38)

J is a unitary map of £3(H%,dQ,,) onto £5(*R#), so T'*(J) is a unitary map of



F (LE(HE,,dQYL)) onto F(L5(*R#)). The annihilation and creation operators on
F(L5CR#)), F(+), T’ (), are related to a(-) and a'(-) by the formulas

-~ ﬂp) — F#(J) (f)r#(J)—l
a( JH(p) ) ‘

a'[ LR ) - rrya ()
’ (,/Mp)) ’

We use the unitary map I'#*(J) to carry the Wightman fields over to F ((£5(*R#*)) by
defining:(i) for *R’  -valued f e L{, (*R%)

(39)

D(f) = THND (ATHI) ! =

1 i (40)
7 {<C N ) ( )
-valued f e L% (*R#)

0, =T N@u (AT =

e«
V2 JE JE

where C” = JC*J! acts by (é#g> (p) = g(—p). Having established this
correspondence,

we now drop the ~ and the bold face letters; from now on we will only deal with the
fields

on F(L5(*R#)) and three-dimensional momenta. Further, we recall that the
restriction of

the four-dimensional Fourier transform that we have been using in this section to

functions of the form 6(x¢)g(x1,x2,x3) the usual three-dimensional Fourier transform.

Notice that

(ii) for *R?

cfin

T = Ext-h,h = (C*) (42)
so C*f = fif and only if fis *R*-valued.
For fand g *R#-valued, (36) becomes

(04D 75(@] = i( Ex- [ fer)gtx) )aPx (43)

(43) is the space form of the canonical commutation relations (CCR).
In the Appendix to this section we prove that for each m > 0, this representation of
the

CCRis irreducible and for different m, the representations are inequivalent. Thus,



the
time-zero fields in the free scalar field theories give rise to different representation of
the
CCR.
As a final topic before turning to interacting fields we will show how the structures
developed above are related to the “fields” and “annihilation and creation
operators” introduced in physics texts. We let now

DS’;’ﬁm ={yly € F(),ll/(n) € Sﬁn(*R?”),n e N} (44)
and for each p € *R#* we define an operator a(p) on F,(£5(*R#)) with domain
Ds# by

fin

(a@)y) ki, ... ka) = S+ Ly ™D (p, k... k). (45)
The adjoint of the operator a(p) is not a #-densely defined operator since it is given
formally by

@ @) k... k) = ﬁ 50— kTP ki, kit ki k). (46)
i=1
However, a’(p) is a well-defined quadratic form on Dys x Dy . For example, if
vi = {0,y 0,...}and vy, = {0,0,y@,0,...}, then
(v @)y) = = { Bt [y @i O + @Ry Ol Jatka . @)
Remark 1.1.Note that the formulas
a(g) = Ext- [ a(p)g(-p)d’p (48)
and
a'(g) = Ext-[  a'(p)g(p)d”p (49)

hold for all g € S;,(*R#?) if the equalities are understood in the sense of quadratic
forms. That is, (48) means that for y1,y> € Dg: we have

(y1,a(@y2) = Ext-_[*w (v1,a@)y2)g(-p)d*=p (50)

and similarly for (X.76b).
Since a(p) : Dy —~ Dy: the powers of a(p) are well-defined operators on D g .

As before we can write down a formal expression for (a'(p))”, but it does not make
sense as operator, only as *C#-valued quadratic form on Dys x Dy .

Notice that
(y1,(@'P)"'v2) = ((aP))"vi,v2) (51)

so for each n, (a’(p))" and (a(p))" are formally adjoints in the sense of *C#-valued



quadratic forms. We could of course have defined the quadratic form (a'(p))" by
(50)
and then calculated that it arises by taking the n-th power of the formal object given

by
(45). Since a(p1) : Dy~ Dy, (y1,a'(p2)a(p1)y2) is a well-defined *C#-valued

quadratic form for all (p,,p,) € *R#* x *R#. Notice, however, that
(yv1,a(p1)a’(p2)w2) does not make sense since a’(p,) is only a quadratic form. In
general any product ]_[ji‘1 a(f;) is a

well-defined operator from D to D,: and ]—[fjl a'(f;) is a well-defined quadratic
form on Dy x Dys . Thus

N> Ny
(wl( |1 aT<p,~>> (Haf(—p»)w) (52)
i=N1+1 i=1

is also well-defined *C#-valued quadratic form on Dy: x Dy: . One can check
directly that if f € £ (*R#?) then as *C#-valued quadratic forms

Ny Ny
( I1 a*(ﬂ))(Ha*(ﬁ)) =
i=N1+1 i=1

N> Ny N> (53)
EXt- '[*R#SNZ ( H aT(pi)> (H a%(_pi)> (Hﬁ(pl)>d#pl' * 'd#pNZ
¢ i=Nj+1 i=1 i=1
and
N = Ext- j at(p)a(p)d'p (54)
*R#;B
The generator of time translations in the free scalar field theory of mass m is given
by
Ho = Ext- [ u(p)a' (p)a(p)d’p (54)

H, is called the free Hamiltonian of mass m. (52), (53), and (54) involve no formal
manipulations, but are mathematical statements about quadratic forms.

Theorem X.44 Let n, and n, be nonnegative integers and suppose that

W e I%(*Rf“””””). Then there is a unique operator Ty on & ,(L4(*R#)) so that
Dy: < D(Tw) is a core for Ty and

(a) as *C#-valued quadratic forms on Dys % Dy

TW = Ext'J'*R%(nle) W(kly-..,knlapla-.-,pn2)<H aT(ki)> (H a(pi))d#nlkd#HZP (55)
¢ i=1 i=1

(b) If m; and m, are nonnegative integers so that m, + m, = n; + n,, then



(1 +N)™™2Tw(1 + N)™2? is a bounded operator with

11+ N)™ 2Ty (1 + N)722 || < COmi,m2) [ W] g5 (56)
In particular, if m; = n; and m, = n,, then

I(L+N) ™2 Ty(L+ N) ™22 || < COma,ma) [ W] g (57)

(c) As *C#-valued quadratic forms on Dys x Dy

fin

ni

v = Ext- LWW W(kl,...,kn,,pl,...,pn2)<]_[a*(k,~)> (H a(pi)>d#”1kd#"2p (58)
¢ i=1 i=1

() If W, >4 Win ;Cﬁ(*ﬂ%f“"‘*’“)), then T, —4 Tw strongly on D .

(e) Fy is contained in D(Tw) and D(Tj,), and on vectors in Fy, Ty and T}, are given
by the explicit formulas

(Twy) =" = K(n1,n2)8 x

(59)
[Ext‘ .'.*R#3"2 W(klo e ak}’lppl) e apl’lz)l//(l)(pla oo 9pn27kn1+15 . akn1+l—n2 )d#nzp}
(Twy)" =0ifn<n; —ny
(Tiy) ") = K(Lna,n1)S x
) ) (60)
[Ext‘ I*R#3("1) W(kla' . '9kn15p17' . '7pn2)l//( )(kla' . '7kn17pn2+19 oo apn2+l—n1 )d nlk}
(Tyw)" = 0if n < ny —n; where S is the symmetrization operator and
12
| — |
K(l,m1,m2) {”””“ ”?'J - (61)
(( = n2)!)
Proof. For vectors in D : , we define Ty by the formula (X.82a). By the Schwarz
inequality and the fact that S is a projection,
| @) || < Komina) @ 12 (62)

If we now define an operator T7y, on D by using the formula in (62),
then for all ¢ and y in D one easily verifies that (¢, Twy) = (T, v).
Thus, Ty is #-closable and Tjy is the restriction of the adjoint of 7 to D .

From now on we will use Ty to denote Ty and T3, to denote the adjoint of 7.
By the definition of 7, D : is a #-core and further, since Ty is bounded on the

I-particle vectors in Dy , we have Fo  D(Tw). Since the right-hand side of (59) is

also bounded on the [-particle vectors, (X.82a) represents Ty on all [-particle
vectors.

The proof of the statements in (e) about 73, are the same.

To prove (b), lety € Dy . Then by the above computation



|| ((1 +N)_m‘/2TW(1 +N)—rnz/2l//)(l—nz+n1) || 2 <

|: K(Z,nl,nz)

2 2 2 (63)
O w
(1+1—ny+n)™?1 +1)™"? :| [y QN

so that

| @+ My 21 Wy ) ) | <

[ K(Ln1,n) (64)

sup

(41— +m)" (1 +1)™"> Jllw) | < Clmy,m2) |y @ |7
leN —n2 1

where

C(my,my) =sup K(l’nl’nfz) - "
oy L+ l=ny+n)"™ (1 +0H)™

since m; +my = n; +ny. In all the sup’s only / so that / — n, + n; > 0 occur since

the other terms are annihilated by the action of Ty. Thus, (1 + N)™"2Ty(1 + N)™"

extends to a hyper bounded operator on & ;(H*) with norm less than or equal to

C(mi,my). lf my = ny and m, = ny, then C(m,,m;) = 1.

To prove (d) we need only note that if y = (0,...,y",0,...) € Dy: and W, -4 Win
£,

then

(65)

1 Tw,y = Twy || = |(Tw,-m)y |l < K(Lny,n2)[|Wa = Wiyl (66)

where #-lim,_ .« K(I,n1,n2) || W, — W|||lw | = 0.

Since D consists of finite linear combinations of such vectors, we have shown
that

Ty, #-converges strongly on Dy to Ty if W, »4 Win £3.

To prove (a) lety 1,2 € Dy with yy = (0,...,y™0,0,...) and v =
,...,yD,0,...).

Then, if W = (T, fitk:)) (T, gi(k:)) the definition of the form

(TT, @' k) (T17, aiCki)) shows that
wy, Wkt kn 1, Piy ) X

Wi, Twy2) = Ext-j ,
e (67)

<W L <H7:11 aT(ki)> <Hln:21 ai(ki)>l//2>d#”‘kd#”2p

Since both sides of (X.83) are linear in 7, the relationship continues to hold for the
all
such W’s that are hyperfinite linear combinations of such products. Since

<W1’ (H::l af(kl_)> <H7:21 al.(ki)>1//2> IS ;Eg(*lRﬁ%(nwnz)) (68)



and since (d) holds, both the right- and left-hand sides of (X.83) are continuous
linear

functionals on *R*“'*") Since they agree on a #-dense set, they agree
everywhere.

Finally, (68) extends by linearity to all of Dy x D g: .

This proves (a); the proof of (c) is similar. |

Finally, we note that as quadratic forms on D, we can express the free scalar field

and the time zero fields in terms of a' (k) and a(k) :

D x(x,t) =
3
T [ AExeep(up)— ipn)]a’ () + [Ext-exp(- u(,;)mpx)]a(p)}L (69)
(2my ) o 2u(p)
Pha) = =z [ {[Exi-exp(-ip)]a’(p) + [Ext-explipm) ()} ——L—  (70)
@)™ e V2u)
wha) = o [ {(Ext-exp(-ipx))a’ (o) ~ [Ext-explipx)la(p)y | L2 ap. (71)

(271'#) plsx

5.2.0%-space representation of the Fock space

structures
In this section the construction of O*-space and L;(Q*,d" 1), another representation
of the Fock space structures are presented. In analogy with the one degree of
freedom case where F#(*R?) is isomorphic to L;(*R#,d*x) in such a way that ®g(1)
becomes multiplication by x, we will construct a #-measure space (Q*, u*), with
p(0*) = 1,and a unitary map S : FE(*R¥) - L5(0* d*u) so that for each f € HE,,
Se*(H)S-! acts on L5(Q,d*u*) by multiplication by a #-measurable function. We can

then
show that in the case of the free scalar field of mass m in 4-dimensional space-time,
V = SHi(g)S™! is just multiplication by a function 7(¢) which is in L5(Q,d"u) for each

p € N*.Let {£,}*", be an orthonormal basis for H* so that eachfn e Hf. and let
{g}.»N € N¥ be a finite or hyperfinite subcollection of the {fn} . Let Py be a set
of

the all external hyperfinite polynomials Ext-Plu,,...,ux] and F% be the #-closure of
the
set
{Ext-P[p"(g1),...,0"(gv)]IP € Py} (1)

in F#(H*) and define F}) = F% N Fy From Theorem X.43 (and its proof) it follows



that
0" (gx) and r#(g)), for all 1 < k,1 < N are essentially self-adjoint on F} and that

(Ext-explitp*(gi)]) (Ext-explisn*(g1)]) =

(2)
(Ext-exp[—istdu]) (Ext-exp[isn®(g;)]) (Ext-exp[ito* (gi)]).
Thus we have a representation of the generalized Weyl relations in which the vector
Q, satisfies ([¢*(gx)]” + [7*(gx)]* — 1)Qo = 0 and is #-cyclic for the operators
{go#(gk)}gzl,N e N*. Therefore there is a unitary map sV Fh - L5(*R*N) so that
~ ~ -1
S(N>¢#(gk)(S<N)> .
(3)

<M 4 T\ 1 g*
5" r(en(3") - 15

N
§(N)QO = ﬂ;NM {Ext— exp|:—<Ext- Z xz_,%> :|} (4)
k=1

It is convenient to use the Hilbert space

2
L (*[Rﬁw, ﬂ;N/zd#Nx{Ext- exp|:—(Ext- Ziv:] XTI‘) :|}>

instead of Li(*R*") so let d*u; = ;" exp(—x2/2) d*x; and define

(TH(x) = nﬁ“[Exz- exp(Ext- > ’62—%) :l/(x). (5)

Then T'is a unitary map of Li(*R#Y) onto L{ (*R#, Ext-[ ], d*u} ) and if we let
s™ = 18" we get

and

SM : FY - Lg(*RﬁN,Ext-Hszl diul),
sMo*(g)(8™) " = x.

W) # W™\ Xk 1 _d*

S (gk)<S ) -t o

S(N)Q0 =1,

(6)

where 1 is the function identically one.Note that each uj has mass one, which
implies that



<Q0, (Ext- ]_[2]:1 Pk[¢#(gk)]>Qo> =
[ (BeeTT), Pilead) (Bxt-TTL, d'u) =

REV (7)
Ext-T1, | Poeddiuf = Bx-TT), [ (Qu.Pilo*(201Qy),
RE RE

where Py,...,Py are external hyperfinite polynomials. This formula (7) can also be
proven by direct computations on F#(H").
Now it is easy to see how to construct (O*, d*u*). We define 0 = x¥', *R#. Take the
o”-algebra generated by hyper infinite products of #-measurable sets in *R# and set
= @, ui.We denote the points of 0% by ¢ =(g1,4>,...). Then (Q*,d*u*)is a
#-measure space and the set of functions of the form P(g:,q2,...), where P is a
polynomial and n € N* is arbitrary, is #-dense in £5(0*,d*u*). Let P be a polynomial
in N e N* variables

! !
P(xk,y...,xky) = Ext- Z ClydnX Ry 5 - s X Ry (8)

and define

S: P(¢#(fk]),...,¢#UkN))Q0 - P(qklo---oqu)- (9)
Then

P((P#(fkl )’ ERE) (p#(ka))Q() = Ext- Z Clam(QO’ (p#(fkl )11+m1 IERRR) (p#(ka)[N+mNQO) =
/ m

N (10)
Ext-Y ctm [ qii™ ---qfme<Exr-Hd#uz> = [1PGs . oxiy) P!
I m i=1

*[RiN Q#

by (X.92) and the fact that each u} has mass one. Since Q, is cyclic for polynomials
in the fields (Theorem X.42), S extends to a unitary map of F#(H") onto

LIQ", d" ).

Clearly
Sp*(f)S™ = g« and SQ, = 1. (11)
Theorem 1. Let ¢}, (), x € *REV'RY ;. be the free scalar field of mass m (in
4-dimensional space-time) at time zero. Let g € L{(*R*) N L5(*R*) and define
Hixa(2) = 20 [ 2(0): @ha()* P, (12)

where A(x) € *R¥ A(x) ~ 0. Let S denote the unitary map of F#(H") onto
L5(Q%, d" )
constructed above. Then V' = SH;,.,1(g)S™" is multiplication by a function V,.,(q)



which
satisfies:
(@)  Via(g) € £5(0%,d"u*) for all p € N*,
(b)  Ext-exp(~tVi.(q)) € L{(Q*,d*u*) for all t € [0,00).
Proof. We will prove (a). By Eq.() we get
3

b )= —L1 Ext-exp(—ipx)]a’ (p) + [Ext-exp(ipx)]a d’p . (13
Pha) = s VL{[ PCIPla )+ [Ext-exp(plap)} 2o (13
Then ¢}, (x) is a well-defined operator-valued function of x € *R#. We define
: o (x)* : by moving all the a"’s to the left in the formal expression for ¢, (x)*.
By Theorem X.44 : q)ff,,x(x)“ : is also a well-defined operator for each x € *R#* and
: ot (x)* : takes F, into itself. Thus for each x € *R?,

(D) = 0 () + ()@ (x) + do(x) (14)
where the coefficients d>(x) and do(x) are independent of x. For each x € *R#3,
Se! . (x)S7! is just the operator on #-measurable space £%(Q*,d*u*) which operates
by
multiplying by the function

#

Ext—ch(x,x)qk (15)
k=1
where
cr(x,x) = 2ry) " (fi Ext-exp(ipx) (u(p)) ). (16)
Furthermore,

Ext- Y Jex(e, ) = @) [ () || (17)
k=1

so So?, . (x)*S7'and Se?, . (x)*S™! are in £5(0%,d*u*) and the £5(Q*,d*u*) norms are
uniformly bounded in x. Therefore, since g € L4(*R*), SH;,..(2)S™! operates on
L5(0%,d* u*) by multiplication by an £5(0*,d*u*) function which we denote by

Vi (q).
Consider now the expression for H;,(g)Q,. This is a vector (0,0,0,0,y®,0,...)

Ag(o)[ Ext-exp(=ix 3% pi) |d®x
l//(4)(p19p29p39p4) = Ext' I [ 7 <4 i=1 22] _
*R#3 (27[#) Hizl(zﬂ(pi))

_ g (Z?:l k’)
Qra) " [T, Cu@))"?

(18)




where p;| < x,1 < i < 4.We choose now the parameter A = A(x) = 0 such that
ly @1, € R, thus

||H[,X,)L(7‘)(g)QO||2 € [Ra (19)
since [|Hixix)(2)Qqll, = lw®1l,. But, since SQ, = 1, we get

HH],x,/l(x)(g)Qo ||2 = ||SI‘11,%,A(><)(g)S_1 “ii(Q#.d#u#) = | Vx,)t(x)(Q) ||£§(Q#,d#u#) (20)

From (19) and Eq.(20) we get that || V1t (q) ”;ag(g#,d#u#) is finite. It is easily verify that

each P(q1,q2,-..,q9,),n € N* is in the domain of 7, ,)(¢) and

SH 00 (@)S™ = Viaw (@)
on that domain. Since Q, is in the domain of [H;,,)(g)]” forall n € N*, 1 is in the
domain of [V, 10 (q)]" for all n € N*. Thus, for all n € N, V, ;) € £4,(0%,d"u*). Since
(0% < o, Viaw € Li(0,d*u?) for all p < oo*.

Chapter VIII. A non-Archemedean Banach algebras and
C;-Algebras.
§1. A non-Archemedean Banach algebra B(H*)

§1.1. Basic Properties

Definition 1.1.An linear operator 7 on a non-Archemedean Hilbert space H* is a
linear map H* - H*.We can define a #-norm by
17V,

([

(1.1)

IT]l, = sup,ep (o)

if supremum in RHS of (1.1) exists.

This is a #-norm since

1. By definition of the #-norm on H?*, it is always positive.

2.Wehavethat T=0 o Vv e H Tv =0 < Vv € H* \ {0},
7Vl

=0< ||T]|,=0.
VIl #
ATV || | 7v||
3. AT, = sup,ep g0y —1—7—= IAISUPyeppn g0y = = A/ T
v, vl ,
| T+ Tov|| [Tl , + [ T2vl
4. Ty + Tally = sup,epm 00 — = < SUP,epi g0 - £ <
v, vl
| T1v]] | T2v||
< SUPyept 0} W + SUP e 0} W =Ty l, +I T2l
# #

Definition 1.2. Let 4" be a non-Archemedean Hilbert space over *C#. A linear map
A:  H" - H"is called bounded in *R% operator iff || 4], < *.

Definition 1.3. Let /" be a non-Archemedean Hilbert space over *C#. We denote by

B(H") the set of all bounded in *R? operators 4: H* - H*.

Definition 1.4. Algebra 4 is called an algebra over *C# if it is a vector space over



and a binary map - : 4 x A - A Satisfying:
1. Left distrubitivity: Vv,w,u € A[((v+w) cu=veu+w- w]
2. Right distrubitivity: Vv,w,u € A[v-(w+u) =v.w+v-u]
3. Vv,w e A,Va,p € *Chlapv - w = (av) - (bw)]
We note that B(H*) is an algebra over *C? where for 4,8 € B(H*),/\ € *C% we
define:
JA: H* - H' v v JAv
A+B:H" - H' v > Av+ By
A+B:H* - H* v » AB((v))
In B(H*) we have the #-adjoint operator. This maps each 4 to the unique 4*
such that for all v,w € H* we have (4v,w), = (v,4*w),. We denote the adjoint of an
operator 4 by A* and define the adjoint of a subset M < B(H*) by
M* £ {4* € B(H") | A € M}. The adjoint has the following key properties:
Lemma 1.4. Adjoint Properties (Algebraic)
VB,A € B(H") we have
1. A* always exists is unique.
2. If 4 is bounded in *R¥ then 4* is also bounded in *R?.
3. A** = 4 (Involutivity)
4. |4l =147 1l,
5. If 4 is invertible, A* also is, with (4*)™! = (471)*
6. (4 +B)* = A* + B*,(A4)* = 14"
7.(AB)* = B*A*
8. 474l =l41,
Proof. 1. Let x € H* and consider the bounded in *R? linear functional /1 H* —» *C%,
fv) = (4v,x), we have ||f]| < ||4]|, llx]l,. By generalized Riesz representation
theorem there exists a unique y € A" with f(v) = (v,y),Vv € H*. So we set A*x = y.
Then for any y,z € H* and Va € *C! we have:
W, A*(ay +2)), = (Av,ay +z), = AV, y), +{Av,z), = K((v,A*y), + (v, A*z), =
= (v,ad*y + A*z), Vv € H". In particular, if we choose v = 4*(ay +z) —ad*y + A*z,
we see that [|v], =0 = v =0 = 4*is linear.
2. Following from 1. we have
lAazxll, = lyll, = WA, < 140,11,
3. We can see this as
(A**v,w), = (v,A*w), = (Av,w),Yv,w € H".
4. Combining the estimate from above and involutivity, we have
4™ N, < l4* 1, < 1141, = 14 .
So we must have equality everywhere.
5. We have (v,(d™)*4*w), = (A"'v,A*w), = (447 'v,w), = (v,w), Vv,w € H".
Hence, (47!)*4* = 1. The argument for 4*(47!)* = 1 is the same.



6. This follows clearly from conjugate linearity in the second argument of an inner
product.

7. This is clear since, (4Bv,w), = (Bv,A*w), = (v,B*4*w), Yv,w € H".

8. For this we have ||T||§é = SUP ||x||4 =1 ||Tx||f¢ = SUP ||x| 4 :1|(Tx, Tx>#| =

sup x|, =1 KT Tx, )|y < supjxy, <1 | 7* x|, llx ||, = |17 T'll ;. But also,

17T, <IT N NTIl, = ||T||§, and so there is equality everywhere.

§1.2 Types of Operators

Definition 1.2.1. 4 is called normal if A*4 = 4A4*.

Definition 1.2.2. 4 is called positive if 4 = B*B for some B € B(H")

Definition 1.2.3. 4 is called self #-adjoint if 4* = A.

Lemma 1.2.1. Let 4 € B(H"). Then 4 = A, +i4, where 4, and 4, are both self
#-adjoint.

Proof. Let 4, = AEA* Ay = %

It is then clear from basic algebra.

Definition 1.2.4. U is called unitary if U*U = UU* =

Example 1.2.1. If U'is unitary, we have Vh,k € H,(h,k), = (Uh,Uk),.This is
because (Uh, Uk), = (h,U*Uk), = (h,1k), = (h,k),.

Definition 1.2.5. 4 is called isometric if A*4 = 1.

We also have a relaxed definition, a partial isometry.

Definition 1.2.6.4 is called a partial isometry if it is an isometry on the orthogonal
complement of it's kernel,i.e.A*Av = v,Vv € Ker(4)* =

= {v € H'|(v,w), = 0,Vw € Ker(4)}.

Definition 1.2.7. p € B(H") is called a projection if p = p* = p?.

Example 1.2.2. Consider H#* = [5(*N) the set of all square summable *C#-valued
series. An example of a projection would be:

pn:H? > H? (ay,a,,..... JAn,dni1,an2...) + (ai,az,...,a,,0,0,....).

We see this is self #-adjoint as (p.a,b), = Ext-3_j_ arbi = {a,p.b), and idempotent
as p; = pa.

Lemma 1.2.2. Multiplication and #-norm property

VA,B € B(H"),|l4-Bll, < 4] ,IBI,

Proof. For all h € H*, we always have the estimate AR\, < Al lI7] .,

Using this we have

4B, = supnerr oy |(AB) N /1Rl = suprer oy |ABR) || /Il 21l

< suppernqoy |4, 1BAN /AN, = 11414 1IB1,

Lemma 1.2.3. (B(H"),|+||,,) is complete, i.e. if (4,).en © B(H*) is cauchy with
respect to the operator #-norm ||| ,, it #-converges in #-norm to some element

A € B(H").

Proof. Let (4,).+n be cauchy with respect to the operator #-norm. This means that




Ve(e 0,6 >0)IN € "Ny [n,m > N = Ay —Aull 4 < €].

In particular then |4, || is bounded above, say by K € *R?.. Now fix v € H* and let
N,m,n € *N,, be as before. We have that

|40y = Ayl < 14w = An VI < VI,

Hence,(4,v).-~ is cauchy in H*. By completeness of H*, we have a #-limit and can
define A:H* - H* v — #-lim,.+» 4,v, this is our candidate for our #-limit.

A is linear since (by algebra of #-limits)

A(ov +w) = #-lim, .+ Ap(av + w) = a (#-1im,+0 4,v) + #-lim, 50 Ayw = adv + Aw
and bounded in*R#, because

A, = #elim e | Ayl = #limi e |40 |, < #elime [ Aul] 0], < K01,

Hence, 4 € B(H*). Finally we show convergence in #-norm. Fix ¢ ~ 0,¢ > 0 and let
N € *N, be as in the definition of cauchy. If » > N we have:

14— Aully = supuy,-1 [ limpes (A — AV, <

Sup v =1 #-lim oo || (A — An)v [ VI, < #limyee = €.

Definition 1.2.8. 4 € B(H?") is #-compact if for all bounded subsets g of H* the
image of A4 restricted to g has #-compact #-closure:

A € B(H") #-compact < Vf bounded , #-Af is #-compact.

We denote by K*(B(H*)) the set of all #-compact operators in B(H").

Lemma 1.2.4. A is #-compact iff

V(va)aex bounded = (4v,)qex has a #-convergent subsequence.

Definition 1.2.9. For 4 € B(H") the rank R(4) of 4 is the dimension of the range of

Lemma 1.2.5. If 4 has rank N € *N, then we can write

A() = Ext=3_u<n0n{*, Va)ywn Where {v,} ey, {Wn} ey © H {00}y < *C

Proof. This follows immediately from the generalized Riesz representation theorem

noting that if {w,}.<v forms a basis of A(H#*), then (4 -,w,), is a linear functional

H" - *C%. So for some v,,,(4 ~,wa), = (+,va), SO setting a, = 1/||w,|l, we have

A= Ext-Zn On(A s Wn),wn = Ext-ZnSN On*s Vn)uWa.

We denote by F#*R(B(H")) the set of hyperfinite rank operators in B(H").

Lemma 1.2.6. Any operator with hyperfinite rank is #-compact

Proof. Say 4 has hyperfinite rank, then if (v,).ex is bounded, then (4v,)4ex IS
bounded,

and lies in a hyperfinite dimensional Hilbert space. By generalized Bolzano
Weirstrass

theorem [1], we have that it omits a #-convergence subsequence so by lemma 1.2.5,

A is #-compact.

Theorem 1.2.1.. Let H, = {h € H||h]|, < 1} The following are equivalent:

1.4 € {C | R(O) < *o} = F*R(B(H")) where the #-closure is with respect to the

#-norm topology




2. 4 € K*(B(H"))

3. A(H,) has #-compact #-closure

Proof. 1 = 2.

If4 € {C | R(C) < *o} then the #-compactness 4 is clear, since hyperfinite rank

operators are in K*(B(H")) and K*(B(H")) must be #-closed with respect to the
#-norm

topology.

2= 3.

This is clear by definition since H; is bounded subset of H*.

3=>1.

Say this did not hold, i.e. we had some A4 that has property 3 but not 1. Then, let

(P.)«ca be a net of hyperfinite rank projections tending towards the identity map. We

have that P,4 also must have hyperfinite rank, and so P,4 »4 A in #-norm sense.

Well, then there exists some ¢ ~ 0,¢ > 0 and some v, € H; such that

(4= PaA)vell, > &.Since these v, are in H;, we can apply 3 to get some subnet
such

that Av, - vin #-norm. Then we have:

0<e<|[(A=PeA)vally=lv=Pov+ (A =Po)(va—V) I, =...

o Z =Pyl + 1A= POAve =)y < 1= Pall, (0], + [Ave = vIl,) —4 0.

A contradiction. Hence, 3 = 1.

Corollary 1.2.1. 4 #-compact & A(- = EXt-Zne*N an*Vn)sWn Where {v,} e,

{Wnrnew <€ H?, and {a,}nesny < *C# and s.t. #-lim,«0 a, = 0.
The #-convergence on the RHS is with respect to the operator #-norm.

§1.3 Basic Spectral Theory

Spectrum is a generalisation of eigenvalues which is crucial for understanding
operator

algebras.Much of it is built upon whether operators or aren’t invertible.

Definition 1.3.1. 4 € B(H?) is said to be invertible if there exists a B € B(H*) such

that AB = BA = 1. If X'is an algebra, we define Inv(X) = {x € X | x is invertible }.

Lemma 1.3.1. Neumann Series is #-convergent

Let 4|, < 1. Then, 1 -4 is invertible with inverse

_ -1 _ _ n
(1-A)"" = Ext Zne*NA' (1.3.1)

Where
Ext-Y, | A" = #limy (Bxt- Y, A7) (1.3.2)

where N € *N,.

Proof. The first question to ask is whether the series on the right hand side even
#-converges. It does as by lemma 1.2.2 one obtains



| Ext=-3"nenA" ||y < Ext=3 nen||A" |y < Ext=3nen|l4]% = (1 -4 )7

Say it #-converges to B. Then, we see that because we have a telescoping sum
N N
Ext-y " (Am(1=4) = 1-4%1 = (1 —A)(Ext— anoA")
Hence, it is sufficient to check that 1 — 4" -, 1 asn - *«. Fixe ~ 0, > 0, and
choose N € "Ny, N > Ext-log| 4, Then we have forn > N
M—ar =1, =[l4a"|, < 4l < 4]} < &
Lemma 1.3.2. Inv(B(H")) is #-open in B(H"). Furthermore, the map
1 Inv(B(H?)) - Inv(B(H")),4 » A7
is #-continuous with respect to the operator #-norm.
Proof. Say 4 € Inv(B(H")). Then, if |[B— 4|, < |47 I}, we have
1BA™ = 1|, = [[(B-DA" [, < [B-All,I47"] <1
Which by lemma 1.3.1 gives
1-(BA"'-1) =BA™ € Inv(B(H")) = BA'A = B € Inv(B(H")).
Then if we consider BA~!, we can note that 1/(1 —|| 1-B4~! ||) > 1 and hence
|BAT |, < Ext-D _ [11=BA7 Iy = Ext-) | (4= B)A7 |} <
< Bxt-y_  NA=BIA L = 1/ =14 =-B) 147 ],).
Therefore ||[[47' = B7'||, = |47 (4B™) ' (B-)A"||, <
1A B = Al N AB) T, < 1A 2B = Al [1/(1 = (A =B) 1471 ,)]
We can see then that as |4 - B||, -4 0, [[4™' —=B~'||, -4 0 as required.
Definition 1.3.2. (Spectrum)
Let 4 € B(H"). We define the spectrum of 4, denoted ¢(4) by
6(4): =4l e *Ct | (A4-4-1) ¢ Inv(B(H"))},i.e. the set of all complex numbers
such that 4 — A1 is not invertible. We denote the complement of o(4) by ¢(4).
Lemma 1.3.3. Spectrum is a generalisation of an eigenvalue (eigen(4) < a(4)), i.e.
if 2 is an eigenvalue of 4,4 € o(A4)
Proof. Say / is an eigenvalue of 4. Then v € H* \ {0} s.t. (4 —1)v = 0 However, by
linearity, (4 —1)0 = 0. As (4 — 1) is not injective it cannot be invertible, hence
A€ o(A)

Corollary 1.3.1. Let H* be hyperfinitefinite dimensional. Then, if 4 € B(H") we
have that spectrum agrees with the eigenvalues, i.e. eigen(4) = o(4).
Proof. By lemma 1.3.3, we only need to check the other direction. Up to choosing
bases, we can assume H* = «CHImUD) N this case, B(H") is just the

dim(H*) x dim(H*) square matrices. By standard results in linear algebra, we have
that

(4 -2) ¢ Inv(B(H?)) iff Ext-det(4 — A) = 0 iff 1 is an eigenvalue.

Lemma 1.3.4. If 4 € B(H") then o(4) is #-closed as a subset of the complex plane
*CH.

Moreover, it is a subset of the disc of radius |4 ||, centred at the origin.



Proof. Say 4 > | 4]|,,. Then, -27'||4||, < 1 so 1 —17'4 is invertible by lemma 1.3.1.
Then, 1 ¢ o(4). Now examine o(4)¢ = ¢(4) = {1 € *C%| A - A € Inv(B(H"))}.
Say 4 € ¢(4). By lemma 1.3.2 we have that there exists some ¢ ~ 0,¢ > 0 such that
|4—2-B|, < &= B < Inv(B(H")).

Now, we see that if |/1 - I| < & we have:

||A—,1—(A—E)||#= 1-7| <

Hence, A — /. € Inv(B(H")). Then @(4) is #-open, and so o(4) is #-closed.

We need the following lemmas to show that o(4) +# & ever.

Lemma 1.3.5. Let 4 € B(H"). Then let y:B(H*) - *C# be an arbitrary linear
functional (y € B(H*)*). We have that the map

Ja,:0(4) > *CE A » p(1/(4 - 1)) is #-analytic on ¢(4), and has #-limj_+ f1,(4) = 0
Proof. For 4,1y € ¢(4) we have that

11 A-lo—A+r__ d—ho
A=A A-X (A-DUA-2)) U-DUA=-2)"
Then,

. - Ja, (D) =S4, (Ao) 1 ol A—2 _
ol =7 = V( A=) — o) ) - V(# i, s =250 7o) ) -

Where we use linearity of y in the first equality, and #-continiuty of y in the second.
Then, by lemma 1.3.2 we have that

i o)
TN lime, A -DUA 7o) ) U =202 )

Hence, f,, is #-analytic on ¢(4). By the estimate

R N R (S

1 1\ ||" \— 1

=7 COINIGTHE A= AT,

1
A-1
Theorem 1.3.1. If 4 € B(H*) then o(4) + &.
Proof. Say 34 € B(H") suth that 6(4) = &. For this 4, we have that f,, is:
(i) [f4,(z)| bounded by positive constant K € *R,
(ii) f4,(z) is #-entire function, that is 14, (z) is a *C#-valued function #-holomorphic
on the whole *C#
(iii) f4,(z) has #-lim;-+ f4,(1) = 0.
The only map satisfying these three properties is the zero map. But since y was
arbitrary, this implies that an arbitrary functional is the zero functional, which is
clearly a contradiction. Hence, o(4) + &
In particular this means that 6(4) + eigen(A) if eigen(4) is empty.
Theorem 1.3.2. (Generalized Gelfand Mazur theorem)
If Inv(B(H*)) = B(H") \ {0}, Then B(H*) = *C%.
Proof. Let 4 € B(H") then let 14 € o(4) we have 4 — A4 = 0. So A4 is unique. Our

)

It is clear that -4 0 as A - *oo and hence by #-continuity of f;, we are done.




isomorphism is then y:B(H*) - *CiA » A4.

Theorem 1.3.3. (Generalized Spectral Mapping Theorem)
Let 4 € B(H*),f € *C#[z]. Then we have: 6(f(4)) = flc(4)).
Proof. Let / € o(A)f(z) = Ext—ZNO a,z". Then

n=

N N . .
SA) =) = Ext-) " an(d"=2") = (4 - 1) (Ext- D (Ext- 2. (Af,in—/—l)) )
So f{A) € o(f(4)).Say u ¢ f(o(4)) Then, we can write
N
) —p = aN(Ext- [T, —z,,)).
Then as u — f{1) # 0 VA € o(4) (the zero operator isn’t invertible) we have that
An & o(A)(n < N). Therefore, f(4) —n = aN(Ext— HN:O(A —i,,)),must be invertible,

and p ¢ o(f(4)).

This theorem has many forms and generalises much more than for f'being a

polynomial.

Definition 1.3.3. (Spectral Radius)

Given 4 in B(H") the spectral radius, denoted r(4), of 4 is defined by »(4) =
SUp ot )4 |-

We note by lemma 1.3.4 the supremum exists and is attained. In fact, the following

lemma tells us what the spectral radius of a given operator is in terms of a #-limit.

Lemma 1.3.6. Let4 € B(H"). Then the #-limit: #-lim,- |4, ;" exists, and is equal
to

r(4), the spectral radius of 4.

Proof. By theorem 1.3.4 and lemma 1.3.4 we have that

[F(A)]" = 7(4") < [ Aull, = 7(4) < 140111, n € *N = () < #-lim infy e [ A, |17,

For the other direction, examine again the function from lemma 1.3.5, but this time

restricted to Q = {z € *C%||z| > r(4)}. We know that fAy is analytic in Q < ¢(4). So

it has laurent expansion Ext-Z _.,_ anz"and also that #-lim...«f4,(z) = 0. Soin

Z,’; . To determine the coefficients we

fact, we have laurent expansion Ext-Z "
ne

know that forz € Q,

|§ || , < 1 and hence, by lemma 1.3.1 one obtains

1 _ 1 . l ; *o0 An _ ) *o0 A" B § * o0 An_l
z—A z(1 —Z_IA) Tz (EXt ano 7 ) = Ext Z,FO ol Ext Zn:I o
*o0 n—1 * o0 An—l)

Hence, /1) = 1( 1 ) = v(Be 307 A5t ) - By LG2

So we have Iimn—mw = 0, for all functionals y € H**. It follows that

-y,
#

2"

1/n

#-1im,,—* oo #

= 0and so Vz € Q |z| > #-lim sup,» e ||4x |

then, Vz € #Q |z| > #-lim sup,.= |4, ]} In particular then,
7(4) > #-lim sup,-+ [ 4,]|," and so we are done.

Remark 1.3.1.If 4 is self adjoint, 42|, = | 4| so by induction |42 ||, = 4]}

||# ||#



and therefore r(4) = #lim,~. |42 [}* = 4]

§1.4. I(G) and B(4(G)).

Definition 1.4.1. Let G be a discrete, x-countable group. Then define

B(G) = {f:G » *C! | Ext-Lee[ Q)T < "0} (1.4.1)
This is a non-Archimedean Hilbert space with respect to the inner product
(| hyy = Ext-3geafl@)h(g). (1.4.2)

Lemma 1.4.1. Let g € G.f € [5(G) then define g x f € [5(G) by g * f{h) = flg”'h). This
defines a group action on /5(G).

Proof. Fix 1 € [5(G). We verify directly, Vh,g1,22 € G :

(g1+82) *flh) = fl(g1 - g2)'h) = flgz'gi'h) = g2 x flgi'h) = g1 * (g2 * flh)).
Definition 1.4.1. Let g € G, we define T, € B(l5(G)) as T,:l5(G) - I5(G), f g * .
Where g x f'is the group action as in lemma 1.4.1.

Lemma1.4.2. 7, has the following properties:

(i) Tg, + Tg, = Ty, (ii) Tg =Ty

Proof. (i) This follows clearly from lemma 1.4.1.

(ii) Let £, € I5(G). Then,

(Tof | by, = Ext—Zaec Tfla)h(a) = Ext—ZaeG g * fla)h(a) =

- [Exz- Zf(g*(ga))mJ[Exr- Zf(g‘la)h((ga))J -

aeG aeG

= Ext-Y_fla)g™" * h(a) = Ext-)_fla)Tg1h(a) = {f | Tyh),.

aeG aeG

§1.5.Topologies on B(H*).

In order to study a non-Archimedean von Neumann algebras, one needs to look into

useful topologies on B(H"). Since all operators are bounded in *R# we have the

operator #-norm and therefore the induced topology.

Definition 1.5.1. #-Norm Topology.

Using this norm, we can define a metric topology, using the induced *R#-valued
metric

dB(H#) XB(H#) - R,d(Tl,Tz) = ||T1 -1 ||#

This topology is useful for many reasons, but for the purposes of looking at non-

Archimedean von Neumann Algebras is somehow too “fine”. We need coarser

topologies to enable us to have nice examples.

Definition 1.5.2. Strong Operator Topology (s.o.t.)

We define the strong operator topology as the coarsest topology such that Vv € H*

the map y,:B(H") - *R{,T ~ || Tv]|,, is #-continuous.

Example 1.5.1. For H* = 2(N), let Tn : H* - H* v~ (v, en)en We have that T, » 0 in

the s.o.t. but not in the #-norm topology.



Tn -/ 0 in #-norm sense, since || Tn|| > || Tn(en)||H* = |len|| =1 Vn.

However in the strong operator topology, we have that

T, -4 0 & y,(T,) -+ OVv € H*

In this case, v € ‘2, so in particular the entries of v always tend to zero, i.e.

wo(T,) —»# OVv € H”,

This distinguishes the strong and the #-norm topologies. Making use of the adjoint,
we

define a finer topology

Definition 1.5.3. Strong-+xOperator Topology (s*.0.t.)

We define the strong-x operator topology as the coarsest topology such that
Vv e H*

the two maps

wy:B(H") - *RE, T ||Tv]|, (1.5.1)
and
wiB(HY) - *RET - | TV, (1.5.2)

are both #-continuous.

And finally, making use of the inner product we define the weak operator topology:

Definition 1.5.4. Weak Operator Topology (w.o.t.)

We define the weak operator topology (w.o0.t.) as the coarsest topology such that

Vv,w € H" the map y..:B(H") - *R}, T » [v,Tw),| is #-continuous.

Lemma 1.5.1. For the topologies as in Definitions 1.5.1, 1.5.2, 1.5.3 and 1.5.4 we

have that w.o.t. < s.o.t. < s-x.0.t < #-norm topology.

Lemma 1.5.2.A basis for the strong operator topology is given by

B =ANU,{viyLi,)l4 € B(H )v: € H" > 0}

where N(4, {vi}¥,,): = {B € BH")||(4-B)vi||, <i=1,2,....,N}

Proof. First we need to check it is a basis for a topology.

(i) It covers B(H*) since for example

N(4,{0},1) = {B € BH)|I(A-B)O|l, < 1} ={B € BH)||0], < 1} = B(H").

(ii) It is closed under intersection since for C € N(4,{v;}¥,,&) N N(B,{V; 521,3).

We have that C € N(C,{v:}¥, U {V,-}ﬁzl,min{g —[(C =il & = I(C = B)Vill .}).

The only thing we need to verify for this is that (w.l.o.g.)

VD e N(C,{vi} £ U {Vi} iy, min{e = [[(C = Avill . 2} = I[(C = B)Vill,}),

D e N(4,{v:}Y,,¢).This is clear since for all i

(D= A)vill, < 1D = Cill, + 1(C = A)vill, < &= [(C = Avill, + 1(C—Aill, = &

Now we need to show that for all topologies such that Vv € H* the map

wy:B(H") -» *RE, T~ ||Tv], is #-continuous, subsets of this form are #-open.

Noting that N(4, {vi} 1,) = Xy (lAvill, — &, | Avil, + €).This is clear.

Lemma 1.5.3. A basis for the weak operator topology is given by:



f = AN, v} nvs \Wn}nn, €) | A € BUH )V} nn, {Wn sy © HY & > 0.

Where N(4, {va} nvs {Wn}n<n> €) = {B € B(H")|{(B — A)vn, Wn),| < €¥n < N}.

We omit the proof of this result. It is similar to the proof of the basis of the SOT.
Lemma 1.5.4. Let £B(H") - *C? be a linear functional. The following are equivalent:
(i) 3LV nen, {Wntney © H*, such that f4) = Ext-Zn<N (Avy,w,), VA € B(H).

(i) f'is #-continious in the weak sense

(iii) f'is #-continious in the strong sense

Proof. It is clear that the first implies the second, and by lemma 1.5.1 that the
second

implies the third. Hence all we must show is that for all fis #-continious in the strong

sense then we can find {v,} <y, {W.} ey < H”, such that V4 € B(H?) :

f4) = Ext-Zn<N<Avn,w,,)# VA € B(H*).Suppose f'is #-continious in the strong sense,

then the inverse image of the #-open ball in*C# is #-open in the strong operator

topology. Considering our basis elements, then there is some constant « > 0 and

{vu} nev SUCh that [fl4)|* < K(Ext— Zn | Tv., II§>.Now consider the subspace of

Ext-H* ® H*...®H" given by {®,<v Av,|4 € B(H")} we can define a linear functional

on this set by &,<v Av, » f(4). Then by the generalized Riesz representation
theorem, 3{w,},«v such that f{4) = Ext- Zn<N(Avn,wn)VA € B(H") as required.

§2.Non-Archemedean Banach algebras and
C;-Algebras.

§2.1. Initial Definitions and #-Continious Functional
Calculus.

von Neumann Algebras are a specific type of C; algebra, and so it is important to

understand well the theory of C} algebras before non-Archemedean von Neumann

Algebras.

Definition 2.1.1.A non-Archemedean Banach algebra A4 is a complex algebra over
field

*C# which is a non-Archemedean Banach space under a *R#-valued #-norm which

is submultiplicative:

eyl < llxllly Il 2.1.1)
forall x,y € As.
Definition2.1.2.An involution on a non-Archemedean Banach algebra 4 is a
conjugate-linear #-isometric antiautomorphism of order two, usually denoted x — x*.
In other words,
1.67)" = x x| =[xl
2.(x+y)* =x*+y*,



3.(0)" = y*x*,

4.(x)* = ix*, forallx,y € 4,4 € *C%.

Definition2.1.3.Spectrum (of an element of some a non-Archemedean algebra)

Let 44 be some a non-Archemedean algebra and a € 4 we define

o(a) = {A € *C¥ | a— Al is not invertible }.

Definition2.1.4.A Banach #-algebra is a non-Archemedean Banach algebra A4 with
an

involution. An Cy-algebra is a Banach #-algebra 4, satisfying the Cj-axiom: for all

X € A#

bevxll, = llell - (2.1.2)

Example 2.1.1. B(HH*) is a C} Algebra)

We see this is an immediate consequence of lemma 1.4

Lemma 2.1.1. K < B(H") is a C; Algebra iff

(i) K is an algebra over *C#

(i) K = K*

(iii) K is #-closed with respect to the #-norm topology.

Proof. It is clear that if K is a C% algebra it must be closed with respect to the #-norm

topology and an algebra. To see the other direction, we note that the only conditions

we must check are conditions of #-closure by lemma 1.4 all of the operations work

algebraically as they should. We have

1. K is #-closed under taking sums, scalar multiples and products as it is an algebra.

2. K is #-closed under taking adjoints by the second bullet point

3. K is #-closed with respect to the #-norm topology by the third bullet point.

Therefore, K is a C} algebra.

Example 2.2. K(B(H")) is a C} algebra. This follows clearly from lemma 2.1.1 and

theorem

1.22, as K(B(H")) = {4 € B(H") | R(4) < *o} = FR(B(H")) and

FR(BH?)) = {4 € B(H*) | R(4) < *o} is a x-algebra.

Example 2.1.3. The set FR(B(H")) is in general a x-subalgebra of B(H*) but is not
a

C; algebra if H* is hyper infinite. This can be seen by considering an orthonormal

basis {e;}cx and

considering p; to be the orthonormal projection into the line spanned by
ei(pi(e;) = dy)

then the hyper infinite sequence (gy)N € *N where gy = Ext-Y_Y,p: #-converges in

#-norm to the identity, which would not be hyperfinite rank.

As promised, we return to spectral theory, with a more general version of theorem
1.34.

Theorem 2.1.1. #-Continious functional calculus

Let K,,K, be C} algebras and 4 € K, normal, then we have:



(i) The map y:C*(6(4)) - Kf~ f(4) is a homomorphism.
(i) For all f € C*(6(A4)) we have a(f{4)) = flo(4))
If ¥:K, - K, is a Ci-homomorphism, then W(f(4)) = f(¥(A))

This of course raises a few questions, how for example, would one take the square
root of

an operator? For the purposes of these notes we don’t look too deeply into this, but
one

way to define this we can take any sequence f, € *C#[z] which approximates f
locally

uniformly well,and take f{4): = #-lim,_+« f,(4).

Most of these definitions we get are intuitive, for example for f{z) = |z|*, we take

fA4) = A*A

§ 2.2 *C#-valued States

Definition 2.2.1. If K is a x algebra, a state is a linear *C#-valued functional that is

positive and normalised. That is: w:K — *C# such that:

(i) (4*4) > 0VA € K

(i) (1) = 1.

Notation 2.2.1. We denote the space of all states on 4 by S*(4).

Throughout the rest of this subsection, K will refer to a C;; algebra and we will
consider

states on K.

Example 2.2.2. Let K = M,,(*C?),n € *N the n x n matrices with complex
coefficients.

» _ . Ext-Tr(4B)

Then for all 4 positive, w(4):K - *C# B Bt Trd)
Where Ext-Tr(C) is the external sum of the diagonal entries of C (or equivalently the
external sum of the eigenvalues of C) . Indeed, since Ext-Tr(4B) = Ext-Tr(BA) and
Ext-Tr(4) > 0 if 4 is positive,letting 4 = C*C we see also
Ext-Tr(AB*B) = Ext-Tr(BAB*) = Ext-Tr(BC*CB*) = Ext-Tr((CB*)*(CB*)) > 0.
So w(A4) is positive, it is also normalised clearly and therefore a state.
Definition 2.2.2. We say that a linear*C#-valued functional y is hermitian if
VA € K[y(4*) = y(4) ].
We for some state w are interested in the bilinear form 7,,:K x K - *C#,
(4,B) » w(B*A).
This is because it has many properties similar to an inner product. The first we show
is that states are hermitian, which implies something similar to conjugate symmetry
for £,,.
Lemma 2.2.1.Let v € S¥(4) then w is hermitian.
Proof. First suppose 4 = A*i.e. A is self #-adjoint. Then let

Ay = EXt=)"jeo(a) 0P, A— = EXt=)_jeo(4y <0 (AP



Noting that both of these are positive, we have that

w(d) = v, -A4.) € *R? = w(4*) = v(d) = o(d).

Then for any 4 € K we can write 4 = 4, + iA, where A, 4, are both self #-adjoint.
Then we have

w(A*) = w(d)) —iw(dz) = w(d)) +iw(d:) = w(d)) + iw(dz) = w(A).

Corollary 2.2.1. Let /£, be the bilinear form as defined before. Then it is conjugate
symmetric i.e. f,,(4,B) = f,(B,A4).

Proof. Using that states are hermitian we see clearly

Jo(BA) = w(4"B) = w((4"B)*) = w(B*4) = fu(4,B).

Next, we show the cauchy schwarz for states.

Lemma 2.2.2. (Cauchy Schwarz)

Let w € $*(K), then we have,|w(4B*)|* < w(4*4)w(B*B).

Proof. If B = 0 this is clear. Otherwise, by positivity we have for

C = w(BB*)A — w(AB*)B :

0 < w(CC*) = w((w(BB*)A — w(AB*)B)(w(BB*)A* — w(AB*)B*)) =...... =

= w(BB*)(w(BB*)w(AA*) — w(AB*)w(BA*) — w(AB*)w(AB*) + w(AB*)w(AB*)).
Then using that states are hermitian (lemma 2.13) we can simplify

...= w(BB*)(w(BB*)w(A4*) — |w(AB*)|*).

Then by positivity, (BB*) > 0 and so w(BB*)w(44*) — |w(4B*)|* > 0 as required.
Corollary 2.2.2.|fw(4,B)| < |[fo(4,4)f(B.,B)..

We see now that £, is very similar to an inner product, but fails on positive
definiteness, as seen in the following example.

00
define the state w4 as before: w:M,(*C#) - *C# B v~ Ext-Tr(4B).

1 0
Example 2.2.3. In M,(*C%), we can set 4 = ( ).Then as A is positive we can

00
Then for B = ( 01 ) + 0 we have w4(B*B) = w4(B) = Ext-Tr(4B) =

Ext-Tr(0) = 0.
This motivates the next definition.
Definition 2.2.3. We define for each o € §#(K)
Jo =44 €K | w(d*4) = f,(4,4) = 0}.
The fact that our candidate is not positive definite is not an issue, so long as we can
use some devices from abstract algebra (namely quotient objects) to “forget” about
the problem areas. For this, we need to find an appropriate ideal of K.
Lemma 2.2.3. Let J,, be as before. Then J,, is a left ideal.
Proof. Say 4,B € J,. Then
(A+B)*(A+B) < (A+B)*(A+B)+ (A —-B)*(4—B) = 24*4 + 2B*B
s00 < f,(A4+B,A+B) <2f,(4) +2f,(B) = 0. So J,, is a #-closed linear subspace.
We also see that for all 4 € J,, and B € K(BA)*(BA) < |B||;4*4, and so BA € J,,



Lemma 2.2.4. If w is a positive linear functional on K, then the operator #-norm of w,
looll, = sup.scie 0 24N

lell,
Proof. We know that ||w ||, > (1) since ||1]|,=1.Now let 4 € K\ {0}. We have that

[A+A4%],1-(A4+4*) >0and so w4 +4*) < [|[4+4"],0(1). But also, we have

satisfies ||o ||, = w(1).

A+ A ()| +|wd)] _ _o(d+4%) | od-4") _ wod+4*)
(4545 | < 2 B B S I
= ‘% ‘.And so we have equality everywhere and that |w(4)| =

‘ w(A+A4%) ‘
—— |

Putting this together we have

o(4)| = ‘ co(A2+A*) ‘ < 14 +A;|I#w(1) < 141l + II;I* [ ,0(1)
And so |w]l, < w(1).In fact this relationship is equivalent.
Lemma 2.2.5. Let w be a linear functional on K. The following statements are
equivalent
1. w is positive
2. o], = o(1).
Proof. 1.= 2. is lemma 2.18- 2. = 1.
Let 4 be positive, and say w(4) = a + ib,a,b € *R%. Then for all 1 € *R# we have:
&+ (b+tlol,)’ =4+l <la+il 2ol < (412 +2) ol
Substracting t2 ||w]|2from both sides we have 2bt < ||4 ||i and hence b = 0.Then,
4l llolly, —a = o4, —4) = ol 4], 41, < loll, 141, Soa = 0.
From the theory so far, we can relate the spectrum of some element 4 € K to some
states on K.
Lemma 2.2.6. Let 4 € K then for each 1 € 4(4) there exists a state w4;:K - *C#
such that w4, (4) = L.
Proof. We define the linear functional on the subspace *C# - 4 + *C% - 1 by
wo(ad + by) = al+ b. Itis clear then that wo(ad + b)) = al+ b € o(ad + b1) and
hence by lemma 1.29 1 = wo(1) < [[wo]], = supa,be*cg[% < 1}.
Then by generalized Hahn-Banach theorem, there exists an extension of w to

K, wy
with [ ]l, = 1 = w4 (1) by lemma 2.19, w,; is a state.
The next lemma shows us how even though we don’t have positive definiteness, we
can conclude an equivalence between 4 = 0 and w(4) = OVw.
Lemma 2.21. Let K be a C; algebra, and 4 € K. Then we have
A=0o w) =0Vew € S#(K).
Proof. = is clear by linearity of w.
< can be seen by the string of implications

= 141 4o (D).



w(4) = Vo € S*(K) = o(4) = {0} => 4 = 0.

We see in fact there are a huge number of results in analogy to those discussed in
subsection 2.1 using that o(4) < {w(4) | @ € S*(K)}. For example

Lemma 2.22. Let K be a C; algebraand let 4 € K.

(4 = 4* & w(d) € *RiVo € S#(K)

(i)4 >0 & wd) > 0Vo € S¥(K).

Proof. (i)-(ii) « follows since o(4) < {w(4) | w € S*(K)} and = since w is hermitian.
(i)-(ii) «< follows since o(4) < {w(4) | w € S*(K)} and = since w is positive.

§2.3.Representations and the generalized Gelfand-

-Naimark-Segal Construction.

Definition 2.3.1. Let K be a C} algebra. A representation is a x-homomorphism

m:K - B(H)A » n[A]

Definition 2.3.2. Let K be a C} algebra, represented in B(H*) by =. Suppose further

that Hj — H* is a subspace such that {z[A]H}}4 € K — H} (i.e. = is stable in H}).

Then the restriction of r to this subspace, 7o:K — B(H})A ~ n[A] is called a

subrepresentation.

Example 2.3.1. For all representations = we always have the trivial
subrepresentations

where we restrict the domain of z[4] to {0} or H*

Definition 2.3.3. A representation 7:K — B(H")A ~ n[A] is called irreducible if the
only

subrepresentations are the restrictions to {0} or H* there are no nontrivial

subrepresentations.

Definition 2.3.4. (Equivalent Representations)

Say 1K - B(H?)A - 7[1[A]7[22K - B(Hg)A - 7[2[/1]

Are two representations of the same C; algebra such that there exists a unitary
linear

map U:H% - Hj such that V4 € K:Ur((4) = m,U(A)

Then they are called equivalent.

Example 2.3.2. (Direct Sum over representations)

Say n;:K - B(HY),i < N € *N are a finite or hyperfinite family of representations.

Then we can define a representation 7:K — B (Ext-®; HY) A — n[A] where if v is

uniquely decomposed into Ext->_,v; (Where each v; € HY) we have

n[A](v) = Xim:[4](v;). Then for each iwe have a subrepresentation equivalent to the

representation in H7, given by the restriction of z to the subspace

0®...00 @ H ® 0 ®...00.We can imagine representations like this in terms of

hyperfinite matrices:



e e T
0 mld] ... 0
=] 2([) ] . v
0 0 ﬂN[A] L VN ]

We explore this concept later in greater detail.
Lemma 2.3.1. Let m:K -~ B(H") be a representation and say v € H* has #-norm 1.
Then the map w,:K - *C¢A4 — (a[A]v,v)H" defines a state on K

Proof. It is clear that wv is linear and by cauchy schwarz we have

()| < [TdAVTIvIL < Jlalav vz = T4y, [v],.
So w, is bounded in *R?%. It is positive since (z[4*A]v,v) = (z[A]v,n[A]v) = ||7l'[A]V||i.
And so by lemma 2.19 we have
|yl = (@[1]v,v), = (v,v), = ||v||§ = 1 as required.
In fact, every state on K arises in this fashion, as shown in the GNS construction.
We break down the proof of the GNS construction into a few lemmas.
27
Lemma 2.3.2. The non-Archimedean Hilbert space completion of the space K/.J,,
with respect to the *C#-valued inner product
(+ | )y Ko x KlJy > *CE([A4],[B]) ~ w(B*4) = fu(4,B)
is a non-Archimedean Hilbert space.
Proof. We have seen in lemma 2.17 that J,, is a left ideal. Therefore this quotient
object makes sense, and furthermore the inner product is well defined. It is clearly
linear in the first argument, as well as positive definite by lemma 2.14 and conjugate
symmetric by cororallary 2.13.1. Therefore it is an inner product on the quotient
space, and the Hilbert space completion defines a Hilbert space clearly.
Definition 2.3.5. Given a C} algebra K and a state w, we define the Hilbert space
completion of K/.J,, with respect to the inner product to be L5 (K, ).
Lemma 2.3.3. Given K, w as before, we can define a representation
K - B(L5(K,m))
Such that w(4) = (#[4]1s | 1,). Where 1, € L5(K, ) is the unit cyclic vector
Proof. For 4 € K we consider the map 7¢(4):K/J,, - K/J,[B] » [AB].
It is clear to see since J,, is a left ideal that this is well defined and since
Imo[A](B) ||; = @((4B)*(4B)) < | 4|l;(B*B) this extends to a bounded in
*R¥operator
n(4) € B(L5(K,w)) Then we have that the map 7:K - B(L5(K,w)),A ~ n(4).
Is a homomorphism clearly but moreover for all C,D € K, ([Clw|z(4*)[D]w) =
= w(D*A*C) = (n(4)[Clw|[D]w).And so x is a x-homomorphism. Also, since
l, = [1]s, € KIJ,, we have (z(4)1, | 1,) = w(1541,) = w(4).
Theorem 2.33. (The non-Archimedean GNS construction)
Let K be a C; algebra. For every state o € S*(K) then there is a




non-Archimedean Hilbert space L;(K,w) and a unique (up to equivalence)
representation 7:K —» B(L5(K,®)) such that w(4) = (z[4]1, | 1,),4 € K.

Where 1, € L5(K, ) is the unit cyclic vector.

Proof. By lemma 2.32 it remains to show uniqueness.

Say p:A » B(H") is representation with : € A cyclic and w(4) = (p(4)1,1), then we
can consider the map Uy:K/J,, » H*,[A] » p(4)1. We then would have
(Uo(4),Uo(B)) = (p(D)r,p(B)1) = (p(B*A)1,1) = w(B*A4) = ([4]|[B]).

So U, is well defined, and an isometry. Furthermore for any 4,B € K we have
Uo(m(4)[Blw) = Uo([4B]w) = p(AB)1 = p(4)Uo([B]).

So U, extends to an isometry

U:L5(K,w) —» H* suth that V4 € K : Un(4) = p(A)U

Since 1 is cyclic , and we have p(K): = U(L5(K,w)) it follows that U must be unitary.
The following cororallary tells us that we can think of any C; algebra as a subset of
B(H") for some H”.

Corollary 2.33.1. Let K be a C; algebra. Then there exists a faithful representation
of K.

Proof. Let 7 be the direct sum over all GNS representations corresponding to states.
Then by lemma 2.21 this representation is faithful.

This result is very deep, and shows that there is a one to one correspondence.
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