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1. Introduction

A truncated rhombic dodecahedron is a non-uniform convex
polyhedron which has 12 congruent rectangular faces, 6 congruent
square faces and 8 congruent equilateral-triangular faces, 48 edges
(24 small & 24 large edges) and 24 identical vertices (at each of which
two rectangular, one square and one triangular faces meet together)
lying on a spherical surface of certain radius. In this paper, a new
polyhedron (i.e. truncated rhombic dodecahedron) is generated by
truncating all 14 vertices of a rhombic dodecahedron [1] from the

points of tangency (where an inscribed circle touches four sides of

rhombic face) such that its every rhombic face is changed into a Figure 1: A rhombic dodecahedron (left) is marked to be

rectangular face which has its length v/2 times the width and all its 24  truncated at each of its 14 vertices to generate 12 rectangular
faces, 6 square faces & 8 equilateral triangular faces to form a

edges are changed into 24 new identical vertices (as shown in fig-1).
truncated rhombic dodecahedron (right) with edges s & sv/2.

This truncated rhombic dodecahedron looks very similar to a
rhombicuboctahedron [2,3] but a truncated rhombic dodecahedron has 12 rectangular faces instead of square
faces. The number of faces, edges & vertices of a truncated rhombic dodecahedron generated by truncating all
the vertices of parent polyhedron (i.e. rhombic dodecahedron) are obtained as follows

Number of new rectangular faces = number of faces in parent solid (rhombic dodecahedron) = 12
Number of new square faces = number of vertices where 4 edges meet in parent solid = 6

Number of new triangular faces = number of vertices where 3 edges meet in parent solid = 8
Number of new edges = (no. of edges in rhombus) (no. of rhombic faces in parent solid) = 4 - 12 = 48
Number of new vertices = number of edges in parent solid = 24

Since a truncated rhombic dodecahedron is obtained directly from a rhombic dodecahedron, its mathematical
analysis can be carried out in a systematic and simplified manner by exploiting the known geometrical relations
of the parent polyhedron [1]. In the present work, a rhombic dodecahedron of edge length a is taken as the
parent solid and truncated at the points of tangency between the inscribed sphere and the rhombic faces, as
illustrated in Fig. 1. This truncation generates a truncated rhombic dodecahedron with two distinct edge lengths,
namely small & large edge lengths s & sv2 respectively. A precise analytical relationship between the edge
length a of the parent rhombic dodecahedron and the smaller edge length s of the truncated polyhedron is first
established. Using this relationship, closed-form expressions are then derived for the radius of the circumscribed
sphere passing through all 24 congruent vertices of the truncated rhombic dodecahedron. Furthermore,
analytical formulae are obtained for the normal distances of the rectangular, square, and equilateral triangular
faces from the centre of the polyhedron, as well as for its total surface area and enclosed volume.

Employing HCR’s Theory of Polygon [4,5], the solid angles subtended at the center by the rectangular, square,
and equilateral triangular faces are analytically evaluated. In addition, expressions are derived for the dihedral
angles between any two faces meeting at each of the 24 identical vertices and for the solid angle subtended by
the truncated rhombic dodecahedron at each of these vertices.
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2. Derivation of radius R of circumscribed sphere i.e. passing through all 24 identical vertices of a
truncated rhombic dodecahedron

Consider a rhombic dodecahedron having 12 congruent faces each as a rhombus of side a. ;
We know that the midsphere with radius R,,; touches all 24 edges of rhombic
dodecahedron i.e. midsphere touches all four sides of each rhombic face. Consider a o
rhombic face ABCD touching the midsphere at four distinct points (of tangency) E, F, G & | A
on the sides AB, BC, CD & AD respectively. Circle passing through the points of tangency E, &
F, G & l is inscribed by the rhombus ABCD & lies on the surface of midsphere of rhombic ¥ 7/
dodecahedron. Join these four points of tangency E, F, G & | to get a rectangular face EFGI B(.\
(as shown in fig-2). Thus we mark a rectangle on each of 12 congruent rhombic faces by
joining the points of tangency of the edges & the midsphere and then truncate the rhombic F ‘\1\
dodecahedron from each of its 14 vertices at the points of tangency to get a truncated Sl ,/
rhombic dodecahedron (as shown in above fig-1). From formula derived in ‘Mathematical \
analysis of rhombic dodecahedron’, the angles a & 5, the lengths of semi major & semi ey
minor diagonals AM & BM of rhombic face ABCD , and the radius R,,; of midsphere of Figure 2: A rhombic face ABCD is

rhombic dodecahedron with edge length a , are given as changed into a rectangular face EFGI by
truncating a rhombic dodecahedron
73 from its vertices at points of tangency E,
2 a 2av?2 F, G & | of edges & the mid-sphere.
a=2cot™ V2, f=2tan"1V2Z, AM=a\/;, BM = —, Rpa="3 e P
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In right AAEM (see fig-2)

a AE A = AM cos® 2 2cot™* V2 2 12 2( |2\ 2a
—_—= — = = —_= — _— = — —_ — —_ —_ e —
Cos 2 AM CoSs 2 a 3 CosS 2 a 3 COS| cos 3 3 3 3

BE = AB — AE 2a_a
= = —_ = _——_—= =
7373
In right AANE (see fig-2)
_a EN EN = 4F sin® 2a  [2cot™'v2\ 2a (__11) Za(l) 2a
_—= — = = _—= — —_— mm | = — —_— )= = —
sm2 1E sm2 3 sin > 3 sin ( sin Ne 3\73 33
EI = 2EN 2( 2a ) 4a 0
3v3/ 33
Similarly, in right ABPE (see fig-2 above)
B EP EP — BEs B_a (2tan'v2\ a [ . [2) af [2) a |2
—_—= — = = —_ = — _— = — —_ - —_ = — —_
sin > = BE sin > =3 sin > 3 sin| sin 3 AE 3 3
EF = 2EP =2 a2 2a |2 (1D
3.3 343

Now, diving the Eq.(l) by Eq.(ll) as follows
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4a
El
5 3v3 =+V2 = EI=EFV2 = Length of rectangular face EFGI = 2 x Width
2a |2
33

If the small side or width EF of the rectangular face EFGIl is s i.e. EF = s then the large side or length El of the
rectangular face EFGlis = EF+/2 = sv2 . Thus, two unequal edges i.e. length and width of each of 12 congruent

rectangular faces of the truncated rhombic dodecahedron are & sv2 . Now, substituting EF = s in eq.(2) as
follows

EF 2a |2 3s |3 11
S 3 3 a 2 2 ( )

Now, the radius R of the circumscribed sphere i.e. passing through all 24 identical vertices of the truncated

rhombic dodecahedron with unequal edge lengths s & svV2 , is given as follows

R = Radius R,,; of midsphere of parent rhombic dodecahedron with edge length a

2a\2
R = 3 ( from formula derived for a rhombic dodecahedron)

2 (% %) V2
R = — s = sV3 ( Substituting value of a in terms of s from eq. (III))
R =sVv3 =~ 1.732050808 s RN )|

2.1. Normal distances Hg, Hg & Hy of rectangular, square & equilateral triangular faces from the centre of a

truncated rhombic dodecahedron: Consider a rectangular face EFGI of length and width s & sv2 g SAZ 1
which is at a normal distance OM = Hy from the centre O of truncated rhombic dodecahedron. e e k
.. . . . S ~~~s et §
Join its vertices E, F, G & | & centre M to the centre O (as shown in fig-3) ‘\ ;‘%“ /!
\ i S~ l
\ et \ ~. !
X7 1 L
In right AOMG (see fig-3), using Pythagorean theorem, we get F & : - \'G‘
2 ‘\\ \“ EHR :" 'l"
[ o? X1 T
EG\?2 2 (s)? + (S\/i) 4\ \Vod S /R
OM =/(06)? — (MG)?> = |(R)? — (7> = |(sV3) - s SA
\“\\‘ : lll’
\\\‘ i '/'l'
\‘\;5;"'
32 952 3g flgure 3: Rectapgular face EFGI
Hp= [3s?——= |—=— is at a normal distance Hp from
4 4 2 centre O of polyhedron. OF =

OF = 0G = 0l =R.
Consider a square face EKLI of side sv/2 which is at a normal distance 0Q = H, from the centre O of truncated
rhombic dodecahedron. Join its vertices E, K, L & I, and centre Q to the centre O (as shown in fig-4 below).

In right AOQL (see fig-4 below), using Pythagorean theorem, we get
0Q =/ (0L)* — (QL)?
EL\*
= Jor-()
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Figure 4: Square face EKLI is at a

normal distance Hg from centre O
Consider an equilateral triangular face EFJ of side s which is at a normal distance OT = Hy from of polyhedron. OE = OK = OL =

the centre O of truncated rhombic dodecahedron. Join its vertices E, F, J] & centre M to the OI'=R.
centre O of truncated rhombic dodecahedron (as shown in fig-5)

In right AOTF (see fig-5), using Pythagorean theorem, we get

OT = /(OF)? — (TF)? g

5\? side
Hy = [(R)? — (ﬁ) (Circum radius of equilateral A= —) 3

V3 o
2 s? 52 8s2 2
Hr = 3 - — 3 2 = | —= 2 —
T (S\/_) 3 S 3 3 s\/;
Figure 5: Equilateral triangular

Hence, the normal distances Hy , Hg & Hy of rectangular, square & equilateral triangular faces face EFJ is at a normal distance
respectively from the centre of truncated rhombic dodecahedron with unequal edges s & svV2, Hy from the centre O and

P
~e,
-

=
<

OE = OF = 0] =R.
are given as follows
Ho - 3s @
R -_ 2 s mes was smaw
Hg = sv2 ~ 1.414213562 s R <)
2
Hy =2s 3 ~ 1.632993162 s v (4)

It is clear from above values of normal distances that the equilateral triangular faces are the farthest from the
centre while square faces are the closest to the centre & rectangular faces are at a normal distance between

these two. For finite value of small edge lengths = Hs < Hp < Hy <R.

2.2. Surface Area (A;) of truncated rhombic dodecahedron: The surface of a truncated rhombic dodecahedron
consists of 12 congruent rectangular faces each of length sv2 & width s, 6 congruent square faces each with

side sv/2 and 8 congruent equilateral triangular faces each with side s . Therefore, the (total) surface area of
truncated rhombic dodecahedron is given as follows
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Ag = 12(Area of rectangular face) + 6(Area of square face) + 8(Area of equi. triangular face)

=12(s-sV2) +6 ((S\/E)Z) +8 <? (S)2>

= 12522 + 1252 + 252V/3
=2s2(6vV2 + 6 +/3)

- Surface area, A, = 2s%(6V2 + 6 +V3) ~ 32.43466436 s* TN )|

2.3. Volume (V) of truncated rhombic dodecahedron: The surface of a truncated rhombic dodecahedron
consists of 12 congruent rectangular faces each of length sv/2 & width s, 6 congruent square faces each with
side sv2 and 8 congruent equilateral triangular faces each with side s. Thus a solid truncated rhombic
dodecahedron can assumed to consisting of 12 congruent right pyramids with rectangular base of length sv2
& width s & normal height Hy , 6 congruent right pyramids with square base of side sv/2 & normal height Hg

and 8 congruent right pyramids with equilateral triangular base with side svV2 & normal height H; (as shown
in above fig-1). Therefore, the volume of truncated rhombic dodecahedron is given as

V = 12(Volume of rectangular right pyramid ) + 6(Volume of square right pyramid )
+ 8(Volume of equilateral triangular right pyramid )

= 12(%(5'5\/2)' %)+6<%(5\/§)2'S\/§)+8 %(?sz)Zs\/g

s3 2532 s3
-12(5)+o(557) 0 (35)

4532
= 653V2 + 4s3V2 + 3
B 34s34/2
-3
34532
. Volume, V = ~ 16.02775371s3 N ()

2.4. Mean radius (R,,,) of truncated rhombic dodecahedron: It is the radius of the sphere having a volume equal

to that of a given truncated rhombic dodecahedron with edge lengths s & sv/2. It is computed as follows

volume of sphere with mean radius R, = volume of truncated rhombic dodecahedron

4 345342
§T[(Rm)3 = 3
(R = 17s3
m - T[\/E

1753\
R. =
" (n\/f>
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(7)

3. Dihedral angle between any two faces meeting at a vertex of truncated rhombic dodecahedron

A truncated rhombic dodecahedron has 24 identical vertices at each of which two rectangular, one square &
one equilateral triangular faces meet together. We will consider each pair of two faces meeting at a vertex &
find the dihedral angle measured internally between these two faces.

3.1. Angle between adjacent rectangular and square faces: Consider two adjacent rectangular
and square faces meeting each other at the vertex E which are inclined at a dihedral angle @gxg
(as shown in the fig-6). The line EF shows the small side of rectangular face EFGI (see fig-3 above)
& line EK shows the side of square face EKLI (see fig-4 above). Drop the perpendiculars OM & 0Q
from the centre O to the rectangular & square faces at the centres M & Q which are shown by
OM; & 0Q, respectively in the projected view in fig-6.

In right AOM; E (see fig-6),

tan M, E0 = 2 _ _He 2/ _3
an = = = =
! EM, (E ) (i)
2 2
/M,EO =tan™13
In right AOQ, E (see fig-6),
0Q, Hg (sv2)
tan 2Q,E0 = — = = =2
! EQ, (ﬂ) (m)
2 2

2Q,E0 =tan™12

= LFEK = £4M{EQO + £Q.EO
Ops =tan"13 +tan"12

3+2 )

=t (7255

=m+tan"1(-1)

- (-3

(+ EF=5s)

(v EK= S\/E)

x
( “tan"'x+tan 'y =7 +tan~?! (1 —

+y
var>1)
xy) xy

Dihedral

between a
rectangular & a square faces
shown by the sides EF & EK L to
the plane of paper.

Figure 6: angle

LFEK = BRS

Hence, the dihedral angle s between any two adjacent rectangular & square faces of a truncated rhombic

dodecahedron, is given as follows
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7] _31'[_1350
RS =4 =

..(8)

3.2. Angle between adjacent rectangular and triangular faces: Consider two adjacent rectangular .

Y
and equilateral triangular faces meeting each other at the vertex E which are inclined at a dihedral W‘
I R

angle @gr . The line El shows the large side of rectangular face EFGI (see fig-3 above) & line EJ; \ \
shows the altitude from vertex E to the side FJ of equilateral triangular face EFJ (see fig-5 above). ‘
Drop the perpendiculars OM & OT from the centre O to these faces which are shown by \ \
OM; & OT; respectively in projected view (as shown in fig-7). ‘

In right AOM; E (see fig-7),

3s
tan zMEQ = 2 Fr__ (2) _3

) ()

3
£M,EO = tan™!

V2

In right AOT, E (see fig-7),

£T,EO = tan™' 4V/2
= ¢IE], = £MEO + £T,EO

3
Oy = tan~ ! — + tan~1 44/2
RT \/7

%+4x/7

x
=+ tan~?! V2 < tan"lx +tan"'y =7 +tan? (

3
1—5'4\/5

1
= +tan~ ! (— —)

V2

=g —tan 1 —

V2

(+ EI= S\/E)
Figure 7: Dihedral angle
2IEJ{ = Ogr between a
rectangular & an equilateral
triangular faces shown by the
side El & altitude EJ; L to the
plane of paper.

sv3
< EJ, = ssin60° = T\/_>

+y
1—xy

) vay>1)

Hence, the dihedral angle Oz between any two adjacent rectangular & equilateral triangular faces of a

truncated rhombic dodecahedron, is given as follows

~ 144°44'8.2"

Nl

Opr = m—tan™!

©2020 H C Rajpoot
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3.3. Angle between square and triangular faces with a common vertex but no common edge:
Consider a square and an equilateral triangular faces meeting each other at the vertex E which
have no common edge and are inclined at a dihedral angle 8¢. The line EL shows the diagonal of L 6

\ s
square face EKLI (see fig-4 above) & line EF; shows the altitude from vertex E to the side FJ of \ :' s
equilateral triangular face EFJ (see fig-5 above). Drop the perpendiculars 0Q & OT from the “.\ \ f HT" ;'
N ] ,'
centre O to the centres Q & T of square & triangular faces respectively (as shown in the projected “\ H"“ 5 ! l,"
view in fig-8). \ s'\\ L !
2 \ : )
\ \ ] ‘0 1
In right AOQE (see fig-8), \ '\‘ .: ! .4'
‘\ \\ :.’y’
Vg
0Q Hy sV2 N
tan £QEQ = — = == V2 (v EL =v2(sV2) = 2s) oy

NGOGy

£QEO0 =tan"'V2

Figure 8: Dihedral angle
2LEF{ = 0g;y between a
square & an equilateral
triangular faces shown by the
diagonal EL & altitude EF; 1L to
the plane of paper.

In right AOTE (see fig-8),

2
2s |=
OT H ( \g) sV3
tan 2TEO =ﬁ= ) Li = =2\/§ ( EF1=ssin60"=T)
(gEFl) 2sV3
372

£TEO = tan"12V/2

= £LEF, = £QEO + £TEO

O = tan"1 V2 + tan~1 22

= n+tan‘1<

VZ+ 242 )
1-+2-2v2

=1+ tan"'(—V2)

X+
< tan"lx+tan"'y =7 + tan? ( Y

vay>1)
1—xy) Xy

=7 —tan"1/2

Hence, the dihedral angle 85 between square & equilateral triangular faces meeting at the same vertex of
truncated rhombic dodecahedron, is given as follows

05y = ™ — tan"'V2 ~ 125°15'51.8" e e e (10)

3.4. Angle between two rectangular faces with a common vertex but no common edge: Consider two
congruent rectangular faces meeting each other at the vertex E which are inclined at a dihedral angle Ozg. The
line EG shows the diagonal of rectangular face EFGI (see fig-3 above) & line EG’ shows the diagonal of another

rectangular face EF'G’I’. Drop the perpendiculars OM & OM' from the centre O to the centres M & M’ of these
rectangular faces with no side common (as shown in the projected in fig-9).

In right AOME (see fig-9),
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M &
3s 5 M
oM H > [ - ' O g
tan LMEQ = —— = —F— = (2) =3 (':EGz 52+ (sv2) =S\/§) X v { /
EM (E G) V3 5w p /!
22\ N e
\“‘ “.‘ § l',' [l'
\‘. |‘ i ’, "4
/MEO = tan"'v/3 = /M'EO = £MEO = tan"*v/3 =1/3 AL AR
;‘\ ‘. s 'l l'l
vy,
= LG'EG = +M'EO + £MEO ‘\_"\5'/’/
W
Onp = T + T_ Z_H Figure 9: Dihedral angle
RR = = ,
3 3 3 2G'EG = Oz between two

rectangular faces, meeting at a
Hence, the dihedral angle 8zr between any two rectangular faces meeting at the same vertex of vertex, shown by diagonals EG

truncated rhombic dodecahedron, is given as follows & EG’L to the plane of paper.

2w

4. Solid angles wg, ws & wy subtended by rectangular, square and equilateral triangular faces
respectively at the centre of truncated rhombic dodecahedron

4.1. Solid angle of rectangular face: The solid angle (w), subtended by a rectangular plane of length [ & width

b at any point lying at a distance h on the perpendicular axis passing through the centre, is given by generalized
formula [4,5] as follows

. _1< lb )
w = 4sin
V(12 + 4h2) (b? + 4h2)
Substituting the corresponding values in above formula i.e. length = sv2 , width b = s & normal height h =

Hi = 3s/2, the solid angle wy subtended by the rectangular face EFGI at the centre O of truncated rhombic
dodecahedron (as shown in above fig-3), is obtained as follows

1 S\/E'S

Sl 44 @) (12

, %2 , %2 _ 2 _ 1
wg =4sin"!{ ————--|=4sin"!|——— ) =4sin"!| |—|=4sin"!| |—=
J1s9)(10s7) s2V110 110 55

wgp = 4sin”

Hence, the solid angle wy subtended by any of 12 congruent rectangular faces at the centre of a truncated
rhombic dodecahedron, is given as follows

1
wp = 4sin™! (—) sr ~ 0.541007833 sr e (12
R N (12)

4.2. Solid angle of square face: Similarly, substituting the corresponding values in above formula i.e. length =

sv2 , width b = s/2 & normal height h = Hg = sv/2 , the solid angle w subtended by the square face EKLI at
the centre O of truncated rhombic dodecahedron (as shown in above fig-4), is obtained as follows

©2020 H C Rajpoot 9
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VI sVZ
J(6v2)* + 4(v2)") (s + 4(sv2)")

1

wg = 4sin”

) 252 ) 252 )
ws = 4sin™' | ———=——=—=| = 4sin™' (—— | = 4sin7'(0.2)
J/(10s52)(10s2) 10s

Hence, the solid angle wg subtended by any of 6 congruent square faces at the centre of a truncated rhombic
dodecahedron, is given as follows

wg = 4sin1(0.2) sr ~ 0.805431683 sr U )

4.3. Solid angle of equilateral triangular face: We know that the solid angle (w) subtended by any regular
polygonal plane with n no. of sides each of length a at any point lying at a distance H on the vertical axis passing
through the centre, is given by generalized formula [4,5] as follows

. T
ZHSlTlH \

/ 2 2,028
\ 4H? + a®cot n/

Substituting the corresponding values in above formula i.e. number of sides n = 3 (for regular A), length of each

side a = s, & normal height H = H; = 2s,/2/3, the solid angle wy subtended by the equilateral triangular
face EFJ at the centre O of truncated rhombic dodecahedron (as shown in above fig-5), is obtained as follows

’2 . T
2(25 §)sm§

5 2

’_ 2.2
4<25 3> + s4cot 3

1

w = 2w — 2nsin”

1

wr = 2w — 2 X 3sin”

2 V3
= 2m — 6sin™! m =27 — 6sin”?! 25V2 = 2m — 6sin™" <ﬂ>
3252  s? 33s2 Vi1
3 3 3

Hence, the solid angle wy; subtended by any of 8 congruent equilateral triangular faces at the centre of a
truncated rhombic dodecahedron, is given as follows

2
wr =2mw—6sin71| 2 /H sr ~ 0.155210814 sr e (14)

4.4. Total solid angle: We know that a truncated rhombic dodecahedron has 12 congruent rectangular faces, 6
congruent square faces & 8 congruent equilateral triangular faces. Therefore, the total solid angle subtended by
all the faces at the centre of a truncated rhombic dodecahedron, is given as follows

w = 12(wg) + 6(ws) + 8(wr)

1 2
— -1 -1  fein—1 il
w=12 (4 sin (@)) + 6(4sin"*(0.2)) + 8 2m — 6sin 2 11
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1 2
w = 48sin7?! (—) +245sin71(0.2) + 16w — 48sin7| 2 |—
V55 0.2 11
© = 167+ 24sin"1(0.2) — 48 sin"*[ 2 | | = sin~ (—1 )
nn V55

1 8 1
w =167 + 24sin~t (E) — 48| sin"!| |— | —sin™t (—)

Using formula: sin™* x — sin™* y = sin (/1 —y2 —yvV1—x2%) V |x|, |yl € [0,1],

16 +48(1 1(1)) agf st |2 222 1
w = I sin 5 sin 11./55 11\/%

1—/1-x2

Using formula: %sin‘lx = sin‘1< . ) v |x| € [0,1],

w = 16w + 48| sin™! |

48<_ _1(12J§ V3 ))

- sin™' | ——=———=
11V5 11V5

w = 16w + 48sin?!

11v3
w = 16w + 48sin~?! 10 — 48 <sin‘1 <—\/_>>

o = 16w + 48sin~!

—
—~
Py
E; |
3
[\
|
&
[%2]
5
I
AN
—
\l/
N——
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< . (\/3(\/3 +v2) V2(V3- \/2)))
w = 16w — 48| sin -
52

5v2

w = 16w — 48sin™

w = 16w —48sin~t

(5%
w = 16w — 48sin~ <
)

1

w = 16w — 48sin~! (—2

N

N————

w = 167 — 48 (%)

w=16m — 121

w = 4m sr

)

3+V6— \/_+2)

28 Feb 2020

Above result shows that the solid angle subtended by a truncated rhombic dodecahedron at its centre is 47 sr

It is true that the solid angle, subtended by any closed surface at any point inside it, is always 4m sr [6].

A truncated rhombic dodecahedron has total 24 identical vertices at each of which two rectangular, one square

& one equilateral triangular faces meet together. Thus, one of 24 identical vertices will be considered to compute

solid angle subtended by a truncated rhombic dodecahedron at the same vertex.

5. Solid angle subtended by truncated rhombic dodecahedron at any of its 24 identical vertices

Consider any of 24 identical vertices say vertex P of truncated rhombic dodecahedron. Join the end points A, B,
C & D of the edges AP, BP, CP & DP, meeting at vertex P, to get a (plane) trapezium ABCD of sides AB = s, BC =

AD = sv/3 & CD = 2s (as shown in fig-10).

Join the foot point Q of perpendicular PQ drawn
from vertex P to the plane of trapezium ABCD,
to the vertices A, B, C & D
perpendiculars MN & QE from midpoint M &
foot point Q to the sides CD & BC respectively of

Drop the

trapezium ABCD (as shown in the fig-11)

We have found out that dihedral angle between

square & equilateral triangular faces is

£MPN = — tan"1v/2. The perpendicular PQ
dropped from the vertex P to the plane of
trapezium ABCD will fall at the point Q lying on
the line MN (as shown in the fig-11).

Figure 10: A trapezium ABCD is formed
by joining the endpoints A, B, C & D of
edges AP, BP, CP & DP meeting at the
vertex P of given polyhedron.

In AMPN (see fig-12 below), using cosine formula as follows

©2020 H C Rajpoot

Figure 11: Point Q is the foot of
perpendicular PQ drawn from the vertex
P to the plane of trapezium ABCD. Point P
is lying at a normal height h from the
point foot Q (L to the plane of paper).
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(PM)? + (PN)? — (MN)?
2(PM)(PN)

cos LMPN =

#) ¥ (5)? = (MNY?

cos(m — tan~1v2) = <

from vertex P to the plane of trapezium
ABCD falls at the point Q on the line MN.

2 (#) (s) Figure 12: Perpendicular PQ dropped
2
3% + 5% — MN?
= —cos(tan™1v2) =
523
2 2
— -t == =S5 —_—— — D — :——MN
cos (cos \/§) N 7 o3 s 2
7s? 11s? _sV11

@MNZZT‘FSZ :MNZZT = MN
Now, the area of AMPN (see fig-12), is given as follows

%(MN)(PQ) = %(PM)(PN) sin(m — tan~!v2)

(s 11) (PQ) = (?) (s) sin(tan~* v2)

2
2 S\/§ 2 2
V11PQ = sV3sin sin‘l\ﬁ = PQ:m\E:sﬂfﬁ

Using Pythagorean theorem in right APQM (see above fig-12 above) , we get

2

2 352 252 2552_ 5s

\/§2
MQ = v(PM) = (PQ)* = (T) AT =JT‘H=J44 " 2VT1

sY11  5s _ 3s
2 2V11 V11

Using Pythagorean theorem in right AQMB (see above fig-11), we get

= QN=MN-MQ =

P
BQ = (MQ)?+ (MB)? = ( > )2 + (5)2 = 2557 + s = 3657 _ 38
¢=vie “Jovtt) T\ T Te T e T sE A
Using Pythagorean theorem in right APQC (above fig-13), we get
ah <
2 Figure Right APQC is
2 2 252 2052 5 obtained by dropping L to the
QC=(PC)2—(PQ)2= |(sV2) —|s ol = 252 — = T =% 11 plane of trapezium ABCD.

©2020 H C Rajpoot
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In AQBC (see fig-11 above), using cosine formula as follows

2

3s 5
(BQ)2+(BC)2—(QC)2_<T) +(sV3)’ ( E) o

cosa = = =
2(BQ)(BO) 35 ) (sv3 6s2v/3
2 (sV3)
V11 V11
9s2 4 33s% — 2052 22s?
1T 11 Vi1 1 11
cosa = = -_— = = |—
65243 6s2v/3 3v3 33
V11 V11

In right ABEQ (see above fig-11),

= = =
cosa Q cosa = 3

= EC=BC-BE =sV3 S _28
V3 V3

Using Pythagorean theorem in right ABEQ (see above fig-11) , we get

9s% 52 1652 _ 4s
33 V33

- T - () () - g

We know from HCR’s Theory of Polygon that the solid angle (w), subtended by a right triangle
OGH having perpendicular p & base b at any point P at a normal distance h on the vertical axis
passing through the vertex O (as shown in the fig-14), is given by Standard Formula-1 [4,5] as

pl.oh)
o

follows

b b h Gl H
w = sin™?! (7) —sin™? ( ) < ) b
Vb? +p? Vb2 +p?/ \Jh* + p? - Dt b I

Figure-14: Point P lies at normal
height h from vertex O of right

Now, the solid angle wpqoup subtended by right AQMB at the vertex P (see above fig-11) is AOGH (L to plane of paper).

obtained by substituting the corresponding values (as derived above) in above standard-1

formulai.e. base b = MB = 2, perpendicularp = MQ = 2\/_ & normal height h = PQ = S\/E as follows
/ ) s \/ s /i \\|
Wagus = sin”" | 2 2 [l 11 I
2 2 2
( ) ) + (555
11 2V11

e

Ll
o) o
| RS

it 2| _eip-t | [ 2 1
V11 V11 2
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(I [1 ]2
Wpoup = Sin 3 sin 3 13

Similarly, the solid angle w,pgo subtended by right ABEQ at the vertex P (see above fig-11) is obtained by
substituting the corresponding values (as derived above) in above standard formula-1 i.e. base b = BE =

28 Feb 2020

..(15)

‘\/§I
. _ _ 4s . _ _ 2
perpendicularp = QF = 73 & normal height h = PQ = s\/; as follows
ST
wABEQ = Sin_l \/§ | - \/§

\(
| | I
'\ @) e\
35 \ \

3s

V11 V11
R 1 (11 __1<1) 16
Wappg = Sin 3 3 sin 3 v e e (16)

Similarly, the solid angle w,cgy subtended by right ACEQ at the vertex P (see above fig-11) is obtained by

substituting the corresponding values (as derived above) in above standard formula-1 i.e. base b = EC = z

perpendicularp = QF = 18

\/§I
i = —s |2
=75 & normal height h = PQ = s\/; as follows
2s / 2s 2 \
NG = S
Wacgq = Sin~! V3 —sin™! | V3 11 |
2
&)+ ) () )\ (5) + ()
V3 V33 V3 V33 11 /33
2s 2s 2
V3 V3 SyT1T 11 11 3
Wacpe = Sin~! L\/? —sin™? \/§5 121 =sin~?! == sin~?! = 1
2s H 2s H S g
S (1
Wacgq = SN 5 sin (\/g) N ¢ V)

Similarly, the solid angle wygn¢ subtended by right AQNC at the vertex P (see above fig-11) is obtained by
substituting the corresponding values (as derived above) in above standard-1 formula i.e. base b = NC = s

icular p = QN = 25 ghth=PQ = s |~
perpendicularp = QN = Nexl & normal height h = PQ s\/; as follows

©2020 H C Rajpoot 15
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2\
R N R A A N AV
a)AQNC—sm 5/ sSin \ 5/\ S / = Sin 2 5 Sin 2 5 11
2s ﬁ \ 2s ’H /
1\ 1
@Wagne =S| 5 T — sin (\/ﬁ) v e e . (18)

Now, according to HCR’s Theory of Polygon [4,5], the solid angle wypcy subtended by the trapezium MBCN at
the vertex P (see above fig-11) is the algebraic sum of solid angles subtended by the elementary right triangles
AQMB,ABEQ,ACEQ & AQNC which are given from (15), (16), (17) and (18) as follows

WyMBcN = Wagme T Wapeg T Waceg T Wagne

Substituting the corresponding values of solid angles (derived above) as follows

(NI (1|2 (i)
Wypeny = | SINn T — Sin § § + | sin § ? — Sin <§>

+ o |11 _1(1) +( sin-t 1 (11 _1<1)
sin — sin”" (— sin — sin”" (—

15 V5 25 V10
(V11 4 sin-t 1 j11 ., (12 +__1<1> +( sin-1 11 + sin-1 1 ]11
= | sin 3 sin R sin RE sin™* {3 sin 1c sin 5 |5

(oo ()

Using formula: sin™* x + sin™* y = sin™*(x/1 — y2 + yV1—x2%) V |x|, |yl € [0,1],

(V11 4 5111 o 22\/_ 5 1
=|sin!|{— —=+=--= [— ] ]—|sin? S
6 \/_63 33 3 3@3

. 1 3 2 11 (13 2 1
T — sin 5 2\/_ \/_ 2 —(sm (ﬁﬁ+ﬁﬁ))

_s (‘W_l SVIT AN ( --1<ﬂ+£>_--1(i+i)
- s 18v3  18v3) 9\/_ 9V3 M Gov3  10v3)) " vz sz

_-—19\/H -—19 -—15\/ﬁ -—15
= Sin (ﬁ) — Sin (ﬁ) + <T[ — Sin <m)) — Sin <ﬁ>

©2020 H C Rajpoot 16
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o411 __1<1)+ 1|11 _1(1>
= sin 5> |3 sin N T — sin > |3 sin N
(111 ._1(1)+ . 4111 T
= sin 3 sin Ne T — sin > |3 7

3 __1<1) R 3w __1(1>
=——sin"" [— w =—-—sin"" (—

Thus, using symmetry in trapezium ABCD (see above fig-11), the solid angle w4p-p subtended by the trapezium

ABCD at the vertex P of truncated rhombic dodecahedron will be twice the solid angle wygcy subtended by the

trapezium MBCN at the vertex P, as follows

3m (1 3r )
Wapcp = 2Wypen = 2 <— — sin (—)> =——2sin

4

2 3 2 3

3m (22 T (2V2 (22 (1
=—-—SIln (—)=n+<——sm <—))=7‘[+COS <T)=T[+Sln <§>

It’s worth noticing that the solid angle wy subtended by truncated rhombic dodecahedron at its vertex P will be

equal to the solid angle w,g¢p subtended by the trapezium ABCD at the vertex P.

Hence, the solid angles w, subtended by a truncated rhombic dodecahedron at any of its 24 identical vertices

(at each of which two rectangular, one square & one regular triangular faces meet), is given as follows

1
wy = 7+ sin~! (5) st ~ 3.481429563 sr

6. Paper model of a truncated rhombic dodecahedron

In order to make the paper model of a truncated rhombic
dodecahedron having 12 congruent rectangular faces, 6
congruent square faces & 8 congruent equilateral triangular
faces, it first requires the net of 26 faces to be drawn on a
paper sheet

Step 1: Prepare a net of 26 faces out of which there are 12
congruent rectangular faces each with length sv2 & width
s, 6 congruent square faces each with side sv2 & 8
congruent equilateral triangular faces each with side s on
the plain sheet of paper (as shown in fig-15(a)).

Step 2: Fold each of 26 faces about its common (junction)
edge such thatthe open edges of faces overlap one another
& thus the net conforms to a closed surface. Glue the faces

e e (19)

Figure 15: A net of 12 congruent rectangular, 6 congruent square & 8
congruent equilateral triangular faces (a), is folded to conform to the
shape of a truncated rhombic dodecahedron (b).

at the coincident edges to retain the shape of a truncated rhombic dodecahedron (as shown in fig-15(b)).

©2020 H C Rajpoot
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Summary: Let there be a truncated rhombic dodecahedron having 12 congruent rectangular faces each with
length sv/2 & width s, 6 congruent square faces each with side sv/2 and 8 congruent equilateral triangular faces
each with side s, 48 edges and 24 identical vertices then all its important parameters are determined as
tabulated below.

Radius(R) of circumscribed sphere sv3 ~ 1.732050808 s
passing through all 24 vertices

Normal distances Hp, Hg & Hy of 3 2
rectangular, square & regular triangular Hp=—, Hg = sV2 ~ 1.414213562 s & Hr = 2s |-~ 1.632993162 s
faces from the centre of truncated 2 3
rhombic dodecahedron

Surface area (4;) A = 25%(6V2 + 6 + V3) ~ 32.43466436 s*

Volume (V) 34s3+/2
V= ~ 16.02775371s3

17 1/3

Mean radius (R,,) or radius of sphere
) ~ 1.564088599 s

having volume equal to that of the Ry = S(m/f
truncated rhombic dodecahedron

Dihedral angle Ois between any two

; 3m
adjacent rectangular & square faces Ops = o= 1350

Dihedral angle O,y between any two

; 1
adjacent rectangular & square faces Opr = 70 — tan™ ﬁ ~ 144°44'8.2"

Dihedral angle O between square &

equilateral triangular faces with a O = m —tan" ' V2 ~ 125°15'51.8"
common vertex but no common edge

Dihedral angle O,z between any two
rectangular faces with a common vertex

2
—_— = (o}
but no common edge Orr = 3 120

i 1
Solid angles wp , s & oy subtended by wp = 4sin! (—) sr~ 0.541sr, wg=4sin"1(0.2) sr ~ 0.805 sr

rectangular, square & equilateral \/55
triangular faces at the centre of
. 2
truncated rhombic dodecahedron wyp = 2w —6sin~t| 2 el sr ~ 0.155210814 sr

Solid angle wy subtended by truncated

1
— in-1(Z ~
rhombic dodecahedron at its vertex @y =T+ sin (3) ST~ 3481429563 sr

Note: Above articles had been derived & illustrated by Mr H.C. Rajpoot (M Tech, Production Engineering)
Indian Institute of Technology Delhi 28 Feb 2020

Email:hcrajpoot.iitd@gmail.com , Author’s Home Page: https.//notionpress.com/author/HarishChandraRajpoot
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