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1. Introduction

In this paper, a class of non-uniform polyhedra is investigated in detail. The
polyhedron consists of two congruent regular n-gonal faces, 2n congruent
trapezoidal faces, 5n edges & 3n all of which lie on a spherical surface of fixed
radius. Each trapezoidal face has three equal side lengths, two equal acute angles
a and two equal obtuse angles (3, as illustrated in Fig. 1 for the case of a non-
uniform tetradecahedron [1]. The constraint that all 3n vertices lie on a common
spherical surface imposes strong geometric relations among the defining
parameters of the polyhedron. As a consequence, key quantities such as the solid
angle subtended by each face at the centre, the normal distance of each face
from the centre, the circumscribed (outer) radius, the inscribed (inner) radius, the
mean radius, the total surface area, and the enclosed volume can be
systematically determined.

It is shown that if the length of one of the two unequal edge types is specified, all
remaining dimensions of the non-uniform polyhedron can be uniquely evaluated.
In particular, when the edge length a of the regular n-gonal faces is known, the
analysis simplifies significantly. A closed-form mathematical relation between
the edge length a and the radius R of the circumscribed spherical surface is
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Figure 1: A non-uniform tetradecahedron has 2
congruent regular hexagonal faces each of edge
length a & 12 congruent trapezoidal faces. All its
18 vertices eventually & exactly lie on a spherical
surface with a certain radius.

derived, enabling all geometrical dimensions of the polyhedron to be expressed solely in terms a. Furthermore,

the plane angles and the solid angles associated with each face are obtained directly from this formulation [2,3].

Total number of faces = 2n + 2, number of regular polygonal faces = 2,

noumber of trapezoidal faces = 2n, number of edges = 5n, and number of vertices = 3n

2. Analysis of Non-uniform Polyhedron

For ease of calculations & understanding, let there be a non-uniform
polyhedron, with the centre O, having 2 congruent regular n-gonal faces each
with edge length a & 2n congruent trapezoidal faces each with three equal sides
each a and all its 3n vertices lying on a spherical surface with a radius R,. Now
consider any of 2n congruent trapezoidal faces say ABCD (AD = BC = CD = a)
& join the vertices A & D to the centre O. (See the Figure 2). Join the centre E of
the top regular n-gonal face to the centre O & to the vertex D. Draw a
perpendicular DF from the vertex D to the line AO, perpendicular EM from the
centre E to the side CD, perpendicular ON from the centre O to the side AB &
then join the mid-points M & N of the sides CD & AB respectively in order to
obtain trapeziums ADEO & OEMN (See the Figures 3 & 4 below). Now we have,

2n
OA=0B=0D=R,, AD= BC =CD =aq, LCED=AAOB:7
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Figure 2: ABCD is one of 2n congruent trapezoidal
faces with AD = BC = CD = a. ACED & AAOB
are isosceles triangles. ADEO & OEMN are
trapeziums.
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Hence, in isosceles triangles ACED & AAOB , we have

EC=EDand CD = a,and OA = OB =R,

In right AEMD (Fig. 2),

a
, DM . T (7) a /2
SinZDEM = — = sin—=—-—=-- = ED = —cosec— = EC = OF
n ED 2 n

a
tane DEM = 2M o tan™ —(7) EM =2cot™ = oH
ya = = —_ = = = — —_=
an M- T EM 2°°'n

In right AANO (Fig. 2),

) AN . m AN .
sinZAON = 04 = sin—= R = AN = R,,sm; =NB

o

ON m  ON T
cos£2AON = 04 = cosE = R_o = ON = Rocos;

In right AOED (Fig. 3),
D of

2

EO = /(0D)? — (DE)? = \/Rf - (%cosec %)

¢/ R
1 2 i3 .
= EO = DF = MH = - |[4R,” — a?’cosec?— ;
2 n \
In right AAFD (Fig. 3), h
S 0
2 _ 2 2 _ _ 2 2 Figure 3: Trapezium ADEO with
= (AD)* = (AF)? + (DF)* = (OA — OF)* + (DF) AD =a, 0A=0D =R,
) & DF = EOQ. The lines DE & AO
a T\ 2 1 s are parallel.
2 _ _= i _ 2 _ 42 2
=a° = (Ro 2 cosec n) + <2 \[4Ro a“cosec n)
E
2 2
2 2 @ 2 T 2@ 2T
=a“ =R,” +—cosec*——aR,cosec—+ R,” — —cosec* —
n n 4 n
2 n 2
2R, — aRocosec£ —a“=0
o

T T2
acosec —+ J(—acosec —) + 8a?
= R, = n n Figure 4: Trapezium OEMN with
4 EM = OH & EO = MH. The
lines ME & NO are parallel.
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But, R, > a > 0 by taking positive sign, we get
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R 2 n+ /8+ gl ¢
=—( cosec— cosec?—
° 4 n n )

Now, draw a perpendicular OG from the centre O to the trapezoidal face ABCD, perpendicular MH from the mid-
point M of the side CD to the line ON. Thus in trapezium OEMN (see the above Figure 4), we have

2
1 5 i a T i a? T
MH = EO = - [4R,” — a?cosec?— = || —| cosec—+ |8 + cosec? — — —cosec? —
2 n 4 n n 4 n
_ 1 27T+1(8+ 271)+1 T g+ L 1 ,T
=a 16 cosec 16 cosec )t3 cosec - f cosec m 2 cosec -
_ 1 . Tl 1 + 1 . + 1 T g+ o 1 , T
=a Te cosec TS cosec g cosec - ’ cosec ~ "3 cosec -
1 1 - = 1 - 4+ cosecﬁ ’8 + cosec? % - cosecZZ
=a 8 + cosec? - gcosec2

—=a

§+§cosec5 n 3
a |4~ cosec?™ + cosec™ ’8 + cosect
~MH =EO = — n n n un
T oa =
NH = ON —0OH =0ON —EM = Rocos;— Ecotg (see figure 2 & 4)

. T+ |8+ cosec?~ ) cos——2cotm (setting the value of R, f M)
= —| cosec— cosec?—|cos—— =cot— setting the value o rom e

4 n n n 2 n J ° d

a T s T a T a T T a T
= —| cot—+ cos— /8+cosec2— — —cot—=—cos— /8+cosec2———cot—

4 n n n 2 n 4 n n 4 n

a T T s
=—<cos— /8+cosecz——cot—>

4 n n n

In right AMHN (Fig. 4 above),

MN = /(MH)? + (NH)? = \/(E0)? + (NH)?

|
— 2 - 2 2
! 4 — cosec + cosec ’8 + cosec a = T
Z cos — |8 + cosec? . cot—

_ 2 T s ’ 2 T
4 — cosec + cosec 8 + cosec n 1 T T T T T =
=a +—|cos?— (8 + cosec? —) + cot?— — 2cos —cot— |8 + cosec?—
16 n n n n n n

8
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a T T T T T b4 T
=— |8 — 2cosec?—+ 2cosec— [8 + cosec?— + 8cos2 + cot2 + cot?— — 2cos?—cosec— |8 + cosec?—
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a T T T T T T
=— [8—2—2cot?2—+ 8C0$2—+2C0t2—+2(1 — cos? —) cosec— |8 + cosec? —
4 n n n n n n
T i a T 3
6+ 8C0$2 + 2sin? —cosec— 8 + cosec’— =— |6+ 8cos?—+2 [8sin?2—+1
n n n n 4 n n

2T _ 2T

a T = g |61 8cos n+2’9 8COSn
=— |6+ 8cos?2—+2 |9 —8cos?—=—
4 n n 2

4

a 3+4ws2 + /9 BCoszn
= N 1))

MN =
2 2

-PIQ

Now, area of AOMN can be calculated as follows (from the above Figure 4)

Area of AOMN = %[(MN) x (06)] = % [(ON) x (MH)] = (MN) x (0G) = (ON) x (MH)
/ 4 — cosec2 + cosec = /8 + cosec? E\
(R cosﬂ)x|2\/ ) I n|
L oG = (ON) x (MH) _ /

2

MN
\/3 + 40052 + 9 8cos2
a n

)

%(cosec— + ’8 + cosec? ) cos%\/él - cosec2 + cosec— /8 + cosec2
\/3 + 4(,‘052 + /9 8cos? Z

cos%\/(ﬁl — cosec2 + cosecﬁ /8 + cosec? ) <cosec— + /8 + cosec? >
\/3 + 46052 + ’9 8COSZZ

a T 2 s / , T
7 Cos \/32 + 16c¢cosec + 16cosec n 8 + cosec n
\/3 + 40052 + /9 8cos? 7711
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T T / b4 T T T T T
2T T 2T 2T 2T T 21t 21t
- 2 + cosec n+cosecn 8 + cosec o 2cos n+cot n+cotn\/8c'os n+cot -
= acos— =a
b4 / T T ’ T
2 2 2 2
3+ 4cos n+ 9 — 8cos - 3 + 4cos n+ 9 — 8cos o

T T T T T
2 2 2 2
2cos + cot + cot \/8cos + cot

2 f_ 2
3 + 4cos n+ 9 8cosn

2.1. Normal distance (H,,_g,m) of regular n-gonal faces from the centre of non-uniform polyhedron

~0G=a v e (IV)

The normal distance (Hn_gon) of each of 2 congruent regular n-gonal faces from the centre O of a non-uniform

_ 2 n 2
Y _ o a 4 — cosec n+cosecn 8 + cosec n
n-gon — _2 2
_ 2 T n / 2
4 — cosec n+cosecn 8 + cosec n
> VneEN &n=3

It's clear that both the congruent regular n-gonal faces are at an equal normal distance H,,_ 4., from the

polyhedron is given as

(from the eq(II) above)

Hn—gon = E

centre of a non-uniform polyhedron.

2.2.Solid angle (wn_gon) subtended by each of 2 congruent regular n-gonal faces at the centre of non-uniform

polyhedron
We know that the solid angle (w) subtended by any regular polygon with each side of length a at any point lying

at a distance H on the vertical axis passing through the centre of plane is given by following equation [2,3],

3
2Hsmﬁ

/ 2 20042 1T
4H* + a“cot n

Hence, by substituting the corresponding values in the above expression, we get the solid angle subtended by
each regular n-gonal face at the centre of the non-uniform polyhedron as follows

1

w=2m— 2nsin”

LT
) Z(EO)SlTlﬁ

Wn_gon = 2T — 2nsin” =
\/4(E0)2 + a?cot? 0
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> |smﬁ

/ 4 — cosec? T + cosec T ’8 + cosec? E\
a n n n ., T
2 I\7

=27 — 2nsin™?!

s s
J4 — cosec? P + cosec P 8 + cosec? =

T
2 2 b
) +acotn

i i

2
2 + cot

T T T T
in— (4 — 2 i 2
Slnn cosec n + cosec n 8 + cosec n
T T T T
4 — 22 il 2 2 22
cosec n + cosec n 8 + cosec n + 2cot n

= 2m — 2nsin”

/ T T \
4 — cosec? Py + cosec= [8 + cosec?
sin >
=27 — 2nsin™?!
is is T
4 — cosec? =+ cosec— |8 + cosec?—
n n n T

( 4sin2%+sin% ’8+cosecz%—1

=27 — 2nsin™?!
_ 2T T / 2T 2T _
k\/él cosec n+cosecn 8 + cosec n+2cosec n 2

2 T 2 T
4sin n 1+ |8sin n+1

=27 — 2nsin~?!
2 n / 2
2 + cosec n + cosec n 8 + cosec n

PR 2 It
4 — 4cos 1+ ’8 8cos*—+1
2 n / 2
2 + cosec n + cosec n 8 + cosec n

2T 2 T
1/ 3 —4cos nt f9 8cos n
o T (4 / o T
2 + cosec*— + cosec— (8 + cosec* —

Now, the area of each of two regular n-gonal faces is given as,

= 2m — 2nsin”

- Wp_gon = 2T — 2nsin” VneEN &n=3

1 T
Area of each n — gonal face, Ap_gon = Znazcot—
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2.3. Normal distance (H,) of trapezoidal faces from the centre of non-uniform polyhedron

The normal distance (H;) of each of 2n congruent trapezoidal faces from the centre of non-uniform
polyhedron is given as

2c052 + COtZ + cot= \/80052 + cot2
H,=0G = a (from the eq(IV) above)

3 +400$2 + /9 8COSZZ

Zcos2 +cot2 + cot— JBcosz +cot2

n
3+4c‘osZ + /9 8coszn

It’s clear that all 2n congruent trapezoidal faces are at an equal normal distance H; from the centre of any non-

H,=a VneN &n=3

uniform polyhedron.

2.4. Solid angle (w,) subtended by each of 2n congruent trapezoidal faces at the centre of non-uniform
polyhedron

Since a non-uniform polyhedron is a closed surface & we know that the total solid angle, subtended by any
closed surface at any point lying inside it, is 47 sr (Ste-radian) [4] hence the sum of solid angles subtended by 2
congruent regular n-gonal & 2n congruent trapezoidal faces at the centre of the non-uniform polyhedron must
be 41 sr. Thus we have

Z[wn—gon] + zn[wtrapezium] =41 or zn[wtrapezium] =41 — Z[wn—gon]

3— 4cos2 + /9 800527:1
2w —|2m — 2nsin™?
2 + cosec? * + cosec ~ /8 + cosec? T
2m — Wn—gon n n

Wirapezium = n = n
, T
3 — 4c0s2 L + 9 — 8cos?2—
. _1 n
= 2sin
2+ cosec2 + cosecT |8 + cosec? T
n \I n
/ 3—4cos2%+ ’9—80032% \
w, = 2sin™?! VneEN &n=3

’ P
2+ cosec2 + cosecz 8 + cosec? n

2.5. Interior angles (a & ) of the trapezoidal faces of non-uniform polyhedron

From the above Figures 1 & 2, let a be acute angle & f be obtuse angle. Acute angle a is determined as follows
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2 }_ 2
\/3+4cos n+ 9 — 8cos n

Nl Q

sin 2BAD = D = sina = " 2 (from eq(III) above)
2 / _ 2 / 2 ’ _ 2 E\
_1 3+ 4cos n+ 9 — 8cos 0 o 1 3 + 4cos n+ 9 — 8cos n
=3 3 or a = sin 3 3

2T f _ ZE\‘
/1 3+ 4cos n+ 9 8r.'osn
> I

= Acute angle, a =sin™!| 2

In trapezoidal face ABCD, we know that the sum of all interior angles (of a quadrilateral) is 360°.

VneN &n=3

~2a+28=360° or B =180° —«
~ Obtuse angle, B =180° —
2.6. Sides of the trapezoidal face of non-uniform polyhedron

All the sides of each trapezoidal face can be determined as follows (see figure 2 above),

T a T
AD = BC=CD =a and AB = ZR,,sinE = E(l + /1 + 8sin? ;) (from eq(I) above)

Distance between parallel sides AB & CD of trapezoidal face ABCD

2T / 2T
a |3 T4cos*—+ [9—8cos®—
~ MN =~

2 2

(from eq(III) above)
Hence, the area of each of 2n congruent trapezoidal faces of a non-uniform polyhedron is given as follows

1
Area of trapezium ABCD = > (sum of parallel sides) X (normal distance between parallel sides)

. 1 /a 3+4c052%+m\
= At:E(AB+CD)(MN)=E(Ro+a) 2

2

AN

2

2 / _ 2
a - = 3 + 4cos n+ 9 — 8cos n
—| cosec—+ |8+ cosec?—|+a
4 n n

16 2

a2 - = 3+4c052%+ /9—86052%
= —(4 + cosec; + /8 + cosec? ;)
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2T _ 2 T
a? - 7 3 +4cos n+ 9 — 8cos n
v A =— 4+cosec;+ 8+coseczz

16 2

3. Important parameters of a non-uniform polyhedron

1. Inner (inscribed) radius (R;): It is the radius of the largest sphere inscribed (trapped inside) by a non-
uniform polyhedron. The largest inscribed sphere either touches both the congruent regular n-gonal
faces or touches all 2n congruent trapezoidal faces depending on the value of no. of sides n of the
regular polygonal face & is equal to the minimum value out of H,,_g,, & H; & is given as follows

R; = Min(H,_4on, H,)

s s i3
4 — cosec? =+ cosec — |8 + cosec? =
n n n

2 2

|

&

Where, Hp_gon =

2T 2 T 2 2
2cos n+cot n+cotn 8cos n+cot n

2 ’ _ 2
3 + 4cos n+ 9 — 8cos n

2. Outer (circumscribed) radius (R,): It is the radius of the smallest sphere circumscribing a non-uniform
polyhedron or it’s the radius of a spherical surface passing through all 3n vertices of a non-uniform
polyhedron. It is given from eq(l) as follows

a /4 T
R, =— (cosec— + ’8 + cosec? —)
4 n n

3. Surface area (4,): We know that a non-uniform polyhedron has 2 congruent regular n-gonal faces &
2n congruent trapezoidal faces. Hence, its surface area is given as follows

tha

A = 2(area of regular polygon) + 2n(area of trapezium ABCD) (see Figure 2 above)

The area of any regular n-polygon with each side of length a is given from the following formula [5],

1 2 T
A = —na“cot—
4 n

Hence, by substituting all the corresponding values in the above expression, we get

1 T 1
As =2 X (Znazcot5> +2n X <E(AB + CD)(MN))

N

1 - a - = 3 + 4cos? % + /9 — 8cos? %\
=2x(—na2cot—)+2nx —| 4 + cosec—+ /8+cosec2—
4 n n n 2

16
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’ T
na / - - = 3+40052 + [9— 8c052n\
——|4cot—+ 4 + cosec—+ |8 + cosec? — [
8 \ n n n 2 /
2T, g _ ZE\
\/777 3+ 4cos nt 9 — 8cos n
2

na? /

Volume (V): We know that a non-uniform polyhedron has 2 congruent regular n-gonal & 2n congruent
trapezoidal faces. Hence, the volume (V) of the non-uniform polyhedron is the sum of volumes of all its
(2n + 2) elementary right pyramids with regular n-gonal & trapezoidal bases (faces) given as follows

V = 2(volume of right pyramid with regular polygonal base)
+ 2n(volume of right pyramid with trapezoidal base ABCD)

1 1
=2 (§ (area of regular polygon) x Hn_gon> +2n <§ (area of trapezium ABCD) X Ht>

is s T
4 — cosec? =+ cosec— |8 + cosec? _\l
a n n n |
2 2

2 ’ — ZE\
/1/ 2 \/7”) 3+ 4cos at 9 — 8cos 7
2

1l a T
+2n| = —(4+cosecE+ 8+cosec2;

/1 T
= 2|\§ PRk cotn>

3116

20052 + cot? = +cotZ\/8cos2 +c0t2fl

X a
3+ 4cos2 + ’9 8cos2
1 4 — cosec2 + cosecZ [8 + cosec2
5, T \f

=—na’cot—
12 n

1 - = 26052 + cotf2 + cot — \/8c052 + cotzg
+—na®| 4+ cosec— + /8 + cosec? —
24 n n 2

©2015 H C Rajpoot 10



V= ! 3| 2cot
= 47’1(1 co

Mathematical analysis of non-uniform polyhedra with two regular n-gonal faces and 2n trapezoidal faces inscribed in a sphere

29 March 2015

/ T
4— cosec2 + cosec ﬁ 8 + cosec? Py

2 \ n 2

2cos2 +cott2 + cot= \/SCOSZ

T
2
+ cot n

T i
+ (4 + cosec—+ /8 + cosec? —)
n n

!
)

VneN &n=>3

5. Mean radius (R,,,): It is the radius of the sphere having a volume equal to that of a non-uniform
polyhedron. It is calculated as follows

Volume of sphere with mean radius R,,

4
§n(Rm)3 =V = (R,)=—

= volume of the non uniform polyhedron

1
R (3V)§
m \4x

For finite value of edge length a of regular n-gonal face = R; < R, <R,

Hence, by setting different values of no. of sides n =3,4,5,6,7 ... cc. cee e....e.

., we can find out all the

important parameters of any non-uniform polyhedron with known value of side a of regular n-gonal face.

Conclusions: All the formula above are generalised which are applicable to calculate the important parameters,

of any non-uniform polyhedron having 2 congruent regular n-gonal faces, 2n congruent trapezoidal faces with

three equal sides, 5n edges & 3n vertices lying on a spherical surface, such as solid angle subtended by each face

at the centre, normal distance of each face from the centre, inner radius, outer radius, mean radius, surface area

& volume.

Let there be any non-uniform polyhedron having 2 congruent regular n-gonal faces each with edge length a, 2n

congruent trapezoidal faces each with three sides equal to a & forth equal to 2R,sin ™/, , 5n edges and 3n

vertices lying on a spherical surface then all its important parameters are calculated as tabulated below.

Congruent No. of | Normal distance of each face from the centre of | Solid angle subtended by each face at the centre of the
polygonal faces the non-uniform polyhedron non-uniform polyhedron (in sr)
faces
Regular 2 p
polygon 4 — cosec2 + cosec /8 + cosec? Z 3- 4COS2 + /9 8cos? — n
z 2m — 2nsin™?!
2 2 2+ COSeCz + COS@C% /8 + COS@CZ%
: 2T 2T
Trapezium 2n 3 —4cos®*—+ |9 —8cos?—
T .1 n n
2¢:os2 + cot2 + cot — \/SCOSZ + cot? = - 2 sin
a 2 + cosec? = + cosec = ’8 + cosec? L
T n n n
3+ 46052 + /9 8cos? — o
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Inner (inscribed) radius R; = Minimum normal distance of any face from the centre
(Ry)
Outer (circumscribed) _a T 7
radius (R,) R, = 7 cosec; + |8 + cosec o
1
Mean radius (R,,) R (3V>3
ean radius =(—
" ™ \4rm

Surface area (4;)

—

2

2 / _ ZE\
na T - - 3 + 4cos n+ 9 — 8cos 0
Ag = 4cotE +(4+ cosec + |8+ cosec? -

Volume (V)

1 4 — cosec? % + cosec% /8 + cosecz%
V ==—na®| 2cot—
24 l\ n 2

2 2 T 2 22\
- T 2cos n+cot n+cotn 8cos n+cot n
+ 4+cosecz+ 8+coseczz >

Note: Above articles had been developed & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)

M.M.M. University of Technology, Gorakhpur-273010 (UP) India 29 March 2015
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