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1. Introduction:  

In this paper, the analytic formulas for the radii of the inscribed and 

circumscribed circles by three externally touching circles have been derived 

using geometry and trigonometry. Further analysis has been done for three 

external touching circles with a common tangent and enclosed in a smallest 

rectangle. The analytic formulas for the area of intersection and length of 

common chord for two intersecting circles have also been derived. 

Consider three circles having centres A, B & C and radii 𝑎, 𝑏 & 𝑐 respectively, 

touching each other externally such that a small circle P is inscribed in the gap 

& touches them externally & a large circle Q circumscribes them & is touched 

by them internally. We are to calculate the radii of  inscribed circle P (touching 

three circles with centres A, B & C externally) & circumscribed circle Q (touched  

by three circles with centres A, B & C internally)  (See Figure 1).  

2. Derivation of the radius of inscribed circle: Let 𝑟 be the radius of 

inscribed circle, with centre O, externally touching the given circles, having 

centres A, B & C and radii 𝑎, 𝑏 & 𝑐, at the points M, N & P respectively. Now 

join the centre O to the centres A, B & C by dotted straight lines to obtain ∆𝐴𝑂𝐵, ∆𝐵𝑂𝐶 & ∆𝐴𝑂𝐶 & also join the 

centres A, B & C by dotted straight lines  to obtain ∆𝐴𝐵𝐶 (as shown in Figure 2 below). Thus we have 

𝐴𝑀 = 𝑎, 𝐵𝑁 = 𝑏, 𝐶𝑃 = 𝑐   &  

𝑂𝑀 = 𝑂𝑁 = 𝑂𝑃 = 𝑟 (𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑖𝑛𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑐𝑖𝑟𝑐𝑙𝑒) 

In ∆𝐴𝐵𝐶  (see Fig. 2) 

𝐴𝐵 = 𝑎 + 𝑏,   𝐵𝐶 = 𝑏 + 𝑐  &  𝐴𝐶 = 𝑎 + 𝑐  

⇒ 𝑠𝑒𝑚𝑖𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =
𝐴𝐵 + 𝐵𝐶 + 𝐴𝐶

2
 

𝑠 =
𝑎 + 𝑏 + 𝑏 + 𝑐 + 𝑎 + 𝑐

2
= 𝑎 + 𝑏 + 𝑐 

                                           

𝑠𝑖𝑛
∠ 𝐴𝐶𝐵

2
= √

(𝑠 − 𝐴𝐶)(𝑠 − 𝐵𝐶)

(𝐴𝐶)(𝐵𝐶)
 

 

⇒  𝑠𝑖𝑛
𝛼

2
= √

(𝑎 + 𝑏 + 𝑐 − 𝑎 − 𝑐)(𝑎 + 𝑏 + 𝑐 − 𝑏 − 𝑐)

(𝑎 + 𝑐)(𝑏 + 𝑐)
 

                 

 𝒔𝒊𝒏
𝜶

𝟐
= √

𝒂𝒃

(𝒂 + 𝒄)(𝒃 + 𝒄)
                       … … … . (𝑰) 

  

Figure 1: Three circles with centres A, B & C and radii 
𝒂, 𝒃 & 𝒄 respectively are touching each other 
externally. Inscribed circle P & circumscribed circle 
Q are touching these circles externally & internally.  

Figure 2: The centres A, B, C & O are joined to each other by dotted 

straight lines to obtain ∆𝑨𝑩𝑪, ∆𝑨𝑶𝑩, ∆𝑩𝑶𝑪 & ∆𝑨𝑶𝑪.  
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Similarly, in ∆𝐵𝑂𝐶 (Fig. 2)   

𝑠𝑒𝑚𝑖𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =
𝑂𝐵 + 𝐵𝐶 + 𝑂𝐶

2
                                                           

⇒  𝑠 =
𝑟 + 𝑏 + 𝑏 + 𝑐 + 𝑟 + 𝑐

2
= 𝑏 + 𝑐 + 𝑟 

𝑐𝑜𝑠
∠ 𝐵𝐶𝑂

2
= √

𝑠(𝑠 − 𝑂𝐵)

(𝐵𝐶)(𝑂𝐶)
                                                                                                       

 ⇒  𝑐𝑜𝑠
𝛼1

2
= √

(𝑏 + 𝑐 + 𝑟)(𝑏 + 𝑐 + 𝑟 − 𝑟 − 𝑏)

(𝑏 + 𝑐)(𝑟 + 𝑐)
= √

𝑐(𝑏 + 𝑐 + 𝑟)

(𝑏 + 𝑐)(𝑐 + 𝑟)
                        

𝒄𝒐𝒔
𝜶𝟏

𝟐
= √

𝒄(𝒃 + 𝒄 + 𝒓)

(𝒃 + 𝒄)(𝒄 + 𝒓)
                                              … … … … … … … . (𝑰𝑰) 

Similarly, in ∆𝐴𝑂𝐶  (see Fig. 2)  

𝑠𝑒𝑚𝑖𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =
𝑂𝐴 + 𝐴𝐶 + 𝑂𝐶

2
 ⇒  𝑠 =

𝑟 + 𝑎 + 𝑎 + 𝑐 + 𝑟 + 𝑐

2
= 𝑎 + 𝑐 + 𝑟 

𝑐𝑜𝑠
∠ 𝐴𝐶𝑂

2
= √

𝑠(𝑠 − 𝑂𝐴)

(𝐴𝐶)(𝑂𝐶)
   ⇒  𝑐𝑜𝑠

𝛼2

2
= √

(𝑎 + 𝑐 + 𝑟)(𝑎 + 𝑐 + 𝑟 − 𝑟 − 𝑎)

(𝑎 + 𝑐)(𝑟 + 𝑐)
= √

𝑐(𝑎 + 𝑐 + 𝑟)

(𝑎 + 𝑐)(𝑐 + 𝑟)
 

 𝒄𝒐𝒔
𝜶𝟐

𝟐
= √

𝒄(𝒂 + 𝒄 + 𝒓)

(𝒂 + 𝒄)(𝒄 + 𝒓)
                                                         … … … … … … … . . (𝑰𝑰𝑰)               

Now, again in ∆𝐴𝐵𝐶, we have 

∠𝐴𝐶𝑂 + ∠𝐵𝐶𝑂 = ∠ 𝐴𝐶𝐵  ⇒ 𝛼2 + 𝛼1 = 𝛼   𝑜𝑟    
𝛼1

2
+

𝛼2

2
=

𝛼

2
 

Now, taking cosines on both the sidesof above equation, we have 

𝑐𝑜𝑠 ( 
𝛼1

2
+

𝛼2

2
) = 𝑐𝑜𝑠

𝛼

2
 ⇒  𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
− 𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
= 𝑐𝑜𝑠

𝛼

2
  

⇒  (𝑐𝑜𝑠 
𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
− 𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
)

2

= (𝑐𝑜𝑠
𝛼

2
)

2

 

⇒  𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
+ 𝑠𝑖𝑛2

𝛼1

2
𝑠𝑖𝑛2

𝛼2

2
− 2𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
= 𝑐𝑜𝑠2

𝛼

2
 

 ⇒ 𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
+ (1 − 𝑐𝑜𝑠2

𝛼1

2
) (1 − 𝑐𝑜𝑠2

𝛼2

2
) − 𝑐𝑜𝑠2

𝛼

2
= 2𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
  

 ⇒  𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
+ 1 − 𝑐𝑜𝑠2

𝛼1

2
− 𝑐𝑜𝑠2

𝛼1

2
+ 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 𝑐𝑜𝑠2

𝛼

2
= 2𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
 

⇒  2 𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 𝑐𝑜𝑠2

𝛼1

2
− 𝑐𝑜𝑠2

𝛼1

2
+ 𝑠𝑖𝑛2

𝛼

2
= 2𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
√(1 − 𝑐𝑜𝑠2

𝛼1

2
) √(1 − 𝑐𝑜𝑠2

𝛼2

2
) 

⇒ (2 𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 𝑐𝑜𝑠2

𝛼1

2
− 𝑐𝑜𝑠2

𝛼1

2
+ 𝑠𝑖𝑛2

𝛼

2
)

2

= 4𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
(1 − 𝑐𝑜𝑠2

𝛼1

2
) (1 − 𝑐𝑜𝑠2

𝛼2

2
) 
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⇒  4 𝑐𝑜𝑠4
𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
− 2 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
+ 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
− 2 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2

+  𝑐𝑜𝑠4
𝛼1

2
+  𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
−  𝑐𝑜𝑠2

𝛼1

2
𝑠𝑖𝑛2

𝛼

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
+  𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2

+ 𝑐𝑜𝑠4
𝛼2

2
−  𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
+ 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
−  𝑐𝑜𝑠2

𝛼1

2
𝑠𝑖𝑛2

𝛼

2
−  𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2

+ 𝑠𝑖𝑛4
𝛼

2
= 4 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 4 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 4 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
+ 4 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
 

⇒  𝑐𝑜𝑠4
𝛼1

2
+  𝑐𝑜𝑠4

𝛼2

2
+ 𝑠𝑖𝑛4

𝛼

2
+ 4 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑠𝑖𝑛2

𝛼

2

− 2 𝑐𝑜𝑠2
𝛼2

2
𝑠𝑖𝑛2

𝛼

2
= 0 

⇒  𝑐𝑜𝑠4
𝛼1

2
+  𝑐𝑜𝑠4

𝛼2

2
+ 𝑠𝑖𝑛4

𝛼

2
+  𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
(4𝑠𝑖𝑛2

𝛼

2
− 2) − 2𝑠𝑖𝑛2

𝛼

2
( 𝑐𝑜𝑠2

𝛼1

2
+  𝑐𝑜𝑠2

𝛼2

2
) = 0 

Now, substituting all the corresponding values from eq(I), (II) & (III) in above expression, we have 

 (√
𝑐(𝑏 + 𝑐 + 𝑟)

(𝑏 + 𝑐)(𝑐 + 𝑟)
)

4

+ (√
𝑐(𝑎 + 𝑐 + 𝑟)

(𝑎 + 𝑐)(𝑐 + 𝑟)
)

4

+ (√
𝑎𝑏

(𝑎 + 𝑐)(𝑏 + 𝑐)
)

4

+ (√
𝑐(𝑏 + 𝑐 + 𝑟)

(𝑏 + 𝑐)(𝑐 + 𝑟)
)

2

(√
𝑐(𝑎 + 𝑐 + 𝑟)

(𝑎 + 𝑐)(𝑐 + 𝑟)
)

2

(4 (√
𝑎𝑏

(𝑎 + 𝑐)(𝑏 + 𝑐)
)

2

− 2)

− 2 (√
𝑎𝑏

(𝑎 + 𝑐)(𝑏 + 𝑐)
)

2

{(√
𝑐(𝑏 + 𝑐 + 𝑟)

(𝑏 + 𝑐)(𝑐 + 𝑟)
)

2

+ (√
𝑐(𝑎 + 𝑐 + 𝑟)

(𝑎 + 𝑐)(𝑐 + 𝑟)
)

2

} = 0 

𝑐2(𝑏 + 𝑐 + 𝑟)2

(𝑏 + 𝑐)2(𝑐 + 𝑟)2
+

𝑐2(𝑎 + 𝑐 + 𝑟)2

(𝑎 + 𝑐)2(𝑐 + 𝑟)2
+

𝑎2𝑏2

(𝑎 + 𝑐)2(𝑏 + 𝑐)2
+

𝑐2(𝑎 + 𝑐 + 𝑟)(𝑏 + 𝑐 + 𝑟)

(𝑎 + 𝑐)(𝑏 + 𝑐)(𝑐 + 𝑟)2
(

4𝑎𝑏

(𝑎 + 𝑐)(𝑏 + 𝑐)
− 2)

−
2𝑎𝑏𝑐

(𝑎 + 𝑐)(𝑏 + 𝑐)(𝑐 + 𝑟)
{

(𝑏 + 𝑐 + 𝑟)

(𝑏 + 𝑐)
+

(𝑎 + 𝑐 + 𝑟)

(𝑎 + 𝑐)
} = 0 

Now, multiplying the above equation by (𝑎 + 𝑐)2(𝑏 + 𝑐)2(𝑐 + 𝑟)2, we get 

𝑐2(𝑎 + 𝑐)2(𝑏 + 𝑐 + 𝑟)2 + 𝑐2(𝑏 + 𝑐)2(𝑎 + 𝑐 + 𝑟)2 + 𝑎2𝑏2(𝑐 + 𝑟)2

+ 𝑐2(𝑎 + 𝑐 + 𝑟)(𝑏 + 𝑐 + 𝑟)(2𝑎𝑏 − 2𝑏𝑐 − 2𝑎𝑐 − 2𝑐2)

− 2𝑎𝑏𝑐(𝑐 + 𝑟){(𝑎 + 𝑐)(𝑏 + 𝑐 + 𝑟) + (𝑏 + 𝑐)(𝑎 + 𝑐 + 𝑟)} = 0 

⇒  𝑐2(𝑎 + 𝑐)2{𝑟2 + 2(𝑏 + 𝑐)𝑟 + (𝑏 + 𝑐)2} + 𝑐2(𝑏 + 𝑐)2{𝑟2 + 2(𝑎 + 𝑐)𝑟 + (𝑎 + 𝑐)2} + 𝑎2𝑏2(𝑟2 + 2𝑐𝑟 + 𝑐2)

+ 𝑐2(2𝑎𝑏 − 2𝑏𝑐 − 2𝑎𝑐 − 2𝑐2){𝑟2 + (𝑎 + 𝑏 + 2𝑐)𝑟 + (𝑎 + 𝑐)(𝑏 + 𝑐)}

− 2𝑎𝑏𝑐(𝑐 + 𝑟){(𝑎 + 𝑏 + 2𝑐)𝑟 + 2(𝑎 + 𝑐)(𝑏 + 𝑐)} = 0 

⇒ {𝑐2(𝑎 + 𝑐)2 + 𝑐2(𝑏 + 𝑐)2 + 𝑎2𝑏2 + 2𝑐2(𝑎𝑏 − 𝑏𝑐 − 𝑎𝑐 − 𝑐2)}𝑟2

+ {2𝑐2(𝑎 + 𝑐)(𝑏 + 𝑐)(𝑎 + 𝑏 + 2𝑐) + 2𝑎2𝑏2𝑐 + 2𝑐2(𝑎 + 𝑏 + 2𝑐)(𝑎𝑏 − 𝑏𝑐 − 𝑎𝑐 − 𝑐2)}𝑟

+ 2𝑐2(𝑎 + 𝑐)2(𝑏 + 𝑐)2 + 𝑎2𝑏2𝑐2 + 2𝑐2(𝑎 + 𝑐)(𝑏 + 𝑐)(𝑎𝑏 − 𝑏𝑐 − 𝑎𝑐 − 𝑐2)

− 2𝑎𝑏𝑐(𝑎 + 𝑏 + 2𝑐)𝑟2 − 2𝑎𝑏𝑐{2(𝑎 + 𝑐)(𝑏 + 𝑐) + 𝑐(𝑎 + 𝑏 + 2𝑐)}𝑟 − 4𝑎𝑏𝑐2(𝑎 + 𝑐)(𝑏 + 𝑐)

= 0 
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⇒ {𝑎2𝑐2 + 𝑐4 + 2𝑎𝑐3 + 𝑏2𝑐2 + 𝑐4 + 2𝑏𝑐3 + 𝑎2𝑏2 + 2𝑎𝑏𝑐2 − 2𝑏𝑐3 − 2𝑎𝑐3 − 2𝑐4 − 2𝑎2𝑏𝑐 − 2𝑎𝑏2𝑐

− 4𝑎𝑏𝑐2}𝑟2

+ {2𝑎2𝑏𝑐2 + 2𝑎2𝑐3 + 2𝑏𝑐4 + 2𝑐5 + 4𝑎𝑏𝑐3 + 4𝑎𝑐4 + 2𝑎𝑏2𝑐2 + 2𝑏2𝑐3 + 2𝑎𝑐4 + 2𝑐5

+ 4𝑎𝑏𝑐3 + 4𝑏𝑐4 + 2𝑎2𝑏2𝑐 + 2𝑎2𝑏𝑐2 − 2𝑎𝑏𝑐3 − 2𝑎2𝑐3 − 2𝑎𝑐4 + 2𝑎𝑏2𝑐2 − 2𝑏2𝑐3

− 2𝑎𝑏𝑐3 − 2𝑏𝑐4 + 4𝑎𝑏𝑐3 − 4𝑏𝑐4 − 4𝑎𝑐4 − 4𝑐5 − 4𝑎2𝑏2𝑐 − 6𝑎𝑏2𝑐2 − 6𝑎2𝑏𝑐2 − 8𝑎𝑏𝑐3}𝑟

+ {𝑎2𝑏2𝑐2 + 4𝑎2𝑏2𝑐2 + 4𝑎𝑏2𝑐3 + 4𝑎2𝑏𝑐3 + 4𝑎𝑏𝑐4 − 4𝑎2𝑏2𝑐2 − 4𝑎𝑏2𝑐3 − 4𝑎2𝑏𝑐3

− 4𝑎𝑏𝑐4} = 0 

⇒   {𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}𝑟2 − 2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)𝑟 + 𝑎2𝑏2𝑐2 = 0 

Now, solving the above quadratic equation for the values of 𝑟 as follows 

𝑟 =
2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± √{2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)}2 − 4{𝑎2𝑏2𝑐2}{𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}

2{𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}
 

=
2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± 2𝑎𝑏𝑐√4𝑎2𝑏𝑐 + 4𝑎𝑏2𝑐 + 4𝑎𝑏𝑐2

2{𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}
=

𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± 𝑎𝑏𝑐√4𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − 4𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)
 

⇒  𝑟 = 𝑎𝑏𝑐 (
(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − (2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐))
2) 

Case 1: Taking positive sign, we get 

𝑟 = 𝑎𝑏𝑐 (
(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) + 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − (2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐))
2) = 𝑎𝑏𝑐 (

1

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) − 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)
) 

⇒  𝒓 < 𝟎   ∀ 𝒂, 𝒃, 𝒄 > 𝟎  𝒃𝒖𝒕 𝒓 > 𝟎  𝒉𝒆𝒏𝒄𝒆 𝒕𝒉𝒊𝒔 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝒓 𝒊𝒔 𝒅𝒊𝒔𝒄𝒂𝒓𝒅𝒆𝒅  

Case 2: Taking negative sign, we get 

𝑟 = 𝑎𝑏𝑐 (
(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) − 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − (2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐))
2) = 𝑎𝑏𝑐 (

1

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) + 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)
) 

⇒  𝒓 > 𝟎   ∀ 𝒂, 𝒃, 𝒄 > 𝟎  𝒉𝒆𝒏𝒄𝒆 𝒕𝒉𝒊𝒔 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝒓 𝒊𝒔 𝒂𝒄𝒄𝒆𝒑𝒕𝒆𝒅 

Hence, the radius (𝒓) of inscribed circle is given as 

𝒓 =
𝒂𝒃𝒄

𝟐√𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
              (𝒓 > 𝟎   ∀ 𝒂, 𝒃, 𝒄 > 𝟎) 

Above is the required expression to compute the radius (𝒓) of the inscribed circle which externally touches 

three given circles with radii 𝒂, 𝒃 & 𝒄 touching each other externally.    
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3. Derivation of the radius of circumscribed circle: Let 𝑅 be the radius of circumscribed circle, with centre 

O, is internally touched by the given circles, having centres A, B & C and 

radii 𝑎, 𝑏 & 𝑐, at the points M, N & P respectively. Now join the centre 

O to the centres A, B & C by dotted straight lines to obtain ∆𝐴𝑂𝐵,

∆𝐵𝑂𝐶 & ∆𝐴𝑂𝐶 & also join the centres A, B & C by dotted straight lines  

to obtain ∆𝐴𝐵𝐶 (As shown in the Figure 3) Thus we have 

𝐴𝑀 = 𝑎, 𝐵𝑁 = 𝑏, 𝐶𝑃 = 𝑐   &  

𝑂𝑀 = 𝑂𝑁 = 𝑂𝑃 = 𝑅 (𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑖𝑟𝑐𝑢𝑚𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑐𝑖𝑟𝑐𝑙𝑒) 

𝑂𝐴 = 𝑂𝑀 − 𝐴𝑀 = 𝑅 − 𝑎,   𝑂𝐵 = 𝑅 − 𝑏  &  𝑂𝐶 = 𝑅 − 𝑐 

In ∆𝐴𝑂𝐵 (Fig. 3) 

𝑂𝐴 = 𝑅 − 𝑎,   𝐴𝐵 = 𝑎 + 𝑏  &  𝑂𝐵 = 𝑅 − 𝑏  

 

     𝑠𝑒𝑚𝑖𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =
𝑂𝐴 + 𝐴𝐵 + 𝑂𝐵

2
 

 

𝑠 =
𝑅 − 𝑎 + 𝑎 + 𝑏 + 𝑅 − 𝑏

2
= 𝑅                 

                                           

𝑠𝑖𝑛
 ∠𝐴𝑂𝐵

2
= √

(𝑠 − 𝑂𝐴)(𝑠 − 𝑂𝐵)

(𝑂𝐴)(𝑂𝐵)
= √

(𝑅 − 𝑅 + 𝑎)(𝑅 − 𝑅 + 𝑏)

(𝑅 − 𝑎)(𝑅 − 𝑏)
= √

𝑎𝑏

(𝑅 − 𝑎)(𝑅 − 𝑏)
    (𝑙𝑒𝑡  ∠𝐴𝑂𝐵 = 𝛼)    

 ⇒  𝒔𝒊𝒏
𝜶

𝟐
= √

𝒂𝒃

(𝑹 − 𝒂)(𝑹 − 𝒃)
             … … … … … … . (𝐼) 

Similarly, in ∆𝐵𝑂𝐶 (Fig. 3) 

𝑠𝑒𝑚𝑖𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =
𝑂𝐵 + 𝐵𝐶 + 𝑂𝐶

2
 

𝑠 =
𝑅 − 𝑏 + 𝑏 + 𝑐 + 𝑅 − 𝑐

2
= 𝑅 

                                           

𝑐𝑜𝑠
∠𝐵𝑂𝐶

2
= √

𝑠(𝑠 − 𝐵𝐶)

(𝑂𝐵)(𝑂𝐶)
     ⇒  𝒄𝒐𝒔

𝜶𝟏

𝟐
= √

𝑹(𝑹 − 𝒃 − 𝒄)

(𝑹 − 𝒃)(𝑹 − 𝒄)
             … … … … … … . (𝐼𝐼) 

Similarly, in ∆𝐴𝑂𝐶 (Fig. 3) 

𝑠𝑒𝑚𝑖𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 =
𝑂𝐴 + 𝐴𝐶 + 𝑂𝐶

2
 ⇒  𝑠 =

𝑅 − 𝑎 + 𝑎 + 𝑐 + 𝑅 − 𝑐

2
= 𝑅 

𝑐𝑜𝑠
 ∠𝐴𝑂𝐶

2
= √

𝑠(𝑠 − 𝐴𝐶)

(𝑂𝐴)(𝑂𝐶)
      ⇒  𝒄𝒐𝒔

𝜶𝟐

𝟐
= √

𝑹(𝑹 − 𝒂 − 𝒄)

(𝑹 − 𝒂)(𝑹 − 𝒄)
          … … … … … … . (𝐼𝐼𝐼) 

Now, again in ∆𝐴𝑂𝐵 (Fig. 3), we have 

Figure 3: The centres A, B, C & O are joined to each 

other by dotted straight lines to 

obtain ∆𝑨𝑩𝑪, ∆𝑨𝑶𝑩, ∆𝑩𝑶𝑪 & ∆𝑨𝑶𝑪.  
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∠𝐵𝑂𝐶 + ∠𝐴𝑂𝐶 = ∠𝐴𝑂𝐵  ⇒  𝛼2 + 𝛼1 = 𝛼   𝑜𝑟    
𝛼1

2
+

𝛼2

2
=

𝛼

2
 

Now, taking cosines on both the sides, we have 

𝑐𝑜𝑠 ( 
𝛼1

2
+

𝛼2

2
) = 𝑐𝑜𝑠

𝛼

2
 ⇒  𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
− 𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
= 𝑐𝑜𝑠

𝛼

2
  

⇒  (𝑐𝑜𝑠 
𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
− 𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
)

2

= (𝑐𝑜𝑠
𝛼

2
)

2

 

⇒  𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
+ 𝑠𝑖𝑛2

𝛼1

2
𝑠𝑖𝑛2

𝛼2

2
− 2𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
= 𝑐𝑜𝑠2

𝛼

2
 

 ⇒ 𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
+ (1 − 𝑐𝑜𝑠2

𝛼1

2
) (1 − 𝑐𝑜𝑠2

𝛼2

2
) − 𝑐𝑜𝑠2

𝛼

2
= 2𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
  

 ⇒  𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
+ 1 − 𝑐𝑜𝑠2

𝛼1

2
− 𝑐𝑜𝑠2

𝛼1

2
+ 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 𝑐𝑜𝑠2

𝛼

2
= 2𝑠𝑖𝑛 

𝛼1

2
𝑠𝑖𝑛 

𝛼2

2
𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
 

⇒  2 𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 𝑐𝑜𝑠2

𝛼1

2
− 𝑐𝑜𝑠2

𝛼1

2
+ 𝑠𝑖𝑛2

𝛼

2
= 2𝑐𝑜𝑠 

𝛼1

2
𝑐𝑜𝑠 

𝛼2

2
√(1 − 𝑐𝑜𝑠2

𝛼1

2
) √(1 − 𝑐𝑜𝑠2

𝛼2

2
) 

⇒ (2 𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 𝑐𝑜𝑠2

𝛼1

2
− 𝑐𝑜𝑠2

𝛼1

2
+ 𝑠𝑖𝑛2

𝛼

2
)

2

= 4𝑐𝑜𝑠2
𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
(1 − 𝑐𝑜𝑠2

𝛼1

2
) (1 − 𝑐𝑜𝑠2

𝛼2

2
) 

⇒  4 𝑐𝑜𝑠4
𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
− 2 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
+ 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
− 2 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2

+  𝑐𝑜𝑠4
𝛼1

2
+  𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
−  𝑐𝑜𝑠2

𝛼1

2
𝑠𝑖𝑛2

𝛼

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
+  𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2

+ 𝑐𝑜𝑠4
𝛼2

2
−  𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
+ 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
−  𝑐𝑜𝑠2

𝛼1

2
𝑠𝑖𝑛2

𝛼

2
−  𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2

+ 𝑠𝑖𝑛4
𝛼

2
= 4 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 4 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 4 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
+ 4 𝑐𝑜𝑠4

𝛼1

2
𝑐𝑜𝑠4

𝛼2

2
 

⇒  𝑐𝑜𝑠4
𝛼1

2
+  𝑐𝑜𝑠4

𝛼2

2
+ 𝑠𝑖𝑛4

𝛼

2
+ 4 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
𝑠𝑖𝑛2

𝛼

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
− 2 𝑐𝑜𝑠2

𝛼1

2
𝑠𝑖𝑛2

𝛼

2

− 2 𝑐𝑜𝑠2
𝛼2

2
𝑠𝑖𝑛2

𝛼

2
= 0 

⇒  𝑐𝑜𝑠4
𝛼1

2
+  𝑐𝑜𝑠4

𝛼2

2
+ 𝑠𝑖𝑛4

𝛼

2
+  𝑐𝑜𝑠2

𝛼1

2
𝑐𝑜𝑠2

𝛼2

2
(4𝑠𝑖𝑛2

𝛼

2
− 2) − 2𝑠𝑖𝑛2

𝛼

2
( 𝑐𝑜𝑠2

𝛼1

2
+  𝑐𝑜𝑠2

𝛼2

2
) = 0 

Now, substituting all the corresponding values from Eq.(I), (II) & (III) in above expression, we have 

 (√
𝑅(𝑅 − 𝑏 − 𝑐)

(𝑅 − 𝑏)(𝑅 − 𝑐)
)

4

+ (√
𝑅(𝑅 − 𝑎 − 𝑐)

(𝑅 − 𝑎)(𝑅 − 𝑐)
)

4

+ (√
𝑎𝑏

(𝑅 − 𝑎)(𝑅 − 𝑏)
)

4

+ (√
𝑅(𝑅 − 𝑏 − 𝑐)

(𝑅 − 𝑏)(𝑅 − 𝑐)
)

2

(√
𝑅(𝑅 − 𝑎 − 𝑐)

(𝑅 − 𝑎)(𝑅 − 𝑐)
)

2

(4 (√
𝑎𝑏

(𝑅 − 𝑎)(𝑅 − 𝑏)
)

2

− 2)

− 2 (√
𝑎𝑏

(𝑅 − 𝑎)(𝑅 − 𝑏)
)

2

{(√
𝑅(𝑅 − 𝑏 − 𝑐)

(𝑅 − 𝑏)(𝑅 − 𝑐)
)

2

+ (√
𝑅(𝑅 − 𝑎 − 𝑐)

(𝑅 − 𝑎)(𝑅 − 𝑐)
)

2

} = 0 
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𝑅2(𝑅 − 𝑏 − 𝑐)2

(𝑅 − 𝑏)2(𝑅 − 𝑐)2
+

𝑅2(𝑅 − 𝑎 − 𝑐)2

(𝑅 − 𝑎)2(𝑅 − 𝑐)2
+

𝑎2𝑏2

(𝑅 − 𝑎)2(𝑅 − 𝑏)2

+
𝑅2(𝑅 − 𝑏 − 𝑐)(𝑅 − 𝑎 − 𝑐)

(𝑅 − 𝑎)(𝑅 − 𝑏)(𝑅 − 𝑐)2
(

4𝑎𝑏

(𝑅 − 𝑎)(𝑅 − 𝑏)
− 2)

−
2𝑎𝑏𝑅

(𝑅 − 𝑎)(𝑅 − 𝑏)(𝑅 − 𝑐)
{

(𝑅 − 𝑏 − 𝑐)

(𝑅 − 𝑏)
+

(𝑅 − 𝑎 − 𝑐)

(𝑅 − 𝑎)
} = 0 

Now, on multiplying the above equation by (𝑅 − 𝑎)2(𝑅 − 𝑏)2(𝑅 − 𝑐)2, we get 

𝑅2(𝑅 − 𝑎)2(𝑅 − 𝑏 − 𝑐)2 + 𝑅2(𝑅 − 𝑏)2(𝑅 − 𝑎 − 𝑐)2 + 𝑎2𝑏2(𝑅 − 𝑐)2

+ 𝑅2(𝑅 − 𝑏 − 𝑐)(𝑅 − 𝑎 − 𝑐){2𝑎𝑏 − 2𝑅2 + 2(𝑎 + 𝑏)𝑅}

− 2𝑎𝑏𝑅(𝑅 − 𝑐){(𝑅 − 𝑎)(𝑅 − 𝑏 − 𝑐) + (𝑅 − 𝑏)(𝑅 − 𝑎 − 𝑐)} = 0 

⇒  𝑅2(𝑅 − 𝑎)2{𝑅2 − 2(𝑏 + 𝑐)𝑅 + (𝑏 + 𝑐)2} +  𝑅2(𝑅 − 𝑏)2{𝑅2 − 2(𝑎 + 𝑐)𝑅 + (𝑎 + 𝑐)2}

+ 𝑎2𝑏2(𝑅2 − 2𝑐𝑅 + 𝑐2)

+ 𝑅2{𝑅2 − (𝑎 + 𝑏 + 2𝑐)𝑅 + (𝑎 + 𝑐)(𝑏 + 𝑐)}{2𝑎𝑏 − 2𝑅2 + 2(𝑎 + 𝑏)𝑅}

− 2𝑎𝑏𝑅(𝑅 − 𝑐){2𝑅2 − 2(𝑎 + 𝑏 + 𝑐)𝑅 + 𝑎(𝑏 + 𝑐) + 𝑏(𝑎 + 𝑐)} = 0 

⇒  {𝑅4 − 2(𝑏 + 𝑐)𝑅3 + (𝑏 + 𝑐)2𝑅2}(𝑅2 + 𝑎2 − 2𝑎𝑅) + {𝑅4 − 2(𝑎 + 𝑐)𝑅3 + (𝑎 + 𝑐)2𝑅2}(𝑅2 + 𝑏2 − 2𝑏𝑅)

+ 𝑎2𝑏2𝑅2 − 2𝑎2𝑏2𝑐𝑅 + 𝑎2𝑏2𝑐2

+ {𝑅4 − (𝑎 + 𝑏 + 2𝑐)𝑅3 + (𝑎 + 𝑐)(𝑏 + 𝑐)𝑅2}{2𝑎𝑏 − 2𝑅2 + 2(𝑎 + 𝑏)𝑅}

+ (2𝑎𝑏𝑐𝑅 − 2𝑎𝑏𝑅2){2𝑅2 − 2(𝑎 + 𝑏 + 𝑐)𝑅 + 𝑎(𝑏 + 𝑐) + 𝑏(𝑎 + 𝑐)} = 0 

⇒ 𝑅6 − 2(𝑏 + 𝑐)𝑅5 + (𝑏 + 𝑐)2𝑅4 + 𝑎2𝑅4 − 2𝑎2(𝑏 + 𝑐)𝑅3 + 𝑎2(𝑏 + 𝑐)2𝑅2 − 2𝑎𝑅5 + 4𝑎(𝑏 + 𝑐)𝑅4

− 2𝑎(𝑏 + 𝑐)2𝑅3 + 𝑅6 − 2(𝑎 + 𝑐)𝑅5 + (𝑎 + 𝑐)2𝑅4 + 𝑏2𝑅4 − 2𝑏2(𝑎 + 𝑐)𝑅3

+ 𝑏2(𝑎 + 𝑐)2𝑅2 − 2𝑏𝑅5 + 4𝑏(𝑎 + 𝑐)𝑅4 − 2𝑏(𝑎 + 𝑐)2𝑅3 + 𝑎2𝑏2𝑅2 − 2𝑎2𝑏2𝑐𝑅 + 𝑎2𝑏2𝑐2

+ 2𝑎𝑏𝑅4 − 2𝑎𝑏(𝑎 + 𝑏 + 2𝑐)𝑅3 + 2𝑎𝑏(𝑎 + 𝑐)(𝑏 + 𝑐)𝑅2 − 2𝑅6 + 2(𝑎 + 𝑏 + 2𝑐)𝑅5

− 2(𝑎 + 𝑐)(𝑏 + 𝑐)𝑅4 − 4𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)𝑅2 + 4𝑎𝑏(𝑎 + 𝑏 + 𝑐)𝑅3 + 2𝑎𝑏𝑐(2𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐)𝑅

− 2𝑎𝑏(2𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐)𝑅2 = 0 

⇒   {𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}𝑅2 + 2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)𝑅 + 𝑎2𝑏2𝑐2 = 0 

Now, solving the above quadratic equation for the values of 𝑅 as follows 

𝑅

=
−2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± √{−2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)}2 − 4{𝑎2𝑏2𝑐2}{𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}

2{𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}
 

=
−2𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± 2𝑎𝑏𝑐√4𝑎2𝑏𝑐 + 4𝑎𝑏2𝑐 + 4𝑎𝑏𝑐2

2{𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 − 2𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)}
=

−𝑎𝑏𝑐(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± 𝑎𝑏𝑐√4𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − 4𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)
 

⇒  𝑅 = 𝑎𝑏𝑐 (
−(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ± 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − (2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐))
2) 

Case 1: Taking positive sign, we get 

𝑅 = 𝑎𝑏𝑐 (
−(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) + 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − (2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐))
2) = −𝑎𝑏𝑐 (

1

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) + 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)
) 

⇒  𝑹 < 𝟎   ∀ 𝒂, 𝒃, 𝒄 > 𝟎  𝒃𝒖𝒕 𝑹 > 𝟎  𝒉𝒆𝒏𝒄𝒆 𝒕𝒉𝒊𝒔 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝑹 𝒊𝒔 𝒅𝒊𝒔𝒄𝒂𝒓𝒅𝒆𝒅  
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Case 2: Taking negative sign, we get 

𝑅 = 𝑎𝑏𝑐 (
−(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) − 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2 − (2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐))
2) = −𝑎𝑏𝑐 (

1

(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) − 2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐)
) 

= 𝑎𝑏𝑐 (
1

2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐) − (𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)
) 

⇒  𝑹 > 𝟎   ∀ 𝒂, 𝒃, 𝒄 > 𝟎  𝒉𝒆𝒏𝒄𝒆 𝒕𝒉𝒊𝒔 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝑹 𝒊𝒔 𝒂𝒄𝒄𝒆𝒑𝒕𝒆𝒅 

Hence, the radius (𝑹) of circumscribed circle is given as 

𝑹 =
𝒂𝒃𝒄

𝟐√𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
            (𝑹 > 𝟎   ∀ 𝒂, 𝒃, 𝒄 > 𝟎) 

Above is the required expression to compute the radius (𝑹) of the circumscribed circle which is internally 

touched by three given circles with radii 𝒂, 𝒃 & 𝒄 touching each other externally.    

NOTE: The circumscribed circle will exist for three given radii 𝑎, 𝑏 & 𝑐 (𝑎 ≥ 𝑏 ≥ 𝑐 > 0 ) if & only if the following 

inequality is satisfied  

𝑐 >
𝑎𝑏

(√𝑎 + √𝑏)
2 

For any other value of radius 𝑐 (of smallest circle) not satisfying the above inequality, the circumscribed circle 

will not exist i.e. there will be no circle which circumscribes & internally touches three externally touching circles 

if the above inequality fails to hold good.   

Special case: If three circles of equal radius 𝑎 are touching each other externally then the radii 𝒓  & 𝑹 of inscribed 

& circumscribed circles respectively are obtained by setting 𝑎 = 𝑏 = 𝑐 = 𝑎 in the above expressions as follows 

⇒   𝒓 =
𝑎𝑏𝑐

2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐) + (𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)
=

𝑎3

2√𝑎3(𝑎 + 𝑎 + 𝑎) + (𝑎2 + 𝑎2 + 𝑎2)
=

𝑎3

2√3𝑎2 + 3𝑎2
 

=
𝑎

2√3 + 3
=

𝑎(2√3 − 3)

(2√3 + 3)(2√3 − 3)
=

𝑎(2√3 − 3)

3
= 𝒂 (

𝟐

√𝟑
− 𝟏) ≈ 𝟎. 𝟏𝟓𝟒𝟕𝟎𝟎𝟓𝟑𝟖𝒂 

⇒   𝑹 =
𝑎𝑏𝑐

2√𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐) − (𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)
=

𝑎3

2√𝑎3(𝑎 + 𝑎 + 𝑎) − (𝑎2 + 𝑎2 + 𝑎2)
=

𝑎3

2√3𝑎2 − 3𝑎2
 

=
𝑎

2√3 − 3
=

𝑎(2√3 + 3)

(2√3 − 3)(2√3 + 3)
=

𝑎(2√3 + 3)

3
= 𝒂 (

𝟐

√𝟑
+ 𝟏) ≈ 𝟐. 𝟏𝟓𝟒𝟕𝟎𝟎𝟓𝟑𝟖𝒂 

 



                                          Mathematical derivations of inscribed & circumscribed radii for three externally tangent circles                                      21 Feb 2015 

 

 
©H.C. Rajpoot (B. Tech, Mechanical Engineering from M.M.M. University of Technology, Gorakhpur-273010 (UP) India) 

4. Derivation of the radius of inscribed circle: Let 𝑟 be the radius of inscribed circle, with centre C, externally 

touching two given externally touching circles, having centres A & B and radii 𝑎 & 𝑏 respectively, and their 

common tangent MN. Now join the centres A, B & C to each other as well as to the points of tangency M, N & P 

respectively by dotted straight lines. Draw the perpendicular AT from the centre A to the line BN.  Also draw a 

line passing through the centre C & parallel to the tangent MN which intersects the lines AM & BN at the points 

Q & S respectively. (As shown in the Figure 4) Thus we have 

                                                                  

𝐴𝑀 = 𝑎, 𝐵𝑁 = 𝑏, 𝐶𝑃 = 𝑟 =?  

In right ∆𝐴𝑇𝐵   

𝐴𝐵 = 𝑎 + 𝑏  &  𝐵𝑇 = 𝐵𝑁 − 𝑇𝑁 = 𝐵𝑁 − 𝐴𝑀 = 𝑏 − 𝑎  

⇒  𝐴𝑇 = √(𝐴𝐵)2 − (𝐵𝑇)2                                                       

             = √(𝑎 + 𝑏)2 − (𝑏 − 𝑎)2 = √4𝑎𝑏 = 2√𝑎𝑏 

∴  𝑨𝑻 = 𝑸𝑺 = 𝑴𝑵 = 𝟐√𝒂𝒃  … … … … (𝐼) 

In right ∆𝐴𝑄𝐶 (Fig. 4) 

𝐴𝐶 = 𝑎 + 𝑟  &  𝐴𝑄 = 𝐴𝑀 − 𝑄𝑀 = 𝐴𝑀 − 𝐶𝑃 = 𝑎 − 𝑟  

⇒  𝑄𝐶 = √(𝐴𝐶)2 − (𝐴𝑄)2                                                                                                                             

= √(𝑎 + 𝑟)2 − (𝑎 − 𝑟)2 = √4𝑎𝑟 = 2√𝑎𝑟 ∴  𝑸𝑪 = 𝑴𝑷 = 𝟐√𝒂𝒓  … … … … (𝐼𝐼) 

In right ∆𝐵𝑆𝐶 (Fig. 4)  

𝐵𝐶 = 𝑏 + 𝑟  &  𝐵𝑆 = 𝐵𝑁 − 𝑆𝑁 = 𝐵𝑁 − 𝐶𝑃 = 𝑏 − 𝑟  

⇒  𝐶𝑆 = √(𝐵𝐶)2 − (𝐵𝑆)2 = √(𝑏 + 𝑟)2 − (𝑏 − 𝑟)2 = √4𝑏𝑟 = 2√𝑏𝑟 ∴  𝑪𝑺 = 𝑷𝑵 = 𝟐√𝒃𝒓  … … … … (𝐼𝐼𝐼) 

From the above figure 4, it is obvious that 𝑴𝑷 + 𝑷𝑵 = 𝑴𝑵 now, substituting the corresponding values, we get 

2√𝑎𝑟 + 2√𝑏𝑟 = 2√𝑎𝑏       ⇒ √𝑟(√𝑎 + √𝑏) = √𝑎𝑏      ⇒ √𝑟 =
√𝑎𝑏

(√𝑎 + √𝑏)
 

⇒  𝑟 = (
√𝑎𝑏

(√𝑎 + √𝑏)
)

2

=
𝑎𝑏

𝑎 + 𝑏 + 2√𝑎𝑏
 

∴   𝒓 =
𝒂𝒃

𝒂 + 𝒃 + 𝟐√𝒂𝒃
=

𝒂𝒃

(√𝒂 + √𝒃)
𝟐

      (𝒓 > 𝟎   ∀ 𝒂, 𝒃 > 𝟎) 

Above is the required expression to compute the radius (𝒓) of the inscribed circle which externally touches 

two given circles with radii 𝒂 & 𝒃 & their common tangent. 

Special case: If two circles of equal radius 𝑎 are touching each other externally then the radius 𝒓 of inscribed 

circle externally touching them as well as their common tangent, is obtained by setting 𝑎 = 𝑏 = 𝑎 in the above 

expressions as follows 

Figure 4: A small circle with centre C is externally touching two 

given externally touching circles with centres A & B and their 

common tangent MN. 
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𝑟 =
𝑎𝑏

𝑎 + 𝑏 + 2√𝑎𝑏
=

𝑎2

𝑎 + 𝑎 + 2√𝑎2
=

𝑎2

4𝑎
=

𝑎

4
  ⇒  𝒓 =

𝒂

𝟒
 

 

5. Relationship of the radii of three externally touching circles enclosed in a smallest rectangle: 

Consider any three externally touching circles with the centres A, B & C and their radii 𝑎, 𝑏 & 𝑐 (∀𝑎 > 𝑏 ≥ 𝑐) 

respectively enclosed in a smallest rectangle PQR 

(as shown in Figure 5). 

Now, draw the perpendiculars AD, AF & AH from 

the centre A of the biggest circle to the sides PQ, 

RS & QR respectively. Also draw the 

perpendiculars CE & CM from the centre C to the 

straight lines PQ & DF respectively and the 

perpendiculars BG & BN from the centre B to the 

straight lines RS & DF respectively. Then join the 

centres A, B & C to each other by the (dotted) 

straight lines to obtain ∆𝐴𝐵𝐶. Now, we have  

𝐴𝐷 = 𝐴𝐹 = 𝑎,   𝐵𝐺 = 𝑏  &   𝐶𝐸

= 𝑐   (∀ 𝑏, 𝑐 < 𝑎) 

𝐴𝐵 = 𝑎 + 𝑏,   𝐵𝐶 = 𝑏 + 𝑐 &  𝐴𝐶 = 𝑎 + 𝑐 

Now, applying cosine rule in right ∆𝐴𝐵𝐶 

𝑐𝑜𝑠∠𝐵𝐴𝐶 =
(𝐴𝐵)2 + (𝐴𝐶)2 − (𝐵𝐶)2

2(𝐴𝐵)(𝐴𝐶)
  ⇒  𝑐𝑜𝑠𝛼 =

(𝑎 + 𝑏)2 + (𝑎 + 𝑐)2 − (𝑏 + 𝑐)2

2(𝑎 + 𝑏)(𝑎 + 𝑐)
                                                    

𝑐𝑜𝑠𝛼 =
𝑎2 + 𝑏2 + 2𝑎𝑏 + 𝑎2 + 𝑐2 + 2𝑎𝑐 − 𝑏2 − 𝑐2 − 2𝑏𝑐

2(𝑎 + 𝑏)(𝑎 + 𝑐)
=

𝑎2 + 𝑎𝑏 + 𝑎𝑐 − 𝑏𝑐

(𝑎 + 𝑏)(𝑎 + 𝑐)
=

𝑎(𝑎 + 𝑏) + 𝑐(𝑎 − 𝑏)

(𝑎 + 𝑏)(𝑎 + 𝑐)
  

𝒄𝒐𝒔𝜶 =
𝒂(𝒂 + 𝒃) + 𝒄(𝒂 − 𝒃)

(𝒂 + 𝒃)(𝒂 + 𝒄)
                  … … … … … … … … . (𝐼)   

⇒  𝑠𝑖𝑛𝛼 = √1 − 𝑐𝑜𝑠2𝛼 = √1 − (
𝑎(𝑎 + 𝑏) + 𝑐(𝑎 − 𝑏)

(𝑎 + 𝑏)(𝑎 + 𝑐)
)

2

                                                     (∀  𝛼 ∈ [0, 𝜋])             

=
√𝑎2(𝑎 + 𝑏)2 + 𝑐2(𝑎 + 𝑏)2 + 2𝑎𝑐(𝑎 + 𝑏)2 − 𝑎2(𝑎 + 𝑏)2 − 𝑐2(𝑎 − 𝑏)2 − 2𝑎𝑐(𝑎2 − 𝑏2)

(𝑎 + 𝑏)(𝑎 + 𝑐)
 

𝒔𝒊𝒏𝜶 =
√𝟒𝒂𝒃𝒄𝟐 + 𝟒𝒂𝒃𝒄(𝒂 + 𝒃)

(𝒂 + 𝒃)(𝒂 + 𝒄)
           … … … … … … … … … (𝐼𝐼) 

In right ∆𝐴𝑁𝐵 (Fig. 5) 

𝑠𝑖𝑛∠𝐴𝐵𝑁 =
𝐴𝑁

𝐴𝐵
=

𝐴𝐹 − 𝑁𝐹

𝐴𝐵
=

𝐴𝐹 − 𝐵𝐺

𝐴𝐵
 

  ⇒   𝒔𝒊𝒏𝜽 =
𝒂 − 𝒃

𝒂 + 𝒃
    … … … … … … . . (𝐼𝐼𝐼) 

Figure 5: Three externally touching circles with their centres A, B & C and radii 
𝒂, 𝒃 & 𝒄  (∀  𝒂 > 𝒃 ≥ 𝒄) respectively are enclosed in a smallest rectangle PQRS.  
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𝑐𝑜𝑠∠𝐴𝐵𝑁 =
𝐵𝑁

𝐴𝐵
=

√(𝐴𝐵)2 − (𝐴𝑁)2

𝐴𝐵
=

√(𝑎 + 𝑏)2 − (𝑎 − 𝑏)2

𝑎 + 𝑏
=

√4𝑎𝑏

𝑎 + 𝑏
   

 ⇒   𝒄𝒐𝒔𝜽 =
𝟐√𝒂𝒃

𝒂 + 𝒃
                   … … … … … … (𝐼𝑉)                                               

In right ∆𝐴𝑀𝐶 (Fig. 5) 

𝑠𝑖𝑛∠𝐴𝐶𝑀 =
𝐴𝑀

𝐴𝐶
=

𝐴𝐷 − 𝑀𝐷

𝐴𝐶
=

𝐴𝐷 − 𝐶𝐸

𝐴𝐶
      ⇒   𝑠𝑖𝑛(𝛼 − 𝜃) =

𝑎 − 𝑐

𝑎 + 𝑐
   

⇒    (𝑎 + 𝑐)𝑠𝑖𝑛(𝛼 − 𝜃) = 𝑎 − 𝑐   𝑜𝑟    (𝑎 + 𝑐)(𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝜃) = 𝑎 − 𝑐  

Now, by substituting the corresponding values from the eq(I), (II), (III) & (IV) in the above expression, we get 

(𝑎 + 𝑐) (
√4𝑎𝑏𝑐2 + 4𝑎𝑏𝑐(𝑎 + 𝑏)

(𝑎 + 𝑏)(𝑎 + 𝑐)
×

2√𝑎𝑏

𝑎 + 𝑏
−

𝑎(𝑎 + 𝑏) + 𝑐(𝑎 − 𝑏)

(𝑎 + 𝑏)(𝑎 + 𝑐)
×

𝑎 − 𝑏

𝑎 + 𝑏
) = 𝑎 − 𝑐  

⇒ (𝑎 + 𝑐) (
4𝑎𝑏√𝑐2 + 𝑐(𝑎 + 𝑏)

(𝑎 + 𝑏)2(𝑎 + 𝑐)
−

𝑎(𝑎 + 𝑏)(𝑎 − 𝑏) + 𝑐(𝑎 − 𝑏)2

(𝑎 + 𝑏)2(𝑎 + 𝑐)
) = 𝑎 − 𝑐 

⇒  4𝑎𝑏√𝑐2 + 𝑐(𝑎 + 𝑏) − 𝑎(𝑎2 − 𝑏2) − 𝑐(𝑎 − 𝑏)2 = (𝑎 − 𝑐)(𝑎 + 𝑏)2 

⇒  4𝑎𝑏√𝑐2 + 𝑐(𝑎 + 𝑏) = 𝑎(𝑎 + 𝑏)2 − 𝑐(𝑎 + 𝑏)2 + 𝑎(𝑎2 − 𝑏2) + 𝑐(𝑎 − 𝑏)2  

⇒  4𝑎𝑏√𝑐2 + 𝑐(𝑎 + 𝑏) = 𝑎{(𝑎 + 𝑏)2 + 𝑎2 − 𝑏2} − 𝑐{(𝑎 + 𝑏)2 − (𝑎 − 𝑏)2} 

⇒  4𝑎𝑏√𝑐2 + 𝑐(𝑎 + 𝑏) = 𝑎(2𝑎2 + 2𝑎𝑏) − 𝑐(4𝑎𝑏)  

⇒   2𝑏√𝑐2 + 𝑐(𝑎 + 𝑏) = 𝑎(𝑎 + 𝑏) − 2𝑏𝑐 

Now, taking the square on both the sides, we get 

(2𝑏√𝑐2 + 𝑐(𝑎 + 𝑏))
2

 = (𝑎(𝑎 + 𝑏) − 2𝑏𝑐)2 

⇒  4𝑏2(𝑐2 + 𝑐(𝑎 + 𝑏))  = 𝑎2(𝑎 + 𝑏)2 + 4𝑏2𝑐2 − 4𝑎𝑏𝑐(𝑎 + 𝑏) 

⇒  4𝑏2𝑐2 + 4𝑏2𝑐(𝑎 + 𝑏) = 𝑎2(𝑎 + 𝑏)2 + 4𝑏2𝑐2 − 4𝑎𝑏𝑐(𝑎 + 𝑏) 

⇒    4𝑏2𝑐(𝑎 + 𝑏) + 4𝑎𝑏𝑐(𝑎 + 𝑏) = 𝑎2(𝑎 + 𝑏)2  

⇒    4𝑏𝑐(𝑎 + 𝑏)(𝑏 + 𝑎) = 𝑎2(𝑎 + 𝑏)2   𝑜𝑟   4𝑏𝑐(𝑎 + 𝑏)2 = 𝑎2(𝑎 + 𝑏)2  ⇒  4𝑏𝑐 = 𝑎2 

⇒ 𝒂𝟐 = 𝟒𝒃𝒄    𝒐𝒓   𝒂 = 𝟐√𝒃𝒄        ∀  𝒂 > 𝒃 ≥ 𝒄 

Above relation is very important for computing any of the radii 𝒂, 𝒃 & 𝒄 if other two are known for three 

externally touching circles enclosed in a smallest rectangle.  

Dimensions of the smallest enclosing rectangle: The length 𝐿 & width 𝐵 of the smallest rectangle PQRS 

enclosing three externally circles touching circles are calculated as follows (see the figure 5 above)   
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𝐿𝑒𝑛𝑔𝑡ℎ,   𝐿 = 𝑃𝑄 = 𝑅𝑆 = 𝑆𝐹 + 𝐹𝐺 + 𝐺𝑅 = 𝑎 + 2√𝑎𝑏 + 𝑏 = 𝑎 + 𝑏 + 2√𝑎𝑏 = (√𝑎 + √𝑏)
2
 

𝑊𝑖𝑑𝑡ℎ,   𝐵 = 𝑃𝑆 = 𝑄𝑅 = 𝐷𝑀 = 2𝑎 

∴  𝑳𝒆𝒏𝒈𝒕𝒉, 𝑳 = (√𝒂 + √𝒃)
𝟐

    &  𝑾𝒊𝒅𝒕𝒉, 𝑩 = 𝟐𝒂       ∀  𝒂𝟐 = 𝟒𝒃𝒄    &   𝒂 > 𝒃 ≥ 𝒄 

Thus, above expressions can be used to compute the dimensions of the smallest rectangle enclosing three 

externally touching circles having radii 𝒂, 𝒃 & 𝒄  (𝒂 > 𝒃 ≥ 𝒄).   

6. Length of common chord of two intersecting circles: Consider 

two circles with centres 𝑂1 & 𝑂2  and radii  𝑟1 & 𝑟2 respectively, at a 

distance 𝑑 between their centres, intersecting each other at the points 

A & B (As shown in the Figure 6). Join the centres  𝑂1 & 𝑂2 to the point 

A. The line O1O2 bisects the common chord AB perpendicularly at the 

point M. Let 𝐴𝑀 = 𝑥 then the length of common chord 𝐴𝐵 = 2𝑥. Now 

In right triangle ∆𝐴𝑀𝑂1 ,  

𝑂1𝑀 = √(𝑂1𝐴)2 − (𝐴𝑀)2 = √𝑟1
2 − 𝑥2 

Similarly, In right triangle ∆𝐴𝑀𝑂2 ,  

𝑀𝑂2 = √(𝑂2𝐴)2 − (𝐴𝑀)2 = √𝑟2
2 − 𝑥2 

Now, 

𝑂1𝑂2 = 𝑂1𝑀 + 𝑀𝑂2 

Substituting the corresponding values, we get 

𝑑 = √𝑟1
2 − 𝑥2 + √𝑟2

2 − 𝑥2 

Taking squares on both the sides,  

𝑑2 = (√𝑟1
2 − 𝑥2 + √𝑟2

2 − 𝑥2)
2

 

𝑟1
2 − 𝑥2 + 𝑟2

2 − 𝑥2 + 2√(𝑟1
2 − 𝑥2)(𝑟2

2 − 𝑥2) = 𝑑2 

2√(𝑟1
2 − 𝑥2)(𝑟2

2 − 𝑥2) = 2𝑥2 + 𝑑2 − 𝑟1
2 − 𝑟2

2 

4(𝑟1
2 − 𝑥2)(𝑟2

2 − 𝑥2) = (2𝑥2 + 𝑑2 − 𝑟1
2 − 𝑟2

2)2 

4𝑟1
2𝑟2

2 − 4(𝑟1
2 + 𝑟2

2)𝑥2 + 4𝑥4 = 4𝑥4 + (𝑑2 − 𝑟1
2 − 𝑟2

2)2 + 4(𝑑2 − 𝑟1
2 − 𝑟2

2)𝑥2 

4𝑑2𝑥2 = 4𝑟1
2𝑟2

2 − (𝑑2 − 𝑟1
2 − 𝑟2

2)2 

4𝑥2 =
(2𝑟1𝑟2)2 − (𝑑2 − 𝑟1

2 − 𝑟2
2)2

𝑑2
 

4𝑥2 =
(2𝑟1𝑟2 + 𝑑2 − 𝑟1

2 − 𝑟2
2)(2𝑟1𝑟2 − 𝑑2 + 𝑟1

2 + 𝑟2
2)

𝑑2
 

4𝑥2 =
(𝑑2 − (𝑟1 − 𝑟2)2)((𝑟1 + 𝑟2)2 − 𝑑2)

𝑑2
 

Figure 6: Two circles with the centres 𝑶𝟏 & 𝑶𝟐 and radii 
𝒓𝟏 & 𝒓𝟐 respectively at a distance d between their 
centres, intersecting each other at the points A & B. 

𝒂, 𝒃 & 𝒄  (∀  𝒃, 𝒄 < 𝒂) respectively are enclosed in a 
rectangle PQRS.  
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2𝑥 = √
(𝑑2 − (𝑟1 − 𝑟2)2)((𝑟1 + 𝑟2)2 − 𝑑2)

𝑑2
 

⇒ 𝐴𝐵 =
√(𝑑2 − (𝑟1 − 𝑟2)2)((𝑟1 + 𝑟2)2 − 𝑑2)

𝑑
       

Hence, the length of the common chord of two intersecting circles with radii 𝑟1 & 𝑟2 at a distance 𝑑 between 

their centres is 

𝐋𝐞𝐧𝐠𝐭𝐡 𝐨𝐟 𝐜𝐨𝐦𝐦𝐨𝐧 𝐜𝐡𝐨𝐫𝐝, 𝐋 =
√{𝒅𝟐 − (𝒓𝟏 − 𝒓𝟐)𝟐}{(𝒓𝟏 + 𝒓𝟐)𝟐 − 𝒅𝟐}

𝒅
             ∀   |𝒓𝟏 − 𝒓𝟐| ≤ 𝒅 ≤ 𝒓𝟏 + 𝒓𝟐    

Special case: If 𝑟1 ≠ 𝑟2 then the maximum length of common chord of two intersecting circles 

 = 2 × 𝑚𝑖𝑛(𝑟1, 𝑟2) = 𝐝𝐢𝐚𝐦𝐞𝐭𝐞𝐫 𝐨𝐟 𝐬𝐦𝐚𝐥𝐥𝐞𝐫 𝐜𝐢𝐫𝐜𝐥𝐞 at a central distance 𝒅 = √|𝒓𝟏
𝟐 − 𝒓𝟐

𝟐| 

Angles of intersection of two intersecting circles: Let  ∠𝐴𝑂1𝑀 = 𝜃1 & ∠𝐴𝑂2𝑀 = 𝜃2 (See above Fig. 6). 

In right ∆𝐴𝑀𝑂1 (Fig. 6), we have 

sin ∠𝐴𝑂1𝑀 =
𝐴𝑀

𝐴𝑂1

       ⇒    sin 𝜃1 =
𝐿

2⁄

𝑟1

=
𝐿

2𝑟1

                                                                                                                   

  ⇒ 𝜽𝟏 = 𝐬𝐢𝐧−𝟏 (
𝑳

𝟐𝒓𝟏

) = 𝐬𝐞𝐦𝐢 𝐚𝐩𝐞𝐫𝐭𝐮𝐫𝐞 𝐚𝐧𝐠𝐥𝐞 𝐬𝐮𝐛𝐭𝐞𝐧𝐝𝐞𝐝 𝐛𝐲 𝐜𝐨𝐦𝐦𝐨𝐧 𝐜𝐡𝐨𝐫𝐝 𝐀𝐁 𝐚𝐭 𝐜𝐞𝐧𝐭𝐫𝐞 𝐎𝟏 

Similarly, in right ∆𝐴𝑀𝑂2 ,    

∠𝑨𝑶𝟐𝑴 = 𝜽𝟐 = 𝐬𝐢𝐧−𝟏 (
𝑳

𝟐𝒓𝟐

) = 𝐬𝐞𝐦𝐢 𝐚𝐩𝐞𝐫𝐭𝐮𝐫𝐞 𝐚𝐧𝐠𝐥𝐞 𝐬𝐮𝐛𝐭𝐞𝐧𝐝𝐞𝐝 𝐛𝐲 𝐜𝐨𝐦𝐦𝐨𝐧 𝐜𝐡𝐨𝐫𝐝 𝐀𝐁 𝐚𝐭 𝐜𝐞𝐧𝐭𝐫𝐞 𝐎𝟐 

Now, it can be easily proved that one of the two supplementary angles of intersection (𝜃) is given as the sum of 

above two semi-aperture angles 𝜃1 and 𝜃2 subtended by common chord AB at the centres 𝑂1 & 𝑂2 of two 

intersecting circles (see above Fig. 6) 

𝜃 = 𝜃1 + 𝜃2 = sin−1 (
𝐿

2𝑟1

) + sin−1 (
𝐿

2𝑟2

) 

Hence, both the supplementary angles of intersection of two intersecting circles are given as follows 

𝜽 = 𝐬𝐢𝐧−𝟏 (
𝑳

𝟐𝒓𝟏

) + 𝐬𝐢𝐧−𝟏 (
𝑳

𝟐𝒓𝟐

)     &   𝝅 − 𝜽  

𝑊ℎ𝑒𝑟𝑒,   𝐿 =  
√{𝑑2 − (𝑟1 − 𝑟2)2}{(𝑟1 + 𝑟2)2 − 𝑑2}

𝑑
             ∀   |𝒓𝟏 − 𝒓𝟐| ≤ 𝒅 ≤ 𝒓𝟏 + 𝒓𝟐  

Area of intersection (A) of two intersecting circles: As we have computed above, 2𝜃1 is the angle of 

aperture subtended by common chord AB at the centre 𝑂1 of circle with a radius 𝑟1 hence the area (𝐴1) of 

segment of corresponding circle is give as (Refer to fig.6 above) 

                                 𝐴1 = Area of sector O1AB − area of isosceles ∆O1AB 

       =
1

2
(2𝜃1)𝑟1

2 −
1

2
(𝑟1 × 𝑟1) sin 2𝜃1 
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=
1

2
(2𝜃1 − sin 2𝜃1)𝑟1

2              

=
1

2
(2𝜃1 − 2 sin 𝜃1 cos 𝜃1)𝑟1

2 

= (𝜃1 − sin 𝜃1 cos 𝜃1)𝑟1
2          

Similarly, the area (𝐴2) of segment of circle with a radius 𝑟2 & aperture angle 2𝜃2 subtended by common chord 

AB at the centre 𝑂2 , is given as follows 

𝐴2 = (𝜃2 − sin 𝜃2 cos 𝜃2)𝑟2
2               

Now, the area of intersection (A) of two intersecting circles will be equal to the sum of areas 𝐴1 & 𝐴2 of segments 

as computed above  

𝐴 = 𝐴1 + 𝐴2 = (𝜃1 − sin 𝜃1 cos 𝜃1)𝑟1
2 + (𝜃2 − sin 𝜃2 cos 𝜃2)𝑟2

2 

Hence, the area (A) of intersection of any two intersecting circles of radii 𝒓𝟏 & 𝒓𝟐 separated by a central 

distance 𝒅 is given as 

𝑨 = (𝜽𝟏 − 𝐬𝐢𝐧 𝜽𝟏 𝐜𝐨𝐬 𝜽𝟏)𝒓𝟏
𝟐 + (𝜽𝟐 − 𝐬𝐢𝐧 𝜽𝟐 𝐜𝐨𝐬 𝜽𝟐)𝒓𝟐

𝟐 

 

𝑊ℎ𝑒𝑟𝑒,   𝜃1 = sin−1 (
𝐿

2𝑟1

),   𝜃2 = sin−1 (
𝐿

2𝑟2

)  &  𝐿 =  
√{𝑑2 − (𝑟1 − 𝑟2)2}{(𝑟1 + 𝑟2)2 − 𝑑2}

𝑑
           

   ∀   |𝒓𝟏 − 𝒓𝟐| ≤ 𝒅 ≤ 𝒓𝟏 + 𝒓𝟐  

 Conclusion: All the results presented above are derived using elementary geometric and trigonometric 

principles. The resulting analytical formulas are simple, explicit, and convenient to apply in case studies and 

practical problems in two-dimensional geometry. Moreover, these results remain valid for the corresponding 

three-dimensional configuration of three spheres touching one another externally, thereby extending their 

applicability beyond planar geometry. 
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