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1. Introduction: We are here to analyse an n-gonal trapezohedron/deltohedron having 2n congruent faces

each as a right kite (i.e. cyclic quadrilateral consisting of two congruent right triangles with a hypotenuse in

common), 4n edges & (2n + 2) vertices lying on a spherical surface with a
certain radius. All 2n right kite faces are at an equal normal distance from the
centre of the trapezohedron. Each of 2n right kite faces always has two right
angles, one acute angle (a) & other obtuse angle (8) (V 8 = 180° — a). Its
each face has two pairs of unequal sides (edges) a &b (Va <b,
equality holds only in case of a cube) & can be divided into two congruent
right triangles having longer diagonal of the face as their common hypotenuse.
It has two identical & diagonally opposite vertices, say vertices C & E, out of
total (2n+2) vertices at each of which n right kite faces meet together & rest 2n
vertices are identical at each of which three right kite faces meet together (See
the Figure 1).

no.of congruent right kite faces = 2n

no.of edges =4n & no.of vertices = 2n + 2
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Figure 1: A trapezohedron having 2n+2 vertices, 4n
edges & 2n congruent faces each as a right kite
having two pairs of unequal sidesa & b (V a < b),
two right angles, one acute angle & & one obtuse
angle B (Vv g = 180° — a).

2. Analysis of n-gonal trapezohedron/deltohedron: Let there be a trapezohedron having 2n congruent

faces each as a right kite having two pairs of unequal sides (edges) a & b (V a < b). Now let’s first determine
the relation between two unequal sides of the right kite face of the trapezohedron by calculating the ratio of

unequal sides (edges) a & b in the generalized form.

2.1. Derivation of relation between unequal sides (edges) a & b of each
right kite face of the trapezohedron/deltohedron: Let h be the normal
distance of each of 2n congruent right kite faces from the centre O of a
trapezohedron. Now draw a perpendicular OO’ from the centre O of the
polyhedron at the point O’ to any of its right kite faces say face ABCD. Since
the right kite face ABCD is a cyclic quadrilateral hence all its vertices A, B,
C & D lie on the circle & the perpendicular OO’ will have its foot O’ at the
centre of the circumscribed circle (see Figure 2). Now join all the vertices
A, B, C & D to the centre O’ to obtain two congruent right triangles
AABC & A ADC. Thus we have,

AB=AD=a & BC=CD=b Va<bh Figure 2: A perpendicular 00’ (normal to the plane of
paper) is drawn from the centre 0 (0,0,h) of the

AC _/(AB)? + (BC)? _a? + b?

trapezohedron to the right kite face ABCD at the

> 0A=0B=0C=0D="—_ circumscribed centre O’ of face ABCD with AB = AD =
2 2 2 a&BC=CD=b Va<bh.

Now, draw the perpendiculars O'M & O’N to the sides AB & BC at their mid-points M & N respectively. Thus
isosceles AAO'B is divided into two congruent right triangles AO'MA & AO'MB. Similarly, isosceles ABO'C is

divided into two congruent right triangles AO'NB & AO'NC.
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In right AO'MA (Fig. 2)

, - \/a2+b22 a2 b
oM = (OA)Z‘(AW:J(T) -(3) =3

Similarly, in right AO'NB (Fig. 2)

, : VEZ+ b2 \® a
"”ZV(OB)Z‘(BW:J(T) -(3) =3

We know from HCR’s Theory of Polygon [1] that the solid angle (w), subtended by a right triangle having
orthogonal sides a & b at any point at a normal distance h on the vertical axis passing through the common
vertex of the side b & hypotenuse, is given by HCR’s Standard Formula-1 [1] as follows

= sin”! (\/ﬁ) ~sin™ {(\/a;:- bz) (\/hzh+ bZ)}

Hence, solid angle (@, y4) subtended by right AO’'MA at the centre O (0, 0, h) of polyhedron is given as

W = sin~! ( (4M) ) —sin™? {( (M) ) < (09 >}
AO'MA — (AM)? + (O’M)Z \/(AM)Z + (O’M)Z \/(OO’)Z + (O’M)z

Now, by substituting all the corresponding values in the above expression we have

NG 3 r l

@+ NG+ \Jw+)))
- s (ﬁ) ~sin™ {(\/aza+ bZ) (\/4h§h+ bz)}

" Wygiya = Sin~1 (L> —sin™! ( 2ah ) SR ¢ )
aoma VaZ + b2 J (@ + b2 (4h? + b?)

Similarly, solid angle (w,oyp) subtended by right AO'NB at the centre O (0, 0, h) of polyhedron is given as

- (e (o) ()
Coons =IR I\ T+ omz) - NSz omz) \ Y00 + one
b b
Wpo'yp = SIN! 7}) SZ) = | - Sin_l{ p 57) - h - l
&)+ G+ 6 e+ 6)))
- b — b 2h
- (m) oo {(\/az + bz) (\/4h2 + a2>}

" Wypyg = Sin~! <L> - sin—1< 2bh ) AU 0/))
VaZ + b~ J(a? + b?)(4h? + a?)

Now, solid angle (w4gcp) subtended by the right kite face ABCD at the centre O (0, 0, h) of the polyhedron is
given as

©2015 H C Rajpoot 2



Mathematical analysis of trapezohedron/deltohedron having 2n congruent right kite faces 15 April 2015

Wapcp = Waage + Waape = 2(waape) (since, AABC &AADC are congruents )
= 2(wps0'5 + Wppo'c) = 2{(@p0'ma + Wpo'mp) + (Wpo'wp + @po'nc)}
= 2{2(wao'ma) * 2(wpo'np)} = 4(@po'ma + @po'vp) (DY congruent triangles)
Since all 2n right kite faces of polyhedron are congruent hence the solid angle subtended by each right kite face

at the centre of trapezohedron is

total solid angle 4 2m

" no.of congruent right kite faces 2n  n

2n _27r_7r

2n
= Wgpcp = n or 4(wpo'ya + Wao'n) = Y Or Wpg'ma T Wpp'np = in_ 2n

T
- Wpo'ya T Wpo'Np = n

Now, by setting the corresponding values from the eq(l) & (I1) in the above expression, we obtain

sin™! <7a ) —sin™? ( 2ah ) + sin™? <7b ) —sin™? ( 2bh >
Va? + b2 V(@2 + b*)(4h? + b?) Va? + b2 V(@2 +b?)(4h? + a?)
T
~2n
o a ) b
= [sm 1 (—az = bz) + sin (—m)]
- 2ah - 2bh _m
- [sm (\/(a2 + b2)(4h? + bz)) e <\/(a2 + b2)(4h? + az))] 2n

N - a ) ( b >2+ b . ( a )2
sin!| ——— |1 - e
VaZ ¥ b? VaZ + b2 VaZ + b? VaZ ¥ b2

2ah bh

a 2 2
— |sin~? 1-—
. J(@? + b2)(4h2 + b2)J <\/(a2 + b2)(4h? + a2)>

s 2bh - < 2ah )2 o
J(@ + b2)(4h? + a?) J@ +b2)(h? +b2)) || 2n

= sin'l( ¢ X ? + b X b )
Vaz+b% a?z+b2 +a?+b?2 a?+ b2
- 2ah 4a2h? + 4b2h? + a* + a?b? — 4b%h?
—sin
\/(az + b2)(4h% + b?) (a? + b2)(4h2 + a?)
2bh 4a?h? + 4b%h? + a?b? + b* — 4a?h? m
(a? + b2)(4h? + b?) T 2n

¥ J(@? + b?)(4h2 + a?)

2 2
= sin~! ¢ + b
a?+ b?  a?+ b?
. _1< 2ah/a?(4h? + a% + b2)
-5

2bh\/b2(4h? + a? + b?) o
(a% + b2),/(4h% + a?)(4h% + b%)) 21

(a2 + b?)\[(4h? + a?)(4h? + b?)
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2n

- <a2 + bz) , _1< 2h(a® + b)\/(4h? + a? + b?) ) T
= Sin — Sin ( -_—

a? + b? a2 + b2),/(4h? + a?)(4h? + b?2)

i) — s (2 | b 7
= — =
st st (4h% + a?)(4h2 + b2) |~ 2n

1 o 4h? + a? + b2 in~1(1) T T W
= = R —
st 4Rz +a)(anz + b2 | " -2 2
h 4h? 4+ a? + b? . (n I ) s
= = —_— ) = J—
(ah? +at)(4h2 +b2)  S\2 T2 T
2
ah 4h? + a? + b2 ( n)z , T
= = JR— = J—
(4h2 + a?)(4h? + b?) OSom) T o
4h?(4h% + a® + b?) , T
= = CO0S" —
(4h? + a?)(4h? + b?) 2n

s
= 16h* + 4(a? + b?)h? = (16h* + 4(a? + b?*)h? + a?b?)cos? 5

T s T
= 16 (1 — cos? ﬂ) h* + 4(a? + b?) (1 — cos? ﬂ) h? — a%b?cos? = 0

s i1 s
= 16sin? —h* + 4sin? — (a® + b>)h? — a?b?cos?* — =0
2n 2n 2n

T
= 16h* + 4(a? + b?*)h? — a®b?cot? o 0

Now, solving the above bi-quadratic equation to obtain the values of h? as follows

—4(a?+b?) + \[(—4((12 + bz))2 + 4(16)a2b2c0t2%

2
== 2(16)

—4(a® +b%) + 4\/((12 + b2)2 + 4a?b?cot? %
32

—(a*+bH) £ \/(az +b2)% + 4a2b2c0t2%
8

Since, h > 0 or h? > 0 hence, by taking positive sign we get the required value of normal height h as follows

—(a*+b*) + \/(az +b2)? + 4a2bzcot2% \/{(az + b2)? + 4a2b?cot? %} — (a® +b?)
hz — —
8 8

\/\/{(az + b%)? + 4a%b?cot? %} — (a? + b?)
2v2

Normal distance, h =

e (1)
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2.3. Outer (circumscribed) radius (R,) of n-gonal trapezohedron (i.e. radius of the spherical surface passing
through all (2n + 2) vertices of trapezohedron): Let R, be the circumscribed radius i.e. the radius of the
spherical surface passing through all 2n+2 vertices of a trapezohedron (see Figure 3 below).

Consider the right kite face ABCD & join all its vertices A, B, C & D to the centre
O of n-gonal trapezohedron. Draw a perpendicular OO’ from the centre O to
the face ABCD at the point O’. Since the spherical surface with a radius R,, is
passing though all 2n+2 vertices of polyhedron hence we have

OA=0B=0C=0D=R, & 00'=h

Now, in right AOO'A

= (04)? = (00")* + (0'A)? = h* + (0'A)?

2
T
/ (a? + b?)? + 4a2b?cot? 5—1 — (a? + bz)\ 2
R J\/ { 2) |, (J&F
_ |\ " /l 2
Figure 3: An elementary right pyramid OABCD is
2 4 h2)2 4 4a2b2cot? Y _ (.2 + b2 obtained by joining all four vertices A, B, C & D of
— \/{(a ) abreo Zn} (@ ) a’® + b? right kite face ABCD to the centre O of an n-gonal
8 4 trapezohedron/deltohedron.
\/{(az + b2)2 + 4a%b?cot? %} —(@? +b?) +2(a® + b?)
- 8
2 2\2 2h2 002 1E 2 2
\/{(a +b?%)2 + 4a?b?cot ﬁ}+a +b
=S RO2 =
8
2 2 2)2 2ph2 2 2 2
> 8R,” = {(a + b?%)? + 4a?b?cot E}+a +b ST 0478

Since, all 12 vertices are located on the circumscribed spherical surface, Let us consider a great circles with the
centre ‘O’ passing through two identical & diagonally opposite vertices C & E (as shown in Figure 4 below).
Hence, the line CE is a diametric line passing through the centre O of a great circle (on the circumscribed
spherical surface) & the vertices C, A & E are lying on the (great) circle hence, the angle CAE = 90°. Now

In right ACAE (Fig. 4)
(CE)? = (AC)? + (AE)?
Now, by substituting all the corresponding values in the above expression, we get

(2R,)? = (Va2 + bZ)2 + (b)?

4R,* = a? + b? + b? = a® + 2b?
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= 8R,* = 2a® + 4b* R (/4 A

Now, equating eq(IV) & (V), we get

T
2a% + 4b?% = \/{(az + b2)2 + 4a2b2cot? Z} +a?+ b?

= a’ +3b? = \/{(az + b2)2 + 4a2b?cot? 1}
2n

circumscribed

spherical surface

Figure 4: Two vertices C & E are identical & diagonally opposite.
Vertices C, A & E are lying on a great circle on the circumscribed
spherical surface & angle CAE = 90° .

s
= (a? 4+ 3b%)?% = (a® + b?)? + 4a?b?cot? 5

i
= a*+ 9b* + 6a?b? = a* + b* + 2a%b?* + 4a2b2cot2Z
s
= 8b* + 4a%b? — 4a*b?cot>— =10
2n
i
4_ 20 2p2 _
8h 4(cot - 1)a b2 =0

2b* — (cot2 % - 1) a’h? =0

= b2 (2b2 - (cotZ% ~1)a?) =0

But, b # 0 hence, we have

i a? 2 a 2
2b? —(cot?’——-1)a*=00r = =———— or —= |———
( 2n ) b? o2t _1 b otz - —1

2n 2n

2tan T
T 5 T T
= |[tan— ——Zn | _ tan— (tan E)

2n 2n
’1 — tan? 21
n
T T [ T T
= |tan—tan— or a=>b |[tan—tan—
n 2n n 2n

. The required relation between unequal sides (edges) a & b of n gonal trapezohedron

13 i3
a=b>b /tan—tan— <V neEN& n=3 = aSb) T (45
n 2n

In right AABC (see the above Figure 2)

tanZACB = — = — tan-=—-= ’t —tan— =2tan"!( [tan—tan—
= = = = = =
an b an 2 b an an2 or a an an an2

[

13
. acute angle,a = Ztan‘l( tan;tanﬂ) Vn=3=a<90° ......(VID)

obtuse angle,8 = 180° — a e e (VHT)

Now, setting the value of smaller side (edge) a in term of larger side (edge) b in the eq(lll), we get
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T
\/\/{(az + b?)? + 4a?b?cot? ﬁ} —(a? + b?)

h =
2V2
2 2 2 2
’ n I 2 / T T\ 32,020 ’ 3 2
((b tanntan2n> +b> +4(b tanntanzn) b?cot ) ((b tan— tanzn) +b>
2v2

2o pom L1 p2) apom T L] 2 2¢qn Etan 2= 4 p2
\/\/{(b tanntan +b ) + 4b tanntanzncot Zn} (b tanntan +b )

2n 2n
2V2

4 Toon Y Tt ) p2 Toon o
\j\[b {(1+tanntan2n) +4tanncot2n} b (1+tanntan2n)

2v2

2

T b4 T
2tan 5— 2tan5— 2tan 5—
b2 (1 +72ntanl> +472ncotl _b2<1 +72nntan£>

1—tan2% 2n 1—tan2% 2n 1 — tan? 2n
2v2
2
1+tan2% 8 1+tan2%
’ 1=t ) 1 tar (| \1=tan? -
an? - an? - an? -
B 22

(1 + tan? %)2 +8 (1 — tan? %) ~ (1 + tan? %)

T\2 _ 2 It
(1 — tan? ﬂ) 1—tan® 5
B 2v2
1+ tan? 2=
b 7\/ 1+ tan* 2= + 2tan? 2= + 8 — 8tan? -~ — 2n
1— tan? - 2n 2n Zn} (1 — tan? %

2v2

i
1+ tan? 5=

b —J9+tan4——6tan 271} —Zﬂn
1—tan2— n 1—tan2ﬁ

2v/2

©2015 H C Rajpoot



Mathematical analysis of trapezohedron/deltohedron having 2n congruent right kite faces 15 April 2015

g
’ W (3_t‘m2 %)2—(1+tan2 %) b ( an ff)mn(Z% an Zn)
= — _ -

2 U
2n b2 b

22 22 2

~ Normal distance of each face from the centre of trapezohedron,

h—b Va=b>b|t nt d 1X
=3 a= fann anzn e (1X)

The above Eq(IX) is the required expression to calculate the normal distance h of each right kite face from the
centre of n-gonal trapezohedron. Normal height h merely depends on the larger side (edge) b irrespective of no
.of faces n. Normal distance h is always equal to the inner (inscribed) radius (R;) i.e. the radius of the spherical
surface touching all 2n congruent right kite faces of n-gonal trapezohedron.

Now, setting the value of a in term of b in the eq(V), we have

a? + 2b?
8R,” = 2a’ +4b* = R,* = ——
2
b [tanZtan-=| + 2b? s T s T
n 2n bztan—tanz— +2b%  b? (2 + tan—tanz—)
= ROZ = 4 = n 4 n = 4n n

b e T
or R, =3 2+ tangtanﬂ

. b 13 T T T
-~ Outer radius of trapezohedron, R, = 7 2 + tan;tanﬂ YVa=bhb tan;tanﬂ

Above is the required expression to calculate the outer (circumscribed) radius (R,) of n-gonal trapezohedron
having 2n congruent right kite faces.

2.4. Surface Area (A;) of n-gonal trapezohedron: Since, each of 2n faces of a uniform polyhedron is a right kite
hence the surface area of the trapezohedron is given as

A; = 2n X (Area of right kite face) = 2n X (2 x (Area of right AABC)) (see Figure 3 above)

1 T T T T
= 4n X (— ab) =2nb|b [tan—tan— | = 2nb? [tan—tan—
2 n 2n n 2n

[ i3 i3

.. Surface area of trapezohedron, A; = 2nb? tan;tanﬁ

2.5. Volume (V) of n-gonal trapezohedron: Since, a trapezohedron has 2n congruent faces each as a right kite
hence the trapezohedron consists of 2n congruent elementary right pyramids each with right kite base (face).
Hence the volume (V) of trapezohedron is given as (see Figure 3 above)

V = 2n x (volume of elementary right pyramid with right kite face ABCD)
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1 2n
=2n {§ X (area of right kite face ABCD) X (normal height)} == (ab) x (h)

_anb’t T b nb? ,t LWL
—T ang an% E——g an; anﬂ

nb? T T
~ Volume of trapezohedron, V= —— [tan—tan—
3 n 2n

2.6. Mean radius (R,,) of n-gonal trapezohedron: It is the radius of the sphere having a volume equal to that
of a given n-gonal trapezohedron/deltohedron. It is calculated as follows

volume of sphere with mean radius R,, = volume of given trapezohedron

4 (R.)? nb? T T
=T = — |[tan—tan—
3 m 3 n 2n
1 1
,  nb’? T T nb? T T \3 n T T \3
= (Ry) =ar tangtan% or R, = e tanztanﬁ =b i tan;tan%

1
* Ry =b(-— |tan™tan— :
B VP L

For finite values of a or b (known value) = R; < R,, <R,

We know that the n-gonal trapezohedron with right kite faces has two types of identical vertices. It has two
identical & diagonally opposite vertices at each of which n no. of right kite faces meet together & rest 2n are
identical at each of which three right kite faces meet together. Thus, we would analyse two cases to calculate
the solid angle subtended by the solid at its two dissimilar vertices by assuming that the eye of the observer is
located at any of two dissimilar vertices & directed (focused) to the centre of the n-gonal trapezohedron. Thus
let’s analyse both the cases as follows

3. Solid angle subtended by n-gonal trapezohedron at each of its two diagonally opposite vertices:

We know that n no. of congruent right kite faces meet at each of two
diagonally opposite vertices of a n-gonal trapezohedron hence by assuming
that the eye of the observer is located at one of two identical & diagonally
opposite vertices (see Figure 5), the solid angle is calculated by using HCR’s
standard formula-1 [1]. According to which, solid angle (w), subtended at the
vertex (apex point) by a right pyramid with a regular n-gonal base & an angle
a between any two consecutive lateral edges meeting at the same vertex, is
mathematically given by the standard (generalized) formula [2,3] as follows

N 74 T a

w =21 —2nsin~( cos— [tan?— — tan? - VneN &nz=3
n n 2

We know that the acute angle of the right kite face is given as follows Figure 5: The eye of the observer is located at two

different vertices since the trapezohedron has
two types of identical vertices

T T a T T
a=2tan"?! /tan—tan— = tan— = ’tan—tan—
n 2n 2 n 2n
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Now, by setting the value of tan% in the above formula, we get solid angle subtended by the (convex)

trapezohedron solid at each of two diagonally opposite vertices as follows

T T [ T T\
w =21 —2nsin"!| cos— [tan?—— ( tan—tan —)
n n n 2n

i i3 Fis Fis
=27 — 2nsin™?! <cos—\/tan2 — —tan—tan —)
n n n 2n

b4 T T T
=27 — 2nsin™?! <cos —\/tan— (tan— —tan —))
n n n

2n
T
- T [ 2tano. T , 2tanx
= 21w — 2nsin cos— |tan—| —————F —tans— (smce, tan2x = —2)
n n\1 = tan? —— 2n 1—tan®x
2n
b4
T T T 2—1+ tan2 ﬁ
=27 —2nsin™'| cos— |tan—tan— BE——
n n 2n\ 1 — tan?=——
2n
T
T T T 1+ tan2 %
=27 — 2nsin™?! cos?—tan—tan— S —
n n 2n\ 1 — tan? —
2n
LT
- [ Siny T - L i3
= 21w — 2nsin c0s?— 7 | tan— T = 2w — 2nsin sin—tan—
N\ cos— 2n\ cos— no2n

Hence, the solid angle subtended by the n-gonal trapezohedron at each of two identical & diagonally opposite
vertices is given as follows

T T
w:2n—2nsin‘1( /sin;tanﬁ> (V n>3&nt = wT)

The above expression shows that the solid angle subtended by the n-gonal trapezohedron at each of two
identical & diagonally opposite vertices is independent of the dimensions of n-gonal trapezohedron it depends

only on the value of n i.e. the number of congruent right kite faces. Solid angle (w) increases with the increase
in the no. of faces 2n.

4. Solid angle subtended by n-gonal trapezohedron at each of 2n identical vertices:

We know that three congruent right kite faces meet together at each of 2n identical vertices of an n-gonal
trapezohedron hence by assuming that the eye of the observer is located at one of 2n identical vertices (See the
upper position of the observer’s eye in Figure 5 above) the solid angle is calculated by using formula of
tetrahedron [4, 5]. In this case, three edges meet together at each of 2n identical vertices & make the angles
90°,90° & S (= 180° — 2a) with one another consecutively thus we have

T T
a=90° B =90°& y=180° — 2tan_1< /tan;tanﬂ) (y >90°)
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Now, let’s calculate the constant K by using the formula [4] as follows

B._.v

2sin@sinB sin
SanSlleSlnz

K =

2

2@ B (2@ B oY

\/4sm > Sin? 5 (sm > + sin? 5 — sin 2)
<180° —2tan?! ( tanztanl>>

90° 90° n 2n
2sin sin ) sin )
K =

2

tan tan 2n>>

<180" — 2tan~1

N~/

2
I
I
| o] o] o o
i4sin2%sm2 90 sin? 20 +sm2%—sm2
|
|
(i) 90° — tan~ | [tanZtan
5 5 sin a an - tan~—
1(J5) () - () + () e (o0 - an =)
— |—=| —||—= +(—) — sin —tan~ tan tan—
V2) \V2 2 2 2n
cos | tan™?! tan tan -~ cos [ tan™?! tan tan -—
2n 2n

(o (i E))) oo (o)

1 + sin? (tan‘1 < /tan tan )) ! T T
I tanﬁtanﬁ
'1 + <{sin| sin7?!
2
f T T
\I \/1+< tanﬁtanﬁ>

T
1 1 1+tanntan2n

T
2 1+ 2tan—tan—
tan ™ tan I tan - tan o n M om
1+ n 2n 1+ —nﬂ

1+ tan tan+— 7
1+ tan T toml n
n 2n

2

1+tan:tan2n
~K= T Vn=23=>0<K<1

b3
1+ Ztann tan5—

2n

Now, by substituting all the corresponding values, the solid angle subtended by one elementary triangle [5] is,

. a
sin+ a
2 ) _sin™? tanE <—) -1

1

= wq =2|sin”

©2015 H C Rajpoot 11
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| oin 20° | 900 | . |
= 2]|sin?! I 2 I —sin7!| tan 5 I I —
b4 b4 b4 b4
[ 1+tan_tano- | | | 1+tan_tano- | |
\ 1+2tan%tan% / \ 1+2tan%tan% /
1 1+2tan%tan% 1+2tan%tan% ]
=2]s —sin™ -1
T T
1+tanntan2n 1+tanntan2n
b4 T
14 2tan—=tan-— tan tan— ]
=2|s u 2n —sin™? —Zn
2+2tanntan2n 1+tanﬁtanﬁ
[ 1+ 2tan— T tan tan tan+— ]
— 2|sin- n Zn\/ 1 _ 2n J 1 |
T
l 2+ 2tann tan ) 1+ tan tan 5— 2n 1+ tan tan5— 2 2+ 2tan tan 5— Zn J
/\/1 + Ztan tan5— 2 \/tan tan /\/1 + 2tan tan5— 2 \/tan tan Zn\

_ zlsm \

V2 (1 + tan tan Zn)

\/5(1 + tan tan Zn)

= )

Similarly, we can find out the value of solid angle w, (which is equal to w for congruent triangles) as follows

= w, = w; = 2sin~?!

T 14 T T
\/1 + Ztanﬁtanﬁ— \/tanﬁtanﬁ

V2 (1 + tan%tan%)

Similarly, the solid angle subtended by third elementary triangle is given by [5,6] as follows

-1

— sin tan

o lsin- sin% = <1>2 1
w3 = 2|sin X sin an2 X
/ (180" —2tan?! ( tan tan - >>\
| . 2n) ) |
=2 sin_ll o 2 I
b4 T
1+ tanﬁntanﬁ
1+ 2tanntan o
2
o __ -1 E i
<180 2tan < tanntanzn)) 1+ 2tan Etan X
-1 n 2n
2

T
1+ tann tan-— 2n

©2015 H C Rajpoot

12



Mathematical analysis of trapezohedron/deltohedron having 2n congruent right kite faces 15 April 2015

[
|

=2

T T 1+ 2tan % tan %
sin"!| cos | tan™?! /tan —tan— = =
n 2n 1+ tan - tan5—

2n

T T 1+ 2tangtan 2n |

—sin™!| cot(tan™!| [tan—tan— n -1 |
n 2n 1+ tanZtan 2=

n 2n J

- \) iz
1 1+ 2tan—tan=—
= 2|sin™*| cos| cos™?! 7;1 2"
\ \ \\/1+tan tanljj 1+m"nm"2

/ / 1 \\ tan%tan% \]
—sin~1{ cot cot‘1 = = j
} n 13 1+ tan—tan —/

\ \ \ tanntan—Zn// n 2n

T 7\
1 1+ 2tan—tan \ / tan tan 5— \
n 2 —sin™? 2n }

T T T
\/1 + tan tan-— 2n 1+ tann tan / \ /tan tan mo1 tan tan Zn/
(\[1 + 2tan tan 5— 2n . 1 ]

-
oA

=2is — sin
1+ tan tan+— T s
2n \[1 + tanntan o
\/1 + Ztan tan — 2n tan % tanzl 1 tan2 % tanz 27; ]l
=2ls _
2
1+ tan tans— |1+ tan tan 5— T T |
2n 2n Jl + tanﬁtanﬁ (1 + tan tan Zn) J
\/1 + 2tan tan 5~ \/tan%tan% tanEtanzl ]
=2l h _ n n |
T \2 T \2
1 + tan tan Zn) (1 + tan tan Zn) |

T T T
, \[1+2tan tanﬁ tan tanﬁ—tan tanZn

(1 + tan tan Zn)%

w3 = 2sin”

The largest angle of parametric triangle is C which is calculated by using cosine formula as follows

[ o
sin? % + sin? E — sin % sin? 9(2) + sin? 92 — sin? %
C =cos™?! = cos !
Z.a.ﬁ 2.900.900
sinsin sin——sin—
1\? 12 LY
= cos~ ! \/E) <ﬁ> e = cos! (1 — sin? Z) = cos™! (COS2 Z)
2 2

©2015 H C Rajpoot
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/ (180" —2tan?! < tan = tan i))\
n 2n |

= cos™ 1| cos?

T T
= cos” (sm (tan‘1 ( /tan—tan —)))
n 2n

2 )
2 2
tan tan+— tan tan+—
1 ; — 271 1 2n
= coSs sin| sin = CcoS

T T T T

\/1+tanﬁtanﬁ \/1+tanﬁtanﬁ
14 m
tan T tan % tan n tan n

C=cos | —>—="_ = 0< T T | <1 v.nz=3
1+ tan tan5— 2n 1+ tanﬁtanﬁ

» € <90°
Thus, the parametric triangle is an acute angled triangle.

Hence the foot of perpendicular (F.O.P.) drawn from the vertex of a tetrahedron to the plane of parametric
triangle will lie within its boundary hence, the solid angle subtended by the n-gonal trapezohedron at the
vertex is the sum of the magnitudes of solid angles [1] as follows

w=(l)1+w2+(l)3

V4 T T b4 T b4 b4 T
\/1+2tan—tan——\/tan—tan— \/1+2tan—tan——\/tan—tan—
1 n 2n n 2n ) n 2n n 2n

= 2 sin + 2 sin
T 14 i3 T
\ V2 (1 + tanﬁtanﬁ) / \ V2 (1 + tanﬁtanﬁ) /

T b4 b4 T T b4
14+ 2tan—tan=— |tan—tans— — tan—tan—
- n 2n n 2n n 2n

+ 2sin 3

(1 + tanztanl)2

n 2n

T b4 b4 T
. \[1 + 2tanﬁtanﬁ—\/tanﬁtanﬁ

\/7(1 + tan%tan%)

= 4sin”

T T T T T T
\/1 + Ztan—tanz—\/tan—tanz— - tan—tanz—
+2sin-t n n n n n n

(1 + tan tan Zn)%

Hence, the solid angle subtended by the n-gonal trapezohedron at each of 2n identical vertices (at each of which

three right kite faces meet together) is given as follows
/Jl A 2tan tan 2n\/tan tan—— tan tan—

T
L, /Jl +2tan—tan2 \/tan tan Zn\ n n

® = 4sin + 2sin™?! z
\ V2 (1 + tan tan Zn) / \ (1 n tan —_— ZH)E /

The above formula is equally applicable for any arbitrary value of n (i.e. a natural number > 3).

5. Dihedral angles between the adjacent right kite faces: We know that there are two unequal edges
a & b of each of 2n right kite faces which are common (shared) between two adjacent right kite faces. Hence,

©2015 H C Rajpoot 14
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there are two cases of a common edge (side) 1. Smaller common edge & 2. Larger common edge. In order to
calculate dihedral angles between the adjacent right kite faces with a common edge in an n-gonal

trapezohedron, let’s consider both the cases one-by-one as follows

a. Dihedral angle between the adjacent right kite faces having smaller common edge:

In this case, consider any two adjacent right kite faces sharing a smaller
common edge (as denoted by the point M normal to the plane of paper
in the Figure 6) each at a normal distance 00’ = h from the centre O

smaller common ed ge

of the uniform polyhedron. Now

In right AOO'M (Fig. 6)

r

t oMO' = tanf =
= / = = =
an MO’ an

| =

o
N S
~—

b
0 =tan! =tan"1(1) = 45° (since, h= E)

N &N &

Figure 6: Two adjacent right kite faces sharing a

meeting at smaller common edge (a) is given as smaller common edge of length a denoted by the point
M normal to the plane of paper.

Hence, the dihedral angle between any two adjacent right kite faces

20 = 2(45°) = 90°

The above value of dihedral angle [6] indicates that each two adjacent right kite faces meet at right angle
(90°) at the smaller edge (side) of n-gonal trapezohedron which is independent on the no. of faces (2n) &
edge lengths a & b in any n-gonal trapezohedron with congruent right kite faces.

b. Dihedral angle between the adjacent right kite faces having larger common edge:

In this case, consider any two adjacent right kite faces meeting at n edae
larger common edge (as denoted by the point N normal to the plane Larg_e\’ radisity ¢
of paper in the Figure 7) each at a normal distance 00’ = h from the
centre O of the n-gonal trapezohedron. Now

kite face

In right AOO'N (Fig. 7)

00’ h \ \

.
|
|
i
)
'
‘
[ — ] ]
= tan LONO' = NO = tanb = o< \ \ : y s
(_) N | / ,’
2 \ ‘h i A f ’
\ \ i /’ ’
\ \ ' / 7

b x \ | / /

] i/ ’
1| 2 -1 b -1 b N A 1 ¥ 7
6 =tan™' | & | =tan 2= tan™! | ——= b o 0
= T s MR o (B /
2 b /tanntan o \ A % /z
NV S
\\i /s

1 T T
— -1 _ -1
= tan = tan <1’60t550t Z) Figure 7: Two adjacent right kite faces sharing a larger

common edge of length b denoted by the point N

T T
tan—tan5—
\I n 2n
normal to the plane of paper.

Hence, the dihedral angle between any two adjacent right kite faces sharing larger common edge (i.e. b) is given

as follows

©2015 H C Rajpoot 15
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T T
260 = 2tan! ( cot—cot—)
n 2n

Above value of dihedral angle [6] indicates that each two adjacent right kite faces meet at an angle (20) at the
larger edge (side) of n-gonal trapezohedron which is dependent on the no. of faces (2n) but doesn’t depend on
the edge lengths a & b in any uniform polyhedron with congruent right kite faces.

6. Construction of a solid n-gonal trapezohedron: In order to construct a solid n-gonal trapezohedron
having 2n congruent faces each as a right kite with two pairs of unequal sides (edges) a & b while one of them
is required to be known for calculating important dimensions of polyhedron.

Step 1: First we construct right kite base (face) with the help of known values of a & b while one of these is
required to be known while other unknown side (edge) is calculated by the following relations of a & b

[ T T
a=b>b |[tan—tan—
n 2n

Step 2: Construct all its 2n congruent elementary right pyramids with right kite base (face) of a normal height h

b T T
h== V a=b |tan—tan—
2 n 2n

Step 2: paste/bond by joining all 2n elementary right pyramids by overlapping their lateral faces & keeping their

given as (See figure 3 above)

apex points coincident with each other such that n right-kite faces meet at each of two identical & diagonally
opposite vertices and three right kite faces meet at each of rest 2n identical vertices. Thus, a solid n-gonal
trapezohedron, with 2n congruent faces each as a right kite with two pairs of unequal sides of a & b, is obtained.

7. Important deductions: We can analyse any n-gonal trapezohedron having 2n congruent right kite faces by
setting values of no. of faces n meeting at each of its two identical & diagonally opposite vertices as follows

1. n-gonal trapezohedron having least no. of right kite faces (n = 3)

By setting n = 3 in all above generalized formula of n-gonal trapezohedron, we can calculate various
important parameters.

no.of congruent right kite faces =2n =2(3) =6
no.of edges=4n=43)=12 & no.of vertices =2n+2=23)+2=38

Now by setting n = 3, we get ratio between unequal sides (edges) a & b as follows

T T [ [ 1
a= b\/tanatan%=b\/tan§tang= b |(V3) (ﬁ) =bVl=b = a=h

©2015 H C Rajpoot 16
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Thus, above result shows that the trapezohedron is a solid having 6 congruent right kite faces

T T T T 1
. acute angle,a = 2tan™! ( ’tangtan %> = 2tan‘1< /tangtan g) =2tan"! (\/5) <ﬁ>

= 2tan"1(1) = 90°

= a=f=180°—-a=90°

x
S

All the angles of each right kite face are right angles hence all 6 congruent right kite faces
are square faces. Hence the polyhedron is a hexahedron or cube [7] (Figure 8).

[ m T

~ Surface area of trapezohedron, A, = 2nb? tan;tanﬂ
= 2(3)b? /tanztanE = 6b2 |(V3) <i> 4 1=

3776 V3 A "

n=3
= 6b? (surface area of a cube with each side b) Figure 8: A trapezohedron with 8 vertices,
12 edges & 6 congruent right kite faces is

nb3 T T 3)b3 T 77 ahexahedron (cube) ABCDEFGH.
~ Volume of trapezohedron, V = 3 ’tangtan% = 3 ftangtang
= b* |(V3) (L)
V3

= b3 (volume of a cube with each side b)

et B

m ‘
]
|
)
\
'
"
\
\
|
'

m

Hence, the solid angle subtended by n-gonal trapezohedron at each of its two identical & diagonally
opposite vertices is given as follows

3 T T T
w = 2w — 2nsin™?! /sin—tan— =2m —2(3)sin"!( [sin=tan—
n 2n 3 6

=21 — 6sin”? (?) (%) =21 — 6sin”? (%) =21 — 6(%) = g sr

Hence, the solid angle subtended by n-gonal trapezohedron at each of its 2n identical vertices is given as
follows

T T T T
. \/1 + Ztanﬁtanﬁ—\/tanﬁtanﬁ

\/2(1 + tan%tan%)

w = 4sin”

T T T T T (4
\/1 + Ztanﬁtanﬁ\/tanﬁtanﬁ— tanﬁtanﬁ

(1 + tan % tan %)%

+ 2sin™?

©2015 H C Rajpoot 17



Mathematical analysis of trapezohedron/deltohedron having 2n congruent right kite faces 15 April 2015

\/1 +2tanztanz—\/tan%tan%
1

= 4sin~ 3 6
= 4sin \/7(1 + tan%tan%)
4 2sin-1 /\/1 + Ztan%tan%\/tan%tan%s— tan%tan%\
\ (1 + tan%tan %)z
(129 o9
= 4sin~!
V2 <1 +(V3) (\%))
|/ J 1+2(v3) () J (3 () - (3) (%)\I
+ 2sin7! | % |
\ (1 +(V3) (%)) /

_ 4 _1<\/§—1>+2 (V31 L _1(J§—1)+2 _ _1(J§—1)
= 4SIn 2\/7 sin —(2)% = 4SIn 2\/5 s 2\/5

V3-1\ =«
= 6sin! (W) =3 sr (solid angle subtended by a cube at its each vertex)

Hence, the dihedral angle between any two adjacent right kite faces meeting at larger common edge (b) is

given as

T T T T 1
20 = 2tan_1( /cot;cot %) = 2tan"?! ( ’cotgcot g> = 2tan™?! <ﬁ) (v3) | =2tan71(1)

= 90° (angle between any two square faces of a hexahedron or cube )

Hence, from all above results obtained by the generalised formula it’s shown that the n-gonal trapezohedron
with 6 congruent right kite faces is a hexahedron or cube [7]. Thus the generalised formula are verified which
are equally applicable on any n-gonal trapezohedron with congruent right kite faces. Thus it is clear that there
are infinite no. of n-gonal trapezohedron having congruent right kite faces which can be analysed by setting n =
3,4,5,6,7, ... e cev eu oo ... to analytically compute all the important parameters such as ratio of unequal sides,
outer radius, inner radius, mean radius, surface area, volume, solid angles subtended at the vertices, dihedral
angles between the adjacent right kite faces etc.

Conclusions: Let there be any n-gonal trapezohedron/deltohedron having (2n + 2) vertices, 4n edges & 2n
congruent faces each as a right kite with two pairs of unequal sides (edges) of @ & b then all its important
parameters are determined as tabulated below

Inner (inscribed) radius (R;) R — b
L==
2

Outer (circumscribed) radius (R,) b i3 T
R, = 2 2+ tan;tan%

©2015 H C Rajpoot 18
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. n T T \3
Mean radius (R,;) R, =b (E ,tan;tan %>

Surface area (4;) A = zanW
S n 2n

Volume (V) nb3 T

An n-gonal trapezohedron has two unequal sides (edges) a & b in a ratio given as

a T T
= |tan—tan—
n 2n

Each right kite face of n-gonal trapezohedron has one acute angle « given as follows

i3 b3
a=2tan"! ( tan—tan—)
n 2n

Sl

& two right angles & one obtuse angle § (V § = 180° — a).
Note: Above articles had been developed & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)
M.M.M. University of Technology, Gorakhpur-273010 (UP) India 15 April, 2015

Email: rajpootharishchandra@gmail.com, Author’s Home Page: https://notionpress.com/author/HarishChandraRajpoot
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