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Abstract

This paper presents a straightforward and elementary proof of Fermat’s Last Theorem
(FLT), asserting that there are no integer solutions to a™ 4+ b™ = ¢" for n > 2. Leveraging
basic number theory and algebraic manipulations, we offer a concise demonstration aiming

to make this fundamental result accessible to a broad mathematical audience.
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1 Introduction

Fermat’s Last Theorem, famously stated by Pierre de Fermat in 1637, has
intrigued mathematicians for centuries. The theorem states that there are no
integer solutions exist for a™ + b* = ¢", where n is an integer greater than 2.

Since Fermat, Fuler and Gauss had already proved the theorem for the
cases a* + b* = ¢* and a® + b® = 2, it would suffice to prove the theorem for
the exponent n = p, where p is any prime > 3[1]

Hundreds of mathematicians in the last 350 years contributed to Fermat’s
Last Theorem by which number theory developed leaps and bounds. Sophie
Germain, E.E.Kummer, Galois, Shimura-Taniyama-Weils, Frey, Ken Ribet,
Serre, Richard Taylor, Faltings and many eminent mathematicians for centuries
contributed to this theorem. Finally Andrew Wiles provided a complete proof
in 1994 using advanced techniques [2], [3], [4].

This paper revisits the problem through elementary methods, aiming for
simplicity and clarity.
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2 Assumptions

1) We hypothesize that all 7, s and t are non-zero integers satisfying
the equation r? 4+ sP = tP where p is any prime > 3 and establish a
contradiction in this proof. Clearly ged(r,s,t) = 1 and any two of the
variables r, s and ¢ cannot simultaneously be squares. Without loss of
generality we can have r as a non-square integer, and r, s and t are
coprimes to 2% where 2 + y® = 23 where y is a square integer and z is
not a square integer.

2) We use another auxiliary equation x2 + y* = 23 (proven case) in which
we assert both x and y as positive integers; 2z will be a positive integer
and z and z? will be irrational. We define in this proof = as a non-square
integer and y as a square integer. Hence /zy will be irrational.

3) We combine the two equations x3 + y* = 23 and r? + s? = {? by means
of transformation equations, using parameters called a, b, ¢, d, e and

f.

4) We use the Ramanujan-Nagell equation’s three solutions 2° = 7 + 5%
27 = 7+ 11%; and 2% = 7 + 1812, in the genreal solution 2" = 7 + (2,
excluding the two solutions 23 = 7+ 12 and 2% = 7 + 3%, Therefore n is
odd and ¢ will be an odd prime, either 5 or 11 or 181, for this proof.

5) r is coprime to .

6) By giving suitable values for x and y we can fix 2% as coprime to r, s
and ¢.

Proof. By trails, we have created the following transformation equations

<a¢m+bw—p)2+ <M) — (VT + 1T’

and
(o Sp_bm)2+(c¢g_d¢m)2: (eﬁ_fmf (1)

representing the equations x® + y* = 23 and r? + s? = t? respectively, through
the parameters called a, b, ¢, d, e and f.
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Here we have used only three solutions of Ramanujan-Nagell equations

= 7+ 02, namely 2° = 7+ 52, 27 = 7+ 112 and 2! = 7 + 1812, where n is
odd and ¢ is an odd prime, either 5 or 11 or 181.

From equation (1) we get

aV B+ bVt = Va323 (2)

av/sP — bV2r/2 = /P (3)

VP 4+ dyr = \/ay? (4)

/s — dV23/2 = \/sp (5)
N3 4 V53 = /23 (6)

and  evVi— f\/T/y = Vi (7)

Solving simultaneously (2) and (3), (4) and (5), (6) and (7), we get the
values of the parameters as given by

a= (\/WJF\/W)/(\/WJF\/W)
b= (VaSetsr — ViRmt) [ (Vo + s
= (Vi 4 59) (5 )
1= (75 73) ()
e = (VT2 4 Vweh) [ (1,5 + Vi)
and  f = (V23— VTw) [ (7,5 + V)

From (2) and (7) we get
VP x At = (\/x?’z?’ — a\/€7/3r) (e\/f— f\/ﬂ)/(b)
{(e)\/m — ()NTBx3yz3 — (ae) VLT 3rt + (af)\/75/3€7/3yr}

0

ie., tPr=

From (3) and (4) we have

Vi x i = (a7 =V R ) (Vg - dvr) / (¢)
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{(@V/a757 = (ad)Vrs? — (D)2 + (bd) V27 )

(<)
From (3) and (5) we get
(V7 +0v2i2) (o5 — Vo)

9

) {C rPs — (d)V23/2rP + (be) V2725 — (bd)(2”)}

ie, s’ = <a>

Substituting the above equivalent values of P, v and sP in the equation
t? = rP? 4+ sP, and on multiplying both sides by {(abc}, we get the equation (8)

{ac} {(e)\/g;fizi%t — ()T B3yz3 — (ae)VITPBrt + (af)\/m}
= {ab} {(a)\/xy33p — (ad)\/@ — (b)\/ 272y + (bd)m}
+ {bej {(C)\/% — (d)V23/2rp + (be) V2725 — (bd)(gn)}
(8)

We are interested in computing all rational terms in equation (8), after multiplying

both sides by
(Votir + Vi) (VI + /i) (75 + V)

to be free from denominators on the parameters a, b, ¢, d and f and again
multiplying both sides by \/ﬁ for getting some rational terms, as worked out
below, term by term.

I term in LHS of Equation (8), after multiplying by the relevant terms, and
substituting for {ace}

= Va3t { <€7/3r 2") + (sPtP) + (2\/ 2”/257/37"31’15?’)} (\/ 23n/2pp | \/7’_s>
X \/yz3 (v 2n/20323 4/ rptp> (\/ 23n/2 93 + +/ rsp> (\/75/3yz3 + \/tpﬁ5/3>
(i) On multiplying by

{\/x3z3t <2\/2”/2€7/37’3Pt1’> V230200 [y 23/ 1P o1 5PV tp€5/3}

le. rP =

o 5P =
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we get

{ (2712 PP PR\ /EpHL / x3y}
which is irrational, since y is a square and z is non-square.

(ii) Also on multiplying by

{\/x3z3t (2\/2"/267/3rspt1"> Vs Y23\ retp \/23”/2:vy3\/tp€5/3}

we get
(e i)

which is irrational, since r is not a square.
IT term in LHS of Equation (B), after multiplying by the respective terms,
and substituting for {acf}

_ (AT E) [ (05T 1 () 1 (T )} (VI 4 s
( ){(erve) ( )} )
X \/yz3 ( 22323 \/W) <\/23"/2:Ey3 + \/@) (\/E -V 71/3tp>

On multiplying by

{ <—\/ 75/3:B3yz3> (SPH) /18 Y23/ 1PtP\/1 8P (—\/ 71/3151”) }
we get
{(7yz3spt2p) V (rs)PHiy x3r}
which will be irrational, since r is coprime to z.

IIT term in LHS of Equation (B), after multiplying by the respective terms,

and substituting for {(a*ce)}

— (—\/67/3rt) (\/2n/2£7/3r + x/@) (\/W+ \/7"_5‘) Vyz?
X {<x323 2”) + (rPt?) + (2 2”/2:1:3237’Ptp)}
x (\/W + W) (\/75/3yz3 + \/tp£5/3) )

On multiplying by

{ <—\/€7/—37’t) \/@\/ﬁ\/y? (2\/2”/2:z;3z3rptp> \/23”/2xy3\/t1’€5/3}
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we get
{ — (2" PRy )/ (rst)P+1}
Which is irrational, since r is not square.

IV term in LHS of Equation (8), after multiplying by the respective terms,
and substituting for {a%cf}

= \/T5/3073yr (\/2”/267/37“ + \/sptp> <V 23n/2 4 \/E) Vyz?
X {(:c3z3 2”) + (rPt?) + 2 2”/21:3237"1’757’}

x (V2 Payt + Vs ) (V- V1)

There is no rational part in this term, (Since ¢ is a prime, either 5 or 11 or
181).

I term in RHS of Equation (8), after multiplying by the respective terms,
and substituting for {a?b}

= :L'y?’sp{(rp\/ﬁ) + (rs) + (2%\/%) }(7\/5 + \/€5Tt> \/ﬁ
X {(x3z3)ﬁ+ (rPt?) + (2 2”/2x323rptp> } (\/132351) _ \/£7/3rp+1)

(i) On multiplying by

{\/xy%p H(rpv 23”)(55323)\/2_"} + (rs)(rptp)] (TVy)\V yz3 :E3z3sp}
We get
{(7x2y2z3s”) VU (222 2P 4 rp+1stp)}}
which is rational, since y is a square.

(ii) Again on multiplying by
{\/xy?’sp (2\/rp+1\/23"/23> \/65/315) Vyz? (2\/ 2”/2373237"1’751’) <—v 67/37’1’“) }

We get

{ — (2" %2 020 ) T/ (rst)PH}
which is irrational, since r is not square.

IT term in RHS of Equation (8), after multiplying by the respective terms,
and substituting for {a?b)d

= (= Vi) (V2 + s (Tv5 + VL) Vys
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X {(:)332'3 2”) + (rPt?) 4 2 2”/2:v3z37“1”t1’}
X (\/x3z3sp — \/67/37"1’“) <\/:r;y33 — \/rpsp)

On multiplying by
{ ( — \/@) V232N (538 [y 23 (2V 2723 23 rPep) (—\/67/37"1”“) \/xy3s}

We get

{ — (2" a2y 223 %P/ (rst)pﬂ\/F}
which will be irrational, since r is non-square integers.

III term in RHS of Equation (8), after multiplying by the respective terms,
and substituting for {ab?}

- (—W) {(rf’\/ﬁ) + (rs) + (2\/7@@) }(7\/§+ \/M)
X \/yz3 <\/m + W) {(x?’zgsp) + (57/37‘7’“) — <2\/7“1’+1\/x3z3sp€7/3) }

(i) On multiplying by
{ <—\/2"/2xy3> (2\/7"?’“\/23"/25) \/65/3t\/ﬁm< — 2\/7“1’“\/363235?67/3) }

We get

{ a2 (o0 Ty
which is irrational, since r is not a square.

(ii) Also on multiplying by

{ (—\/W) (rp\/ﬁ) (7@)@ 2”/2x3z3(x323sp)}
We get
{ — (7 X 22"x5y2267"p3p) \/§}

which is irrational, since y is a square.
IV term in RHS of Equation (8), after multiplying by the respective terms
and substituting for {(ab?)d}

= V2r/2p (\/23n/2rp + \/E) (7\/5 + \/65/—3t> Vs (\/W + \/W)
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X {(1'3238p) + ({73 — (2\/Tp+1)\/x3z3sp€7/3} (@ — \/@)

On multiplying by

{\/2”/27’\/23"/27"?\/65/%\/ Y23\ rete (—2\/7“1”“\/9032’331’67/3) \/a:y3s}

We get
{ _ (2”+1x2y2z3€2) (TPW\/F}

which is irrational, since r is a non-square integer.
V term in RHS of Equation (8), after multiplying by the respective terms,
and substituting for {bc*}

= Tps{ <€7/3T 2") + (sPtP) + 2V 2"/267/37“317251’} (7\/§ + v€5/3t>
X \/yz3 (\/:173z3sp - \/67/37“?’“) { (xyS 23”> + (rs?) + 2\/2271/2:153/37"31”}

(i) On multiplying by

{Vis(sm) (1) gV s (rs?) |

we get

{ (Ty23rs®PtP)V/ sply :r37“p}

which is irrational, since we have defined r as coprime to x.

(ii) Also on multiplying by

(Vs (V2 T soin ) VL [y v zs (2020 Payirsy ) |

we get
{(2n+2 a2y 2P rsP) /T \/W}

which is irrational, since r is not a square.
VI term in RHS of Equation (8), after multiplying by the respective terms,
and substituting for {b(cd)}

_ (VBT { (P 1 (00 + VT ) (17 + VET)
yz3 <\/x3z3sp — \/€7/3r1’+1) (\/23”/2xy3 + \/@) (\/J:yi?’s - \/@)
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On multiplying by

{ (—v 23"/2TP> (2\/2”/257/37’3%1’) V53t y23V 1323 5P \/1 5P/ :Ey3s}

we get
(o )

which will be irrational, since r is non-square integer.
VII term in RHS of Equation (8), after multiplying by the respective terms,
and substituting for {b%c*}

= V/2n/25 (\/2"/287/37“ + \/sptp> (7\@ + v€5/3t> Vyz3
X {(x3233p) + (73l - 2\/rp+1\/x3z331’€7/3}

X {(my?’\/ 231) + (rsP) + 24/ 23”/2xy37"31’}

On multiplying by

{\/ 21/257/ sPEPN 5/3t /23 <—2\/7“p+1\/x3z3sp€7/3> (2 23”/2333/37“51’) }

we get
{ = @ 22yee) sty vr )

which is irrational, since r is non-square integer.
VIII term in RHS of Equation (8), after multiplying by the respective
terms, and substituting for {b*(cd)}

= (=2") (x/W + W) (7\/37 + x/ﬂ) N
{(xsz?)sp) + (g7/3,rp+1) B <2\/Tp+1\/x3238pg7/3> }

(Vg + Vrsp) (Vay's — Vo)

(i) On multiplying by
{(—2”)\/ SPEPN 05/3t /23 <—2\/rp+1\/x3z3sp€7/3> \VrsPy/ xy3s}

we get

{(2"H€2x2yz3sp)\/m\/;}
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which is irrational, since r is a non-square integer.

(ii) Also on multiplying by
{(—2”)\/2"/267/37’\/65/315\/ y23(2323P) /2302 13 \/xy3s}

we get
{ — (2% x €2x4y3z33p)\/M}
which is irrational,while r, s and ¢ are coprime to z.
There is no rational term in LHS of equation (8).
Sum of all rational term on RHS of equation (8)
(T2*y*2°sP)y (rP ' st?) (combining I & III terms)

Equating the rational terms on both sides of equation (8), and after dividing
both sides by

(72*y*2%) Yy
we get
{Tp+15p+1tp} =0
That is either r =0 or s =0 or t = 0.
This contradicts our hypothesis that all r, s and ¢ are non-zero integers and

proves that only a trial solution exists in the Fermat’s equation r? 4+ sP = tP,
where p is any prime > 3.

Conclusion

Since equation (8) was derived from the transformation equations z3 + y3 = 23

and r? 4 sP = P, the result we get from the equation (8) should reflect on the
equation r? + sP = tP.
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