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Abstract

De Broglie showed that a hypothetical internal clock of electrons could cause the quantization
of energy levels of closed electronic orbits in the Bohr model of hydrogen-like atoms. Inspired
by this insight, this work presents a model for the quantization of orbital angular momentum of
electronic Bohr-Sommerfeld orbits with apsidal precession. The predictive power of the presented
model is very limited since a parameter of the model is calculated based on a previously published
quantization of the electron’s orbital angular momentum.

1 Introduction and Previous Work

De Broglie’s doctoral thesis [dB25] explained experimentally observed wave-like features of electrons
with a hypothetical internal clock, which is locally in phase with hypothetical “phase waves.” In
particular, de Broglie used the concept of phase waves to derive Bohr’s quantization condition for the
energy levels of closed electronic orbits in the non-relativistic Bohr model of hydrogen-like atoms. As
is well known, de Broglie’s work motivated Schrodinger’s early work on non-relativistic quantum wave
mechanics [Sch26].

It is less well known that de Broglie’s quantitative description of phase waves relied strongly on
Einstein’s special theory of relativity. Thus, core features of non-relativistic quantum mechanics (e.g.
Bohr’s quantization condition) can be derived from the relativistic mechanics of clocks ticking at the
Compton frequency, which depends on Planck’s constant h. This is in contrast to the common belief
that quantum mechanics is fundamentally different from and more general than classical mechanics,
which supposedly could only be derived from quantum mechanics in the limit of h — 0. How could one
resolve this apparent contradiction? The popular head-in-the-sand solution is to ignore de Broglie’s
concept of an internal clock.

This work takes a different approach. As in previous work [Kra25a], the internal clock of an
orbiting electron is assumed to drive a forced vibration in the space around the nucleus, and the
electron’s internal clock is (at least approximately) locally in phase with this forced vibration. If the
electron is in a steady state on a closed Bohr-Sommerfeld orbit, previous work [Kra25a] concluded
that the phase relation between the electron’s internal clock and the forced vibration after one period
of the closed orbit implies Einstein’s (coordinate-independent) quantization condition [Einl7].

However, elliptical Bohr-Sommerfeld orbits are not closed but show a small amount of apsidal pre-
cession (i.e. a rotation of the line of apsides), which is a relativistic effect as described by Sommerfeld
[Som23, pages 467-470]. The small apsidal rotation angle A¢ per orbital period of the correspond-
ing closed orbit depends on the orbital angular momentum pg of the electron. Based on Einstein’s
quantization condition, a continuum of values of p, is possible for any value of the primary quantum
number n. In general, the resulting apsidal rotation angle advances the endpoint of an electronic orbit
to a position where the electron’s internal clock is not in phase with the forced vibration in the space
around the nucleus, which violates the basic requirement for steady states in our model. For a few,
discrete values of py, however, the resulting apsidal rotation angles advance the endpoint of the orbit
to positions where the electron’s internal clock is (approximately) in phase with the forced vibration.
(If one period of the orbit starts at its apocenter or if the electron’s speed is constant on the orbit,
one could imagine that the apsidal precession advances the endpoint of the orbit after one period by
an integer number of wavelengths of the electron’s phase wave corresponding to the same number of
ticks (i.e. periods) of the electron’s internal clock.)



Realistically, the quantization condition on pg is not a local condition at any single point but
more similar to a minimization condition on an integral of (weighted) local phase differences between
the electron’s internal clock and the forced vibration at all points of the rotated orbit. In this work,
however, the condition is reduced to a local condition at single points with a parameter that is adjusted
based on the y/I(l 4+ 1) correction described by Bucher [Buc08]. This local condition is the topic of
the next section.

2 Parameterized Local Quantization Condition

2.1 Notation

This work uses SI units and several well-known physical constants, including Planck’s constant h,
reduced Planck’s constant fi = h/(2r), speed of light ¢, vacuum permittivity o, (positive) elemen-

e

tary electric charge e, mass of electron m,, (Sommerfeld’s) fine-structure constant a = e?/(4weohc),
Bohr radius g = h/(meca) = 4megh? /(mee?), and Compton frequency of electrons fo = mec?/h =
mec?/(2mh).

As mentioned, n denotes the (integer) primary quantum number, and ! denotes the (integer) orbital
angular momentum quantum number with 0 <[ < n as suggested by Bucher for the Bohr-Sommerfeld
model [Buc08|. However, cases with | = 0 are not discussed in this work since they require special
treatment [Buc08, Kra25b]. ¢ and r are polar coordinates of the electron’s (two-dimensional) position
relative to the (fixed) position of the nucleus with ¢ being the angle around the nucleus between the
position of the electron and the pericenter of an elliptical orbit, and r being the electron’s distance
from the nucleus. py = pg(n,!) is the orbital angular momentum and depends on n and I, which is
the quantization that this work is concerned with.

2.2 Derivation of Quantization Condition at Pericenter

According to Sommerfeld [Som23, pages 467-468], the apsidal rotation angle A¢ per orbital period of
the corresponding closed orbit is (in good approximation as long as A¢ is small)
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The apsidal precession characterized by A¢ is the only relativistic effect that we need to consider in
this section; thus, the following relations are non-relativistic approximations.

In order to relate A¢ to the ticking of the electron’s internal clock, we compute the angle that
the electron is advancing during one tick (i.e. period) of the internal clock. Since the frequency of the
internal clock is f., the period At of the internal clock is (neglecting relativistic effects):
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Given the tangential speed v:(¢) of the electron and its distance 7(¢) from the nucleus, the electron
moves by the angle v,(¢)At/r(¢) in the ¢-coordinate during one tick of the internal clock, and by
! times this angle during [ ticks, i.e. lv(¢)At/r(¢). If the value of the latter expression at the
pericenter (i.e. for ¢ = 0) is equal to A¢, then the electron’s internal clock after one full orbit is
(approximately) in phase with its former self on the previous orbit (and, therefore, with the forced
vibration) near the pericenter. For all other points (with ¢ # 0) of an elliptical orbit, the tangential
speed v(¢ # 0) is smaller and the radial distance r(¢ # 0) is larger than at the pericenter; thus,
the angle lv:(¢ = 0)At/r(¢ = 0) is in general too large for all other points to be in phase with the
corresponding (i.e. rotated by A¢) points of the previous orbit.

Thus, in order to minimize the phase differences on the whole orbit, the angle has to be less than
peri peri

lvi(¢ = 0)At/r(¢ = 0), which we take into account by a real parameter s, with 0 < s, < 1.
Hypothetically, it is possible to compute xP;" by a minimization of an integral of (weighted) phase
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differences on the whole orbit. In the present work, however, &,

is computed (in Section 2.4) based
on Bucher’s 1/I(l + 1) correction.



Putting everything together, the local quantization condition for py4 at the pericenter becomes:

Ap =~ ﬁﬁ?ril(?g) with 0 < xP% < 1. (3)

In order to evaluate this condition for an elliptical orbit specified by n and [, note that v;(¢ = 0) =
Vahe/(meMn)(1+€,) with the semi-latus rectum A,y = a,(1—€2,), the major semi-axis a,; = n’rg,
and the eccentricity €, = /1 — pfb/(nzhz) [Wik26] with py = pg(n,l), which has to be determined by
the quantization condition. Also note that r(¢ = 0) = an(1 — €,1) [Wik26].

peri Pert as a function of py = py(n, 1),

The next objective is to solve Eq. (3) for &}, nl

or, equivalently, as a function of €,;:

in order to express &

2p? he(l 2rh 1
71'0[2 ~ Hperll « C( + 6nl) ™ (4)
p¢ e mec CLnl 1 - 6nl)
ra2h? N pen ahe(1+ enl 27h 1 (5)
TLQTLQ(I — 6311) anl 7ncc2 anl ]- - 6nl)
mo? ori ahc(l+ e, 1
Sy N gyl 1 . (6)
n?(1—e€2)) men?rg(l — enl) mec® n2rg(l — €y)
o - kP [ ahe(1 + e)? 27h 1 7)
(1—-¢€2) n merg(l — €2;) mec? rg(1 — €)
T N np?“ a2hc2(1+ €p1)?me 2Th  meca ()
1-¢) ~ n meh(1—€2,)  mec® h(1 — €y)
L~ 2mfjril (1+€eu)?(1—€2) (9)
n (1—€m)?
erri ~ E (1 - 6nl)2 (1 + 6nl) (10)
nl 20\ (1 + €.0)2(1 — ) (14 en) | (1 +€)
2
peri ﬁ 1- €nl 11
Foni 20 (14 €y)? (11)
; l
Iig?rl ~ p¢(n7 ) (12)

2
205 (14 /1= (o (n, /() ?)

As mentioned, this approximation and Bucher’s correction pg(n,l) = /(I + 1)h are used in Sec-

per1

tion 2.4 to compute numerical values of &,

2.3 Derivation of Quantization Condition at Apocenter

This section repeats the calculation of the previous section, but for the apocenter (¢ = =) instead
of the pericenter of the elliptical orbit. The resulting parameter 7;° times [ specifies the number of
“wavelengths” of the internal clock that the apsidal rotation advances the apocenter compared to the
apocenter of the previous orbit. If the two apocenters are in phase, the expectation is that x3;°l is
close to an integer greater than or equal to 1; thus, the local quantization condition at the apocenter
becomes:

Ut(gf) = W)At
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For the evaluation at the apocenter, note that v;(¢ = 7) = y/ahe/(meAn) (1 —€n1) and (¢ = 7) =
ani(1 4 €n;) [Wik26]. Thus, the quantization condition at the apocenter evaluates to:

A¢ =~ k%1 with 1 <&2°L (13)
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2.4 Parameter Values Based on Bucher’s Correction

Inserting Bucher’s 1/I(l 4+ 1) correction, i.e. p¢(n 0)

el'l

us to compute numerical values of x>
mentioned in Section 2.1). For the results, see Tables 1 and 2.

Table 1: Numerical values of /@fl

fri for some pairs of n and [ based on 1/I(l 4+ 1) correction

[=1 1=2 1=3 l=4 1=5
n=2 kKb ~0.2426
n=3 chlrf ~ 0.1997 §°2“ ~ 0.2461
n=4 ffel” ~0.1888 KBS~ 0.1910 pe“ ~ 0.2566
n=>5 ~ 0.1842 ng‘;“ ~ 0.1748 g";,,“ ~ 0.1949 ng“ ~ 0.2669
n= ~ 0.1819 pe“ ~ 0.1674 mg%“ ~ 0.1750 /@gi“ ~ 0.2012 /-@65 ~
Table 2: Numerical values of 27 for some pairs of n and [ based on /I(l + 1) correction
=1 =2 =3 =4 =5

n=2 k5’ ~8243

n=3 k5" ~50.71 k5% ~3.428

n=4 niﬁo ~ 169.5 nipzo ~13.96  ky% ~2.309

n=>5 ki’ ~424.1 kY ~37.25 k% ~T7.423 ki ~1.829

n==6 kg ~890.8 kg ~80.67 kgy ~17.15 kgy’ ~5.031 kgk ~ 1.564

= +/l(l 4+ 1)h, into Eq. (12) and Eq. (22) allows
and £)° for pairs of n and [ (excluding cases with { = 0 as



3 Discussion

As Table 2 suggests, ., [ based on the y/I(l 4 1) correction is always greater than 1.0, which supports
the hypothesis that parts of the rotated orbit close to the apocenter are in phase with the previous
orbit. '

According to Table 1, this is not the case for xP7"" based on the \/I(l+ 1) correction. Instead,
values of ﬁziri in Table 1 are in a relatively consistent range between 0.15 and 0.3, which supports the
hypothesis that the electron is usually out of phase near the pericenter but approximately in phase on
the rest of the orbit.

Thus, the main conclusion to draw from the data in Tables 1 and 2 is that the data appears to be at

least somewhat consistent with the presented model for the quantization of orbital angular momentum.

4 Conclusion and Future Work

This work presents a model of electronic orbits in hydrogen atoms that might explain a (coordinate-
independent) quantization of orbital angular momentum of Bohr-Sommerfeld orbits with apsidal pre-
cession. The parametrized local quantization condition described in Section 2 allowed us to quanti-
tatively express a given quantization (specifically the /I(l 4+ 1) correction [Buc08]) in terms of this
model. However, this is only a first step, which should be followed by future work on a way to calculate
the parameter k,,; of the local quantization condition without a given quantization, for example, by
minimizing an integral of (weighted) phase differences on a full orbit.

Since the presented model in its current form is “only” a first step, some readers might criticize
any publication of it as premature. Maybe they are right. But Sir Jonathan Paul Ive was certainly
right when he said:

. while ideas ultimately can be so powerful, they begin as fragile, barely formed thoughts,
so easily missed, so easily compromised, so easily just squished.

Sir Jonathan Paul Ive (October 19, 2011)
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