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Abstract

We show that on a complex projective manifold X, for G = R or Q,
a class in H??(X;Z) ® G is represented by a convergent infinite series
of integration currents over algebraic cycles with real coefficients. It im-
plies that a Hodge class is represented by an algebraic cycle with rational
coefficients.
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Cohomology has various representations. Some property of the cohomology is
a property of a particular representative, and it may not be shared by all repre-
sentatives. In this paper we focus on the current’s representation of cohomology
of the constant sheaves, i.e. the current’s representation of the singular coho-
mology. We show that being algebraic in cohomology is a behavior of currents.

We first define this particular type of current’s representatives.
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Definition 1.1. (Infinitely algebraic) Let X be a complex projective manifold.
Let Ty denote the integration current over a chain o. Let M denote a mass
of currents, based on the Kdhler metric. A class u € H?P(X;R) is infinitely
algebraic if it is represented by an absolutely mass-convergent series of currents

o]
Z’I‘Z‘Tvi (11)
=1

where V; are irreducible subvarieties coupled with real coefficients r;, and the
absolute mass-convergence is defined to be

N/
ngnoo;NmM(Tvi) =0. (1.2)

for any N’ > N. It has positivity if r; > 0 for all i.

So, infinitely algebraic classes form a subspace and those with positivity form
a convex cone.

Remark Infinite algebraicity is closely related to algebraicity. For instance,
if U;V; is a subvariety, i.e. the set {V;},; is locally finite, then this type of infinitely
algebraic classes are represented by holomorphic chains with real coefficients,
which are algebraic cycles with real coefficients. Following is an example of
infinitely algebraic classes. It is based on a counter-example in [10].

Example 1.2. Let CP! be the projective space over C. Let z; € CP! for the
positive integer i be a sequence of points that converges to o € CP. Let r;
oo

be a sequence of positive numbers such that Zri = A\ is a finite number. The
i=1
following is the behavior of such sequences.

(1) ZriT{Zi} 18 a closed current whose cohomology class is the infinitely
i=1
algebraic class N[z1] where [z1] € H?>(CPY;Z) is represented by 21.

oo
2) the current Y r;T¢, is not a holomorphic chain with real coefficients
{=zi}
i=1
because U2 {z;} is not a subvariety of CP*.
3) Let T?_ . be the restriction of Tr,.1 to the affine open set CP*\{o}, in
{zi} {zi}

which, ZTiT{Oz,} 18 still a closed current that represents the cohomology
i=1

of the point z1. But in CP'\{o}, it is also a holomorphic chain with

real coefficients because U2 {z;} is a subvariety.



1 STATEMENTS 3

Main theorem 1.3. Let X be a complex projective manifold.
(1) If u € H?(X;Q) is represented by a closed positive current of bidegree
(p,p), then u is an infinitely algebraic class with positivity.
(2) Furthermore if G is the field Q or R, then for u € HPP(X;Z) ® G, u is
infinitely algebraic.

The infinite algebraicity is transcendental. But it also contains an arithmetic
property that implies

Corollary 1.4. On a complex projective manifold, a Hodge class is represented
by an algebraic cycle with rational coefficients.

Proof. We show that Corollary 1.4 follows from Main theorem 1.3. The theorem
asserts that a Hodge class is an infinitely algebraic class. So, we prove the
corollary in two steps: 1) reduce the infinite series (1.1) in currents to a finite
sum in cohomology classes; 2) convert R-coefficients to Q-coeflicients.

Step 1: Let [e] be the homomorphism
{closed currents} — cohomology group.

Let
Ch c H*(X;Z)

be the image of the cycle map on the algebraic cycles of codimension p. Let
CP:=CloR C H*(X;R).

Let EX C CE be the cone that consists of positive classes, i.e. those classes
7 € CF such that the cup product 7 U [¢] > 0 for all the closed real forms with
weakly positive (k, k) components ¢** > 0 where k = dim(X) — p (Definition
2.1). Then

span(ER) C CE.

On the other hand, since an algebraic cycle is a difference between two effective
cycles whose integration currents are strongly positive. Thus

span(ER) D CE.

So
span(ER) = C§.

Since C% is a subspace of H??(X;R), it has a finite dimension. So, we can
choose finitely many R-coefficient algebraic cycles {A7}; in E¥ such that

span({[A’]};) = CE.
Define the polyhedral cone,

C = {zl:aj[Aj] € H?(X;R) :a; > o}.

j=1
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Claim 1.5. C = EL.

Proof: Tt is clear that .
C CEE. (1.3)

Let v € Eﬁ be a non-zero element. We write

l
V= Z%‘ [4;]

where o; are real numbers. Let’s show a; > 0. Denote the space of L' forms
by £(X) with the dual £'(X). Denote the bidegree (i,7) component of a current
by ()%, and bidimension (4, i) component by (®)(i,iy- Define

Zwt .= {¢ €EX):p=p+db,dp=0,¢"" > O(weakly)}
Zei= {S €el(X):8S=T+dn,dT =0,T;; > O(strongly)}.

The proposition 3.6, [6] shows
(Zs,k)o = Zw’ka (14)

for the dual pairing (e) between £(X) and &'(X), where (o)° stands for the
polar of a set. Since they are convex cones, bipolar theorem asserts

(Zw’k)o = Zs,k;.
Notice that the paring (e) is reduced to the cup product on
H?(X;R) x H*(X;R).

By the Poincaré duality, (1.4) implies that there are weakly positive forms B; of
bidegree (k, k) whose cohomology classes are Poincaré dual to the basis {[A4;]};,
ie.

<Aj’ Bl> = 61

where ' .
{0 1#J

v 1 i=j.

In particular for the index 1, we can choose a weakly positive form B; such that
for the class [B1] € H**(X;R), [B1]U[4;] =0 for j # 1, [B1] U[A1] = 1. Since
the class v is positive, v U [B;] > 0. Hence

a; =vU|[By] > 0.

Then a; > 0 for all j. Thus
EFCC. (1.5)
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So, (1.3) and (1.5) imply
C =E}. (1.6)

O

Next we state a fact on a compact Kahler manifold: for a positive current 7

wk

M(T) = T[]

(1.7)

where w is the Kéahler form. This fact has been proved and used at multiple
places. For the proof, see Theorem 2.2 and Remark 2.5 in [7].

Let u be a Hodge class, i.e. u € HPP(X;Z) ® Q. By Part (2) of Main
theorem 1.3, w is infinitely algebraic. So we write a representative

o0

> rily, +dr (1.8)

i=1

where V; are irreducible algebraic subvarieties of dimension k = dim(X) — p,

and T is a current. * Let [V;] = Z M [A7] where A} are real numbers. Since
finite j

[V;] and [A7] are all in the cone E%, by Claim 1.5, all coefficients A\] must be

non-negative. The evaluation

wk ; wk

Tyt = 3 NTw(S) (19

finite j

implies

M(Ty) = 3 NM(Ta), (1.10)

finite j

ok
where M(T'45) > 0 is the evaluation T'; [F] which is non-negative because the

k
, w
class [A7] is positive and the form T is strongly positive. On the other hand,

by the absolute mass-convergence of (1.1), we have

N/
lim > || M(Ty,) = 0. (1.11)

N—o00 *
=N

where N’ > N. Plugging (1.10) into (1.11), we obtain

N/
> waza)( Jim Soln) <o (1.12)
=N

finite j

*We should note that the convergence is the absolute mass-convergence.
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Since M(T'4;) and M are all non-negative, for each j

N/
lim > [ri| A = 0. (1.13)

N —o0
i=N

Then (1.13), for each j, implies the absolute convergence for the series

o0

o = Zm)\g. (1.14)

i=1

Now we work with the convergence in cohomology. Due to the finiteness of
Betti number, cohomological convergence is determined by the convergence of
the real numbers on each axis. Precisely, we see that the (1.8) implies that u,

which is -
{er] (1.15)
i=1

is approached by the cycle classes with real coefficients,

[éﬁ‘/&} = > (ﬁ:mkf)[/ﬂ], as N — co. (1.16)

finite j Mi=1

([e] is continuous). Notice that the cohomology class (1.16), by the (1.14), also
converges to a cycle class with real coefficients written as

u= Z a;[A]; (1.17)

finite j
© .
a; =Y riX. (1.18)
i=1
So, u is a cycle class with real coefficients.

Step 2: Next we convert it to Q-coefficients. For any closed subset W C X,
the subgroup

ker (Hi(X; Q) — HY(X\W; Q)) (1.19)

will be denoted by HgW) (X;Q) where ker stands for the kernel of the re-
striction map. A class v € H*(X;Q) is said to be class-supported on W if
vye H (iW) (X;Q). In another direction, we say a class is current-supported on
W if it is represented by a closed current supported on W. The homology of
currents implies that a class current-supported on a W is a class class-supported
on W (but the converse is false). Recall (1.17)

u= > o[A] (1.20)

finite j
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where «a; are real and A7 are algebraic cycles with real coefficients. If we let
V' = U;|A7| be the algebraic set, u is current-supported on V, then u is also
class-supported on V. Let

~ J I

V =V = X
be the composite such that J is a smooth resolution and I is the inclusion. Since
the codimension condition

deg(u) —2cod(V) > 0

is satisfied, we apply Deligne’s corollary 8.2.8, [2] which addresses the class-
support. Precisely it states that the Gysin map

(IoJ): H'(V;Q) — HY\(X;Q) (1.21)

is surjective. Then a pre-image % of u is a cohomological class of degree 0
on the complex manifold V. So, % must be represented by a rational linear
combinations of irreducible components of V. Since J is a complex analytic map
from V onto V', uw = (I o J)(@) is represented by a rational, linear combination
of irreducible components of V. The proof is completed. O

We organize the rest of paper as follows. In section 2, we turn Harvey-
Lawson’s construction in relative homology to that in absolute homology. In
section 3, we iterate the result in Section 2 infinitely many times to prove Main
theorem 1.3. In appendix A, we prove a lemma about current’s extension that
is crucial for the proof in Section 2. Appendix B contains no proof. But it
explains how the infinite algebracity is related Demailly’s approximation ([4],
etc.).

2 Harvey-Lawson’s approach

The technique we’ll use is derived from Harvey-Lawson’s geometric result on
the boundary of a homological chain. It is important to notice that they also
extended the result to relative homology where our application is focused on.

Definition 2.1. (Harvey-Lawson [6]) Let X be a compact Kdhler manifold.
Let M be an oriented compact real analytic submanifold of dimension 2k —1. A
class

T € Hop(X, M;R) U Ho,(X;R)

is called positive (resp., weakly positive) if TN[p] > 0 for all closed, real 2k-forms
¢ whose (k, k) component ¢*F is weakly positive (resp., strongly positive), where
N is the cap product.
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Remark The statements of “resp.” belong to us. In this way, the two types
of positivity for currents and forms would be respectively reduced to those for
classes in homology or cohomology. The cap product on the relative homology
in this case is well-defined ([6]).

Our strategy is to turn Harvey-Lawson’s result in relative homology to that
in absolute homology.

Proposition 2.2. Let X be a complex projective manifold. Let T € Hap(X;Q)
be weakly positive. Then there exist an algebraic cycle V,. with positive rational
coefficients and closed positive current S, of bidimension (k,k) such that T is
represented by Ty, + Sy, i.e. 7= [Ty, +5;].

Proof. Let 7 € Ho,(X;Q) be weakly positive. Let N be a positive integer such
that N7 € Hqp(X;Z)/tors is non-zero. Let M be any real analytic compact
oriented submanifold of dimension 2k — 1. We denote Hor (X, M;Z)/tors by
Hop(X,M;Z). Let

7 (X,9) = (X, M)

be the inclusion map for the pairs t . Then m,(NT) is weakly positive in the
relative homology Hoy (X, M;Z) with

O(m(NT)) = 0 € i (5, (M)

where ¢ : M < X is the inclusion, the dual of L' forms &, (M) and the
boundary 9(m.(N7)) are defined for the calculation of relative homology in [6].
Theorem 3.4, [6] for such weakly positive

m(NT) € Ho (X, M;Z)

still holds. It implies that there exist a positive holomorphic chain V in the open
submanifold X\ M, and a closed positive current S of bidimension (k, k) on X
such that for the simple extension 7 of T to X, the current 7 + .S, through
the inclusion 7, represents the relative class m,.(N7) in

Hop(X, M;7)

with O(m.(NT)) = dm(T). Since O(m«(NT)) = 0 (as a chain), T is closed as
a current in X. Furthermore, since Ty is a locally rectifiable current in the
open manifold X\M, by Lemma Al in Appendix, its simple extension 7 in X
is also locally rectifiable ¥. Hence we have the closed current 7 € R?i (X)-the
set of bidimension (k, k) currents that are locally rectifiable. The main theorem
of [1] says that 7 is a holomorphic chain (i.e. as a current of integration) in
X. According to Chow’s theorem, this holomorphic chain is an algebraic cycle.

THarvey-Lawson’s work is about relative homology only. Therefore it is necessary for our
application to use 7 to distinguish the absolute homology and the relative homology.
$This can also be confirmed by Lemma 3.13, chapter 6, [9].
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Let’s denote it by V. So T = Ty. Since T is a positive current, the coefficients
of V must be positive. Notice that N7 is represented by Ty + S + Tior in
Hs,(X;7Z) with a torsion Tio.. So, T is represented by

v S

NN
. Ty . . . . .
in Hop(X;Q) such that -y is an algebraic cycle with positive rational coef-

S
ficients and N is a positive current of bidimension (k,k). We complete the

proof.
O

Remark. In stead of the weak positivity in the argument now, Harvey-
Lawson’s original work used the positivity of m,(N7) (which is the strong pos-
itivity in terms of currents). We made the change for a convenience of the
iteration in the next section, and the change does not alter the proof of Theo-
rem 3.4, [6].

Proposition 2.2 contains two steps: (1) construct the holomorphic chains;
(2) extend the holomorphic chains. Harvey-Lawson’s method accomplishes the
step 1. The step 2 is done through the extension of currents. The following is
a trivial example for this type of extension.

Example 2.3. Let X be a compact Kihler manifold, V. C X be a compact
complex submanifold of the complex dimension k. Let M C V be a 2k — 1
dimensional sphere that bounds a 2k dimensional Fuclidean ball B ~ R%** c V,
i.e. M = 0B. LetT = [V] € Hop(X;Z). Let 7 : (X,) — (X, M) be the
inclusion map. Then m.(7) € Hop(X, M;Z). In the open manifold X\M, the
holomorphic chain V for this m,(t) (as that in Proposition 2.2) is the sum of
two holomorphic chains B+ V\B. The holomorphic chains define two currents
Tp and Ty\p individually in the open manifold X\M. Then each current has
the simple extension across M to X. We denote the extensitons, which are the
extension-by-zero currents, by T, and TW respectively. Then the sum

T5+ TV\B
is equal to Ty . So, through the current’s extension, the Vs holomorphically
extended across M to the subvariety V.. With S = 0, 7 is represented by the
current Ty, + S.
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3 Proof

Proof of Main theorem 1.3: (1) First we assume that the non-zero rational class u
is represented by a closed positive current Sy of bidegree (p, p). Then the current
So also represents a weakly positive homology class [Sp]p, in the homology group
Hy,(X;Q) where k = dim(X) — p. By Proposition 2.2, there exist an algebraic
cycle V1 with positive rational coefficients, and a positive closed current Sy of
bidimension (k, k) such that for the current Ty,, the homology class [Solp is
represented by the current S; + Ty, , i.e.

So =51+ Ty, + dl'; (31)

where I'; is a current of dimension 2k + 1. Let w be the Kahler form. We obtain

wk Wk wk wk

So[ﬁ} = Sl[ﬁ] +1v, [ﬁ] + (drl)[ﬁ]- (3:2)

Since Vi has positive coefficients, Ty, is a positive current. Hence Sy, S1, Ty,

are all positive currents of bidimension (k, k). By the mass formula, (3.2) can
be written as

M(So) = M(S)) + M(Ti) (33)

where M(e) is the mass associated to the Kéhler metric. Since Ty, is positive,
M(Sp) > M(S4). (3.4)

Since S is positive of bidimension (k, k) with rational homology in Hay (X;Q),
applying Proposition 2.2, we can iterate the decomposition (3.1) for the pos-
itive current S7, then afterwards iterate it for the similar positives currents
So, 53, +. With finitely many such iterations, we obtain

N
So=Sn+Y Ty, +dl'y
=1

where N is a natural number, and V; are algebraic cycles with positive rational
coefficients. Write it as

Sy = So— (f:Tvi + dFN). (3.5)

i=1
Then similarly
Wk Wk al Wk
sl = solg] - (X7 ) i) (3.6)
i=1
It implies that
N
M(Sp) = M(Sx) + ) _M(Ty,). (3.7)
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Since V; are positive holomorphic chains, all M(7Ty,) are positive. Hence the
mass inequality (3.4) is extended to the decreasing sequence

M(SQ) > M(Sl) > M(SN) > - (38)
Since the cone of positive currents is closed, the limit I&im M(Sy) must be zero
—00

(otherwise the iteration could continue). By (3.5)

N
]%}Lno (;Tvi + dFN> = Sp (in mass) (3.9)

N
Notice that by (3.5) and (3.7), it is clear that both currents ZTVi and dl'y
i=1
have bounded mass for all N. Thus there are sub-sequences such that

N;
N£1§m;Tw = F., (weakly) (3.10)
lim dI'y, = dl'« (weakly).

Nj — 00
Note: ', isnot lim I'y, but it is obtained through the boundaries lim dl'y..
N—o0 Nj—o0 7
Once those weak limits are well-defined, we obtain the infinite series for currents

o0
So = ZTVi + dl (in mass)

i=1
where V; are algebraic cycles with positive rational coefficients, and I'y, is some
current of dimension 2k+1. By the positivity of the currents Ty, and the formula
(3.7), the convergence of (3.10) is the absolute mass-convergence. In cohomo-
logical expression, the class u is an infinitely algebraic class with positivity. This
completes the proof of Part (1).

(2). In general, we may write
u = Z bjUj (3'11)
finite j

where b; are real numbers which could be all rational if the field G = Q, and u;
are rational classes of (p,p) type. For each j, we write

uj = aw? +uj; — aw? (3.12)
where a is a real number. Since w; is of (p,p) type, the idea of Demailly in [4],
is that for a sufficiently large a, the cohomology class
aw? + u;

is represented by a strongly positive current. By Part (1), the class aw? + u; is
infinitely algebraic. So is u;. This completes the proof of Part (2).
O
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Appendix A Lelong’s Simple extension

Our strategy is to extend the holomorphic chains to algebraic cycles. This type
of extension is first obtained as an extension of currents, which is important
notion on its own. Let’s give a review first. Let () be an open subset of a
real manifold Y. Let t € 2/(2). Any current £ on Y that is restricted to ¢ on
) is called an extension of ¢t. Not all currents in 2 can have extensions, and
extensions may not be unique if they exist. A simple extension, denoted by
t,, of t € 2'(Q) is a particular extension-by-zero defined by Lelong ([8]). Its

oo
functional is qujt where {¢;} is a partition of unity for an open covering of €.
j=1
The functional is a current if 1) the order of ¢ is 0; 2) the mass of ¢ in QNG for
any compact set G of Y, denote by ||t||q, is finite. (But the simple extension is
still dependent of the partition of unity.)

Lemma A.1. Let Y be compact. Let t € 2'(2) be a current that has order 0
and ||t||¢ is finite for any compact G. Then if t is locally rectifiable, so is t,.

Proof. Since Y is compact, its weak limits are also the mass limits (i.e. strong
limits). Let ¢; be a partition of unity, associated to the simple extension. For
a test form 1), we have the evaluation

fo[Y] = ) _tlg;v]. (A1)
j=1
N
Since tz% is well-defined in Y, the weak limit

j=1

N

lim Y "¢
NZ%o0 j=1

is also well-defined in Y (see (A.1)). Let € > 0 and P, be the Lipschitzian chains
for the approximation of ¢ in Q. Let || ® || be the mass in the manifold Y. By
Proposition 2, [8]

2ol = ]2,

where for t € 2'(€2), the mass is evaluated in the restricted charts as those for
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Y NQ from Y. Then we have the computation

It — Tr.|| = | lim (t=Tr.) Z%ll
j=1
(Since the weak limit is the same as the mass limit)

N

= Jim (6= Te)Y o
Jj=1

( since t — Tp, has order 0)

< hm HZQSJ

=t -
( since t is rectifiable, there is some P;)
<e.

Thus £, is approximated by the same Lipschitzian chains P, as that for . There-
fore t, is also locally rectifiable. O

Remark. The simple extension in Harvey-Lawson’s result (also in our
proof) is the particular one whose original current ¢ is a linear combination
of positive closed currents. In this special case, the extension has other impor-
tant properties. For instance, the simple extension is unique. See [5] or [6] for
detail.

Appendix B Demailly’s approach

The principle of the proof is transcendental and is related to the work done by
many people in the past. The one that is worth to be pointed out is Demailly’s
work on currents. Demailly’s work focused on currents, but our theorem ad-
dresses cohomology classes. Thus the difference between classes and currents
droves us apart. But our notion of infinite algebraicity is more accessible through
Demailly’s approximation. In this section, we give the description without any
proof. We follow the interpretation in [3].

We first describe the currents in Demailly’s idea. Let X be a complex pro-
jective manifold. Let 3(X) be the subspace that consists of real closed currents
T € 2'(X) such that [T] € HPP(X;Z) @ R. Let X7 (X) be the subset of 3(X)
such that those currents are strongly positive (SPC%(X) by Demailly). Let
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A(X) be the subspace of currents in the form

lim T; with (B.1)

1—> 00

Ti=> i1y, (B.2)
J

where );; are real numbers, V;; are irreducible subvarieties of codimension p
and the limits are all in the weak topology of 2’(X). A convex cone AT (X)
of A(X) is the collection of those currents in (B.1) and (B.2) with non-negative
Aij- We define the statements

H(X): B(X) =A(X)
HT(X): TT(X) =AT(X). (B.4)

—
os}
w

=

We call (B.3) and (B.4) Demailly’s approximation because he proved
HT(X) = Corollary 1.4 & H(X). (B.5)

and asked weather H(X) implies H*(X). It is clear that Demailly’s expectation
was
HT(X) & Corollary 1.4 < H(X).

However, in [3], Babaee and Huh provided a counter-example that shows H ™"
is false. So, their result shows that 3% (X) can not be approximated by algebraic
cycles with positive real coefficients. This does not go well with #H(X) which
asserts that span(31) is approximated by algebraic cycles with real coefficients.

Our Main theorem 1.3 claims that Demailly’s approximation is correct for
cohomology in the following way

Result B.1. There is a subset PT(X) C X with
span([PT(X)]) = H"?(X;Z) ® R, (B.6)

that can be approximated by algebraic cycles with positive real coefficients.

It indicates that Demailly’s approximation is not sufficiently accurate for
currents, but it is sufficiently accurate for cohomology. We adjust it with the
precision that comes from Harvey-Lawson’s work on the boundaries of holomor-
phic chains. Main theorem claims that the adjustment P+(X) is the set of the

o0
infinite series of currents F, = ZVi as in (3.10), derived from cohomology
i=1
HPP(X;7) ® G via Harvey-Lawson. So, they are particular types of infinitely
algebraic cycles (not classes) with positivity.
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