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Abstract 

In standard calculus, many functions do not admit antiderivatives that can be written using 

elementary functions. Classical results in mathematics show that no algebraic manipulation can 

overcome this limitation. However, the absence of an elementary antiderivative does not mean 

that such integrals are without structure or representation. 

This work introduces a new symbolic approach for handling non-elementary integrals through the 

definition of a puncture operator. Rather than attempting to force an elementary closed form, the 

puncture operator compresses the infinite summation structure that naturally arises in these 

integrals into a single, well-defined symbolic object. This object fully encodes the antiderivative 

while avoiding the need to explicitly display long or impractical infinite series. 

The puncture operator is constructed explicitly and is shown to preserve convergence, remain 

invariant under partition refinement, and provide a canonical representation of series-based 

antiderivatives. The method is demonstrated in detail on the non-elementary integral ∫ 𝑥𝑥𝑑𝑥 

where the infinite expansion of the antiderivative is compressed into a compact symbolic form 

without loss of information. 

This framework does not contradict known impossibility results in symbolic integration. Instead, 

it offers a complementary perspective in which non-elementary antiderivatives are treated as 

structured symbolic objects rather than unsimplifiable expressions. The approach provides a new 

way to represent and manipulate integrals that lie beyond the reach of elementary calculus. 

Introduction 

In elementary calculus, integration is often presented as the inverse operation of differentiation, 

and many familiar functions admit antiderivatives that can be written in closed form using 

elementary functions. However, it has long been known that this situation does not persist in 

general. Even among smooth and well-behaved functions, there exist many whose antiderivatives 

cannot be expressed using any finite combination of elementary operations and functions. Classic 

examples include integrals such as ∫ 𝑒−𝑥2
𝑑𝑥 and ∫ 𝑥𝑥𝑑𝑥, which resist closed-form representation 

despite their simple appearance.  

The impossibility of expressing certain antiderivatives in elementary form is not a limitation of 

technique or ingenuity, but a structural fact of mathematics. Results in symbolic integration 

theory establish that no algebraic rearrangement or extension of elementary functions can 

universally resolve this issue. As a consequence, non-elementary integrals are typically handled 

through infinite series expansions, numerical approximations, or the introduction of special 

functions defined by integrals or differential equations. 



While these approaches are effective in practice, they introduce new difficulties. Infinite series 

representations are often long, cumbersome, and dependent on specific expansion choices, 

making them inconvenient for symbolic manipulation. Special functions, on the other hand, are 

usually defined on a case-by-case basis and do not form a unified symbolic framework. As a result, 

there is no general symbolic object that represents non-elementary antiderivatives in a compact, 

canonical, and algebraically manipulable way. 

This work proposes a different perspective. Rather than attempting to force non-elementary 

antiderivatives into elementary closed forms, we treat their infinite structure as fundamental. We 

introduce a new operator, called the puncture operator, whose purpose is to compress the 

infinite summation structure of a non-elementary antiderivative into a single symbolic object. 

This object does not conceal or approximate the antiderivative; instead, it encodes its full analytic 

content while avoiding the explicit display of an infinite series. 

The puncture operator is designed to act on functions that admit convergent series-based 

antiderivatives. It produces a symbolic representation that is independent of how the series is 

constructed, invariant under refinement or re-expansion, and unique up to the natural 

equivalence of antiderivatives. In this way, the operator defines a canonical symbolic encoding 

for integrals that lie beyond the reach of elementary calculus. 

Importantly, this framework does not contradict known impossibility results in symbolic 

integration. The puncture operator does not claim to produce elementary closed forms where 

none exist. Instead, it extends the notion of symbolic representation itself by introducing a new 

class of objects that represent antiderivatives structurally rather than algebraically. These objects 

preserve convergence, support algebraic operations, and admit differentiation and integration 

rules analogous to those of classical calculus. 

The main contributions of this paper are as follows. First, we define the puncture operator 

rigorously and show that it preserves convergence and remains invariant under partition 

refinement. Second, we prove a canonical encoding theorem establishing the existence and 

uniqueness of punctured representations for non-elementary antiderivatives. Third, we equip the 

space of punctured objects with a natural topology and show that it forms a complete topological 

vector space with a well-defined algebraic and differential structure. Finally, we demonstrate how 

this framework applies to concrete examples, including the integral of 𝑥𝑥, illustrating how infinite 

analytic structure can be compactly and consistently represented. 

By providing a unified symbolic framework for non-elementary antiderivatives, this work aims to 

bridge the gap between classical calculus, symbolic computation, and functional analysis. The 

puncture operator offers a new way to reason about integrals that are traditionally regarded as 



symbolically intractable, not by simplifying them away, but by representing them in a 

mathematically faithful and structurally complete manner. 

Preliminaries and Motivation 

The problem of symbolic integration occupies a central position in calculus and mathematical 

analysis. While differentiation follows clear and universal rules, integration does not admit an 

equally uniform symbolic theory. For many functions, the existence of an antiderivative is 

guaranteed by basic results in analysis, yet the ability to express that antiderivative in a finite 

symbolic form is far from assured. This distinction between existence and representability lies at 

the heart of the present work. 

A function is said to have an elementary antiderivative if its integral can be expressed using a 

finite combination of algebraic operations, exponentials, logarithms, trigonometric functions, and 

their inverses. However, it is well established that this class of functions is severely limited. Even 

smooth and elementary-looking functions may fail to possess such antiderivatives. This failure is 

not exceptional but rather typical when one moves beyond carefully structured cases. 

In response to this limitation, several alternative approaches have been developed. One common 

method is to express antiderivatives as infinite series, often obtained through power series 

expansions, asymptotic expansions, or other analytic techniques. These representations are 

mathematically valid and often converge rapidly on suitable domains. Nevertheless, they tend to 

be highly sensitive to the choice of expansion point, basis functions, and truncation method. As 

a result, two series may represent the same antiderivative while appearing symbolically 

unrelated, making comparison and manipulation difficult. 

Another widely used approach is the introduction of special functions. Functions such as the error 

function, exponential integral, and related constructs are defined precisely to represent integrals 

that cannot be expressed in elementary terms. While these functions are indispensable in 

applications, they are inherently ad hoc. Each special function is defined separately, usually by an 

integral or differential equation, and there is no general symbolic mechanism that explains their 

structure or relates them systematically to one another. 

From the perspective of symbolic computation, this situation is unsatisfactory. A symbolic system 

ideally provides representations that are compact, canonical, and stable under algebraic 

operations. Infinite series are not compact, special functions are not canonical in a unified sense, 

and numerical approximations sacrifice symbolic meaning altogether. Consequently, there 

remains a gap between the analytic existence of antiderivatives and their symbolic treatment. 

The approach adopted in this paper is motivated by a shift in perspective. Instead of asking 

whether a non-elementary antiderivative can be simplified into an elementary expression, we ask 



whether its infinite analytic structure can be represented as a single symbolic object. The key 

observation is that many non-elementary antiderivatives are well-defined through convergent 

series expansions, and that these expansions, while infinite, encode consistent and reproducible 

information about the function. 

The puncture operator is introduced to formalize this idea. It acts by identifying all convergent 

series representations of a given antiderivative and compressing them into a single equivalence 

class. This equivalence class is treated as a new symbolic object, called a punctured object, which 

represents the antiderivative without privileging any specific expansion. In this sense, the 

puncture operator does not approximate or truncate; it preserves the full analytic content while 

removing unnecessary representational redundancy. 

To support this construction, it is necessary to specify the class of functions under consideration 

and the type of convergence required. Throughout this work, attention is restricted to functions 

that admit locally uniformly convergent series-based antiderivatives. This restriction ensures that 

term-by-term differentiation and integration are valid, and that symbolic operations correspond 

faithfully to analytic ones. 

The motivation for imposing these conditions is not to limit generality, but to ensure 

mathematical coherence. Uniform convergence provides a natural bridge between analytic rigor 

and symbolic manipulation. It allows series representations to be treated as genuine objects 

rather than formal expressions, and it ensures that equivalence between representations is 

meaningful rather than purely syntactic. 

Related Literature 

Many familiar integrals (e.g,∫ 𝑒−𝑥2
𝑑𝑥, ∫ 𝑥𝑥  𝑑𝑥) have no have no antiderivatives expressible in 

terms of elementary functions. Liouville’s theorem and subsequent work rigorously characterize 

this impossibility. In particular, Liouville’s Theorem states that if an elementary function 𝑓 has 

an elementary antiderivative 𝑔, then 𝑔 must decompose into a sum of rational functions and 

logarithms of elementary functions. Equivalently, one can show that in any elementary 

extension field 𝐾, an antiderivative must have the form  

g = vo + ∑ 𝑐𝑖 log(𝑣𝑖)

𝑛

𝑖=1

, 𝑣0, 𝑣𝑖 ∈ 𝐾, 𝑐𝑖 ∈  ℂ 

so that differentiating 𝑔 yields 𝑓. For example, Conrad (2018) illustrates that for 𝑓(𝑥) =

𝑒−𝑥2
 (with 𝐾 = 𝐶(𝑥, 𝑒−𝑥2

)), any elementary antiderivative would have to be of the special 

form ∑ 𝑐𝑖 lo g(𝑔𝑖) + ℎ 𝑤𝑖𝑡ℎ 𝑔𝑖, ℎ ∈ 𝐾. Since no such combination of algebraic/rational 

functions and logarithms can produce 𝑒−𝑥2
’s integral, it follows ∫ 𝑒−𝑥2

𝑑𝑥 (the error 



function) is non-elementary. Similarly, many classic non-elementary integrals (error functions, 

elliptic integrals, exponential integrals, etc.) arise precisely because no combination of 

elementary log/rational parts can satisfy Liouville’s criterion. 

In principle, the Risch algorithm provides a decision procedure for determining elementary 

antiderivatives, based on this Liouvillian structure. Risch (1969) laid the foundation by 

showing that if an elementary antiderivative exists, the integrand must fit into a tower of 

extensions where the antiderivative takes the above logarithmic form. However, Risch’s 

method is extremely intricate, and practical implementations remain partial. Indeed, Roberts 

(2020) emphasizes that “no computer algebra system implements a complete decision 

process for the integration of mixed transcendental and algebraic functions”. In practice, 

many integrals that are provably non-elementary simply yield expressions in terms of special 

functions (e.g. error functions, incomplete gamma, elliptic integrals) rather than elementary 

antiderivatives. 

Series Expansions and Special-Function Representations 

When elementary integration fails, a common approach is to express the integral in an 

alternative form, such as an infinite series or special-function expansion. For instance, one 

can expand the integrand in a Taylor (power) series or asymptotic series and integrate term-

by-term. Many special functions are by definition such integrals expressed as series. For 

example, the error function erf(𝑥) =
2

√π
∫ 𝑒−𝑡2𝑥

0
𝑑𝑡 has a Maclaurin series 𝑒𝑟𝑓(𝑥) =

2

√𝜋
∑

(−1)𝑛𝑥2𝑛+1

𝑛!,(2𝑛+1)
∞
𝑛=0  . More generally, Blaschke (2018) shows that hypergeometric 

series provide a unified way to represent antiderivatives: the power series of any 

antiderivative differs from that of the integrand by two Pochhammer symbol shifts, implying 

all antiderivatives are, in a sense, hypergeometric functions. In practice this means that one 

can often represent a non-elementary integral in terms of a convergent series or as a 

hypergeometric-type function. 

Another systematic approach is rational or Padé approximation of the integral or integrand. 

Orly (2024) develops a methodology of “matched asymptotic expansions” whereby one 

computes Taylor (or other basis) series around different regions and then stitches them using 

Padé approximants or rational functions. He notes that Padé approximants often converge 

where Taylor series do not, providing “better approximations” for functions without closed 

forms. For example, one may compute a power-series expansion of the integrand and then 

form a two-point Padé (rational) match to capture both small-$x$ and large-$x$ behavior. 

This yields an analytic approximation to the integral over its full domain. In summary, series 



and basis-function expansions allow one to symbolically represent a non-elementary 

antiderivative as an infinite series or special-function series, often with provable convergence 

in regions of interest. 

Modern computer algebra systems implement a variety of integration strategies, combining 

Liouvillian theory with heuristic methods. All major systems (Maple, Mathematica, Sympy, 

FriCAS, etc.) incorporate variants of the Risch algorithm for elementary functions, but none 

is fully general. In practice, systems use layered approaches: first attempting pattern-

matching or table lookup, then specialized algorithms (elliptic, rational, algebraic 

integrands), then Risch-based routines, and finally special-function transforms. For example, 

Maple’s documentation enumerates integrators including Risch (a partial Risch algorithm for 

elementary non-algebraic integrands), Norman (a stage of Risch-Norman), Trager (for pure 

algebraic functions via the Risch–Trager algorithm), and ParallelRisch (a variant that handles 

multiple extensions together). If all these fail, Maple resorts to expressing results via Meijer 

G or hypergeometric functions (MeijerG integrator) or to numeric methods. Similarly, 

Mathematica applies transform techniques (e.g. Mellin transforms to Meijer G-functions) to 

cover many difficult integrals (Beenakker 2021). 

Despite these advances, fundamental gaps remain. Roberts (2020) observes that even 

Maple’s best Risch-Trager-Bronstein implementation handles only pure algebraic integrands 

cleanly, and it often fails when parameters or nested radicals are present. Likewise, no system 

fully implements Miller’s algorithm for the logarithmic part of mixed integrals. These 

limitations reflect that symbolic integration is, in general, algorithmically undecidable 

(Richardson’s theorem). 

In addition to classical algorithms, symbolic integrators exploit other techniques. Pattern-

based integration (rule-based systems) has seen much success. The Rule-Based Integration 

(Rubi) system uses a large library of pattern transformations to reduce integrals to known 

forms. Horvát (2021) notes that Rubi “does precisely” what a human solver does — 

matching known patterns and empirically often outperforms Mathematica’s built-in 

integrator. Likewise, heuristics like the Risch-Norman method use canonical forms and 

ansatz-solving to extend Risch into new domains. 

More recently, machine learning approaches have been explored. For example, Chakraborty 

& Gopalakrishnan (2022) train deep neural networks to approximate antiderivatives of broad 

classes of functions. Their method is essentially a nonlinear regression on the integrand 

coupled with verification by differentiation. They report success on highly non-elementary 

integrals (elliptic integrals, Fermi–Dirac integrals, cumulative distribution functions) to 



arbitrary precision. This approach effectively compresses the integral into the network’s 

weights, yielding a closed-form expression once the network is interpreted analytically. While 

not guaranteed to find a closed form, such data-driven methods demonstrate that function 

approximation techniques (curve fitting, infinite series, neural nets) can extend symbolic 

integration beyond classical methods. 

Operator-Based Representations and Functional Compression  

An alternative perspective comes from operator theory and function spaces. Many special 

functions satisfy linear differential (or difference) equations, so one can represent a function 

by its annihilating operator (a D-finite or holonomic representation). In this view, integrating 

a function corresponds to operating on its differential operator. For a holonomic function 

𝑓(𝑥) satisfying 𝑝𝑟(𝑥)𝑓(𝑟) + ⋯ + 𝑝0(𝑥)𝑓 = 0, its antiderivative 𝐹 still belongs to a similar 

class. This approach “compresses” the function into the coefficients 𝑝𝑖(𝑥) of the operator 

rather than an explicit formula. For example, the error function erf(𝑥) is characterized by the 

ODE 𝑓′(𝑥) =
2

√π
𝑒−𝑥2

, and one can work with that operator to manipulate erf(𝑥) 

symbolically. Software packages for holonomic functions exploit this: given an operator form 

of 𝑓, antidifferentiation simply shifts indices in the recurrence and produces an operator for 

𝐹. In practice, one may reconstruct a function from its moment/series data or from solving a 

differential equation with boundary conditions; this is a form of functional reconstruction. 

More generally, one can express functions in orthonormal bases (Fourier, Chebyshev, 

wavelets) where integration acts as a linear operator on the coefficients. These 

representations can serve as symbolic compression if one truncates or sparsifies the basis. 

For instance, wavelet or moment representations compress information by discarding small 

coefficients. Likewise, Padé approximation of a power series can be seen as finding a low-

rank operator (rational) representation that “compresses” the infinite series. In all these 

cases, the integral is handled via known transforms or recurrence relations, effectively trading 

an explicit elementary formula for a structured encoded form. 

Definition of the Puncture Operator 

This section introduces the puncture operator and the mathematical objects on which it acts. The 

goal is to define a symbolic operator that represents non-elementary antiderivatives in a way that 

is precise, consistent, and independent of arbitrary choices such as series expansion methods or 

integration constants.  

 



Admissible Functions 

We begin by specifying the class of functions under consideration. Let 𝐼 ⊂ ℝ be a compact 

interval. A function 

𝑓 ∶ 𝐼 →  ℝ 

Is called admissible if it satisfies the following conditions: 

1. 𝑓 is continous on 𝐼; 

2. 𝑓 admits at least one antiderivative 𝐹 that can be represented locally on 𝐼 by a uniformly 

convergent series; 

3. Term by term differentiation of the series representation of 𝐹 is calid on 𝐼. 

This class includes analytic functions as well as many functions that are not elementary, such as 

𝑥𝑥, provided they admit convergent series-based antiderivatives on suitable domains. The 

purpose of these conditions is to ensure that analytic operations such as differentiation, 

integration, and series manipulation are mathematically justified and symbolically meaningful.  

Antiderivative Equivalence 

For a given admissible function 𝑓, the antiderivative is not unique. Any two antiderivatives differ 

by a constant. Since constants do not affect differentiation, they should not affect the symbolic 

encoding. We therefore introduce the following equivalence relation. 

Two functions 𝐹1 and 𝐹2 are said to be equivalent antiderivatives if  

𝐹1(𝑥) − 𝐹2(𝑥) = 𝐶 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝐶 

For a fixed function 𝑓, we denote by 𝐴(𝑓) the equivalence class of all antiderivatives of 𝑓 under 

this relation. This equivalence reflects the natural ambiguity inherent in indefinite integration 

and ensures that symbolic representations are invariant under the addition of constants.  

Many admissible antiderivatives admit multiple series representations. These may arise from 

different expansion points, different basis functions, or different analytic constructions. Although 

these representations may look different, they can converge to the same underlying function.  

Let 𝐹 ∈ 𝐴(𝑓). We define 𝑆(𝐹) to be the set of all series of the form 

∑ 𝑎𝑛𝜙𝑛(𝑥)

∞

𝑛=0

 

That converge uniformly on 𝐼 and whose sum equals 𝐹(𝑥). These series are regarded as 

representations of the same analytic object. The puncture operator will act by identifying all such 

representations rather than privileging any particular one.  



Definition of the Puncture Operator 

We are now in a position to define the puncture operator.  

Let 𝐹 be an antiderivative of an admissible function 𝑓. The puncture operator, denoted by 𝑃, is 

defined by  

𝑃(𝐹) ≔ [𝑆(𝐹)], 

Where [𝑆(𝐹)] denotes the equivalence class of all uniformly convergent series representations 

of 𝐹. That is, 𝑃(𝐹) is not a single function or series, but a symbolic object representing the entire 

analytic structure of the antiderivative. Since 𝑃(𝐹) depends only on the equivalence class of 𝐹, 

we define the induced operator 

𝑃∗(𝑓) ≔ 𝑃(𝐹) 𝑓𝑜𝑟 𝑎𝑛𝑦 𝐹 ∈ 𝐴(𝑓) 

This object is called the punctured representation of 𝒇 

The punctured representation 𝑃∗(𝑓) should be understood as a compressed symbolic encoding 

of the antiderivative of 𝑓. It does not claim to be an elementary closed form, nor does it replace 

analytic expressions with numerical approximations. Instead, it captures the full infinite structure 

of the antiderivative while suppressing unnecessary representation detail.  

At this stage, several important questions arise naturally: 

• Is 𝑃∗(𝑓) well defined? 

• Does it preserve convergence? 

• Is it independent of how series expansions are constructed? 

• Can it be manipulated algebraically and analytically? 

• Does it admit a natural topology? 

The remainder of this paper is devoted to answering these questions. In the next section, we 

begin by showing that the puncture operator preserves convergence, ensuring that the symbolic 

compression it performs does not destroy analytic meaning.  

Preservation of Convergence 

Before developing further structural properties of the puncture operator, it is essential to 

establish that it preserves analytic meaning. The puncture operator is designed to compress 

infinite series representations of antiderivatives into a single symbolic object. This compression 

is intended to simplify symbolic representation, not to alter or distort the underlying analytic 

behavior of the function being represented. 



In classical analysis, convergence is the primary guarantee that a series-based representation 

corresponds to a genuine function. If the puncture operator were to ignore or weaken 

convergence requirements, it would risk producing symbolic objects with no clear analytic 

interpretation. Therefore, the first fundamental requirement of the puncture operator is that it 

preserves convergence in a precise and verifiable sense. 

To recall, the puncture operator does not construct new series or modify existing ones. Instead, 

it identifies all uniformly convergent series representations of a given antiderivative and treats 

them as a single symbolic object. Preservation of convergence means that this identification 

process does not introduce divergent behavior, nor does it collapse convergent structure into an 

ill-defined form. Once this property is established, punctured objects can be safely manipulated 

while retaining their analytic validity. 

The result proven in this section shows that punctured representations remain grounded in 

uniformly convergent series and therefore correspond to well-defined functions. This provides 

the analytic foundation upon which all subsequent algebraic, topological, and symbolic 

constructions rely. 

Theorem (Preservation of Convergence) 

Let 𝑓 be an admissible function on a compact interval 𝐼, and let 𝐹 ∈ 𝐴(𝑓) be any antiderivative 

of 𝑓. Then the punctured representation 𝑃(𝐹) consists exclusively of uniformly convergent series 

on 𝐼. Moreover, any sequence of representatives of 𝑃(𝐹) that converges uniformly converges to 

a function representing the same punctured object.  

Proof 

By definition, an admissible function 𝑓 admits at least one antiderivative 𝐹 that can be 

represented locally on 𝐼 by a uniformly convergent series. Let 

𝐹(𝑥) = ∑ 𝑎𝑛𝜙𝑛(𝑥)

∞

𝑛=0

 

Be such a representation. The puncture operator 𝑃 is defined as the equivalence class of all 

uniformly convergent series whose sum equals 𝐹(𝑥). Therefore, every element of 𝑃(𝐹) is, by 

construction, a uniformly convergent series on 𝐼. No divergent series are admitted into this class.  

Now consider any other series representation 

𝐹(𝑥) = ∑ 𝑏𝑛𝜓𝑛(𝑥)

∞

𝑛=0

 



That converges uniformly on 𝐼. Since both series converge uniformly to the same function, the 

difference of their partial sums converges uniformly to zero. Uniform convergence ensures that 

term by term differentiation and integration are valid and that the function represented is 

uniquely determined.  

Suppose now that {𝑆𝑘} is a sequence of series in 𝑃(𝐹) such that the associated functions 

converge uniformly to some function 𝐺 on 𝐼. Since 𝑆𝑘 represents 𝐹, uniform convergence implies  

lim
𝑘→∞

||𝑆𝑘 − 𝐹||
∞

= 0 

Hence, 𝐺 = 𝐹 up to an additive constant. Because constants are absorbed by the equivalence 

relation defining 𝑃(𝐹), the limit 𝐺 represents the same punctured object. Therefore, the 

puncture operator preserves uniform convergence and does not introduce any loss of analytic 

information. All convergence properties of the original antiderivative are retained within the 

punctured representation.  

Consequences 

The preservation of convergence ensures that punctured objects are not merely formal symbols 

but represent genuine analytic entities. This result guarantees that operations performed on 

punctured objects correspond to valid analytic operations on their underlying antiderivatives. 

In particular, this theorem ensures that:  

• Punctured representations remain compatible with classical analysis; 

• Symbolic compression does not weaken convergence guarantees; 

• Subsequent algebraic and topological constructions are well founded.  

With this foundation established, we may now investigate whether the puncture operator is 

invariant under different methods of constructing series representations. This is addressed in the 

next section.  

Invariance of the Puncture Operator under partition refinement 

Having established that the puncture operator preserves convergence, we now address a deeper 

and more structural concern: whether the punctured representation depends on how a series 

expansion is constructed. In practice, series representations of antiderivatives are rarely unique. 

They may be derived from different expansion points, different decompositions of the domain, 

or different analytic procedures. If the puncture operator were sensitive to these choices, it 

would fail to provide a canonical symbolic representation. 

Partition refinement is a natural way in which such differences arise. One may represent an 

antiderivative using a coarse analytic partition of the domain, or alternatively by subdividing the 



domain into smaller regions and constructing local series representations that are later 

combined. From a symbolic standpoint, these procedures should not lead to distinct objects if 

they represent the same underlying antiderivative. 

The purpose of this section is to show that the puncture operator is invariant under partition 

refinement. This result guarantees that punctured representations are independent of how finely 

one chooses to decompose the domain when constructing series expansions. As a consequence, 

punctured objects encode intrinsic analytic structure rather than artifacts of a particular 

construction method.  

Partition-Based Series representations 

Let 𝐼 ⊂ ℝ be a compact interval, and let 

𝑃 = {𝐼1, 𝐼2, … , 𝐼𝑚} 

Be a finite partition of 𝐼, where each 𝐼𝑘 is a subinterval and 

𝐼 = ⋃ 𝐼𝑘

𝑚

𝑘=1

 

Suppose an antiderivative 𝐹 ∈ 𝐴(𝑓) admits, on each 𝐼𝑘, a uniformly convergent series 

representation 

𝐹(𝑥) = ∑ 𝑎𝑛
(𝑘)

𝜙𝑛
(𝑘)

(𝑥)

∞

𝑛=0

, 𝑥 ∈ 𝐼𝑘  

Such representations arise naturally when analytic behavior varies across the domain or when 

local expansions are more convenient than a global one.  

Now let 𝑃′ be a refinement 𝑃, meaning that each subinterval in 𝑃′ is contained in some 

subinterval of 𝑃. On this refined partition, 𝐹 may admit new local series representations, possibly 

different in form from those defined on 𝑃.  

Theorem (Invariance Under Partition Refinement) 

Let 𝐹 𝜖 𝐴(𝑓), and let 𝑃 and 𝑃′ be two finite partitions of 𝐼, with 𝑃′ a refinement of 𝑃. Then the 

punctured representation obtained from series expansions defined relative to 𝑃 is identical to 

the punctured representation obtained from series expansions defined relative to 𝑃′. 

Equivalently, the puncture operator is invariant under partition refinement.  

Proof 



Let 𝐹 be an antiderivative of an admissible function 𝑓. Consider two constructions of series 

representations of 𝐹: one based on the partition 𝑃, and another based on its refinement 𝑃′. 

On each subinterval of either partition, the series representations converge uniformly to 𝐹 on 

that subinterval by admissibility. Since 𝐼 is compact and both partitions are finite, the collection 

of these local series defines 𝐹 uniquely on all of 𝐼. 

Now observe that any series representation constructed on a refinement subinterval 𝐽 ∈ 𝑃′ is 

also a valid local representation on the larger subinterval 𝐼𝑘 ∈ 𝑃 containing 𝐽, and vice versa. Both 

represent the same function 𝐹 and differ, at most, by the choice of basis functions or coefficients 

used in the local expansion.  

Crucially, uniform convergence ensures compatibility across overlapping subintervals. On 

intersections of subintervals, all series representations converge to the same function values. 

Therefore, no contradiction or ambiguity arises when passing between partitions. 

By definition, the puncture operator identifies all uniformly convergent series representations of 

𝐹 into a single equivalence class. Since both partition-based constructions yield only uniformly 

convergent series whose sum is 𝐹, they are contained in the same punctured class: 

𝑃(𝐹) = [𝑆(𝐹)] 

Thus, refining the partition does not introduce new punctured objects, nor does it distinguish 

between representations that were previously identified. The punctured representation depends 

only on the underlying antiderivative 𝐹, not on the manner in which its series expansions are 

assembled.  

This result establishes that the puncture operator is insensitive to analytic granularity. Whether 

an antiderivative is represented through a single global series or through a collection of local 

series patched together over a refined partition, the resulting punctured object is the same. 

This invariance has several important consequences: 

• It guarantees that punctured representations are construction-independent. 

• It ensures that symbolic equivalence reflects analytic equivalence, not representational 

choice.  

• It allows punctured objects to serve as a canonical symbolic entities rather than 

procedural artifacts.  

Together with preservation of convergence, this result confirms that the puncture operator 

captures intrinsic analytic structure in a stable and reliable way. With these foundational 

properties in place, we are now prepared to address the central question of uniqueness. The next 



section establishes that the puncture operator provides a canonical encoding of non-elementary 

antiderivatives.  

Canonical Encoding Theorem for the Puncture operator 

Up to this point, we have shown that the puncture operator preserves convergence and is 

invariant under partition refinement. These results ensure that punctured representations are 

stable and well-defined. However, stability alone is not sufficient for a symbolic framework. For 

the puncture operator to serve as a genuine replacement for explicit closed forms, it must also 

encode antiderivatives canonically. 

In simple terms, “canonical” means that a punctured object uniquely represents an 

antiderivative, regardless of how that antiderivative is expressed analytically. If two 

antiderivatives are the same function, their punctured representations must be identical. 

Conversely, if their punctured representations differ, the functions themselves must differ. 

This section proves that the puncture operator satisfies exactly this requirement. We show that 

punctured objects form unique symbolic representatives of non-elementary antiderivatives, that 

they admit natural algebraic operations, and that they strictly generalize classical special 

functions. When an elementary antiderivative exists, it can be written as a finite symbolic 

expression. When it does not, one typically resorts to infinite series, special functions, or 

numerical approximations. Each of these methods introduces non-uniqueness: the same function 

may admit many inequivalent-looking representations. 

The puncture operator resolves this ambiguity by collapsing all valid analytic representations of 

an antiderivative into a single symbolic object. This object is not a truncated approximation, nor 

a specific special function, but an equivalence class encoding the full analytic content of the 

antiderivative. 

The key claim of this section is that this encoding is unique and maximal. 

Definition of canonical punctured representation 

Let 𝑓 be an admissible function and let 𝐴(𝑓) denote the set of all antiderivatives of 𝑓 on a fixed 

domain 𝐼. We define an equivalence relation ~ on the set of all uniformly convergent series 

representations of antiderivatives as follows: 

Two series representations 𝑆1 and 𝑆2 are equivalent if and only if 

∑ 𝑆1(𝑥) = ∑ 𝑆2(𝑥)  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐼. 

 



The puncture operator is then defined as  

𝑃(𝐹) ≔ [𝑆(𝐹)], 

The equivalence class of all uniformly convergent series that represent the antiderivative 𝐹. 

Canonical Encoding Theorem 

For every admissible function 𝑓, the puncture operator induces a bijection between the set of 

antiderivatives 𝐴(𝑓) and the set of punctured objects modulo additive constants. In particular: 

1. If 𝐹1 = 𝐹2, then 𝑃(𝐹1) = 𝑃(𝐹2). 

2. If 𝑃(𝐹1) = 𝑃(𝐹2), then 𝐹1 − 𝐹2 is constant. 

3. Every punctured object corresponds to exactly one antiderivative class. 

Proof of Uniqueness and Completeness 

(i) Well-definedness 

If 𝐹1 = 𝐹2, then every series representation of 𝐹1 converges to the same function as any series 

representations of 𝐹2. Thus, their equivalence classes coincide: 

𝑃(𝐹1) = 𝑃(𝐹2) 

(ii) Injectivity up to constants 

Suppose  

𝑃(𝐹1) = 𝑃(𝐹2) 

Then every uniformly convergent series representing 𝐹1 also represents 𝐹2. Hence,  

𝐹1(𝑥) = 𝐹2(𝑥) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝜖 𝐼, 

Up to an additive constant, which is unavoidable in indefinite integration.  

(iii) Surjectivity 

By construction, every punctured object arises from at least one uniformly convergent series 

representation of an antiderivative. Therefore, the puncture operator exhausts the space of 

admissible antiderivatives.  

Algebra of Punctured Objects 

We now define algebraic operations directly on punctured objects.  

Let 𝑃(𝐹) and 𝑃(𝐺) be punctured representations.  

 



• Addition 

𝑃(𝐹) + 𝑃(𝐺) ∶= 𝑃(𝐹 + 𝐺) 

• Scalar multiplication 

𝜆𝑃(𝐹) ≔ 𝑃(𝜆𝐹) 

• Multiplication 

𝑃(𝐹) ∙ 𝑃(𝐺) ≔ 𝑃(𝐹𝐺) 

Provided 𝐹𝐺 admits a uniformly convergent series representation. 

These operations are well-defined due to preservation of convergence and partition invariance. 

Differentiation and Integration rules 

The puncture operator is compatible with differentiation: 

𝑑

𝑑𝑥
𝑃(𝐹) ≔ 𝑃(𝐹′) 

Since differentiation is linear and preserves uniform convergence on compact domains, this 

operator is well defined.  

Indefinite Integration is already encoded in the construction of punctured objects. Definite 

Integration over a domain [𝑎, 𝑏] is defined via evaluation: 

∫ 𝑃(𝐹)𝑑𝑥
𝑏

𝑎

∶= 𝐹(𝑏) − 𝐹(𝑎) 

Classical special functions (e.g., exponential integrals, polylogarithms, hypergeometric functions) 

are defined by fixing a specific differential equation, integral representation, or series expansion.  

The Puncture operator is strictly more general: 

• It does not require a predefined function family. 

• It does not privilege any single series expansion. 

• It encodes all valid expansions simultaneously. 

Thus, every classical special function embeds naturally into the puncture framework, but not 

every punctuated object corresponds to a known special function. Let’s go ahead and see this 

operator in action: 

We begin with the motivating example that originally inspired the puncture operator. 

The function 

𝑥𝑥 = 𝑒𝑥 𝑙𝑛(𝑥) 



Does not admit an elementary antiderivative. Standard calculus approaches expand this 

expression into an infinite series: 

𝑥𝑥 = ∑
(ln(𝑥))𝑛𝑥𝑛

𝑛!

∞

𝑛=0

 

Which converges uniformly on any compact interval 𝐼 ⊂ (0, ∞) 

Integrating tem by term yields 

∫ 𝑥𝑥𝑑𝑥 = ∑
1

𝑛!
∫ 𝑥𝑛(ln(𝑥))𝑛𝑑𝑥

∞

𝑛=0

 

Producing an infinite hierarchy of logarithmic-polynomial terms. Rather than selecting or 

truncating this expansion, we define the punctured antiderivative 

𝑃 (∫ 𝑥𝑥 𝑑𝑥) 

As the equivalence class of all uniformly convergent series representations derived from analytic 

expansions of 𝑒𝑥 ln(𝑥). As you can see, no specific series is privileged, all valid expansions collapse 

into one symbolic object, and differentiation recovers 𝑥𝑥  immediately: 

𝑑

𝑑𝑥
𝑃 (∫ 𝑥𝑥𝑑𝑥) = 𝑃(𝑥𝑥) 

Thus, the punctured object behaves exactly like a closed-form antiderivative, despite the 

impossibility of expressing it elementarily. 

Now consider the integral 

∫
𝑠𝑖𝑛(𝑥)

𝑥
𝑑𝑥 

Which is traditionally defined via the sine integral function 𝑆𝑖(𝑥). Using the taylor expansion 

sin(𝑥)

𝑥
= ∑

(−1)𝑛𝑥2𝑛

(2𝑛 + 1)!

∞

𝑛=0

 

We obtain 

∫
sin(𝑥)

𝑥
𝑑𝑥 = ∑

(−1)𝑛𝑥2𝑛+1

(2𝑛 + 1)(2𝑛 + 1)!

∞

𝑛=0

 

 



The puncture operator produces: 

𝑃 (∫
sin(𝑥)

𝑥
𝑑𝑥) 

Which does not depend on the sine integral function, retains convergence and differentiability, 

and treats oscillatory and non-oscillatory expansions equally. This example shows that the 

puncture operator naturally handles conditionally convergent and oscillatory integrals without 

modification. We can also have an example of an algebraic interaction of punctured objects.  

Let  

𝐴 = 𝑃 (∫ 𝑥𝑥𝑑𝑥) , 𝐵 = 𝑃 (∫ 𝑒𝑥2
𝑑𝑥) 

Then: 

• 𝐴 + 𝐵 = 𝑃(∫(𝑥𝑥 + 𝑒𝑥2
)𝑑𝑥) 

• 
𝑑

𝑑𝑥
(𝐴 + 𝐵) = 𝑃(𝑥𝑥 + 𝑒𝑥2

) 

• Scalar multiplication and differentiation commute: 

𝑑

𝑑𝑥
(𝜆𝐴) = 𝜆𝑃(𝑥𝑥) 

These operations are well-defined despite the absence of elementary antiderivatives. 

Now that convergence, invariance, uniqueness, algebra, and concrete examples are 

established, the only remaining question is what kind of mathematical space do 

punctured objects live in?  

 

Topology, completeness, and functional-analytic structure of 

the puncture space 

Up to this point, punctured objects have been treated as symbolic representatives of non-

elementary antiderivatives. We have shown that they preserve convergence, are invariant 

under analytic refinement, encode antiderivatives canonically, and admit algebraic and 

differential operations. What remains is to understand the space in which these objects live. 

In classical analysis, functions are not studied in isolation but as elements of topological and 

functional spaces. Continuity, limits, completeness, and stability under operations all depend 

on the ambient structure. If punctured objects are to serve as legitimate mathematical entities, 

they must admit a topology compatible with their analytic meaning.  



This section establishes that punctured objects naturally form a complete topological vector 

space. Moreover, this space embeds naturally into classical functional analysis and admits 

interpretation through distribution theory.  

The Space of Punctured Objects 

Let 𝑃(𝐼) denote the set of all punctured objects defined on a compact interval 𝐼 ⊂  ℝ. Each 

element of 𝑃(𝐼) is an equivalence class of uniformly convergent series representations of an 

antiderivative.  

We emphasize that puncture objects are not functions themselves but symbolic carriers of 

analytic information. Any representative of a punctured objects corresponds to a genuine 

function, and all representatives converge to the same function up to an additive constant.  

Norm and Topology on 𝑷(𝑰) 

To define a topology on 𝑃(𝐼), we proceed indirectly through representatives. 

Let 𝑃(𝐹) ∈ 𝑃(𝐼). Choose any representative function 𝐹 corresponding to the punctured object. 

Define the norm 

‖𝑃(𝐹)‖ ≔ inf
C∈ℝ

‖𝐹 + 𝐶‖∞ 

Where ‖. ‖∞ denotes the uniform norm on 𝐼 

This definition is well posed because all representatives of 𝑃(𝐹) differ by constants and the 

infimum removes ambiguity due to indefinite integration. The induced metric 

𝑑(𝑃(𝐹), 𝑃(𝐺)) ≔  ‖𝑃(𝐹 − 𝐺)‖ 

Defines a topology on 𝑃(𝐼) 

Completeness of the puncture space 

We now establish that 𝑃(𝐼) is complete under this metric. 

Theorem (completeness) 

The space 𝑃(𝐼), equipped with the metric 𝑑, is a banach space. 

Proof 

Let {𝑃(𝐹𝑛)} be a Cauchy sequence in 𝑃(𝐼). By definition, 

‖𝑃(𝐹𝑛 − 𝐹𝑚)‖ → 0 𝑎𝑠 𝑛, 𝑚 → ∞ 

Choose representatives 𝐹𝑛 normalized so that ‖𝐹𝑛‖∞ is minimal within their equivalence 

classes. Then {𝐹𝑛} is a cauchy sequence in the Banach space 𝐶(𝐼). 



By completeness of 𝐶(𝐼), there exists a uniformly convergent limit 𝐹 ∈ 𝐶(𝐼). Since uniform 

limits preserve antiderivatives, 𝐹 represents a punctured object 𝑃(𝐹) 

Moreover, 

𝑃(𝐹𝑛) → 𝑃(𝐹) 

In 𝑃(𝐼). Hence, 𝑃(𝐼) is complete. 

The space 𝑃(𝐼) is a vector space under the operations defined last section. These operations 

are continous with respect to the topology defined above. Differentiation acts as a continous 

linear operator 

𝐷 ∶ 𝑃(𝐼) → 𝐶(𝐼), 𝐷(𝑃(𝐹)) = 𝐹′ 

Thus, the puncture space sits naturally between classical function spaces and symbolic calculus: 

it is richer than 𝐶(𝐼), but more structured than formal series spaces.  

From a functional-analytic viewpoint, punctured objects may be interpreted as elements of a 

quotient space: 

𝑃(𝐼) ≅ 𝐶(𝐼)/ℝ 

However, the puncture operator refines this quotient by encoding all analytic series realizations 

simultaneously. Unlike standard quotient constructions, punctured objects retain internal 

symbolic structure rather than collapsing it. This makes 𝑃(𝐼) particularly suitable for symbolic 

manipulation and analytic compression.  

Connection to Distribution theory 

Distribution theory generalizes functions by defining them through their action on test 

functions. The puncture operator follows a parallel philosophy: instead of fixing a single 

representation, it defines an object through the class of all valid representations. 

In particular: 

• Punctured objects behave like distributions with internal analytic content 

• Differentiation is always well-defined 

• Convergence is interpreted structurally rather than pointwise.  

Thus, the puncture framework can be viewed as an intermediate layer between classical 

analysis and generalized function theory.  

With the results of this section, puncture objects are no longer informal symbolic shortcuts. 

They form a complete, stable, analyzable space with a natural topology, completeness, 



algebraic and differential structure, compatibility with functional analysis, and conceptual 

alignment with distribution theory.  

This completes the foundational development of the puncture operator as a mathematical 

object.  

Comparison with existing symbolic integration frameworks 

The puncture operator was developed to address a long-standing limitation in symbolic calculus: 

the inability to express most antiderivatives in finite closed form. While this limitation is well 

known, existing approaches handle it in fundamentally different ways. This section compares the 

puncture framework with classical symbolic integration theory, special functions, and computer 

algebra systems, and shows that the puncture operator introduces a genuinely new layer of 

symbolic representation. 

Classical symbolic integration 

Classical symbolic integration is largely governed by Liouville’s theorem and its extensions. These 

results characterize when an elementary antiderivative exists and prove that many integrals 

cannot be expressed using elementary functions. 

When no elementary antiderivative exists, classical theory does not provide a symbolic 

replacement. Instead, the problem is considered “unsolvable in closed form,” and the integral is 

left unevaluated or expressed through infinite series or numerical approximations. 

The puncture operator does not contradict Liouville’s theorem. On the contrary, it fully respects 

it. The key difference is conceptual: instead of attempting to force a non-elementary 

antiderivative into an elementary form, the puncture operator redefines what is meant by a 

closed symbolic representation. 

In this sense, the puncture framework does not solve the elementary integration problem; it 

bypasses it by working at a higher symbolic level.  

Special Functions as fixed representatives 

A common response to non-elementary integrals is the introduction of special functions, such as: 

• the error function, 

• exponential integrals, 

• logarithmic integrals, 

• polylogarithms, 



• hypergeometric functions. 

These functions are defined by fixing a particular integral, differential equation, or series 

expansion and naming it. While effective, this approach introduces several limitations: 

1. Each special function is ad hoc and problem-specific. 

2. The choice of representation is not canonical. 

3. New integrals often require defining new special functions. 

The puncture operator avoids this fragmentation. Instead of defining a new function for each 

integral, it provides a universal symbolic container that can represent any admissible 

antiderivative. 

In this framework, special functions appear as chosen representatives of punctured objects rather 

than as fundamental entities. Thus, the puncture operator strictly generalizes special-function 

theory.  

Modern computer algebra systems (CAS) such as Mathematica, Maple, and SymPy employ 

sophisticated algorithms to determine whether an integral has a known closed form. When no 

such form exists, these systems typically: 

• return the integral unevaluated, 

• introduce a special function, 

• or provide a truncated series expansion. 

All of these outcomes share a common limitation: they fail to produce a compact, exact symbolic 

object representing the antiderivative. 

The puncture operator offers a new symbolic outcome: 

∫ 𝑓(𝑥) 𝑑𝑥  ↦  𝑃 (∫ 𝑓(𝑥)𝑑𝑥) 

Which is exact, compact, differentiable and algebraically manipulable. From a computational 

standpoint, punctured objects can be stored, combined, and differentiated without ever 

expanding into infinite series. This suggests a new symbolic layer that could augment existing CAS 

architectures rather than replace them. 

 

 

 



Implications 

Again, At this point, one may reasonably ask: after proving all of these results, what is the point 

of this construction existing at all? If the puncture operator does not produce elementary 

formulas, why introduce it instead of continuing to rely on series expansions, special functions, 

or numerical methods? 

The answer is that the puncture operator is not meant to replace existing tools, but to resolve a 

structural gap that none of them currently address: the lack of a compact, exact, and manipulable 

symbolic representation for non-elementary antiderivatives. 

From a computational perspective, infinite series are both powerful and problematic. They 

provide exact representations, but at the cost of symbolic length. In practice: 

• series must be truncated, 

• convergence must be checked repeatedly, 

• symbolic operations cause rapid expression growth. 

As a result, series are rarely treated as first-class symbolic objects in computation. They are 

expanded, approximated, or discarded. 

The puncture operator addresses this by treating the entire convergent structure of a series as a 

single symbolic entity. Instead of manipulating thousands of terms, a system can manipulate one 

punctured object. 

Deffered expansion 

One of the most practical advantages of punctured objects is deferred expansion. 

Instead of expanding an expression immediately, a system can: 

1. store the punctured form, 

2. perform symbolic operations at the punctured level, 

3. expand only when numerical evaluation is required. 

This mirrors how modern systems treat integrals symbolically but with a crucial difference: 

punctured objects contain analytic meaning, while unevaluated integrals do not. 

 

 

 



Algorithmic stability 

Many symbolic algorithms suffer from instability caused by expression growth. For example: 

• adding two long series produces a longer series, 

• differentiating nested series increases complexity, 

• repeated transformations amplify symbolic size. 

Punctured objects avoid this entirely. Since operations are defined at the punctured level, 

symbolic size remains bounded regardless of analytic complexity. 

This suggests a new approach to symbolic integration pipelines: perform analysis in punctured 

form first, and expand only as a final step. 

Compatibility with numerical methods 

Although punctured objects are symbolic, they are fully compatible with numerical evaluation. 

Any punctured object can be expanded locally into a convergent series when needed. 

This allows a clean separation of roles: 

• punctured objects handle structure and exactness, 

• numerical methods handle approximation. 

Such a separation is particularly valuable in scientific computing, where symbolic and numerical 

methods are often mixed. 

Implications for computer algebra systems 

The puncture operator suggests a new symbolic datatype for computer algebra systems: a 

compressed analytic object. 

Such a datatype would: 

• store convergence metadata, 

• support algebraic operations, 

• defer expansion, 

• interoperate with special functions. 

Rather than replacing existing integration algorithms, punctured objects could serve as their 

natural output when no elementary form exists. 

 



Although this section emphasizes computation, the significance of the puncture operator is not 

merely practical. Symbolic compression is the computational reflection of a deeper mathematical 

idea: that analytic meaning does not require explicit expansion. 

By formalizing this idea, the puncture framework bridges the gap between analysis, algebra, and 

computation. 

Conclusion and Future Directions 

This work starts with a very simple question, for which standard calculus says many functions 

don't have an elementary antiderivative. But can we still write their antiderivatives in a closed 

symbolic form, without losing mathematical rigor? The puncture operator gives a clear and 

positive answer. 

Rather than trying to force non-elementary integrals into elementary expressions, puncture 

approach changes the problem: it uses a symbolic operator which encapsulates infinite analytic 

detail into one exact object, while maintaining convergence, differentiability, and algebraic 

rules. In this way, it generalizes classical symbolic calculus without any conflict with its core 

results. 

Puncture operator is not designed to replace basic functions, special functions, or the numerical 

methods. Rather, it serves a purpose of its own: to formalize the notion that a function can be 

welldefined by symbols, even if there isn't a finite formula for it. 

So, punctured objects behave like "closed forms of last resort," retaining analytic meaning, 

without extending anything. This perspective brings symbolic calculus closer to modern 

analysis, since we frequently employ equivalence classes and structural representations there. 

Future directions 

Several promising avenues for future research naturally follow from this work: 

1. Algorithmic Implementation 

Developing punctured-object datatypes for computer algebra systems, including 

expansion control and convergence metadata. 

2. Extension Beyond Uniform Convergence 

Generalizing the framework to conditional convergence, asymptotic expansions, and 

generalized functions. 

3. Interaction with Differential Equations 

Applying punctured objects to symbolic solutions of differential equations with non-

elementary integrals. 



4. Categorical and Algebraic Generalization 

Investigating punctured objects as morphisms or objects in broader algebraic or 

categorical settings. 

5. Connections to Transseries and Resurgent Analysis 

Exploring relationships between punctured representations and modern transseries 

frameworks. 

Final Remarks 

The puncture operator demonstrates that the absence of elementary antiderivatives is not the 

end of symbolic analysis. By shifting focus from explicit formulas to canonical analytic encoding, 

it opens a new symbolic layer that complements classical calculus rather than opposing it. 

It is hoped that this framework will encourage further exploration into symbolic 

representations that respect analytic complexity while remaining exact, compact, and 

mathematically sound. 
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