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Abstract

It is shown that a careful study of the simplest family of generalized
Clifford algebras (GCAs) associated with the N-th root of unity in d-
dimensions leads to the following generalized anti-commutator with N
entries {€;,, iy, €igy ..., €in } = €i1€in€is . .. Eiy + permutations =
Niyiy...in €, Where e is the unit element and all the N! terms of the per-
mutations appear with the same positive sign. The components of the
rank-N metric are 7;,4,...iy = 1, iff i1 = 42 = i3... = in, and O other-
wise. The range of the indices i1,42,...in is 1,2,...,d. We proceed to
explore the N-th norm extensions of the quadratic norm and write down a
generalized Finsler-like arc-length based on the rank-N metric g, uo...up -
We continue by constructing the different expressions of the Dirac oper-
ators associated with the (Generalized) Clifford Spaces corresponding to
these GCA’s. Dirac operators are essential in the study of Spectral Ge-
ometry in Noncommutative Geometry after imposing the correspondence
between the geodesic distance and the inverse of the Dirac operator (a
fermion propagator). These generalized anti-commutators above are spe-
cial types of an N-ary algebraic structure. We finalize by displaying the
relation among GCAs and the algebras underlying the noncommutative
fuzzy torus and discuss applications in condensed matter and quantum
groups. We conclude with some remarks on N-ary algebras and their
applications in Mathematics and Physics.

Keywords : Clifford Algebras; Generalized Clifford Algebras; Dirac opera-
tor; Finsler Geometry; Noncommutative Geometry; Spectral Geometry; N-ary
algebras; Fuzzy torus.



1 N-ary anticommutators, Generalized Clifford
Algebras and Finsler Geometry

It has been recently shown in [9] how generalized Clifford algebras allows to
construct the N-th root of N-order linear differential equations involving mass-
less and massive particles. The N-th higher-order linear differential equation
is equivalent, after a factorization and cyclic permutation of the factors, to
N first-order differential equations. Explicit solutions were found. Extensive
studies on Clifford algebras, their generalizations, and their physical applica-
tions were made for about a decade starting 1967, under the name of L-Matrix
Theory, by Ramakrishnan and his collaborators [1], [2].

In [9] we focused on a very special case of these generalized Clifford algebras
(GCA) with ordered w -commutation relations [1], [2]. In particular, on the

complex ternary Clifford algebra in two dimensions and denoted by CI3 [3], [4],
[5], [6] with two generators ej, e2, obeying the relations

2mi

e =€l = ¢ e1eg = wepe; w=ed (1)

where e is the identity element. w is the primitive complex cubic root of unity
satisfying
W=1, 14w+w? =0, o=w? w—w?=iV3 (2)

An arbitrary element of the complex ternary Clifford algebra in d = 2 is
described by the expansion [6]

J,k=2
ik 2 2
U = E Ujk ejl €y = Upo €+ Uip €1 + Up1 €2 + U €] + Up2 €5+
7,k=0
2 2 2 2
U11 €1 €2 + Uy €1 €2 + U2 €1 €o + U292 €1 €9 (3)

where the coefficients of (3) are complex-valued. The complex ternary Clifford

algebra C’lé was shown to be isomorphic to the unitary algebra u(3). Basis-free
definitions of the determinant, trace, and characteristic polynomial in this spe-
cial class of generalized Clifford algebras were constructed by [6]. Also, a similar
operational procedure to what occurs in ordinary complex Clifford algebras, was
introduced in the definition of Hermitian conjugation (or Hermitian transpose)
without using the corresponding matrix representations.

In general, for d = even, the generalized Clifford algebra (GCA) associated
with the N-th root of unity is isomorphic to the unitary algebra u(N %) of
dimension N?. [6]. The d = odd case is more complicated because the unitary
algebra associated with the generalized Clifford algebra (GCA) is now given by
the direct sum of N copies of u(N %) The matrix realization of each one of
the e; generators (i = 1,2,3,...,d) are given by N x N5 matrices, hence
N copies span the N x N4~ = N -dimensional space of the GCA.



From some of the entries of the multiplication table of the ternary Clifford
1
algebra in d = 2 denoted by C13, like

6261:())26162; 626% = we%eg; 616% = €] 626% = €
exerea = wlepes; epeler = weled; ... (4)

one can show after some straightforward algebra that the cube of the generalized
Clifford algebra (GCA) valued differential ejdx; + eadzy is given by

(erdry + eadrs)® = [(dr1)® + (dr2)®]e + (1+w+w?) e? ey (day)? doy +

(1+w+w?) el e (dre)? dey = [(dz1)® + (dz2)?] e (5)

and which results from the null sum of the three cubic roots of unity
1+ w+w? = 0. The coordinate variables z1, x2, and those below, are chosen to
be real-valued. .

In the case of the ternary Clifford algebra in d = 3 denoted by CI3, after
some lengthy but straightforward algebra, one ends up with

(erdzy + eadrs + ezdas)® = e [(dxy)® + (dao)® + (dxs)?] (6)

as a result of the following relations obtained after the rearrangement of factors

(1+w+w?) e ey (dv1)? deg = 0, (1+w+w?) el e (doa)? dey = 0 (7a)
(1+w+w?) edes (doy)? des = 0, (1+w+w?) e ey (des)* dey = 0 (7h)

(1+w+w?) es ez (dea)* des = 0, (1+w+w?) e3 ey (dovs)* dzy = 0 (7c)

2 (14+w+w?) e e ez dry dry drs = 0 (7d)

An example of the rearrangement of factors is

ep €361 = w_2el €g €3 = wWeyeye€s; €3€1 63 = w_1€1€2€3 = w261€263,

(8)
such that the 6 terms ejeses+ permutations lead to 2(1 + w + w2)6162€3 =0
as shown in eq-(7d) . In a similar fashion one obtains the terms in eqs-(7)
whose contribution is zero. Hence out of the 27 terms which appear in the cube
(erdz1 + eadza + e3dx3)?, due to the relations in eqs-(7), only 3 terms remain
as displayed by eq-(6).



Therefore, from eq-(6) one learns that the cube of the GCA-valued differen-
tial (e;dx;) is given by

(e;dx;)® = (erdry + eadrs + e3drs)® = = e nijiyi, do't dz'? do™ =

e [(dz1)® + (dw2)® + (da3)’] 9)

with 7;,4,i, = 1 iff 43 = i3 = i3, and 0 otherwise. As a result of eq-(9) one has
the inequality

3
2

(ds)® = ((dwl)Q + (dz)* + ... + (dxd)Q)

sz = [ (de1)® + (deo)® + ... + (dzg)®]3 #
sy = [ (dz1)? + (da2)? + ... + (dzq)® 2 (10)
between the quadratic ds(g) and cubic norm ds ). Absolute values |...| in

eq-(10) are not required because the variables x; are chosen to be real-valued.

One can extend the results in eqs-(5,9) to the most general case of the
complex generalized Clifford algebra associated to the N-th root of unity w =
e2™/N in d-dimensions, with d generators eq, e, es, ..., eq. One then arrives at
the most general relation for all d and N

(erdry + eadxy + ... + eqdrg)™ = e[(dzx)N + (dxo)™ + ... + (dzg)V] =

e [mu.a (dz)™ + moaa (de2)Y + ...+ Ngaa (doa)™ ] (11)
due to the algebraic constraint 1+w+w?+w3+...+w™~! = 0; the commutation
relations e;e; = weje; with ¢ < j; and er =ewherei,j =1,2,3,...,d. Werefer

the reader to section 7 of [2] for the full details of how to obtain the rigorous
derivation of eq-(11).

To sum up, given a generalized Clifford algebra (GCA) associated with the
N-th root of unity, involving d generators ey, es, ..., eq4, and the unit element e,
we can infer from the eqs-(5,9,11) derived above that the following generalized
anti-commutator with IV entries gives

{€i1y€igy Cigye s Cin} = €51€i2€i5 ...y + permutations = N1, i €
(12a)
where all the N! terms of the permutations appear with the same positive sign.
The components of the rank-N metric are 1;,4,. ..y = 1,iff i1 =di2 = i3... =in,
and 0 otherwise. The range of the indices i1,49,...in is 1,2,...,d. Therefore,

we may encode the GCA algebra C’lcl/ N in terms of the N -ary algebra depicted
by the anticommutators in eq-(12a).

Before proceeding, we should mention that the ternary Clifford algebra
depicted above in eq-(12a), with 6 terms appearing in the generalized anti-
commutator when N = 3, is not the same as the one formulated by Kerner [7]
involving the cyclic anticommutator requiring 3 terms only Q,QpQ.+QpQ Qo+

# (dz1)*+(dze)?+. . +(dzg)® =



QcQaQp = 3papcl, which is one of the possible ternary extensions of Q,Qp +
QpQ: = 21ap1. Another ternary extension involves the inclusion of w, w? factors
Qua@Qc+wQpQ.Qo +w?Q.Q.Qp. By inspection, in the case of the GCA alge-
bra Cl;/3 one finds that ejezes + cyclic permutation = (1 + 2w)e;jeges which is
neither zero nor is proportional to the unit element e. Whereas, by including all
the 6 terms of the permutation ejeses3 + ... = 0, one obtains a vanishing result
as displayed in eq-(7d).

The existence and particular properties of the cubic Grassmann and Clifford
algebras studied by Kerner [7] were used to define cubic roots of linear differ-
ential operators which clearly dif fer from the operators found in our previous
work [9]. For more on cubic forms and algebras with cubic constitutive relations
see [8].

The curved space version of eq-(12a) requires the introduction of a vierbein
(frame fields) e}, (v = 1,2,...d;i = 1,2,...,d) where e, = el,e; are the d-
dim curved space GCA generators such that the generalized anti-commutator
with N entries in eq-(12a) can be rewritten in terms of the curved space GCA
generators as

{€ps€usr€uss - s €unt = €ui€pseus .. €uy + permutations = N gy, .y €

(12b)
The curved space rank-N metric g, ,.... is defined in terms of the flat space
rank-N metric 7,4,y a8

Gpipz..pn = 6211 ejtzz eifz s e:ﬁv Mivizis..in- (120)
and is just a generalization of the relation g,, = GZ Imij between the_tangent
space 7);; and curved space g,,, metric via the vierbein (frame fields) ej,.
Despite that the N-th norm ds(yy is not equal to the quadratic norm dsg)

dsvy = [ (de)N + (de)V + ...+ (dzg)V ¥ #
dsizy = [ (dz1)? + (dz2)® + ... + (dzg)? ]2 (13)
one can still define the following integral associated with the real-valued trajec-
tories x; = z;(7),i = 1,2,3,...,d of a particle moving in d-dim real Euclidean

space as

[ason = [artE2y + G2y o EVE

Like in Finsler geometry, one may define a generalized arc length as

S dxt dzh dxt? dx'~
/dS(N) = / dr L = / dT[g’iliQig../L'N(xl77) ]%

dr’ dr dr dr
, , (15a)
Under scalings of the velocities Cfi—f — )‘% the integrand scales as £ — A\L; i.e.
the integrand £ is a homogeneous function of unit weight if the components of



the rank N metric tensor gi,iyi,...in (¢°, %) are homogeneous functions of zero

R —

weight such that x‘i%(ghm&._m) =0, with ' = ¢, and leading to

1 oN LN
N! 9z 9zt ... Q%N
The analog of the analytical continuation (Wick rotation) from a Euclidean

to Lorentzian signature is attained now by performing the transformation e; —
(—=1)/Ney =&, = N = —e, such that

(15b)

giligig...i]\] (xi7 x") =

(erdxy + eadry + ... + eqdrg) = e[— (dx)N + (do2)™ + ... + (dzg)N]
(16)
with 7111 = —1 and 722..2 = 133.3 = ... = Ngd..a = 1.

2 Dirac operators, Generalized Clifford Spaces
and Spectral Geometry

A Clifford Space (C-space) associated with a real quadratic Clifford algebra
in d-dimensions is characterized by the Clifford-algebra-valued coordinate X, a
polyvector, which admits the following decomposition

X =2z1 + x, I Ty oo bk Ty i Ve (17)

where z is a scalar, x, is a vector, x,,,, = —Tu,u, i a bivector, T, .,
is a trivector (antisymmetric in all of its indices), and so forth. In order to
avoid introducing combinatorial numerical factors one may impose the ordering
prescription p; < po < f3.... To match physical units in the terms of eq-(17)
one is required to introduce suitable powers of a fiducial length scale which can
be chosen to be the Planck scale L p and which can be set to unity after adopting
a geometric system of units h =c=G = 1.

The reversal operation X on X is defined by reversing the order of the indices
of the bivector y#1#2 generator, trivector y#1#2H3 generator, ... giving y*2H1,
yHsk2kr o respectively. Given the reversal operation, the quadratic norm-
squared of the Clifford-valued differential dX is given by the scalar part of the
Clifford geometric product of dX with dX

[AX|? = (dX dX) = de? + d, de” + do, do + ...

A%y g g dattH2 P Lp =1 (18)

The brackets (...) in eq-(18) denote extracting the scalar part of the geometric
product.

In the case of complex Clifford algebras the coordinates are complex-valued
and the norm squared is now given by

1AY[? = (dY'dY) = dy"dy + (dy.)" (dy") + (dyw)" (dy™) + ...



(@Wprps..pa)” (dytrH2 1) (19)

where dY' is the Hermitian conjugate of dY obtained by a reversal operation
followed by a complex conjugation of the coordinates.

In the most general scenario, the norm squared ||Y||? is preserved under the
transformations

Y -5Y = exp(R)Y exp(-R) = (YY) = [|[Y|? =
(exp(R) YT exp(—R) exp(R) Y exp(-R)) = (exp(R) Y'Y exp(-R)) =
(Y'y) = [Y[*; R =-R (20)

resulting from the cyclicity property of the bracket operation (ABC) = (BC A) =
(CAB) and involving the unitary transformations via the Clifford-valued oper-
ator UT = U~ defined in terms of the rotor operator as U = exp(R), such
that the rotor R is anti-Hermitian RT = —R.. Given a Clifford-valued rotor R
polyvector

R = 61 + g,u ,YM + £M1H2 ’yullw + §M1H2~~P«d IYHIHQWH(! (21)

the condition RT = —R will impose certain constraints on the complex-valued
parameters &, &, &, uss - - -» Which are the C-space extension of the rotation and
boost rapidity parameters of the Lorentz transformations associated with the
group SO(d—1,1) in a d-dim Minkowski spacetime. For example, given &, v*",
under complex conjugation and reversal it gives —(£,,,)*y*”, and after equating
it with —&,,v*" one learns that (£,,)* = {,, = real. Hence, in this way one
finds that the £’s parameters are either real or purely imaginary. For instance, &,
is purely imaginary. In the case of GCA’s the constraints among the parameters
are more complicated as we shall see below.

The study of Clifford spaces (C-spaces) associated with ordinary quadratic
Clifford algebras, and the construction of an Extended Relativity theory in
such spaces, based on the generalizations of the translations, rotations and
boosts transformations in Minkowski spacetime, can be found in [14]. The C-
space transformations of the polyvector-valued coordinates were interpreted by
[14] as generalized transformations that map line, area, volume, hyper-volume
intervals among each other and which correspond collectively to the evolu-
tion of points (worldlines), strings (worldsheets), membranes (world volumes),
p—branes (world hyper-volumes), respectively. One of the interesting features
of the curved C-space geometry is that the scalar curvature in C-space could
be decomposed into the sum of the ordinary Riemannian scalar curvature plus
higher powers of the curvature tensor (higher curvature gravity) [14]. For a
recent and mathematically rigorous treatment of the formal geometry on differ-
entiable graded manifolds involving polyvectors and polydifferential forms see
[15].

Turning attention to Generalized Clifford Algebras (GCA), a generalized
Clifford Space associated with a complexr ternary Clifford algebra in d = 2
dimensions is characterized by the complex ternary Clifford-algebra-valued co-
ordinate



Y = eyoo + €1 Y10 + €2 yo1 + €1 e2 y11 +
€l Y20 + € Yoo + € ex Y21 + €1 €3 Y12 + €] €3 Yoo (22)

comprised of the following 3% = 9 complez-valued coordinate components

Yavr = { vo0, Y10, Yo1, Y11, Y20, Yo2, Y21, Y12, Y22 }, Y € C (23)

Once again, concerning the physical units of the components of eq-(22), one
would then require again to introduce suitable judicious powers of Lp in front of
the components of Y in eq-(22) in order to match physical units. For example,
Yoo is dimensionless; y10, yo1 have units of length [L]. y11, Y20, Yo2 have units of
[L?]. y21,y12 have units of [L3]. And o2 has units of [L?]. Setting Lp = 1
simplifies matters so that we don’t have to write explicitly the powers of Lp.

There is a one-to-one correspondence among the Y3, components in eq-(23)
with the tensorial coordinates of different ranks. ygo is a scalar. yig,yo1 cor-
respond to the vector components 21, 22. Y11, Y20, Yoz correspond to the second
rank tensor components 212, 211, 222. Y21, Y12 correspond to the rank-3 tensor
components z112, z122. And yso to the rank-4 tensor components z1122. Clearly,
there is a difference between the nature of the components in eqs-(22,23) with
those belonging to a quadratic Clifford algebra-valued polyvector comprised of
a scalar, pseudo-scalar, vector, and antisymmmetric tensors of different ranks.

The Hermitian conjugate YT of Y is defined in [6] by replacing the complex
coordinates in eqs-(22,23) by their complex conjugates Y — (Yar)*, and by
replacing the generators, and their products, by their inverses as follows

e1 —ell, ex eyt eres = (eren)t @2 = (e3)7h L, eled (2 ed)!

(24)
In the very special case of quadratic Clifford algebras e? = e foralli = 1,2,...,d;
eiej = —eje;, i < j, replacing the products of the generators by their inverses is

tantamount of performing the reversal operation. For instance,

(e1 62)_1 = eye; = (e 62)_1 €163 = ese1€1€2 = egeey = e, ... (25)

as a result of

(e1) " =e1, (e2) ' =ea (e1e2)" = (e2)7' (€)' = e2en (26)

since €2 = €3 =e.

The Hermitian conjugation operation allows to define the norm-squared of
Y in terms of the following inner product given by [6]

Y[ =YY

(YT Y)o = lyool® + |y10l® + |yor> + ... [ya2® (27)



Let us study the conditions on the rotor parameters in the case of GCA’s
such that Rt = —R under the Hermitian operation involving the complex conju-
gation of the coefficients and inversion of the generators and their products. The
rotor operator associated with a complex ternary Clifford algebra in d = 2 di-
mensions is characterized by the complex ternary Clifford-algebra-valued quan-
tity

R =¢e&o + e1 &0 + e2é1 + e1e2én1 +
el oo + €5 + € ex o1 + er €5 &1a + €2 €3 Ean (28)

where all the parameters in (28) are dimensionless. The Hermitian conjugate is

= e (0)" + (e))™! (&0)" + (e2)™' (&o1)* + (e e2)™" (&11)

()™ (€20)" + (€3) 7 (o2)" + (el ea) ™" (€o1)" + (ex €3) ™" (€12)" + (ef €3) 7" (€22)*
(29)
Let us provide some examples of the constraints among the parameters in
order to obey the condition Rf = —R. One finds, for example, that given

(e1e)™ =weles = (En)weies = —&neiez= (1) = —w &n

(30)
it leads to a constraint between the complex valued coefficients £;1 and &os.
From

(e)™' =€l = ()" el = —&oel = (&) = — &0 (31)

it leads to a constraint between the complex valued coeflicients £; and £59; and
so forth. In this way one finds the constraints among all the rotor parameters
in order for the rotor to satisfy the anti-Hermitian Rf = —R condition. The
scalar parameter oo obeys (o)™ = —&po; i.€ it is pure imaginary.

Having discussed the basic geometrical properties of Clifford spaces and their
generalizations, we finalize with some remarks about Dirac operators in spectral
geometry [10]. The Dirac operator associated with the quadratic Clifford alge-
bras has been essential in Connes’ work in Noncommutative Geometry over the
past decades [10], [11]. More recent references can be found in [12], [13]. The
basic data of spectral geometry is encoded in a spectral triple T = (A, H, D),
consisting of an algebra A that captures the topological data, a Hilbert space
H, and a generalized Dirac operator D : H — H which encodes the metric data.

Starting from a Riemannian manifold (M, g) with a spin structure, we can
represent the algebra A on the Hilbert space H of square-integrable sections of
the complex spin bundle S — M; i.e. spinors. The curved space Dirac operator
D = iy#*V,, acts on these spinors. We may then recover the Riemannian line
element ds? = guvdx*dx” from the Dirac propagator via the correspondence
ds <+ D!, and the geodesic distance formula can now be rewritten in a purely
algebraic fashion as follows [10]



d(z,y) = suprea {|f(x) = W) | ID, fIl <1} (32)

The intuition behind this formula (32) was recently explained by [12] and is
that one can always find a function f : M — C with a finite difference of its
values on two points z,y € M such that |f(x)— f(y)| = d(x, y). This is achieved
by looking at all functions whose gradients on M are bounded from above by
1, and then selecting the one which maximizes the distance between the two
points. The Dirac operator D provides a suitable gradient. Self-adjointness of
D guarantees that ds®> > 0 [12]. The Dirac operator was essential in construct-
ing the spectral action whose asymptotic expansion generated the curvature
invariants of the gravitational and Yang-Mills theories and leading to a unifica-
tion prospect of gravity with the Standard Model. See [10], [11], and the recent
references [12], [13] for all the technical details.

A Dirac-like operator D based on the GCA in d-dimensions and correspond-
ing to the N-th root of unity, Clcl/N, was defined in [2], [9] as

L = €101 + €02 + ... + eq04 (33a)
with 01 = %, Oy = 6%2, e, 0q = %, and where we have omitted the explicit

i factors, and it obeys the relation [2], [9]
LY = (e101 + €200 + ...+ egda)™ = e [(0)N + (02)N + ...+ (92)™] (33b)

Next we shall define more general Dirac-like operators than L.
The analog of the Dirac operator in C-space comprised of real-valued coor-
dinates is given by

0

0 0
_ .9 .
D=1 sl OxH1k2..fid

Ox Oxh

+ Z‘,ylhuz

6$u1u2 .+ i,ylhuzmud (34)
and it is understood that the first term i(0/0z) contains an implicit factor of
the unit element of the Clifford algebra. Given the above D operator one can
explore the correspondence ||[dX|| ++ D! between the displacement dX and the
inverse D~ of the Dirac operator in the C-space associated with the quadratic
Clifford Algebra. Because the C-space associated with a quadratic real Clifford
algebra in d-dimensions is 2%-dimensional, instead of having the algebra A of
functions f : M — C, one has now an algebra of functions from a 2?-dim space
M to the complex numbers M — C. And one can proceed in a similar fashion
to write the geodesic distance formula in a purely algebraic fashion as in eq-(32).

Let us proceed now with the study of the Dirac operators in the General-
ized Clifford spaces associated with GCA’s. The analog of the Dirac operator
involving real coordinates and corresponding to a ternary Clifford algebra in
d = 2 dimensions is given by

10



0 0 0 0 0
2 2 ;2 L2 2.2
1 ej o0 +1 €5 o3 +1 efes . +1 ere; 1o + 1 eje; o (35)

The GCA-valued differential is

DX = edxoo + e d.’ElO + e d:rm + e1 eo diUu +
e% dxog + e% dxrga + 6% es dro1 + e e% dria + ef eg dxon (36)

and from eq-(36) one can infer that the quadratic norm is

(dY)? = [IDX|]* = (dwgo)® + (dw10)® + (dwo1)® + (dw11)® +

(d$20)2 + (d$02)2 + (dl‘gl)Q + (dl‘m)z + (d$22)2 (37)

such that one can explore the correspondence dY <> D~! between the displace-
ment dY and the inverse D~! of the generalized Dirac operator in eq-(35) as-

sociated with the Generalized Clifford Algebra Clé/ % The generalized Clifford-
space associated with a GCA C’l}i/ Nis N 4_dimensional, so instead of having the
algebra A of functions f : M — C, one has now an algebra of functions from a
N4-dim space M to the complex numbers M — C. And, once again, one can
proceed in a similar fashion to write the geodesic distance formula in a purely

algebraic fashion as in eq-(33).

3 Fuzzy Torus, Noncommutative Spaces and GCAs

An element A of the GCA C’lé/N in d = 2 associated with the N-th root of
unity can be expanded in powers of the two generators e, ey as follows

G k=N—1
A = el eh (38)
= Ujk €1 €3
5.k=0

The GCA Cl;/N is N2-dimensional and is isomorphic to the u(N) algebra of
unitary N x N matrices. A N x N matrix representation of the eq, eo generators
is given by the shift V and clock U matrices, respectively. For instance, when
N =3, w=€2"/3 the V and U matrices are given by

(39a)

o o O~ O

(390)
and obey the relations

11



VU = wUV, U>=V3=13.3, UU' =UU =133, VVI=VIV =15,34

(40)
The Weyl braiding matrix W is given by
1 1 1
W = 1 w w? (41)
1 w? w

and it obeys the relationship W= 'VW =U = VW = WU.
For other values of N corresponding to the GCA Cl;/ N one has

VU = wUV = ™V vy, UN =vY =1y4n,
UUt=UU = 1nen, VVIi=VIV =1400n (42)

The N x N clock matrix is U = diag (1,w,w? w?,...,wN"1). And the N x N
shift matrix V' has the same form as in eq-(39a) with 1’s off-the-main diagonal
and 1 in the very last row and first column.

The relations (42) are the same as the algebraic relations used to define the
noncommutative fuzzy torus T3 in terms of the noncommutative (dimensionless)
coordinates (Hermitian operators) @, ¢ obeying [16], [12]

2mi ) _ 2m

[ﬁ,ﬁ]:W1:291,0fN

where 1 is the Hermitian unit operator commuting with @, 0 and that must
be introduced in the right hand side of (43). Because the commutator of two
Hermitian operators is anti-Hermitian, the right hand side (43) must contain an
1 factor times the unit Hermitian operator 1. The noncommutativity parameter

0 is identified with the angle 6 = QW” After setting the correspondence

(43)

U e Ve (44)
and recurring to the Baker-Campbell-Hausdorff formula in the special case that
the commutator of two operators [X, Y] is central; i.e [X, [X, Y]] = [V, [X,Y]] =

0, one finds the following correspondence between the algebra involving the
operators 1, 9, 1 and the algebra involving the N x N matrices U,V !

el it — Qla0] it Giv _ JEEL il giv 01 il iD o
VU = wUV = /N yU = % vu (45)

after establishing the correspondence between the exponential exp(i61) involv-
ing the unit operator 1 with the phase factor exp(27i/N) = exp(if). Therefore,

I This results from exp(X) exp(Y) = exp(X +Y + %[X, Y1), and exp(Y') exp(X) = exp(Y +
X — 1[X,Y]) after multiplying the latter terms by exp([X,Y]), when [X,Y] is central, (it
commutes with X and Y')
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the GCA CZ;/ N captures the noncommutative algebra associated with the fuzzy
torus for all values of N.
A more general family of GCAs is obtained from the relations

€ e = wij € €, 1<]J; e{vzeévzeévz...:eév:e, i,7=1,2,...,d
(46)
with
211 _
wij = exp(WTij): wy =1, Tji=-Tj; = wj = Wijl (47)

and where the entries T;; of the antisymmetric d x d matrix T are comprised
of integers®. One finds that in this more general case the numerical relations
obtained in section 1 would have to be modi fied because one does not have any
longer at our disposal a unique value for w given by the N-th root of unity but
a set of many different values of w;;.

The GCAs defined in eqs-(46,47) capture the algebra of the noncommuta-
tive coordinates &1, Zo, I3, ..., Tq associated with the fuzzy d-dim torus T% of
topology S x S x ... x S', and given by

T Ay

2k 2 _Z'@LL?)
Ry’ Ry

[ Ry Ry

| = 1= —i2—7erl 1, kI1=1,23,...,d (48)
N
where ©y; is an antisymmetric d X d matrix whose entries are all constant.
The noncommutative coordinates Z1, o, Z3,...,2q are associated with the d
covering spaces of the d circles given by d real lines, respectively. After imposing
the correspondence ej, — e/ Br ¢ — ¢i@1/B1 where Ry, R; are the radii of the
respective circles, and using the Baker-Campbell-Hausdorff formula one ends up
with the following correspondence (dictionary) between the algebra involving the

Tk, 21, 1 operators and the algebra involving the ey, e; generators of the GCA

. . O L? . L
exp(iin/Re) explid/Ri) = exp(iypE1) exp(in/Ry) explize/Ri) <
J
271 2 O L2
e € = exp(%szl) e e = %Tkl < Rk]llel (49)
The correspondence el = e — ¢N¥i/Fi = 1 — N%/Bi = 1 implies

NO; =2N;m = 0; = 5 = 27 — ¢, = D (27R;), with j = 1,2,...,d, and

Ni,Na,..., Ny are integers with N; < N. A given array of chosen integers
{N1,Ns,..., N4} corresponds to a given array of points x1,xa, ..., x4 on d real
lines covering the d circles S x S'... x S of the fuzzy torus T‘é.

I =

2The integer entries of the matrix T must not divide N if one is to assume that the
generators e; do not commute
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The c-number 0; = %(2@ < 27 is the angle defined by 1% where z; is the
classical coordinate variable associated with the noncommutative coordinate
operator £;. For example, setting N; = 1 for all values of j = 1,2,...,d, one
has that the classical coordinates of a point P inside a d-dim cell are P =
2W”(Rl, Rs,...,Rq). For other values of N; one has that the coordinates of the
array of points inside the d-dim cell are QW”(NlRl, NaRs,...,NqRy).

It is well known that to define an angle operator 6 in Quantum Mechanics
is problematic due that angles wrap around circles but a standard operator re-
quires a non-periodic, continuous spectrum, leading to contradictions. Secondly,
if one tries to precisely define an angular operator 6 it would require an infinite
angular momentum uncertainty due to the uncertainty principle. Namely, a
particle on a circle or sphere cannot have a perfectly defined angle and angular
momentum simultaneously. For this reason one must have the correspondence
described in the manner as shown above where the angles are classical commut-
ing quantities (c-numbers).

There are three interesting cases to explore from the last terms in eq-(49) :

Case (i) : If one sets the radii of the circles S*x S x...x S of the torus Tg to
be all equal to the Planck length Lp, then the noncommutativity antisymmetric
matrix is given by Oy = %”Tkj. In the N — oo limit, for finite matrix entries in
T}k, then ©5; — 0 and one recovers the classical limit leading to commutative
coordinates. Thus 1/N plays in this case the role of the discretized version of
Planck’s constant h.

Case (ii) : When the areas are quantized in Planck length units as Ry R; =
NL?% = 27T} = O, and in this case the matrix entries of © 1, no longer bear
a relation with N such that ©; is no longer zero in the N — oo limit.

Case (iii) : The Lp — 0 limit also leads to N — oo when R; Ry # 0. In
units of A = ¢ = 1, the Planck length-squared in D = 4 spacetime dimensions
is L2, = G. Hence, Lp — 0 implies Gy — 0. The author [27] has recently
emphasized that the quantum gravity regime is characterized by a finite Newton
constant G, with the semiclassical limit corresponding to Gy — 0. Geometric
concepts fundamental to classical gravity and quantum field theory in curved
spacetime—such as spacetime geometry, causal structure, notions of time, and
local regions—are sharply defined only in the G — 0 limit. The challenge in
quantum gravity is to understand how geometry becomes “fuzzy”as one moves
away from the semiclassical regime [27] .

Furthermore, Liu argued [27] that this latter perspective is the natural one
in the context of Maldacena’s AdS/CFT duality, where quantum gravity in an
asymptotically anti-de Sitter (AdS) spacetime is described by a conformal field
theory (CFT) living on its boundary. The quantum gravity regime with a finite
Gy corresponds to a CFT with a finite value of the N parameter character-
izing the number of degrees of freedom, and the semi-classical Gy — 0 limit
corresponds to taking N — oo. Despite that the meaning of the parameter N
is dif ferent from the one studied in this work, in both cases the Gy — 0 limit
corresponds to a N — oo limit.

Concluding, when the entries of the antisymmetric matrix ©y; are comprised
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of constants, one has found a direct relation between the GCAs described by eqs-
(46,47) and the noncommutative algebra of the fuzzy d-dim torus T¢ described
by the first line in eq-(49).

GCA’s also appear in condensed matter physics. Given an electron of charge
e and mass m moving in a crystal lattice under the influence of an external con-
stant homogeneous magnetic field B , the Hamiltonian is not invariant under the
lattice translation group, but now the invariance group is the so-called magnetic
translation group with its generators 71, 72, 73 obeying a GCA [2] (section 11)

Tj T = exp(i©jr) Tk T; (50)

where Oy, is proportional to the magnetic flux E'(dj x dy) through the plane @; x
dr spanned by the primitive lattice vectors @;, d, = @1, d2,ds3. The generators
are plane-wave like 7; = exp(id; - (p — eA)), where A is the magnetic vector
potential and p'is the electron momentum.

GCAs have also found applications in the study of quantum groups when
q is a primitive root of unity [17]. An N x N linear transformation matrix M
acting on the noncommutative N-dimensional Manin vector space and its dual
is a member of the quantum group GL,(N) if its noncommuting elements M
satisfy certain commutation relations that are already GCA-like, or Heisenberg-
Weyl-ike [2], [17]. This formalism was extended to the two-parameter quantum
group GL, ,(2) and the two-parameter quantum supergroup GL, ,(1|1) [18].

4 Conclusions and Outlook

To summarize the results of this work :

In section 1 a careful study of the simplest family of GCAs associated with
the N-th root of unity in d-dimensions allowed us to show that the following
generalized anti-commutator with N entries leads to

{€i11€igy Cigye vy Cin} = €5,€i,€40 ...€in + permutations = N1, iy €

where all the N! terms of the permutations appear with the same positive sign.
The components of the rank-/N metric are 1;,4,..., = 1, iff i1 =19 =i3... = ip,
and 0 otherwise. The range of the indices 41,49, ...ix is 1,2,...,d. The curved
space version of the generalized anti-commutator relation was provided by eq-
(12b). We proceeded to eq-(11) which provided the justification to explore
the N-th norm extensions of the quadratic norm and to write down a gen-
eralized Finsler-like arc-length based on the rank-N metric and displayed in
eqs-(15a,15b).

In section 2 we constructed the different expressions of the Dirac operators
associated with the (Generalized) Clifford Spaces in connection with the study
of Spectral Geometry in Noncommutative Geometry, and which is based on
the correspondence between the geodesic distance and the inverse of the Dirac
operator (a fermion propagator). It remains to study further the versions of
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the spectral actions in the (Generalized) Clifford Spaces built from these Dirac
operators and to explore their physical significance.

The generalized anti-commutators (12a,12b) are special types of an N-ary
algebraic structure. N-ary algebras have all sorts of applications in Mathematics
and Physics [19]. Nambu mechanics is based on a Jacobian which is an extension
of the Poisson bracket [20]. The N-ary bracket was essential in the construction
of closed String Field Theory [21] and whose mathematical framework relies on
the notion of operads developed by [22], and on strong homotopy algebras Lie
algebras Lo, [23]. Tensorial coordinates are natural in (Generalized) Clifford
Spaces as shown in eqs-(17,22,23). They also appear in the work of [24] based
on the infinite-dimensional Fy; algebra.

In section 3 we displayed the relations (45,49) among the GCAs and the
algebras underlying the noncommutative fuzzy torus in d > 2 and discussed
applications in condensed matter and quantum groups [2]. The authors [25]
have shown that metastring theory gives rise to a quantum structure coined
“modular space-time”. These modular spaces are compact cells in phase space
and carry units of symplectic flux, exactly in the same way as the relations
displayed in eqs-(45,50), which are special cases of the more general equations
depicted in eq-(49). The findings by [25] were based on the work on modular
variables in Quantum Theory by [26]. For all these reasons described in this
work, we hope that GCA’s will play an important role in future developments
in Mathematics and Physics.
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