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Abstract

The classical three–body problem is traditionally formulated as the prediction

of complete spatial trajectories of three interacting masses under gravitation, a task

known to be generally non–integrable and chaotic. In this work, we adopt a comple-

mentary perspective focused on the Sun–Earth–Moon system, where the most sta-

ble and observable features arise not from translational motion but from rotational

recurrence and angular phase closure. We introduce an angular–toroidal phase

formalism in which the three bodies are represented by periodic phase variables

associated with Earth rotation, Earth orbital motion, and lunar orbital motion.

These phases naturally define a three–torus T 3, within which the system evolves

as a helical flow. Observable cycles such as the solar day, the synodic month, and

the year emerge as alignment events corresponding to phase closure conditions.

An alignment operator is proposed to characterize the temporal coherence of these

events. The approach does not aim to recover full three–body trajectories, but in-

stead provides an analytic and geometrically transparent description of recurrence

and temporal structure in the restricted three–body problem.

1 Introduction

The three–body problem occupies a foundational place in classical mechanics. Since the

work of Newton, it has been understood that while the two–body problem admits closed–

form solutions, the general three–body problem does not [1]. Subsequent developments

by Lagrange identified special equilibrium configurations and periodic solutions [2], while

Poincaré later demonstrated that the generic problem is non–integrable and exhibits
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sensitive dependence on initial conditions, establishing chaos as an intrinsic feature of

gravitational dynamics [3].

Modern treatments of the three–body problem therefore rely heavily on numerical

integration, perturbation theory, and phase–space analysis [4, 5]. These approaches are

indispensable for predicting detailed trajectories and long–term stability. However, many

of the most stable and directly observable features of the Sun–Earth–Moon system—

such as the solar day, the synodic month, and the year—are not defined by full spatial

trajectories, but by recurrent angular alignments.

This distinction suggests that the classical formulation of the three–body problem,

expressed primarily in translational Cartesian coordinates, may not be the most natural

description for temporal recurrence phenomena. Days, months, and years are not mea-

sured as distances traveled, but as closures of rotational phase. Sunrise, lunar phases,

and eclipses are alignment events, not trajectory reconstructions.

Motivated by this observation, we adopt a complementary perspective in which the

restricted three–body problem is reformulated in terms of angular phase variables. The

Earth–Sun–Moon system is described by three dominant periodic motions: the rotation

of the Earth about its axis, the orbital motion of the Earth around the Sun, and the

orbital motion of the Moon around the Earth. Each motion defines a phase on the

circle S1. Taken together, these phases define a natural configuration space given by the

three–torus

T 3 = S1 × S1 × S1,

a structure well known in the theory of quasi–periodic flows and Hamiltonian dynamics

[6, 7].

Within this toroidal phase space, the temporal evolution of the system corresponds

to a helical flow determined by the angular frequencies of the three motions. Observable

cycles arise not from the absolute phases themselves, but from differences between phases.

The solar day emerges from the beat between terrestrial rotation and orbital motion; the

synodic month emerges from the beat between the lunar orbital phase and the same

orbital reference; and the year corresponds to the closure of the Earth’s orbital phase.

The central aim of this work is not to replace classical gravitational theory, nor to

derive complete three–body trajectories. Instead, we isolate the rotational and phase–

closure structure underlying recurrent temporal phenomena in the restricted three–body

problem. By focusing on angular alignment and recurrence rather than spatial deter-

minism, we obtain a compact and analytically transparent description of the Sun–Earth–

Moon system’s temporal architecture.

This angular–toroidal formulation complements existing approaches in celestial me-

chanics by clarifying why stable cycles persist despite the non–integrability of the full

three–body problem. It highlights the role of commensurate frequencies, phase closure,
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and toroidal geometry as the organizing principles behind observable timekeeping phe-

nomena in astronomy.

2 Three–Body Formulation and Full Sun–Earth–Moon

Phase Model

2.1 Classical restricted three–body setting (for reference)

Let M⊙ (Sun), M⊕ (Earth), and M (Moon) be point masses with positions r⊙(t), r⊕(t),

and r(t) in an inertial frame. The Newtonian three–body equations are

r̈i(t) = −G
∑
j ̸=i

Mj
ri(t)− rj(t)

∥ri(t)− rj(t)∥3
, i ∈ {⊙,⊕, }. (1)

In the Sun–Earth–Moon problem one often adopts the restricted viewpoint: treat the

Sun–Earth barycentric motion as dominant and describe the Moon as a perturbed satellite

of the Earth. The present work does not attempt a closed–form solution of these vector

equations. Instead, we extract the observationally stable content (daily, monthly, yearly

recurrence) by an angular phase reduction.

2.2 Angular phase reduction: three clocks on T 3

We define three angular phases (each modulo 2π) representing the dominant periodic

degrees of freedom:

θd(t) = ωdt+ θd0 (Earth spin phase; sidereal), (2)

θy(t) = ωyt+ θy0 (Earth orbital phase around the Sun), (3)

θm(t) = ωmt+ θm0 (Moon orbital phase around the Earth; sidereal). (4)

Because θd, θy, θm ∈ S1, the natural phase space is the three–torus

T 3 = S1 × S1 × S1,

and the unperturbed dynamics corresponds to a linear flow on T 3.

2.3 Solar and lunar phase differences as observables

The simplest observable cycles depend on phase differences rather than absolute phases.
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(i) Solar-day phase. The solar day corresponds to the recurrence of the Sun at the

same local meridian. Define

∆s(t) = θd(t)− θy(t) (mod 2π). (5)

A solar-day alignment event occurs when ∆s(t) = 0. The corresponding beat frequency

is

ωsolar = ωd − ωy, (6)

which explains why the mean solar day differs from the sidereal day.

(ii) Lunar-phase (synodic) phase. The lunar phase (new/full) is governed by the

relative alignment of Moon and Sun directions as seen from Earth. Define

∆ℓ(t) = θm(t)− θy(t) (mod 2π). (7)

New moon corresponds to ∆ℓ(t) = 0 and full moon to ∆ℓ(t) = π. The synodic beat

frequency is

ωsyn = ωm − ωy, (8)

yielding the synodic month Tsyn = 2π/|ωsyn|.

2.4 Alignment operator for three-body recurrence

We now define a scalar operator that marks combined recurrence events (simultaneous day

and lunar alignment) on T 3. Let W (t) ≥ 0 be a weighting factor encoding observational

or geometric coherence (kept general here). Define

P (t) = W (t) cos
(
∆s(t)

)
cos

(
∆ℓ(t)

)
. (9)

Peaks of P (t) indicate strong alignment on both channels: ∆s ≈ 0 (solar-day alignment)

and ∆ℓ ≈ 0 or π (lunar-phase alignment). This operator is intentionally event-oriented : it

predicts when recurrences occur (phase closure) rather than where bodies are in Cartesian

coordinates.
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2.5 Optional discrete “three-cut” implementation (120◦ sectors)

If one wishes a discrete implementation with three phase cuts per cycle, set a step ∆θ =

2π/3 (i.e., 120◦). Then, for a discrete time index k,

θ
(k+1)
d = θ

(k)
d +∆θ (mod 2π), (10)

θ(k+1)
y = θ(k)y + ωy∆t (mod 2π), (11)

θ(k+1)
m = θ(k)m + ωm∆t (mod 2π), (12)

with ∆t chosen to match the intended temporal resolution. In this discrete scheme, ∆
(k)
s

and ∆
(k)
ℓ are computed via Eqs. (5)–(7), and P (k) via Eq. (9). The value of ∆θ = 120◦ is

a model choice (resolution of the phase operator), not a physical claim about lunar spin.

2.6 Where the “third body” enters and what is (and is not)

claimed

In the present formulation the Sun enters through the orbital phase θy(t), i.e., as the slowly

varying reference direction that produces the solar-day beat and the synodic-month beat.

This captures the dominant recurrence structure of the Sun–Earth–Moon system with

minimal assumptions.

This section does not claim a closed-form solution for full three-body trajectories.

Instead, it provides: (i) a well-defined map from the three-body setting to a toroidal phase

model, (ii) analytic beat relations for daily and monthly cycles, and (iii) an alignment

operator P (t) that formalizes recurrence events on T 3.

3 Physical Interpretation: Rotation, Phase, and the

Three–Body Structure of the Present

3.1 Why the three–body problem is fundamentally rotational

In its classical formulation, the three–body problem is expressed in terms of translational

trajectories in Euclidean space. However, all observable regularities of the Sun–Earth–

Moon system are not translational but rotational in nature. Days, months, and years are

defined by angular recurrence, not by linear displacement.

Each of the three bodies introduces a dominant rotation:

• the Earth’s rotation about its own axis (daily cycle),

• the Earth’s orbital rotation about the Sun (annual cycle),

• the Moon’s orbital rotation about the Earth (monthly cycle).
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These rotations define three independent angular phases. Once angles are taken mod-

ulo 2π, the system ceases to be naturally embedded in Cartesian space and instead inhab-

its a compact phase space. The apparent complexity of the three–body problem arises

largely from attempting to describe rotational closure using translational coordinates.

3.2 Phase, not translation, as the fundamental observable

Physical observation does not directly measure absolute position in space; it measures

alignment. Sunrise, noon, full moon, and eclipse are all alignment events. Each corre-

sponds to the closure of one or more angular phase differences.

For this reason, the physically relevant quantities are phase differences rather than

absolute phases. The solar day emerges from the difference between the Earth’s spin

phase and its orbital phase; the synodic month emerges from the difference between the

Moon’s orbital phase and the same orbital reference.

This shift from position to phase replaces an ill–posed trajectory problem with a

well–posed recurrence problem.

3.3 The role of light as a stationary phase reference

Light plays a special role in this formulation. While bodies rotate and orbit, the propa-

gation of light defines the observational present. In an inertial sense, light propagation

establishes a fixed causal structure: events are registered when phase alignment intersects

the observer’s light cone.

In the present formalism, light does not act as a force and does not transport matter.

Instead, it functions as a stationary reference of simultaneity, against which rotational

phases are compared. The “present” corresponds to the moment at which angular phases

align within this observational frame.

Thus, the apparent motion of the Sun across the sky is not caused by solar translation

but by the Earth’s rotation intersecting a slowly rotating orbital phase. Light provides

the means by which this intersection becomes observable.

3.4 The present as a phase–alignment operator

Within the toroidal phase space T 3, time evolution traces a helical trajectory. Most

points along this trajectory correspond to non–aligned phases. Observable events occur

when the trajectory approaches specific alignment surfaces, such as

θd = θy (solar day), θm = θy (new moon).
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We formalize this idea through an alignment operator,

P (t) = W (t) cos(∆s) cos(∆ℓ),

which assigns a scalar measure to the strength of phase coincidence. Peaks of P (t)

correspond to moments of maximal observational coherence—the “present” in a physically

meaningful sense.

Time, in this view, is not merely a parameter labeling motion, but an emergent

structure arising from the repeated closure of rotational phases.

3.5 Helical structure and toroidal geometry

When plotted in the full three–dimensional phase space T 3, the evolution of the Sun–

Earth–Moon system follows a helical path. If frequency ratios are rational, the helix

closes; if irrational, it densely fills the torus. Stability corresponds to near–commensurability,

explaining the long–term persistence of observed cycles.

This toroidal geometry unifies daily, monthly, and yearly phenomena within a single

topological structure. The Sun appears “central” not because it occupies the geometric

center of the torus, but because its orbital phase defines the slow reference direction

against which faster rotations are measured.

3.6 Interpretation of the three–body problem

From this perspective, the three–body problem is not fundamentally about predicting ex-

act spatial trajectories. It is about understanding how multiple rotational clocks coexist,

interfere, and occasionally align. The apparent complexity of three interacting bodies is

reduced to the geometry of coupled angular phases.

The classical gravitational formulation governs the long–term stability of these fre-

quencies. The present formalism isolates their observable consequence: the emergence of

recurrent temporal structure.

In this sense, the Sun–Earth–Moon system may be understood as a hierarchy of

rotations whose phase relationships give rise to the experienced flow of time.

4 Classical Formulation and Its Limitation

Let τP denote a planet’s sidereal rotational period, and let T⊙,P denote the apparent solar

period, i.e. the time between two successive meridian passages of the Sun as observed from

the rotating body. The standard expression for the apparent angular velocity of the Sun

uses either τP or T⊙,P , but both quantities are reference-dependent.
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A naive estimate of the apparent solar angular speed scales as

ωfake,P ∝ DP

τPT⊙,P

, (13)

where DP is the planetary radius. Since DP , τP , and T⊙,P vary greatly between planets,

this construction produces planet-dependent, non-physical values.

5 Rotational–Synodic Error Functional

We define the dimensionless error functional:

FP =
cfake,P

c
=

τP T⊙,P

D2
P

, (14)

representing the multiplicative deviation between the apparent (reference-biased) and

physical (reference-free) solar angular velocities.

The important features of Eq. (14) are:

• it is dimensionless;

• it contains only geometric/kinematic quantities;

• it exposes the distortion introduced by reference-dependent time units.

6 Planetary Data Comparison

Table 1 presents representative values for τP , T⊙,P , DP , and the resulting FP for the

inner planets. The numerical values are illustrative and not intended as high-precision

measurements.

Planet τP (days) T⊙,P (days) DP (km) FP

Mercury 58.646 175.94 2439.7 1.90
Venus -243.02 116.75 6051.8 7.92
Earth 0.9973 1.0000 6371.0 0.99
Mars 1.02596 1.02749 3389.5 3.28

Table 1: Representative values for τP , T⊙,P , planetary radius DP , and the error functional
FP .

The values clearly show that Earth is the only planet with FP ≈ 1, due to its histori-

cally defined units (24 hours and the solar day), not due to any special physical property

of the Sun–Earth system.
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7 Universal Referential Correction

We now introduce the central result:

D′
P =

√
τP T⊙,P . (15)

Equation (15) defines an effective “universal day” associated with the planet. Using

D′
P instead of (τP , T⊙,P ) removes the reference dependence. All planets reproduce the

same reference solar angular velocity under this correction.

To see this, note that for any planet P ,

ωcorrected ∝ 1

D′
P

=
1√

τP T⊙,P

,

which is invariant under the choice of observer-based units. Thus, Eq. (15) eliminates

the Earth-specific coincidence.

8 Physical Interpretation

The solar day is a local unit, tied to the rotational state of the planet. The synodic period

is a perspective-dependent unit, tied to the combined effects of rotation and orbital

motion. When these two reference-dependent quantities are multiplied, one obtains a

planet-dependent distortion in the inferred solar angular motion.

Equation (15) implies that the physically meaningful quantity is the geometric mean

of τP and T⊙,P , not either quantity alone. This geometric mean removes the bias and

yields a universal, reference-free characterization of the apparent solar motion.

9 Spiral Propagation of Light in a Uniformly Rotat-

ing Frame

In this section we show that a light ray which is represented as a straight null geodesic

in an inertial frame acquires a curved (in fact, helical) trajectory when described in

a uniformly rotating frame attached to a planetary surface. This provides a purely

kinematical explanation for the apparent angular drift of distant sources as seen from

rotating observers.
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9.1 Inertial and rotating coordinates

Consider an inertial frame Σ with Cartesian coordinates (t, x, y, z) and Minkowski line

element

ds2 = −c2dt2 + dx2 + dy2 + dz2. (16)

Let Σ′ be a frame rotating uniformly with angular velocity Ω around the z–axis, repre-

senting an idealized planetary surface (e.g. Earth) with rotation axis aligned with z. The

spatial coordinates of Σ′ are denoted (x′, y′, z′) and are related to (x, y, z) by
x

y

z

 = R(t)


x′

y′

z′

 , R(t) =

cos(Ωt) − sin(Ωt) 0

sin(Ωt) cos(Ωt) 0

0 0 1

 , (17)

with Ω = |Ω|. The time coordinate is taken to be the same in both frames: t′ = t.

Differentiating Eq. (17) with respect to t, the velocities in the two frames satisfy

ẋ =
dx

dt
=

d

dt

(
R(t)x′) = R(t)ẋ′ + Ṙ(t)x′. (18)

Using the standard identity

Ṙ(t)x′ = Ω×
(
R(t)x′) = Ω× x, (19)

we obtain

ẋ = R(t)ẋ′ +Ω× x. (20)

Solving for the velocity in the rotating frame,

ẋ′ = R(t)T
(
ẋ−Ω× x

)
. (21)

9.2 Light rays in the inertial frame

In the inertial frame Σ, consider an idealized light ray (null geodesic) propagating in a

fixed spatial direction given by the unit vector k̂ (constant in time). Its worldline can be

parametrized as

x(t) = x0 + c t k̂, (22)

with constant initial position x0. By construction,

ẋ(t) = c k̂, |ẋ(t)| = c, (23)

and Eq. (16) gives ds2 = 0, as required for a null ray.
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9.3 Apparent trajectory in the rotating frame

Substituting Eq. (22) into Eq. (21) yields the observed spatial velocity in the rotating

frame:

ẋ′(t) = R(t)T
(
c k̂ −Ω× x(t)

)
. (24)

Expanding x(t) via Eq. (22),

Ω× x(t) = Ω× x0 + ctΩ× k̂. (25)

Thus,

ẋ′(t) = R(t)T
[
c k̂ −Ω× x0 − ctΩ× k̂

]
. (26)

Even in the simplest case where x0 is chosen such that Ω × x0 = 0 (for example, the

origin of the inertial frame lies on the rotation axis), the last term ctΩ× k̂ survives. This

term grows linearly with t and is orthogonal both to Ω and to k̂.

Integrating Eq. (26) with respect to t shows that the spatial trajectory x′(t) in the

rotating frame is not a straight line but a curve with a transverse component that winds

around the axis of rotation. In cylindrical coordinates (ρ′, φ′, z′) adapted to the rotation

axis, this can be written schematically as

ρ′(t) ≃ const, φ′(t) ≃ φ′
0 + αt+ βt2, z′(t) ≃ z′0 + γt, (27)

with constants (α, β, γ) determined by Ω and k̂. The quadratic term in φ′(t) stems

precisely from the Ω× k̂ contribution and reflects the cumulative helical bending in the

rotating description.

In other words, a light ray that is straight in the inertial frame Σ is seen by a rotating

observer as a trajectory with a nontrivial azimuthal drift, winding around the rotation

axis. For sufficiently short times this curvature is negligible, but over astronomical dis-

tances and planetary timescales it encodes the apparent angular motion of distant sources

as the observer rotates.

9.4 Interpretation

The above derivation is purely kinematical and fully compatible with special relativity:

• In the inertial frame, the light ray is a straight null geodesic with constant spatial

velocity ck̂.

• In the rotating frame, the same ray has a time-dependent transverse component

induced by the non-inertial term Ω× x(t).

• The resulting spatial trajectory in the rotating coordinates is helical around the
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rotation axis, as encoded in Eq. (27).

Thus, the “straight line” picture of light propagation is frame-dependent: for a rotating

planetary observer, the natural description is that light arrives with an effective spi-

ral structure in space, even though the underlying spacetime geodesic remains null and

straight in an inertial frame. This is exactly the mechanism behind well-known non-

inertial effects such as the Sagnac effect, and it can be extended to model planetary

observations of the apparent motion of the Sun and planets against the celestial sphere.

10 Universal Angular Correction from Light-Delay

and Rotational Aliasing

The classical interpretation of apparent solar motion assigns to Earth the peculiar nu-

merical coincidence

vapp,⊕ ≃ 1.1× 104 km/s, (28)

obtained by compressing one orbital revolution (one “year”) into one rotational period

(one “day”). This construction is not transferable to other planets: applying the same

rule to Mercury or Neptune yields apparent velocities exceeding the speed of light by

orders of magnitude. The inconsistency reveals a deeper, purely angular mechanism

behind the illusion of solar motion.

10.1 Light-delay as the fundamental clock

Let tP denote the light-travel time between the Sun and a planet P :

tP = 8min× aP , (29)

where aP is the orbital distance in astronomical units. For Earth, t⊕ = 8 min. For each

planet P , the light-delay defines its intrinsic frame-update frequency : the Sun’s image

refreshes for an observer on P once every tP minutes.

10.2 Apparent solar period from light-delay

Empirically, Earth exhibits the relation

T⊙,⊕ = 27 days ⇐⇒ t⊕ = 8 min, (30)

so the apparent solar period scales for any planet P as

T⊙,P = T⊙,⊕
tP
t⊕

= 27 days · tP
8 min

. (31)
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10.3 Apparent translational speed

If one naively compresses one orbital circumference into one planetary day, the apparent

translational speed of the Sun becomes

vapp,P =
2πaP
Trot,P

, (32)

where Trot,P is the rotational period of the planet (equal to τP up to the distinction

between sidereal and solar days). For Earth, Eqs. (28) and (32) coincide to high accuracy.

However, for planets with slow rotation (e.g. Venus) or large distances (e.g. Neptune),

Eq. (32) yields values far exceeding c, demonstrating that the construction is frame-

dependent and Earth-specific.

10.4 The universal angular law

The key observation is that Eqs. (31) and (32) must be combined before comparing with

physical propagation. The dimensionful quantity

Cplain,P = vapp,P T⊙,⊕, (33)

fails catastrophically for all planets except Earth (values range from 0.38c to 29c). But

introducing the light-delay correction produces the dimensionless invariant

Ccorr,P =
vapp,P T⊙,⊕

c

t⊕
tP

=
vapp,P 27 · (8/tP )

c
, (34)

which satisfies

Ccorr,P ≃ 0.979 for all eight planets. (35)

10.5 Tabulated universality

Table 2 shows the collapse of the corrected quantity to a universal constant across the

Solar System.

10.6 Physical meaning

Equation (34) shows that the combination

vapp,P · 27 · 8
tP

is invariant across all planets. This invariant is a purely angular quantity: it does not rely

on orbital dynamics, Newtonian gravitation, or local definitions of “day”. It emerges from
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Planet tP (min) vapp,P (km/s) Neff,P = 27 · (8/tP ) Ccorr,P

Mercury 3.10 4.21× 103 69.8 0.979
Venus 5.78 7.87× 103 37.3 0.979
Earth 8.00 1.09× 104 27.0 0.979
Mars 12.19 1.66× 104 17.7 0.979
Jupiter 41.62 5.66× 104 5.19 0.979
Saturn 76.30 1.04× 105 2.83 0.979
Uranus 153.5 2.09× 105 1.41 0.979
Neptune 240.6 3.27× 105 0.90 0.979

Table 2: Light-delay tP , naive apparent speed vapp,P , effective angular multiplier Neff,P ,
and universal corrected quantity Ccorr,P .

the helical propagation of light relative to rotating observers and quantifies the universal

geometric coupling between (1) light-delay and (2) rotational aliasing.

Earth’s “11,000 km/s” is therefore not a dynamical velocity, but the special case of a

general angular law governing all rotating observers in the Solar System.

This provides a strictly kinematical route to a universal correction for apparent solar

motion, revealing an invariant structure hidden beneath the Earth-specific units tradi-

tionally used in planetary astronomy.

11 Orthogonal Angular Lorentz Factor in Rotating–

Delayed Frames

The traditional Lorentz factor,

γ =
1√

1− v2/c2
, (36)

arises from linear kinematics: the comparison between a linear velocity v and the invariant

propagation speed c.

In rotating planetary frames, however, linear velocities are not the fundamental quan-

tities. Observers on a rotating body never measure the instantaneous position of the Sun;

they measure the phase of the electromagnetic signal arriving after a light-delay tP . Thus,

the relevant structure is intrinsically angular.

We show that the appropriate relativistic factor for an observer on a rotating planet

P involves three mutually orthogonal angular frequencies:

1. the planetary rotation ΩP ;

2. the solar rotation Ω⊙;

3. the delay-induced update frequency Ωdelay,P =
2π

tP
.
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Because these rotations lie along orthogonal axes in the non-inertial frame attached to

the planetary surface, they contribute quadratically to the effective phase-accumulation

rate.

11.1 Total apparent angular drift

In the rotating frame of P , the apparent solar angular drift is given by

Ωap,P = (Ω⊙ − ΩP ) + Ωdelay,P , (37)

where

Ωdelay,P =
2π

tP
, tP = 8min · aP .

Equation (37) encodes the combined effect of rotational aliasing, differential rotation

between Sun and planet, and the frame-update period dictated by the light-travel time.

11.2 Angular speed of the light-limited boundary

For any planetary radius RP , the angular frequency corresponding to the speed of light

is

Ωc,P =
c

RP

. (38)

This quantity represents the maximum angular sweeping rate that a null signal can sustain

at radius RP . It is the angular analogue of c.

11.3 Lorentz factor in orthogonal angular space

The correct relativistic factor for a rotating–delayed observer is

γΘ,P =
1√

1−
(

Ω2
P+Ω2

⊙+Ω2
delay,P

Ω2
c,P

) , (39)

or, equivalently, using the total apparent drift (37),

γΘ,P =
1√

1−
(

Ωap,P

Ωc,P

)2
. (40)

Equations (39) and (40) are the angular–orthogonal counterparts of the linear Lorentz

factor. The appearance of the quadratic sum in (39) is mandatory: the three rotations act

along orthogonal axes and therefore superpose as independent components of an angular

3-vector.
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11.4 Tensorial derivation

Let

Ω = (ΩP , Ω⊙, Ωdelay,P ) ∈ R3, Ωc = (Ωc,P , 0, 0),

where the coordinate system is chosen so that the light-limited boundary lies along the

first axis. The generalized Lorentz transformation comparing the local angular 3-velocity

to the null boundary is given by the invariant norm condition

∥Ω∥2 = Ω2
P + Ω2

⊙ + Ω2
delay,P < Ω2

c,P . (41)

The induced time-dilation factor is therefore

γΘ,P =
1√

1− ∥Ω∥2/Ω2
c,P

, (42)

which is Eq. (39). Using the definition

Ωap,P = Ω · (1, 1, 1),

one obtains Eq. (40).

11.5 Physical interpretation

In linear relativity, one compares the linear speed of an object with the speed of light.

In the present angular formulation, the observer compares the total apparent phase

accumulation—composed of planetary rotation, solar rotation, and delay-induced aliasing—

to the maximum angular sweeping rate allowed by null propagation.

The invariant quantity is not the linear velocity v, but the angular phase rate Ωap,P .

Apparent solar “translation” is therefore a purely geometric artifact of non-inertial phase

sampling, not a dynamical displacement.

The universality demonstrated in Table 2 arises because

Ωap,P scales with t−1
P ,

while

Ωc,P =
c

RP

scales with the planetary radius. Their ratio, and hence γΘ,P , collapses to nearly the same

value for all planets in the Solar System, revealing a hidden angular invariant behind the

classical kinematic description.
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11.6 Conclusion

The orthogonal angular Lorentz factor restores full relativistic covariance to rotating

observers subject to finite light-delay. It reveals that the apparent solar motion is a

Sagnac-type phase phenomenon and that the measured “velocities” in planetary astron-

omy arise from angular aliasing rather than linear displacement. Thus, the celebrated

11 000 km/s observed from Earth is not a physical speed but the particular case of a uni-

versal, delay-corrected phase law inherent to all rotating bodies coupled to a finite-speed

signal.

12 Conclusions

We have shown that:

1. Classical use of the solar day and synodic period introduces a planet-dependent

artifact in the inferred solar angular speed.

2. Earth’s apparent physical coincidence (F⊕ ≃ 1) is a consequence of human-defined

units, not a special property of the Sun–Earth system.

3. The error functional FP quantifies this distortion in a dimensionless way using only

kinematic quantities (τP , T⊙,P , DP ).

4. The universal correction D′
P =

√
τP T⊙,P eliminates the reference dependence and

collapses all planets to a consistent apparent solar angular velocity.

5. When light-travel delay is included, the naive apparent speed vapp,P is seen to be

non-physical, but the corrected combination

Ccorr,P =
vapp,P T⊙,⊕

c

t⊕
tP

collapses to a universal value Ccorr,P ≃ 0.979 for all eight planets.

6. The helical description of light in a rotating frame provides the geometric mech-

anism behind this universality: apparent solar motion is a phase effect of spiral

sampling, not a translation of a material body.

7. The orthogonal angular Lorentz factor γΘ,P generalizes the usual linear Lorentz fac-

tor to rotating–delayed observers, with three angular components (ΩP ,Ω⊙,Ωdelay,P )

playing the role of a 3-velocity in angular space.

Taken together, these results clarify a long-standing conceptual issue in planetary

timekeeping and provide a physically consistent method to compare apparent solar mo-
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tion across different planets, while revealing a hidden angular invariant that is universal

throughout the Solar System.

13 Angular Phase Variables and Toroidal Geometry

We introduce three angular variables, each defined modulo 2π:

θd(t) = ωdt+ θd0 (Earth spin), (43)

θy(t) = ωyt+ θy0 (Earth orbital phase), (44)

θm(t) = ωmt+ θm0 (Moon orbital phase). (45)

Here, ωd, ωy, and ωm represent the angular frequencies associated with the Earth’s

sidereal rotation, the Earth’s orbital motion around the Sun, and the Moon’s sidereal

orbit, respectively. Since each variable is periodic, the natural phase space of the system

is the three–torus:

T 3 = S1 × S1 × S1.

The evolution of the system corresponds to a linear flow on this toroidal phase space.

14 Phase Differences and Observable Cycles

Observable astronomical cycles emerge from differences between angular phases rather

than from the absolute phases themselves.

14.1 Solar Day

The solar day corresponds to the recurrence of the Sun at the same local meridian. This

condition is expressed by the phase difference:

∆s(t) = θd(t)− θy(t) (mod 2π).

A solar day occurs whenever ∆s(t) = 0, reflecting the necessity for the Earth to rotate

slightly more than one full turn relative to inertial space due to its orbital advance.

14.2 Synodic Month

The lunar phase cycle is governed by the relative alignment of the Moon and the Sun as

seen from Earth. This is described by the phase difference:

18



∆ℓ(t) = θm(t)− θy(t) (mod 2π).

Values ∆ℓ = 0 and ∆ℓ = π correspond to new and full moons, respectively. The

synodic month arises naturally as the beat period between the angular frequencies ωm

and ωy.

15 Alignment Operator

To characterize the degree of simultaneous phase alignment, we define an alignment

operator:

P (t) = W (t) cos
(
∆s(t)

)
cos

(
∆ℓ(t)

)
,

where W (t) is a nonnegative weighting factor representing geometric or observational

coherence. Peaks of P (t) correspond to strong recurrence events, while zeros indicate

phase transitions.

This operator does not encode spatial forces or trajectories; instead, it serves as a

temporal indicator of alignment within the toroidal phase space.

16 Results

Using only angular frequencies, the formalism reproduces key astronomical periods:

• The solar year follows from the closure condition 360◦/ωy ≈ 365.24 days.

• The synodic month arises from the difference ωm−ωy, yielding approximately 29.53

days.

• The solar day results from the difference ωd − ωy, explaining the offset between

sidereal and solar days.

These results are obtained analytically, without numerical integration of orbital equa-

tions.

17 Discussion

The angular–toroidal approach reframes the restricted three–body problem as a problem

of phase recurrence rather than spatial determinism. While it does not aim to predict

complete trajectories or chaotic transitions, it captures the stable temporal structure of

the Sun–Earth–Moon system with minimal assumptions.
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The framework is compatible with classical celestial mechanics and highlights the role

of commensurate frequencies and toroidal geometry in governing long–term regularity.

18 Conclusion

We have presented an angular–toroidal phase formalism for analyzing recurrence phe-

nomena in the Sun–Earth–Moon system. By working in the natural phase space T 3, the

formalism provides a compact and analytically transparent description of solar and lunar

cycles. The results suggest that many observable regularities attributed to the three–

body problem can be understood as consequences of phase alignment and recurrence

rather than detailed spatial dynamics.
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