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Maxwell's equations can be derived from the vector potential using only multivector calculations and 
duality in 4-dimension. Furthermore, by changing the dimension of the vector potential, three additional 
Maxwell's equations with different dimensions are derived. These four Maxwell's equations give us 
hints about charge, spin, quarks, and mass. The divergence of the electromagnetic field energy density 
expressed in multivectors is the electromagnetic force and Joule heat. In the same way, three more forces 
are also derived from three additional Maxwell's equations. One is gravity, another explains weak forces 
well, and the last one seems to be strong force. By defining the dot product of multivectors, the dual 
multivector, the curl, and the divergence of multivector fields are clearly defined. By defining the norm 
of a multivectors, the multiplication table of 16 multibases in 4-dimension is obtained. Multivectors are 
numbers that include direction and dimension, and an optimal language for physical quantities. 
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1 Introduction 

A multivector is a series of vectors connected by a wedge product, and the order of the vectors is the sign of the 
multivector. Swapping two vectors results in the original multivector with the opposite sign. Therefore, the order 
of vectors is significant in the dot product of multivectors. Now, a vector means a multivector. 
If an infinitesimal volume and its boundary are represented as vectors, the boundary vector can be obtained from 
the volume vector using the dot product. Rewriting the dot product of a vector field and a boundary vector 
defines the curl. This process itself is Stokes' theorem. The shape of a curl is similar to the exterior derivative of 
a differential form. Curl transforms a vector field into a one higher dimension that. This doesn't mean a new 
vector field is created; it just looks different depending on the dimension. The square of the curl is zero, like the 
square of the exterior derivative. Divergence is just curl for dual vectors. A crucial role of divergence is to 
determine the continuity of a vector field. 
the product of a vector and its dual vector is pseudoscalar with the magnitude of the square of conventional 
vector norm. Then the multiplication table is created. 
The vector field A and curl(A) are one entity. And the dual vector of curl(A) exists. The square of curl is 0. 
These propositions are Maxwell's equations, not experiments. The energy density E is expressed in the product 
of curl(A) and dual vector of curl(A), and the force F is -div(E). The electromagnetic force and gravity matche 
this formula exactly. 

2 Multivector and curl 

A multivector is a product of several 1-vectors with a wedge (∧). If 𝑣ଵ, 𝑣ଶ, … , 𝑣௥  are 1-vectors, then (𝑣ଵ ∧ 𝑣ଶ) 
is a 2-vector and (𝑣ଵ ∧ 𝑣ଶ ∧ 𝑣ଷ) is a 3-vector. Multivector is anti-commutative in order. 

(𝑣ଵ ∧ 𝑣ଶ) = −(𝑣ଶ ∧ 𝑣ଵ), (𝑣ଵ ∧ 𝑣ଵ) = 0 

(… ∧ 𝑣௜ିଵ ∧ 𝑣௜ ∧ … ) = −(… ∧ 𝑣௜ ∧ 𝑣௜ିଵ ∧ … ) 

2.1. Dot product 

The dot product of vectors is commutative and defined recursively. 𝑎, 𝑏, 𝑣ଵ, … , 𝑣௥ , 𝑤ଵ, … , 𝑤௥ are 1-vectors. 

൫𝑣ଵ ∧ 𝑣ଶ ∧ … ∧ 𝑣௣൯ ⋅ ൫𝑤ଵ ∧ 𝑤ଶ ∧ … ∧ 𝑤௤൯ = ൫𝑤ଵ ∧ 𝑤ଶ ∧ … ∧ 𝑤௤൯ ⋅ ൫𝑣ଵ ∧ 𝑣ଶ ∧ … ∧ 𝑣௣൯ 
= ൫𝑣ଶ ∧ … ∧ 𝑣௣൯ ⋅ ൛𝑣ଵ ⋅ ൫𝑤ଵ ∧ 𝑤ଶ ∧ … ∧ 𝑤௤൯ൟ 

= ൫𝑣ଷ ∧ … ∧ 𝑣௣൯ ⋅ ൣ𝑣ଶ ⋅ ൛𝑣ଵ ⋅ ൫𝑤ଵ ∧ 𝑤ଶ ∧ … ∧ 𝑤௤൯ൟ൧ = ⋯ , (𝑝 ≤ 𝑞) 
 

𝑎 ⋅ (𝑣ଵ ∧ 𝑣ଶ ∧ … ∧ 𝑣௥) = (−1)௜–ଵ(𝑎 ⋅ 𝑣௜)(𝑣ଵ ∧ … ∧ 𝑣௜ିଵ ∧ 𝑣௜ାଵ … ∧ 𝑣௥), 𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛 𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛 

 

𝑎 ⋅ (𝑣ଵ ∧ 𝑣ଶ ∧ 𝑣ଷ) = (𝑎 ⋅ 𝑣ଵ)(𝑣ଶ ∧ 𝑣ଷ) − (𝑎 ⋅ 𝑣ଶ)(𝑣ଵ ∧ 𝑣ଷ) + (𝑎 ⋅ 𝑣ଷ)(𝑣ଵ ∧ 𝑣ଶ) 



(𝑎 ∧ 𝑏) ⋅ (𝑣ଵ ∧ 𝑣ଶ) = 𝑏 ⋅ {𝑎 ⋅ (𝑣ଵ ∧ 𝑣ଶ)} 

= 𝑏 ⋅ {(𝑎 ⋅ 𝑣ଵ)𝑣ଶ − (𝑎 ⋅ 𝑣ଶ)𝑣ଵ} = (𝑎 ⋅ 𝑣ଵ)(𝑏 ⋅ 𝑣ଶ) − (𝑎 ⋅ 𝑣ଶ)(𝑏 ⋅ 𝑣ଵ) 

= −(𝑏 ∧ 𝑎) ⋅ (𝑣ଵ ∧ 𝑣ଶ) 

 

(𝑎 ∧ 𝑏) ⋅ (𝑣ଵ ∧ 𝑣ଶ ∧ … ∧ 𝑣௥) 

= (−1)௜ା௝–ଵ൛(𝑎 ⋅ 𝑣௜)൫𝑏 ⋅ 𝑣௝൯ − ൫𝑎 ⋅ 𝑣௝൯(𝑏 ⋅ 𝑣௜)ൟ൫𝑣ଵ ∧ … ∧ 𝑣௜ିଵ ∧ 𝑣௜ାଵ ∧ … ∧ 𝑣௝ିଵ ∧ 𝑣௝ାଵ ∧ … ∧ 𝑣௥൯ 

= (−1)௜ା௝൛(𝑏 ⋅ 𝑣௜)൫𝑎 ⋅ 𝑣௝൯ − ൫𝑏 ⋅ 𝑣௝൯(𝑎 ⋅ 𝑣௜)ൟ൫𝑣ଵ ∧ … ∧ 𝑣௜ିଵ ∧ 𝑣௜ାଵ ∧ … ∧ 𝑣௝ିଵ ∧ 𝑣௝ାଵ ∧ … ∧ 𝑣௥൯ 

= −(𝑏 ∧ 𝑎) ⋅ (𝑣ଵ ∧ 𝑣ଶ ∧ … ∧ 𝑣௥) 
 

(𝑎 ∧ 𝑎) ⋅ (𝑣ଵ ∧ 𝑣ଶ ∧ … ∧ 𝑣௥) = 𝑎 ⋅ {𝑎 ⋅ (𝑣ଵ ∧ 𝑣ଶ ∧ … ∧ 𝑣௥)} = 0 

2.2. Dual vector 

In n-dimension, Cartesian coordinates basis 𝕖ଵ, 𝕖ଶ, … , 𝕖௡, unit pseudoscalar 𝐼. 

𝐼 = (𝕖ଵ ∧ 𝕖ଶ … ∧ 𝕖௡) 

 
The dual vector of 𝑣 , 𝑣ௗ  is defined as follows. 𝑣 and 𝑣ௗare perpendicular to each other and are 1:1. 

𝑣ௗ = 𝑣 ⋅ 𝐼 in particular 𝐼ௗ = 1,   1ௗ = 𝐼 

𝑣 ⋅ 𝑣ௗ = 𝑣 ⋅ (𝑣 ⋅ 𝐼) = 0 

 
For example, in 3-dim,  

𝐼 = (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ), 𝕖ଵ
ௗ = 𝕖ଵ ⋅ 𝐼 = 𝕖ଵ ⋅ (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) = (𝕖ଶ ∧ 𝕖ଷ) 

2.3. Basis and reciprocal basis 

In n-dimension, differentiable spatial coordinate system, the coordinate of a point is 𝑃(𝑝ଵ, 𝑝ଶ, … , 𝑝௡), which 
means the vector from the origin 𝑂 to 𝑃. At 𝑃, the basis 𝑢௜ is defined as follows. 

𝑢௜ =
𝜕𝑃

𝜕𝑝௜
 

When 𝑢௜ ⋅ 𝑢௝ = 𝛿௝
௜, 𝑢ଵ, 𝑢ଶ … 𝑢௡ are reciprocal basis at 𝑃. Assuming matrices 𝑔௜௝  and 𝑔௝௞, 𝑢௜ at that point can 

be expressed as 𝑢௝, and 𝑢௜ can be expressed as 𝑢௝. 

𝑢௜ = 𝑔௜௝𝑢௝ , 𝑢௜ ⋅ 𝑢௞ = 𝑔௜௝𝑢௝ ⋅ 𝑢௞ = 𝑔௜௞  

𝑢௜ = 𝑔௜௝𝑢௝, 𝑢௜ ⋅ 𝑢௞ = 𝑔௜௝𝑢௝ ⋅ 𝑢௞ = 𝑔௜௞  

 
Here, 𝑔௝௞ and 𝑔௜௝  are inverse matrices relationships. 

𝑢௜ ⋅ 𝑢௞ = 𝑔௜௝𝑢௝ ⋅ 𝑢௞ = 𝑔௜௝𝑔௝௞ = 𝛿௞
௜  

Therefore, by finding the basis at 𝑃, finding the matrix 𝑔௜௝ = 𝑢௜ ⋅ 𝑢௝, and finding the inverse matrix 𝑔௜௝ , we can 
find 𝑢௜ of that point. 

2.4. Infinitesimal volume [𝒅𝑽]𝒓 and its boundary 𝝏[𝒅𝑽]𝒓 

[𝑑𝑉]௥  is an r-vector. It means something like a very small r-dimensional parallelepiped. 
The reference vertex is 𝑃(𝑝ଵ, 𝑝ଶ, … , 𝑝௡). The r edges are 𝑢ఙభ

𝑑𝑝ఙభ , 𝑢ఙమ
𝑑𝑝ఙమ , … , 𝑢ఙೝ

𝑑𝑝ఙೝ . 

[𝑑𝑉]௥ = ൫𝑢ఙభ
∧ 𝑢ఙమ

∧ … ∧ 𝑢ఙೝ
൯𝑑𝑝ఙభ𝑑𝑝ఙమ … 𝑑𝑝ఙೝ  

{𝜎ଵ, 𝜎ଶ, … , 𝜎௥} ⊂ {1,2, … , 𝑛}, (𝜎ଵ < 𝜎ଶ < ⋯ < 𝜎௥) 

ex) [𝑑𝑉]ଷ = (𝑢ଵ ∧ 𝑢ଷ ∧ 𝑢ସ)𝑑𝑝ଵ𝑑𝑝ଷ𝑑𝑝ସ 

 
The 2r (r-1)-vector boundaries on the surface of [𝑑𝑉]௥  are 𝜕[𝑑𝑉]௥. 

𝜕[𝑑𝑉]௥ =
±𝑢௜

𝑑𝑝௜
⋅ [𝑑𝑉]௥ =

⎩
⎪
⎨

⎪
⎧+𝑢௜

𝑑𝑝௜
⋅ [𝑑𝑉]௥   𝑎𝑡 𝑃(… , 𝑝௜ + 𝑑𝑝௜ , … )

−𝑢௜

𝑑𝑝௜
⋅ [𝑑𝑉]௥   𝑎𝑡 𝑃(… , 𝑝௜ , … )            

 



ex) [𝑑𝑉]ଵ = 𝑢ଶ𝑑𝑝ଶ 

𝜕[𝑑𝑉]ଵ =
±𝑢௜

𝑑𝑝௜
⋅ [𝑑𝑉]ଵ =

⎩
⎪
⎨

⎪
⎧+𝑢ଶ

𝑑𝑝ଶ
⋅ 𝑢ଶ𝑑𝑝ଶ = 1     𝑎𝑡 𝑃(… , 𝑝ଶ + 𝑑𝑝ଶ, … )

−𝑢ଶ

𝑑𝑝ଶ
⋅ 𝑢ଶ𝑑𝑝ଶ = −1     𝑎𝑡 𝑃(… , 𝑝ଶ, … )          

 

Fig.1 𝜕[𝑑𝑉]ଵ is ±1. It has opposite signs to adjacent 𝜕[𝑑𝑉]ଵ 
 

ex) [𝑑𝑉]ଶ = (𝑢ଵ ∧ 𝑢ଶ)𝑑𝑝ଵ𝑑𝑝ଶ 

[𝑑𝑉]ଶ =
±𝑢௜

𝑑𝑝௜
⋅ [𝑑𝑉]ଶ =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

+𝑢ଵ

𝑑𝑝ଵ
⋅ (𝑢ଵ ∧ 𝑢ଶ)𝑑𝑝ଵ𝑑𝑝ଶ = +𝑢ଶ𝑑𝑝ଶ     𝑎𝑡 𝑃(… , 𝑝ଵ + 𝑑𝑝ଵ, … )

−𝑢ଵ

𝑑𝑝ଵ
⋅ (𝑢ଵ ∧ 𝑢ଶ)𝑑𝑝ଵ𝑑𝑝ଶ = −𝑢ଶ𝑑𝑝ଶ     𝑎𝑡 𝑃(… , 𝑝ଵ, … )             

+𝑢ଶ

𝑑𝑝ଶ
⋅ (𝑢ଵ ∧ 𝑢ଶ)𝑑𝑝ଵ𝑑𝑝ଶ = −𝑢ଵ𝑑𝑝ଵ     𝑎𝑡 𝑃(… , 𝑝ଶ + 𝑑𝑝ଶ, … )

−𝑢ଶ

𝑑𝑝ଶ
⋅ (𝑢ଵ ∧ 𝑢ଶ)𝑑𝑝ଵ𝑑𝑝ଶ = +𝑢ଵ𝑑𝑝ଵ     𝑎𝑡 𝑃(… , 𝑝ଶ, … )             

 

Fig.2 𝜕[𝑑𝑉]ଶ rotates in one direction. It rotates in the opposite direction to adjacent 𝜕[𝑑𝑉]ଶ 

 

2.5. Curl 

The definition of 𝑐𝑢𝑟𝑙(𝐴) is the formula itself. The dot product of a (r-1)-vector field and the boundary vector. 

𝐴 ⋅ 𝜕[𝑑𝑉]௥ = 𝐴 ⋅ ቆ
±𝑢௜

𝑑𝑝௜
⋅ [𝑑𝑉]௥ቇ = ቆ

±𝑢௜

𝑑𝑝௜
∧ 𝐴ቇ ⋅ [𝑑𝑉]௥ = ൬𝑢௜ ∧

±𝐴

𝑑𝑝௜
൰ ⋅ [𝑑𝑉]௥ 

= ൬𝑢௜ ∧
𝜕𝐴

𝜕𝑝௜
൰ ⋅ [𝑑𝑉]௥ = 𝑐𝑢𝑟𝑙(𝐴) ⋅ [𝑑𝑉]௥ , 𝑐𝑢𝑟𝑙(𝐴) = 𝑢௜ ∧

𝜕𝐴

𝜕𝑝௜
 

The definition itself is Stokes' theorem. This does not mean that a new vector field 𝑐𝑢𝑟𝑙(𝐴) is created, but 
rather that it is a view of 𝐴 from one dimension higher. 

ර 𝐴 ⋅ 𝜕[𝑑𝑉]௥ = ර 𝑐𝑢𝑟𝑙(𝐴) ⋅ [𝑑𝑉]௥  

 
In calculus, a vector field must be represented by an reciprocal basis so that the basis cancels out with dot 
product. Then, differentiate only the coefficients of 𝐴 to find 𝑐𝑢𝑟𝑙(𝐴). Cartesian coordinates already use a 
reciprocal basis. The covariant derivative is superfluous. 
 

𝑐𝑢𝑟𝑙ଶ(𝐴) = 𝑐𝑢𝑟𝑙{𝑐𝑢𝑟𝑙(𝐴)} = ቆ𝑢௝ ∧ 𝑢௜ ∧
𝜕ଶ𝐴

𝜕𝑝௝𝜕𝑝௜
ቇ = ቆ𝑢௜ ∧ 𝑢௝ ∧

𝜕ଶ𝐴

𝜕𝑝௜𝜕𝑝௝
ቇ = 0 

That is, only 𝐴 and 𝑐𝑢𝑟𝑙(𝐴) are one entity. 

2.6. Comparison to conventional curl 

𝑢ଶ𝑑𝑝ଶ 
−𝑢ଶ𝑑𝑝ଶ

−𝑢ଵ𝑑𝑝ଵ 

+𝑢ଵ𝑑𝑝ଵ 
𝑃( 𝑝ଵ,  𝑝ଶ, … ) 𝑃( 𝑝ଵ + 𝑑𝑝ଵ,  𝑝ଶ, … )

𝑃( 𝑝ଵ + 𝑑𝑝ଵ,  𝑝ଶ + 𝑑𝑝ଶ, … ) 𝑃( 𝑝ଵ,  𝑝ଶ + 𝑑𝑝ଶ, … )

𝑢ଶ𝑑𝑝ଶ 𝑃(… , 𝑝ଶ + 𝑑𝑝ଶ, … ) 
𝑃(… , 𝑝ଶ, … ) +1 

−1 



Comparison to conventional curl using the well-known vector field 𝐴 = 𝐴௥𝕖௥ + 𝐴ఏ𝕖ఏ + 𝐴∅𝕖∅ in spherical 
coordinates. For this, first convert 𝕖௥ , 𝕖ఏ , 𝕖∅ to curvilinear coordinates basis 𝑢௥ , 𝑢ఏ , 𝑢∅, and calculate it, and 
then convert the result back to 𝕖௥ , 𝕖ఏ , 𝕖∅ and check it. 

𝑝ଵ = 𝑟, 𝑝ଶ = 𝜃, 𝑝ଷ = ∅ 

𝑢௥ =
𝜕𝑃

𝜕𝑟
= 𝕖௥ , 𝑢ఏ =

𝜕𝑃

𝜕𝜃
= 𝑟𝕖ఏ , 𝑢∅ =

𝜕𝑃

𝜕∅
= 𝑟 𝑠𝑖𝑛 𝜃 𝕖∅ 

𝑢௜ ⋅ 𝑢௞ = 𝛿௞
௜ , 𝑢௥ = 𝕖௥ , 𝑢ఏ =

𝕖ఏ

𝑟
, 𝑢∅ =

𝕖∅

𝑟 𝑠𝑖𝑛 𝜃
 

𝐴 = 𝐴௥𝕖௥ + 𝐴ఏ𝕖ఏ + 𝐴∅𝕖∅ = 𝐴௥𝑢௥ + 𝐴ఏ𝑟𝑢ఏ + 𝐴∅𝑟 𝑠𝑖𝑛 𝜃 𝑢∅ 

 
Among 𝑐𝑢𝑟𝑙(𝐴), only (𝑢𝜃 ∧ 𝑢∅) term is compared. 

𝑐𝑢𝑟𝑙(𝐴) = 𝑢௜ ∧
𝜕𝐴

𝜕𝑝௜
 

𝑢ఏ ∧
𝜕(𝐴∅𝑟 𝑠𝑖𝑛 𝜃)

𝜕𝜃
𝑢∅ + 𝑢∅ ∧

𝜕(𝐴ఏ𝑟)

𝜕∅
𝑢ఏ = ቊ

𝜕(𝐴∅𝑟 𝑠𝑖𝑛 𝜃)

𝜕𝜃
−

𝜕(𝐴ఏ𝑟)

𝜕∅
ቋ ൫𝑢ఏ ∧ 𝑢∅൯ 

=
1

𝑟ଶ 𝑠𝑖𝑛 𝜃
ቊ

𝜕(𝐴∅𝑟 𝑠𝑖𝑛 𝜃)

𝜕𝜃
−

𝜕(𝐴ఏ𝑟)

𝜕∅
ቋ (𝕖ఏ ∧ 𝕖∅) 

Compared to the conventional results, the coefficient is the same. However, it is not the 𝕖௥ term, but the 
(𝕖ఏ ∧ 𝕖∅) term. These two are dual basis each other. 

2.7. Divergence 

𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒(𝐴) is 𝑐𝑢𝑟𝑙 with respect to 𝐴ௗ. 

𝑑𝑖𝑣(𝐴) = 𝑐𝑢𝑟𝑙(𝐴ௗ), 𝐴ௗ = 𝐴 ⋅ 𝐼 

 
In 3-dim, 𝐴 = 𝐴௥𝕖௥ + 𝐴ఏ𝕖ఏ + 𝐴∅𝕖∅. 

𝐴 = 𝐴௥𝕖௥ + 𝐴ఏ𝕖ఏ + 𝐴∅𝕖∅ = 𝐴௥𝑢௥ +
𝐴ఏ

𝑟
𝑢ఏ +

𝐴∅

𝑟 𝑠𝑖𝑛 𝜃
𝑢∅ 

𝐼 = 𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ = 𝕖௥ ∧ 𝕖ఏ ∧ 𝕖∅ = 𝑟ଶ 𝑠𝑖𝑛 𝜃 ൫𝑢௥ ∧ 𝑢ఏ ∧ 𝑢∅൯ 

𝕖௥ = 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 ∅ 𝕖ଵ + 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 ∅ 𝕖ଶ + 𝑐𝑜𝑠 𝜃 𝕖ଷ 

𝕖ఏ = 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 ∅ 𝕖ଵ + 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 ∅ 𝕖ଶ − 𝑠𝑖𝑛 𝜃 𝕖ଷ 

𝕖∅ = − 𝑠𝑖𝑛 ∅ 𝕖ଵ + 𝑐𝑜𝑠 ∅ 𝕖ଶ … 

 

𝐴ௗ = 𝐴 ⋅ 𝐼 = ൬𝐴௥𝑢௥ +
𝐴ఏ

𝑟
𝑢ఏ +

𝐴∅

𝑟 𝑠𝑖𝑛 𝜃
𝑢∅൰ ⋅ 𝑟ଶ 𝑠𝑖𝑛 𝜃 ൫𝑢௥ ∧ 𝑢ఏ ∧ 𝑢∅൯ 

= 𝐴௥𝑟ଶ 𝑠𝑖𝑛 𝜃 ൫𝑢ఏ ∧ 𝑢∅൯ − 𝐴ఏ𝑟 𝑠𝑖𝑛 𝜃 ൫𝑢௥ ∧ 𝑢∅൯ + 𝐴∅𝑟൫𝑢௥ ∧ 𝑢ఏ൯ 

𝑑𝑖𝑣(𝐴) = 𝑐𝑢𝑟𝑙(𝐴ௗ) = 𝑢௜ ∧
𝜕𝐴ௗ

𝜕𝑝௜
 

= ቊ
𝜕(𝐴௥𝑟ଶ 𝑠𝑖𝑛 𝜃)

𝜕𝑟
+

𝜕(𝐴ఏ𝑟 𝑠𝑖𝑛 𝜃)

𝜕𝜃
+

𝜕(𝐴∅𝑟)

𝜕∅
ቋ ൫𝑢௥ ∧ 𝑢ఏ ∧ 𝑢∅൯ 

=
1

𝑟ଶ 𝑠𝑖𝑛 𝜃
ቊ

𝜕(𝐴௥𝑟ଶ 𝑠𝑖𝑛 𝜃)

𝜕𝑟
+

𝜕(𝐴ఏ𝑟 𝑠𝑖𝑛 𝜃)

𝜕𝜃
+

𝜕(𝐴∅𝑟)

𝜕∅
ቋ (𝕖௥ ∧ 𝕖ఏ ∧ 𝕖∅) 

 
Compared to the conventional results, the coefficient is the same. However, it is not a scalar term but a 𝐼 =
(𝕖௥ ∧ 𝕖ఏ ∧ 𝕖∅) term. These two are also dual basis each other. 

2.8. Continuity equation, 𝒅𝒊𝒗(𝑨)  = 𝟎 

𝑑𝑖𝑣(𝐴) ⋅ [𝑑𝑉]௥ = 𝑐𝑢𝑟𝑙(𝐴ௗ) ⋅ [𝑑𝑉]௥ = 𝐴ௗ ⋅ 𝜕[𝑑𝑉]௥ = (𝐴 ⋅ 𝐼) ⋅ 𝜕[𝑑𝑉]௥ = (𝐴 ∧ 𝜕[𝑑𝑉]௥) ⋅ 𝐼 

 
(𝐴 ∧ 𝜕[𝑑𝑉]௥) ⋅ 𝐼 is a physical quantity that moves in and out at speed 𝐴 through the boundary 𝜕[𝑑𝑉]௥ of 
[𝑑𝑉]௥ . (𝐴 ∧ 𝜕[𝑑𝑉]௥) is the product 𝜕[𝑑𝑉]௥ and only the components of 𝐴 perpendicular to 𝜕[𝑑𝑉]௥. The 
parallel components cancel out in the wedge product. If 𝑑𝑖𝑣(𝐴)  = 0 at all points, this means that a physical 
quantity flows without accumulation or leakage. In this case, 𝐴 is said to be continuous. 



3. Multiplication table of 16 bases  

In Minkowski space, the relationship between t 𝕖ଵ, 𝕖ଶ, 𝕖ଷ, 𝕖௧ and 𝕖ଵ, 𝕖ଶ, 𝕖ଷ, 𝕖௧ is as follows. 

𝕖௧ ⋅ 𝕖௧ = 𝕖௧ ⋅ 𝕖௧ = −1, 𝕖௧ ⋅ 𝕖௧ = 1, 𝕖௧ = −𝕖௧ , 𝕖ଵ = 𝕖ଵ, 𝕖ଶ = 𝕖ଶ, 𝕖ଷ = 𝕖ଷ 

𝐼 = 𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧ = −𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧ 

 
For any arbitrary vector 𝑣, assume 𝑣𝑣ௗ = ‖𝑣‖ଶ𝐼, ‖𝑣‖ is vector norm, then the multiplication table is obtained. 

3.1. Basic multiplication 

𝑣 = 2𝕖ଵ, 𝑣ௗ = 𝑣 ⋅ 𝐼 = 2(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) 

𝑣𝑣ௗ = ‖𝑣‖ଶ𝐼 = (2)ଶ𝐼 = (2)ଶ𝕖ଵ(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧), 𝕖ଵ(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = 𝐼 

 

𝕖ଵ(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = 𝕖ଶ(−𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) = 𝕖ଷ(−𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) = 𝕖௧(−𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) 

= (𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)(−𝕖ଵ) = (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)(−𝕖ଶ ) = (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧)(−𝕖ଷ) = (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)(−𝕖௧) = 𝐼 

 

(𝕖ଵ ∧ 𝕖ଶ)(−𝕖ଷ ∧ 𝕖௧) = (𝕖ଶ ∧ 𝕖ଷ)(−𝕖ଵ ∧ 𝕖௧) = (𝕖ଷ ∧ 𝕖ଵ)(−𝕖ଶ ∧ 𝕖௧) 

= (𝕖ଵ ∧ 𝕖௧)(𝕖ଶ ∧ 𝕖ଷ) = (𝕖ଶ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖ଵ) = (𝕖ଷ ∧ 𝕖௧)(𝕖ଵ ∧ 𝕖ଶ) = 𝐼 

 

11ௗ = 𝐼𝐼ௗ = 𝐼, 1ௗ = 𝐼, 𝐼ௗ = 1 

 

𝕓ଵ: 𝕖ଵ, 𝕖ଶ, 𝕖ଷ, 𝕖௧  

𝕓ଶ: (𝕖ଵ ∧ 𝕖ଶ), (𝕖ଶ ∧ 𝕖ଷ), (𝕖ଷ ∧ 𝕖ଵ), (𝕖ଵ ∧ 𝕖௧), (𝕖ଶ ∧ 𝕖௧), (𝕖ଷ ∧ 𝕖௧) 

𝕓ଷ: (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ), (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧), (𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧), (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) 

3.2. 𝕓𝒊𝑰, 𝑰𝕓𝒊 

𝑣 = (𝕖ଵ + 2), 𝑣ௗ = {(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2𝐼}, 𝑣𝑣ௗ = ((1)ଶ + (2)ଶ)𝐼 

𝑣𝑣ௗ = (𝕖ଵ + 2){(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2𝐼} = ((1)ଶ + (2)ଶ)𝐼 + 2(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2𝕖ଵ𝐼 

{(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2𝐼}(𝕖ଵ + 2) = ((1)ଶ + (2)ଶ)𝐼 + 2(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2𝐼𝕖ଵ 

𝕖ଵ𝐼 = (𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧), 𝐼𝕖ଵ = (𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) 

 

𝑣𝑣ௗ = {(−𝕖ଷ ∧ 𝕖௧) + 2}{(−𝕖ଵ ∧ 𝕖ଶ) + 2𝐼} = ((1)ଶ + (2)ଶ)𝐼 

𝑣𝑣ௗ = {(𝕖ଵ ∧ 𝕖ଶ) + 2𝐼}{(−𝕖ଷ ∧ 𝕖௧) + 2} = ((1)ଶ + (2)ଶ)𝐼 

(𝕖ଷ ∧ 𝕖௧)𝐼 = −(𝕖ଵ ∧ 𝕖ଶ), 𝐼(𝕖ଷ ∧ 𝕖௧) = (𝕖ଵ ∧ 𝕖ଶ) 

 

{(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2}{−𝕖ଵ + 2𝐼} = ((1)ଶ + (2)ଶ)𝐼 

{−𝕖ଵ + 2𝐼}{(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2} = ((1)ଶ + (2)ଶ)𝐼 

(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)𝐼 = 𝕖ଵ   𝐼(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = 𝕖ଵ 

3.3. 𝕓𝟏𝕓𝟏, 𝕓𝟑𝕓𝟑 anti-commutative 

𝑣𝑣ௗ = {𝕖ଵ + 2(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)}{(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2(−𝕖ଶ)} = ((1)ଶ + (2)ଶ)𝐼 

𝕖ଵ𝕖ଶ + (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = 0 

 
These multiplications are interpreted as follows: the common basis is eliminated in the following way. 

𝕖ଵ𝕖ଶ = (𝕖ଵ ∧ 𝕖ଶ), 𝕖ଶ𝕖ଵ = (𝕖ଶ ∧ 𝕖ଵ) = −(𝕖ଵ ∧ 𝕖ଶ) 

(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = (𝕖ଵ ∧ 𝕖ଷ ∧ 𝕖௧)(𝕖௧ ∧ 𝕖ଷ ∧ 𝕖ଶ) = (𝕖௧ ⋅ 𝕖௧)(𝕖ଵ ∧ 𝕖ଷ)(𝕖ଷ ∧ 𝕖ଶ) 

= −(𝕖ଷ ⋅ 𝕖ଷ)𝕖ଵ𝕖ଶ = −(𝕖ଵ ∧ 𝕖ଶ) = −(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) 

 



𝑣𝑣ௗ = {𝕖ଵ + 2(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)}{(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2(−𝕖௧)} = ((1)ଶ + (2)ଶ)𝐼 

𝕖ଵ𝕖௧ + (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = 0 

𝕖ଵ𝕖௧ = (𝕖ଵ ∧ 𝕖௧) 

(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = −(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)(𝕖ଷ ∧ 𝕖ଶ ∧ 𝕖௧) = −(𝕖ଷ ⋅ 𝕖ଷ)(𝕖ଶ ⋅ 𝕖ଶ)𝕖ଵ𝕖௧ = 

−(𝕖ଵ ∧ 𝕖௧) 

3.4. 𝕓𝟐𝕓𝟐 anti-commutative 

𝑣𝑣ௗ = {(𝕖ଵ ∧ 𝕖ଶ) + 2(𝕖ଶ ∧ 𝕖௧)}{(−𝕖ଷ ∧ 𝕖௧) + 2(𝕖ଷ ∧ 𝕖ଵ)} = ((1)ଶ + (2)ଶ)𝐼 

(𝕖ଵ ∧ 𝕖ଶ)(𝕖ଷ ∧ 𝕖ଵ) − (𝕖ଶ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖௧) = 0 

 

(𝕖ଵ ∧ 𝕖ଶ)(𝕖ଷ ∧ 𝕖ଵ) = (𝕖ଶ ∧ 𝕖ଵ)(𝕖ଵ ∧ 𝕖ଷ) = (𝕖ଵ ⋅ 𝕖ଵ)𝕖ଶ𝕖ଷ = (𝕖ଶ ∧ 𝕖ଷ) 

(𝕖ଶ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖௧) = −(𝕖ଶ ∧ 𝕖௧)(𝕖௧ ∧ 𝕖ଷ) = −(𝕖௧ ⋅ 𝕖௧)𝕖ଶ𝕖ଷ = (𝕖ଶ ∧ 𝕖ଷ) 

3.5. 𝕓𝟏𝕓𝟑, 𝕓𝟑𝕓𝟏 commutative 

𝑣𝑣ௗ = (𝕖ଵ + 2𝕖ଶ){(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2(−𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)} = ((1)ଶ + (2)ଶ)𝐼 

𝕖ଵ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) + 𝕖ଶ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = 0 

 

𝕖ଵ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) = 𝕖ଵ(𝕖ଵ ∧ 𝕖௧ ∧ 𝕖ଷ) = (𝕖ଵ ⋅ 𝕖ଵ)(𝕖௧ ∧ 𝕖ଷ) = −(𝕖ଷ ∧ 𝕖௧) 

𝕖ଶ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = (𝕖ଶ ⋅ 𝕖ଶ)(𝕖ଷ ∧ 𝕖௧) = (𝕖ଷ ∧ 𝕖௧) 

 

{(−𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) + 2(−𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)}(𝕖௧ + 2𝕖ଶ) = ((1)ଶ + (2)ଶ)𝐼 

(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)𝕖ଶ + (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)𝕖௧ = 0 

(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)𝕖ଶ = (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖ଶ)𝕖ଶ = (𝕖ଶ ⋅ 𝕖ଶ)(𝕖ଷ ∧ 𝕖ଵ) = (𝕖ଷ ∧ 𝕖ଵ) 

(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)𝕖௧ = (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)𝕖௧ = (𝕖௧ ⋅ 𝕖௧)(𝕖ଷ ∧ 𝕖ଵ) = −(𝕖ଷ ∧ 𝕖ଵ) 

3.6. 𝕓𝟏𝕓𝟐, 𝕓𝟐𝕓𝟑 

case1: 𝕓ଵ𝕓ଶ has one common basis, and 𝕓ଶ𝕓ଷ has two common bases. 

𝑣𝑣ௗ = {𝕖ଶ + 2(𝕖ଷ ∧ 𝕖௧)}{(−𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) + 2(𝕖ଵ ∧ 𝕖ଶ)} = ((1)ଶ + (2)ଶ)𝐼 

𝑣𝑣ௗ = {(−𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) + 2(𝕖ଵ ∧ 𝕖ଶ)}{𝕖ଶ + 2(−𝕖ଷ ∧ 𝕖௧)} = ((1)ଶ + (2)ଶ)𝐼 

𝕖ଶ(𝕖ଵ ∧ 𝕖ଶ) − (𝕖ଷ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) = 0 

(𝕖ଵ ∧ 𝕖ଶ)𝕖ଶ + (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖௧) = 0 

 

𝕖ଶ(𝕖ଵ ∧ 𝕖ଶ) = −𝕖ଶ(𝕖ଶ ∧ 𝕖ଵ) = −(𝕖ଶ ⋅ 𝕖ଶ)𝕖ଵ = −𝕖ଵ 

(𝕖ଷ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) = (𝕖ଷ ∧ 𝕖௧)(𝕖௧ ∧ 𝕖ଷ ∧ 𝕖ଵ) = (𝕖௧ ⋅ 𝕖௧)(𝕖ଷ ⋅ 𝕖ଷ)𝕖ଵ = −𝕖ଵ 

(𝕖ଵ ∧ 𝕖ଶ)𝕖ଶ = (𝕖ଶ ⋅ 𝕖ଶ)𝕖ଵ = 𝕖ଵ 

(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)(𝕖ଷ ∧ 𝕖௧) = (𝕖ଵ ∧ 𝕖௧ ∧ 𝕖ଷ)(𝕖ଷ ∧ 𝕖௧) = (𝕖ଷ ⋅ 𝕖ଷ)(𝕖௧ ⋅ 𝕖௧)𝕖ଵ = −𝕖ଵ 

 
case2: 𝕓ଵ𝕓ଶ has no common basis, and 𝕓ଶ𝕓ଷ has one common basis. In particular, this multiplication changes 
the sign while removing the common basis. 

𝑣𝑣ௗ = {𝕖ଵ + 2(𝕖ଵ ∧ 𝕖௧)}{(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2(𝕖ଶ ∧ 𝕖ଷ)} = ((1)ଶ + (2)ଶ)𝐼 

𝑣𝑣ௗ = {(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2(𝕖ଶ ∧ 𝕖ଷ)}{𝕖ଵ + 2(−𝕖ଵ ∧ 𝕖௧)} = ((1)ଶ + (2)ଶ)𝐼 

𝕖ଵ(𝕖ଶ ∧ 𝕖ଷ) − (𝕖ଵ ∧ 𝕖௧)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = 0 

(𝕖ଶ ∧ 𝕖ଷ)𝕖ଵ + (𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)(𝕖ଵ ∧ 𝕖௧) = 0 

 

𝕖ଵ(𝕖ଶ ∧ 𝕖ଷ) = (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) 

(𝕖ଵ ∧ 𝕖௧)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = (𝕖ଵ ∧ 𝕖௧)(𝕖௧ ∧ 𝕖ଶ ∧ 𝕖ଷ) = −(𝕖௧ ⋅ 𝕖௧)𝕖ଵ(𝕖ଶ ∧ 𝕖ଷ) = 𝕖ଵ(𝕖ଶ ∧ 𝕖ଷ) 



(𝕖ଶ ∧ 𝕖ଷ)𝕖ଵ = (𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖ଵ) = (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) 

(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)(𝕖ଵ ∧ 𝕖௧) = −(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)(𝕖௧ ∧ 𝕖ଵ) = (𝕖௧ ⋅ 𝕖௧)(𝕖ଶ ∧ 𝕖ଷ)𝕖ଵ = −(𝕖ଶ ∧ 𝕖ଷ)𝕖ଵ 

3.7. Square of basis 

𝑣𝑣ௗ = (𝐼 + 2)(1 + 2𝐼) = ((1)ଶ + (2)ଶ)𝐼 + 2(1 + 𝐼ଶ) 

1ଶ + 𝐼ଶ = 0, 𝐼ଶ = −1 

 
The square of basis is chosen in ±1. The value is determined by considering the energy density in chapter 5. 

𝑣𝑣ௗ = {(𝕖ଵ ∧ 𝕖௧) + 2(𝕖ଶ ∧ 𝕖ଷ)}{(𝕖ଶ ∧ 𝕖ଷ) − 2(𝕖ଵ ∧ 𝕖௧)} = ((1)ଶ + (2)ଶ)𝐼 

(𝕖ଵ ∧ 𝕖௧)(𝕖ଵ ∧ 𝕖௧) − (𝕖ଶ ∧ 𝕖ଷ)(𝕖ଶ ∧ 𝕖ଷ) = 0 

(𝕖ଵ ∧ 𝕖௧)ଶ = (𝕖ଶ ∧ 𝕖௧)ଶ = (𝕖ଷ ∧ 𝕖௧)ଶ = (𝕖ଵ ∧ 𝕖ଶ)ଶ = (𝕖ଶ ∧ 𝕖ଷ)ଶ = (𝕖ଷ ∧ 𝕖ଵ)ଶ = 1 

 

𝑣𝑣ௗ = {𝕖ଵ + 2(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)}{(−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2(−𝕖ଵ)} = ((1)ଶ + (2)ଶ)𝐼 

𝕖ଵ𝕖ଵ + (𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)ଶ = 0 

(𝕖ଵ)ଶ = (𝕖ଶ)ଶ = (𝕖ଷ)ଶ = (𝕖௧)ଶ = −1 

(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)ଶ = (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧)ଶ = (𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)ଶ = (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)ଶ = 1 

3.8. Square of vector formed by bases in a dimension 

Multiplication, 𝕓ଵ𝕓ଵ, 𝕓ଶ𝕓ଶ, 𝕓ଷ𝕓ଷ are all anticommutative. Therefore. 

ex) 𝑣 = 𝕖ଵ + 2𝕖ଶ + 3𝕖௧ 

𝑣ଶ = (𝕖ଵ + 2𝕖ଶ + 3𝕖௧)(𝕖ଵ + 2𝕖ଶ + 3𝕖௧) 

= (𝕖ଵ)ଶ + (2𝕖ଶ)ଶ + (3𝕖௧)ଶ + 2(𝕖ଵ𝕖ଶ + 𝕖ଶ𝕖ଵ) + 6(𝕖ଶ𝕖௧ + 𝕖௧𝕖ଶ) + 3(𝕖ଵ𝕖ଶ + 𝕖ଶ𝕖ଵ) 

= −{(1)ଶ + (2)ଶ + (3)ଶ} = −(‖𝑣‖)ଶ 

Dual vectors also have the same coefficients. 

𝑣ௗ = 𝑣 ⋅ 𝐼 = (−𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 2(−𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) + 3(−𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) 

{𝑣ௗ}ଶ = {(1)ଶ + (2)ଶ + (3)ଶ} = (‖𝑣‖)ଶ 

4. Maxwell’s equations 

1) If vector potential 𝐴 and 𝑐𝑢𝑟𝑙(𝐴) exists. They are one entity. 

2) Then, 𝑐𝑢𝑟𝑙ௗ(𝐴) and 𝑐𝑢𝑟𝑙{𝑐𝑢𝑟𝑙ௗ(𝐴)} = 𝐽 also exist. It's duality. 
 𝑐𝑢𝑟𝑙ௗ(𝐴) = 𝑐𝑢𝑟𝑙(𝐴) ⋅ 𝐼, 𝑐𝑢𝑟𝑙{𝑐𝑢𝑟𝑙ௗ(𝐴)} = 𝑑𝑖𝑣{𝑐𝑢𝑟𝑙(𝐴)} = 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛(𝐴) = 𝐽 
 This proposition is Gauss's law and Ampere-Maxwell's law. These are not experimental laws. 

3) 𝑐𝑢𝑟𝑙ଶ(𝐴) = 0 and 𝑐𝑢𝑟𝑙(𝐽) = 𝑐𝑢𝑟𝑙ଶ{𝑐𝑢𝑟𝑙ௗ(𝐴)} = 0. 
 These are Gauss's law for magnetism, and Faraday's law, and charge conservative law. 
4) If enough time passes and equilibrium is reached, vector potential 𝐴 becomes continuous, 𝑑𝑖𝑣(𝐴) = 0. 
 Then the wave equation for 𝐴 and 𝐽 is obtained. 
 

𝜕ఓ =
𝜕

𝜕𝑥ఓ
, 𝜕ఓఔ =

𝜕ଶ

𝜕𝑥ఓ𝜕𝑥ఔ
, (𝜇, 𝜈 = 1,2,3,4), ⎕ = 𝜕௧௧ − 𝜕ଵଵ − 𝜕ଶଶ − 𝜕ଷଷ 

 

1) 𝐴 = 𝐴ଵ𝕖ଵ + 𝐴ଶ𝕖ଶ + 𝐴ଷ𝕖ଷ + 𝐴௧𝕖௧ = 𝐴ଵ𝕖ଵ + 𝐴ଶ𝕖ଶ + 𝐴ଷ𝕖ଷ − 𝐴௧𝕖௧ ,   (𝐴௧ = −𝜑) 

𝑐𝑢𝑟𝑙(𝐴) = 𝕖ఓ ∧ 𝜕ఓ𝐴 

= (𝜕ଶ𝐴ଷ − 𝜕ଷ𝐴ଶ)(𝕖ଶ ∧ 𝕖ଷ) + (𝜕ଷ𝐴ଵ − 𝜕ଵ𝐴ଷ)(𝕖ଷ ∧ 𝕖ଵ) + (𝜕ଵ𝐴ଶ − 𝜕ଶ𝐴ଵ)(𝕖ଵ ∧ 𝕖ଶ) 

+(𝜕ଵ𝐴௧ − 𝜕௧𝐴ଵ)(𝕖ଵ ∧ 𝕖௧) + (𝜕ଶ𝐴௧ − 𝜕௧𝐴ଶ)(𝕖ଶ ∧ 𝕖௧) + (𝜕ଷ𝐴௧ − 𝜕௧𝐴ଷ)(𝕖ଷ ∧ 𝕖௧) 

= 𝐵 + 𝐸 = 𝐵ଵ(𝕖ଶ ∧ 𝕖ଷ) + 𝐵ଶ(𝕖ଷ ∧ 𝕖ଵ) + 𝐵ଷ(𝕖ଵ ∧ 𝕖ଶ) + 𝐸ଵ(𝕖ଵ ∧ 𝕖௧) + 𝐸ଶ(𝕖ଶ ∧ 𝕖௧) + 𝐸ଷ(𝕖ଷ ∧ 𝕖௧) 

𝐵: magnetic field, 𝐸: electric field 

2) 𝑐𝑢𝑟𝑙ௗ(𝐴) = 𝑐𝑢𝑟𝑙(𝐴) ⋅ 𝐼 



= 𝐸ଵ(𝕖ଶ ∧ 𝕖ଷ) + 𝐸ଶ(𝕖ଷ ∧ 𝕖ଵ) + 𝐸ଷ(𝕖ଵ ∧ 𝕖ଶ) − 𝐵ଵ(𝕖ଵ ∧ 𝕖௧) − 𝐵ଶ(𝕖ଶ ∧ 𝕖௧) − 𝐵ଷ(𝕖ଷ ∧ 𝕖௧) 

𝐽 = −𝐽௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) − 𝐽ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) − 𝐽ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − 𝐽ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) 

= 𝑐𝑢𝑟𝑙{𝑐𝑢𝑟𝑙ௗ(𝐴)} = 𝕖ఓ ∧ 𝜕ఓ{𝑐𝑢𝑟𝑙ௗ(𝐴)} 

= (𝜕ଵ𝐸ଵ + 𝜕ଶ𝐸ଶ + 𝜕ଷ𝐸ଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) − (𝜕ଶ𝐵ଷ − 𝜕ଷ𝐵ଶ − 𝜕௧𝐸ଵ)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) 

−(𝜕ଷ𝐵ଵ − 𝜕ଵ𝐵ଷ − 𝜕௧𝐸ଶ)(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − (𝜕ଵ𝐵ଶ − 𝜕ଶ𝐵ଵ − 𝜕௧𝐸ଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) 

 
𝐽௧ = −𝜌: charge density, 𝐽௜: current density. 
Conventional coefficient representation. Gauss's law, and Ampère–Maxwell law. 

𝛻 ⋅ 𝐸 = −𝐽௧ = 𝜌, 𝛻 × 𝐵 = 𝐽 + 𝜕௧𝐸 

3) 𝑐𝑢𝑟𝑙ଶ(𝐴) = 𝕖ఓ ∧ 𝜕ఓ{𝑐𝑢𝑟𝑙(𝐴)} 

= (𝜕ଵ𝐵ଵ + 𝜕ଶ𝐵ଶ + 𝜕ଷ𝐵ଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) + (𝜕ଶ𝐸ଷ − 𝜕ଷ𝐸ଶ + 𝜕௧𝐵ଵ)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) 

+(𝜕ଷ𝐸ଵ − 𝜕ଵ𝐸ଷ + 𝜕௧𝐵ଶ)(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) + (𝜕ଵ𝐸ଶ − 𝜕ଶ𝐸ଵ + 𝜕௧𝐵ଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) = 0 

Conventional coefficient representation. Gauss's law for magnetism and Faraday's law. 

𝛻 ⋅ 𝐵 = 0, 𝛻 × 𝐸 + 𝜕௧𝐵 = 0 

 

𝑐𝑢𝑟𝑙(𝐽) = 𝕖ఓ ∧ 𝜕ఓ𝐽 = (𝜕ଵ𝐽ଵ + 𝜕ଶ𝐽ଶ + 𝜕ଷ𝐽ଷ − 𝜕௧𝐽௧)𝐼 = 0 

Conventional coefficient representation. Charge conservative law. 

𝛻 ⋅ 𝐽 + 𝜕௧𝜌 = 0 

4) 𝐴ௗ = 𝐴 ⋅ 𝐼 = −𝐴ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) − 𝐴ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − 𝐴ଵ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) − 𝐴௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) 

𝑑𝑖𝑣(𝐴) = 𝑐𝑢𝑟𝑙{𝐴ௗ} = 𝕖ఓ ∧ 𝜕ఓ𝐴ௗ = (𝜕ଵ𝐴ଵ + 𝜕ଶ𝐴ଶ + 𝜕ଷ𝐴ଷ − 𝜕௧𝐴௧)𝐼 = 0 

Conventional coefficient representation. Lorentz condition. 

𝛻 ⋅ 𝐴 + 𝜕௧𝜑 = 0 

𝑐𝑢𝑟𝑙ௗ(𝐴) is also continuous. 𝑑𝑖𝑣{𝑐𝑢𝑟𝑙ௗ(𝐴)} = 𝑐𝑢𝑟𝑙{𝑐𝑢𝑟𝑙ௗௗ(𝐴)} = −𝑐𝑢𝑟𝑙ଶ(𝐴) = 0. 
 
Substituting 𝐴ఓ for 𝐸௜ , 𝐵௝  in the 2), it becomes the wave equation. 

−𝐽௧ = 𝜕ଵ𝐸ଵ + 𝜕ଶ𝐸ଶ + 𝜕ଷ𝐸ଷ = 𝜕ଵଵ𝐴௧ − 𝜕ଵ௧𝐴ଵ + 𝜕ଶଶ𝐴௧ − 𝜕ଶ௧𝐴ଶ + 𝜕ଷଷ𝐴௧ − 𝜕ଷ௧𝐴ଷ 

= 𝜕ଵଵ𝐴௧ + 𝜕ଶଶ𝐴௧ + 𝜕ଷଷ𝐴௧ − 𝜕௧௧𝐴௧ − 𝜕௧(𝜕ଵ𝐴ଵ + 𝜕ଶ𝐴ଶ + 𝜕ଷ𝐴ଷ − 𝜕௧𝐴௧) 

= 𝜕ଵଵ𝐴௧ + 𝜕ଶଶ𝐴௧ + 𝜕ଷଷ𝐴௧ − 𝜕௧௧𝐴௧ = −⎕𝐴௧  

𝐽ଵ = 𝜕ଶ𝐵ଷ − 𝜕ଷ𝐵ଶ − 𝜕௧𝐸ଵ = 𝜕ଶଵ𝐴ଶ − 𝜕ଶଶ𝐴ଵ − 𝜕ଷଷ𝐴ଵ + 𝜕ଷଵ𝐴ଷ + 𝜕௧௧𝐴ଵ − 𝜕௧ଵ𝐴௧  

= 𝜕௧௧𝐴ଵ − 𝜕ଵଵ𝐴ଵ − 𝜕ଶଶ𝐴ଵ − 𝜕ଷଷ𝐴ଵ + 𝜕ଵ(𝜕ଵ𝐴ଵ + 𝜕ଶ𝐴ଶ + 𝜕ଷ𝐴ଷ − 𝜕௧𝐴௧) = ⎕𝐴ଵ 

𝐽௧ = ⎕𝐴௧ , 𝐽ଵ = ⎕𝐴ଵ, 𝐽ଶ = ⎕𝐴ଶ, 𝐽ଷ = ⎕𝐴ଷ 

4.1. 2-vector field 

There is no problem in changing the dimension of vector potential in Maxwell’s equations propositions. 

1) ℬ + ℰ = ℬଵ(𝕖ଶ ∧ 𝕖ଷ) + ℬଶ(𝕖ଷ ∧ 𝕖ଵ) + ℬଷ(𝕖ଵ ∧ 𝕖ଶ) + ℰଵ(𝕖ଵ ∧ 𝕖௧) + ℰଶ(𝕖ଶ ∧ 𝕖௧) + ℰଷ(𝕖ଷ ∧ 𝕖௧) 

𝑐𝑢𝑟𝑙(ℬ + ℰ) = 𝕖ఓ ∧ 𝜕ఓ(ℬ + ℰ) = 𝒜 

= 𝒜௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) + 𝒜ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) + 𝒜ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) + 𝒜ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) 

𝒜௧ = 𝜕ଵℬଵ + 𝜕ଶℬଶ + 𝜕ଷℬଷ, 𝒜ଵ = 𝜕ଶℰଷ − 𝜕ଷℰଶ + 𝜕௧ℬଵ 

𝒜ଶ = 𝜕ଷℰଵ − 𝜕ଵℰଷ + 𝜕௧ℬଶ, 𝒜ଷ = 𝜕ଵℰଶ − 𝜕ଶℰଵ + 𝜕௧ℬଷ 

Conventional expression. 

𝒜௧ = 𝛻 ⋅ ℬ, 𝒜 = 𝛻 × ℰ + 𝜕௧ℬ 

2) 𝑐𝑢𝑟𝑙ௗ(ℬ + ℰ) = 𝑐𝑢𝑟𝑙(ℬ + ℰ) ⋅ 𝐼 = −𝒜ଵ𝕖ଵ − 𝒜ଶ𝕖ଶ − 𝒜ଷ𝕖ଷ − 𝒜௧𝕖௧ 

𝒥 = −𝒦ଵ(𝕖ଶ ∧ 𝕖ଷ) − 𝒦ଶ(𝕖ଷ ∧ 𝕖ଵ) − 𝒦ଷ(𝕖ଵ ∧ 𝕖ଶ) + ℒଵ(𝕖ଵ ∧ 𝕖௧) + ℒଶ(𝕖ଶ ∧ 𝕖௧) + ℒଷ(𝕖ଷ ∧ 𝕖௧) 

= 𝕖ఓ ∧ 𝜕ఓ{𝑐𝑢𝑟𝑙ௗ(ℬ + ℰ)} 

= (𝜕ଷ𝒜ଶ − 𝜕ଶ𝒜ଷ)(𝕖ଶ ∧ 𝕖ଷ) + (𝜕ଵ𝒜ଷ − 𝜕ଷ𝒜ଵ)(𝕖ଷ ∧ 𝕖ଵ) + (𝜕ଶ𝒜ଵ − 𝜕ଵ𝒜ଶ)(𝕖ଵ ∧ 𝕖ଶ) 

+(𝜕௧𝒜ଵ − 𝜕ଵ𝒜௧)(𝕖ଵ ∧ 𝕖௧) + (𝜕௧𝒜ଶ − 𝜕ଶ𝒜௧)(𝕖ଶ ∧ 𝕖௧) + (𝜕௧𝒜ଷ − 𝜕ଷ𝒜௧)(𝕖ଷ ∧ 𝕖௧) 



𝒦௜: spin density, ℒ௜: spin current density. 
Conventional expression. 

−𝒦 = 𝛻 × 𝒜, −ℒ = 𝛻𝒜௧ − 𝜕௧𝒜 

3) 𝑐𝑢𝑟𝑙ଶ(ℬ + ℰ) = 𝕖ఓ ∧ 𝜕ఓ𝒜 = (𝜕ଵ𝒜ଵ + 𝜕ଶ𝒜ଶ + 𝜕ଷ𝒜ଷ − 𝜕௧𝒜௧)(−𝐼) = 0 
Conventional expression. 

𝛻 ⋅ 𝒜 − 𝜕௧𝒜௧ = 0 

 

𝑐𝑢𝑟𝑙(𝒥) = 𝑐𝑢𝑟𝑙(𝒦 + ℒ) = 𝕖ఓ ∧ 𝜕ఓ(𝒦 + ℒ) 

= −(𝜕ଵ𝒦ଵ + 𝜕ଶ𝒦ଶ + 𝜕ଷ𝒦ଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) + (𝜕ଶℒଷ − 𝜕ଷℒଶ − 𝜕௧𝒦ଵ)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) 

+(𝜕ଷℒଵ − 𝜕ଵℒଷ − 𝜕௧𝒦ଶ)(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) + (𝜕ଵℒଶ − 𝜕ଶℒଵ − 𝜕௧𝒦ଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) = 0 

Conventional expression 

𝛻 ⋅ 𝒦 = 0, 𝛻 × ℒ − 𝜕௧𝒦 = 0 

4) (ℬ + ℰ)ௗ = (ℬ + ℰ) ⋅ 𝐼 

= ℰଵ(𝕖ଶ ∧ 𝕖ଷ) + ℰଶ(𝕖ଷ ∧ 𝕖ଵ) + ℰଷ(𝕖ଶ ∧ 𝕖ଷ) − ℬଵ(𝕖ଵ ∧ 𝕖௧) − ℬଶ(𝕖ଶ ∧ 𝕖௧) − ℬଷ(𝕖ଷ ∧ 𝕖௧) 

𝑑𝑖𝑣(ℬ + ℰ) = 𝑐𝑢𝑟𝑙{ℬௗ + ℰௗ} = 𝕖ఓ ∧ {ℬௗ + ℰௗ} 

= (𝜕ଵℰଵ + 𝜕ଶℰଶ + 𝜕ଷℰଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) − (𝜕ଶℬଷ − 𝜕ଷℬଶ − 𝜕௧ℰଵ)(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) 

−(𝜕ଷℬଵ − 𝜕ଵℬଷ − 𝜕௧ℰଶ)(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − (𝜕ଵℬଶ − 𝜕ଶℬଵ − 𝜕௧ℰଷ)(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) = 0 
Conventional expression 

𝛻 ⋅ ℰ = 0, 𝛻 × ℬ − 𝜕௧ℰ = 0 

 
Substituting ℬ௜ , ℰ௝  for 𝒜ఓ in the 2), it becomes the wave equation. 

𝒦ଵ = 𝜕ଶ𝒜ଷ − 𝜕ଷ𝒜ଶ = 𝜕ଶ(𝜕ଵℰଶ − 𝜕ଶℰଵ + 𝜕௧ℬଷ) − 𝜕ଷ(𝜕ଷℰଵ − 𝜕ଵℰଷ + 𝜕௧ℬଶ) 

= −𝜕ଶଶℰଵ − 𝜕ଷଷℰଵ + 𝜕௧(𝜕ଶℬଷ − 𝜕ଷℬଶ) + 𝜕ଵ(𝜕ଶℰଶ + 𝜕ଷℰଷ)   

= −𝜕ଶଶℰଵ − 𝜕ଷଷℰଵ + 𝜕௧(𝜕௧ℰଵ) − 𝜕ଵ(𝜕ଵℰଵ) = ⎕ℰଵ 

𝒦ଵ = ⎕ℰଵ, 𝒦ଶ = ⎕ℰଶ, 𝒦ଷ = ⎕ℰଷ 

 

ℒଵ = −(𝜕ଵ𝒜௧ − 𝜕௧𝒜ଵ) = −𝜕ଵ(𝜕ଵℬଵ + 𝜕ଶℬଶ + 𝜕ଷℬଷ) + 𝜕௧(𝜕ଶℰଷ − 𝜕ଷℰଶ + 𝜕௧ℬଵ) 

= −𝜕ଵଵℬଵ + 𝜕௧௧ℬଵ − 𝜕ଶ(𝜕ଵℬଶ − 𝜕௧ℰଷ) − 𝜕ଷ(𝜕ଵℬଷ + 𝜕௧ℰଶ) 

= −𝜕ଵଵℬଵ + 𝜕௧௧ℬଵ − 𝜕ଶ(𝜕ଶℬଵ) − 𝜕ଷ(𝜕ଷℬଵ) = ⎕ℬଵ 

ℒଵ = ⎕ℬଵ, ℒଶ = ⎕ℬଶ, ℒଷ = ⎕ℬଷ 

4.2. 3-vector field 

1) 𝔸 = −𝔸ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) − 𝔸ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − 𝔸ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) − 𝔸௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) 

𝑐𝑢𝑟𝑙(𝔸) = 𝕖ఓ ∧ 𝜕ఓ𝔸 = 𝕍𝐼  𝕍 = −𝜕௧𝔸௧ + 𝜕ଵ𝔸ଵ + 𝜕ଶ𝔸ଶ + 𝜕ଷ𝔸ଷ 

2) 𝑐𝑢𝑟𝑙ௗ(𝔸) = 𝕍𝐼ௗ = 𝕍 

𝕁 = 𝕁ଵ𝕖ଵ + 𝕁ଶ𝕖ଶ + 𝕁ଷ𝕖ଷ + 𝕁௧𝕖௧ 

= 𝕖ఓ ∧ 𝜕ఓ{𝑐𝑢𝑟𝑙ௗ(𝔸)} 

= 𝜕ଵ𝕍𝕖ଵ + 𝜕ଶ𝕍𝕖ଶ + 𝜕ଷ𝕍𝕖ଷ + 𝜕௧𝕍𝕖௧  

𝕁௜: color density, 𝕁௧: Higgs density. 
Conventional expression. 

𝕁 = 𝛻𝕍, 𝕁௧ = 𝜕௧𝕍 

3) 𝑐𝑢𝑟𝑙ଶ(𝔸) = 𝕖ఓ ∧ 𝜕ఓ𝕍 = 𝑛𝑢𝑙𝑙 

𝑐𝑢𝑟𝑙(𝕁) = 𝕖ఓ ∧ 𝜕ఓ(𝕁) = 0 

(𝜕ଶ𝕁ଷ − 𝜕ଷ𝕁ଶ)(𝕖ଶ ∧ 𝕖ଷ) = (𝜕ଷ𝕁ଵ − 𝜕ଵ𝕁ଷ)(𝕖ଷ ∧ 𝕖ଵ) = (𝜕ଵ𝕁ଶ − 𝜕ଶ𝕁ଵ)(𝕖ଵ ∧ 𝕖ଶ) = 0 

(𝜕ଵ𝕁௧ − 𝜕௧𝕁ଵ)(𝕖ଵ ∧ 𝕖௧) = (𝜕ଶ𝕁௧ − 𝜕௧𝕁ଶ)(𝕖ଶ ∧ 𝕖௧) = (𝜕ଷ𝕁௧ − 𝜕௧𝕁ଷ)(𝕖ଷ ∧ 𝕖௧) = 0 

Conventional expression 



𝛻 × 𝕁 = 0, 𝛻𝕁௧ − 𝜕௧𝕁 = 0 

4) 𝔸ௗ = 𝔸 ⋅ 𝐼 = 𝔸ଵ𝕖ଵ + 𝔸ଶ𝕖ଶ + 𝔸ଷ𝕖ଷ + 𝔸௧𝕖௧ 

𝑑𝑖𝑣(𝔸) = 𝑐𝑢𝑟𝑙(𝔸ௗ) = 𝕖ఓ ∧ 𝜕ఓ𝔸ௗ  

= (𝜕ଶ𝔸ଷ − 𝜕ଷ𝔸ଶ)(𝕖ଶ ∧ 𝕖ଷ) + (𝜕ଷ𝔸ଵ − 𝜕ଵ𝔸ଷ)(𝕖ଷ ∧ 𝕖ଵ) + (𝜕ଵ𝔸ଶ − 𝜕ଶ𝔸ଵ)(𝕖ଵ ∧ 𝕖ଶ) 

+(𝜕ଵ𝔸௧ − 𝜕௧𝔸ଵ)(𝕖ଵ ∧ 𝕖௧) + (𝜕ଶ𝔸௧ − 𝜕௧𝔸ଶ)(𝕖ଶ ∧ 𝕖௧) + (𝜕ଷ𝔸௧ − 𝜕௧𝔸ଷ)(𝕖ଷ ∧ 𝕖௧) = 0 

Conventional expression 

𝛻 × 𝔸 = 0, 𝛻𝔸௧ − 𝜕௧𝔸 = 0 

 
Substituting 𝔸ఓ for 𝕍 in the 2), it becomes the wave equation. 

𝕁ଵ = 𝜕ଵ𝕍 = 𝜕ଵ(𝜕௧𝔸௧ − 𝜕ଵ𝔸ଵ − 𝜕ଶ𝔸ଶ − 𝜕ଷ𝔸ଷ) = 𝜕௧ଵ𝔸௧ − 𝜕ଵଵ𝔸ଵ − 𝜕ଶଵ𝔸ଶ − 𝜕ଷଵ𝔸ଷ 

= 𝜕௧௧𝔸ଵ − 𝜕ଵଵ𝔸ଵ − 𝜕ଶଶ𝔸ଵ − 𝜕ଷଷ𝔸ଵ = ⎕𝔸ଵ 

𝕁௧ = 𝜕௧𝕍 = 𝜕௧(𝜕௧𝔸௧ − 𝜕ଵ𝔸ଵ − 𝜕ଶ𝔸ଶ − 𝜕ଷ𝔸ଷ) = 𝜕௧௧𝔸௧ − 𝜕ଵ௧𝔸ଵ − 𝜕ଶ௧𝔸ଶ − 𝜕ଷ௧𝔸௧  

= 𝜕௧௧𝐴௧ − 𝜕ଵଵ𝔸௧ − 𝜕ଶଶ𝔸௧ − 𝜕ଷଷ𝔸௧ = ⎕𝔸௧  

𝕁ଵ = ⎕𝔸ଵ, 𝕁ଶ = ⎕𝔸ଶ, 𝕁ଷ = ⎕𝔸ଷ, 𝕁௧ = ⎕𝔸௧  

4.3. 0-vector field 

1) 𝓋 

𝑐𝑢𝑟𝑙(𝓋) = 𝕖ఓ ∧ 𝜕ఓ𝓋 = 𝒶 = 𝒶ଵ𝕖ଵ + 𝒶ଶ𝕖ଶ + 𝒶ଷ𝕖ଷ + 𝒶௧𝕖௧  

𝒶ଵ = 𝜕ଵ𝓋, 𝒶ଶ = 𝜕ଶ𝓋, 𝒶ଷ = 𝜕ଷ𝓋, 𝒶௧ = 𝜕௧𝓋 

2) 𝑐𝑢𝑟𝑙ௗ(𝓋) = 𝑐𝑢𝑟𝑙(𝓋) ⋅ 𝐼 

= −𝒶௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) − 𝒶ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) − 𝒶ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − 𝒶ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) 

𝒿 = 𝕖ఓ ∧ 𝜕ఓ{𝑐𝑢𝑟𝑙ௗ(𝓋)} = (−𝜕௧𝒶௧ + 𝜕ଵ𝒶ଵ + 𝜕ଶ𝒶ଶ + 𝜕ଷ𝒶ଷ)𝐼 = −𝓂𝐼 

𝓂: mass density. 
Conventional expression. 

𝓂 = 𝜕௧𝒶௧ − 𝛻 ⋅ 𝒶 

3) 𝑐𝑢𝑟𝑙ଶ(𝓋) = 𝕖ఓ ∧ 𝜕ఓ𝒶 

= (𝜕ଶ𝒶ଷ − 𝜕ଷ𝒶ଶ)(𝕖ଶ ∧ 𝕖ଷ) + (𝜕ଷ𝒶ଵ − 𝜕ଵ𝒶ଷ)(𝕖ଷ ∧ 𝕖ଵ) + (𝜕ଵ𝒶ଶ − 𝜕ଶ𝒶ଵ)(𝕖ଵ ∧ 𝕖ଶ) 

+(𝜕ଵ𝒶௧ − 𝜕௧𝒶ଵ)(𝕖ଵ ∧ 𝕖௧) + (𝜕ଶ𝒶௧ − 𝜕௧𝒶ଶ)(𝕖ଶ ∧ 𝕖௧) + (𝜕ଷ𝒶௧ − 𝜕௧𝒶ଷ)(𝕖ଷ ∧ 𝕖௧) = 0 

Conventional expression 

𝛻 × 𝒶 = 0, 𝛻𝒶௧ − 𝜕௧𝒶 = 0 

 

𝑐𝑢𝑟𝑙(𝒿) = 𝕖ఓ ∧ 𝜕ఓ𝒿 = 𝕖ఓ ∧ 𝜕ఓ(𝓂𝐼) = 𝑛𝑢𝑙𝑙 

4) 𝓋ௗ = 𝓋1ௗ = 𝓋𝐼 

𝑑𝑖𝑣(𝓋) = 𝑐𝑢𝑟𝑙(𝓋ௗ) = 𝕖ఓ ∧ 𝜕ఓ𝓋𝐼 = 𝑛𝑢𝑙𝑙 

Substituting 𝒶ఓ for 𝓋 in the 2), it becomes the wave equation. 

𝓂 = 𝜕௧𝒶௧ − 𝛻 ⋅ 𝒶 = 𝜕௧௧𝓋 − 𝜕ଵଵ𝓋 − 𝜕ଶଶ𝓋 − 𝜕ଷଷ𝓋 = ⎕𝓋 

𝓂 = ⎕𝓋 

4.4. Particles 

The vector potential 𝐴 has wave properties, and 𝐽 has particle properties. They are two aspects of a single 
entity and dual-dimensional. Duality. If 𝐽 = 𝑑𝑖𝑣{𝑐𝑢𝑟𝑙(𝐴)} ≠ 0, then 𝑐𝑢𝑟𝑙(𝐴) is not continuous. Particles are a 
phenomenon in which 𝑐𝑢𝑟𝑙(𝐴) accumulate or leak out. 
1) Color is like a string.    color density: 𝕖ଵ, 𝕖ଶ, 𝕖ଷ 
2) Spin is like a membrane.   spin density: (𝕖ଶ ∧ 𝕖ଷ), (𝕖ଷ ∧ 𝕖ଵ), (𝕖ଵ ∧ 𝕖ଶ) 
3) Charge is like a particle.   charge density: (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) 
4) Higgs is essential for creating mass.  Higgs and mass density: 𝕖௧ , (−𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) 
5) From a charge perspective, it's no coincidence that protons contain three quarks. 



6) There is a geometric difference between a positron and an electron. (𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) = −(𝕖ଶ ∧ 𝕖ଵ ∧ 𝕖ଷ) 
7) Current density (𝕖௜ ∧ 𝕖௝ ∧ 𝕖௧), superconductor is in a state where the spins are well aligned. 

5.  Energy density and force 

The conventional energy density 𝑒𝑛𝑔(𝐴) in electromagnetism is 

𝑒𝑛𝑔(𝐴) =
1

2
(𝐵ଶ + 𝐸ଶ) =

1

2
{(𝐵௜)ଶ + (𝐸௜)ଶ}, (𝑖 = 1,2,3) 

 
𝑐𝑢𝑟𝑙(𝐴) = 𝐵 + 𝐸. The representation of multivectors is 

𝑒𝑛𝑔(𝐴) =
1

2
𝑐𝑢𝑟𝑙(𝐴)𝑐𝑢𝑟𝑙ௗ(𝐴) =

1

2
‖𝑐𝑢𝑟𝑙(𝐴)‖ଶ𝐼 

 
And force is a divergence of energy density. 

𝐹 = −𝑑𝑖𝑣{𝑒𝑛𝑔(𝐴)} = −𝑐𝑢𝑟𝑙{𝑒𝑛𝑔ௗ(𝐴)} 

 
𝑐𝑢𝑟𝑙(𝐴) is a vector formed by bases in a dimension. chapter 3.8. 

𝑒𝑛𝑔ௗ(𝐴) =
1

2
{𝑐𝑢𝑟𝑙(𝐴)}ଶ      𝑜𝑟      

1

2
{𝑐𝑢𝑟𝑙ௗ(𝐴)}ଶ 

 
The following assumption about vector fields 𝑋 and 𝑌 are obvious. multivectors are numbers. 

𝑐𝑢𝑟𝑙(𝑋𝑌) = {𝑐𝑢𝑟𝑙(𝑋)}𝑌 + 𝑋{𝑐𝑢𝑟𝑙(𝑌)} 

 
The first case of 𝑒𝑛𝑔ௗ(𝐴) cannot define the force, because 𝑐𝑢𝑟𝑙ଶ(𝐴) = 0. 

𝐹 = −
1

2
𝑐𝑢𝑟𝑙({𝑐𝑢𝑟𝑙ௗ(𝐴)}ଶ) = −

1

2
ቄ𝑐𝑢𝑟𝑙{𝑐𝑢𝑟𝑙ௗ(𝐴)}𝑐𝑢𝑟𝑙ௗ(𝐴) + 𝑐𝑢𝑟𝑙ௗ(𝐴)𝑐𝑢𝑟𝑙{𝑐𝑢𝑟𝑙ௗ(𝐴)}ቅ 

= −
1

2
{𝐽𝑐𝑢𝑟𝑙ௗ(𝐴) + 𝑐𝑢𝑟𝑙ௗ(𝐴)𝐽} 

Only 1-vector term of {𝐽𝑐𝑢𝑟𝑙ௗ(𝐴) + 𝑐𝑢𝑟𝑙ௗ(𝐴)𝐽} is force because the force is the 𝑐𝑢𝑟𝑙 of scalar. 
 
𝑐𝑢𝑟𝑙ௗ(𝐴) is a 2-vector and 𝐽 is a 3-vector, this multiplication is commutative. 3.6. case1. 

𝐽 = −𝐽௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) − 𝐽ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) − 𝐽ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − 𝐽ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) 

𝑐𝑢𝑟𝑙ௗ(𝐴) = 𝐸ଵ(𝕖ଶ ∧ 𝕖ଷ) + 𝐸ଶ(𝕖ଷ ∧ 𝕖ଵ) + 𝐸ଷ(𝕖ଵ ∧ 𝕖ଶ) 

−𝐵ଵ(𝕖ଵ ∧ 𝕖௧) − 𝐵ଶ(𝕖ଶ ∧ 𝕖௧) − 𝐵ଷ(𝕖ଷ ∧ 𝕖௧) 

 

𝐹ଵ𝕖ଵ = 𝐽௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ)𝐸ଵ(𝕖ଶ ∧ 𝕖ଷ) − 𝐽ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧)𝐵ଶ(𝕖ଶ ∧ 𝕖௧) − 𝐽ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)𝐵ଷ(𝕖ଷ ∧ 𝕖௧) 

= (−𝐽௧𝐸ଵ + 𝐽ଶ𝐵ଷ − 𝐽ଷ𝐵ଶ)𝕖ଵ 

𝐹௧𝕖௧ = 𝐽ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧)𝐸ଵ(𝕖ଶ ∧ 𝕖ଷ) + 𝐽ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧)𝐸ଶ(𝕖ଷ ∧ 𝕖ଵ) + 𝐽ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧)𝐸ଷ(𝕖ଵ ∧ 𝕖ଶ) 

= (−𝐽ଵ𝐸ଵ − 𝐽ଶ𝐸ଶ − 𝐽ଷ𝐸ଷ)𝕖௧  

Conventional expression. 

𝐹 = −𝐽௧𝐸 + 𝐽 × 𝐵 = 𝜌𝐸 + 𝐽 × 𝐵, 𝐹௧ = −𝐽 ⋅ 𝐸 

It is consistent with the experimental law. 𝐹௧𝕖௧ is the electromagnetic energy lost per unit time. Joule heat. 

5.1. Weak force 

𝑐𝑢𝑟𝑙ௗ(ℬ + ℰ) is a 1-vector and 𝒥 is a 2-vector, this multiplication is anti-commutative. 3.6. case1. Weak force 
is not a force itself that is weak rather force that cancel each other out. And since 𝐹௧𝕖௧ is also 0, there is no 
energy lost. Perhaps weak force is like pushing or pulling a spring. The phenomenon observed later when the 
spring is released may be a known weak force. 
pushing or pulling force. 

𝑒𝑛𝑔ௗ(𝐴) = −
1

2
{𝑐𝑢𝑟𝑙ௗ(ℬ + ℰ)}ଶ, 𝐹 = 𝒥𝑐𝑢𝑟𝑙ௗ(ℬ + ℰ) 

𝑐𝑢𝑟𝑙ௗ(ℬ + ℰ) is a 1-vector, so it has different signs. 

𝒥 = 𝒦 + ℒ 

𝒦 = −𝒦ଵ(𝕖ଶ ∧ 𝕖ଷ) − 𝒦ଶ(𝕖ଷ ∧ 𝕖ଵ) − 𝒦ଷ(𝕖ଵ ∧ 𝕖ଶ) 



ℒ = ℒଵ(𝕖ଵ ∧ 𝕖௧) + ℒଶ(𝕖ଶ ∧ 𝕖௧) + ℒଷ(𝕖ଷ ∧ 𝕖௧) 

𝑐𝑢𝑟𝑙ௗ(ℬ + ℰ) = −𝒜ଵ𝕖ଵ − 𝒜ଶ𝕖ଶ − 𝒜ଷ𝕖ଷ − 𝒜௧𝕖௧  

 

𝐹ଵ𝕖ଵ = ℒଵ(𝕖ଵ ∧ 𝕖௧)𝒜௧𝕖௧ − 𝒦ଶ(𝕖ଷ ∧ 𝕖ଵ)𝒜ଷ𝕖ଷ − 𝒦ଷ(𝕖ଵ ∧ 𝕖ଶ)𝒜ଶ𝕖ଶ 

= (−ℒଵ𝒜௧ + 𝒦ଶ𝒜ଷ − 𝒦ଷ𝒜ଶ)𝕖ଵ 

Conventional expression 

𝐹 = −ℒ𝒜௧ + 𝒦 × 𝒜 

5.3. Strong force 

𝑐𝑢𝑟𝑙ௗ(𝔸) is a scalar and 𝕁 is a 1-vector, this multiplication is commutative. 

𝑒𝑛𝑔ௗ(𝔸) =
1

2
{𝑐𝑢𝑟𝑙ௗ(𝔸)}ଶ, 𝐹 = −𝕁𝑐𝑢𝑟𝑙ௗ(𝔸) 

 

𝕁 = 𝕁ଵ𝕖ଵ + 𝕁ଶ𝕖ଶ + 𝕁ଷ𝕖ଷ + 𝕁௧𝕖௧, 𝑐𝑢𝑟𝑙ௗ(𝔸) = 𝕍 

𝐹ଵ𝕖ଵ = −𝕍𝕁ଵ𝕖ଵ, 𝐹௧𝕖௧ = −𝕍𝕁௧𝕖௧ 

Conventional expression 

𝐹 = −𝕍𝕁, 𝐹௧ = −𝕍𝕁௧  

In the formula, the color density itself is the force, and the Higgs density is the energy lost per time. 

5.4. Gravity 

𝑐𝑢𝑟𝑙ௗ(𝓋) is a 3-vector and 𝒿 is a pseudoscalar, this multiplication is commutative. 3.2. 

𝑒𝑛𝑔ௗ(𝓋) =
1

2
{𝑐𝑢𝑟𝑙ௗ(𝓋)}ଶ, 𝐹 = −𝒿𝑐𝑢𝑟𝑙ௗ(𝓋) 

 

𝒿 = −𝓂𝐼 

𝑐𝑢𝑟𝑙ௗ(𝓋) = −𝒶௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) − 𝒶ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) − 𝒶ଶ(𝕖ଷ ∧ 𝕖ଵ ∧ 𝕖௧) − 𝒶ଷ(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖௧) 

 

𝐹ଵ𝕖ଵ = −𝓂𝐼𝒶ଵ(𝕖ଶ ∧ 𝕖ଷ ∧ 𝕖௧) = −𝓂𝒶ଵ𝕖ଵ = 𝓂(−𝜕ଵ𝓋)𝕖ଵ 

𝐹௧𝕖௧ = −𝓂𝐼𝒶௧(𝕖ଵ ∧ 𝕖ଶ ∧ 𝕖ଷ) = −𝓂𝒶௧𝕖௧ = 𝓂(−𝜕௧𝓋)𝕖௧ 

Conventional expression 

𝐹 = −𝓂𝒶 = −𝓂(𝛻𝓋), 𝐹௧ = −𝓂 = −𝓂(𝜕௧𝓋) 


