Multivector physics

Kim GinHak

No affiliation
ginacdl@gmail.com

Maxwell's equations can be derived from the vector potential using only multivector calculations and
duality in 4-dimension. Furthermore, by changing the dimension of the vector potential, three additional
Maxwell's equations with different dimensions are derived. These four Maxwell's equations give us
hints about charge, spin, quarks, and mass. The divergence of the electromagnetic field energy density
expressed in multivectors is the electromagnetic force and Joule heat. In the same way, three more forces
are also derived from three additional Maxwell's equations. One is gravity, another explains weak forces
well, and the last one seems to be strong force. By defining the dot product of multivectors, the dual
multivector, the curl, and the divergence of multivector fields are clearly defined. By defining the norm
of a multivectors, the multiplication table of 16 multibases in 4-dimension is obtained. Multivectors are
numbers that include direction and dimension, and an optimal language for physical quantities.
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1 Introduction

A multivector is a series of vectors connected by a wedge product, and the order of the vectors is the sign of the
multivector. Swapping two vectors results in the original multivector with the opposite sign. Therefore, the order
of vectors is significant in the dot product of multivectors. Now, a vector means a multivector.

If an infinitesimal volume and its boundary are represented as vectors, the boundary vector can be obtained from
the volume vector using the dot product. Rewriting the dot product of a vector field and a boundary vector
defines the curl. This process itself is Stokes' theorem. The shape of a curl is similar to the exterior derivative of
a differential form. Curl transforms a vector field into a one higher dimension that. This doesn't mean a new
vector field is created; it just looks different depending on the dimension. The square of the curl is zero, like the
square of the exterior derivative. Divergence is just curl for dual vectors. A crucial role of divergence is to
determine the continuity of a vector field.

the product of a vector and its dual vector is pseudoscalar with the magnitude of the square of conventional
vector norm. Then the multiplication table is created.

The vector field A and curl(A) are one entity. And the dual vector of curl(A) exists. The square of curl is 0.
These propositions are Maxwell's equations, not experiments. The energy density E is expressed in the product
of curl(A) and dual vector of curl(A), and the force F is -div(E). The electromagnetic force and gravity matche
this formula exactly.

2 Multivector and curl

A multivector is a product of several 1-vectors with a wedge (A). If vy, v, ..., v, are 1-vectors, then (v; A v,)
is a 2-vector and (v; A v, A v3) is a 3-vector. Multivector is anti-commutative in order.

(w1 Avy) = —(v; Avy), (w1 Avy) =0
AV AV A L) = =W AV ADZ A L)
2.1. Dot product

The dot product of vectors is commutative and defined recursively. a, b, vy, ..., Uy, Wy, ..., W, are 1-vectors.
(v AV A Ay) - (W AWy A Awg) = (W Awp A A wg) - (v AV, A A y)
= (Ve A A ) - {vg - (W Awy Ao AW,))
= (173 FARWAY vp) . [vz . {vl . (Wl AWZ A ...AWq)}] =, (p < q)

a- WAV A WAY) = (D5 a v)(Wy A e AV AV A, Einstein summation

a- (W AV Av3) = (a-v)W Av3) — (a-v) (v Avy) + (a-v3) (v Avy)



(@anb) - (viAvy) =b-{a- (v Avy)}
=b-{(a-v)v, —(a-v)vi}=(a-v)b vy) —(a v)(b-vy)
=—=(bAra) (v, Avy)

(@nb) (v AV, A LAY,
= (DY (a - v)(b-v)—(a-v) b v vy A e AVi_y AViyy A e AVj_y AVjq A A V)
= (Db -v)(a-v;) = (b-v)(@a v}y A AVig AV A AV AVjg A A TY,)
=—bAa) (W AV, A LAY

(ana) - W AvyA AV )=a-{a- (W AV, ALAD)}=0

2.2.  Dual vector

In n-dimension, Cartesian coordinates basis €, @, ..., ®,, unit pseudoscalar 1.
I=(e,Aey .. Aey)

The dual vector of v, v? is defined as follows. v and v%are perpendicular to each other and are 1:1.
v®=v.I inparticular I¢=1, 1¢=1]

vvi=v-(v-1)=0

For example, in 3-dim,
I=(e;Ae,Ae;), ef=e -I=e; - -(eAhe,Ae;)=(e,Ae;)

2.3.  Basis and reciprocal basis

In n-dimension, differentiable spatial coordinate system, the coordinate of a point is P(pt,p?, ...,p™), which

means the vector from the origin O to P. At P, the basis u; is defined as follows.
oP

When u! ‘U= 5]-", ul,u?...u™ are reciprocal basis at P. Assuming matrices g¥ and 9k u® at that point can

U;

be expressed as u;, and u; can be expressed as u’.
ut = g”u]-, ut - uk — gl.]uj . uk — glk

u; = giju]' Ui - Uy = gijuj ‘U = Jik

Here, g, and gY are inverse matrices relationships.

ul -y =gijuj'uk =gijgjk = &
Therefore, by finding the basis at P, finding the matrix g;; = u; - u;, and finding the inverse matrix gY, we can
find u' of that point.

2.4. Infinitesimal volume [dV], and its boundary 0[dV],

[dV], is an r-vector. It means something like a very small r-dimensional parallelepiped.
The reference vertex is P(p!, p?, ...,p"). The r edges are Uy, dPL, Ug, dP72, ..., UG ADT.

[dv], = (ug1 AlUg, A .../\ugr)dp"ldp‘rz .. dp°r
{01,045, ...,0.} ©{1,2,...,n}, (01 <0y, << ay)
ex)  [dV]3 = (u; Auz Auy)dptdp®dp*

The 2r (r-1)-vector boundaries on the surface of [dV], are a[dV],.

+u' i i
oy o [dV], atP(..,p"+dp',..)
a[dv], = e [dV], = i

[av], at P(...,p}...)

dp?



ex) [dV]; = u,dp?

+u? 2 2 2
ot d_pz'uzdp =1 atP(.,p*+dp?..)
aldV], = d_pl [dV], = 2
7 WPt =1 atPCp?)

P(...,pz, ) / +1
-1 u,dp? P(...,p% +dp?,..)

Fig.1 d[dV], is *1. It has opposite signs to adjacent d[dV],

ex) [dV], = (uy Auy)dp'dp?

+u?
Gpi " (i Au)dp'dp® = tuxdp? at P(..,p' +dpt,.)
—ut
+u apt (uAuw)dpldp? = —updp® at P(...pl,..)
[dV]z = ;—pl [dV]z =1 +u2
gp7 (a Adpldp® = —udp’ at P(.,p? +dp?, )
ereh (uy Auy)dptdp? = +udp'  at P(...,p% ...)
—u,dp?
P(pt, p? +dp?%..) ___1_22_—— P(p" +dp’, p* +dp*, ..)
d 2
_uzdpz uap
P(pt p2 .y P(pt +dpt, p?..)
(p p% ) Fuydp!

Fig.2 d[dV], rotates in one direction. It rotates in the opposite direction to adjacent d[dV],

2.5. Curl
The definition of curl(A) is t_he formula itself. _The dot product of a (r-1)-vector field and the boundary vector.

L L

_ +u _ +u - +A
A-9[dV], = A- (dpl. : [dV]r> - (dpi /\A) [dV], = (u A dpl.) [dV],

—( i/\aA) [V], = curl(A) - [aV] 1) = ui n 24
=lu ap F = cur o cur =u ap
The definition itself is Stokes' theorem. This does not mean that a new vector field curl(A) is created, but
rather that it is a view of A from one dimension higher.

%A -9[dV], = % curl(4) - [dV],

In calculus, a vector field must be represented by an reciprocal basis so that the basis cancels out with dot
product. Then, differentiate only the coefficients of A to find curl(A). Cartesian coordinates already use a
reciprocal basis. The covariant derivative is superfluous.

12(4) = curl{curl(A)} = [w/ Aul A °A 1\ _ EAaul A 0°4 =0
cur = curtycur =lu u ap]apl =lu u aplap] =

Thatis, only A and curl(A) are one entity.

2.6. Comparison to conventional curl



Comparison to conventional curl using the well-known vector field A = A, e, + Agey + Apey in spherical
coordinates. For this, first convert e,, @g, @y to curvilinear coordinates basis u”, u?,u®, and calculate it, and
then convert the result back to e, @9, @5 and check it.

pl=r, p? =8, p=0

oP oP oP -
U = — =@, Uy = — = Tey, Ug=——=rsinfe
. . ©p @@
ut - u, =64, u” = e, u? ==, u? = —

k k T r rsin@

A=Ace, +Ageg + Agey = A u” + Agrul + Agrsinf u®

Among curl(A), only (u® A u®) term is compared.

curl(A) = ul A

opt
0(Ayr sin ) d(Ayr) 0(AprsinB) 0(Agr)
0 64 .0 0 _ _ 6 A0
u A+ Ul Ao T 30 (uf Au?)
1 0(Agrsin®) 0(Agr)
T rZsing { 00 L (€9 A €o)

Compared to the conventional results, the coefficient is the same. However, it is not the e, term, but the
(eg A eg) term. These two are dual basis each other.

2.7.  Divergence

divergence(A) is curl with respect to A%.
div(4) = curl(A9), At =A4-1

In 3—dim, A= AT@T + Ag@g + A@@Q).

Ag
rsin@
I=e Ae;he; =e, AegAeg =12sind (u” Aub Au?)

A
A= AT@T +A9@9 +AQ)@Q) = Arur +78U.3 + Ug
e, =sinfcosPe, +sinfsinPe, + cosb e,
eg =cosOcosPe, +cosfsinPe, —sinb e,

ey =—sinPe; +cosPe,..

A
Ad=A'I=(Arur+78u9+ u@)-rzsine(urAugAu@)

rsin@
= A,r%sin 6 (u8 Au®) — Aprsin 6 (u” Au®) + Agr(u” Auf)
d

div(4) = curl(4%) = u Aai
= = 7

0(A,r?sin6)  0(Agrsin®) (A1), ., p
—{ ar + 30 + 90 (u Au’ Au )
1 0(4,1%sin8) N (A7 sin @) N d(Apr)

or a0 09

e, Aeg e
r2sin@ }(r o A\ €p)

Compared to the conventional results, the coefficient is the same. However, it is not a scalar term buta [ =
(e, Aeg A ey) term. These two are also dual basis each other.

2.8.  Continuity equation, div(A) =0

div(4) - [dV], = curl(A%) - [dV], = A4 -d[dV], = (A-I) - d[dV], = (AAD[dV],) -]
(A A03[dV],) - I is a physical quantity that moves in and out at speed A through the boundary d[dV], of
[dV],. (AAQ3[dV],) isthe product d[dV], and only the components of A perpendicular to d[dV],. The

parallel components cancel out in the wedge product. If div(A) = 0 at all points, this means that a physical
quantity flows without accumulation or leakage. In this case, A is said to be continuous.



3. Multiplication table of 16 bases

In Minkowski space, the relationship between t e, €,, €5, €, and e, e?, &3, e’ is as follows.
ere, =e et =-1, et-e, =1, et = —e,, el = e, e? = e, e®=e;

I=e,Ae;AesAe, = —etre’redAet
For any arbitrary vector v, assume vv? = ||v||?], ||v]| is vector norm, then the multiplication table is obtained.

3.1.  Basic multiplication

v =2el, vi=v-I=2(—-e*re’ne)

vvd = |v||I’I = (2)%1 = (2)%e’(—e? Ae Ael), el(—e’rnednet) =1

el(—e’rePnet) =e?(—ednel net) = e3(—et Ae? Aet) = ef(—el Ae? Aed)
=(@retne)(—ed) = (e retre)(—e?) = (el re?ret)(—ed) = (el Ae?rned)(—et) =1

(etre?)(—e2nel) = (e red)(—e' ret) = (e3 Ael)(—e? Aeb)
=(e'ret)(@®ned)=(e?ret)(e®rnet) = (e net)(etrhe?) =1

11¢ =11 =], 14 =1, %=1

b;: el e? e et
b,: (e Ae?), (e? Aed), (e Ael), (et Aet), (e? Ael), (e Aeb)
by: (et re?Aned), (et re? ned), (e2ned Aed),(e2nel Aeb)
32, Wyl Ib,
v=(e'+2), vi={(—e?nedre)+2l}, v =(1)?+ 2]
vt = (e + 2){(—e? Aed Aet) + 21} = ((1)% + (2)D)] + 2(—e? Ae® Aeb) + 2el]
{(—e?nednet) + 21 (et +2) = (1% + (2D + 2(—e? Aed Aet) + 2]e!

ell = (e’ rnedneh), le! = (e®Aned Aeh)

vt = {(—e3 Aet) + 2}H{(—el Ae?) + 21} = ((1)? + (2)2)]
v = {(e! Ae?) + 2I}{(—ed Aeb) + 2} = ((1)? + (2)?)]
@ Ae)] = —(el Ae?), I(@Aet) = (el Ae?)

((e® Aed Aeb) + 2}{—e! + 21} = (1)2 + (2)D)I
(—e! + 21}{(e? A e Aeb) + 2} = ((1)2 + (2)D)]

@ rednet)] =e! I(@Aredhet) =e!
3.3. Thyhby, byb; anti-commutative

vt ={e' +2(el Ael AeD)H(—e? Aed Aet) +2(—e?)} = (1% + (2)2)]
ele? + (3 netret)(e®red net) =0

These multiplications are interpreted as follows: the common basis is eliminated in the following way:.
ele? = (el A e?), e’e! = (e’ nel) = —(et Ae?)
@ Aetre)e@nelne) =(etredret)et red Ae?) = (e et)(et Aed)(ed Ae?)

=—(e? -edele? = —(etre?) = —(e?redret) (e Ael Aeh)



vt ={e' +2(et Ae? Aed)H(—e? Aed Aet) + 2(—eb)} = (1% + (2)2)]

ele! + (et re?red)(e®rned net) =0

ele = (et Aeb)

(etre?ned)(e?nednet) = —(e're?ned)(ene?net) =—(e2-e?)(e? - e?elet =
—(elAeb)

34. Thyb, anti-commutative

v = {(e! Ae?) +2(e? AeD)H(—ed Aet) + 2(e® AeD)} = ((1)? + (2)2)]
(etre?)(ene) — (e’ Aet)(ene) =0

(etre?)(e rnel) = (e ret) (e Aed) = (el eDe?e® = (e? Ae?)

@ nre)enet) =—-(e?ret)(et Aed) = —(ef - eh)e?e’ = (e? Aed)
35. Tbybs, byb; commutative

vvd = (e! + 2e?){(—e? Aed ned) + 2(—ed Ael Aed)) = ((1)? + (2)2)1

el(@®netrne) +e?(e?rednet) =0

el(e®retne) =el(el refAed) = (el -e)(ef ned) = —(e3 Aneb)

el(e®nednet) = (e?-e?)(ernet) = (e3> Aeh)

{(—e*re?ned) + 2(—ed Aet Ae) (el +2e?) = ((1)? + (2)2)1
(e're’rnede? + (e net red)el =0
(e're?ned)e? = (e3rel ne?)e? = (e?-e?)(eAel) = (e3nel)
@ Aetredet = (@ rel redel = (ef-e)(e nel) = —(e® rel)

3.6.  Dyb,, bybs

casel: b;b, has one common basis, and b,b; has two common bases.
v? ={e? +2(@@ ne)H(—e3 Aet ret) +2(et Ae?)} = ((1)2 + (2)3)]
vv? = {(—e® Ael Aeb) + 2(e! Ae?)}He? + 2(—ed Aeh)} = ((1)% + (2))]
el(etre?)— (e rne)(enelne?) =0
(etre?)e? + (e retned) (e rel) =0

el(e' Ae?) = —e?(e? Aelt) = —(e? - e?)e! = —e!

@ae)(e@nelre’) =(@@re)etrednel) = (et e)(e? - e)e! = —e!
(et Ae?)e? = (e? - e?)e! = e!

@nrelre)@ne) =(elretred) (e net) = (e ed) (el e)e! = —e!

case2: b;b, has no common basis, and b,b; has one common basis. In particular, this multiplication changes
the sign while removing the common basis.

vv? = {et + 2(e' Ae)H(—e?ned net) +2(e Ae)} = ((1)2 + (2)3)]
vv? = {(—e? Aed Aet) + 2(e? Aed)He! +2(—et Aed)} = ((1)% + (2))]
el(e®rne®)—(etre)(e?nedne) =0

@ redel + (e2rere)(el Aet) =0

el(e’rned) = (el Ae?ned)

(etre)(@neine’) =(etre)(etre?ned) = —(ef - e)el(e? Aed) =el(e? Ae?)



@ redel = (e?red nel) = (et Ae? Aed)

(erenet)e*re) = —-(e?redne)(ef nel) = (e - et)(e? Aede! = —(e? Aed)e!
3.7.  Square of basis

vt =T +2)1+2D)=((1D*+ @)D +2(1+1?)
12+12=0, I?=-1

The square of basis is chosen in +1. The value is determined by considering the energy density in chapter 5.
v = {(et ret) +2(e2 Aed)H(e? Aed) —2(e' Aet)} = (D2 + (2)2)]
(etred)etne) —(e?red)(e®ne)=0

(e're)?=(e?lre)?=(elnre)?=(etne?)?=(e?re’)2=(elnel)?=1

vv? = {et + 2(e2 A e Ae)H(—e? Aed Aeb) + 2(—eD)} = ((1)? + (2))]
elel + (e?Ae3 net)? =0
(e)? = (e2)? = (e)? = (e')? = —1

(@ nredne)? =(elrene)?=(e3relrnet)?=(elre?re’)? =1
3.8.  Square of vector formed by bases in a dimension

Multiplication, b;b,, b,b,, bs;b; are all anticommutative. Therefore.
ex) v=e!+2e?+3et
v? = (e! + 2e? + 3e’)(e! + 2e? + 3eb)
= (e1)? + (2e?)?2 + (3eh)? + 2(ele? + e?e!) + 6(e?et + efe?) + 3(ele? + e?el)
=—-{M*+ @?*+ @3)*}=-UwvIh?
Dual vectors also have the same coefficients.
vi=v-I=(—e’relne’) +2(-ernelre’) +3(—e' Ae? Aed)

v ={D?*+ ()% + (3)*} = (llvI)?
4. Maxwell’s equations

1) If vector potential A and curl(A) exists. They are one entity.
2) Then, curl®(A) and curl{curl®(A)} =] also exist. It's duality.
curl®(4) = curl(4) - I, curl{curl®(A)} = div{curl(4)} = Laplacian(A) =]
This proposition is Gauss's law and Ampere-Maxwell's law. These are not experimental laws.
3) curl?(A) = 0 and curl(J) = curl®{curl®(4)} = 0.
These are Gauss's law for magnetism, and Faraday's law, and charge conservative law.
4) If enough time passes and equilibrium is reached, vector potential A becomes continuous, div(4) = 0.
Then the wave equation for A and J is obtained.

4] 92
O =5, O = xhox”’ (u,v=1234), []=0; — 011 — 052 — 033

1) A=Ae! + Ae? + Aze3 + A6t = Ajey + Aye, + Ase; — Arey, (A= —@)
curl(A) = e* nd,A
= (0,45 — 034;) (€ A €®) + (0:4; — 0,:43) (e’ Ael) + (0,4, — 0,4,)(e' Ae?)
+(0:4; — 0. A) (€' Aet) + (0,4, — 3.4,) (€% Aet) + (0;4, — 0,43)(e® A eb)
=B+E=B,Ae®)+B(e3rnel) +B(el Ae?) + E;(el Ael) + Er(e2 Aet) + Es(e Aeb)
B: magnetic field, E: electric field
2) curl®(4) = curl(4) - 1



=E (e re®)+E (e Ael) + E;(et Ae?) — B (et Aet) — By(e? Aet) — By(e® Aeth)
J=—J(etre?ned®)—J(eredne) —,(e3rel Aet) — J;(et Ae? Aed)

= curl{curl®(A)} = e* A d,{curl®(A)}

= (0,E1 + 0,E, + 03E3) (e Ae? Ae3) — (0,B; — 03B, — 0,.E;)(e? Ae3 Aeb)

—(03B; — 0,B; — 0,E,)(e® nel Aet) — (0,B, — 0,B; — 0,E3) (e Ae? Aeb)

J: = —p: charge density, J;: current density.
Conventional coefficient representation. Gauss's law, and Ampére—Maxwell law.

V-E=-],=p, VXxB=]+0.E
3) curl?(A) = e A d,{curl(A)}
= (0;B; + 0,B, + 35B3)(e! Ae? A e3) + (0,E;5 — 03E, + 0,B;)(e? Aed Aeh)
+(03E; — 0,E;3 + 0,B,) (€3 Ael Aet) + (0,E, — 0,E; + 0.B3)(et Ae?Aet) =0
Conventional coefficient representation. Gauss's law for magnetism and Faraday's law.
V-B=0, VXE+0d.B=0

curl(J) = e* Ad,J = (01)y + 02), + 03J3 — 0J ) =0
Conventional coefficient representation. Charge conservative law.
V-]+0d;,p=0
4) Al =A-1=-A(e®rednet) —Ay,(e® Aet Aet) — A (e Ae? Aet) — A (e! Ae? Aed)
div(A) = curl{A?} = e* A 0,A% = (0,4, + 0,A, + 0343 — 0,A)] =0
Conventional coefficient representation. Lorentz condition.
V-A+0,0=0
curl?(4) is also continuous. div{curi®(4)} = curl{curl®®(A)} = —curl?*(A4) = 0.

Substituting A,, for E;, B; in the 2), it becomes the wave equation.
—Jt = 01E1 + 0,E; + 03E5 = 0134 — 010 A1 + 0224, — 03047 + 0334, — 03,43
= 0114 + 0224 + 0334, — 0peAr — 0,(0141 + 0,45 + 0343 — 0,A,)
= 011A; + 0224, + 0334, — 0 Ay = —[A;
J1 = 0;B3 — 03B, — 0.E; = 0314, — 05541 — 03341 + 03145 + 0yt Ay — 014y
= 04tAy — 01141 — 05041 — 03341 + 0,(0141 + 0,4, + 9345 — 9, A,) = []A,
Je =A4s Ji =04 J. =[J4,, Js=[]4;
4.1.  2-vector field
There is no problem in changing the dimension of vector potential in Maxwell’s equations propositions.
1) B+E=B(ere’) +B,(eAnel) +Bs(e! re?) + (et nel) + E(e? net) + E3(ed Aeh)
curl(B+&) =e* N0, (B+E) =A
=A(ere?ned) + A (@ ned net) + Ay(eS net Aeb) + Az(el Ae? Aeb)
Ay = 0,B; +0,B, + 05B;3, Ay = 0,E5 — 05E, + 0,B,
Ay =03 — 0,E3 + 0,B,, Az =0,E, — 0,E, + 0,B;
Conventional expression.
A=V B, A=VXE+09B
2) curl*(B+ &) =curl(B+ &) -1 = —A,&! — A,e? — Azed — A,et
Jd=-K,(@re®)—3,(e3rnel) —Fs(et re?) + Li(el Aet) + L(e? Aet) + Li(e3 Aeb)
= e’ A d,{curl®(B + &)}
= (05A; — 0,A3)(€* A @®) + (0;A3 — 03A,)(€* Ae') + (0,4, — 01 A,) (e Ae?)
+(0; A, — 01 A (@ Ael) + (0, Ay — 0,A,) (€2 A et) + (0,A5 — 05A) (€3 Aeb)



K;: spin density, L;: spin current density.
Conventional expression.
K =VXHA, —L=VA; — 0;A

3) CuT’lz(B + g) = @# A a”_c/q = (alc/ql + 620‘[2 + a3c/q3 - 6tc/‘lt)(—1) = 0
Conventional expression.
V . c/q - atc/lt = 0

curl(J) = curl(X + £) = e A 9,(KX + L)
= —(0,5C; + 0,7, + 0:K;5) (e Ae? Aed) + (0,L; — 05L, — 0,7 (e? Aed Aeb)
+(05L; —0:L; — 0, 7)) (@ Anet Aeb) + (0,L, —0,L, — 0, F3) (et Ae? Aet) =0
Conventional expression
V- =0, VXL—-0,K =0
4) B+EY=(B+8)-1
=&@@ned)+ & @@ nel) +&(e? ned) —B(e' Aet) —By(e? Aet) — By(e® Aeb)
div(B + €) = curl{B% + €4} = e* A{B? + £9}
= (0,&; + 0,&, + 05&3) (et Ae? Aed) — (0,B; — 05B, — 3,.&;,) (e Aed Aeh)
—(03B; — 0,B; — 3,&) (€3 net Aet) — (0,B, —3,B; — 3,.&) (et Ae? Aet) =0
Conventional expression
V-£€=0, VXxB—-0,£=0

Substituting B;, &; for A, in the 2), it becomes the wave equation.
Ky = 0;A3 — 03A; = 0,(01E; — 0,€; + 0,B3) — 05(05E, — 0,3 + 0,B;)
= —052€; — 033&; + 0,(0,B3 — 03B;) + 0,(0,€; + 03E3)
= —0,€; — 033€; +0,(0,&,) — 0,(0:&1) = [ ]&
¥ =&, ¥, = [, ¥ =&

Ly =—(01A; — 0;Ay) = —0,(0,B; + 9;B, + 05B3) + 0,(9,E3 — 95E, + 3,B;)
= —011B; + 0By — 0,(0,B, — 0,E3) — 03(0: B3 + 9,E>)
= —011B; + 0;B; — 0,(0,B,) — 05(3;B,) = [ |B;
Ly = DBw L, = DBZ' Ly = DB3
4.2.  3-vector field

1) A=-Aj(@redne) —A(e3rnetnel) —As(et re?ret) —A(et Ae? Aed)
CuTl(A) =etA auA =VI V= _atAt + alAl + azAz + 63A3
2) curl®(A) = VIt =V
J= H1@1 + Hzez + Hs‘eg +J.et
= e* A g, {curl®(A)}
= 0,Ve! + 0,Ve? + d;Ve? + 9, Ve!

J;: color density, J.: Higgs density.
Conventional expression.

J ="V, Jy =0,V
3) curl*(A) = e* A9,V = null
curl(J) =e* A9, (J) =0
(0.]3 — 05]2)(e* Ae®) = (03], — 0:J5) (e’ Aet) = (0,], — 3. J)(e" Ae?) =0

(0] — 0 ) (e Aet) = (0;]; — 0J) (e Ae’) = (03], — dcJ5) (e’ Aef) =0
Conventional expression



PxJ=0, VJ,—d]J=0
4) A% =A- ] =Ae!+A,e? + Azed + Aet
div(A) = curl(A?) = e A 9,A?
= (0,A; — 03A;)(e* Ae®) + (0;A; — 0;A3)(e* Ae') + (0,A; — 3,A,) (e Ae?)
+(0:A; — 0. A;) (el Aet) + (0,A, — 3.A,)(e* Aet) + (3;A, — 3. Az) (e Aet) =0
Conventional expression
PxA=0, VA, —aA=0

Substituting A, for V in the 2), it becomes the wave equation.
J1 =0,V =0,(0,A; — 0141 — 0,A; — 03A3) = 0p1 A — 013 A1 — 03145 — 05143
= 0ytAy — 01181 — 05581 — 0534, = [JA;
Je = 0,V = 0,(0:A; — 0, A1 — 0,A; — 03A3) = 0y Ar — 01 Ay — 030 Ay — 03.A;
= 0yt Ar — 011 A — 02,A; — 053A, = [JA,
Ji = Ay, J2 = [JA,, Js = [JAs, Je = [JA,
4.3.  O-vector field

1) v
curl(v) = e Ad,v = a = a e’ + a,e* + aze® + a,e’
a, = 0,v, a, = 0,v, a; = 03, a; = 0
2) curl®(v) = curl(v) - I
=—a,(etre?rne®)—a(@rernet) —a,(eret net) —az(et Ae? Aet)
i =e* A {curl® ()} = (0,a, + 0,4, + 04, + 03a3)] = —ml

m: mass density.
Conventional expression.

m=20a,—V-a
3) curl?(v) = e* Ad,a
= (0,a;3 — 03a,) (e Ae®) + (0za, — 0,1a3)(€® Ael) + (01a, — 0,a,) (e Ae?)
+(01a; — 0;a,) (@' A e') + (0,a, — 0.a,)(€* Ae') + (0;a, — d.as)(@ Aet) =0
Conventional expression
Vxa=0, Va, —0,a =0

curl(f) = e* A 9,4 = e A9, (ml) = null

4) vl =wv14=wl
div(v) = curl(v?®) = e* A d,v] = null

Substituting a,, for v in the 2), it becomes the wave equation.
m=0ia, —V-a=0uv — 0t — 0y — 0330 = [ v

m=[]v

4.4. Particles

The vector potential A has wave properties, and J has particle properties. They are two aspects of a single
entity and dual-dimensional. Duality. If | = div{curl(4)} # 0, then curl(A) is not continuous. Particles are a
phenomenon in which curl(4) accumulate or leak out.

1) Color is like a string. color density: e!, e?, 3

2) Spin is like a membrane. spin density: (e A €3), (@3 Ael), (el A e?)

3) Charge is like a particle. charge density: (e! A @ A @3)

4) Higgs is essential for creating mass. Higgs and mass density: ef, (—e' Ae? Ae3 Aet)

5) From a charge perspective, it's no coincidence that protons contain three quarks.



6) There is a geometric difference between a positron and an electron. (e A @2 Ae?) = —(e? Ael A ed)
7) Current density (€' A @’ A et), superconductor is in a state where the spins are well aligned.

5. Energy density and force

The conventional energy density eng(A) in electromagnetism is

1 1
eng(A) = E(Bz +E?) = 5{(31-)2 +(EDY,  ((=123)

curl(A) = B + E. The representation of multivectors is

1 1
eng(A) = Ecurl(A)curld(A) =3 [lcurl(A)|I?1

And force is a divergence of energy density.
F = —div{eng(A)} = —curl{eng®(A)}

curl(A) is a vector formed by bases in a dimension. chapter 3.8.

eng®(A) = %{curl(A)}2 or %{curld(A)}2

The following assumption about vector fields X and Y are obvious. multivectors are numbers.
curl(XY) = {curl(X)}Y + X{curl(Y)}

The first case of eng®(A4) cannot define the force, because curl?(4) = 0.

F= —%curl({curld(A)}z) = —%{curl{curld(A)}curld(A) + curl®(A)curl{curl® (A)}}

1
= —E{]curld (A) + curl®(A)]}

Only 1-vector term of {Jcurl®(A) + curl®(A)]} is force because the force is the curl of scalar.

curl®(A) is a 2-vector and J is a 3-vector, this multiplication is commutative. 3.6. casel.

J=—J(etre?ne®) —J(ernedne) —J,(e3rel Aet) —J;(et Ae? Aed)
curl®(A) = E;(e? Ae®) + E,(e3 Ael) + Ez(e! Ae?)
—B;(et Aet) — B,(e? Aet) — By(e3 Aeb)

Fiel = (etrne? ned)E (e’ ned) — (et Ae? Aeb)By(e? Aet) — (e Ael Aeh)Bs(ed Aeh)
= (=JiE1 + J,B; — J3B,)e’
Fet=J(e?rnedne)E (e’ rned) +],(e2net Aet)E,(e3 Ael) + (et Ae? Ae)Es(el Ae?)
= (—J,E1 — J2E; — J3E3)et
Conventional expression.
F=—J,E+]XB=pE+]XB, Fp=—]-E
It is consistent with the experimental law. F,@! is the electromagnetic energy lost per unit time. Joule heat.

5.1. Weak force

curl®(B + &) is a 1-vector and J is a 2-vector, this multiplication is anti-commutative. 3.6. casel. Weak force
is not a force itself that is weak rather force that cancel each other out. And since F,e’ is also 0, there is no
energy lost. Perhaps weak force is like pushing or pulling a spring. The phenomenon observed later when the
spring is released may be a known weak force.

pushing or pulling force.

1
eng®(A) = — E{curld(B + &)}, F=Jcurl®(B + &)
curl®(B + &) is a 1-vector, so it has different signs.
J=K+L
K =-K,(e®rned) —F,(e® rnel) — K (el Ae?)



L=Li(e*ret)+L(e?rnet) + Ly(ednel)
curl®(B + £) = —A & — A% — Aze® — At

Fe! = L;(et Ae)Aet — K, (ed Ael)Azed — (el A e?)A,e?
= (_Llcﬂt + .7(2(:/13 - .7(3(:/12)@1
Conventional expression
F=—LA+K XA

5.3. Strong force

curl®(A) is a scalar and J is a 1-vector, this multiplication is commutative.

eng?(A) = %{curld(A)}z, F = —Jcurl®(A)

J=Je! +J,e* + J;e® + J.ef,  curl(A) =V

Fe! = —V],el, F.et = —V],et
Conventional expression

F=-V], F=-V]
In the formula, the color density itself is the force, and the Higgs density is the energy lost per time.
5.4. Gravity

curl®(+v) is a 3-vector and 7 is a pseudoscalar, this multiplication is commutative. 3.2.

eng?(v) = %{curld(/lr)}z, F = —jcurl®(v)

§=—-ml

curl?(v) = —a,(e' Ae? ned) —a, (€2 Aed Aet) —ay(e® Aet Aet) — az(el Ae? Aet)
Fl(e’l — —/mlal(ez Aedaet) = —ma,lel = m(—alv)el

Ft@t — —mlat(el A@ A @3) = —/m,a,tet = m(—atflf)@t

Conventional expression
F=—-ma=-mv), F, = —-m = —-m(0)



