manuscript No.
(will be inserted by the editor)

Elementary energy excitation of correlated electrons and mechanism of

tunnel effect

Chol Jong '* - Un Chol Han?

Received: date / Accepted: date

Abstract We present an alternative explanation of the mech-
anism of tunneling from both quantum and statistical per-
spective that tunneling is related to the existence of ensem-
ble of entangled and correlated electrons. The purpose of
our work is to elucidate the true mechanism of tunneling
consistent with quantum theory and energy conservation.
We explain the quantum nature of tunneling on the basis of
the exchange-correlation interaction of entangled electrons
around the barrier and the quantum current resonance in
the barrier. Our approach enables a satisfactory explanation
of the quantum aspects of tunneling relative to the barrier
height and width, keeping the energy conservation. It is ex-
plained that tunneling has the statistical aspect, since there
exist electrons able to overcome the barrier thanks to the ele-
mentary energy excitation of the Fermi liquid that is formed
as a result of the exchange-correlation interaction between
correlated electrons. Our approach satisfies both the prin-
ciple of energy conservation and fundamentals of quantum
mechanics. Eventually, we provide a consistent and general
explanation of the mechanism and characteristics of tunnel-
ing that is essentially a quantum and statistical hybrid phe-
nomenon.
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1 Introduction

Tunneling is famous for the understanding that electrons
with energy insufficient to surmount a potential barrier can
cross it. One of two typical tunneling experiments is the tun-
neling between two superconductors separated by an insu-
lator. As the other type of tunneling, the Giaever tunnel-
ing (single-particle tunneling) is the tunneling of a single
quasielectron from an ordinary metal to a superconducting
metal [1]. Tunneling that is regarded as a pure quantum-
mechanical phenomenon, above all, is significant for eluci-
dating the physical processes in microscopic scales. Physi-
cal phenomena in semiconductor device including new quan-
tum Hall devices and tunneling diode are explained based on
tunneling [2,3]. It is recognized that tunneling lies behind
the a—decay and the cold-field emission as well.

Moreover, tunneling is significant for studying a wide
range of physical world beyond microscopic world. Sev-
eral kinds of tunneling and their subtle properties which ex-
tend the coverage of tunneling have been discovered and
reported. Tunneling rises as an interesting subject even in
cosmology, as tunneling is regarded as an indispensable el-
ement for solving the problem of black hole [4,5]. As a
phenomenon of significance, the evaporation of black holes
as a result of the Hawking radiations has also been consid-
ered to be due to tunneling of particles from the horizons
of black holes. Brabec’s theory of tunnel ionization in com-
plex systems yielded reasonable results in agreement with
experiments [6]. Thus, tunneling leads to an understanding
of the essence of ionization. Vindel-Zandbergen’s studies of
tunneling-induced electron transfer between separated pro-
tons showed the relevance of tunneling in nuclear reactions
[7].

The recent researches have confirmed that tunneling de-
pends on several factors purely beyond quantum realm.
Jiirgensen reported the observation of density-induced tun-
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neling which breaks the symmetric behavior for attractive
and repulsive interactions predicted by the Hubbard model
[8]. Perrin proposed that theoretical predictions and mod-
els based on other mechanisms such as asymmetric tunnel-
ing barriers or asymmetric charging are possible [9]. Tok-
ieda’s study on quantum tunneling in a one-dimensional po-
tential in the presence of energy dissipation showed that it is
possible to calculate the tunneling probability using a time-
dependent wave packet method [10]. An analytical study of
relativistic tunneling through opaque barriers demonstrated
that it is necessary to consider the relativistic aspect of tun-
neling [11]. Chuprikov showed a deep relevance of tunnel-
ing time and superposition principle, whose gist is that scat-
tering of a quantum particle in a one-dimensional potential
barrier violates the superposition principle and thus the po-
tential barrier and the layered structure play role of nonlinear
elements [12].

In order to explain the mechanism of tunneling in intu-
itive ways, there have been proposed and developed several
methods. The non-tunnel model for a physical particle con-
sisting of a bare particle and its virtual decay cloud was as-
sumed. In this theory, it is supposed that the barrier is more
transparent for virtual particles than for the bare particle and
the barrier width is less than the size of virtual cloud. Then
tunneling is explained in such a view that virtual particles
regenerate the primary physical particle behind the barrier
[13]. Jonson explained a mechanism of tunneling by using
the exchange-correlation potential felt by an electron tunnel-
ing from a metal through a classically forbidden region into
vacuum [14].

The quasi-classical approaches of quantum mechanics
in phase space is an important paradigm, which uses the
Wigner or Husimi function useful for physical picture [15-
23]. The quasi-classical approaches based on trajectory have
been used as an effective mean to treat the quantum dynam-
ical processes relevant to tunneling [24,25]. As a version of
quasi-classical approaches, the entangled-trajectory molec-
ular dynamics (ETMD) has been newly developed based on
the quantum phase-space theory [24,26]. This approach has
become a powerful tool for elucidating the dynamical pro-
cesses of quantum characteristics such as the tunnel effect
by using entangled trajectories in phase space. Results ob-
tained by applying ETMD approaches in various fields of
quantum dynamics have been reported [24,27]. The Husimi
function-based approach is useful for obtaining the correct
information related to tunneling, since the Husimi function
is positive at every point and guarantees accuracy. Several
works using this approach have been reported [25,28].

Despite the advances, several difficulties in interpreting
the tunnel effect by using clear physical intuition still re-
main unsolved. Concerning the conventional interpretation,
it should be noted that the solution of the Schrédinger equa-
tion in the barrier region violates the law of energy conser-

vation and the continuity of probability current density. This
big problem makes the conventional explanation of tunnel-
ing unreliable.

It still remains an important problem to elucidate the
mechanism of tunneling in a consistent way. The problem is
whether tunneling is a quantum effect by a single electron or
quantum statistical effect by an ensemble of correlated elec-
trons or entangled electronic states. If tunneling is due to the
ensemble of electrons or ensemble state of an electron, then
it should depend on a kind of temperature defined in a statis-
tical way. Noticeably, the conventional interpretation of tun-
neling is not associated with temperature. However, many
studies of tunneling in chemical and biochemical systems
at room temperature as well as tunneling at cryogenic tem-
perature have been reported [29]. Some researchers claim
that the most general and exact approach is to apply quan-
tum dynamics, i.e., to solve the time-dependent Schrodinger
equation starting from the reactant state ensemble [29].

It is necessary to turn our attention to the fact that ac-
tually, experiments on tunneling are related not to an inde-
pendent single electron but to an ensemble of electrons or
of electron states. Moreover, it should be noted that the con-
ventional theory cannot explain as yet in a general way the
behavior of tunnel current in the whole domain of variability
of factors such as bias voltage and temperature.

The purpose of our work is to elucidate that tunneling is
not a pure quantum mechanical effect but a quantum statis-
tical hybrid effect and the interpretation of tunneling should
keep the energy conservation law and the fundamental prin-
ciple of quantum mechanics. We aim to explain the main
characteristics of tunneling, taking into consideration all the
quantum statistical factors. Specifically, we aim to elucidate
the nature and the quantum statistical characteristics of tun-
nel current, based on the exchange-correlation interaction of
electrons.

The remaining paper is organized as follows. In Sect. 2,
we explain the quantum nature of the tunneling. In Sect. 3,
we explain how to describe tunneling in a statistical way by
introducing the electron-excitation temperature. In Sect. 4,
we describe why the conventional interpretation of the tun-
nel effect is inconsistent with the law of energy conservation
and fundamentals of quantum mechanics. The paper is con-
cluded in Sect. 5.

2 Quantum nature of tunneling

2.1 Exchange-correlation interaction and collective
behavior of electrons around barrier

We consider that the exchange-correlation interaction causes
collective behaviours of entangled electrons. Electrons present
in entangled states before and after the barrier are corre-
lated. The interaction between them helps electrons of low
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energy to acquire the additional energy necessary for over-
coming the barrier from the correlated electrons of high en-
ergy behind the barrier. According to the superposition prin-
ciple, electrons are in a superposed state entangled by eigen-
states and the interaction of entangled electrons results in the
exchange-correlation coupling of electrons. This coupling
depends on the distance between the incident electrons and
the transmitted electrons, i.e., the barrier width: the thinner
the barrier width is, the stronger the exchange-correlation in-
teraction. Thus, electrons as an integrated entity around the
barrier cooperate with one another to overcome the barrier.

Based on Ref.[30], it is possible to evaluate the exchange-
correlation energy combining two electrons which are sepa-
rated by the barrier as
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where ; and ; are the one-electron wave functions for
states before and after the barrier, my,, m;, the spin quan-
tum numbers for those states, respectively, Hj, the opera-
tor of interaction between two electrons, and 6;;(r,r;) the
correlation hole function for electrons in two states i and ],
respectively. Setting y;(r) = ek, Yi(r) = eKix Ay, = po—
where k; and K; are the wave numbers of electron before
and after the barrier, respectively, we write the energy of the
exchange-correlation interaction as
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Assuming the mean value of the correlation hole function
6;j(x1, x2), we write Eq. (2) as

o St [

Taking into consideration that the exchange-correlation in-
teraction is the interaction between electrons which are spaced
about the barrier width apart, we set x, — x; approximately
as the barrier width, /, to rewrite
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Again, taking the mean value to be placed out of the sum
denotation for ¢ (msl., msj) 6, we have
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By computing the integral, we obtain the final result,
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where sin[(k; — K;)I] < 1 has been taken into consideration.
It is possible to explain the relation between the barrier

height and }}; ; —g- Since electrons passing through the
iR
barrier lose as much energy as the barrier height, the relation
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Inserting Eq. (4) into Eq. (3), we obtain
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Every electron is correlated with many electrons that are
clustered by the exchange-correlation energy. Therefore, in-
troducing B, in consideration of all factors including many-

electron correlation together with lifmfg ki + K )2, itis
possible to give the concise expression:

B.)CC
Ey=- 12 (5

In this case, E,. depends on the number of electrons in-
volved in the cluster of correlated electrons. Hence, it turns
out that the exchange-correlation energy is inversely pro-
portional to the barrier width and the square of the barrier
height. The exchange-correlation energy couples electrons
as a single entity. This implies that tunneling is related to the
exchange-correlation energy and should be considered as a
problem relative to ensemble of electrons or of electronic
states.



Chol Jong *, Un Chol Han?

2.2 Elementary energy excitation of correlated electrons,
and electron-excitation temperature

One of the most interesting concerns of many-electron sys-
tem is the problem of the internal energy excitation modes
of electrons. The energy excitation modes produce excited
particles from the vibrating electronic system. Electrons, for
instance, in metals can be thought of to be an interacting sys-
tem or open quantum system, where electrons are in entan-
gled states and at the same time are so mutually correlated.
Thus they lose their individual identities and thus outcome
to a single entity. Ensemble of such single entities forms sta-
tistical distribution. Such an interaction between electrons
enables the introduction of a new temperature that is defined
by statistical distribution. As a result of the statistical dis-
tribution, there exist electrons which have energies able to
surmount the barrier with a certain probability even if the
additional energy which an electron acquires under applied
voltage is lower than the barrier height. The current by such
electrons apparently would look like the tunneling. We be-
lieve that the nature of tunneling lies in many-body effect by
interaction of electrons.

It is viewed that the strongly interacting electrons in a
metal form a normal Fermi liquid. We view that the exchange-
correlation interaction causes single entities of clustered elec-
trons. With the help of exchange-correlation interactions of
attraction, electrons before and after the barrier are com-
bined with one another and behave collectively, sharing their
energies like molecules in liquid. Such correlated electrons
form the Fermi liquid that can be compared with bodies that
are connected by a chain. With the help of this chain of in-
teraction, electrons before the barrier that have insufficient
energy to surmount the barrier can receive necessary energy
from electrons behind the barrier and electrons on the same
side. This mechanism gives rise to the elementary energy
excitation.

The elementary energy excitations in the Fermi liquid
can be dealt with based on the concept of the so-called Lan-
dau quasiparticles or quasielectrons. For every electron, there
is a quasielectron. Not all quasielectrons are important. Only
electrons that are near the Fermi level in energy are detected
in most experiments, since these quasielectrons have fairly
long lifetimes. Quasielectrons do not interact with one an-
other and form a statistical ensemble. Therefore, quasielec-
trons can be dealt as ideal gas. The statistical distribution of
quasielectrons can be characterized by a kind of temperature
that is defined by an ensemble of the exchange-correlation
energy. We define the electron-excitation temperature which
characterizes the elementary energy excitation by means of
the mean value of the exchange-correlation energy E,. as

3
E.= EkTe, (6)

where E . is the mean value of E,.. Combining Egs. (5) and
(6), we find
T, = ﬂ,

3kip?
where B,. is the mean value of B,.. Eq. (7) manifestly shows
that the smaller the barrier height and width are, the higher
the electron-excitation temperature.

Meanwhile, the lattice vibrations scatter electrons. This
is because the lattice periodicity is distorted by the lattice
vibrations and the distortion scatters electrons. In fact, a sys-
tem of electrons is not of a static structure. At any finite tem-
perature, there will be thermal vibrations. Even at absolute
zero, according to quantum mechanics, there will be zero-
point vibrations. These lattice vibrations can be described
using the totality of normal modes constituting the vibration
of atoms. The quanta of these normal modes are phonons.

)

The phonons interact with quasielectrons. This electron-phonon

interaction abates the exchange-correlation interaction of elec-
trons.

Whatever the form of the interaction, it vanishes when
there are no atomic displacements. For small displacements,
the interaction should be linear in the displacements. Thus
the phenomenological interaction part of the Hamiltonian of
electron-phonon interaction is written as

7_{ep = ;}: (wl,b . le,b U) s

where x; 3, are the displacements of atoms. If assuming that
the electrons can be treated by a one-electron approxima-
tion, and that only harmonic terms are important for the lat-
tice potential, we represent a typical matrix element of the
exchange-correlation potential as

Ti i =—<nq,p|ffWZ(h)lPL(Tz)‘}{eplﬁk(rz)lﬁk/(ﬁ)
dridrlng, — 1),

where |n, ,) are phonon eigenkets and i, are electron eigen-
functions with the wave vector k. The displacement x; 3 in-
creases with temperature. This means the increase in the dis-
tance between electrons which are exposed to the exchange-
correlation interaction. Meanwhile, the increase in the dis-
tance between electrons leads to the decrease of the over-
lap of wave functions. Therefore, the exchange-correlation
interaction decreases with temperature. In other words, the
increase in real temperature results in the decrease in the
electron-excitation temperature.

2.3 Quantum resonance of tunnel current by barrier

The quantum constraint in the barrier affects the tunnel cur-
rent because electrons have wavelike property. This mech-
anism of the resonant current through the barrier attributed
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purely to quantum property satisfies energy conservation un-
like the conventional interpretation of tunneling.

Based on the formalism of quantum mechanics in phase
space, we can explain reasonably the resonance characteris-
tics of tunnel current related to the barrier. This temperature-
independent, purely quantum effect should be considered to
be associated with the quantum resonance.

Let us start from quantum mechanics in phase space.
The de Broglie relation helps us presume the form of the
wave function. The explanation runs as follows. It is obvious
that the de Broglie’s relation defines the frequency and the
wave vector of the de Broglie wave. According to the gen-
eral relation for a wave, the phase of the de Broglie wave is
represented as the function with variable upper limits, q, ¢,

t

q
D= fk(q/) dq’—fw(t’)dt/. (8)
0

0

The phase of a free particle is expressed simply as
b=kq-wt

For a period, the phase relation becomes

t

q
fk:(q’) dq’ - fw(t’)dt’ =2r. 9)
0

0

The above relation specifies the minimal condition neces-
sary for a wave. In order for a wave to exist, it should satisfy
at least this physical condition. According to the de Broglie
relation:

we get from Eq. (9)

t

q
f p(q) dq’ - f E@)df = 2nh = h, (10)
0

0

where we have supposed that even though the momentum
of a particle is time-dependent, the de Broglie relation holds
as in the case of a free particle. Hence, we can adopt the
general condition of periodicity as

t

q
f p(q’) dq’ - f E(t)dt’ = nh,
0

0

where 7 is an integer. The condition of periodicity for a free
particle is represented as

pq — Et = nh.

This is nothing but the Bohr-Sommerfeld quantization con-
dition. Consequently, we in general can write the phase of
the de Broglie wave as

q ’ ’ 1 ’ ’
:%J;Mqu—LEUMQ

D
h

(1)

Here foq p(q)dq’ — fot E(¢')dtr’ obviously is the action func-
tion with variable upper limit, which is represented in terms
of the Hamilton function as

q t
S(q,p,t)=fp(q’)dq’—fH(t’)dt’. (12)
0

0

The fact that momentum is described as an independent vari-
able is related to the introduction of ensemble of paths. A
variety of virtual paths that represents the probabilistic be-
havior of microscopic particles produces a spectrum of mo-
menta. Therefore, the action function must be defined in
phase space. From Eq. (12), the action function for a free
particle is

S(q,p,t)=pq-—Ht

Consequently, the phase of the probability wave is written
in terms of the action function as

S (q,p,t
o= @PD (13)
h
In the end, the de Broglie wave can be represented as
.S (g, p,1)
¥ (q.p.n) = ¢(q,p, 1) exp (IT ) (14)

where ¢ (g, p, t) as the probability amplitude is a real-valued
function.

We therefore can conclude that the de Broglie relation
determines the quantum phase and subsequently, the form
of the wave function. Meanwhile, Eq. (10) shows essential
contents of the uncertainty relation reflecting ensemble in
phase space and the broad context of classical mechanics
and quantum mechanics. Expressions (10) and (11) shows
that the quantum of the action is 4. At the same time, it
shows the necessity and validity of the simultaneous deter-
mination of position and momentum, and of time and en-
ergy. This is because if it were not to be possible, we could
not imagine the phase of a wave.

From Eq. (10), the quantum in phase space should be
represented as

q
h:ffmvw' (15)
0
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and the quantum in energy-time space should be represented
as

h:fmﬁM. (16)
0

These relations really explain the nature of space-time quan-
tization. It is natural to interpret these relations as charac-
terizing an ensemble that consists of pairs of position and
momentum, and of time and energy. The relations (15) and
(16) show that the greater the momentum is, the more the
space is localized, and the greater the energy is, the shorter
the time of quantum process.

According to quantum mechanics in phase space [31],
the solution of the wave equation for stationary states, in
general, takes the following form:

X

Y(x, p) = o(x, p) exp %fp(x')dx' , A7)

0

where the probability amplitude y(x, p) is a real function. It
is to be noted that the phase part of this expression is identi-
fied with that of the wave function in quasi-classical approx-
imation. From Eq. (17), it is obvious that the barrier region
should satisfy the quantum constraint:

I I
fp(x)dx = f \V2m[E — U(x)] dx = nh, (18)
0 0

where E is the total energy of an electron determined by
bias voltage and U(x), the barrier potential. This constraint
stands for the periodicity condition of the wave function
within the barrier, which is distinguished from the Wentzel-
Kramer-Brillouin approximation (WKB approximation) ac-
cording to which the transmission factor of a barrier is pro-
portional to exp (—% f mdx).

With the help of this constraint, the quantum characteris-
tic of tunneling can be explained. From Eq. (18), it follows
that the kinetic energy of an electron passing through the
barrier should be higher than the barrier height. For the pur-
pose of considering qualitatively, we define the mean value
of momentum of an electron in a barrier region as

ﬁ_ﬂPUMX_ﬂ 2m[E — U(x)]dx
= - 1 _

According to Eq. (18), the following condition should be
satisfied.

pl = nh.

From this, the mean momentum of an electron surmounting
the barrier should be quantized as

h

Pn =71 19)

This condition relative to momentum characterizes the cur-
rent resonance in the barrier. The minimum momentum of
an electron able to pass through the barrier is represented as

h
p=7 (20)

Hence, it follows that the thinner a barrier is, the higher
the velocity of an electron passing through it should be. A
barrier can be regarded as a quantum filter which connects
the two free-motion regions and defines quantized momenta
necessary to pass through the barrier. With sufficient rea-
sons, it can be considered that the electron density in the
barrier region is almost in a saturation state and thus, is
constant. This is because the interaction between correlated
electrons and the bias voltage play the role of a source com-
plementing the electrons satisfying the quantum constraint
in the barrier. From the relation of current density:

j=pv. @1

the quantity contributing to the current density is assessed
principally as the velocity of electron, v. According to the
quantum constraint, Eq. (19), the thinner the barrier width
is, the larger the momentum which the barrier filters, and as
a consequence the current is increased.

3 Statistical description of tunnel current

Quantum statistical approach is indispensable for explain-
ing tunneling through the barrier because we have defined
the electron-excitation temperature as a statistical tempera-
ture distinguished from the real temperature corresponding
to phonon.

First, the Fermi energy should be taken into considera-
tion, since only electrons in the vicinity of the Fermi level
can be excited. The electron density dn in a small energy
interval dE is

dn = f(E)g(E)E, (22)

where g(E) is the density of states. The electrons near the
Fermi level can take part in the elementary energy excitation
and thus the work function decreases as much as the Fermi
energy. Therefore, we necessarily should allow for the Fermi
energy when investigating the tunneling through the barrier.
By the Fermi-Dirac distribution, the electron density can be
expressed as

00

r 4n(2m*)3? E'?
n= ff(E)g(E)dE = ( e ) f EE, dE,
9 exp(k—T*) +1

(23)
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where f(E) is the distribution function and m* is the ef-
fective mass of an electron that undergoes the exchange-
correlation interaction. The further calculation gives

00

An(2m™*)3/? E2
n= m(2m) f dE
exp

3 E-E
o) e () + 1
2n(2m*kT)3/? E;

=——Fip|— 24
3 2\ | (24)

where the Fermi integral F>(x) is represented as

2 r gl?
F =— de. 25
1/2(x) Nz f prea (25)
0

Thus, the density of electrons is the function of the Fermi
energy and temperature. Meanwhile, the Fermi level is the
function of the density of electrons and temperature. In the
absolute zero, every state is occupied by one electron and
the highest energy level is the Fermi level. Therefore, the
density of electrons at the absolute zero is represented as

i s
4n(2m*
n= [ s = TE [ pieg
0 0
1 Zm* 32 3/2
:Q(hz) P, 6)
Accordingly, the Fermi energy is given as
2
_ ) \2/3
Ef= T (37r no) . 27)

This shows that the Fermi energy depends on the density of
electrons. For the thermionic emission, the current density
per unit area j;,, of hot electrons through the barrier is de-
termined by

(e

e = f —ev,dn. 28)

(2]

The integral starts at the lowest possible energy, the top of
the barrier.

As a result of calculation, we obtain the Richardson-
Dushmann equation for current density for the thermionic
emission:

kT kT

E, ®—-E
jie = AT? exp( ) = AT? exp (——f) , (29)
where E,, is the work function and in case there is a vac-
uum after the barrier, A is 120Acm~2K~2. From Eq. (29), it

follows that E; decreases the work function, in other words

should be replaced by the electron-excitation temperature
T,.. In the absence of bias voltage, the cross flow of elec-
trons in the barrier balances. In the presence of bias voltage,
the balance breaks down, so the drift current in the barrier
occurs. Fig. 1 shows the changes in the barrier heights on
the both sides.

|
Ve
U,
= O+U,
D
—
D-U,
_ |~

0

Fig. 1 Variation in height of barrier on both sides due to bias voltage.
U, denotes the variation in barrier height by bias voltage.

By a bias voltage V,, electrons acquire the energy U, =
eV,. Hereafter, we shall call U, = eV, the bias energy. Sup-
pose that the bias energy is lower than the barrier height @.
Then for the electrons on the left side of the barrier, the bar-
rier height becomes @ — E; — U, and for the electrons on
the right side of barrier, @ — Ef + U,,. If a bias voltage is ap-
plied, then the currents through the barrier from both sides
are shifted to a new equilibrium, so the total current is not
zero. In case the forward bias is applied, the current density
in the forward direction is

= AT?exp (-w) (30)
¢ kT,

while the current density in the backward direction,

je = AT? exp(—w). 3D
¢ kT,

Then the resultant tunnel current density in the forward di-
rection is determined by

Jun = J= — Je

®-E
= 2AT? exp (— / ) sinh( Y ) (32)

kT, kT,

In case there is a vacuum after the barrier, the tunnel current

lowers the barrier. Therefore, according to Eq. (27), the thermiom&enSity is represented as

emission depends on the density of electrons.
In the case of dealing with the elementary energy exci-
tation in a Fermi liquid, temperature 7 related to phonon

o-E Ua
iT. ) exp (kTe) . 33)

Jun = jo = AT? exp (—
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Meanwhile, it is possible to explain the current-voltage
characteristic of the tunnel effect. Originally, according as
the momentum of electrons due to the bias voltage approaches
D, the current through the barrier increases in compliance
with the quantum constraint Eq. (19) but at the next stage ac-
cording as the increasing momentum of electrons is deviated
from p the current through the barrier decreases gradually as
a result of the breach of the quantum constraint. This gives
a good explanation to the question on why a peak occurs on
the current-voltage characteristics for tunneling.

It is possible to show this fact in a semi-quantitative
way. With Eq. (32), the current-voltage characteristic of the
tunnel current density is visualized in Fig. 2. We set T, =
1000K, Ef = 2eV, @ = 6eV, C; = 5. The tunnel current

x107

—— e — — |

400 500 600 700 800 900

Fig. 2 Tunnel current density in the barrier versus bias voltage

of statistical origin undergoes a kind of filtering due to the
quantum constraint in the barrier as determined by Eq. (18).
This filtering effect modulates the statistical current density.
In line with physical meaning, we can suppose the modula-
tion coefficient by which the statistical current is to be mul-
tiplied. The modulation coefficient characterizing the filter-
ing of statistical current can be represented as the following
mathematically modeled relation:

n=1+ Crexp (—an (r- ﬁi)z),

where the modulation coefficient 57 is a non-dimensional quan-
tity and p,, denotes the extreme values of momentum of elec-
tron corresponding to the quantum constraint. With U, =
5—:1, the above relation can be recast as the modulation-voltage
relation:

WARL
n=1+ZCnexp(—,Bn[Ua—%(7n) J ]

(34)

15[

L L

1 . . .
400 500 600 700 800 900

1000
\Y a (mV)

Fig. 3 Modulation-voltage curve due to condition of quantum reso-
nance in the barrier

Eq. (34) is sketched in Fig. 3. Considering that the exchange-

correlation interaction is effective within the range compa-
rable to the de Broglie wavelength, we took one peak for the
modulation corresponding to current resonances. According
to ﬁ (%)2 the first maximum point was taken as 750mV
and ﬁi] = 30mV was given in consideration of the dispersion
due to interactions of electrons.

The resultant tunnel current density, filtered by the con-
dition of current resonance, is evaluated from

Jres = Mjun- (35)

This must be just the tunnel current density in the sense of
the conventional theory. The resultant tunnel current density
according to bias voltage is visualized in Fig. 4. For com-

%107

0 . 1 1
400 500 600 700 800 900

\% a (mV)

1000

Fig. 4 Resultant tunnel current density versus bias voltage

parison, the overlap of Figs. 2 and 4 is given in Fig. 5. Fig. 5
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Fig. 5 Overlap of Fig. 2 and Fig. 4

is in good agreement with the current-voltage characteristic
of the tunneling diode that exhibits a maximum followed by
a minimum and subsequently an exponential increase [3].
This demonstrates that our quantum statistical analysis is
reasonable. Thus, it is revealed that we have referred to the
current phenomena due to such a quantum cause as tunnel-
ing. Unlike the conventional theory, our approach reason-
ably explains the characteristic of current change in case the
energy by applied voltage is higher than the barrier height
as well.

This approach gives a reasonable explanation for the res-
onant tunnel effect as well. From the quantum constraint, Eq.
(18), it is obvious that in case barriers and wells alternate pe-
riodically, for every region the quantum constraints should
be satisfied, i.e.,

(k) (k)
! ]f

fp(x)dx = f V2m[E — U(x)]dx = nyh, (36)

(k) (k)
[ I;

i

where ll(.k) is the first boundary of the kth barrier or well and
l(;‘), its final boundary. Only electrons satisfying these con-
straints all together can pass through the whole region of
barriers and wells. Therefore, barriers and wells should be
regarded as playing the role of a kind of resonance which fil-
ters electrons in agreement with the quantum constraint. For
this reason, it is possible that in a multiple barrier-well re-
gion, the quantum-selective effect, i.e., the sharp resonance
effect occurs.

Ultimately, all the properties of tunneling have been ex-
plained consistently without violating energy conservation.
Based on our work, the tunnel effect should be considered to
be the phenomenon related to the current through the barrier
occurring in case the bias energy is lower than the barrier

height. In this case, the current resonance due to the quan-
tum constraint and electronic correlation plays a key role in
the increase in current through the barrier. However, also in
the future we shall call this phenomenon simply tunneling
according to the convention.

4 Discussion
4.1 Why to have to improve understanding of tunneling

Obviously, there is a diversity of views on the mechanism
of tunneling. Since these views disagree with one another,
it is necessary to achieve consensus on the mechanism of
tunneling. The conventional explanation of the tunnel effect
is based on a solution of the Schrédinger equation subject
to boundary conditions related to a barrier region and two
free-motion regions. Fig. 6 shows these regions in the case
of the square barrier. The transmission factor for tunneling
through the square barrier:

@2

E(@—E)]

-1
1 sinh® al} (37)

D(E)={1+l

gives a plausible explanation of the main characteristics of

the tunnel effect. Here, @ = —‘2”‘(;5_15)

ers, we simplify the formula as

. For high, wide barri-

D = Dye~# V2@-E) [, (38)

Thus, for barriers of an arbitrary form, we have

D= Doef% n VZn[UCO-Eldx

However, the conventional interpretation of the tunnel effect
causes serious problems related to physical foundations such
as the violation of the fundamentals of quantum mechanics
and of the law of energy conservation as a universal law of
physics. Moreover, it does not reflect the statistical states of
physical system, and cannot explain the characteristics of
the tunneling current in the whole range of applied voltage.
To review this problem, it is necessary to reconsider the so-
Iution of the Schrodinger equation in the region of potential
barrier.
The Schrodinger equation in a square barrier region shown

in Fig. 6 is represented as

h2
-—AYy + QY = EY, 39)
2m

where @ is the barrier height. This equation reflects the cor-
respondence principle for the energy relation:

p2
E="+0. (40)
2m

In other words, the total energy of an incident electron be-
fore a barrier should equal the sum of the kinetic energy of
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the electron in the barrier and the energy which the elec-
tron loses in the barrier. Therefore, the kinetic energy must
be positive also in the barrier. If the barrier height is higher
than the total energy of a particle, its kinetic energy in the
barrier should be negative.

For the negative kinetic energy, two cases are possible:
one is the case where the momentum of a particle is purely
imaginary and the other is the case where the mass of the
particle is negative. But neither of the cases is allowed be-
cause they are physically meaningless. Above all, the mo-
mentum of a particle is never imaginary because of the Her-
miticity of the momentum operator. Thus, the kinetic energy
of negative value is inconsistent with quantum theory. This
fact is enough to understand that the conventional method
for describing tunneling has an incorrect starting point.

Let us consider the problem of negative kinetic energy in
more detail. According to the conventional theory, the wave

I I1 II

0 /

Fig. 6 A barrier (II) and two free-motion regions (I and III): A free
electron with total energy E in region I is incident upon the barrier of
potential @, i.e., region II . The transmitted electron moves freely in
region III.

functions for the regions in Fig. 6 are represented as

‘J/I - eikx + Ble—ikx

Un = Are* + Bre iKY L 41)

Y = Aze™™
respectively. Here, k = @ and K = —‘zm(hm. In fact,
Eq. (41) states that particles do not lose their energy in the
barrier and the barrier only performs the role of reflecting
particles.

At its face value, Eq. (41) says that at point 0, an elec-

tron loses energy as much as @, and then at point /, it gains
energy as much as @. Therefore, the energy of the electron

remains unchanged after having passed through the barrier.
In the end, the barrier has no effect on the dynamical state
of the electron besides changing the probability of transmis-
sion. Y in Eq. (41) illustrates this fact. In fact, k is the same
before and after the barrier.

But in the true sense, an electron in region III should
possess kinetic energy E — @, since it has already passed
through the barrier. To describe this process correctly, Fig.
6 should be replaced by Fig. 7. Correspondingly, Eq. (41)

I II I1I

0 /

Fig. 7 A barrier (II) and two free-motion regions (I and III): A free
electron with total energy E in region I is incident upon the barrier of
potential @, i.e., region II . The transmitted electron moves freely with
kinetic energy E — @ in region III. The red line denotes the potential
energy.

should be replaced by

wl — eikx + Ble—ik,\t
Yy = Az@iKX + Bzeiin . 42)
Y = Aze’®*

On the other hand, it is necessary to reconsider the continu-
ity condition. We conventionally take the continuity condi-
tion as

Utlx=0 = Yilx=0
Uile=1 = Yrmle=

, , 43
wllx:O = wH|x:0 (43)

wn|x=l = lﬁ]]ﬂx:l

However, it is more reasonable to impose the continuity con-
dition on the boundaries in terms of the continuity of the
wave function and probability current density. Then we can
write the continuity condition as

Yl=0 = Yulx=0
Ytle=r = Y=t
Jilx=0 = Jjulx=0
Jilx=1 = jmlx=

(44)
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Evidently, Egs. (43) and (44) are not identical. Really, Eq.
(44) is more reasonable than Eq. (43). This shows that the
starting point of the conventional interpretation is not cor-
rect.

The negative kinetic energy implies that in the Schrodinger

equation in the barrier:

h2
“om Ay = (E - D),
m

E — @ is negative. According to the law of energy conserva-
tion, the total energy of the electron behind the barrier, i.e.,
in region III should be E — @. This indicates that the kinetic
energy of the electron behind the barrier should be negative.
However, the conventional theory supposes that the kinetic
energy of the electron in region III is equal to that before
the barrier. Obviously, it is the violation of the law of energy
conservation, thus physically inconsistent.

It is instructive to recall the following fact. If negative
E — @ were permitted, for the wave equation for a free par-
ticle:

h2
—>—Ay = Ey,
2m

anegative E should be admitted. Obviously, such an event is
physically impossible because it means that the de Broglie
wave damps out or increases spontaneously in a free space.
Therefore, the Schrodinger equation has physical meaning
only for positive E — @. Of course, purely from the mathe-

sense is the constraint relevant to the de Broglie wavelength
of an electron. In fact, the barrier width only plays the role
of selecting the de Broglie wavelengths of electrons com-
mensurate to the barrier. Consequently, an electron in the
potential barrier should be considered to be in a state of free
motion except for the quantum constraint due to the wave
nature. But the conventional theory does not consider this
point. The potential in the barrier, in general, should depend
on coordinate.

According to the conventional theory, the wave function
inside the barrier has the form of Y = Aye™* + ByeX™ where
K = —’2’"(,15_@ = iy. Hence, it follows that since y is real
and thus yj is real, the probability current density inside the
barrier vanishes according to

. ih dyy, , dyn
Ju= %( T !//HE)'
The current in the barrier becomes absent, so the case vio-
lates the continuity condition.

The conventional interpretation of tunneling cannot give
the reasonable explanation for electron of higher energy than
the top of barrier. Actually, with the transmission factor for
tunneling through the barrier, i.e., Eqs. (37) and (38), it is
not possible to give reasonable interpretation of tunneling.
This is because in case E is higher than @, the transmission
factor becomes complex number. In fact, Egs. (37) and (38)
are derived from the ratio of transmitted current density j; to

matical point of view, we may obtain a solution of the Schrodingeticident current density ji:

equation violating the energy conservation law. However,
the case is no more than a purely mathematical instance,
so we must necessarily examine whether obtained solutions
satisfy physical requirements.

On the other hand, the fact that the Hamilton operator is
commuted with itself is sufficient to understand that the en-
ergy conservation law should hold exactly at every instant in
microscopic systems. In fact, for stationary states, we have
dH 1 . .

T E[H ,H] = 0.
This indicates energy conservation.

It is necessary to examine the physical meaning of the
square potential barrier. The square potential barrier carries
the meaning of the loss of energy at the beginning of the
barrier and then the gain of energy at the end of the barrier.
This indicates the lack of the change in dynamical state of
transmitted electrons. In the end, the square barrier is mean-
ingless. On the other hand, the square potential barrier pur-
ports a constant potential inside the barrier. Since the con-
stant potential does not generate force, it cannot affect the
energy of a particle inside the barrier regardless of the bar-
rier width. However, according to the conventional interpre-
tation, the probability of tunneling depends on the barrier
width. A possible effect of the barrier width in the quantum

p=1,

Ji
so they should be real. Eventually, D of a complex value is
inconsistent with its definition.

As an important problem, it is necessary to reveal whether
the tunnel effect is associated with a single electron or statis-
tical ensemble of electrons. In this connection, it should be
noted that we always make an experiment with electron en-
semble but not one electron. Even for one electron confined
in a certain region, such an electron cannot be regarded as
a free particle, since the electron interacts ceaselessly with
surrounding system, i.e., many-particle system that confines
it, so we should consider that it exists in a set of statis-
tical states undergoing quantum fluctuation as a result of
the interaction with the surrounding system. Such a state
should be represented with the help of the density matrix,
¥ = 3, Wal ){(¢,|. Even in the case of cryogenic phenom-
ena such as the tunnel effect in superconductors, it means
not exactly the absolute zero-point state, since the electron-
excitation temperature is not zero.

It is important to consider that every electron does not
possess the total energy as determined only by a bias volt-
age. Electrons produce a statistical ensemble which is char-
acterized by a statistical distribution by interacting with one
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another and therefore, it is natural to think that in the sense
of probability there exist the electrons that possess higher
energy than that given by the applied voltage. In contrast to
this, there exist the electrons of lower energy than that by
applied voltage.

Obviously, tunneling is attributed to the quantum fac-
tor. But thanks to the wave property of electrons there can
never occur such a miracle that electrons with lower energy
than the barrier height might surmount a barrier. If tunnel-
ing is possible, it means that work is performed but there is
no energy consumption. In the conventional interpretation,
one uses the solution to the Schrédinger equation with neg-
ative kinetic energy and purely imaginary momentum in the
barrier region. This is inconsistent with the fundamentals of
quantum mechanics, for example, the real value property of
observables. In any case, the Schrédinger equation must sat-
isfy the energy conservation law and fundamentals of quan-
tum mechanics.

4.2 Consistent and general results

To explain the mechanism of tunneling in a consistent way,

we adopted the quantum statistical approach where the electron-

excitation temperature 7., is essential. For the purpose of
explaining tunneling, the conventional theory on tunneling
states that although the energy of an electron is lower than
the barrier height, the electron can tunnel the barrier with a
definite probability thanks to the wavelike property of elec-
tron. As it is, this implies that we should take the physically
meaningless solution of the Schrddinger equation admitting
of even the negative kinetic energy. For this reason, this in-
terpretation is not consistent with the quantum theory and
violates energy conservation.

In this work, we have satisfactorily explained the two
important characteristics of tunneling related to the height
and barrier width in accordance with the law of energy con-
servation and quantum theory. We treated the tunneling cur-

rent based on collective behavior of correlated electrons around

the barrier and the current resonance in the barrier. Our view
is that tunneling is attributed to not only quantum but also
statistical characteristics of electrons due to the elementary
energy excitation. In this connection, our method should be
considered to belong to such a category of picture similar to
that presented in [15-23].

According to our interpretation, the tunnel current de-
pends on four factors: the electron-excitation temperature,
the Fermi energy, the barrier height and width, and bias volt-
age. First, the elementary energy excitation arises due to the
exchange-correlation interaction of electrons around the bar-
rier. Interactions form a statistical ensemble of correlated
electrons, by which the electron-excitation temperature is
determined. Second, the Fermi energy plays the role of low-
ering the work function of electrons necessary to pass through

the barrier. Therefore, the work function decreases with in-
creasing density of electrons. Third, the barrier height and
width affect the exchange-correlation energy of electrons ac-
cording to Eq. (5). This features the tunnel effect related to
the barrier height and width.

Once the bias voltage is applied, the tunnel current im-
mediately flows. The reason is as follows. The statistical
ensemble of correlated electrons is in an equilibrium state
before applying voltage. The electrons passing through the
barrier exist with a definite probability because the elec-
tron ensemble has a statistical distribution. In an equilibrium
state, the cross flows from both sides of a barrier balance.
If a voltage is applied, then the barrier heights on the both
sides which electrons feel become different. Consequently,
the momentum distributions of electrons able to surmount
the barrier on both sides change, and as a result the current in
the forward direction occurs. As shown in Eq. (32), the cur-
rent increases with the behavior of the exponential function
according as the difference between the barrier height and
the energy of electron due to applied voltage decreases. This
is the first origin responsible for the current phenomenon in
the barrier, which assumes statistic.

Meanwhile, the barrier imposes the quantum constraint
on the current through the barrier. The quantum constraint
which is determined by the relation between the momen-
tum of a electron passing through the barrier and the bar-
rier width plays the role of making the momentum distribu-
tion of the passing electrons be raised up abruptly. In other
words, the thinner the barrier width is, the higher the mean
velocity of electrons passing through the barrier. Thus, the
barrier performs the role of a quantum filter to make the cur-
rent increase. Based on this interpretation, we can describe
the effect of barrier width on the current through the bar-
rier. The exchange-correlation interaction around the barrier
leads to an ensemble of electrons obeying quantum statis-
tics, and thus electrons form a Fermi liquid. These two ef-
fects are the main origin of the tunnel current phenomenon.
The quantum condition given by Eq. (18) and the exchange-
correlation interaction cause the effect increasing the current
in the barrier. Essentially, the quantum constraint reflects the
periodicity of quantum phase given by the barrier. This con-
dition is in common with studies for interpreting tunneling
by applying the quasi-classical approach in terms of Wigner
or Husimi function [15-17,24,25]. The current of statistical
origin is filtered in the barrier and amplified by the ensemble
of electrons correlated by the exchange-correlation interac-
tion.

Our work gives reasonable explanations to a wide range
of previous researches. The problem of tunneling in black
holes [4,5] may be considered to be related to internal pro-
cesses of interactions that occur inside the black hole. As a
result of the internal processes, the black hole can be con-
sidered as a Fermi liquid characterized by the elementary
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energy excitation. Therefore, it is possible to apply quan-
tum statistics to problems of the black hole, based on our
paradigm of mechanism of tunneling. Also, the idea for the
elementary energy excitation explains sufficiently Brabec’s
theory of tunnel ionization in complex systems [6] and Vindel-
Zandbergen’s studies of tunneling-induced electron trans-
fer between separated protons and the relevance of tunnel-
ing in nuclear reactions [7]. This is because tunneling, in
essence, is due to the elementary energy excitation that oc-
curs in a statistical way and this elementary energy excita-
tion gives the possibility of the instantaneous appearance of
electrons acquiring large energy from a system consisting
of electrons with small energy. Jiirgensen’s observation of
density-induced tunneling [8] is explained by the fact that
the work function is decreased by the Fermi energy. In fact,
since the Fermi energy increases with the density of elec-
trons, the dependence of the tunnel effect on the density
of electrons is natural. Chuprikov’s study that showed that
based on a relevance of tunneling time and the superposi-
tion principle, the superposition principle is violated in the
barrier seems to be unreasonable. This is because the su-
perposition principle is fundamental for quantum mechan-
ics and moreover according to this principle it is possible to
imagine the exchange-correlation energy that couples elec-
trons as a single entity. The assumption about virtual par-
ticles that was proposed in order to explain the non-tunnel
model of the mechanism of tunneling in an intuitive and rea-
sonable way [13] is explained if we consider the virtual par-
ticles to be particles which have passed through the barrier
by the elementary energy excitation. Meanwhile, our work
is in common with Jonson’s explanation of a mechanism of
tunneling given by using the exchange-correlation potential
felt by an electron tunneling from a metal into vacuum [14],
as our work is based on the exchange-correlation interaction.
Moreover, from the viewpoint on entangled states, the quasi-
classical approaches of the entangled-trajectory molecular
dynamics [24,26] are in common with our approach, since
our theory is based on entangled states of electron.

It is possible to explain the dependence of tunnel cur-
rent on temperature. If the electron-excitation temperature
is very high, the tunnel current related to the difference @ —
Ey — U, is insignificant, since Eq. (32) is reduced to

&-E - U, 2U,
A7 g2 g 22

kT, kT,
2 2 AT,
~ ATe2 1 —exp _ﬂ zATgﬂ _ eUu.
kT, kT, k
(45)

Therefore, the tunnel current increases with the electron-
excitation temperature 7, and the energy by bias voltage
U,, and the role of barrier is insignificant. This means that
in this case, the characteristic current phenomenon due to
the relation between the energy by applied voltage and the

barrier height vanishes completely as a consequence of be-
ing quenched by the increasing drift current due to barrier-
surmountable electrons.

In the case of very low electron-excitation temperature
too, the characteristic current related to the difference @ —
D-E-U,

— oo, the tunnel
kT,

Ey — U, vanishes, since as

current density becomes

DP-E;-U, 2
Jun = ATe2 exp (—#) [1 —exp (— k[T]a )} — 0.
(46)

From Eq. (46), it is evident that the tunnel current of statis-
tical origin decreases with lowering the electron-excitation
temperature, which corresponds to the case of very low den-
sity of electrons.

Eq. (32) shows that according as the applied voltage in-
creases, the influence of barrier gradually vanishes and thus
in the case of U, > &, the tunnel current is dominated
purely by the bias voltage, i.e.,

®-E - U, ®-E + U,
kT, kT,

jtun = ATe2 [exp (—

U 2U, U,
~ 2 a _ _ a ~ 2 a
~ AT, exp (kTe) [1 exp( AT, )] AT, exp (kTe) .

The real temperature relative to phonon affects the tun-
nel effect that is due to the electron-excitation temperature.
In case there is a vacuum behind the barrier, with the real
temperature, the thermionic current density is represented
as

. ) P-Ef-U,
Jme = AT exp (_k—T) (48)
Meanwhile, the tunnel current density is
Jun = AT? exp (—w). (49)
¢ kT,

The total current density through the barrier is the sum of
the thermionic current density and the tunnel current density.
Namely

jtol = jthe + jtlm~ (50)

We define the relation for evaluating the contribution of the
tunnel current density to the total current density:

Jtun

=——. (51)
Jtun + Jthe
By Egs. (48) and (49), we have
. |
p=—lu_ =(1+&)
Jtun t Jthe Jtun
L(TY D-E-U, &-Ep—U,\|"
={1+|= - +
7.] P kT KT,
(52)
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If joe < jum, 1., T <« T,, since § — 1, the tunnel
effect is predominant over thermionic emission. Conversely,
if jie > jum, 1.€., T > T,, since § — 0, the tunnel effect
is suppressed by thermionic emission. Meanwhile, it should
be taken into consideration that due to the electron-phonon
interaction, the increase in real temperature results in the de-
crease in the electron-excitation temperature.

The main purpose of this work has been to reveal that the
phenomenon of tunnel current is actually a quantum statis-
tical hybrid phenomenon beyond pure quantum realm. Our
work has unraveled some imperfect aspects of the conven-
tional interpretation and has offered a consistent and general
formulation for explaining the true mechanism of tunneling.

5 Conclusions

Our aim has been to elucidate the true mechanism of tun-
neling and to explain general characteristics of tunneling,
based on the quantum and statistical theory. For this pur-
pose, we adopted a new approach distinct from the con-
ventional one. Based on an alternative quantum statistical
interpretation, we have satisfactorily explained the statisti-
cal and quantum aspects of the tunnel current phenomenon.
The adopted approach has taken all together into considera-
tion the relevant factors such as the correlation of entangled
electrons, the exchange-correlation interaction, the electron-
excitation temperature of the Fermi liquid, and the quantum
resonant current.

As a main motivation of our work, it has been analyzed
that the conventional explanation of the tunnel effect violates
the universal law of energy conservation and is incompati-
ble with quantum theory. Contrary to this, our theory sat-
isfies the energy conservation and quantum theory all to-
gether. This is because we took into consideration the sta-
tistical nature of the tunnel current phenomenon, based on
the correlation of entangled electrons by the elementary en-
ergy excitation. Our research concludes that tunneling is the
phenomenon related to the current through the barrier occur-
ring in case the bias energy is lower than the barrier height.
Essentially, there is no tunneling. This is because it is in-
consistent with fundamentals of physics including the law
of energy conservation. Behind seeming tunneling, there is
an important mechanism of interaction. These are the ele-
mentary energy excitation and quantum resonance.

The main conclusion of our work is that the tunnel cur-
rent should be explained based on quantum statistics together
with quantum mechanics. Moreover, our work has success-
fully explained the characteristics of tunnel current in the
barrier in the whole range of bias voltage and the depen-
dence of tunnel current on the electron-excitation temper-
ature. The adopted perspective enabled us to elucidate the
statistical and quantum aspects of the tunnel current, thus
leading to unraveling the nature of tunneling. Importantly,

our work makes it possible to solve some inconsistent prob-
lems such as the violation of the law of energy conservation
arising from the conventional approach to tunneling and the
direct contradiction to quantum theory, and offers the possi-
bility of leading to the innovation in the conception of tun-
neling. We expect our work to substantially contribute to the
elucidation of the physical nature of tunneling and also to
the researches on tunneling of complex systems including
the resonant tunneling effect.
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