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Abstract

This paper presents a deterministic, structural proof of the Twin Prime Conjec-
ture, moving beyond traditional probabilistic models. We introduce the “Midpoint
Generator” (M, = P,/2), a geometric center of gravity that necessitates the ex-
istence of Twin Prime pairs at every scale of the number line. We define the
“Recursive Binary Descent,” an algorithm that mechanically links candidate pairs
at infinite scales to verified Twin Primes in a finite “Safe Haven.” Finally, using a
Proof by Contradiction, we demonstrate that the assumption of a finite number of
Twin Prime pairs creates a structural paradox, thereby proving that the set of Twin
Prime pairs must be infinite.

1 Introduction: Structure Over Chance

For centuries, the distribution of prime numbers has been treated as a pseudo-random
phenomenon. Current approaches to the Twin Prime Conjecture often rely on statistical
estimates of how often primes “should” appear. This paper argues that Twin Primes are
not random accidents; they are structural inevitabilities enforced by the geometry of the
Primorials.

We prove that the number line possesses a rigid symmetry centered at the Midpoint
of every Primordial. This center acts as a “Generator,” forcing pairs of numbers to exist
that are coprime to the entire system. By exploiting the scale-invariance of this structure,
we can trace a continuous line from the infinite horizon down to a verifiable local scale.

2 Structural Definitions

Definition 2.1 (The Primordial). Let P, be the product of the first n prime numbers:
PnZHPi:2'3'5 ..... Dn

Definition 2.2 (The Midpoint Generator). Let M, = P,/2. Since P, is the product
of 2 and all odd primes up to p,, the division by 2 removes the even factor. Thus, M, is
the product of all odd primes in the sequence.

Definition 2.3 (The Safe Haven / Goldilocks Zone). The interval strictly bounded
by the largest prime factor of the current scale (p,) and the square of the next prime
(p2.1). Any candidate pair found in this zone that is coprime to P, is a verified Twin
Prime Pair.



3 The Infinite “Divide by 2” Law

Theorem 3.1. For any Primordial P, (finite or infinite), the Midpoint M, is strictly
guaranteed to be flanked by a Twin Prime Candidate Pair at M, & 2.

Proof. First, observe that M, is the product of all odd primes in the set. Therefore, for
every odd prime p € Py:
M, =0 (mod p)

The offsets are 2 and 4 (which are 2! and 2%). The number 2 is coprime to every odd
prime. By the properties of modular arithmetic, if a number is divisible by p and we add
a number not divisible by p, the result is not divisible by p.

Therefore, both M, — 2 and M,, + 2 share no factors with P,. They are structurally
coprime candidates forming a pair. O]

4 The Geometric Containment (Decimal Truncation)

A common objection to “dividing by 2” is that it creates decimals (e.g., 15/2 = 7.5). We
present the theorem of Geometric Containment to resolve this using simple truncation.

Theorem 4.1 (Decimal Truncation). The Midpoint represents a geometric center. If
the division Syew = Soia/2 results in a decimal, we simply remove the decimal component
(Truncation) to locate the integer lower bound.

Proof. The candidate pairs are physically trapped within the interval [N, 2N]. If a division
results in a decimal (e.g., 577.7), we do not move or “snap” the number arbitrarily. We
simply remove the decimal component (577.7 — 577). This operation identifies the integer
immediately preceding the center, preserving the pair’s existence on the integer number
line without altering its structural location. O]

Theorem 4.2 (The Bounded Interval Proof (The “Trap”)). When the scale N is
divided by 2 (N — N/2), the candidate pairs are strictly bounded within the new interval.

Proof. Let the original interval be [N/2, N]. We perform the operation Ny, = N/2. The
new interval is [Nyew/2, Npew| = [N/4, N/2].

1. The Metric: The distance between Twin Prime candidates is at most g = 6 (for
P > 6).

2. The Scale: The interval width W = N/4 grows linearly with V.
3. The Inequality: For any N > 24, we have W > g¢.

Since the interval width (N/4) is larger than the maximum gap between candidates (6),
the interval [N/4, N/2] must contain a candidate pair. The candidates cannot “jump”
over the interval because the interval is wider than the jump. O]



5 The Recursive Binary Descent

We define the mechanism that connects the Infinite Pair to the Finite Pair.
Algorithm 5.1 (The Continuous Halving). The algorithm proceeds as follows:
1. Start: Begin with a high-scale Primordial (or Infinity).
2. Descend: Perform the operation S, = Soa/2.

3. Truncate: If S, is a decimal, remove the decimal digits (e.g., 577.7 — 577). This
defines the integer location.

4. Check: Is the scale S inside the Safe Haven (py,pj.,)?

o If NO: Repeat step 2 (Divide by 2).
o If YES: Stop. The candidate pair is verified.

Theorem 5.1 (The Algebraic Proof of Coprimality Inheritance). Let Py be a
“Parent Primordial” (e.g., P; = 2310) and Pg be a “Child Primordial” contained within
it (e.g., Py =210). If an integer pair C' is coprime to the Parent Py, it is mathematically
guaranteed to be coprime to the Child Pg.

Proof. 1. Definition of the Primordials: Let Pg = p; X py X -+ X pi. Let Py =
Pg X (pgs1 X -+ X pp). Therefore, Pp is a strict factor of P4. We can write
P4, = P - K, where K is an integer.

2. The Coprimality Condition: By hypothesis, gcd(C, P4) = 1. This implies that
C shares no prime factors with Pj,.

3. The Inheritance Logic: Since Pp is a subset of the factors of P4, any prime
factor of Pp is also a prime factor of P4. If C' shared a factor with Pg, it would
necessarily share that same factor with P4. But we know C' shares no factors with
P,4. Therefore, it is impossible for C' to share a factor with Pg.

The property of being a “Twin Prime Candidate Pair” is inherited downwards. A

candidate pair valid at a high scale (relative to Py,4.) remains valid at a low scale (relative
to P, small)~ ]

Theorem 5.2 (Inheritance of Validity). A candidate pair verified in the Safe Haven is
structurally linked to the higher Primordial from which it descended. The descent operation
acts as a focusing lens; it does not create new numbers, it simply resolves the high-level
“Ghost Pair” into its verified low-level form.

6 Proof by Contradiction (The Infinite Horizon)

To conclusively prove the infinitude of Twin Prime Pairs, we assume the opposite and
prove it leads to a contradiction.

Theorem 6.1 (The Impossibility of a Finite Limit). Assume, for the sake of con-
tradiction, that there is a finite number of Twin Primes, and that (piast, Prast + 2) is the
largest pair that will ever exist.



The Construction:

1. Construct the Ultimate Primorial Pj;,,;; defined as the product of all prime num-
bers up to and including the final twin prime pair (pase + 2).

2. Generate the Midpoint M = Plimit/2.

3. By Theorem 3.1, a candidate pair exists at My, = 2. Since M;;,,;; contains all
prime factors in the set, both numbers in this pair are coprime to Pyi:.

The Contradiction: We apply the Recursive Binary Descent to this pair of can-
didates simultaneously. We divide the scale continuously until we land in a local Safe
Haven.

Because the original pair was coprime to the entire set of primes in P, neither
number in the pair can be divisible by any prime in that set. Therefore, when they arrive
in the Safe Haven (where primality is forced for coprime numbers), they must manifest
as a New Twin Prime Pair.

Since this new pair was generated from a set containing “all” twin primes, and is
coprime to that set, it must be distinct from the set. This contradicts the assumption
that we started with the final pair. The machine structurally forces the creation of a new
Twin Prime Pair at every limit.

Theorem 6.2 (The Law of Geometric Invariance). The property of being coprime
to the Infinite Primordial is an intrinsic geometric property of the interval centered at the
Midpoint. It is not merely an arithmetic property of a specific integer coordinate. There-
fore, this property cannot be destroyed by the arithmetic approzimations (Truncation)
required during the descent.

Proof. Let us begin with a Twin Prime Candidate Pair located at the infinite scale. By
definition, this pair is coprime to the entire system of primes.

The “Recursive Binary Descent” is a transformation that repeatedly halves the scale
(S — S/2). While this operation changes the specific arithmetic value of the coordinate,
it does not change the relative position of the pair within the symmetric structure of
the number line.

According to the Chinese Remainder Theorem, the “valid positions” (numbers coprime
to the Primordial) are distributed in a periodic pattern. The Midpoint is the fixed center
of this symmetry. When we mechanically halve the scale, the “Safe Zones” (regions
coprime to the infinite set) map continuously to the new, smaller interval.

If the specific “Truncation” lands on a composite number, this represents a coordinate
error caused by the discrete nature of integers, not a structural absence of the pair.
However, because the Midpoint was constructed to be the center of symmetry for all
prime factors, the density of valid candidate pairs is maximized at this center.

Therefore, the existence of a valid path from the Infinite Pair to a Safe Haven pair
is guaranteed by the non-vanishing density of the solution set at the geometric center.
The “Ghost Pair” cannot dissolve because it is not merely a number; it is a Locus of
Coprimality enforced by the rigid symmetry of the Primordial. O]

7 Conclusion

We have demonstrated that the Twin Prime structure is not a fragile statistical occurrence
but a robust geometric necessity. The Midpoint M,, generates candidate pairs at all scales.
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The Binary Descent preserves these pairs even across decimal divides. Finally, the Proof
by Contradiction confirms that a finite limit to Twin Primes is structurally impossible.
The Twin Prime Pairs are Infinite.



