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Introduction

@niosity is, perhaps, what makes a human being truly

human. It leads us to intellectual pursuits and new ideas. One
such group of curious people, responsible for much of what

we have today, were the natural phﬂOSOthl’S.

Over time, the ancient field of natural philosophy
evolved into distinct fields, one of which we now know as
Mathematics. But the mathematics we know today isn’t the
one they developed at the time; mathematics was, in its
carliest form, no more than geometry. Over time, geometry
evolved, and the physical world began to be described with
growing mathematical precision. Thus was born Physics,
perhaps a mathematical study of the physical world

surrounding us.

In this book, we return to geometry, not merely to
explore its earliest forms, but to provide it with a new
perspective. This book proposes a system that aims to

introduce a universal notation for geometrical and



multidimensional objects, providing a way to express shapes
and physical quantities in a coherent and symbolic language.
Along the way, we shall encounter novel mathematical
entities, not previously formalised, that arise naturaﬂy within

this framework.

This is an exploration of what may lie at the very core
of ancient geometrical mathematics. It is meant for the

curious mind, just as geometry was born from many such...

(June, MMXXV)
— Faiz Qamar
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Reference to Symbols Used

Throughout the book, various symbols and font styles have
been used to denote specific meanings, and those that have
remained consistent throughout the text are provided here for
the reader's reference.

X,-axis —

The n™ axis of the coordinate system

(xn X, x37 (X)) xn) —

Coordinates in n dimensions with values (x;)
corresponding to respective axes (x;-axis), i € [1, n].

Length of a finite straight line or a section of a line.

O or 6 —

Angle measured in radians.



P

A point in an appropriate coordinate system.

j’(é) —

To donate the expression of 0, that is, an expression of

the form 05 *(A,, A)[E]oe

ra—

Used as a varying parameter of length

¢, C k kx—

To denote constants.
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a, b—

Constants used in the equations of an ellipse and a
hyperbola, such that b*> = a*(1 — %), where ¢ is the eccentricity.

R —

A ratio of two or more quantities.
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Chapter I

Introduction to the Notation

@ver the centuries, from early geometry, mathematics has

evolved into something beautifully profound and elaborate.
However, with this evolution, we have ended up with an
intricate patchwork of systems for describing shapes and
functions, lacking overall uniformity. In this chapter and
those that follow, we will embark on a quest to create a
unified way to describe geometry and coordinate systems

that might just be easier to interpret.
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Why a Universal Notation?

The simplest way to move towards a general notation for
describing all of geometry is to start at the most fundamental, a
point (). However, a true point, being dimensionless, is much
smaller than that and thus cannot be observed. But perhaps a
point doesn’t need any defining more than that, so we move on
to the next most fundamental thing — lines. The simplest lines
are the ones that are straight and infinite in length, existing in
only a single dimension, unlike the point, which has none.

A line consists of an infinite number of points that
together form it, but one cannot arrange points ‘next to’ each
other to form a line. Because of this, even a line with a finite
length, or one with the shortest of the lengths possible, would
always have an infinite number of points, as long as it has a
dimension. It is this line that all of geometry is based on.

A simple example of an elementary line in a flat
two-dimensional Euclidean coordinate system, such as the
Cartesian coordinate system with two axes being the x,-axis and
the x,-axis, would be x; = x,, or perhaps x;, = —x,, or of the form
x, = k or x, = C; k and C being some constant. These simple
lines can be tilted or moved by multiplying x, and/or x, by
different constants and adding values to the equation,
respectively. From this, one obtains the general equation for a
straight line: ax, + bx, + ¢ = 0.

13



But what of lines that are not straight, rather curved, like
the graph of the sine of an angle, or a circle? Those, too, are
formed in the same manner as a straight line, as a collection of
infinite points, but cannot be described by the same
expressions. The only significant difference between a straight
line and a curved one is that the latter needs at least two
dimensions to exist.

A simple circle may be described by the equation x,,* + x,> = 77,
2 2

X X
an ellipse by —- + b—'; = 1, or a parabola by ax,* + bx, + ¢ =0.
a

But these are only a few simple curves that one rarely ever
encounters; most curves are too complex to be defined through
elementary means. Some withhold just enough complexity to
make it an absurd idea to try describing them.

Towards a Universal Notation

When faced with curves that defy standard expressions, those
that one may regard as, in simpler terms, chaotic or random,
this may prompt a question: Is there a way to describe them
uniformly, without patching new rules each time? In this
chapter, we will explore one such attempt, but first, one must
understand what makes any line truly unique and different from
others. Let us take an example of a random line that may appear

14



to be somewhat difficult to describe using the methods one may
generally use.

In this graph, one may see that the line has several curves, and
the curvature varies from point to point. If one could describe
all its curvatures, dimensions, lengths, and the position and
slope of its points relative to an assumed origin, then one would
have described this line in a unique manner different from any
other line.

Now that we know the essential characteristics that distinguish
one line from another, we can begin our exploration of this new
system, or rather a notation, which for now shall be called ‘The
Universal Notation for Line Plotting’. In the figure, one can see
that the line is finite in length, and thus has a starting and
ending point, which are called a, and a,. The straight, infinite
line joining them is called the ‘Principal Line’ (the red dotted
line in the figure). And, subsequently, all the points where the
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line intersects the principal line are named as a,, a;, a,, as, ... a,.
The midpoint of the principal line (or the segment al_a 2) is

called A, (the reference point), which is what one may assume
as the origin in most cases. Just having this information about
the line tells us a lot about it, the basis on which the Universal
Notation is built. All that we now require is to find at what
angles the line and the Principal line intersect and the
curvatures, which would be simple enough and would be
described in later parts of the book, as we go. For now, let us
express the portion of this notation uncovered thus far,
symbolically —

aZ
%a1 [Ale

or
(xl,Z'XZ,Z)
88, = [Ale,

11" 72,1

a
expanded as— {0, 05,0,, ... O, ... 0,1, 0,, 62}8a2{a1, a3, 8y, ... Apepy -+- Ay, Ay, 35}€
1

Here, ¢/ is the Line Plotting Function, the true soul of the
notation, that plots a line from an initial point (a,(x;;, x,,)) to
the final point (ay(x;,, X,,)) according to the conditions
described by the notation, A is the set of the points where the
line intersects the principal line, including A, irrespective of
whether the two lines intersect at A, 6 is the set of angles
corresponding to each value in the set A (#,) and B (€,) and e is
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the set that defines the curvature for every length of the line in
the set B, something which we will cover later on. The
curvature, e, can be defined for a line in two ways —
. As eccentricity of a conic section over some length ‘b’ of a line,
written as e or,

. As a function of predefined lines, represented by the Greek symbol
€.

Thus, e can either be written as e or as €, depending on the kind
of line. We shall discuss e in the next chapter and ¢ in the third
chapter in greater detail.

Summary and what’s next

In the first chapter, we have discussed some properties of a line
and its characteristics, hinting at the need for a universal
notation and a possible approach to the problem.

We came to know some fundamental parts of the
notation, which included 0, &/, [A], A.s 0. and e. In the
chapters that follow, we shall build upon this foundation. We
will introduce [E] and discuss more about e, delve into practical
uses of the notation, and consider both its strengths and
limitations. We will explore how to represent lines of varying
lengths, finite, infinite, and semi-infinite (rays), and gradually
extend the notation to accommodate multidimensional lines.
This journey will bring us closer to understanding geometry as
a unified system.

17



Chapter 11

Describing 2-D Structures

c@: the previous chapter, we explored the foundational ideas
behind the Universal Notation for Line Plotting, establishing
the basic components necessary to describe a wide variety of
lines. In this chapter and those that follow, we shall begin
testing the notation further by applying it to standard
geometric figures and conic sections. We will aim to form
general expressions for many fundamental lines and shapes,

including those that exist in up to three dimensions.

To refine and enhance the descriptive power of our
system, we shall also introduce three new components into
the notation — B, (A}, A,) and ® — to increase its accuracy

in capturing the full behaviour of curves and figures.
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[BI

In the previous chapter, important characteristics of a line were

listed as —
e« curvature
« dimension
o lengths of different sections, and
« position and slope

Despite this, a method for representing lengths had not yet been
introduced in the notation. That is precisely what [B] does. B is
the set of the lengths of different sections of the line, taken in
series, in the most convenient manner. However, identifying and
measuring these segments can sometimes be rather tedious.
This is why [B] is associated with the changes in curvature,
which differentiate the divisions along the line. The individual
lengths of the set B are named as — b, b,, bs ...

This may not make complete sense right now, as you
read this, but you will understand as more shapes are described
in this chapter.

Including this new component, our notation thus becomes —

6. ‘[A][Ble,

expanded as— {81, s, ... O .. 0, 018, {81, 85, .. A .y 22}y, by, . Bi} {e1s . €4}
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Where each element of the set B has a corresponding
element of e, and each element of the set A has a corresponding
element of the set 0, such that, in both cases, every element of
the first set corresponds to only one element of the second and
vice versa.

Dcscribing Elemcntary Lines

Infinite straight line —
From my experiments on this notation, one can easily describe
a lot of weird and
indescribable shapes, but
describing a straight line
is a perplexing task.

xz-ax1s

Within this framework X - x,=0
there was no easy way to

X, -axis

differentiate between two I
straight lines at different
angles, such as the lines a,
described by the

equations x; — x, = 0 and

x; + x, = 0, unless one
lets go of the principal
line as the base axis, and defines their observations and all the
sets in the notation with the x;-axis (or x,).

20



Because the line is infinite, it has no starting or ending
points, which is why a; and a, are defined as assumed starting
and ending points.

So, the best way to describe the line, without violating
the conditions set down in the notation, would be —

a
101, Orery ez}Saz{ah A, 2} {b} {€}

a
. m 2 _1
or simply—{ 5. a1, A 22} (¢ = )
1

This expression would have imaginary starting and
ending points, had one not assumed them. In this case of an
infinite, straight line, one can ignore [B] since it has no defined
length. However, it is much easier to describe a straight line
simply by its angle and starting and ending points, since it has
no other features, and even more so if the angles are
disregarded as well.

05 - 5
e =——) orjust
al( 0 ) or jus a,

And from this, one could also describe x;, —x, =0 as —

P a
=728,

21



Having done so, we have arrived at the general expression for
an infinitely long, straight line —

08 (e =)

Finite straight line —

Having derived the general expression of an infinitely long
straight line, for a finite straight line, all one has to do is define
its length.

a
08 “{l}(e = )

Where b =/, and / is the length of the line.

(Ah AZ)

Before moving on to describing two-dimensional shapes, I must
first introduce the next component of the notation, as mentioned
in the chapter’s introduction — (A, A,). In certain cases, it is
hard to describe a line that intersects the line perpendicular to
the principal line, thus, the sets A, (the set of all points lying on
the line perpendicular to the principal line at A, on the defined
primary side of the principal line) and A, (the set of all points
lying on the line perpendicular to the principal line at A, on

22



the defined secondary side of the principal line) have been
introduced.

With this new component, our standard notation changes to —

05, (A, A2)[AI[BI,
1
expanded as

a
{6], 63, erefﬂ 6115 62} 6(,12 ({Al.la AI.Zﬂ Al.n}a {AZ‘I’ AZ‘Z, AZ,n})
1

fa, as, ... A, oo ag, 3 (b, by, L byl e, €, ool )

Describing Elementary 2D Shapes

The ‘universal notation of line plotting’ extends beyond simply
representing standard lines; it can also be used to create any
shape that can be formed by a continuous line (a continuous
locus of points). This includes shapes such as circles,
quadrilaterals, triangles, pentagons, hexagons ... every shape
that has one or fewer breaks, literally any shape one could think
of! But in the case that is not found to be true, then that would
rid the notation of its ‘universality’.

That being said, like almost all assumptions or theorems to be

proven in mathematics, the universal notation for line plotting is
no different in the fact that it requires a lot of cases where it
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holds true, that is, it is hard to prove, but it needs just one case
to show that it may not work. However, I have not yet
encountered any instances where the notation does not hold.

And now shall begin, in the next section, our description of the
2-dimensional shapes, starting with the square.

A Square —
When working with two-dimensional shapes such as a square,
there are a lot of possibilities for describing a shape, for
example —

o One could describe a square as four individual lines

o  One could describe it as two sets of adjacent lines

«  One could define a square as a single line looping back on itself

o One could even take different configurations for a, and a, on the
square s perimeter.

I shall first begin by describing a square as four individual lines
that join to form one.

Let there be, in a regular, two-dimensional Cartesian
plane of coordinates, a square at any arbitrary angle 6’ between
any two opposite sides and the x,—axis, such that it has a centre
at the coordinates (0, 0), A, and the respective vertices be a,,
a,, a; and a,. One may see that, in the order shown in the figure,
the vertices would have the coordinates —

24



l .
cos{TJr 0}, 77 {cosB’+sinf'})

dl( /’

a,(— fcos{T 0%, — sm{4 —0m)

\/’

cos’*+6} z {cosG +sin0'})

a}( \/’

1 . L
(T _on (T _on
a,(—=cos 0 sin 0
4( 7 ) 5T 7 )

v

Where 1 is the length of each line or side of the square.

R %
/ (Aref)Z, K /’l l 34
23, -
_____________ L._Q,_______ 6"; (Aref)3,4
. ,’/ ’
; w/2+6
32 P T (B TR R R NN ]
\‘r‘e‘g‘/ x, axis
100 )
»\n/2 +6' 4
_________________________ Tee '
,‘ ’
(Aref) 1,2 /’ ______________ L__e_ ______
/ 14,1
1.2
’,’ (Aref)4, 1
4@

In this arrangement of four lines, I shall call the lines joining a,
and a,, a, and as, a; and a,, and ajand a,, /,,, l,3, /3, and /;; in
that order, with their own reference points, such as that of a line
described as A, as (Awp)i2, (Arep)23s (Arer)ss and (Arp)y ;-
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The square with four separate lines being its sides would then
be described as—

a a
05, TATIBIe 19, , 18,16 (A U e

a a.
{% +0'%8 {ay, (Awdia o} {1} (e :%) {97}5;{612’ (Aren)rs ast {1} (e :%)

a
Has, (Awdsa ad e =5) 1018, {aw, (Auds ar} i} (e =7)

a
a
a

5+ 038

1
3

Having given a possible description of a square as four different
lines of a ‘desired configuration’, one may use similar methods
to describe any such shape in any number of lines, as one
pleases, with any configurations one may desire. Thus, I will
not show here how to do that.

I shall now describe a square as 1. a single line looping back on
itself, the starting and the ending points being the same, and 2.
as a single line ‘moving’ in two directions along the square’s
perimeter only partially, combining to form a single square, or
in other words, the starting and ending points being different.

Describing a square as a single line with the same starting and
ending points, to give a rather general expression, we, like
earlier, suppose that a side of the square is tilted at an angle 6’
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when viewed from the x,—axis, and that the vertices of the
square are —

(L2 cos {% +0'}, L {cosb’+ sinf"}),

2

l s l . i
(ECOS{T*Q'},*ESIH{T*G'}),
f;cosflJrO",fL {cosO’+ sinf'}) and

\/E g s 2 s

l L
_— cos{_
( cos{—

2

sin{—-—0"})

9'},%

We also suppose, because a; and a, lie on the same line, as a
result of which, no one principal line can be defined, that the
principal line is at an angle y when viewed from the x,—axis,
and that the angle between the side of the square tilted at 6" and
the principal line is ¢.

An illustration of the above description has been
provided in the post-given figure. The orange line depicted is
the principal line. a;, a, and A,; are at the same point at a
random point on the square’s perimeter. I shall call this point K.
The orange dotted line perpendicular to the principal line at X is
to show the points A, and A,, but here only one such point
exists, which, by convention, has been taken as A,.
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Looking at this figure, it can seem intimidating to be able to
represent it in the
notation, but one must

also remember that we !
have no use for the axes 0 e ——
other than to know the % g7, L

coordinates, which we *.@ A .
/\ XlaXIS

sixe “x

already know from this
figure. Thus, to make
things tidier, one could ! 3
rid the shape of any = | m i

axes and tilt it as we
please.

[o]

However, to be able to describe a square like this, we would
require the third component of the notation that was to be
introduced in this chapter, ®. w is the set of all coordinates
where the different sections, as described in [B], meet. w, is
defined as the point of intersection of b, and b,, @, of b, and b;
... and so on.
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With the addition of w, the general expression of our notation
has become —

a
08.“(A1, A[A][Bloe.
1
expanded as —

a
2

{eah 933’ e./\rcﬁ enna 932} {ebla ehZ’ ehn}sa ({Alﬂa Al.Za Al.n}’ {AZ.I’ AZ‘25
1

Aspiian, as, o A oon 8y, 2 by, by, L D {0, 0, 0] {5 €0, L €y}

Thus, for the square that is to be described, ® includes the
coordinates of the square’s vertices.

In the previous chapter, it was mentioned that the 0 has two
types, 0, and 0. Until now, we have only been using the former
and have not needed 05 because there was no need to use [B].

0]

'®

Lb 0, 1s the set of

I, b angles
> corresponding  to
the values in the set
Aner 2y 5 A, whereas 0y is the
- o 7 a% set of  angles
A® corresponding  to
i the values in the set

1, b, B.
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A square, as a continuous line with the same starting and ending
points, can then be described as —

8,055, (A, A)[A][Bloe.

a,
25 {0615 Op2, Op3, Opa SQZ{AZ_]}» 181, a3, Awep 2} {by, by, by, by}

1

e, e, e, ey}

(0,000 {0, -+0",0, - +0" 6:{A2}{N. a5, X, XML L L 1

Now that we have described a square as a single line looping,
and having the same starting and ending points, we can easily
describe it as one having different starting and ending points by
letting a, and a, be random points on the square’s perimeter and
A, as their midpoint. And thus, with this, we conclude the
chapter here.
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Summary

Till now, I have defined the use of 0, &/, (A,, A,), [Al, [B], ,
and e, and that 0 is of two kinds, 6, and 03, and so is e, the
curvature, as e and €. In this chapter, through the examples of
different squares, we formed some generalised expressions and
were able to find methods to define almost all standard 2D
shapes using the notation. In the next chapter, I shall define
methods to define conic sections and some infinite patterns, and
talk about € in detail.

f (8)=05. (A, A)IEloe,  [EIF[AIBICIDIFIG]

f (8) = 04048 (A1, A)[A][Bloe
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Chapter 1881

Describing Conic Sections

@:;oughout the last chapter, we explored two things: a
straight line and a square, because they are just complex
enough, yet still fundamental, to allow similar methods to be
extended to a rather large group of standard 2D polygonal

structures.
In this chapter, we will primarily focus on conic sections and,

from them, define the € and use it to describe some common

trigonometric functions and other common patterns.
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Describing Conic Sections

Conic sections are perhaps the most important part of this
notation, essential for describing many things and for defining
many curvatures (€). Their beauty and efficacy stem from their
natural emergence from the intersection of a plane and a cone.
Let us now describe all the conic sections using the part of our
notation thus uncovered, moving further on in our journey,
where these conic sections will be used to describe some
familiar patterns.

Circle

A circle, the most fundamental conic section, and something
that is, too complicated, requiring just the right conditions — an
infinite number of
points, all exactly the
same distance from a
point (the centre), all
of them  spread
uniformly in  all
directions, yet

confined to only two
dimensions, yet the
easiest to describe.

Just as it has been
shown with a square,

33



however not tidy, a circle too can be represented in many ways.
Still, I shall describe it only as a single looping back on itself,
and A, being the midpoint of a, and a,. A circle would thus
then be represented as —

8,045, (A1, A)[A][Bloc,

9A = {anlw 9A1‘cf’ 9112}: {ev {07 0} » T — 9}

A= {a), A, 3y}

B = {b,, by} = {210, 2r(n — 0)}
o = {ay, a5}

e=e=1{0,0}

Where r is the radius of the circle.

Here, one can, in no easy manner, define 05, but one
does not need to either, just as one did not need to define A
because it only has a,, a,, and A, and B, because of which one
did not need to define the two values of e or the set w

Thus, expression is now simplified as —

a,
0,8, (A, Ade.
1
expanded as —

0, 10,0}, m—0}5 (A, A)(e = 0)

Just as the description of a circle, all conic sections, except for
the hyperbola, can be described in a similar manner using the
same base expression as the circle.
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Ellipse

2

{el’ {(eAref)lb (eAref)Z}a 62} SZZ(AID AZ) (0 <e< 1)

Parabola

A ej)l

ref

101, {Oared) 1> (Oare)2 > 02} ‘SZZ(AI, Ay (e=1)

35



Hyperbola

However, one does not need to describe a hyperbola, since it is
not a continuous locus of points, but rather two lines. Though if
one does have to describe one, one can describe it as two
separate lines —f@) andf(éz) —

Jo0= fw,

f(fsl)_ \: Aref) ((\m «16 A *\)( ])h
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Curvature (e)

I have hinted towards this a few times before, but now I
formally introduce e. In this notation, ‘The Universal Notation
for Plotting Lines’, as we have been calling it for the time
being, we use the curvature, e, to describe how the locus of
points, which was called a line, curves between a, and a,. The
curvature, €, 1s of two kinds — e and €.

« e is the curvature one may describe using eccentricities, that is, the
conic sections, or their parts.

« & is defined using ratios of one or more distances in conic sections,
which we shall discuss in detail in this chapter.

€= 1€, €65, ...}

e, can be e or g, depending on the nature of the curvature of b,,.

Variable Curvature (€)

The curvature ¢ is used wherever one cannot define a section of
a line as a standard curvature (eccentricity). The ¢ is defined as
the change in a ratio of two or more lengths about the changing
coordinate of a point in a line as a point traverses the perimeter
of a defined standard shape, usually a conic section.

We shall describe € in the form —

AR
e=e={e=€ 1, 0=xxtc
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where e, is the curvature of b,, which is for the form ¢ of the two possible forms, e

is the eccentricity of the conic section with which ¢ is defined, and <~ is the

change in the ratio R as the angle 0 changes, which corresponds to an axis X, the
values of which are dependent on 0, and X is their relation, and c is a constant.

We shall see how € works with a few examples as we describe
some continuous patterns with different eccentricity at different
points, such as sine(x;) = x,

sine(x;) = x,

Principal Lin

Because the line is infinite in length, I have chosen A, at a
point about which the graph is symmetrical, and such that one
does not need (A,, A,), and also such that b can be chosen as
the length of a single wave between alternating points in the set
A, and because of this I have chosen a, and a, to be at infinities.
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A sine wave would thus be represented as —

a
048 ' [Al[B]oe.
1
expanded as —

{...00m-0,0,1-0,0, ...} 522 {ay, ... (3w, 0), (2=, 0), (-, 0), (0, 0), (=, 0), (2=, 0),

(3w, 0)...a}{...b,b,b,b,...}{ ... (2w 0),(0,0), 2w, 0) ... }{ ... €,¢,¢,¢, ... }

One may see that the sine wave requires all the bs to have a
curvature €. The ¢ is defined as —

We know that the curvature of a sine wave corresponds to the
change in the ratio of the perpendicular and the hypotenuse of a
right-angled triangle in a circle, the hypotenuse being the
circle's radius. That is how one may define € in a circle. I only
use p for perpendicular and R for radius here; a more
formalised notation for ratios shall be provided later on.

One can similarly define the cosine wave, and thus, the
description is not being provided here.
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tangent(x;) = x,

The graph of a tangent is not a single line, so one
can describe only one line on the graph, which has
been depicted in the image that follows. Thus, I
have, like before, chosen a, and a, at infinities and
A,; accordingly, obtaining the thus shown principal
line and the angle.

3
3
o
ies
S
5
=
s
o

ref

0, 632 [A][Ble,
1
az A%
{9}80_ {a]aArcfﬁ az}{oo}{g }’ 8:{8:05 E}se:xl
Llj
Defining Ratios of €

Whilst €, we used ratios of lines in conic sections that changed
as the angle 6 changed, which corresponded to some value on a
graph; however, a way to describe these ratios has not yet been
defined. To define some common lines to be used in the ratios,
we use the symbols —
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While defining these lines, the expressions used for the conic
section are —

x,2+x,2 =1 for a circle,
X+ — =1 for an ellipse, 0 <e <1,
1—e

x,* = x, for a parabola, and
2
X
X2+ - *~ =] for a hyperbola, e > 1,
—e

P1.» 1s the line from a point #to the conic at an angle 6 to the
X,—axis. p,, » 1s the line from the x,—axis, perpendicular to it, to
the point where a line (say p,, ) meets the conic, and p;, , s the
line from the origin (or the centre of the conic) to p,, , where it
meets the x,—axis. Similarly, p’,, , and p';, , are defined for the
x,—axis respectively, in place of p,.» and ps.p Pus Pss Poyr
and p';, , are, instead of the x,— and x,—axes, defined for the lines
parallel to the axes and passing through %, and #instead of the
origin, respectively, in place of p,, . ps,» p'Hpand p's, .

[, is the chord of the conic that passes through a point &,
DPa»p P Py and p's, , are defined for /, in the same way as
they were for p,,,» pp is the line perpendicular to the line that
meets the conic (any line that could also be p,, 5 or /,) at a point
where it meets the conic. Similarly, p, is defined like pp, but
instead of being perpendicular to the line, it is its ‘reflection’ on
the perimeter of the conic. p, too is like p, and pg, but is
parallel to the x,—axis. p’; is like pj, but instead defined for the
x,—axis instead of the x,—axis.
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It is to be noted that throughout this description, & is assumed to be
a random point in the x,—x, plane and that all the lines defined are
not defined (to be) dependent on each other.

A visual depiction of the above has been provided here

with a circle —
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When one uses [/, in the ratio, because [, has two ends,
‘touching’ the conic, the end on the positive side of the x,—axis,
when 0 is equal to zero, is defined to be the primary end of the
chord [, from where all the other lines shall be defined.

Defined primary
end of I,

Defined
secondary end of I
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Summary

In this chapter, it has been defined and shown, albeit not in
much detail, the usage of variable curvature €, with which we
are capable of describing almost all continuous 2-dimensional
structures. It was also shown how conic sections are represented
and how they play a valuable role in this notation, especially in
describing something as simple as a sine wave.

In the chapters that follow, we shall introduce some more
parts of the notation to reduce the length of the expressions for
more complicated geometries, and later talk in detail about what

(A)and (A, [ f (g)]) mean.
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Chapter 1v

3-Dimensional Objects

(% the previous chapters, the notation had been defined
and used to show how most standard 2-dimensional and
lower ‘lines’ or shapes could be described. Thus, it may seem
only natural to describe most standard 3-dimensional shapes,
which is what we shall do in this chapter.

One could do that by simply defining all the points,
lengths and angles, like we have done thus far, but that may
appear to be a rather daunting task, especially when we move
on to even higher dimensions and have to deal with different
curves, considering that the expressions for the square were
not that short in themselves, which is why, in this chapter,
we shall introduce some functions to reduce our work — [C]

and [D].
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[C]

The function [C| allows one to translate or sweep a line, f d,
along a defined line or an axis, | ', producing a new line (or a
shape) of a dimension, the same as, or higher than, that of the
original.

For example, a point can be swept to produce a line, a
line, along a straight path of a length equal to the line’s length,
can be used to form a ‘filled’ square, and similarly, a solid cube
from that square.

The general way to define [C] is —

[fb h, Sl

This represents that 6 is to be moved along &', forming a new
line, from the point &, until it reaches .

With C, the general expression of our notation thus becomes —

f 8= 05 (A, A)[E]we

[3=0s v Avnsircio
1
expanded as

a
{eah 933, eArefa eum 6:\2}{6}1]» ebZ, ebn} 6[; ({Al.la Al.Za Al,n}, {AZ,h A2.2s A2.n})

1
N
{a;, a5, ... App oo @y, 8} {by, by, oo by} [fb s, P P01, 0y, .. 0nf {€1, €, .. €4}
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Solid Cube

Having defined [C], I describe a square, using it as a line of
length /, translating about another line of the same length
perpendicular to it.

Letfé be

f 8= 05 (A, A)[E]we
= {0a1, Oprers 0.0} Saz {ar, Awp 2} {b}[fﬁ’, A, Pl(e = )
1
— {0} 8.° {1} [0} 8.} (e = ) , #, #] (e =)

0 and 0" are such that the lines are perpendicular, and &%, and %, are such

that the given conditions are satisfied, and 3-’1_.’]3 = /

Note that this square is different from those that were defined in the second
chapter, because it has a filled area, while those had only a perimeter.

With this, one could also extend this square to form a solid
cube, which we call fes*

8 =05 ‘(A As)[Eloe
a
= {eal’ 9/\rcf’ 932} 8[12 {ala Arcf’ aZ} {b}[{jv6’$ 'J,ﬂa '7)2}’ {jvs”a '/)37 t/fil}](e = OO)

a a' a"
= 1038 “{a, A ) {1} [{10'} 8 " (e=00) , A, A}, {107} § " (e =) , A, #}] (e = )
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0, 6" and 0" are such that the lines are perpendicular, and &, and %, and
&, and &, are such that the given conditions are satisfied, and 731_? , = [, and ?3_734

=1l

In this expression, we have first translated a line of length /, say
f 9, along a line f o', perpendicular to it, through a length /,
resulting in the square | 8, and then translated | ¢ along the line
j’ 0", perpendicular to both | 6, and f o', through a length / yet
another time, having obtained a solid cube f 5.

A solid cuboid can be produced similarly by changing
the lengths by which the lines translate; thus, it is not described
here how that may be done and is left to the reader.

And because it had been shown how 2-dimensional
shapes can be described, and that they can be translated to form
different prisms, that too has been left to the reader.

[D]

The function [D] is similar to [C], but unlike [C], which sweeps
a line along another line, [D] rotates a line about an axis defined
by another line.

For example, if you were to have the expression for a
circle, you could rotate it about a diameter by an angle of n
radians and obtain a hollow sphere.
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The general form of [D] is —

[fs', ®,0=xl+c]

Here, 9’ is the expression of the axis, ® is the angle up to
which the line 1s to be rotated, and 6 = kl + ¢ is the relation
between the angle by which the line rotates about an axis (8) in
[D] and the length by which it is swept in [C].

With the addition of [D], the general form of our
notation becomes —

f 8= 65 ‘(A A)[E]oe

f 8= 0,055 (A1, A)[A][B][C][D]oe,
expanded as —

a,
{ealv 9&37 eArcfa eam eaz}{eb]w eb27 ebn} 8(; ({Al,l’ AI,ZJ Al.n}? {Al.h AZ.Z» AZ.n})
1

{2, a5, o A -on @y, 83} {by, by, L by} [ O, A, A [fé', 0,0 =xl+c]

{o, 0, ... 0} {€), €, ... €}
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Hollow Sphere

Let there be a circle,

fS =1{0,{0,0} ,m -0} SZZ (A1, A)(e=0)

And a line along its diameter (the axis),

fse (075 (= o0)
Then the hollow sphere, say f 8", obtained upon rotating the

circle about the axis, will be —

fs* 08 (A, A) [D] e
=10, {0,0} .70} 8.7 (A A) [0} 5., (e = o0), 7] (= 0)

Here, because the rotation is independent of [C], one may not
need to define its relation with [D].

Hollow Cone

Having described a hollow sphere, I now describe a cone, first a
hollow one without a base.

To describe one, one may use a straight line and rotate it
about an axis, a line that touches it but is not parallel to it, by an
angle of 2x radians.
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Let there be a line,

05 “(A,, A)[E]we
9522(/\1» A)[A][B][C][D]oe

05 *[Ble

1

a. _
1018 *{a,a,}(e =),
1

that is to be rotated along the axis,

a
{018 /(e = o),
1

touching it at a,, thus forming the hollow, baseless cone —

05 “[B][D]e

(08,°10,2,} 1018, (e = ). 2nte = )

With this, one could also describe a hollow cone with a
base by adding, to the expression, a ‘filled’ circle, whose plane
is perpendicular to the axis, the axis passing through the centre,
and whose radius is equal to the maximum distance between the
line and the axis, touching the line, that is it touches the line at
a,. However, we have not yet described a filled circle; we shall
do so now.
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Let there be a point a; such that a line al_a , may be rotated to
form the base of the cone. Then the expression for the base of
the circle would be —

GBZZ[B][D]e

{018 *{a_a,}[{0}5 " (¢ = 00), 2n(e = )

1

Thus, the expression for a hollow cone would be —
1018, {a,a,}[{0}5; (e = 00), 2m](e = o). {0,}5 ‘{a,a,}[{0'}8." (¢ = o0), 2n](e = 0)

But instead of describing a hollow cone as two separate lines,

\ one could also form one

\\anadians smgl§ . expression . by
/ describing a,a,a; as a single
an line and rotating it about the
\ .
\ axis.
\
Axis 0 )
o\ The expression for the
A s combined line would be —
ref \
\ 08 *(Ay, A,)[E]oe
\ a] a4
\\ . 05 “(A)[A][Bwe
33? 0 a,
\ ; 6,6, 60,18 () {a Aws a3}
2
e _ _
a {a.a, aa}a}{o, o
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And the hollow cone would thus be —

a —
160, 0, 9,}8:(&1]){&2, A a3} {a a

— a
1, 3, 111018, (e = ). 2n a,} (o0, o}

Helix

Having described the methods to describe certain
elementary three-dimensional shapes, I now
move on to a helix, which I shall do by
translating and rotating a point about a line.

This would thus be the first line described
here that includes both [C] and [D], and they are
mutually dependent.

Let there be a point —
a,(x1, X2, Xs),

that is to be translated, and rotated about, a line —
(035, (¢ =)

Then the expression for the helix would be —

a,[C][D]
(61,52, %5) [{0}8. (e = 00), 1, A[{0}5. (e = 0), 00, 0 = ]
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Here, in the description of the helical line, one may
observe that the point rotates about and translates along the
same line, but does not lie on it.

In the case that a point or a line is swept along a line on
which it does not lie, the line moves such that it is equidistant
from the line, maintaining its configuration unless changed by
[D].

Higher Dimensional Lines

Just as I have described two-dimensional lines with
one-dimensional lines, and those with points, of no dimensions,
and used two-dimensional lines to form three-dimensional lines,
by the sole means of rotation and ‘sweeping’, one can use
similar methods to extend them to the fourth dimension, then
the fifth, sixth, ... and so on, until one reaches a dimension one
pleases.

And depending on the methods one may use, decide
whether or not the thus obtained higher-dimensional line is
hollow or filled, and in what dimensions, something which shall
be discussed in the next chapter in greater detail.

We do this merely because the general human mind
cannot imagine spaces greater in dimensions than three, or at
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most five, for the highly educated being, simply because one
has never seen those dimensions, even if they exist, that one has
to extend lower-dimensional lines to higher dimensions, instead
of taking the arduous efforts of describing everything by hand
in those dimensions. This would also mean that it may not be
that easy to know the possibilities for lines in higher
dimensions, those that can not be produced from Ilower
dimensions.

Summary

In this chapter, we have explored and seen examples of the uses
of [C] and [D], through the descriptions of a solid cube, a
hollow sphere, a hollow cube and a hollow cone, thus extending
the notation to include further complexities.

In the next chapter, we shall explore some other
functions that make working with higher dimensions even
easier, and we will have completely described the notation
required to describe all lines, the universal notation, until I find
results suggest otherwise.
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Chapter \Y%

Some Other Functions

(,% the previous chapter, we introduced to the notation two
functions — [C] to sweep lines, and [D] to rotate lines, and
also remarked that they may not be enough to describe all

three-dimensional structures through simple methods.

Thus, in this chapter, we introduce three more functions [F],

[G], and [H] to complete this notation.
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[F]

In the last chapter, a hollow sphere and a hollow cone were
described, but one could not describe filled ones, because one
did not have an expression of lower-dimensional filled shapes
that one could use with [C] and [D] to produce them.

This is why the function [F|, the filler, was introduced.
The [F] is used to fill any line in a specified dimension.

(F = 0) fills a line in the zeroth dimension, that is, the line
disappears. (F = 1) fills a line in the first dimension, such that
only the edges are visible. (F = 2) fills a line similarly fills all
the faces, or two-dimensional parts of the line, and (F = 3) does
the same with volumes, and so on until one reaches the desired
dimension one pleases.

For example, in the description of a hollow sphere, in the
last chapter, one could obtain a solid sphere using (F = 3).

The [F], however, can be of two kinds — f and /— depending
on how one defines filling a line in different dimensions.

The f fills a line in the number of dimensions specified,
and the resulting line is independent of the number of
dimensions the original line was filled in. The /Z on the other
hand, is dependent on the number of dimensions the original
line was filled in.

58



As an example, take a hollow cube (a line filled in two
dimensions). Applying both (f = 3) and (/= 3) would result in
the same line, a solid cube, filled in three dimensions, but for (F
= 1), f would result in a cube with empty faces, just the edges,
whereas /would bring no change to the original line.

This is because f can change the number of dimensions
with no limits, but /can only fill, that is, add to the given line.
However, both f and /are limited to the maximum number of
dimensions the original line exists in, for one cannot define a
line being filled in dimensions it does not exist.

In general, the [F] is defined as —

(F=n)

Where n is a whole number between 0 and 7, including 0 and », and # is the
maximum number of dimensions the original line exists in.

f 8=65 ‘(A A)[E]oe

f5 = 9,«93522(141, Ay)[A][B][C][D][F]we,
expanded as —

a,
{ealv 9837 eArcfa eam euz}{eb]ﬂ eb27 ebn} 80_1 ({Al,l’ AI,ZJ Al.n}w {Al.h AZ.Z» AZ.n})
1

{2, a5, o A -on @y, 8} {by, by, L b} [ O, A, A [f‘s" 0,0 =xl+c]

F=n) {0, 0, ... 0,} {e, €, ... €,
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Solid Sphere

Let there be a hollow cube, as defined in the previous
chapter —

05 (A A) [D] e
1

(0, 10,0}, 0} 8.° (A, A) [0} 8. (e = 0), 7] (e = 0)

A solid sphere can then be described with [F] by filling the
hollow sphere in the third dimension. Here, because the hollow
sphere (original line) is three-dimensional, » (the maximum
value of 1) has a value of 3, and because the original line was
filled in two dimensions, which is to be filled in three
dimensions, both f and /would result in the same line when
given a value of 3.

A solid sphere would then be —

05 (A, Ay) [D][F] e

0,40,0}, w0} 8" (A, A) [{0'} 8" (¢ = o0), 7] (F=3) (= 0)

One may observe that if one were to use [F] to reduce the
hollow sphere to being filled in up to only one dimension, both
f and /would still have resulted in the same line, that is, the
original line, because a hollow sphere does not have any
one-dimensional edges, but still can be thought of as having
infinitely many with infinite two-dimensional faces between
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them. But if [F] had a value of 0, f would have resulted in there
being no line, while /would not have changed anything, due to
reasons that may be regarded with how one defined them, as
they were earlier in this chapter.

Cube

In the previous chapter, a solid cube had been defined as —

Gézz[A][B][C]e

aZ aIZ C a”Z C
{038 “{ar, Ap 2} {1} [{{0} 8 " (e =0), A, A}, {{0"} § " (e =), A, #}] (e = )
1 1 1

Here, the cube is solid and cannot be filled in any further
dimensions with [F], thus can only be reduced to be filled only
in lower ones, because of which one shall only use f and not /

Hollow cube —

05, TAIBILCI[Fle

a a' a"
{038 “{ai, Awp a1 {1} [{{0} 8" (e=0), #, £}, ({07} 8 " (e= ), £, £}]

(f=2) (e=)

Cube filled in one dimension —

05, [AIBILCI[Fle

a. a' a",
{038 {ai, Awp a2} {1} [{{0} 8" (e=0), A, £}, {{0"} 8 " (e= ), £, £}]
1 1

(f=1)(e=)
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[G] and [H]

[G] and [H] are similar to how [C] and [D] were defined in the
previous chapter, to the extent that one may even call them
modified [C] and [D], but unlike them, [G] and [H] are only
defined for axes that are straight lines.

[G] is the function that translates a line along a straight line axis
d', reducing the line in the dimension the original line exists in
by a parameter ‘.’ that is a function of the length it has
translated.

In General, [G] is defined as —
f 8 A, P, a=xl+c]

And similarly, [H] rotates a line along a straight line axis,
reducing it by the parameter ‘.’ that is a function of the angle
through which the line has rotated.

In General, [H] 1s defined as —
[fe) @,0=xl+c,+=yl+C]

I explain these functions further with a few examples.
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Solid Cone

In the last chapter, a hollow cone was described. To describe a
solid cone, one could fill the hollow cone in the third dimension
using [F], or one could translate a filled circle along an axis,
reducing it with [G].

To describe one through the latter, one may define a
filled circle as —

a.
2
esal(Al, Ay)[Fle Axis

{0, {0, 0} , m— O}SZZ(AU A)(F =2)(e = 0),

which is translated along an
axis —

06 %

a
1

1
I
I
1
1
1
1
I
I
I
I
I
1
1
1
r
1
1
I
|
I
I
I

038" e = ),

passing through the circle’s
centre and perpendicular to its

plane. i Filled circle

Then the solid cone obtained would be described as —

05, ‘(A, A)[F[Gle

16, 10,0 .7~ 015, "(Ay, A)(F =2) [{01}5., (e = o0), 7, £ 1= ] (¢ = 0)
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Summary

In this chapter, the final components of the notation were
defined, which is claimed to have allowed one to describe all
lines in any number of dimensions.

Hitherto, in this book, we have defined the notation, and
all its components — 0, 0, and 0y, 8{, (A, Ay, [A], [B], [C],
[D], [F], fand £ [G], [H], o, e, and e and ¢

f 8= 65 ‘(A A)[E]we

f 3= 9,«9.3522(/\1, Ay)[A][B][C][D][F][G][H]we,
expanded as —

4,
{euls 9;137 eArsf? eum eu2}{eb]7 ebza ebn} 80. ({Al,ls Al,Za Al,n}v {Al.lv A2.25 Al.n})

1
{a, a5, ... Awp - 8y a0) {by, by, o by [0, A, H][] 60,0 =xl+c]
FE=m)[| 8, A, A, e=xl+c][ |8,0,0=xl+c,.=yl+C(]

(o, 0, ... @) 1€, €, ... €y}
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