STRUCTURES OF FINITE AND INFINITE TYPES OF NON-COMPACT
RIEMANN SURFACES VIA FUNDAMENTAL GROUPS

ABSOS ALI SHAIKH*! AND UDDHAB ROY?

ABSTRACT. The purpose of this article is to introduce the notion of constructing any arbitrary
finite and infinite types of non-compact hyperbolic Riemann surfaces via non-abelian funda-
mental groups equipped with various types of classical Schottky structures, with limit sets as
uncountable sets (but not necessarily Cantor sets), emphasising the cases in which the surfaces
are of infinite hyperbolic areas. At first, in this paper, we have fabricated three types of cacon-
ical non-compact infinite area Fuchsian polygons in the hyperbolic plane with different kinds
of classical Schottky structures. After that, we have initiated a structure of an arbitrary finite
type non-compact hyperbolic Riemann surface with genus, conformal holes, cusps, and funnel
ends by using the canonical Fuchsian Schottky polygons. Furthermore, in this manuscript, we
have proposed the notions of infinite types conformally compact and semi-conformally com-
pact hyperbolic Riemann surfaces. In particular, we have introduced eight new and interesting
types of infinite type hyperbolic Riemann surfaces (we call generalized flute surfaces) that are
constructed from infinite sequences of infinite area hyperbolic pair of pants, each glued to the

next along a common geodesic boundary with certain strategies.

1. INTRODUCTION

The aim of this article is as in the following:

(1) In [8], Keen has constructed all possible canonical polygons for finitely generated Fuchsian
groups that give rise to compact hyperbolic Riemann surfaces. In this paper, our initial goal
is to extend her work to non-compact hyperbolic Riemann surfaces. In particular, we have
fabricated three types of canonical non-compact infinite area Fuchsian polygons equipped with
various kinds of classical Schottky structures within the Poincaré disk model.

(2) Secondly, in this manuscript, we have formulated a strategy for how to construct any finite
type arbitrary non-compact hyperbolic Riemann surfaces via fundamental (Fuchsian) groups.
In fact, this investigation generalizes the paprt of Keen [9] from compact Riemann surfaces to

non-compact ones, although the procedure is completely different from her work in [9].
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(3) Finally, we have introduced eight new types of infinite type hyperbolic surfaces, which we
named as generalized flute surfaces (flute surface is first originated in a paper of Basmajian
[4]), linked to various types of infinite dimensional Teichmiiller spaces. Of course, the way flute
surface was structured by Basmajian ([3], [4]), the flute surfaces and generalized flute surfaces
are almost equivalent, but from the point of view of the infinite dimensional Teichmiiller theory
(in particular, various types of metrices, viz., length spectrum metric, Fenchel-Nielsen metric,
bi-Lipschitz metric, and quasiconformal metric, see [2], [1], and [10]), these two kinds of infinite
type surfaces (viz., flute surface and generalized flute surface) are not analogous at all. In
particular, in this paper, we have constructed four kinds of infinite type generalized non-tight
flute surfaces and four types of infinite type generalized tight flute surfaces, with limit sets that
are Cantor sets and the whole circle at infinity, respectively. In fact, Basmajian [3] introduced
the notion of infinitely generated Fuchsian groups from the point of view of the (hyperbolic)
Riemann surface theory. After that, Schwartz [15] initiated the idea of infinitely generated
Schottky groups equipped with the notion of limit sets. Although these two works were de-
veloped from completely different perspectives. In this thesis, the infinitely generated groups
that we aim to construct are basically Fuchsian groups with Schottky flavor, i.e., Fuchsian
groups equipped with classical Schottky structures. More precisely, the infinitely generated
groups that Basmajian [3] formulated, although the associated hyperbolic surface is of infinite
area, but each block is non-compact and finite area. On the other hand, Schwartz’s [15] con-
structed infinitely generated group gives rise to compact hyperbolic Riemann surface. But, in
this study, we are dealing with infinitely generated groups that lead to non-compact Riemann
surfaces, additionally, each block may carry an infinite hyperbolic area. Apart from that, it
is well known that the limit sets of any non-trivial finitely generated and infinitely generated
Schottky groups are usually Cantor sets. In this investigation, we have proposed some finitely
generated and infinitely generated Schottky groups whose limit sets are uncountable sets, but
not necessarily Cantor sets, rather the whole circle at infinity. In essence, the study of infinitely
generated Fuchsian groups of types (0, 00, 0,0, 0), (0,0, 00,0, 0), and (0, 0, 0o, 00, 0) is somewhat
known in the literature. In this paper, we have introduced the notion of infinitely generated
Fuchsian groups of types (0,0,0,0,00), (0,0,0,00,00), (0,0,00,0,00), and (0,0, 0o, 00,00) in
various aspects.

In this article, we have proved the following theorems in this regard. Indeed, the subse-
quent Theorem 1.1 provides the structure of any non-compact Fuchsian group of finite type,

whereas Theorem 1.2 indicates the construction of infinite types non-compact Fuchsian groups
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of signatures (0,0,0,0,00), (0,0,0,00,00), (0,0,00,0,00), and (0,0, 00, 00,00). In particular,
Theorem 1.1 generalized the work [[9], Theorem 5] from compact hyperbolic Riemann surfaces
to non-compact (hyperbolic) Riemann surfaces. On the other hand, Theorem 1.2 extend the

work [[9], Theorem 5] from finitely generated Fuchsian groups to infinitely generated ones.

Theorem 1.1. Let Q) be an arbitrary finite type Fuchsian group of signature (2,0,1,2,8). Then,
by Klein-Maskit combination theorem, we prove that, @ = < Q7F, Qs, 5%, Q5. Q7 QF, g, Q% >,
where ;, 1 =1,2, ..., 8 are non-compact Fuchsian groups with some specified signatures of finite

(ko

types and the symbol indicates the number of operation act in that group.

Theorem 1.2. Suppose I', A, Q, ®, =, U, 3, and Y are Fuchsian groups, where *’ represents
the number of operation act in that group. Then, by using the Klein-Maskit combination theorem
as a tool, we prove the following results:

(a) Let T'; be Fuchsian groups with signatures (0,0,0,0,4), i € N. Further, we assume that,
I3y is a Fuchsian group of signature (0,0,2,0,2), where i € 2N U {0}. Then, the group T' =
< I, Ty, T, U5, T35, T, TEF, ... > is an infinitely generated Fuchsian group of type (0,0, 0,0, 00).

(b) Let A; be Fuchsian groups with signatures (0,0,0,0,3), ¢ € N. Furthermore, suppose
that Asy; is a Fuchsian group of signature (0,0,2,0,1), where i € 2N U {0}. Then, the group
A = < A7, A, AS A5, AF A7 A L0 > is an anfinitely generated Fuchsian group of type
(0,0,0,0,00).

(c) Let Q; be Fuchsian groups with signatures (0,0,0,0,3), i € N. Additionally, let Q3;
is a Fuchsian group of signature (0,0,3,0,0), where i € 2N U {0}. Then, the group Q = <
QF, Q3, Q5 Qs, %, Q7 QFF, ... > is an infinitely generated Fuchsian group of type (0,0, 0o, 0, 00).

(d) Let ®; be Fuchsian groups with signatures (0,0,1,0,3), i € N. In addition, we as-
sume that, ®3; is a Fuchsian group of signature (0,0,3,0,1), where i € 2N U {0}. Then, the
group Il = < @7, O3, 5%, §5, O, O, PE¥, ... > is an infinitely generated Fuchsian group of type
(0,0, 00,0, 00).

(e) Let =; be Fuchsian groups with signatures (0,0,0,1,3), i € N. Moreover, suppose that
T34y is a Fuchsian group of signature (0,0,2,1,1), where i € 2NU{0}. Then, the group = = <
=3, 2, 255 55, BV B 28T, L > ds aninfinitely generated Fuchsian group of type (0,0, 0, 00, 00).

(f) Let V; be Fuchsian groups with signatures (0,0,0,0,3), i € N. Furthermore, let Tl
is a Fuchsian group of signature (0,0,2,1,0), where i € 2N U {0}. Then, the group ¥ = <
Wi, I, Wix 105, Ui I, OFF, ... > is an infinitely generated Fuchsian group of type (0,0, 0, 0o, 00).
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(g9) Let ¥, 11;, and Y; be Fuchsian groups with signatures (0,0,0,0,3), (0,0,1,0,2), and
(0,0,0,1,2) respectively, i € N. Then, the group T = < 3%, 11y, T7*, 3o, IT5*, Ty, 5%, 15, 15, ... >
is an infinitely generated Fuchsian group of type (0,0, 00, 00, 00).

(h) Let A;, Q;, and ©; be Fuchsian groups with signatures (0,0,0,0,4), (0,0,0,1,3), and
(0,0,3,0,1) respectively, i € N. Then, the group ® = < A}, O, %, Ao, ©FF, Qo A", O3, Q5F, ... >

is an infinitely generated Fuchsian group of type (0,0, 00, 00, 00).

Hyperbolic Surface of type (2,0,1,2,8)

Figure : 2.2.1

It is well known that, unlike the case of hyperbolic surface of finite type, 3 various types
of Teichmiiller spaces corresponding to an infinite type hyperbolic surface, and each of these
Teichmiiller spaces (heavily) depending on the choice of a basepoint for that Teichmiiller space.
Moreover, even if someone fix a base point, Teichmiiller space depends set theoretically on
a distance function that one can put on that space. In fact, there are various types of dis-
tances that we can use in the Teichmiiller space. So, the infinite type surfaces comming out
from infinitely generated Fuchsian groups of types (0,0,0,0.00) (Theorem 1.2 (a) and (b)),
(0,0,00,0,00) (Theorem 1.2 (¢), (d) and (f)), and (0,0, 0o, 00,00) (Theorem 1.2 (g) and (h))
are not analogous. In particular, both the infinitely generated groups, I' and A with signatures
(0,0,0,0,00) provide infinite type surfaces where each block is of infinite hyperbolic area, but,
each block of A contains one funnel end (apart from the first one), whereas for the group I, two
funnels appear in each block. Furthermore, both the infinitely generated groups €2 and II of
type (0,0, 00,0, 00) supply infinite type surfaces, but they are different from the point of view
of the infinite dimentional Teichmiiller spsces. In fact, for the group 2, 1st, 3rd, 5th, Tth, ...
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blocks are of infinite hyperbolic area and 2nd, 4th, 6th, 8th, ... blocks are of finite area (i.e.,,
), whereas for the group II, each block is of infinite hyperbolic area. Moreover, the infinitely
generated groups = and ¥ of type (0,0,0,00,00), the associated hyperbolic surfaces, for the
group =, each block is of infinite hyperbolic area, on the other hand, for ¥, 1st, 3rd, 5th, Tth, ...
blocks are of infinite hyperbolic area and 2nd, 4th, 6th, 8th, ... blocks are of finite area. Finally,
the infinitely generated groups T and & of type (0,0, 00, 00, 00), the corresponding infinite type
surfaces, for the group T, 1st, 4th, 7th, .... blocks are non-compact hyperbolic area, whereas
2nd, 5th, 8th, ... blocks are compact finite area, on the other hand, 3rd, 6th, 9th, ... blocks are

non-compact but finite area. But, for the group ®, each block is of infinite hyperbolic area.

Outline of this paper. The rest of this article is arranged as follows: In Section 2, we
have discussed some preliminaries that will be needed throughout this paper. Sections 3 to
6 are the technical core of this paper. In Section 3, we have constructed three types of non-
compact infinite area Fuchsian polygons with various kinds of classical Schottky structures in
the Poincaré disk model. In Section 4, we have initiated the strategy of gluing two hyperbolic
surfaces of type (0,0,0,0, f) via fundamental groups (see Lemma 4.1). After that, we have
approached the technique of attaching two hyperbolic surfaces of type (0,0,0,¢, f) to each
other in Section 5 (see Lemma 5.1). In Section 6, we have investigated the situations when
the non-compact infinite area hyperbolic surface contains conformal holes (see Lemma 6.1).
Furthermore, we have studied the circumstances when non-compact hyperbolic surfaces carry
conformal holes but of finite area (see Lemma 6.2). In Section 7, we have proved the first main
Theorem 1.1. Finally, in Section 8, we have established the second main Theorem 1.2. At the
end, we have proposed some notions about the limit sets of our constructed infinitely generated

Fuchsian groups.

2. Preliminaries

A conformally compact hyperbolic Riemann surface is basically a non-compact surface. More
precisely, a hyperbolic Riemann surface is said to be conformally compact if it is of infinite hy-
perbolic area endowed with a metric of Gaussian curvature —1, providing a non-abelian finitely
generated fundamental group, and without a cusp end. So, a conformally compact hyperbolic
surface can contain only funnel ends in the boundary of its compact core. On the other hand,
a semi-conformally compact hyperbolic Riemann surface is also a non-compact hyperbolic sur-

face, but the notion is slightly general compared to a conformally compact hyperbolic surface.
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In particular, a semi-conformally compact hyperbolic surface may also contain cusp ends. In-
deed, a semi-conformally compact hyperbolic Riemann surface is of type (g, p, h,c¢, f), where
g is the number of genus, p and h are the distinguished points and conformal disks (that are
removed from its compact core), ¢ and f are the numbers of cusp and funnel ends respec-
tively. We assert that g, p, h, and ¢ > 0, but f > 0 always. Moreover, if p = py, po, ..., Pm, and
h = hy, hy,...;hy, p; # p;, for i # j, and h;Nh; = ¢, i # j, with p; ¢ h;. Now, if the genus g =
0 and h+c+ f = 3, we say that the quotient surface is a pair of pants (see [13] and [14] for more
details). In this article, we have explored torsion-free Fuchsian groups, so there is no elliptic
element in the group. In fact, Keen ([8] and [9]) carried out the situation for containing elliptic
elements in Fuchsian groups. So, we have exempted that case here. More precisely, in this
manuscript, we are mainly interested in the type (g,0, h, ¢, f). A flute surface is a special type
of infinite type hyperbolic surface that looks like an infinite chain of (finite area) pair of pants
glued end to end. Topologically, a flute surface is homeomorphic to a sphere removing a Cantor
set of points. But, geometrically, a flute surface carries a hyperbolic metric. In this paper, we
mean a flute surface is tight if it contains at least one (hence countably infinite number) cusp
end. If an infinite type flute surface doesn’t contain any cusp end, we call non-tight. For the
basics of a hyperbolic manifold, funnel, cusp, and pair of pants the readers may go through the

expositions, for instance, [13], [5], [6], [11], [4], and [12].

3. CONSTRUCTING NON-COMPACT INFINITE AREA FUCHSIAN
POLYGONS WITH SCHOTTKY SETTINGS

In this section, we are going to construct three types of non-compact infinite area Fuchsian
polygons equipped with classical Schottky structures. In particular, these polygons give rise to
certain non-compact Fuchsian groups, and these Fuchsian groups will be needed in the following
sections to established our main Theorem 1.1, and 1.2. Indeed, the following constructions are
the generalizations of [8, Theorems 6 and 7], from compact to non-compact Riemann surfaces.

Constructing canonical Fuchsian Schottky polygon 1.

Step 1. Let us consider six semi-circles SCy, SCy, SC3, SCy, SCs, and SCg within the
Poincaré disk model with end points a, b; ¢, d; e, f; g, h; i, j; k, [ respectively lying on the bound-
ary of the disk. SC is paired with SCy, SC5 twins with SC4, and SCj5 is linked with SCjy
by three hyperbolic Mébius transformations. Now, the open region (looks like a polygon)
bounded by these six semi-circles with arcs lying on the boundary of the disk represents the
open non-compact polygon of a (0,0,0,0,4) group. In particular, the area surrounded by the

non-Euclidean lines joining the points a,e; f,%; j, k; 1, h; g, d, ¢; d, and the semi-circles SC7, SCs,
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SCy, SCy, SCs, and SCy exhibits the fundamental domain for the group (0,0,0,0,4). Now,
the non-compact polygon for a (0,0,0,0,4) group, to meke it canonical we have utilized the

procedure as follows:

Figure: (0,0,1,1,1) - group

Figure : 2.2.1

Step 2. Let, Q' = < g1, g2, 93 > be a group with signature (0,0,0,0,4). Note that all three
generators ¢g;, gz, and g3 are hyperbolic Mobius transformations. Now, we consider the three
isometric circles Iy, I, and I3 corresponding to the right side of the three axes of the hyperbolic
elements g1, go, and g3 respectively (see [7] for the notion of isometric circles). Suppose the end
points of the isometric circles Iy, I, and I3 are a (between the points a and e), f (between the
points f and 4), and j (between the points j and k) respectively. Let, ¢1(a) = d, g2(f) = h,
and g3(j) = k. Now, to fabricate a canonical polygon for the group (0,0,0,0,4), we draw six
semi-circles in the following way. We translate six semi-circles SC; to SOy with end point at
a (by the hyperbolic curve length (@ — a)), SCy with end point at d (by the hyperbolic curve
length (d — d), SC5 to SC5 with end point at f (by the hyperbolic curve length (f — f)), SC4
to SCy; with end point at h (by the hyperbolic curve length (h — h)), SC5 to SCs with end
point at j (by the hyperbolic curve length (j — 7)), and SCg to S Cs with end point at k (by the
hyperbolic curve length (/% —k)). Let b, ¢, €, §, i, | are the starting points of the semi-circles
SCy, SCy, SCs, SCy, SCs, SCs respectively. Now, the region bounded by the semi-circles SOy,
SCQ, SCs, 56'4, 56’5, 56’6, and the arcs joining by the points a to é, fto 7, j to /%, [ to fl, g to
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a?, ¢tob lying on the boundary of the disk represents the canonical polygon of the (0,0,0,0,4)
group.

Constructing canonical Fuchsian Schottky polygon 2.

Step 1. Let us consider four semi-circles SC4, SCs, SC3, and SC, within the Poincaré disk
model with end points p1, ps; p2, P3; P4, P5; Pe, P7 respectively lying on the boundary of the disk.
S is paired with SC5 by a parabolic M6bius transformation p, and SCj is linked with SC} by
a hyperbolic Mobius transformation h. Now, the open region (looks like a polygon) bounded
by these four semi-circles SCy, SCs, SC5, and SCy represents an open non-compact polygon
of a (0,0,0,1,2) group. In particular, the area surrounded by the non-Euclidean lines joining
the points p1, ps; ps, Pe; P7, p3 (all lying on the boundary of the disk) and the semi-circles SCj,
SCy, SC3, and SCy exhibits the fundamental domain for the group (0,0,0,1,2). Now, we
consider two non-Euclidean lines; one intersects at r; in SC; and ro in SCj3; the other one
intersects at r3 in SCy and r4 in SCy. We produce rory to 71, riry to vy, ryrs to 73, and r3ry
to r4 in the boundary of the disk. The region surrounded by the arcs joining by the points
D2, 71,72, D5, P, T4, T3, and py represents the fundamental polygon of a (0,0, 1, 1,1) group. Now,
to make the polygon canonical, we have used the procedure as follows:

Step 2. Let 22 = < p,h > be a group with signature (0,0,1,1,1). Here, p is parabolic,
whereas h is a hyperbolic Mobius transformation. Now, let us consider the isometric circle
I corresponding to the right side of the axis of the hyperbolic element h. Assume that, the
end point of the isometric circle I is ps (between the points ps and pg) on the boundary of
the Poincére disk. Let, h(ps) = ps. Now, to construct a canonical polygon for the group
(0,0,1,1,1), we draw two semi-circles I, and I in the subsequent way. We translate these two
semi-circles SCj3 to SC5 with end point at py (by the hyperbolic curve length (p5 — ps)), SCy
with end point at p; (by the hyperbolic curve length (pg — ps). Let ps and pg be the starting
points of the semi-circles .S Cy and S ACQ, respectively. Now, on the boundary of the disk, we take
four points ¢; (between py and ), g, (between ps and py), g3 (between 73 and p3), g4 (between
pr and 7). Produce the non-Euclidean arcs ¢;¢> (intersecting SC at ¢, and SOy at ¢2), and
G3qs (intersecting SCj at g3, and SCy at q4). The region bounded by the non-Euclidean arcs
joining by the points ps to ¢q1, ¢1 to g2, q2 to ps, Ps to q4, qs to g3, and g3 to ps represents the
canonical polygon for the group (0,0,1,1,1).

Constructing canonical Fuchsian Schottky polygon 3.

Step 1. Let us consider four semi-circles SCy, SCy, SC3, and SCy within the Poincaré disk

model with end points aq, as; by, bo; c1, co; dy, dy respectively that are lying on the boundary of
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the disk. SC; is paired with SC3, and SCy twins with SCy by two hyperbolic Mobius trans-
formations hy and hg, respectively. Roughly speaking, the open region (looks like a polygon)
encircled by these four semi-circles with arcs lying on the boundary of the disk represents the
non-compact polygon for a (1,0,0,0,1) group. Let M be a point situated on the boundary
of the disk at the point (1,0). Furthermore, we assume that the semi-circles SC; and SCy
intersect at the point e, SCy and SCj5 intersects at f, and SC3 and SCy intersect at the point
g. Note that all the points e, f, and ¢ are lying within the disk. Now, the area surrounded
by the non-Euclidean lines joining by the points ds, g; 9, f; f, e;e,ay; a1, M; M, ds exhibits the
fundamental domain for the group (1,0,0,0,1). Now, our goal is to produce the polygon that
represents the fundamental domain into a canonical polygon.

Step 2. Let Q3 = < hy, hy > be a group with signature (1,0, 0,0, 1). Here, both the generators
hy, and hs are hyperbolic Mobius transformations. Now, we consider two isometric circles I,
and I, corresponding to the two axes of the hyperbolic transformations hy, and hy respectively.
Suppose, the end points of the isometric circles I, and Iy are p; (between the points a; and
M), and s; (between the points dy and cg) respectively. Let, hy(p;) = 71, and ha(s1) = ¢1.
Now, to fabricate a canonical polygon for the group (1,0,0,0,1), we draw four semi-circles in
the following way. We translate four semi-circles SCy to SC& with end point at p; (by the
hyperbolic curve length (p; — aq)), SCs to SCy with end point at ¢ (by the hyperbolic curve
length (¢ — by), SCs to SC5 with end point at r1 (by the hyperbolic curve length (r; — ¢1)),
SC, to SCy with end point at s; (by the hyperbolic curve length (sy — dy)). Let, p2, go, 72,
and sy are the starting points of the semi-circles S @1, S @g, S AC’3, and SC, respectively. Let the
semi-circles SC; and SCy at the point é, S C, and SCj intersect at f , and finally, S C; and SC,
intersect at the point g. Now, the region bounded by the arcs joining by the points s; to g, ¢
to f, fto é, € to p1, p1 to M, M to s; represents the canonical polygon of the (0,0, 0,0, 4) group.

In the subsequent Sections 4, 5, and 6, we have described a general method for constructing
new non-compact finite and infinite area hyperbolic surfaces by gluing along infinite funnel
boundaries or conformal holes closed geodesic boundaries. The essential tool here we employ
is the (Klein-Maskit) combination theorem (see [9], Theorem 1) that allows us to amalgamate

two non-compact Fuchsian groups to form a larger discrete group.
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4. GLUING NON-COMPACT HYPERBOLIC SURFACES OF TYPES (0,0,0,0,f)

Lemma 4.1. (Construction 1.) Let, Qy and Qs be two Fuchsian groups of signature (0,0,0,0,3).
Suppose both the corresponding surfaces possesses different neck lengths k;, 1 = 1,2, ...,6, where
Ki # Kj, fori # j. Then:

(1) for a Fuchsian group 1l3 of signature (0,0,2,0,1), we prove that Q' = < QF T3, Q% >,
where ‘¥ indicates the number of operation act on that group.

(2) Gluing two surfaces of types (0,0,0,0,3) yields a hyperbolic surface of type (0,0,0,0,5).

Figure : 2.2.1

Proof. Let Dy, Dy, D3, and D4 be four semi-circles within the Poincaré disk model. In par-
ticular, Dy is paired with Dy by the hyperbolic Mobius transformation h;, whereas D3 twins
with D4 by the hyperbolic Mobius transformation hy. Suppose these four semi-circles meet the
boundary of the disk at the points ay, as; by, ba; ¢1, co; dy, ds respectively. Now, on the boundary
of the disk, we take eight points, two between a; and as, viz., € (near the point a;) and § (near
the point ay), two between b; and by, viz., h (near the point by) and i (near the point by),
two between ¢; and ¢y, viz., j (near the point ¢;) and k (near the point ¢2), and finally two,
between the points d; and ds, viz., | (near the point d;) and f (near the point dy). We draw the
non-Euclidean curves lines by joing the points é to f, § to h, i to j, and & to [. Note that, these

four curves intersect in the four semi-circles D, Do, D3, and D, at the points e, g; h,i; 7, k; [,
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and f. Assume that the lengths of the curve line gh is ky, [k is ky, and ef (or ij) is Ks.
Now, the area (denoted by Ry) joining the points ay,ds, f, 1, dy, co, k, j, ¢1, b2, 1, h, by, as, g, e, and
a; represents the fundamental domain of a Fuchsian group (denoted by € = < hy,hy >)
with signature (0,0,0,0,3). So, the Fuchsian group €2 is a hyperbolic Riemann surface with
three funnel ends consisting of neck lengths k1, k2, and 2k3. However, the region (denoted by
Ry) joining the points ay,ds, f,1, k, j,c1,b2,4, h,b1,as,g,e, and a; represents the fundamental
domain of a Fuchsian group (denoted by II;) with signature (0,0,1,0,2) with neck lengths
k1, and 2k3 consisting a closed geodesic boundary with length k5. Now, we consider another
Fuchsian group €2y with signature (0,0,0,0,3) with neck lengths k4, k5, and 2kg. We proceed
in a similar situation as in the above formation. Now, the area (denoted by Rs) joining the
points ey, ho, i, lo, hy, g9, 1, ko, g1, f2, k1, J2, f1, €2, J1, 11, and ey represents a fundamental domain
of a Fuchsian group (denoted by €y = < hg, hy >) with signature (0,0,0,0,3). On the other
hand, the figure (denoted by Rj3) joining the points ey, ho, i, lo, b1, go, l1, k2, g1, f2, k1, jo, J1, 01,
and e; represents a fundamental domain of a Fuchsian group (denoted by Ils) with signature
(0,0,1,0,2) consisting one closed geodesic boundary of length 4, and two funnels with neck
lengths k5, and 2kg. Let us consider, a Fuchsian group II3 with signature (0,0, 2,0, 1) with one
funnel end of neck length 2r;. Then, from figure one can easily see that, the region (denoted
by Ry) joining the points o, m,a, h,n,t,s,r e, d,q,p, and o represents the fundamental domain
of a Fuchsian group II; with signature (0,0,2,0,1) with neck length 2k; and two boundary
geodesic with lengths ko and ky.

To glue two Fuchsian groups 7 and {2y with signatures (0,0,0,0,3), we cut the two corre-
sponding surfaces one funnel end each along the neck of their funnels. After this operation, it
reduces two groups, one is II; and other is II;. Then adding a Fuchsian group II3 in such a way
that the neck length can match with the groups II; and II,. Note that, when we paste with II; to
I15 the curve lines (i.e., kI in II; and op in II;) can match, i.e, their directions are opposite to each
other. Now, by using the combination theorem, one can get a Fuchsian group Il;3 = < Iy, II3 >
with signature (0,0, 1,0,3). After that, we will attach the groups II;3 and II5 on the analogy of
the technique that we mentioned just before (i.e., the direction of the curve lines st in II;3 and
J1j2 in II). Consequently, again, one can utilize combination theorem to get a Fuchsian group
M3 = < I3, 11, > (= Q' say) with signature (0,0,0,0,5). Therefore, the fundamental do-
main of the arising group Il;3, is the area bounded by the non-Euclidean lines joining the points
ay,do, fym,a, hyn, iy, e1, ha,io, lo, hi, go, U1, ko, g1, fo, k1,7 e,d,q, 7,¢1,ba, 7, h, b1, 09,9, e, and ay.

So, the proof of Lemma 4.1 is completed.
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O

Remarks 1. Note that, the polygon of a Fuchsian group with signature (0,0,3,0,0) that
Keen [9] introduced for compact Riemann surface, is completely different from our constructed
polygon for Fuchsian group equipped with classical Schottky structures of signature (0,0, 3,0, 0)

in non-compact settings.

5. ATTACHING HYPERBOLIC SURFACES OF TYPES (0,0,0,c,f)

Lemma 5.1. (Construction2.) Let, Q3 and €y be two Fuchsian groups of signature (0,0,0,1,2).
Assume that, both the corresponding surfaces possesses different neck lengths k;, 1 = 1,2,....4,
where k; # Kj, for i # j. Then:

(1) for a Fuchsian group 15 of signature (0,0,2,0,1), we prove that Q% = < Q3 15, Q} >,
where ‘*” represents the number of operation act on that group.

(2) Gluing two surfaces of types (0,0,0,1,2) yields a hyperbolic surface of type (0,0,0,2,3).

In particular, Q2 represents a hyperbolic surface of two cusps and three funnels of neck lengths

Figure : 2.2.1

Proof. Let Dy, Ds, D3, and D, be four semi-circles within the Poincaré disk model. In fact,
Dy is paired with Dy by the parabolic Mobius transformation p;, whereas D3 linked with

Dy by the hyperbolic Mdbius transformation h;. Assume that these four semi-circles meet
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the boundary of the disk at the points ai,as;as, as;aq, as; ag, ar respectively. Now, on the
boundary of the disk, we take six points, two between a; and ag, viz., ¢ (near the point ay)
and d (near the point ag), two between as and a4, viz., € (near the point as) and f (near
the point a4), one between a; and as, viz., b (near the point ay), and finally one, between
the points as and ag, viz., ¢ (near the point az). We draw the non-Euclidean curves lines by
joining the points b to ¢, d to &, and f to §. Notice that these three curves intersect in the
four semi-circles Dy, Dy, D3, and D, at the points b; g; f,e;d, and c¢. Suppose the lengths
of the curve lines bc (or fg) is x1, and de is ko. Now, the region (denoted by Rs) joining
the points a1, a7, ¢, d, ag,as, €, f,aq,as,g,a2,b, and a; represents the fundamental domain of
a Fuchsian group (denoted by 3 = < py, hy >) with signature (0,0,0,1,2). Consequently,
the Fuchsian group {23 is a hyperbolic Riemann surface with one cusp and two funnel ends
consisting neck lengths 2k, and ko. However, the region (denoted by Rg) joining the points
ai, a7, c,d,e, f,aq,as,g,as,b, and a; represents the fundamental domain of a Fuchsian group
(denoted by Il,) with signature (0,0,1,1,1) with one funnel of neck length 2k; consisting a
closed geodesic boundary with length x,. Now, we consider an another Fuchsian group €y
with signature (0,0,0,1,2) with one cusp end and two funnels of neck lengths 2x3, and 4. We
proceed in a similar situation as we did in the above construction. Now, the domain (denoted by
R7) joining the points by, b7, j, bg, k, bs, by, [, m, b, by, n, i, and by represents a fundamental region
of a Fuchsian group (denoted by Q4 = < hg, py >) with signature (0,0, 0, 1,2). However, the area
(denoted by R7) joining the points by, b7, 7, bg, k, bs, by, [, m, n, i, and by represents a fundamental
domain of a Fuchsian group (denoted by Il5) with signature (0,0, 1,1,1) consisting one closed
geodesic boundary of length k4, and one funnel with neck length 2x3. Now, we are considering
a Fuchsian group Ilg with signature (0,0,2,0,1) consisting one funnel end of neck length 2ks.
Then, from the preceding construction, one can easily observe that, the region (denoted by Rg)
joining the points ¢y, cs, p,q,7, s, 5, C4,t,u,v,0, and ¢ represents the fundamental domain of
a Fuchsian group Ilg with signature (0,0,2,0,1) with one funnel of neck length 2x5 and two
closed geodesic boundary with lengths ko and ky.

To glue two Fuchsian groups 3 and {24 with signatures (0,0,0,1,2), we cut the two cor-
responding surfaces one funnel end each along the neck of their funnels where neck lengths
ko and k4 respectively. After this operation, it reduces two groups, one is II; and other
one II5. Then adding a Fuchsian group Ilg in such a way that the neck length can match
with the groups II; and II5. Note that, when we paste with II; to Il the curve lines (i.e.,

de in II; and @0 in Ilg) can match, i.e, their directions are opposite to each other. Now,
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by using the combination theorem, one can get a Fuchsian group Il = < Iy, Il > with
signature (0,0,1,1,2). After that, we will attach the groups Il and II5 on the analogy
of the technique that we mentioned just before (i.e., the direction of the curve lines 7q in
;6 and mm in II5). Consequently, again, one can utilize the combination theorem to get a
Fuchsian group Il = < Iy, I3 > (= Q2, say) with signature (0,0,0,2,3). Therefore, the
fundamental domain of the arising group Ilss; is the area bounded by the lines joining the
points ay, az, c,0,c1,c8,p, 4, b1,b7, 7, b6, k, bs, by, 1, s, 5, ¢q,t, f,a4,a3,9g,as,b, and a;. This proves
the Lemma 5.1.

O

6. AMALGAMATION OF NON-COMPACT HYPERBOLIC SURFACES OF
TYPES (0,0,h,c,f) and (g,0,h,c,0)

Lemma 6.1. (Construction 3.) Let, Qs and Qg be two Fuchsian groups of signatures (0,0, 1,0, 2)
and (0,0,1,1,1). Suppose, all lengths of their necks and closed geodesic boundaries in the con-
formal holes are distinct. Then:

(1) for a Fuchsian group I1; of signature (0,0,2,0,1), we prove that 2 = < Q% 1, Qf >,

4

where ‘*” represents the number of operation act on that group.
(2) Gluing two surfaces of types (0,0,1,0,2) and (0,0,1,1,1) yields a hyperbolic surface of
type (0,0,2,1,2). In particular, Q3 represents a hyperbolic surface of two conformal holes, two

cusps and two funnels end.

Proof. Let Dy, Do, D3, and D, be four semi-circles within the Poincaré disk model. More
precisely, D, twins with D, by the hyperbolic Mobius transformation Ay, on the other hand,
Dj linked with D, by the hyperbolic M6bius transformation hs. Suppose these four semi-circles
meet the boundary of the disk at the points ay, as; as, aq; as, ag; ar, ag respectively. We consider
eight points, on the boundary of the disk, two between a; and as, viz., b (near the point a;)
and 7 (near the point as), two between ag and ay, viz., h (near the point az) and § (near the
point ay), two between as and ag, viz., f (near the point as), and finally two, between the
points a; and as, viz., d (near the point a7) and ¢ (near the point ag). Now, we draw the non-
Euclidean curves lines by joing the points b to &, ¢ to &, § to f and & to d. Observe that these
four curves intersect in the four semi-circles Dq, Do, D3, and D4 at the points b,7; h, g; f, e; d,
and c. Assume that the lengths of the curve lines ih is k1 bc (or fg) is ks, and de is k.
Note that, the region (denoted by F}) joining the points i,b, ¢, d, a7, ag, e, f, g, h,as, as, and i
represents the fundamental domain of a Fuchsian group (denoted by Q5 = < hy, hy >) with
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signature (0,0, 1,0,2). Now, the area (denoted by F3) joining the points i, b, ¢, d, e, f, g, h, ag, as,
and 7 represents the fundamental region of a Fuchsian group (denoted by f = < hy, hy >)
with signature (0,0,2,0,1). Hence, the Fuchsian group 2 is a hyperbolic Riemann surface
consisting one funnel end of neck length x; with two conformal holes where lengths of their
boundary components are ko and 2k3, respectively. Now, we consider another Fuchsian group
Qg with signature (0,0,1,1,1) with one cusp end, one funnel end of neck length x4, and one
conformal hole with length of the closed geodesic boundary is 2x5. We proceed in a similar
manner as we have arranged in the overhead construction. Observe that, the region (denoted
by F3) joining the points o, j, k, bs, [, m,n, bs, by, and o represents a fundamental domain of
a Fuchsian group (denoted by Q¢ = < hs,p; >) with signature (0,0,1,1,1). However, the
diagram (denoted by F}) joining the points o, j, k, bg, [, m,n, and o represents a fundamental
domain of a Fuchsian group (denoted by €2f) with signature (0,0,2,1,0) consisting two closed

geodesic boundaries of lengths x4 and 2k5 and one cusp end.

Figure : 2.2.1

Now, if we want to glue the two Fuchsian groups 2%, and €25, two cases will occur.
(i) Assume that k3 = k5. Then, one can easily paste these two groups €, and € in a direct
way. This act gives a Fuchsian group with signature (0,0,0,1,3). If possible this will not

happen. Then, we will move forward to the second case.
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(17) Suppose k3 # k5. So, in this situation we can not attach Qf, and € directly. Now, we are
going to fabricate a new group in the following way:

Let Dg, Do, D11, and D15 be four semi-circles within the Poincaré disk model. More precisely,
Dy is linked with D1 by the hyperbolic Mébius transformation h4, whereas, D1 twins with D19
by the hyperbolic Mébius transformation hs. Let, these four semi-circles meet the boundary of
the disk at the points ¢, co; 3, c4; C5, Cg; ¢7, cg Tespectively. Now, on the boundary of the disk,
we take eight points, two between ¢; and ¢y, viz., p (near the point ¢;) and @ (near the point
¢2), two between c3 and ¢y, viz., 0 (near the point ¢3) and @ (near the point ¢;), two between
cs and cg, viz., t (near the point c5) and § (near the point cg), and finally two between c; and
¢s, Viz., 7 (near the point ¢;) and ¢ (near the point ¢g). Now, one can draw four non-Euclidean
lines by joing the points $ to ¢, @ to ¥, @ to ¢, and 5 to 7. Assume that, these four curves
intersect in the four semi-circles Dy, Do, Di1, and Dis at the points p,w;v,u;t, s;r, and q.
Suppose the lenghts of the curve lines wv, 7s, and pq (or tu) are ko k4, 2K¢ respectively. The
region (denoted by Fj) joining the points w,p,ci,cs,q,7,$,t, 5, ¢4, u, v, and w represents the
fundamental domain of the Fuchsian group (II; = < hy, hy >) with signature (0,0,2,0,1).

Now, to glue the two groups €25, and (g, we cut their corresponding hyperbolic surfaces
one funnel each along the neck of their suitable funnel ends consisting neck lengths ko and k4
respectively. After this operation, it reduces two groups, one is 2%, and other one €25. Then, we
add the Fuchsian group II7 in such a way that the neck length can match with the groups €2},
and other one . Note that, when we paste with Qf to II; the curve lines (i.e., de in Qf and
vw in II7) can match, i.e, their lengths same but directions are opposite to each other. Now,
by using the combination theorem, one can easily get a Fuchsian group 5; = < QF, 1I; > with
signature (0,0,2,0,2). Furthermore, we will attach the groups 57 and €2f on the analogy of
the technique that we mention just above (i.e., the direction of the curve lines 75 in 5; and
no in €f). Now, again, by utilizing the combination theorem, we get a Fuchsian group Qs
= < Q57, Q% > (= O3, say) with signature (0,0,2,1,2). Therefore, the fundamental domain of
the group Qs76 (= 23, say) is the region bounded by the non-Euclidean lines joining the points
as,1,b,¢c,p,cq,c8,q,7,k,bg, l,m,t,c5,cq,u, f,q,h,as, and as. So, Lemma 6.1 is proven.

O

Lemma 6.2. (Construction4.) Let, Q; and g be two Fuchsian groups of signatures (0,0,2,1,0)
and (1,0,2,1,0). Assume that, both the corresponding surfaces possesses different lengths
boundaries in their conformal holes, k;, i = 1,2, ...,4, where k; # K;, for i # j. Then:

(1) for a Fuchsian group Iy of signature (0,0,3,0,0), we prove that Q' = < Q7 Ty, Qg >.
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(2) Gluing two surfaces of types (0,0,0,1,2) yields a hyperbolic surface of type (1,0,3,2,0).
In particular, Q* represents a hyperbolic surface of genus one, two cusps and three conformal

holes.

Proof. Let Dy, Do, D3, and Dy be four semi-circles within the Poincaré disk model. In partic-
ular, D; is paired with D, by the parabolic Mobius transformation p;, whereas D3 twins with
Dy by the hyperbolic Mobius transformation h;. Assume that these four semi-circles meet the
boundary of the disk at the points ay, as; as, as; ay, as; ag, a7 respectively. Now, on the boundary
of the disk, we take six points, one between a; and as, viz., b (near the point a;), one between
as and ag, viz., g (near the point as3), two between a4 and as, viz., f (near the point ay4) and €
(near the point as), and finally two, between the points ag and a7, viz., d (near the point ag)
and ¢ (near the point a;7). We draw the non-Euclidean curve lines by joing the points b to ¢, g to
f , and € to d. Notice that, these four curves intersect in the four semi-circles Dq, Do, D3, and
Dy at the points b; g; f, e; d, and ¢ respectively. Suppose the lengths of the curve line be (or fg)
is k1, and de is ky. Observe that the region (denoted by F) joining the points aq, b, ¢, d, e, f, g,
and as represents the fundamental domain of a Fuchsian group (Q; = < py, h; >) with signa-
ture (0,0,2,1,0). In particular, the Fuchsian group 2; provides a hyperbolic Riemann surface
with one cusp and two conformal holes where the lengths of the closed geodesic boundaries are
2k; and ky. Now, we aim to consider another Fuchsian group Qg of signature (1,0,2,1,0) in
the following way:.

Let Ds, D¢, D7, Dg, Dy, D1y, D1, and Dis be eight semi-circles within the Poincaré disk
model. In fact, Ds is linked with Dg by the hyperbolic Mobius transformation hy, whereas
D, twins with Dg by the hyperbolic Mobius transformation hy, and Dy is paired with Dy
by the hyperbolic Mobius transformation hz; On the other hand, D,y is linked with D, by
the parabolic Mdbius transformation py;. Suppose these eight semi-circles Ds, Dg, D7, Dg,
Dy, Dqy, D11 and D;o meet the boundary of the disk at the points by, bo; b3, by; bs, bg; b7, bs,
bg, b10; D11, b12; b1, b13; b13, b1y respectively. Now, on the boundary of the disk, we take six points,
one between by4 and b3, viz., K (near the point by4), one between bs and bg, viz., k (near the
point bs), two between b; and by, viz., j’ (near the point b;) and h (near the point bs), and
finally two, between the points by and by, viz., ¢ (near the point b3) and J (near the point
by). We draw three non-Euclidean curve lines by joing the points K to ', h to i, and j to k.
Clearly, these three curves intersect in the four semi-circles D19, D5, Dg, and D7 at the points
k', 5", h;i, j; and k respectively. We assume that the lengths of the curve line j/k’ (or jk) is 2ky,

and hi is k3. Furthermore, we suppose that the semi-circles D7 and Dy intersect within the
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poincaré disk at the point ‘x’, whereas Dg and Dg meet at ‘y’; on the other hand, Dy and Dq
intersect at the point ‘z’. Now, we assert that the region (denoted by F;) joining the points
h,j' k' bis, b1, z,y,x, k, 7,7, and h represents the fundamental domain of a Fuchsian group ({2g
= < hg, h3, hy, pa >) with signature (1,0,2,1,0). In particular, this Fuchsian group Qg provides
a hyperbolic Riemann surface with one genus, one cusp end, and two conformal holes where
the lengths of the closed geodesic boundaries are 2k4 and k3.

Now, if someone wishes to attach the two Fuchsian groups €2; and g, two cases will arise:
() If possible, let ko = k3. Then, one can easily glue these two groups 7 and Qg in a direct
way. This act indicates a Fuchsian group with signature (1,0,2,2,0). Suppose this will not
happen. Then, one can move forward to the second case.

(77) Assume that ko # k3. So, in this process, we can not attach €27, and (g directly. Now, to

glue these two groups, we are going to fabricate a new group in the subsequent way:

Figure : 2.2.1

Let D13, Dq4, D15, and D be four semi-circles within the Poincaré disk model. In fact,
D3 is linked with D4 by the hyperbolic Mobius transformation hy, on the other hand, D4 is
paired with Di5 by the hyperbolic Mobius transformation hs. Suppose these four semi-circles
D13, D1y, D15, and Dig meet the boundary of the disk at the points ¢y, co; ¢3, c4; c5, €65 €7, C3
respectively. Now, on the boundary of the disk, we take eight points, two between ¢; and cs,

viz., [ (near the point ¢;) and § (near the point ¢y), two between c3 and ¢4, viz., 7 (near the
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point ¢3) and ¢ (near the point ¢4), two between cs and cg, viz., p (near the point ¢5) and 6
(near the point c¢g), and finally two between ¢; and cg, viz., i (near the point ¢;) and m (near
the point c¢g). Now, we draw four non-Euclidean lines by joing the points [ to i, § to 7, g to p,
and 0 to n. Suppose these four curves intersect in the four semi-circles D13, D14, D15, and Dig
at the points [, s;7, ¢; p, 0;n, and m. Let the lenghts of the curve lines 75, om, and Im (or pg) be
Ko K3, 2k4 respectively. The region (denoted by F) joining the points s,l,m,n,o0,p,q,r, and s
represents the fundamental domain of the Fuchsian group (Il;g = < hy, hs >) with signature
(0,0,3,0,0).

Now, to glue the two groups €27, and {2z, we just need to appear another Fuchsian group
IT;y in the scenario. First, we take two groups €2; and Il;y in such a way that the curve lines
(i.e., de in Q7 and 75 in II}) can match, i.e, their lengths are the same (i.e., x3) but directions
are opposite to each other. such their length of the closed geodesic boundary can match (i.e.,
length same, i.e., ko, and directions are opposite to each other). After this operation, clearly,
by utilizing combination theorem, we get a Fuchsian group < Q7,111 > = I'; with signature
(0,0,3,1,0). Furthermore, we will proceed to glue the groups I'y and g on the analogy of the
techinique that we have just carried out in the above (i.e., the direction of the curve lines om in
'y and hi in Qg). Now, again, by using combination theorem, we achive a Fuchsian group I'; =
< Ty, Q8 > (= Q4 say) with signature (1,0,3,2,0). Therefore, the fundamental region of the
group Iy (= Q4 say) is the domain bounded by the non-Euclidean lines joining by the points
as,b,e,l,m, i kK b3, bia, 2,y, 2, k, 7,p,q, f,g, and as. This completes the proof of Lemma 6.2.

O

7. PROOF OF THE FIRST MAIN THEOREM

In this Section, we have initiated a general strategy for constructing an arbitrary finite type
non-compact hyperbolic Rieman surface via its fundamental groups.

Proof of Theorem 1.1. Step 1. Let, €; and €23 be two Fuchsian groups with sig-
natures (1,0,0,0,2) and (0,0,1,0,2) respectively. Let, SCy, SCy, SC3, SCy, SCs, SCg,
SC7, and SCg be eight semi-circles within the Poincaré disk model. In particular, SC; is
paired with SC5 by the hyperbolic Mébius transformation hy, SCy is linked with SCy by
the hyperbolic Mobius transformation hy, SCg twins with SCj5 by the hyperbolic Mdbius
transformation hz, and SC; is paired with SCg by the hyperbolic Mobius transformation
hy. We assume that these eight semi-circles meet the boundary of the disk at the points
ai, as; as, ag; as, Gg; A7, Ag; dg, Gg; G410, A11; A12, A13; G414, @1 Tespectively. Suppose, within the pin-

caré disk, SC7 meets SCy at the point z1, SC5 intersect SC5 at x9, and SC3 touch SC; at
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the point x3. Now, on the boundary of the disk, we take two points, one between a;s and

ai3, viz., Ay (near the point aj) and one between ajg and a1, viz., Ay (near the point ajq).

We draw the non-Euclidean curve line by joining the points A; to A,. The curve line A; A,

intersects in the two semi-circles SCg and SC; at the points A; and A,. Let the lenghts

of the curve line 141/12 be k;. Furthermore, we assume that the axis of the hyperbolic ele-
ment Az intersects at the point x4 at SCs and x5 at SC5. Now, the region (denoted by R;)
joining the points ay, 1, 9, 3, ag, Ts, ag, @19, As, a11, a1, A1, a3, a1, x4, and a, represents the
fundamental domain of a Fuchsian group (denoted by Qy = < hy, hs, hs, hy >) with signa-
ture (1,0,0,0,2). Now, we consider the other Fuchsian group {2y with signature (0,0, 1,0, 2).
We proceed in a similar way as we have performed in the above construction. Now, the re-
gion (denoted by R») joining the points ajg, As, A7, As, Ag, ao1, as, As, Ao, Ag, Ay, a17 and ayg
represents a fundamental domain of a Fuchsian group (denoted by Qy = < hs, hg >) with
signature (0,0, 1,0,2). Note that {2, is a Fuchsian group with signature (0,0, 1,0, 2) consisting
one closed geodesic boundary of length 2k9k3, and two funnels with neck lengths ks, and k3.
Let us consider, a Fuchsian group {23 with signature (0,0,2,0,1) consisting one funnel end of
neck length 2kikx9 and two conformal holes with lengths of their closed geodesic boundaries
k1 and Ke. Now, to glue two Fuchsian groups €2 and €, with signatures (1,0,0,0,2) and
(0,0,1,0,2), we cut the two corresponding surfaces one funnel end each along the neck of their
funnels. After this operation, it reduces two groups, one is {2} and other one 25. Then adding
a Fuchsian group (23 in such a way that the neck length can match with the groups 27 and
Q5. Note that, when we paste with 2 to Q3 the curve lines (i.e., A; Ay in Qf and Aj5A;; in
(23) can match, i.e, their lengths are same and directions are opposite to each other. Now,
by using the combination theorem, we obtain a Fuchsian group ;3 = < Qf, Q3 > with sig-
nature (1,0,1,0,2). After that, we will paste the groups {23 and 3 on the analogy of the
technique that we mention just before (i.e., the direction of the curve lines Aj3A4 in Q3 and
AzA, in ;). Consequently, again, one can utilize combination theorem to get a Fuchsian
group (30 = < Q43,094 > with signature (1,0,1,0,3). Therefore, the fundamental domain
of the arising group (2435 is the region bounded by the non-Euclidean lines joining the points
ay, T2, T3, as, T, Ay, 10, Az, age, aor, Ay, Ag, Ar0, a20, az1, As, A7, Az, aso, as, A1, a13, aia, v4, and a;.
Step 2. Let us consider two Fuchsian groups (23, and 4 with signatures (1,0, 1,0, 3) and
(0,0,1,1,2) respectively. To glue these two groups, we apply same technique as we have oper-
ated in the preceding, i.e., cutting one funnel end each for the groups 2135 and €24 along the neck

of their corresponding funnels and adding a new Fuchsian group €5 with signature (0,0,2,0,1).
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Note that, the region joining the points By, B, b1, bs, B3*, By, B3, B**, b5, by, B*, By, and B rep-
resents the fundamental domain of a Fuchsian group (denoted by Q5 = < hg, h1g >) with signa-
ture (0,0,2,0,1). The domain joining the points Bs, BL, by, bis, B, bi7, b1, B1o, Bo, Bs, b13, b12,
B;, Bg and Bs represents the fundamental domain of a Fuchsian group (denoted by Q} =
< hi1, hig >) with signature (0,0,2,1,1). Now, to glue two Fuchsian groups ;35 and € with
signatures (1,0, 1,0,3) and (0,0, 1, 1,2), we cut the two Fuchsian surface groups one funnel end
each along the neck of their funnels. After this action, it reduces two groups, one is €2j5, and
other one 2. Then adding a Fuchsian group €25 in such a way that the neck length can match
with the groups 175, and €. Observe that, when we attach with €2}, to €25 the curve lines
(ie., A5Ag in Q%4 and BBy in ) can match, i.e, their lengths are same and directions are
opposite to each other. Now, we use combination theorem to obtain a Fuchsian group (21395
= < Qf5, Q5 > with signature (1,0,2,0,3). After that, we will glue the groups 2325 and €2}
on the harmony of the technique that we have mentioned just before (i.e., the direction of the
curve lines B3B, in Q305 and BsBg in 2;). Again, one can utilize combination theorem to
get a Fuchsian group Q30514 = < Q395,20 > with signature (1,0,2,1,4). Therefore, the fun-
damental domain of the arising group (23254 is the region bounded by curve lines joining the
points ay, x4, a, ais, A1, a3, aso, Az, Az, Ag, Ag, by, bs, Bs, By, by, big, By, biz, B*, big, Bio, By, b3,
bi2, Be, bs, b, As, Ao, Ag, A4, azr, azs, Az, aro, ag, Ts, as, T3, T2, 1, and a;.

Step 3. Furthermore, we take two Fuchsian groups, one is our constructed group, i.e., 213954
and other is Qg with signatures (1,0,2,1,4) and (0,0, 1,0, 3) respectively. To glue these two
groups, we simply apply direct procedure keeping in mind that the attaching sides can match. In
fact, we take the group (2 in such a way that this operation can happen. Clearly, from figure, the
region joining the points ¢y, ¢12, Cs, CE, c11, c10, C§, Cs, o, Cs, Cs, ¢z, 6, Cs, C4, 5, ¢4, Co, Cy, and
¢1 represents the fundamental domain of a Fuchsian group (denoted by Qg = < hys, hig, his >)
with signature (0,0,1,0,3). Now, to glue two Fuchsian groups (213054 and g with signatures
(1,0,2,1,4) and (0,0, 1,0, 3), we need to take care of the lengths of the closed geodesic bound-
aries of the corresponding conformal holes, i.e., the curve lines C1C, in Qg and ByBig in Q3954
can match, i.e, their lengths are same and directions are opposite to each other. Now, after uti-
lizing the combination theorem, we get a Fuchsian group 2130546 = < (213254, {26 > with signature
(1,0,1,1,7). So, the fundamental domain of the arising group 232546 is the region bounded by
curve lines joining the points ay, x4, a14, a13, A1, ass, aso, As, Az, As, As, b1, bs, Bs, By, by, bis, By, b1z,
B*,bis, C1, c1, 12, C3, C5, ¢11, ¢r0, Cg, Cs, €9, g, Cs, C7, €6, Cs, Cu, €5, €4, Bo, b1z, bia, Bg, bs, by, As,

Aqo, Ag, Ay, asr, ase, Az, avo, ay, Ts, as, T3, T2, 1, and ay.
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Figure : 2.2.1

Step 4. Finally, we take two Fuchsian groups ;30546 and € with signatures (1,0, 1,1,7) and
(1,0,0,1,2) respectively. To glue these two groups, we apply same technique as we have per-
formed in the overhead construction, i.e., cutting one funnel end each for the groups 232546 and
Q)7 along the neck of their corresponding funnels and adding a new Fuchsian group (g with signa-
ture (0,0,2,0,1). We take the region joining the points Dy, dy, ds, Dy, D3, ds, d4, Dy, and D; rep-
resents the fundamental domain of a Fuchsian group (denoted by 2 = < hyg, hy7 >) with signa-
ture (0,0,2,0,1). Now, the domain joining the points ey, F1, €1, €16, Es3, €15, €14, €13, 2%, y*, %, €4,
Ey4, e5,e4, Eo, €3, and ey represents a fundamental domain of a Fuchsian group (denoted by €27
= < his, hig, hoo, ho1 >) with signature (1,0,0,1,2). Now, to glue two Fuchsian groups 2132546
and ;7 with signatures (1,0,1,1,7) and (1,0,0,1,2), we cut the two Fuchsian surface groups
one funnel end each along the neck of their funnels. After this operation, it reduces two groups,
one is Q739546 and other one Q%. Then adding a Fuchsian group (lg in such a way that the
neck length can match with the groups 2735546 and Q3. Note that, when we paste the group
Vansss With Qg the curve lines (i.e., C7Cg in Qlspsys and DDy in %) can match, i.e, their
lengths are same and directions are opposite to each other. Now, we use combination theo-
rem to obtain a Fuchsian group Qisos468 = < 30546, 25 > with signature (1,0,1,1,8). After
that, we will attach the groups (21325468 and €25 on the harmony of the technique that we have

mentioned in the above construction (i.e., the direction of the curve lines D3Dy in Q395468
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and E,E, in Qf). Again, by utilizing the combination theorem, we get a Fuchsian group
Q354687 = < Qusasaes, 25 > (say, Q) with signature (2,0,1,2,8). Hence, the fundamental
domain of the arising group (2i3954687 is the region bounded by curve lines joining the points
al,$4,CL14,a13,A1,a237a30,A37A7,A8,A6,bl,b&B5,B/7,bg,bls,Bé,bmB*,b16,c17017012,0370117

ci0, D1, d1, ds, By, eq, exs, B3, Evs, E*, e14, B €13, 2%, y*, 2%, e, E4, €5, €4, Es, ds, dy, Do, ¢z, g, Cs,
Cy, s, cq, Co, bi3, bia, Be, bs, ba, As, Avg, Ag, Ay, aor, ags, Az, aro, ag, Ts, ag, T3, T2, 71, and a;.

So, Theorem 1.1 is proven. This establishes the first main goal of this paper.

8. PROOF OF THE SECOND MAIN THEOREM

In this section, our goal is to construct four kinds of infinite type generalized non-tight flute
surfaces and four types of infinite type generalized tight flute surfaces via fundamental groups.

At first, we are looked into non-tight surfaces. After that, we will investigate the tight ones.

Proof of Theorem 1.2(a). (Constructing infinite type generalized non-tight flute surface:
Type 1).

Let, I'y (=< hy,he,hy >) and 'y (=< hy4, hs,he >) be two Fuchsian surface groups with
signature (0,0,0,0,4) consisting of neck lengths k1, ko, K3, K4, and Rs, kg, K7, kg respectively,
where h;’s are hyperbolic elements. Now, we wish to attach these two groups. For this pur-
pose, we cut the two corresponding surfaces of the groups I'y and I'y (reduce to I'j and I%)
one funnel end each along the neck of their funnels where the lengths of their necks are k4
and k5 respectively. After that, we add a Fuchsian group I's =< hy, hg, hg > of signature
(0,0,2,0,2) consisting two funnel ends of neck lengths kg, £19 and two conformal holes with
lengths of their closed geodesic boundaries are k4 and k5. In particular, we take I'3 in such a
way that it can match with the groups I'] and I';. So, taking the notion of gluing Fuchsian
groups from above sections, we use the combination theorem to get a Fuchsian group I'i3 =
< I't,T3, T3 > of signature (0,0,0,0,8). In the second step, we consider two groups one is
['132 and other is I'y =< hyg, hi1, h12 > of signature (0,0,0,0,4) consisting four funnel ends
of neck lengths 11, 012, 013, and d14. Then, we procced in a similar way as we have carried
out in the preceding construction, i.e., cut the two corresponding surfaces of the groups I'y3
and I'y (transform to I'f;, and I'}), one funnel end each along the neck of their funnels where
the lengths of their necks are d; and 017 respectively. Furthermore, we add a Fuchsian group
['s =< hys, hig, hys > of signature (0,0,2,0,2) with neck lengths d;5, d16, and closed geodesic

boundaries lengths are d; and d;;. Now, we again apply the combination theorem to obtain a
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Fuchsian group T'i3054 = < I'f55, s, I'; > of signature (0,0,0,0,12). So, in this way, one can
continue this process infinitum number of times to get an infinitely generated Fuchsian group
Disose.,. = < I, Ts, 155, D5, I3, T2, TEY, ... > = < hy, ho, hs, hy, ... >. This infinitely generated
group of type (0,0, 0,0, 00) provides infinite type generalized non-tight flute surface where each

block is of infinite hyperbolic area.

Proof of Theorem 1.2(b). (Constructing infinite type generalized non-tight flute surface:
Type 2).

Let, Ay =< hy, hy > and Ay =< hg, hy > be two Fuchsian groups with signature (0,0, 0,0, 3)
consisting neck lengths oy, s, as, and a4, as, ag respectively, where h;’s are hyperbolic el-
ements. Now, we want to glue these two groups. So, we cut the two corresponding surfaces
of the groups A; and A, (changing to A} and Aj) one funnel end each, along the neck of
their funnels, where the lengths of their necks are as and a4y respectively. After that, we add
a Fuchsian group A3 =< hs, hg > of signature (0,0,2,0,1) consisting one funnel end of neck
length a7, and two conformal holes with lengths of their closed geodesic boundaries are a3 and
ay. More precisely, we consider Aj in such a way that it can match with the groups A} and
A}. Now, we use the combination theorem to obtain a Fuchsian group A3y = < A}, Az, A >
of signature (0,0,0,0,5). In the second stage, we take two groups, one is A3, and the other
is Ay of signature (0,0,0,0,3) =< hr, hg >. After that, we move forward in an analogous way
as we have carried out earlier, i.e., cut the two corresponding surfaces of the groups Ai3, and
Ay (transforming to A, and A}), one funnel end each along the neck of their funnels where
the lengths of their necks are ag and ag respectively. Further, we add a Fuchsian group As
=< hg, h1g > of signature (0,0,2,0,1) with neck length a;;, and closed geodesic boundaries
lengths are ag and ag. Now, we again utilize the combination theorem to obtain a Fuchsian
group Ajgoss = < Afsy, As, A} > of signature (0,0,0,0,7). Therefore, in this way, one can
continue this process infinitum number of times to get an infinitely generated Fuchsian group
Aqgosa. = < A7, A, AY A5, AY A7, AFS, ... > = < hy, ho, hs, hy, ... >. This infinitely gener-
ated group (0,0,0,0,00) provide infinite type generalized non-tight flute surfaces where each
block is of infinite hyperbolic area, but, each block of the Fuchsian surface group Aiszes4769s...
contains one funnel end (apart from the first one), whereas for the group I'i3954., two funnels

appear in each block.
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Proof of Theorem 1.2(c). (Constructing infinite type generalized non-tight flute surface:
Type 3).

Let, Q1 =< hy,hy > and Q9 =< hs, hy > be two Fuchsian surface groups with signature
(0,0,0,0,3) consisting neck lengths (3, B2, f3, and B4, f5, B¢ respectively. Now, to glue these
two groups €; and sy, we cut the two corresponding surfaces (reduce to f and Q%) one
funnel end each along the neck of their funnels where the lengths of their necks are (3 and
B4 respectively. After this operation, we add a Fuchsian group Q3 =< hs, hg > of signature
(0,0,3,0,0) consisting three conformal holes with lengths of their closed geodesic boundaries
are 3, B4, and [7. In fact, we take 23 in such a way that it can match with the groups
Q7 and 5. After that, we use the combination theorem to obtain a Fuchsian group (3, =
< Q71,Q3,Q5 > of signature (0,0,1,0,4). In the next stage, we take two groups one is (232
and other is €y =< hy, hg > of signature (0,0,0,0,3). Then, we procced a similar path as
we have done in the earlier construction, i.e., cut the two corresponding surfaces of the groups
Q30 and €y (transform to Q};, and ), one funnel end each along the neck of their funnels
where the lengths of their necks are B and fg respectively. After that, we add a Fuchsian
group €5 =< hg, hyg > of signature (0,0, 3,0,0) with closed geodesic boundaries lengths are
Bs, bs and (1. So, again utilizing the combination theorem, we obtain a Fuchsian group 213954
= < N4y, Qs5, Q5 > of signature (0,0,2,0,5). Consequently, in this fashion, one can continue
this process infinitum number of times to get an infinitely generated Fuchsian group 23954,
= < QF,Q5,Q5%, Q5,0 Q7, Q5" ... > = < hy, ho, hs, hyg, ... >. This infinitely generated group
of type (0,0, 00,0, 00) supplies infinite type generalized non-tight flute surface, where 1st, 3rd,
5th, 7th, ... blocks are of infinite hyperbolic area, but, 2nd, 4th, 6th, 8th, ... blocks are of finite

area (i.e.,, m), h;’s are hyperbolic elements, i € N.

Proof of Theorem 1.2(d). (Constructing infinite type generalized non-tight flute surface:
Type 4).

Let, ®; (=< hy,hg, hs >) and Py (=< hy, hs, hg >) be two Fuchsian surface groups with
signature (0,0, 1,0, 3) consisting one conformal hole each with lengths of their closed geodesics
being 74 and g respectively and three funnel ends (each) of neck lengths 71, 72, 3, and 7s, ¥,
~7 respectively. Now, we wish to glue these two groups, but assume that v, # vs. So, we cut
the two corresponding surfaces of the groups ®; and ®, (changing to &1 and &%) one funnel end
each along the neck of their funnels where the lengths of their necks are v3 and 75 respectively.

After that, we add a Fuchsian group ®3 (=< hz, hg, hg >) of signature (0,0,3,0,1) consisting
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one funnel end of neck length vy, and three conformal holes with lengths of their closed geodesic
boundaries are 73, 75, and 719. In particular, we take ®3 in such a way that it can match with
the groups ®7 and ®5. So, using the combination theorem, we get a Fuchsian group Il;3, =
< @3, &3, & > of signature (0,0,3,0,5). In the second stage, we consider two groups one is
1132 and other is ®4 (=< hqg, h11, h12 >) of signature (0,0, 1,0,3) with neck length =9, and
lengths of the closed geodesic boundaries are 711,713, and ~14. Then, we procced in a similar
way as we have operated in the earlier construction, i.e., cut the two corresponding surfaces
of the groups Ilj32 and @, (reduce to IIf;, and @), one funnel end each along the neck of
their funnels where the lengths of their necks are ~; and v, respectively. After that, we add a
Fuchsian group ®5 (=< hys, hi4, h15 >) of signature (0,0, 3,0, 1) with neck length 715, and closed
geodesic boundaries lengths are 7, 711, and v16. Now, again utilizing the combination theorem,
we obtain a Fuchsian group Ilyze54 = < ITj5,, 5, P} > of signature (0,0, 5,0, 7). Therefore, in
this way, we can continue this process infinitum number of times to get an infinitely generated
Fuchsian group Ilig054.. = < @F, @3, D5, &5, O1*, &7, ¢, ... > = < hy, ho, hs, hy,... >. This
infinitely generated group of type (0,0, 00,0, 00) indicates infinite type generalized non-tight
flute surface, where each block is of infinite hyperbolic area, h;’s are hyperbolic elements, ¢ € N.

In the following, we have constructed four new kinds of infinite type generalized tight flute

surfaces via fundamental non-compact Fuchsian (surface) groups.

Proof of Theorem 1.2(e). (Constructing infinite type generalized tight flute surface: Type
1).

Let, 21 (=< hq, ho,p1 >) and Z5 (=< hs, hy, pa >) be two Fuchsian surface groups with sig-
nature (0, 0,0, 1,3) consisting neck lengths ay, as, ag, and a4, as, ag, where h;’s are hyperbolic
elements and where p;’s are parabolic elements respectively. Now, to obtain a new surface we
will glue these two groups. For this reason, we cut the two corresponding surfaces of the groups
=y and Zy (reduce to =7 and Z3) one funnel end each along the neck of their funnels where
the lengths of their necks are a3 and ay respectively. After cutting, we add a Fuchsian group
=3 (=< hs, hg, p3 >) of signature (0,0,2,1,1) consisting one funnel end of neck length a7, one
cusp, and two conformal holes with lengths of their closed geodesic boundaries are as and ay.
In particular, we consider =3 in such a way that it helps to match with the groups =} and Z5.
Now, we can use the combination theorem to obtain a Fuchsian group =3, = < =},=23, 25 >
of signature (0,0,0,3,5). In the next stage, we take two groups one is =3 and other is =,

(=< hy, hg,ps >) of signature (0,0,0,1,3) with neck lengths ag, ag, and ayg. After that, we
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procced a similar way as we have approached in the construction just above, i.e., cut the two
corresponding surfaces of the groups Z132 and =4 (reduce to =34, and =}), one funnel end each
along the neck of their funnels where the lengths of their necks are ag and ag respectively.
Now, we move forward in a similar path as we have operated in the preceding framework, i.e.,
cutting the corresponding surfaces arise from the groups =30 and =4 (reduce to Zj;, and Z5),
one funnel end each along the neck of their funnels, where the lengths of their necks are «gq
and ag respectively. After that, we add a Fuchsian group Z5 (=< ho, hig, p5 >) of signature
(0,0,2,1,1) with neck length ay1, and closed geodesic boundaries lengths are ag and ag. Now,
again applying the combination theorem, we obtain a Fuchsian group Zjz054 = < =755, 25, =) >
of signature (0,0,5,0,7). So, in this way, we can continue this process infinitum number of
times to get an infinitely generated Fuchsian group 23054 = < 27, 23, 25%, 55, 21", E7, 267, ... >
= < hy, ha, hs, ...;p1, P2, D3, ... >. This infinitely generated group of type (0,0,0, 00, 00) gives
rise to infinite type generalized tight flute surface, where each block is of infinite hyperbolic

area, h;’s and p;’s are hyperbolic and parabolic elements respectively, ¢ € N.

Proof of Theorem 1.2(f). (Constructing infinite type generalized tight flute surface: Type
2).

Let, Uy (=< hy, hy >) and Wy (=< hg, hy >) be two Fuchsian surface groups with signature
(0,0,0,0, 3) consisting neck lengths 1, 2, 83, and (4, f5, B respectively. Now, we aim to glue
these two groups to obtain a new surface. So, we cut the two corresponding surfaces of the
groups ¥ and Wy (reduce to U5 and W) one funnel end each along the neck of their funnels
where the lengths of their necks are f3 and (4 respectively. After this operation, we add a
Fuchsian group I3 (=< hs,p; >) of signature (0,0,2,1,0) consisting one cusp end with two
conformal holes where lengths of their closed geodesic boundaries are 83 and 4. In fact, we
take Il3 in such a way that it wil fit for the groups Vi and ¥3. So, applying the combina-
tion theorem, we get a Fuchsian group Wiz, = < Wi I3, W5 > of signature (0,0,0,1,4). In
the second stage, we take two groups one is Vi35 and other is Wy (=< hg, hy >) of signature
(0,0,0,0,3) of neck lengths 37, Bs, and By. Now, we can continue in an analogous way as we
have performed in the preceding formation, i.e., cutting the corresponding surfaces arise from
the groups Wi3y and Uy (reduce to ¥is, and ¥}), one funnel end each along the neck of their
funnels, where the lengths of their necks are s and [; respectively. Then, we add a Fuchsian
group II5 (=< hg,pe >) of signature (0,0,2,1,0), where the closed geodesic boundaries lengths

are g and (7. Now, again we use the combination theorem and we obtain a Fuchsian group
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Uyg954 = < Wigy, 5, ¥ > of signature (0,0,0,2,5). Hence, in this way, one can continue this
process infinitum number of times to get an infinitely generated Fuchsian group Wisoss. =
< Wy, Iy, W 15, Wi 17, WE*, ... > = < hy, he, hs, ...; p1, P2, P3, ... >. This infinitely generated
group of type (0,0,0,00,00) produces an infinite type generalized tight flute surface, where
1st, 3rd, 5th, 7th, ... blocks are of infinite hyperbolic area, whereas 2nd, 4th, 6th, 8th, ...
blocks are of finite area (more precisely, ), h;’s and p;’s are hyperbolic and parabolic elements

respectively, ¢ € N.

Proof of Theorem 1.2(g). (Constructing infinite type generalized tight flute surface: Type
3).

Let, ¥y (=< hy,hy >) and T (=< hs,p; >) be two Fuchsian surface groups with signatures
(0,0,0,0,3) and (0,0,0,1,2) consisting neck lengths 1, s, v3, and 4, 75 respectively. Now,
our goal is to attach these two groups to obtain a new group. Now, we cut the two corre-
sponding surfaces of the groups ¥; and T (reduce to ¥j and Y7), one funnel end each along
the neck of their funnels where the lengths of their necks are 3 and 74 respectively. After
cutting these surfaces, we add a Fuchsian group II; (=< hy, hs >) of signature (0,0,3,0,0)
consisting three conformal holes where lengths of their closed geodesic boundaries are 73, 74,
and 6. In particular, we take II; in such a way that it can match with the groups ] and
T7. So, by utilizing the combination theorem, we get a Fuchsian group 2117 = < X7, II;, 1] >
of signature (0,0,1,1,3). In the second step, we consider two groups one is {2117 and other is
I, (=< hg, hy >) of signature (0,0,1,0,2) consisting one conformal hole with length of the
closed geodesic is 79, and ontwo funnels end of neck length ~; and ~g. After that, we will
continue in a similar fashion as we have performed in the overhead construction, i.e., cut the
two corresponding surfaces of the groups 2117 and Il (transform to €3, and II3}), one funnel
end each along the neck of their funnels where the lengths of their necks are ~5 and ~; re-
spectively. Furthermore, we add a Fuchsian group 5 (=< hg, hg >) of signature (0,0,2,0,1)
with neck length 79, and the lengths of closed geodesic boundaries are 5 and ~7;. Now, by
applying the combination theorem, we get a Fuchsian group 211120 = < 74, 2o, II5 > of sig-
nature (0,0,2,1,4). In the third step, we further take two groups one is 41122 and other is
Y3 (=< hqo, h11 >) of signature (0,0, 0,0, 3) consisting three funnel ends with neck lengths 1,
12, and ~y13. Furthermore, we procced in a similar way as we have carried out in the preceed-
ing formation, i.e., cut the two corresponding surfaces of the groups 211120 and X3 (convert

to Q71190 and X3%), one funnel end each along the neck of their funnels where the lengths of
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their necks are vg and ~;; respectively. In this situation, we again add a Fuchsian group T,
(=< hia,p2 >) of signature (0,0,2,1,0), where length of the closed geodesic boundary is g
and 1. So, we can again utilize the combination theorem to get a Fuchsian group 21112993
= < Qf 199, T2, %5 > of signature (0,0,2,2,5). In the fourth step, we will again consider two
groups one is 119093 and other is T3 (=< hyz, p3 >) of signature (0,0,0,1,2) consisting one
cusp end and two funnel ends with neck lengths v14 and ;5. Furthermore, we cut the two
corresponding surfaces of the groups 21112023 and T3 (reduce to Q279993 and Y3), one funnel
end each along the neck of their funnels where the lengths of their necks are ;3 and 7,4 respec-
tively to glue them to each other. Finally, we again add a Fuchsian group Il (=< hyg, his >)
of signature (0,0,2,0, 1) with neck length ~;6, and the lengths of their closed geodesic bound-
aries are i3, Y14, and y16. Hence, by using the combination theorem, we get a Fuchsian group
Q1112023333 = < Qy112003, 3, T3 > of signature (0,0,3,3,5). Note that, this fourth step is ba-
sically a repetition of our previous first step. Therefore, in this way, one can continue this
process for an infinitum numbers of times to get an infinitely generated Fuchsian group T =
Q11900333 = < 27,11, 7%, 2o, 15", Yo, 35 13, Y5*, ... > = < hy, ho, hs,...;p1, P2, D3, ... > Of
type (0,0, 00,00,00), where 2nd, 5th, 8th, ... blocks are of non-compact infinite hyperbolic
areas, whereas 2nd, 4th, 6th, ... blocks are of compact and hence finite areas (more precisely,
7), on the other hand, 3rd, 6th, 9th, ... blocks are non-compact but finite hyperbolic areas,

h;’s and h;’s are hyperbolic and parabolic elements respectively, ¢ € N.

Proof of Theorem 1.2(h). (Constructing infinite type generalized tight flute surface: Type
4).

Let, Ay (=< hy,ha,hy >) and Qy (=< hy, hs,p1 >) be two Fuchsian surface groups with
signatures (0,0,0,0,4) and (0,0,0,1,3) consisting neck lengths 8y, do, 03, 04, and d5, d, J7
respectively. Now, we aim to glue these two groups to obtain a new group. So, we cut the
two corresponding surfaces of the groups A; and € (reduce to Aj and ), one funnel end
each along the neck of their funnels where the lengths of their necks are d, and 5 respectively.
After cutting these surfaces, we add a Fuchsian group ©; of signature (0,0, 3,0, 1) consisting
three conformal holes where lengths of their closed geodesic boundaries are d4, d5, and dg. In
particular, we take ©1 (=< hs, hg, hy >) in such a way that it can match with the groups A; and
5. So, by utilizing the combination theorem, we get a Fuchsian group I3 = < A}, 0,07 >
of signature (0,0,1,1,6). In the second step, we consider two groups one is I1;;; and other is

©y (=< hg, hg, h1g >) of signature (0,0, 3,0, 1) consisting three conformal holes with length of
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their closed geodesics are d19, 012, 013 and one funnel end of neck length d;;. After that, we
procced in a similar way as we have carried out in the preceding construction, i.e., cut the two
corresponding surfaces of the groups II;;; and O, (convert to IIj;; and ©%), one funnel end
each along the neck of their funnels where the lengths of their necks are §; and d,¢ respectively.
Furthermore, we add a Fuchsian group A5 (=< hqy, hya, h13 >) of signature (0,0,2,0,2) with
neck lengths 914, 015, and closed geodesic boundaries lengths are d; and d19. Now, we again use
the combination theorem to obtain a Fuchsian group Ilj1120 = < I3, Ag, ©F > of signature
(0,0,2,1,9). In the third step, we further take two groups one is IIj1120 and other is Aj
(=< hia, hys, hig >) of signature (0,0,0,0,4) consisting four funnel ends with neck lengths dig,
017, 018, and d19. Furthermore, we procced in a similar way as we have done in the overhead
formation, i.e., cut the two corresponding surfaces of the groups Ilj1190 and Aj (transform to
115,155 and Aj), one funnel end each along the neck of their funnels where the lengths of their
necks are 015 and d16 respectively. Now, again, we add a Fuchsian group Qs (=< hq7, his, pa >)
of signature (0,0,2,1,1) with neck length d5, and closed geodesic boundaries lengths are 15
and d14. So, one can again utilize the combination theorem to get a Fuchsian group Ilj119993
= < IIf}199, Q2, AL > of signature (0,0,2,2,12). In the fourth step, we again consider two
groups one is Ilj119003 and other is Q3 (=< hyg, hag, ps >) of signature (0,0,0,1,3) consisting
one cusp end and three funnel ends with neck lengths d91, 092, and do3. Further, we cut
the two corresponding surfaces of the groups Ilji19003 and Q3 (reduce to ITj;15993 and €3),
one funnel end each along the neck of their funnels where the lengths of their necks are d;5
and dy; respectively to glue each other. Finally, again, we add a Fuchsian group O3 (=<
ho1, hag, oz >) of signature (0,0, 3,0,1) with neck length do4, and closed geodesic boundaries
lengths are d15, d21, and do5. Therefore, by the combination theorem, we obtain a Fuchsian
group Iy11900333 = < II§11999333, O3, Q5 > of signature (0,0, 3,3, 14). Note that, this fourth step
is basically a repetition of our previous first step. Therefore, in this way, one can continue
this process for an infinitum numbers of times to get an infinitely generated Fuchsian group
Uit1900333.. = < A}, 01, Q7% Ay, ©5%, Qs A5*, O3, Q5% ... > = < hy, ho, hs,...;p1,D2,p3,... > of
type (0,0, 00, 00, 00), where each block is of infinite hyperbolic area, h;’s and h;’s are hyperbolic
and parabolic elements respectively, ¢ € N.

This completes the proof of Theorem 1.2. In particular, our second main goal of this article

is established.
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Notion of limit sets. Limit sets of our aforementioned constructed infinitely generated
groups of types (0,0,0,0,00) and (0,0, 00,0, 00) that give rise to infinite type generalized non-
tight flute surfaces are Cantor sets, whereas for the types (0,0, 0, 00,00) and (0,0, 0o, 00, 00)
lead to infinite types generalized tight flute surfaces, are the whole circle at infinity. Indeed, this
type of situation occurred due to the existence of parabolic elements in the infinitely generated

Schottky groups (0, 0,0, 00, 00) and (0, 0, 00, 00, 00).
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