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Abstract

This paper will start with the derivation of the Euler-Maclaurin formula with singularities, com-
pensate for the series divergence problem of its fitting the zeta function by adding a compensation
factor €, perform analytic continuation on the expanded series, analyze the distribution of its trivial
zeros through the laws of Bernoulli numbers, and then construct functions and combine the properties
of the gamma function to solve the distribution law of non-trivial zeros.
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1 Introduction

The Riemann Hypothesis RH [4][8] is one of the most profound important problems in mathematics,
bridging number theory and complex analysis. Proposed by the German mathematician Bernhard Rie-
mann in 1859, in his landmark paper On the Number of Primes Less Than a Given Magnitude. Classified
as one of the ”Seven Millennium Prize Problems” by the Clay Mathematics Institute, with a $1 million
reward for its proof or disproof.

Riemann’s original work [7]: First extended the zeta function from the real axis to the complex plane,
and conjectured that all non-trivial zeros lie on the line Re(s) = %; he also noted the connection be-
tween this conjecture and the error term of the Prime Number Theorem. 1896 breakthrough: Jacques
Hadamard and Charles Jean de la Vallée-Poussin independently proved the Prime Number Theorem
using properties of the zeta function 20th-21st century progress: Numerical calculations have verified the
conjecture for the first 102 non-trivial zeros.

The Riemann zeta function is the foundation of the Riemann Hypothesis, defined and extended as
follows:

For a complex variable s = o + it (where o = Re(s) is the real part and ¢t = I'm(s) is the imaginary
part), the zeta function is defined by the infinite series:

()= (1)
k=1

The analytic continuation of the Riemann zeta function is a classic problem in complex analysis. Rie-
mann’s original work [7] has been elaborated on by [5], which includes an English translation and inter-
pretations from a modern perspective. Based on Riemann’s pioneering work , the zeta function can be
analytically continued via its functional equation:

¢(s) = 2°7° Lsin (%‘9) I(1— s)¢(1— s) (2)
Here, I'(s) denotes the gamma function, a generalization of the factorial function to complex numbers.

Trivial zeros:

The zeta function has zeros at all negative even integers s = —2, —4, —6, .. .;

Non-trivial zeros:

All zeros lying in the critical strip 0 < Re(s) < 1; the Riemann Hypothesis makes the core assertion:

1
All non-trivial zeros of the Riemann zeta function have real part 5
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2 Preliminaries

Before stating the main theorem, I recall some basic definitions and results.

2.1 Bernoulli Numbers: Recurrence Relation

Bernoulli numbers {B,,}7%, are a sequence of rational numbers fundamental in number theory and
analysis. They satisfy the following recurrence relation:

e Initial condition: By = 1.
e For n > 1, the sum 3 ("}') By = 0, where (") denotes the binomial coefficient.

This recurrence allows computing Bernoulli numbers iteratively: starting from By = 1, one can find
By, Bs, ... successively. For example, solving the equation for n = 1 gives B; = f%, and for n = 2, we
get By = %, etc, In some contexts, Byis defined as %, which will be mentioned later.

i(":1>3k=0 (3)
k=0

2.2 Euler-Maclaurin Formula

The Euler-Maclaurin Formula bridges discrete summation and continuous integration, playing a piv-
otal role in approximating sums and analyzing series. For a function f that is m-times continuously
differentiable on [a,b] (denoted f € C™][a,b]), the formula is:

b b m . ‘ ‘
S k) = / (o) da 4 OIS B?;, (e @)~ s @] 4 R @)
a ]:1 .

k=a (2.]

b

b 0 . . .
S ) N/a o) do + f(a);rf(b) +Z Béj! [f(%—l)(b) _f(QJ—l)(a)} (5)

k=a

Here:
e (%=1 ig the (2§ — 1)-th derivative of f.

e R, is the remainder term, which can be bounded using higher derivatives of f and Bernoulli
numbers.

The formula quantifies the difference between summing f at integer points and integrating f, with
corrections involving Bernoulli numbers and derivatives of f.

2.3 Gamma Function [9][1]

The Gamma function (denoted as I'(z)), proposed by Euler, is a tool for extending the factorial function
to the complex plane. It generalizes the factorial of positive integers to all complex numbers except
non-negative integer poles (z = 0,—1,—2,...), serving as a key link in number theory and complex
analysis.

° oo
() = /O Fle—tdy (6)

Significance:For positive integers n, it satisfies I'(n) = (n — 1)!

n!-n?

I(z) = ngrfoo z(z+1)---(z+mn)

(7)

Significance: It directly reflects the nature of factorial limits. The denominator clearly shows the
positions of poles, while the numerator term n® acts as a normalization factor for convergence.
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2?1 ()F(z—k;) (8)

Multiplication Formula (Legendre’s Formula)

I'(22)=

rzrl-z-=

Reflection Formula (Residue Formula)

2.4 The analytic continuation of the Riemann zeta function

In his book Introduction to Analytic Number Theory [2].

Apostol used the Euler-Maclaurin formula with a remainder term to provide an analytic
continuation for the Riemann zeta function. By applying this formula to partial sums and combining the
limiting process with remainder analysis, he obtained an explicit formula valid throughout the complex
plane (except at s = 1):

_ B > Bym(2)  ($)2m
C(S) - + + jz:l (2]2)' 2j—-1 A (22m)[ ’ x5+22m dx (10)

(s)k is the Pochhammer symbol, and Bzm(a:) are the periodic Bernoulli polynomials. This expression
achieves the analytic continuation of {(s) and clearly reveals its simple pole at s = 1, This formula
converges when Re(s) > 1—2m. From this formula, the distribution law of the trivial zeros can be easily
observed, but it is rather difficult to derive information about the non-trivial zeros.

3 Main Conclusions and Proofs

Theorem 3.1. For a singular function f(z), xo is a pole of f(x), the Euler-Maclaurin formula can be

transformed into:
1
2= (/1WJ Bi=3 ()

b+1 dg 1
B =—= 12
0 / daﬂ de ! 2 (12)

b
k=a

€ 1is the compensation factor.

Jj=

Proof of Theorem3.1
Perform the Taylor expansion of f(x) at © = x1.

. 0) (2, |
n=3 F7 ) jg ) (@~ 1) (13)

Define it:

N ) (24 )
-y ey (14)

=0
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Both a and b lie within the convergence domain.

b b FO (g b @ (z b
Zf(k’) f(fCl)Z(]—ﬂh Z]—ﬂh 23—331
k=a j=a j=a Jj=a

b—xy - b—x1
f(l) f( ) (z )
= f(z1) 70+ Z . o) 32+
Jj=1 Jj=1 Jj=1
a—x1—1 1) a—x1—1 2)
FM (1) (z1)
— [f(a1) A T it Z J2+
j=1 j=1 j=1
N b—x1 k) a—z;—1
f(k) T (
DI D IR =y
k=0 j=1 k=0 j=1

Based on the formula for calculating the sum of powers:

al 1 ~ k+1
S(Nk) =) j*= ) > ( o ) By, NFH1I=m
7j=1 m=0

Therefore, the left half of Formula (15) is as follows

o
Z k" Z_: J—z)

By fM (1) SO@1) (0—21)* | fO(x1) (b—21)3 () (b =)™
_0?[ TR EE] 5 T A N
By f®(z1) S (1) SN (1) 1
+ e + b )2+ +T(b—x1)N ]
By 2f®) (1) (N —1)fN(x1) o
+ .

Define the deviation function:
N £G) (g )
@M (@)~ o) = Y o

From the Taylor expansion, we know that:

lime(x,N) = 0<e(z,N)<1

N —o00
e(x,N)—=0 N —0
Substitute Formula (18) into the above Formula (17).

N () B ,
Y S G-y

k=0 :

= Jzi
= %E(b, N) ~/1:1 f( )dx—i— ?' (b N — ]_)(f(b) — f(xl)) + %E(b,N— 2)(f(1)(b) . f(l)(l'l)) 4o
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Next:
N (k) b—xq ) N (k) a—x1—1 .
D MRS pEa 2 N SIRTE
k=0 j=1 k=0 j=1
b
P10, N) [ f@de SN < D) - )+ Gia b - 2000 - [ @)+
ffwfuv / Fa)de — Pesa—1,N = 1)(70)  f(ar)
~Prepla—L,N = )(FOB) — FO ) -
N-1 B- b N1 B, (el g
:jzglbzv = x@f() jzoeg(afl,Nf )jf/m T f(@)dz
(22)
SO.
b b—x N a—x1—1
S s = tim (3 IO@) ST Gy S IPE TS
k=a Nowolg ko r S j=1
N—1 B. b d N—-1 B. a—1 d
- S ab.N -2 / | o fa)dr X exta=1LN -9 / 1 o F@dn ()
. N-—-1 B. b i
= fim (Y e =) | @i

It can be expressed in the following form:

b

VCES Sy ey (24)

k=a
Under the condition that B; = —%, it can be obtained through transformation that
b b+1 d]
25
St =S [ (25)
k=a

Theorem 3.2. The formal series of the zeta function after analytic continuation is as follows:

o (—s+ l)t s a falling factorial.

)= S s ) (26)

Proof of Theorem3.2

Lemma 3.3. according to the Riemann zeta function(1).

<N
¢(s)= lim Sy (27)
Now we combine the zeta function with formula(25).
M N-1 B, Mg
€)= fim 2 g = i Jim, D sV =0T | g (28)
Expanding it, we can obtain:
e(N) Bie(N—-1) Bye(N-—

g [ Bo By B2 2) (=5 s
C(S)—A}gnw]\éﬁ'go<o! st M1 DM TR ()T + .+ O )) (29)
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B e(N)By 1 e(N—-1)By &(N—2)By e(N —3)B3
Cls) == im (== =571 T T 9T (el D)
(30)
1 <¢B;
28_12 ] (—=s+1) (31)
j=0
Cls) = == Ba(css1) (32)
) =7 > S
=0
Define H(s, N):
. > e’:‘Bk 1
M) = =g fim 2 Gy (s &
C(s)— lim H(s,M)=C\(s) (34)
M—o0
When Re(s)
lim H(s,M)=0 (35)
M—o0
Re(s) < 1
lim H (s, M) = (36)
According to the definition of analytic continuation, it can be obtained that:
1 eB;
(o) = Cs) = == 3 B (s s 1)} (37)
= !
4 Analysis of Zero Distribution Law
4.1 Distribution of Trivial Zeros
we define this function below.
N-1 .
_ 5 e(N —J)B; L
Z i —s+1)7 —J@ZT(—S—&-l)j (38)
=0 7=0
For any sufficiently large T, we have:
T , T
) e (N —j) B, ;
JT&ZT(—H% :Zﬁ(—sjtl)j (39)
j=0 Jj=0
T . T
e(N—J)B; T B;
o) = fin Jim, 3 =7 (oot L)y = fim 3 G (et 1 (o)

The divergence of the formula on the right-hand side is with respect to T, but we do not observe T;
therefore the zeros on both sides of the equation are equal.

Lemma 4.1. According to the Bernoulli Recurrence Formula(3).

n n n 1
Z(n;gl)Bk:Z(;!l)kBk (41)

k=0 k=0

It is easy to see that f(s) is the case when n tends to infinity in the Bernoulli recurrence formula.
Since the Bernoulli numbers of odd terms with n > 1 are zero, —2, —4, —6, ... are the non-trivial zeros
of the zeta function.
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4.2 Distribution Law of Non-Trivial Zeros

According to Formula (40), in order to study the non-trivial zeros, I need to separate the trivial zeros
from the formal series, and here N is taken as the cutoff.

N B.
H(N)=> (-s+ 1)ij (42)
=0 :
Next, we separate the trivial zeros.
H() = 22 (=5 = 2)(~s ~ 4)(~s — 5)(~s +9)) (13)
H(6) = %((75 —2)(—5 —4)(—s — 6)(—s — 7)(a1 + bys + c15%)) (44)
(45)
H(N) = %((75 —2)(—s —4)(—s —6)...(a + bs + cs® +ds® + ...)) (46)
Define it.
g(5,N/2) =a+bs+cs> +ds® + ...+ zsV (47)
9(s) = lim g(5,N/2) (48)
For large N: 5
H(N) = ﬁ((—s—2)(—8—4)(—8—6).-'9(8,1\7/2)) (49)

The case where Bernoulli numbers are zero is not considered here, and this does not affect the result.

C(s) = — lim H(N) (50)

B Boy IIjmy (—5—2))
C(s) = Jim 2 S (s, ) (51)

v 1, (s =25 —1
<<1s>N@gO(fN§!HJ— S B PY (52)

Lemma 4.2. Here, we introduce the defining formula of the zeta function(2).

C(s) = 2°7*"tsin (g) I'(1—s)¢(1—3)

Since this formal series retains the properties of the zeta function, we can utilize this relational
expression.

N .
lim Hj:l (=s—2j)
N—o0 s—1

_os,_s5—14: LS o
g(s,N)=2°7m 81n(2)F(1 s)

. [, (s—2j—1)

N—oc0 —S

g(l—s,N) (53)
To study the properties of g(s, V), we isolate it on one side.

g(s,N)

1-—5
lim —2 50 gsps—lgn (E ra-s lim, == 54
N—>oog(175,N) 2) ( ) § N-—oo val(_s 2j) ( )
Lemma 4.3. According to the Gauss’s infinite product form(7) of the Gamma function.
nln?
) = T e 919 )
lim - (55)

noooz(142) (142) (14 2) . (14 2)
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M -2-1 I (1-%)

lim ~ — = lim —~ .~ lim -
N— o0 Hj:l (—8—2]) N—o00 H'_l (1_’_%) N—o00 )

. g(S,N) __os,_s—1 _: ls o F(%) - 1_s
J\é:mooig(l—s,l\f) =2°7 51n(2)F(1 8)7]“(155)1\;%]\72 (57)

Lemma 4.4. It can be concluded from the multiplication formula(8) and reflection formula(9) of the
Gamma function that

re)=2_"rer (z—i— 1)

VT 2
T
I'z)I'l—-—=z) =
() I'( ?) sin (7z)
S0 o) "
. gis, _ os_s—1 LS B 5 . 1
Agz—)oog(l —aN) 2% sin( 5 )I(1 )p(lfs)]\é%Nz
5y2 plos s, L(3) ]

s 275 o«

:29 s—1 _: e " L N%_s
s )ﬁsin(%)NTZo
. 1,

= Jim )

4.3 Prove the Riemann Hypothesis.

In this section, I will prove the Riemann Hypothesis. First, let’s organize the conditions.
Returning to our definition of g (s).

g(5,N/2) =a+bs+cs® +ds> + ... + zsV
g(s) = lim g(s,N/2)
N— 00
e It can be concluded that For a fixed N, g(s) and g(1 — s) have the same highest power.
According to the analytical definition of the Riemann zeta function.
¢(s) = 2°7° L sin (%‘9) T(1 - s)¢(1—s)

e In the region 0 < ¢ < 1, if s¢ is a non-trivial zero of the zeta function, then 1 — sy must also
be a non-trivial zero of it, Since g(s) is a function describing non-trivial zeros, the corresponding
relationship is that if g(sg) = 0, then it must be that g(1 — sg) = 0.

. e (o> 3) 9

Here we use proof by contradiction: suppose there exists a point with o # % such that g(sg) = 0.

Case 1: Assume o < %
Since g(sg) =0, g(1—5s¢) =0, and 1 —s¢ = (1 —op) +1ito. At this time, 1 —o¢p > %; By the definition

of zero order, g(s) can be expanded at sq as:

g(s) = lim (s—s0)™ - h(s) (61)

N —oc0

h(s) is analytic near so and h(sg) # 0;
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Similarly, g(1 — s) can be expanded at s = 1 — s¢ as:

g(1—3s)= lim (s—(1—s0))" -m(s) (62)

N—00
the orders are the same; m(s) is analytic near 1 — sp and m(1 — sg) # 0;

g(s)
g(1—s)

9 _ lim( 5% )N h(s) (63)

we need to analyze the limit of near sg.

g(1—3s) N-=oo\s—(1—sp) m(s)
) 79(5) = lim lim 5% : h(s) = lim 0 ! h(s) =
SZLT?;)g(l*s) - sl—>soj\;—)oo (5(130)> m(s) 1\§'—>oo <2501) m(s) 0 (64>

According to formula(60), when oo < %, the limit of formula(64) should be oo, but the actual
calculated limit is 0, which is a contradiction. Hence, oy < % does not hold.
Case 2:Assume oj > %

Since g(so) =0, g(1—s0) =0, and 1 —so = (1—00¢) +ity. At this time, 1 — oo < % (because o > 3);

Similarly:
o) . s—se \V Al
-t (Za2) wo

g(1—s) N-o
s— 8o ) h(s)

lim ———= 1i li
s—»ZITBISD g(l — S) s—»ZITSQN%o(S — (1 — So) m(s)
— lim (1 — 230)N (s) (65)
N—ooo' 0 m(s)
=00

According to formula(59), when oo > 1, the limit of formula(65) should be 0, but the actual calculated
limit is oo, which is a contradiction. Hence, g > % does not hold.
The assumption that g(so) = 0 and og # % leads to contradictions. the only possible case is o9 = %
Therefore, all non-trivial zeros of the Riemann zeta function lie on the line Re(s) = %, and the
Riemann Hypothesis is proven.

5 Conclusion

The Riemann Hypothesis is related to more than 1,000 mathematical propositions, and its proof is of
great significance. The key of this paper lies in adding a compensation factor to correct the divergent
behavior of the Euler-Maclaurin formula when expanding the zeta function, thereby obtaining the power
series form of its analytic continuation, and then constructing it into a zero-point form to solve the
non-trivial zeros. This method can also be transplanted to the solution of other L-functions, which is of
great significance.
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