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Abstract

This paper is concerned with a predator-prey model in N-dimensional spaces (N = 1, 2, 3),
given by 

∂u
∂t

= ∆u − χ∇ · (u∇v),

∂v
∂t

= ∆v + ξ∇ · (v∇u),

which describes random movement of both predator and prey species, as well as the spatial dy-
namics involving predators pursuing prey and prey attempting to evade predators. It is shown that
any global strong solutions of the corresponding Cauchy problem converge to zero in the sense
of Lp-norm for any 1 < p ≤ ∞, and also converge to the heat kernel with respect to Lp-norm for
any 1 ≤ p ≤ ∞. In particular, the decay rate thereof is optimal in the sense that it is consistent
with that of the heat equation in RN (N = 2, 3). Undoubtedly, the global existence of solutions
appears to be among the most challenging topic in the analysis of this model. Indeed even in the
one-dimensional setting, only global weak solutions in a bounded domain have been successfully
constructed by far. Nevertheless, to provide a comprehensive understanding of the main results,
we append the conclusion on the global existence and asymptotic behavior of strong solutions,
although certain smallness conditions on the initial data are required.
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1 Introduction
The interaction between different species generates a complex ecosystem, and the predator-prey re-
lation is one of the fundamental binary interactions, in which predators pursue preys. Since Lotka-
Volterra-type prey-predator system was introduced, various mathematical models have been proposed
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to explore a diverse range of complex ecological phenomena, including Allee effects [38], group de-
fense [42] and so on, and especially predator-prey model invoking some mechanism of spatial inter-
action is derived to describe complex space-time patterns which reflect nonlocal spatial interactions
between the predators and preys (see [36, 34, 28] for example). Therefore the investigation of the
diffusive predator-prey systems becomes an important step through which one can get a rather deeper
understanding of the effects of the spatial dispersal of the predators and preys on the entire ecosystem.
In the spatial predator-prey relationship, besides the kinetic dynamics and the random movement of
the predators and preys, the predators and preys may also partially orient their movement towards or
away from higher concentrations of the other species, that is predators move toward the gradient di-
rection of prey distribution (called prey-taxis), and/or preys move opposite to the gradient of predator
distribution (called predator-taxis). To capture this pursuit-escape phenomenon, Tsyganov et.al [39]
proposed the cross-diffusion system of the form

∂u
∂t

= ∆u − χ∇ · (u∇v) + T1(u, v),

∂v
∂t

= ∆v + ξ∇ · (v∇u) + T2(u, v),
(1.1)

where the unknown functions u(t, x) and v(t, x) correspond to the predator and prey population den-
sities respectively at position x and time t > 0; −χ∇ · (u∇v) and +ξ∇ · (v∇u) stand for the predators
are attracted by the preys with coefficient χ and the preys escape from predators with coefficient ξ,
respectively. The functions T1(u, v) and T2(u, v) represent the inter-specific interaction of u and v.

As pointed in [40], (1.1) can be regarded as a distant relative of the classic Shigesada-Kawasaki-
Teramoto model ([37]) 

∂u
∂t

= ∆[(a1 + a2u + a3v)u] + T1(u, v),

∂v
∂t

= ∆[(b1 + b2u + b3v)v] + T2(u, v),

abbreviated as the SKT model. The SKT model and its simplified version have been widely studied
in the past few decades, see for example [8, 20, 26, 24, 25] or the references therein. However up to
now, it seems that the global well-posedness theory of solutions thereof has not been fully established
yet. Unlike the SKT model, the cross-diffusion in (1.1) originates from a specific mechanism which
characters the attractive and repulsive taxis between the two populations simultaneously. As a remark
feature, (1.1) possesses a quite colorful wave-like solution, for example, quasi-soliton pattern is iden-
tified in [39]. In recent years, the global well-posedness theory of (1.1) has received a considerable
attention from researchers. However, the achievement on system (1.1) seems at a rather rudimentary
stage with rather limited results available for the references [10, 40, 41, 45, 46]. For instance, for the
case T1 = T2 = 0 or T1 and T2 being Lotka-Volterra response terms, Fuest investigated the existence
of global classical solutions of homogeneous Neumann boundary value problem of (1.1) on a smooth
bounded domain when the initial values are sufficiently close to the constant equilibrium points, as
well as the asymptotic behavior thereof in [10]. Nevertheless, due to the double tactic mechanism in
(1.1), there is significant challenge in the rigorous analysis of (1.1) with large initial data. Indeed, to
the best of our knowledge, the global solvability for the initial boundary value problem for (1.1) with
large initial data is limited in one-dimensional spatial situation yet, see [40, 41, 45] for example.

In contrast to the sparse results on model (1.1) by far, extensive studies have been carried out on
the simplified variants thereof. As an important particular case of (1.1) in which the predator-taxis is
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neglected, the diffusive predator-prey system only with prey-taxis reads as
∂u
∂t

= ∆u − χ∇ · (u∇v) + T1(u, v),

∂v
∂t

= ∆v + T2(u, v).
(1.2)

Here the most type of ecological inter-specific interaction can be encapsulated by the choice of
T1(u, v) = γuF(v) − uh(u), T2(u, v) = −uF(v) + k(v), F(v) is the predation rate, the parameter γ > 0
denotes the conversion rate from prey to predator, uh(u) and k(v) are referred to the intra-specific
interaction of the predators and preys, respectively. Up to date there are a few results available to
(1.2) in the bounded domain (see [6, 13, 16, 47, 43, 50] for example and references cited therein). For
instance, the global existence and stability of corresponding solutions to (1.2) with no-flux boundary
conditions was established in a two-dimensional bounded domain under some specific condition on
F, h and k ([16]), while the existence of global bounded solutions was obtained in higher dimensions
for small χ > 0 and in three-dimensional setting for suitably small initial value ‖v0‖L∞(Ω), respec-
tively (see [22, 50]). In particular, Winkler ([43]) showed the global existence of weak solutions over
a bounded domain with space dimension N ≤ 5 and their eventual smoothness under some weak
conditions which includes k(v) = 0 and h(u) = 0.

On the other hand, prey-taxis model (1.2) can also be regarded as the extension of the classical
Keller-Segel model ([17]) 

∂u
∂t

= ∆u − χ∇ · (u∇v), x ∈ Ω, t > 0,

∂v
∂t

= ∆v − v + u, x ∈ Ω, t > 0,
(1.3)

where Ω is either a bounded domain in RN with smooth boundary ∂Ω or the whole space RN , which
describes a chemotactic feature, the aggregation of some organisms (cellular slime molds) denoted by
u sensitive to the gradient of a chemical substance denoted by v. The possibly most striking feature
of this model is the occurrence of a critical mass phenomenon in two dimensions, namely there exists
a threshold value Mc > 0 with respect to initial datum ‖u0‖L1 such that all solutions exist globally in
time for ‖u0‖L1 ≤ Mc, while finite time blow-up occurs if ‖u0‖L1 > Mc. Here Mc is either 8π

χ
or 4π

χ

according to Ω is the whole space or the bounded domain [15, 32, 27]. Notice that the approach to
dealing with the dynamical behavior of (1.3) in the whole space RN (N ≥ 3) is slightly different from
that on the bounded domain. For instance, it is well known that the functional

F (u, v) :=
∫

u log u − χ
∫

uv +
χ

2

∫
v2 +

χ

2

∫
|∇v|2

satisfies

d
dt
F (u, v) = −D(u, v) := −

∫
|4v − v + u|2 −

∫ ∣∣∣∣∣∣ ∇u
√

u
− χ
√

u∇v

∣∣∣∣∣∣2 (1.4)

along reasonably regular solution curves of (1.3), which then allows us for identifying the circum-
stances under which solutions exist globally and remain bounded. Going beyond that, (1.4) can also
serve as a fundamental ingredient in the detection of blow-up phenomena. Indeed, if there are some
C > 0 and ϑ ∈ (0, 1) such that

F (u, v) ≥ −C · (Dϑ(u, v) + 1) (1.5)
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throughout some radially symmetric functions (u, v), (1.4) is then capable of identifying large sets
of initial data which lead to finite-time blow-up in Neumann problems for (1.3) ([49]). However, as
point out in [48], term

∫
R2 u log u in F (u, v) may be no longer bounded from below, hence the energy

argument above is not accessible for the Cauchy problem.
The investigation of long-time dynamic properties in biological models is crucial for comprehend-

ing the fundamental processes of population growth, death, and migration within biological popula-
tions. Additionally, it sheds light on how these processes impact the stability and structure of ecosys-
tems, this research also serves as a valuable resource for ecological conservation and management
practices. Regarding the global solution of this kind of model on a bounded domain, the homoge-
neous Neumann boundary value problem has been thoroughly investigated as we stated above. It
is well-known that the asymptotic behavior under zero Neumann boundary condition is nearly the
same as the corresponding ODE systems, that is the solution will tend to some constant steady state
eventually. In such cases, numerous studies have demonstrated, see for example [16, 44] or the refer-
ences therein. In addition, some necessary conditions for pattern formation have also been explored
[18, 23]. However, the long-time asymptotic behavior of the Cauchy problem for solutions in the
whole space differs significantly from that observed on bounded domains. As an illustrative example,
considering the 2D Patlak-Keller-Segel system

∂u
∂t

= ∆u − χ∇ · (u∇v),

∆v + u = 0,

an important observation in this model is its scaling invariance property, meaning that if (u(x, t), v(x, t))
is a solution, so is (uλ(x, t), vλ(x, t)), where

uλ(x, t) = λ−2u(λ−1x, λ−2t), vλ(x, t) = v(λ−1x, λ−2t).

This is a crucial property that significantly influences its dynamic behavior. Biler et al. [2, 3, 4, 29, 30]
have delved into the existence and characteristics of self-similar solutions in the form of t−1Gα

(
|x|
√

t

)
when the initial mass α is below the critical threshold in two dimensional space. It has been confirmed
that such self-similar solutions also act as global attractors [1, 3], that is

lim
t→∞

∥∥∥∥∥∥u(x, t) − t−1Gα

(
|x|
√

t

)∥∥∥∥∥∥
Lp

= 0

for p ∈ [1,∞] if ‖u‖L1 = α. Furthermore, the optimal rate of convergence towards this self-similar
profile has been presented [5, 10]. Similarly, for the following parabolic-parabolic Keller-Segel sys-
tem, 

∂u
∂t

= ∆u − χ∇ · (u∇v)

∂v
∂t

= ∆v + u,

it is shown that the solution will finally converge to the self-similar solution of this system for small
mass in R2 [21, 35]. Similar results have also been observed in the two-dimensional Navier-Stokes
equations [11], and some reaction-diffusion equations [9, 12, 19]. While for the following Keller-
Segel system 

∂u
∂t

= ∆u − χ∇ · (u∇v),

∂v
∂t

= ∆v − v + u,
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it is evident that this equation does not exhibit scaling invariance, hence no self-similar solutions
exist. Regarding the long-time asymptotic behavior of this model, Nagai [31] in 2001 investigated
the asymptotic profile of bounded solutions in R2, and demonstrated that the solution converges to the
Gauss kernel in terms of the L∞-norm. Later, in 2003, Nagai, Syukuinn et.al [33] extended this result
to RN with N ≥ 2, demonstrating convergence in Lp-norm for 1 < p ≤ ∞. Recently, Carrillo et al. [7]
studied a general aggregation-diffusion equation of the form

∂u
∂t

= ∆u + ∇ · (u∇W ∗ u),

and proved that if the interaction potential is bounded and its first and second derivatives decay fast
enough at infinity, then the linear diffusion eventually dominates its attractive or repulsive effects, and
thereby solutions finally behave like the fundamental solution of the heat equation.

Motivated by the above works, this paper considers the long-time dynamical behavior of strong
solutions to the Cauchy problem of (1.1) in the higher dimensions, which reads as

∂u
∂t

= ∆u − χ∇ · (u∇v) in Q,

∂v
∂t

= ∆v + ξ∇ · (v∇u) in Q,

u(x, 0) = u0(x), v(x, 0) = v0(x) in RN ,

(1.6)

where Q = RN × R+ with N = 1, 2, 3, and the initial value u0, v0 ∈ L1(RN) ∩ L∞(RN) are nonnegative.
Our focus is that in the whole space, how far the attractive and repulsive interaction of the species u
and v affect their long dynamical behavior in the situation that their populations dynamics is neglected.

It is observed that the system (1.6) adheres to the law of conservation of mass, that is∫
RN

u(x, t)dx =

∫
RN

u0(x)dx,
∫
RN

v(x, t)dx =

∫
RN

v0(x)dx (1.7)

for all t > 0, whereas our findings reveals that the bounded strong solutions of this system converge
to zero in the sense of Lp-norm with any 1 < p ≤ ∞. Apart from that, due to the fact that the Lp-norm
of the heat kernel G(·, t) decreases to 0 as t → ∞ for any p > 1, that is

‖G(·, t)‖Lp = (4πt)−
N
2

(∫
RN

exp
(
−

p|x|2

4t

)
dx

) 1
p

= π−
N
2 (4t)−

N
2 (1− 1

p )
(∫
RN

exp(−py2)dy
) 1

p

→ 0,

the strong solutions hence converges to the heat kernel in Lp-space for any p > 1. Therefore a natural
question is whether this solution also converges to the heat kernel in the sense of L1-norm. To this
end, the more rigorous analysis is required. Indeed, we not only prove that for any p with 1 ≤ p ≤ ∞,
the solutions converge to the heat kernel in Lp-norm sense, but also provide accurate convergence rate
estimates and the decay rate, which appears to be optimal in the sense that the rate achieved herein
is consistent with that of the heat equation in RN (N = 2, 3) except for N = 1. In addition, as the
complement to the above results, it is shown that the global existence of strong solutions to (1.6) in
the space of L∞(R+; H2(RN)) for some small initial data. Here, we define a strong solution as a pair
(u, v) belonging to L∞(R+; H2(RN)), which not only satisfies the system of equations (1.6) in the sense
of distributions, but also meets the equations almost everywhere.

In Section 2, we employ a scaling transformation and Lp − Lq estimates for et∆ to derive the decay
estimate of any strong solution (u, v) ∈ L∞(R+; H2(RN) ∩ L1(RN)) of (1.6), and thereby obtain the
following convergence results by means of a bootstrap argument.
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Theorem 1.1 Let N = 2, 3 and (u, v) ∈ L∞(R+; H2(RN)∩ L1(RN)) be the global strong solution of
(1.6). Then there exists C > 0 such that

‖u(t)‖Lp ≤ C(t + 1)−
N
2

(
1− 1

p

)
‖u0‖L1 ,

‖v(t)‖Lp ≤ C(t + 1)−
N
2

(
1− 1

p

)
‖v0‖L1

where p ∈ (1,∞].
Moreover, for any p ∈ [1,∞]

lim
t→∞

t
N
2

(
1− 1

p

) ∥∥∥∥∥u(·, t) −
∫
RN

u0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0,

lim
t→∞

t
N
2

(
1− 1

p

) ∥∥∥∥∥v(·, t) −
∫
RN

v0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0,

where G(x, t) is the heat kernel, i.e. G(x, t) = (4πt)−
N
2 exp

(
−
|x|2

4t

)
.

In the above theorem, we obtained an estimate of the optimal decay rate for the solutions in two
and three dimensions. However, for the one-dimensional spatial case, the bootstrap technique cannot
be employed to achieve an optimal decay rate, and only the following conclusion has been reached.

Theorem 1.2 Let N = 1. Suppose that (u, v) ∈ L∞(R+; H2(R) ∩ L1(R)) is a global strong solution
of (1.6). Then there exists C > 0, such that

‖u(t)‖Lp ≤ C(t + 1)−
3
8

(
1− 1

p

)
‖u0)‖L1 ,

‖v(t)‖Lp ≤ C(t + 1)−
3
8

(
1− 1

p

)
‖v0‖L1 ,

where p ∈ (1,∞]. Additionally, for any 0 < m < 9
32

lim
t→∞

tm
(
1− 1

p

) ∥∥∥∥∥u(·, t) −
∫
RN

u0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0,

where p ∈ (1,∞].

As a necessary complement to the above result, we make sure that the strong solution of (1.6) in
the space of L∞(R+; H2(RN)) actually exists in Section 3.

Theorem 1.3 Assume that N = 1, 2, 3, the nonnegative initial value (u0, v0) satisfies u0, v0 ∈

L1(RN) ∩ H2(RN) and |x|ru0(x) ∈ L2(RN) with some constant r ∈ (0, 1). Denote

φ(t) = ‖u(·, t)‖2H2 + ‖v(·, t)‖2H2 ,

h(t) = ‖∇u(·, t)‖2H2 + ‖∇v(·, t)‖2H2 .

Then if φ(0) ≤ 1
2C∗(χ2+ξ2) for some constant C∗ depending only on N, the problem (1.6) admits a unique

global strong solution (u, v) with u, v ∈ X such that

1
2

∫ ∞

0
h(t)dt ≤ φ(0), φ(t) ≤

(
φ−

2
N (0) +

2
N

A∗t
)− N

2

with some constant A∗ > 0, where

X = {ϕ ∈ L∞(R+; H2(RN) ∩ L1(RN));∇ϕ ∈ L2(R+; H2(RN);ϕt ∈ L2(R+; L2(RN))}.
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2 Long-time dynamic behavior and decay rate estimation
In this section, we are devoted to investigating the long-time asymptotic behavior of strong solutions
to problem (1.6). To this end, we begin by recalling following results which come from [5] and [14],
respectively.

Lemma 2.1 (Gagliardo-Nirenberg inequality in RN) For function u : RN → R, we have

‖D ju‖Lp(RN ) ≤ C‖Dmu‖αLr(RN )‖u‖
1−α
Lq(RN ).

where 1 ≤ q, r ≤ ∞, j
m ≤ α ≤ 1, 1

p =
j

N + ( 1
r −

m
N )α + 1−α

q .

Next, we introduce the Gagliardo-Nirenberg inequality on ball BR centered at 0 with radius R ≥ 1. The
crucial aspect is to elucidate the relationship between the embedding constants and the ball radius.

Lemma 2.2 (Gagliardo-Nirenberg inequality in a bounded domain) For function u : BR → R
with BR ⊂ R

N , we have

‖D ju‖Lp(BR) ≤ C1‖Dmu‖αLr(BR)‖u‖
1−α
Lq(BR) + C2R

N
p −

N
s − j
‖u‖Ls(BR).

where C1 > 0,C2 > 0 are independent of R, 1 ≤ q, r ≤ ∞, j
m ≤ α ≤ 1, 1

p =
j

N + (1
r −

m
N )α + 1−α

q , and
s > 0 is arbitrary.

Proof. We use scaling techniques to prove the inequality. Firstly, it is well-known that there exist
constants C1 > 0 and C2 > 0 such that the inequality

‖D j f ‖Lp(B1) ≤ C1‖Dm f ‖αLr(B1)‖ f ‖
1−α
Lq(B1) + C2‖ f ‖Ls(B1) (2.1)

holds for any f ∈ Wm,r(B1). Let ũ(y) = u(Ry) = u(x) for y ∈ B1. Then

‖D jũ‖Lp(B1) = R j− N
p ‖D ju‖Lp(BR), ‖Dmũ‖Lr(B1) = Rm− N

r ‖D ju‖Lr(BR), ‖ũ‖Lq(B1) = R−
N
q ‖u‖Lq(BR),

which in conjunction with (2.1), results in

‖D ju‖Lp(BR) ≤ C1R(m− N
r + N

q )α− N
q + N

p − j
‖Dmu‖αLr(BR)‖u‖

1−α
Lq(BR) + C2R

N
p −

N
s − j
‖u‖Ls(BR).

From 1
p =

j
N + ( 1

r −
m
N )α + 1−α

q , we have

(m −
N
r

+
N
q

)α −
N
q

+
N
p
− j = 0,

and hence obtain that

‖D ju‖Lp(BR) ≤ C1‖Dmu‖αLr(BR)‖u‖
1−α
Lq(BR) + C2R

N
p −

N
s − j
‖u‖Ls(BR).

�

Lemma 2.3 Let T ≤ ∞, b > 0, β > 0 and a(t) be a nonnegative function locally integrable on
(0,T ). If u(t) is nonnegative and locally integrable on (0,T ) with

u(t) ≤ a(t) + b
∫ t

0
(t − s)β−1u(s)ds

for all t ∈ (0,T ), then

u(t) ≤ a(t) + θ

∫ t

0
E′β(θ(t − s))a(s)ds, for 0 ≤ t < T,

where θ = (bΓ(β))
1
β , Eβ(z) =

∑∞
n=0

znβ

Γ(nβ+1) , E′β(z) ' zβ−1

Γ(β) as z→ 0+.
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In order to analyze the long-time behavior of solutions, we employ a scaling transformation on
the solution by letting

uλ(x, t) = λNu(λx, λ2t), vλ(x, t) = v(λx, λ2t).

It is observed that if (u, v) is the solution of (1.6), then (uλ, vλ) is the solution to the following problem
∂u
∂t

= ∆u − χ∇ · (u∇v) in Q,

∂v
∂t

= ∆v + ξλ−N∇ · (v∇u) in Q,

u(x, 0) = uλ0(x) = λNu0(λx), v(x, 0) = vλ0(x) = v0(λx) in RN .

(2.2)

We reformulate problem (2.2) into the following integral equation format:
uλ(x, t) = et∆uλ0 − χ

∫ t

0
∇ ·

(
e(t−s)∆(uλ∇vλ)

)
ds,

vλ(x, t) = et∆vλ0 + ξλ−N
∫ t

0
∇ ·

(
e(t−s)∆(vλ∇uλ)

)
ds,

(2.3)

where
(et∆ f )(x) =

∫
RN

G(x − y, t) f (y)dy.

As the preparation of the following analysis, we recall the following Lp − Lq estimates for et∆.

Lemma 2.4 Let 1 ≤ q ≤ p ≤ ∞ and f ∈ Lq(RN). Then

‖et∆ f ‖Lp ≤ (4πt)−
N
2

(
1
q−

1
p

)
‖ f ‖Lq ,

‖∇et∆ f ‖Lp ≤ Ct−
N
2

(
1
q−

1
p

)
− 1

2 ‖ f ‖Lq ,

where C is a positive constant depending only on p and q.

For convenience, we denote by C some constants in the proofs below, which may be different
from each other, but do not depend on time t.

By using the scaling technique, we can derive following estimates.

Lemma 2.5 Let N ≤ 3, r > N and p > 1 with 1 − 2
N < 1

p < 1 + 1
r −

1
N . Then there exists constant

C = C(N, r, p) > 0 such that for all t > 0, we have

‖u(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖u0‖L1 + Ct

1
2−

N
2

(
1− 1

p + 1
r

)
‖u0‖L1 sup

0<s<t
‖∇v(s)‖Lr . (2.4)

Proof. From the first equation of (2.3), and applying Lemma 2.4, we can conclude that

‖uλ(t)‖Lp ≤ ‖et∆uλ0‖Lp + χ

∫ t

0

∥∥∥∥∇ · (e(t−s)∆(uλ∇vλ)
)∥∥∥∥

Lp
ds

≤ (4πt)−
N
2 (1− 1

p )
‖uλ0‖L1 + Cχ sup

0<t<1
‖∇vλ(t)‖Lr

∫ t

0
(t − s)−

1
2−

N
2r ‖uλ(s)‖Lpds
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for 0 < t ≤ 1. Thanks to Lemma 2.3, we get

‖uλ(t)‖Lp

≤(4πt)−
N
2 (1− 1

p )
‖uλ0‖L1 + C sup

0<s<1
‖∇vλ(s)‖Lr

∫ t

0
(t − s)−

1
2−

N
2r s−

N
2 (1− 1

p )
‖uλ0‖L1ds (2.5)

≤(4πt)−
N
2 (1− 1

p )
‖uλ0‖L1 + C sup

0<s<1
‖∇vλ(s)‖Lr‖uλ0‖L1t

1
2−

N
2r−

N
2 (1− 1

p )
∫ 1

0
s−

N
2 (1− 1

p )(1 − s)−
1
2−

N
2r ds

≤(4πt)−
N
2 (1− 1

p )
‖uλ0‖L1 + CB

(
1 −

N
2

(1 −
1
p

),
1
2
−

N
2r

)
sup

0<s<1
‖∇vλ(s)‖Lr‖uλ0‖L1t

1
2−

N
2r−

N
2 (1− 1

p )

for all t ≤ 1, p > 1 with N
2 (1 − 1

p ) < 1, which is warranted by 1
p > 1 − 2

N .
Now taking t = 1 in the above inequality, we obtain that

‖uλ(1)‖Lp ≤ C‖uλ0‖L1 + C‖uλ0‖L1 sup
0<s<1

‖∇vλ(s)‖Lr . (2.6)

Noticing that

‖uλ0‖L1 = λN
∫
RN

u0(λx)dx =

∫
RN

u0(y)dy = ‖u0‖L1 ,

‖uλ(1)‖Lp =

(∫
RN
λN p|u(λx, λ2)|pdx

) 1
p

=

(∫
RN
λN p−N |u(x, λ2)|pdx

) 1
p

= λN(1− 1
p )
‖u(λ2)‖Lp ,

as well as

‖∇vλ(s)‖Lr =

(∫
RN
λr|∇v(λx, λ2s)|rdx

) 1
r

=

(∫
RN
λr−N |∇v(x, λ2s)|rdx

) 1
r

= λ1− N
r ‖∇v(λ2s)‖Lr ,

the choice of λ =
√

t in (2.6) then yields

t
N
2 (1− 1

p )
‖u(t)‖Lp ≤ C‖u0‖L1 + Ct

1
2−

N
2r ‖u0‖L1 sup

0<s<t
‖∇v(s)‖Lr ,

which readily implies that

‖u(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖u0‖L1 + Ct

1
2−

N
2

(
1− 1

p + 1
r

)
‖u0‖L1 sup

0<s<t
‖∇v(s)‖Lr ,

and thus completes the proof. �
Similarly, we also have

Lemma 2.6 Let 1 ≤ N ≤ 3, r > N and (u, v) be the solution of (1.6). Then for all p > 1 with
1 − 2

N < 1
p < 1 + 1

r −
1
N , there exists constant C = C(N, r, p) > 0 such that for all t > 0,

‖v(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖v0‖L1 + Ct

1
2−

N
2

(
1− 1

p + 1
r

)
‖v0‖L1 sup

0<s<t
‖∇u(s)‖Lr . (2.7)

In order to derive the optimal decay rate estimate of u, v via bootstrap argument, we need the
following lemmas in which sup t

2<s<t ‖∇v(s)‖Lr and sup t
2<s<t ‖∇u(s)‖Lr are instead of sup0<s<t ‖∇v(s)‖Lr ,

sup0<s<t ‖∇u(s)‖Lr in (2.6) and (2.7), respectively. However, the approaches adapted here seems to be
inaccessible in the case N = 1.
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Lemma 2.7 Let N = 2, 3 and N < r ≤ 4. Suppose that supt>0 ‖∇
2u(t)‖L2 and supt>0 ‖∇

2v(t)‖L2 are
bounded, then for all p > 1 with 1

p > 1 − 2
N , there exists C = C(p, r,N) > 0 such that

‖u(t)‖Lp ≤ C‖u0‖L1t−
N
2 (1− 1

p )(1 + t−
r−N
2r ) + C‖u0‖L1 sup

t
2<s<t
‖∇v(s)‖Lr t−

N
2 (1− 1

p )(t
1
2−

N
2r + t1− N

r ), (2.8)

‖v(t)‖Lp ≤ C‖v0‖L1t−
N
2 (1− 1

p )(1 + t−
r−N
2r ) + C‖v0‖L1 sup

t
2<s<t
‖∇u(s)‖Lr t−

N
2 (1− 1

p )(t
1
2−

N
2r + t1− N

r ), (2.9)

for all t > 0.

Proof. According to (2.5), the following inequality

‖uλ(t)‖Lq ≤ (4πt)−
N
2 (1− 1

q )
‖uλ0‖L1 + C sup

0<t<1
‖∇vλ(t)‖Lr‖uλ0‖L1t

1
2−

N
2r−

N
2 (1− 1

q ) (2.10)

holds for 0 < t ≤ 1, r > N and q > 1 with 1
q > 1 − 2

N .
On the other hand, using Lemma 2.4, we have

‖uλ(t)‖Lp ≤ ‖et∆uλ0‖Lp + χ

∫ t

0

∥∥∥∥∇ · (e(t−s)∆(uλ∇vλ)
)∥∥∥∥

Lp
ds

≤‖et∆uλ0‖Lp + Cχ
∫ t

2

0
(t − s)−

1
2−

N
2

(
1− 1

p

)
‖uλ(s)∇vλ(s)‖L1ds + Cχ

∫ t

t
2

(t − s)−
1
2−

N
2r ‖uλ(s)‖Lp‖∇vλ(s)‖Lr ds

≤(4πt)−
N
2 (1− 1

p )
‖uλ0‖L1 + Cχ sup

0<s< t
2

‖∇vλ(s)‖
L

Nr
2r−N

t−
1
2−

N
2

(
1− 1

p

) ∫ t
2

0
‖uλ(s)‖

L
Nr

Nr+N−2r
ds

+ Cχ sup
t
2<s<t
‖∇vλ(s)‖Lr

∫ t

t
2

(t − s)−
1
2−

N
2r ‖uλ(s)‖Lpds (2.11)

for 0 < t ≤ 1.
Now as the application of (2.10) to q = Nr

Nr+N−2r and q = p respectively, one can have∫ t
2

0
‖uλ(s)‖

L
Nr

Nr+N−2r
ds ≤

∫ t
2

0

(
(4πs)

N
2r−1‖uλ0‖L1 + C sup

0<t<1
‖∇vλ(t)‖Lr‖uλ0‖L1 s−

1
2

)
ds

≤C‖uλ0‖L1t
N
2r + C sup

0<t<1
‖∇vλ(t)‖Lr‖uλ0‖L1t

1
2

and ∫ t

t
2

(t − s)−
1
2−

N
2r ‖uλ(s)‖Lpds

≤‖uλ0‖L1

∫ t

t
2

(t − s)−
1
2−

N
2r

(
(4πs)−

N
2 (1− 1

p ) + C sup
0<t<1
‖∇vλ(t)‖Lr s

1
2−

N
2r−

N
2 (1− 1

p )
)

ds

=‖uλ0‖L1(4π)−
N
2 (1− 1

p )t
1
2−

N
2r−

N
2 (1− 1

p )
∫ 1

1
2

(1 − s)−
1
2−

N
2r s−

N
2 (1− 1

p )ds

+ C‖uλ0‖L1 sup
0<t<1
‖∇vλ(t)‖Lr t1− N

r −
N
2 (1− 1

p )
∫ 1

1
2

(1 − s)−
1
2−

N
2r s

1
2−

N
2r−

N
2 (1− 1

p )ds

≤C‖uλ0‖L1t
1
2−

N
2r−

N
2 (1− 1

p ) + C‖uλ0‖L1 sup
0<t<1
‖∇vλ(t)‖Lr t1− N

r −
N
2 (1− 1

p )
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for 0 < t ≤ 1, due to r > N.
Substituting the above two inequalities into (2.11) yields

‖uλ(t)‖Lp ≤(4πt)−
N
2 (1− 1

p )
‖uλ0‖L1 + C‖uλ0‖L1 sup

0<s< t
2

‖∇vλ(s)‖
L

Nr
2r−N

t−
1
2−

N
2 (1− 1

p )+ N
2r

+ C‖uλ0‖L1 sup
0<s< t

2

‖∇vλ(s)‖
L

Nr
2r−N

sup
0<s<1

‖∇vλ(s)‖Lr t−
N
2 (1− 1

p )

+ C‖uλ0‖L1 sup
t
2<s<t
‖∇vλ(s)‖Lr

(
t

1
2−

N
2r−

N
2 (1− 1

p ) + sup
0<t<1
‖∇vλ(t)‖Lr t1− N

r −
N
2 (1− 1

p )
)
.

So taking t = 1 in the above inequality, we have

‖uλ(1)‖Lp ≤C‖uλ0‖L1 + C‖uλ0‖L1 sup
0<s< 1

2

‖∇vλ(s)‖
L

Nr
2r−N

(
1 + sup

0<s<1
‖∇vλ(s)‖Lr

)
+ C‖uλ0‖L1 sup

1
2<s<1

‖∇vλ(s)‖Lr

(
1 + sup

0<s<1
‖∇vλ(s)‖Lr

)
. (2.12)

Letting λ =
√

t in (2.12) and noticing that

‖uλ0‖L1 = ‖u0‖L1 , ‖uλ(1)‖Lp = λN(1− 1
p )
‖u(λ2)‖Lp , ‖∇vλ(t)‖Lq = λ1− N

q ‖∇v(λ2t)‖Lq ,

we arrive at

t
N
2 (1− 1

p )
‖u(t)‖Lp ≤C‖u0‖L1 + C‖u0‖L1 sup

0<s< t
2

‖∇v(s)‖
L

Nr
2r−N

(
1 + t

1
2−

N
2r sup

0<s<t
‖∇v(s)‖Lr

)
t

N−r
2r

+ C‖u0‖L1t
1
2−

N
2r sup

t
2<s<t
‖∇v(s)‖Lr

(
1 + t

1
2−

N
2r sup

0<s<t
‖∇v(s)‖Lr

)
,

that is

‖u(t)‖Lp ≤ C‖u0‖L1t−
N
2 (1− 1

p ) + C‖u0‖L1 sup
0<s< t

2

‖∇v(s)‖
L

Nr
2r−N

t−
N
2 (1− 1

p )− r−N
2r

+ C‖u0‖L1 sup
0<s< t

2

‖∇v(s)‖
L

Nr
2r−N

sup
0<s<t
‖∇v(s)‖Lr t−

N
2 (1− 1

p ) + C‖u0‖L1 sup
t
2<s<t
‖∇v(s)‖Lr t

1
2−

N
2r−

N
2 (1− 1

p ) (2.13)

+ C‖u0‖L1 sup
t
2<s<t
‖∇v(s)‖Lr sup

0<s<t
‖∇v(s)‖Lr t1− N

r −
N
2 (1− 1

p ).

In addition, by Lemma 2.1 (the Gagliardo-Nirenberg inequality), there exists C > 0 such that for any
q ∈ [ 4

3 ,
2N

(N−2)+
),

‖∇v‖Lq ≤ C‖v‖1−αL1 ‖∇
2v‖αL2 , (2.14)

where α =
1+ 1

N −
1
q

1+ 2
N −

1
2
≥ 1

2 . Noticing that 4
3 ≤

Nr
2r−N < r < 2N

(N−2)+
due to N < r ≤ 4, hence, sup0<s< t

2
‖∇v(s)‖

L
Nr

2r−N

and sup0<s<t ‖∇v(s)‖Lr are bounded since supt>0 ‖∇
2v(t)‖L2 is bounded. Therefore combining (2.13)

with (2.14), we readily have

‖u(t)‖Lp ≤ C‖u0‖L1t−
N
2 (1− 1

p )(1 + t−
r−N
2r ) + C‖u0‖L1 sup

t
2<s<t
‖∇v(s)‖Lr t−

N
2 (1− 1

p )(t
1
2−

N
2r + t1− N

r ),
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which is the desired inequality (2.8). It is observed that the inequality (2.9) can be proved similarly.
�

At this position, we utilize Lemma 2.7 to derive the optimal decay rate estimate of u, v which can
be stated as follows.

Lemma 2.8 Let N = 2, 3, and (u, v) be the solution of (1.6) such that supt>0 ‖∇
2u(t)‖L2 and

supt>0 ‖∇
2v(t)‖L2 are bounded. Then there exists C > 0 such that for all t ≥ 1,

‖u(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖u0‖L1

‖v(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖v0‖L1

(2.15)

is valid for p ∈ (1, 2].

Proof. Recalling (2.8) and (2.9), we see that for any N < r ≤ 4, p > 1 with 1− 2
N < 1

p < 1− 2
N + 2

r ,

‖u(t)‖Lp ≤ C‖u0‖L1t−
N
2 (1− 1

p ) + C‖u0‖L1 sup
t
2<s<t
‖∇v(s)‖Lr t−

N
2 (1− 1

p )+1− N
r (2.16)

as well as

‖v(t)‖Lp ≤ C‖v0‖L1t−
N
2 (1− 1

p ) + C‖v0‖L1 sup
t
2<s<t
‖∇u(s)‖Lr t−

N
2 (1− 1

p )+1− N
r (2.17)

for t ≥ 1
2 . From Lemma 2.1, we infer that

‖∇v‖Lr ≤ C‖v‖αLp‖∇
2v‖1−αL2 (2.18)

with α =
1
N + 1

r −
1
2

1
p + 2

N −
1
2
. It is observed that α < 1

2 can be warranted by p < 2r
(4−r)+

.

Noticing that ‖∇2v‖L2 is bounded, substituting (2.18) into (2.16) then yields

‖u(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖u0‖L1 + Ct−

N
2 (1− 1

p )+1− N
r ‖u0‖L1 sup

t
2<s<t
‖v(s)‖αLp (2.19)

for all t ≥ 1
2 . Similarly, we have

‖v(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖v0‖L1 + Ct−

N
2 (1− 1

p )+1− N
r ‖v0‖L1 sup

t
2<s<t
‖u(s)‖αLp . (2.20)

Furthermore, taking r = N + ε, one can find ε1 > 0 such that for ε < ε1, 1 − N
r = 1 − N

N+ε
< N

4 (1 − 1
p ).

In addition, by Lemma 2.1,

‖u‖Lq ≤ ‖u‖1−β
L1 ‖D

2u‖β
L2 , for any 1 < q ≤ ∞, (2.21)

with β =
p−1

p( 2
N + 1

2 )
for all N ≤ 3. Hence from (2.20), it follows that

‖v(t)‖Lp ≤ Ct−
N
4 (1− 1

p )
‖v0‖L1 (2.22)

for t ≥ 1
2 .
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Now at this position, we insert (2.22) into (2.19) to get

‖u(t)‖Lp ≤ Ct−
N
2 (1− 1

p )
‖u0‖L1 + Ct

− N
2 (1− 1

p )+1− N
N+ε−

N
4 (1− 1

p )·
1
N + 1

N+ε −
1
2

1
p + 2

N −
1
2 ‖u0‖L1 (2.23)

and thus readily arrive at the decay estimate of u in (2.15) for t ≥ 1 due to the fact that

lim
ε→0

1 −
N

N + ε
−

N
4

(1 −
1
p

) ·
1
N + 1

N+ε
− 1

2
1
p + 2

N −
1
2

= −
N
4

(1 −
1
p

) ·
2
N −

1
2

1
p + 2

N −
1
2

.

The decay estimate of v in (2.15) can be achieved similarly, and the proof of this lemma is thus
completed.

�

Our subsequent goal is to verify the result of Lemma 2.8 for all p-value, inter alia p = ∞. To this
end, we achieve following decay result in the style of reasoning from Lemmas 2.5 and 2.7.

Lemma 2.9 Assume that N = 2, 3 and (u, v) is the solution of (1.6). If supt>0 ‖∇u(t)‖Lr and
supt>0 ‖∇v(t)‖Lr are bounded for some r ∈ (N, 4], then for any q ∈ (1, r) with 1

q <
2
N + 1

r , there exists a
constant C = C(q, r,N) > 0 such that

‖u(t)‖L∞ ≤ Ct−
N
2q (1 + t

N
2r−

1
2 )‖u0‖Lq + Ct−

N
2q + 1

2−
N
2r ‖u0‖Lq sup

t
2<s<t
‖∇v(s)‖Lr

(
1 + t

1
2−

N
2r
)
, (2.24)

‖v(t)‖L∞ ≤ Ct−
N
2q (1 + t

N
2r−

1
2 )‖v0‖Lq + Ct−

N
2q + 1

2−
N
2r ‖v0‖Lq sup

t
2<s<t
‖∇u(s)‖Lr

(
1 + t

1
2−

N
2r
)

(2.25)

for any t > 0.

Proof. From the first equation of (2.3), we infer that

‖uλ(t)‖Lp ≤‖et∆uλ0‖Lp + χ

∫ t

0

∥∥∥∥∇ · (e(t−s)∆(uλ∇vλ)
)∥∥∥∥

Lp
ds

≤‖et∆uλ0‖Lp + Cχ
∫ t

0
(t − s)−

1
2−

N
2r ‖uλ(s)‖Lp‖∇vλ(s)‖Lr ds

≤(4πt)−
N
2

(
1
q−

1
p

)
‖uλ0‖Lq + Cχ sup

s≤t
‖∇vλ(s)‖Lr

∫ t

0
(t − s)−

1
2−

N
2r ‖uλ(s)‖Lpds

for 1 < q < p, r > N. Furthermore, with the help of Lemma 2.3, we can see that if N
2

(
1
q −

1
p

)
< 1,

then for 0 < t ≤ 1,

‖uλ(t)‖Lp ≤ (4πt)−
N
2

(
1
q−

1
p

)
‖uλ0‖Lq + Cχ sup

0<t<1
‖∇vλ(t)‖Lr

∫ t

0
(t − s)−

1
2−

N
2r s−

N
2

(
1
q−

1
p

)
‖uλ0‖Lqds

≤ (4πt)−
N
2

(
1
q−

1
p

)
‖uλ0‖Lq + Cχ sup

0<t<1
‖∇vλ(t)‖Lr‖uλ0‖Lqt

1
2−

N
2r−

N
2

(
1
q−

1
p

) ∫ 1

0
s−

N
2 ( 1

q−
1
p )(1 − s)−

1
2−

N
2r ds

≤ (4πt)−
N
2

(
1
q−

1
p

)
‖uλ0‖Lq + Cχ sup

0<t<1
‖∇vλ(t)‖Lr‖uλ0‖Lqt

1
2−

N
2r−

N
2

(
1
q−

1
p

)
. (2.26)

Similarly, the following inequality is also valid

‖vλ(t)‖Lp ≤ (4πt)−
N
2

(
1
q−

1
p

)
‖vλ0‖Lq + Cχλ−N sup

0<t<1
‖∇uλ(t)‖Lr‖vλ0‖Lqt

1
2−

N
2r−

N
2

(
1
q−

1
p

)
. (2.27)
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On the other hand, we can also obtain

‖uλ(t)‖L∞ ≤‖et∆uλ0‖L∞ + χ

∫ t

0

∥∥∥∥∇ · (e(t−s)∆(uλ∇vλ)
)∥∥∥∥

L∞
ds

≤‖et∆uλ0‖L∞ + Cχ
∫ t

2

0
(t − s)−

3
2 ‖uλ(s)∇vλ(s)‖

L
N
2
ds + Cχ

∫ t

t
2

(t − s)−
1
2−

N
2r ‖uλ(s)‖L∞‖∇vλ(s)‖Lr ds

≤(4πt)−
N
2q ‖uλ0‖Lq + Cχ sup

0<s< t
2

‖∇vλ(s)‖
L

Nr
2r−N

t−
3
2

∫ t
2

0
‖uλ(s)‖Lr ds

+ Cχ sup
t
2<s<t
‖∇vλ(s)‖Lr

∫ t

t
2

(t − s)−
1
2−

N
2r ‖uλ(s)‖L∞ds, (2.28)

where the last two integral terms can be estimated as follows. Indeed, by (2.26) and N
2

(
1
q −

1
r

)
∈ (0, 1)

due to q ∈ (1, r) with 1
q <

2
N + 1

r , we have∫ t
2

0
‖uλ(s)‖Lr ds ≤

∫ t
2

0

(
(4πs)−

N
2

(
1
q−

1
r

)
‖uλ0‖Lq + Cχ sup

0<t<1
‖∇vλ(t)‖Lr‖uλ0‖Lq s

1
2−

N
2q

)
ds

≤C‖uλ0‖Lqt1− N
2

(
1
q−

1
r

)
+ C sup

0<t<1
‖∇vλ(t)‖Lr‖uλ0‖Lqt

3
2−

N
2q

and ∫ t

t
2

(t − s)−
1
2−

N
2r ‖uλ(s)‖L∞ds ≤‖uλ0‖Lq

∫ t

t
2

(t − s)−
1
2−

N
2r

(
(4πs)−

N
2q + C sup

0<t<1
‖∇vλ(t)‖Lr s

1
2−

N
2r−

N
2q

)
ds

≤C‖uλ0‖Lqt
1
2−

N
2r−

N
2q + C‖uλ0‖Lq sup

0<t<1
‖∇vλ(t)‖Lr t1− N

r −
N
2q

for 0 < t ≤ 1.
Substituting the above two inequalities into (2.28), and setting t = 1, we then get

‖uλ(1)‖L∞ ≤C‖uλ0‖Lq + C‖uλ0‖Lq sup
0<s< 1

2

‖∇vλ(s)‖
L

Nr
2r−N

+ C‖uλ0‖Lq sup
0<s< 1

2

‖∇vλ(s)‖
L

Nr
2r−N

sup
0<s<1

‖∇vλ(s)‖Lr

+ C‖uλ0‖Lq sup
1
2<s<1

‖∇vλ(s)‖Lr

(
1 + sup

0<t<1
‖∇vλ(t)‖Lr

)
. (2.29)

Further, thanks to the fact that

‖uλ0‖Lq = λN(1− 1
q )
‖u0‖Lq , ‖uλ(t)‖Lp = λN(1− 1

p )
‖u(λ2t)‖Lp , ‖∇vλ(t)‖Lr = λ1− N

r ‖∇v(λ2t)‖Lr ,

we then choose λ =
√

t in (2.29) to arrive at

t
N
2 ‖u(t)‖L∞ ≤ Ct

N
2 −

N
2q ‖u0‖Lq + Ct

N
2 −

N
2q + N

2r−
1
2 ‖u0‖Lq sup

0<s< t
2

‖∇v(s)‖
L

Nr
2r−N

(2.30)

+ Ct
N
2 −

N
2q ‖u0‖Lq sup

0<s< t
2

‖∇v(s)‖
L

Nr
2r−N

sup
0<s<t
‖∇v(s)‖Lr

+ Ct
N
2 −

N
2q + 1

2−
N
2r ‖u0‖Lq sup

t
2<s<t
‖∇v(s)‖Lr

(
1 + t

1
2−

N
2r sup

0<s<t
‖∇v(s)‖Lr

)
.
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Recalling (2.14), sup0<s< t
2
‖∇v(s)‖

L
Nr

2r−N
and sup0<s<t ‖∇v(s)‖Lr are bounded since 4

3 <
Nr

2r−N < 2N
(N−2)+

if
N < r ≤ 4. Therefore, from (2.30), it follows that

‖u(t)‖L∞ ≤ Ct−
N
2q (1 + t

N
2r−

1
2 )‖u0‖Lq + Ct−

N
2q + 1

2−
N
2r ‖u0‖Lq sup

t
2<s<t
‖∇v(s)‖Lr

(
1 + t

1
2−

N
2r
)
.

The proof of (2.25) can be proved similarly, and the proof of this lemma is thus completed. �

Similarly as in the proof Lemma 2.8, one can sharp the decay results of (u, v) in Lemma 2.9, which
is stated as

Lemma 2.10 Assume that N = 2, 3. Let (u, v) be the solution of (1.6) with supt>0 ‖∇
2u(t)‖L2 and

supt>0 ‖∇
2v(t)‖L2 being bounded. Then for any t ≥ 1,

‖u(t)‖L∞ ≤ Ct−
N
4 ‖u0‖L2 , (2.31)

‖v(t)‖L∞ ≤ Ct−
N
4 ‖v0‖L2 , (2.32)

where C is independent of t.

Proof. Recalling (2.24) and (2.25) with q = 2, we see that for any N < r < 4,

‖u(t)‖L∞ ≤ Ct−
N
4 ‖u0‖L2 + Ct−

N
4 +1− N

r ‖u0‖L2 sup
t
2<s<t
‖∇v(s)‖Lr (2.33)

‖v(t)‖L∞ ≤ Ct−
N
4 ‖v0‖L2 + Ct−

N
4 +1− N

r ‖v0‖L2 sup
t
2<s<t
‖∇u(s)‖Lr (2.34)

when t ≥ 1
2 . From Lemma 2.1, there exists a constant C > 0 such that

‖∇v‖Lr ≤ C‖v‖
1
2

L
2r

4−r
‖∇2v‖

1
2
L2 ,

which along with
‖v‖

L
2r

4−r
≤ ‖v‖

4−r
2r

L1 ‖v‖
3r−4

2r
L∞ ,

leads to
‖∇v‖Lr ≤ C‖v‖

4−r
4r

L1 ‖v‖
3r−4

4r
L∞ ‖∇

2v‖
1
2
L2 . (2.35)

Noticing that ‖∇2v‖L2 is bounded, substituting (2.35) into (2.33) then yields

‖u(t)‖L∞ ≤ Ct−
N
4 ‖u0‖L2 + Ct−

N
4 +1− N

r ‖u0‖L2 sup
t
2<s<t
‖v‖

3r−4
4r

L∞ for t ≥
1
2
. (2.36)

Similarly, we also have

‖v(t)‖L∞ ≤ Ct−
N
4 ‖v0‖L2 + Ct−

N
4 +1− N

r ‖v0‖L2 sup
t
2<s<t
‖u‖

3r−4
4r

L∞ , for t ≥
1
2
. (2.37)

While recalling (2.21) and (2.22), and taking r = N + ε in (2.36) and (2.37), one can see that if ε is
sufficiently small such that 1 − N

N+ε
< N

8 , then (2.36) and (2.37) implies that

‖u(t)‖L∞ ≤ Ct−
N
8 ‖u0‖L2 , (2.38)

‖v(t)‖L∞ ≤ Ct−
N
8 ‖v0‖L2 (2.39)
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for any t ≥ 1
2 , respectively. Furthermore, substituting (2.38) and (2.39) into (2.37) and (2.36) yields

‖u(t)‖L∞ ≤ Ct−
N
4 ‖u0‖L2 + Ct−

N
4 +1− N

r −
N
8

3r−4
4r ‖u0‖L2 for t ≥ 1, (2.40)

‖v(t)‖L∞ ≤ Ct−
N
4 ‖v0‖L2 + Ct−

N
4 +1− N

r −
N
8

3r−4
4r ‖v0‖L2 for t ≥ 1 (2.41)

with r = N + ε, respectively. Noticing that

lim
ε→0+

1 −
N

N + ε
−

N
8

3(N + ε) − 4
4(N + ε)

= −
3N − 4

32
< 0,

one can see that for the suitably small ε > 0, −N
4 + 1 − N

r −
N
8

3r−4
4r < −N

4 with r = N + ε and thereby
achieve the desired inequalities (2.31) and (2.32). �

Now with the help of Lemma 2.8 and Lemma 2.10, one can obtain the optimal decay rate of u and
v.

Lemma 2.11 Let the assumption of Lemma 2.10 hold. Then there exists C > 0 such that

‖u(t)‖Lp ≤ C(t + 1)−
N
2

(
1− 1

p

)
‖u0‖L1 , (2.42)

‖v(t)‖Lp ≤ C(t + 1)−
N
2

(
1− 1

p

)
‖v0‖L1 (2.43)

for all p ∈ (1,∞] and t > 0.

Proof. From Lemma 2.10, it is observed that for any t > 2,

‖u(t)‖L∞ ≤ Ct−
N
4

∥∥∥∥∥u
( t
2

)∥∥∥∥∥
L2
,

‖v(t)‖L∞ ≤ Ct−
N
4

∥∥∥∥∥v
( t
2

)∥∥∥∥∥
L2
.

On the other hand, by leveraging Lemma 2.8, one can conclude that for any t > 2,∥∥∥∥∥u
( t
2

)∥∥∥∥∥
L2
≤ Ct−

N
4 ‖u0‖L1 ,∥∥∥∥∥v

( t
2

)∥∥∥∥∥
L2
≤ Ct−

N
4 ‖v0‖L1 .

Hence as the combination of the above inequalities, one deduces that for any t > 2,

‖u(t)‖L∞ ≤ Ct−
N
2 ‖u0‖L1 ,

‖v(t)‖L∞ ≤ Ct−
N
2 ‖v0‖L1 ,

(2.44)

which implies that

‖u(t)‖L∞ ≤ C(t + 1)−
N
2 ‖u0‖L1 ,

‖v(t)‖L∞ ≤ C(t + 1)−
N
2 ‖v0‖L1

(2.45)

for any t > 0, due to the fact that both ‖u(t)‖L∞ and ‖u(t)‖L∞ are bounded by Gagliardo-Nirenberg
inequality.
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As a directed application of ‖ f ‖Lp ≤ ‖ f ‖
p−1

p

L∞ ‖ f ‖
1
p

L1 , (2.45) gives

‖u(t)‖Lp ≤ C(t + 1)−
N
2

(
1− 1

p

)
‖u0‖L1 , ‖v(t)‖Lp ≤ C(t + 1)−

N
2

(
1− 1

p

)
‖v0‖L1

for any t > 0 and thus completes the proof. �

In contrast to the case of N = 2, 3, the decay estimate in Lemma 2.7 seems to be invalid for the
one-dimensional case, and thus the optimal decay rate of solution (u, v) of (1.6) is likely inaccessible.

Lemma 2.12 Let N = 1 and (u, v) be the solution of (1.6) with supt>0 ‖∇
2u(t)‖L2 and supt>0 ‖∇

2v(t)‖L2

being bounded. Then there exists C > 0 such that

‖u(t)‖Lp ≤ C(t + 1)−
3
8

(
1− 1

p

)
‖u0‖L1 ,

‖v(t)‖Lp ≤ C(t + 1)−
3
8

(
1− 1

p

)
‖v0‖L1

(2.46)

for all p ∈ (1,∞] and t > 0.

Proof. As the application of (2.4) to N = 1, we can see that for r > 1 there exists C > 0 such that

‖u(t)‖L∞ ≤ Ct−
1
2 ‖u0‖L1 + Ct−

1
2r ‖u0‖L1 sup

0<s<t
‖∇v(s)‖Lr . (2.47)

In addition, according to Lemma 2.1, the inequality ‖∇v‖Lr ≤ ‖v‖1−αL1 ‖∇
2v‖αL2 with α = 4

5 −
2
5r is valid

for all r ≥ 4
3 .

Taking r = 4
3 in (2.47), we arrive at

‖u(t)‖L∞ ≤ Ct−
1
2 ‖u0‖L1 + Ct−

3
8 ‖u0‖L1

and thus for any t > 0,
‖u(t)‖L∞ ≤ C(t + 1)−

3
8 ‖u0‖L1

since ‖u(t)‖L∞ is bounded, which readily implies that

‖u‖Lp ≤ C(t + 1)−
3
8 (1− 1

p )
‖u0‖L1

since ‖u‖Lp ≤ ‖u‖
p−1

p

L∞ ‖u‖
1
p

L1 . Similar to the above proof, and using Lemma 2.6, we also have

‖v‖Lp ≤ C(t + 1)−
3
8 (1− 1

p )
‖v0‖L1 .

�
In what follows we show that the solution converges to heat kernel as time tends to infinity. As a

prerequisite, it is observed that the difference between t
N
2

(
1− 1

p

)
et∆ f and t

N
2

(
1− 1

p

) ∫
RN f (y)dyG(·, t) decays

to zero in Lp(RN). The proof thereof may be for convenient of some readers.

Lemma 2.13 Assume that f ≥ 0, and f ∈ L1(RN) ∩ L∞(RN). Then for any 1 ≤ p ≤ ∞,

lim
t→∞

t
N
2

(
1− 1

p

) ∥∥∥∥∥et∆ f −
∫
RN

f (y)dyG(·, t)
∥∥∥∥∥

Lp
= 0, (2.48)

where G(x, t) is the heat kernel.
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Proof. Given that f (x) ∈ L1(RN), then for any ε > 0, there exists R > 0 such that∫
RN\BR

f (y)dy < ε.

We also note that

|G(x − y, t) −G(x, t)| = |y · ∇G(x − θy, t)| = (4πt)−
N
2
|y|
√

t

∣∣∣∣∣∣ x − θy2
√

t
e−

|x−θy|2
4t

∣∣∣∣∣∣ ≤ 1
√

2
e−

1
2 (4πt)−

N
2
|y|
√

t
.

Then by a direct calculation, we see that

(4πt)
N
2

∣∣∣∣∣et∆ f −
∫
RN

f (y)dyG(x, t)
∣∣∣∣∣ = (4πt)

N
2

∣∣∣∣∣∫
RN

(G(x − y, t) −G(x, t)) f (y)dy
∣∣∣∣∣

≤ (4πt)
N
2

∫
RN\BR

|G(x − y, t) −G(x, t)| f (y)dy + (4πt)
N
2

∫
BR

|G(x − y, t) −G(x, t)| f (y)dy

≤ 2
∫
RN\BR

f (y)dy + e−
1
2

R
√

2t

∫
BR

f (y)dy

≤ 2ε + e−
1
2

R
√

2t

∫
RN

f (y)dy,

which leads to

lim
t→∞

t
N
2

∥∥∥∥∥et∆ f −
∫
RN

f (y)dyG(·, t)
∥∥∥∥∥

L∞
= 0. (2.49)

Next, we show that
∥∥∥et∆ f −

∫
RN f (y)dyG(·, t)

∥∥∥
L1 → 0. For this purpose, we first prove the following

inequality ∫
RN
|G(x − y, t) −G(x, t)|dx =

∫
RN

∣∣∣∣∣∣
∫ 1

0

d
ds

G(x − sy, t)ds

∣∣∣∣∣∣ dx

≤

∫
RN

∫ 1

0
|y∇G(x − sy, t)| dsdx

≤

∫ 1

0

∫
RN

(4πt)−
N
2
|y|
√

t

∣∣∣∣∣∣ x − sy

2
√

t
e−

|x−sy|2
4t

∣∣∣∣∣∣ dxds

= (π)−
N
2
|y|
√

t

∫
RN
|xe−x2

|dx

= (π)−
N
2
|y|
√

t
|∂B1|

∫ ∞

0
rNe−r2

dr.

It follows from the latter that∫
RN

∣∣∣∣∣et∆ f −
∫
RN

f (y)dyG(x, t)
∣∣∣∣∣ dx

≤

∫
RN

∫
RN
|G(x − y, t) −G(x, t)| f (y)dydx

≤

∫
RN

f (y)dy
∫
RN
|G(x − y, t) −G(x, t)|dx
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≤ C
∫

BR

|y|
√

t
f (y)dy +

∫
RN\BR

f (y)dy
∫
RN

(|G(x − y, t)| + |G(x, t)|)dx

≤ C
R
√

t

∫
RN

f (y)dy + 2
∫
RN\BR

f (y)dy

≤ C
R
√

t

∫
RN

f (y)dy + 2ε.

As a result of this, we have

lim
t→∞

∥∥∥∥∥et∆ f −
∫
RN

f (y)dyG(·, t)
∥∥∥∥∥

L1
= 0. (2.50)

Therefore according to (2.49) and (2.50), (2.48) can be identified by the fact that∥∥∥∥∥et∆ f −
∫
RN

f (y)dyG(·, t)
∥∥∥∥∥

Lp
≤

∥∥∥∥∥et∆ f −
∫
RN

f (y)dyG(·, t)
∥∥∥∥∥ 1

p

L1

∥∥∥∥∥et∆ f −
∫
RN

f (y)dyG(·, t)
∥∥∥∥∥1− 1

p

L∞
.

�

Lemma 2.14 Assume that N = 2, 3, and (u, v) is the solution of (1.6) with supt>0 ‖∇
2u(t)‖L2 and

supt>0 ‖∇
2v(t)‖L2 being bounded. Then

lim
t→∞

t
N
2

(
1− 1

p

) ∥∥∥∥∥u(·, t) −
∫
RN

u0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0,

lim
t→∞

t
N
2

(
1− 1

p

) ∥∥∥∥∥v(·, t) −
∫
RN

v0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0,

(2.51)

where p ∈ [1,∞].

Proof. According to

u(x, t) = et∆u0 − χ

∫ t

0
∇ ·

(
e(t−s)∆(u∇v)

)
ds,

for any t > 2, using (2.14) and (2.42)

‖u(·, t) − et∆u0‖L∞

≤ χ

∫ t

0

∥∥∥∥∇ · (e(t−s)∆(u∇v)
)∥∥∥∥

L∞
ds

≤ Cχ
∫ t

2

0
(t − s)−

1
2−

N
2 ‖u(s)‖L4‖∇v(s)‖

L
4
3
ds + Cχ

∫ t

t
2

(t − s)−
1
2−

N
2r ‖u(s)‖L∞‖∇v(s)‖Lr ds

≤ Cχ
∫ t

2

0
(t − s)−

1
2−

N
2 (1 + s)−

3N
8 ‖u0‖L1ds + Cχ

∫ t

t
2

(t − s)−
1
2−

N
2r s−

N
2 ‖∇v(s)‖Lr‖u0‖L1ds

≤ Ct−
1
2−

N
2
(
(2 + t)1− 3N

8 + 1
)

+ C
∫ t

t
2

(t − s)−
1
2−

N
2r s−

N
2 ‖∇v(s)‖Lr ds.

By Lemma 2.1, for r ∈ [4, 2N
N−2 ],

‖∇v‖Lr ≤ C‖v‖αL∞‖D
2v‖1−αL2
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with α =
1
N + 1

r −
1
2

2
N −

1
2
≤ 1

2 , which along with Lemma 2.11, implies that

‖∇v(s)‖Lr ≤ C‖v‖αL∞ ≤ Cs−
N
2 α

for s > 1. Hence one can conclude that for any t > 2,

‖u(·, t) − et∆u0‖L∞ ≤ Ct−
1
2−

N
2
(
(2 + t)1− 3N

8 + 1
)

+ C
∫ t

t
2

(t − s)−
1
2−

N
2r s−

N
2 −

N
2 αds

≤ Ct−
1
2−

N
2
(
(2 + t)1− 3N

8 + 1
)

+ Ct
1
2−

N
2r−

N
2 −

N
2 α

∫ 1

1
2

(1 − s)−
1
2−

N
2r s−

N
2 −

N
2 αds,

which means that

t
N
2 ‖u(·, t) − et∆u0‖L∞ ≤ Ct−

1
2
(
(2 + t)1− 3N

8 + 1
)

+ Ct
1
2−

N
2r−

N
2 α. (2.52)

Furthermore, when fixing r = 5, we have α = 2
5 for N = 2 and α = 1

5 for N = 3. The latter ensures
that 1

2 −
N
2r −

N
2 α = − 1

10 for N = 2, 3. Therefore from (2.52), it thereby follows that

t
N
2 ‖u(·, t) − et∆u0‖L∞ ≤ Ct−

1
10 , for t > 2. (2.53)

On the other hand, similar to the above proof, we use (2.14) and (2.42) again to see that

‖u(·, t) − et∆u0‖L1 ≤ χ

∫ t

0

∥∥∥∥∇ · (e(t−s)∆(u∇v)
)∥∥∥∥

L1
ds

≤ Cχ
∫ t

2

0
(t − s)−

1
2 ‖u(s)‖L4‖∇v(s)‖

L
4
3
ds + Cχ

∫ t

t
2

(t − s)−
1
2 ‖u(s)‖L4‖∇v(s)‖

L
4
3
ds

≤ Ct−
1
2
(
(2 + t)1− 3N

8 + 1
)

+ C
∫ t

t
2

(t − s)−
1
2 s−

3N
8 ds

≤ Ct−
1
2
(
(2 + t)1− 3N

8 + 1
)

+ Ct−
3N−4

8 (2.54)

for any t > 2, which together with (2.53) yields

lim
t→∞

t
N
2

(
1− 1

p

)
‖u(·, t) − et∆u0‖Lp = 0 (2.55)

for any 1 ≤ p ≤ ∞ since ‖ f ‖Lp ≤ ‖ f ‖
1− 1

p

L∞ ‖ f ‖
1
p

L1 . Combining (2.55) and (2.48), we can conclude that

lim
t→∞

t
N
2

(
1− 1

p

) ∥∥∥∥∥u(·, t) −
∫
RN

u0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0. (2.56)

Similarly,

lim
t→∞

t
N
2

(
1− 1

p

) ∥∥∥∥∥v(·, t) −
∫
RN

v0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0 (2.57)

for 1 ≤ p ≤ ∞. This lemma is proved. �

Upon the decay results for the one-dimensional space asserted in Lemma 2.12, we have
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Lemma 2.15 Let N = 1, and (u, v) be the strong solution of (1.6) such that supt>0 ‖∇
2u(t)‖L2 and

supt>0 ‖∇
2v(t)‖L2 are bounded. Then for any 0 < m < 9

32 , we have

lim
t→∞

tm
(
1− 1

p

) ∥∥∥∥∥u(·, t) −
∫
RN

u0(y)dyG(·, t)
∥∥∥∥∥

Lp
= 0, (2.58)

where p ∈ (1,∞].

Proof. Similar to the proof of Lemma 2.14, using (2.14) and (2.46), we arrive at

‖u(·, t) − et∆u0‖L∞ ≤ χ

∫ t

0

∥∥∥∥∇ · (e(t−s)∆(u∇v)
)∥∥∥∥

L∞
ds

≤ Cχ
∫ t

2

0
(t − s)−1‖u(s)‖L4‖∇v(s)‖

L
4
3
ds + Cχ

∫ t

t
2

(t − s)−
1
2−

1
2

(
1
p +

p+2
4p

)
‖u(s)‖Lp‖∇v(s)‖

L
4p
p+2

ds

≤ C sup
s>0
‖∇v(s)‖

L
4
3

∫ t
2

0
(t − s)−1(1 + s)−

9
32 ds + Cχ

∫ t

t
2

(t − s)−
1
2−

1
2

(
1
p +

p+2
4p

)
‖u(s)‖Lp‖v(s)‖

1
2
Lp‖D2v(s)‖

1
2
L2ds

≤ C(1 + t)−
9

32 + C
∫ t

t
2

(t − s)−
5p+6

8p s−
9
16

(
1− 1

p

)
ds

≤ Ct−
9
32 + Ct1− 5p+6

8p −
9
16

(
1− 1

p

)
≤ Ct−

9
32 + Ct−

3p+3
16p ,

for t > 2 and any p > 2. It is easy to see that 3p+3
16p is decreasing on p and 3p+3

16p →
9
32 as p↘ 2. Hence

for any 0 < m < 9
32 , we have

lim
t→∞

tm‖u(·, t) − et∆u0‖L∞ = 0. (2.59)

Combining (2.48) and (2.59), we arrive at

lim
t→∞

tm
∥∥∥∥∥u(·, t) −

∫
R

u0(y)dyG(·, t)
∥∥∥∥∥

L∞
= 0, (2.60)

and hence (2.58) results from the inequality∥∥∥∥∥u(·, t) −
∫
R

u0(y)dyG(·, t)
∥∥∥∥∥

Lp

≤

∥∥∥∥∥u(·, t) −
∫
R

u0(y)dyG(·, t)
∥∥∥∥∥ 1

p

L1

∥∥∥∥∥u(·, t) −
∫
R

u0(y)dyG(·, t)
∥∥∥∥∥1− 1

p

L∞

≤ 2
1
p ‖u0‖

1
p

L1

∥∥∥∥∥u(·, t) −
∫
R

u0(y)dyG(·, t)
∥∥∥∥∥1− 1

p

L∞
.

�

In conclusion, Theorem 1.1 and Theorem 1.2 are the consequence of combining Lemma 2.11 with
Lemma 2.14, and Lemma 2.14 with Lemma 2.15, respectively.

3 Existence of global strong solutions
In Section 2, we have investigated the long-time dynamic behavior of the global strong solution
(u, v) ∈ L∞(R+; H2(RN) ∩ L1(RN)) of (1.6). Hence this section concentrates on the existence of
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such strong solutions to the Cauchy problem of (1.6). For this purpose, we consider the following
approximation problem of (1.6)

ut + ε∆2u − ∆u = −χ∇ · (u∇v) in Q,
vt − ∆v = ξ∇ · (v∇u) in Q,

u(x, 0) = uε0(x) ≥ 0, v(x, 0) = vε0(x) ≥ 0, x ∈ RN ,

(3.1)

where Q = RN × R+, ε ∈ (0, 1), uε0, vε0 ∈ C∞0 (RN) are the smooth approximations of u0 and v0 in
H2(RN), respectively. Let

D = L∞((0,T ); H2(RN) ∩ L1(RN)) ∩ L2((0,T ); H3(RN)),

D̃ = {u ∈ L∞((0,T ); H3(RN) ∩ L1(RN)) ∩ L2((0,T ); H5(RN)), ut ∈ L2(QT ), xu ∈ L∞((0,T ); L2(RN))}.

Define

F : D× [0, 1]→ D, F (ũ, σ) = u,

where u is the solution of
ut + ε∆2u − ∆u = −χ∇ · (u∇v) in Q,
vt − ∆v = ξ∇ · (v∇ũ) in Q,

u(x, 0) = σuε0(x) ≥ 0, v(x, 0) = σvε0(x) ≥ 0, x ∈ RN .

(3.2)

According to Proposition A.1, Proposition A.2 and Lemma A.1 in Appendix, we see that for ũ ∈ D,
the problem (3.2) admits a unique solution u ∈ D̃. Therefore, F is well-defined. By Aubin-Lions
Lemma and the compact results in [51] one also see that F is a compact mapping. Next, it is easy to
see that

F (ũ, 0) = 0.

According to the Leray-Schauder fixed point theorem, to show the existence of strong solutions to the
problem (3.1), it remains only to show that there exists constant C > 0 independent of σ ∈ [0, 1] such
that ‖u‖D ≤ C for any F (u, σ) = u.

Lemma 3.1 Assume that F (u, σ) = u. Then we have

d
dt

(
‖u(·, t)‖2H2 + ‖v(·, t)‖2H2

)
+ 2ε‖∆u(·, t)‖2H2 + ‖∇u(·, t)‖2H2 + ‖∇v(·, t)‖2H2

≤ C∗(χ2 + ξ2)
(
‖u(·, t)‖2H2 + ‖v(·, t)‖2H2

) (
‖∇u(·, t)‖2H2 + ‖∇v(·, t)‖2H2

)
, (3.3)

where constant C∗ > 1 depends only on the spatial dimension N.

Proof. Multiplying the first equation of (3.2) by u, integrating the results over RN yields

1
2

d
dt

∫
RN

u2dx + ε

∫
RN
|∆u|2dx +

∫
RN
|∇u|2dx

= χ

∫
RN

u∇v∇udx

≤
1
2

∫
RN
|∇u|2dx +

χ2

2

∫
RN

u2|∇v|2dx.
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Similarly testing the second equation of (3.2) by v and integrating the corresponding result over RN

yield

1
2

d
dt

∫
RN
|v|2dx +

∫
RN
|∇v|2dx

= −ξ

∫
RN

v∇v∇udx

≤
1
2

∫
RN
|∇v|2dx +

ξ2

2

∫
RN

v2|∇u|2dx.

Combining the above two equalities, we have

d
dt

∫
RN

(
|u|2 + |v|2

)
dx + 2ε

∫
RN
|∆u|2dx +

∫
RN

(
|∇u|2 + |∇v|2

)
dx

≤ χ2‖u‖2L∞‖∇v‖2L2 + ξ2‖v‖2L∞‖∇u‖2L2

≤ C1χ
2‖u‖2H2‖∇v‖2L2 + C1ξ

2‖v‖2H2‖∇u‖2L2 . (3.4)

Furthermore, multiplying the first equation of (3.2) by −∆u, and integrating the resulting equation
over RN yields

1
2

d
dt

∫
RN
|∇u|2dx + ε

∫
RN
|∇∆u|2dx +

∫
RN
|∆u|2dx

= χ

∫
RN
∇ · (u∇v)∆udx

≤
1
2

∫
RN
|∆u|2dx + χ2

∫
RN

(|∇u|2|∇v|2 + u2|∆v|2)dx. (3.5)

Similarly, we get

1
2

d
dt

∫
RN
|∇v|2dx +

∫
RN
|∆v|2dx

= −ξ

∫
RN
∇ · (v∇u)∆vdx

≤
1
2

∫
RN
|∆v|2dx + ξ2

∫
RN

(|∇u|2|∇v|2 + v2|∆u|2)dx. (3.6)

Combining (3.5) and (3.6), we arrive at

d
dt

∫
RN

(
|∇u|2 + |∇v|2

)
dx + 2ε

∫
RN
|∇∆u|2dx +

∫
RN

(|∆u|2 + |∆v|2)dx

≤ 2χ2
∫
RN

(|∇u|2|∇v|2 + u2|∆v|2)dx + 2ξ2
∫
RN

(|∇u|2|∇v|2 + v2|∆u|2)dx

≤ 2χ2(‖∇u‖2L4‖∇v‖2L4 + ‖u‖2L∞‖∆v‖2L2) + 2ξ2(‖∇u‖2L4‖∇v‖2L4 + ‖v‖2L∞‖∆u‖2L2)

≤ C(χ2 + ξ2)(‖∇u‖2H1 + ‖∇v‖2H1)(‖u‖2H2 + ‖v‖2H2). (3.7)

Moreover, applying ∇ to the equations in (3.2), and multiplying the resulting equations by −∇∆u and
−∇∆v, respectively, we obtain

1
2

d
dt

∫
RN

(|∆u|2 + |∆v|2)dx + ε

∫
RN
|∆2u|2dx +

∫
RN
|∇∆u|2dx +

∫
RN
|∇∆v|2dx
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= χ

∫
RN
∇(∇ · (u∇v))∇∆udx − ξ

∫
RN
∇(∇ · (v∇u))∇∆vdx

≤
1
2

∫
RN

(|∇∆u|2 + |∇∆v|2)dx + Cχ2
∫
RN

(|∇2v|2|∇u|2 + |∇v|2|∇2u|2 + u2|∇∆v|2)dx

+ Cξ2
∫
RN

(|∇2v|2|∇u|2 + |∇v|2|∇2u|2 + v2|∇∆u|2)

≤
1
2

∫
RN

(|∇∆u|2 + |∇∆v|2)dx

+ C(ξ2 + χ2)
(
‖∇u‖2L6‖∇

2v‖2L3 + ‖∇v‖2L6‖∇
2u‖2L3 + ‖u‖2L∞‖∇∆v‖2L2 + ‖v‖2L∞‖∇∆u‖2L2

)
≤

1
2

∫
RN

(|∇∆u|2 + |∇∆v|2)dx + C(ξ2 + χ2)
(
‖u‖2H2 + ‖v‖2H2

) (
‖∇2u‖2H1 + ‖∇2v‖2H1

)
.

The latter inequality implies that

d
dt

∫
RN

(|∆u|2 + |∆v|2)dx + 2ε
∫
RN
|∆2u|2dx +

∫
RN
|∇∆u|2dx +

∫
RN
|∇∆v|2dx

≤ C(ξ2 + χ2)
(
‖u‖2H2 + ‖v‖2H2

) (
‖∇2u‖2H1 + ‖∇2v‖2H1

)
. (3.8)

Now combining the inequalities (3.4), (3.7) and (3.8), we then arrive at the desired inequality (3.3)
readily. �

Lemma 3.2 Assume that F (u, σ) = u. Let

φ(t) = ‖u(·, t)‖2H2 + ‖v(·, t)‖2H2 ,

h(t) = ‖∇u(·, t)‖2H2 + ‖∇v(·, t)‖2H2 .

Then if φ(0) ≤ 1
2C∗(χ2+ξ2) with C∗ given in Lemma 3.1, we have

φ(t) ≤ φ(0),

2ε
∫ ∞

0
‖∆u(·, t)‖2H2dt +

1
2

∫ ∞

0
h(t)dt ≤ φ(0).

Proof. From Lemma 3.1, it follows that

φ′(t) + 2ε‖∆u(·, t)‖2H2 +
(
1 −C∗(χ2 + ξ2)φ(t)

)
h(t) ≤ 0.

It is observed that whenever
φ(0) ≤

1
2C∗(χ2 + ξ2)

,

we have
φ(t) ≤ φ(0) ≤

1
2C∗(χ2 + ξ2)

for all t > 0.

and then derive
2ε

∫ ∞

0
‖∆u(·, t)‖2H2dt +

1
2

∫ ∞

0
h(t)dt ≤ φ(0),

and thereby complete the proof of this lemma. �
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Lemma 3.3 Suppose that F (u, σ) = u and φ(0) ≤ 1
2C∗(χ2+ξ2) . Then we have∫ ∞

0

∫
Ω

(|ut|
2 + |vt|

2)dxdt ≤ C,

where C is independent of ε, which depends only on Ω, u0, v0, χ, and ξ.

Proof. Multiplying the first equation of (3.2) by ut, integrating it over Ω then yields

1
2

d
dt

∫
RN

(ε|∆u|2 + |∇u|2)dx +

∫
RN
|ut|

2dx

= −χ

∫
RN
∇ ·

(
u∇v

)
utdx

≤
1
2

∫
RN
|ut|

2dx + Cχ2‖u‖2H2‖∇v‖2H1 .

Using Lemma 3.2 and by a direct integration, we obtain that∫ ∞

0

∫
RN
|ut|

2dxdt ≤2Cχ2 sup
t>0
‖u(·, t)‖2H2

∫ ∞

0
‖∇v‖2H1dt +

∫
RN

(ε|∆u0|
2 + |∇u0|

2)dx

≤ C̃.

Multiplying the second equation of (3.2) by vt, integrating the result over Ω then yields

1
2

d
dt

∫
RN
|∇v|2dx +

∫
RN
|vt|

2dx

= ξ

∫
RN
∇ ·

(
v∇u

)
vtdx

≤
1
2

∫
RN
|vt|

2dx + Cξ2‖v‖2H2‖∇u‖2H1 .

From Lemma 3.2 we infer that∫ ∞

0

∫
RN
|vt|

2dxdt ≤ 2Cξ2 sup
t>0
‖v(·, t)‖2H2

∫ ∞

0
‖∇u‖2H1dt +

∫
RN
|∇v0|

2dx ≤ Ĉ,

and thereby completes the proof. �
Furthermore by Lemma A.1, we can also conclude that

Lemma 3.4 Assume that F (u, σ) = u, φ(0) ≤ 1
2C∗(χ2+ξ2) with C∗ given as in Lemma 3.1. If

|x|ruε0(x) ∈ L2(RN) for some a positive constant r ≤ 1, then |x|ru ∈ L∞loc((0,∞); L2(RN)).

This lemma allows us to employ the compactness result in [51] to demonstrate the existence of
strong solutions to system (1.6).

Proof of Theorem 1.3. By the Leray-Schauder fixed point theorem, and Lemmas 3.2–3.4, the
problem (3.1) possesses the strong solution (uε, vε) for all ε ∈ [0, 1], such that uε ∈ L∞(R+; H2(RN))∩
L2(R+; H4(RN)), ∂tuε ∈ L2(R+; L2(RN)), vε ∈ L∞(R+; H2(RN))∩L2(R+; H3(RN)), ∂tvε ∈ L2(R+; L2(RN)).
Rechecking the proof of Lemma 3.2, and noticing that

‖ε∆2uε‖2L2(Q) ≤ Cε,
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sup
0<t<T

∫
RN

(1 + |x|2)ru2dx ≤ CT ,

letting ε → 0 (taking its subsequence if necessary), and using the compact results in [51], for any
T > 0, we obtain

ε∆2uε → 0 in L2((0,T ); H2(RN));

(uε, vε) ⇀ (u, v) in L2((0,T ); H3(RN));

(∂tuε, ∂tvε) ⇀ (∂tu, ∂tv) in L2((0,T ); L2(RN));

(uε, vε)
∗
⇀ (u, v) in L∞((0,T ); H2(RN));

(uε, vε)→ (u, v) in L2((0,T ); H2(RN));
(uε, vε)→ (u, v) uniformly in QT .

Utilizing the respective estimations derived in Lemma 3.2–Lemma 3.3, the limit functions (u, v) with
u, v ∈ L∞(R+; H2(RN)) ∩ L2(R+; H3(RN)), ∂tu, ∂tv ∈ L2(R+; L2(RN)) can be identified to be the strong
solution of (1.6). In addition, noticing that u0, v0 ≥ 0, then by strong maximum principle, u(x, t) > 0,
v(x, t) > 0 for t > 0, x ∈ RN .

Next, we show the uniqueness of the strong solution of (1.6). Indeed, supposed that (u1, v1),
(u2, v2) are the global strong solutions thereof. Denoting û = u1 − u2, v̂ = v1 − v2, then by a direct
calculation, we derive

1
2

d
dt

∫
RN
|û|2dx +

∫
RN
|∇û|2dx = χ

∫ t

0

∫
RN

(û∇v1∇û + u2∇v̂∇û)dx,

1
2

d
dt

∫
RN
|v̂|2dx +

∫
RN
|∇v̂|2dx = −ξ

∫ t

0

∫
RN

(v̂∇u1∇v̂ + v2∇û∇v̂)dx.

Combining the above two equalities, we further have

1
2

d
dt

∫
RN

(
|û|2 + |v̂|2

)
dx +

∫
RN

(
|∇û|2 + |∇v̂|2

)
dx

= χ

∫
RN

(û∇v1∇û + u2∇v̂∇û)dx − ξ
∫ t

0

∫
RN

(v̂∇u1∇v̂ + v2∇û∇v̂)dx

≤ χ‖û‖L3‖∇v1‖L6‖∇û‖L2 + ξ‖v̂‖L3‖∇u1‖L6‖∇v̂‖L2 + χ‖u2‖H2‖∇v̂‖L2‖∇û‖L2 + ξ‖v2‖H2‖∇v̂‖L2‖∇û‖L2

≤ Cχ‖û‖
6−N

6

L2 ‖∇û‖
N
6

L2‖∇v1‖H1‖∇û‖L2 + ξ‖v̂‖
6−N

6

L2 ‖∇v̂‖
N
6

L2‖∇u1‖H1‖∇v̂‖L2

+ χ‖u2‖H2‖∇v̂‖L2‖∇û‖L2 + ξ‖v2‖H2‖∇v̂‖L2‖∇û‖L2

≤
1
2

(
‖∇û‖2L2 + ‖∇v̂‖2L2

)
+ C

(
‖û‖2L2 + ‖v̂‖2L2

)
+ χ2‖u2‖

2
H2‖∇v̂‖2L2 + ξ2‖v2‖

2
H2‖∇û‖2L2 ,

which implies that

1
2

d
dt

(
‖û‖2L2 + ‖v̂‖2L2

)
−C

(
‖û‖2L2 + ‖v̂‖2L2

)
+

(
1
2
− (χ2 + ξ2)(‖u2‖

2
H2 + ‖v2‖

2
H2)

) ∫
RN

(
|∇û|2 + |∇v̂|2

)
dx ≤ 0.

It is observed that Φ(t) ≤ 1
2C∗(χ2+ξ2) with C∗ > 1, and hence

1
2

d
dt

(
‖û‖2L2 + ‖v̂‖2L2

)
−C

(
‖û‖2L2 + ‖v̂‖2L2

)
≤ 0.
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Therefore,
‖û(·, t)‖2L2 + ‖v̂(·, t)‖2L2 ≡ 0,

since ‖û(·, 0)‖2L2 + ‖v̂(·, 0)‖2L2 = 0, which thereby completes the proof of the uniqueness of strong
solutions.

At last, we pay our attention to the estimate of decay rate claimed in Theorem 1.3. From (3.3), we
see that

d
dt
φ(t) +

1
2

h(t) ≤ 0.

On the other hand, noting that u, v > 0 and∫
RN

u(x, t)dx ≡
∫
RN

u0(x)dx = u0,

∫
RN

v(x, t)dx ≡
∫
RN

v0(x)dx = v0,

and by the Gagliardo-Nirenberg inequality, we infer that

‖u‖2L2 ≤ C|u0|
4

N+2 ‖∇u‖
2N

N+2

L2 , ‖v‖2L2 ≤ C|v0|
4

N+2 ‖∇u‖
2N

N+2

L2 .

Therefore, we have
φ′(t) + A∗φ(t)

N+2
N ≤ 0,

for some constant A∗, and then

φ(t) ≤
(
Φ−

2
N (0) +

2
N

A∗t
)− N

2

,

which thus completes the proof of Theorem 1.3 readily. �

A Appendix
Consider  vt − ∆v = ξ∇ · (v∇ũ) in RN × R+,

v(x, 0) = σv0(x) ≥ 0, x ∈ RN ,
(A.1)

where σ ∈ [0, 1], v0(x) ∈ H2(RN) ∩ L1(RN) with N ≤ 3.

Proposition A.1 Assume that ũ ∈ L∞((0,T ); H2(RN)) ∩ L2((0,T ); H3(RN)). Then (A.1) admits
a strong solution v with v ≥ 0, v ∈ L∞((0,T ); H2(RN) ∩ L1(RN)) ∩ L2((0,T ); H3(RN)), and vt ∈

L2((0,T ); L2(RN)).

Proof. To prove this lemma, we use bounded domains BRn to approximate RN , where BRn denotes
the ball centered at 0 with radius Rn > 1, and Rn → ∞ as n→ ∞. In what follows, we denote

Qn := BRn × (0,∞); Qn,T := BRn × (0,T );

C̊∞(Qn,T ) denotes the set of functions that are infinitely differentiable and vanish near the lateral
boundary of Qn,T .

Let {vn0}
∞
n=1 with 0 ≤ vn0 ∈ C∞0 (BRn) be the smooth approximation of v0, {ũn}

∞
n=1 with ũn ∈ C̊∞(Qn,T )

be the smooth approximation of ũ, such that

‖vn,0‖H2(BRn ) + ‖vn,0‖L1(BRn ) ≤ C, (A.2)
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sup
0<t<T

‖ũn(·, t)‖2H2(BRn ) +

∫ T

0
‖ũn(·, t)‖2H3(BRn )dt ≤ C, (A.3)

with C is independent of n. By classical theory of linear parabolic equations, the following problem
vt − ∆v = ξ∇ · (v∇ũn), x ∈ BRn , t > 0
∂v
∂ν

∣∣∣∣∣
∂BRn

= 0

v(x, 0) = σvn0(x), x ∈ BRn

(A.4)

admits a unique nonnegative classical solution vn ∈ C∞(Qn,T ). Therefore, to show the existence of
solutions claimed in Proposition A.1, we concentrate on derivation of the following a priori estimates
on vn

sup
0<t<T

(
‖vn(t)‖L1(BRn ) + ‖vn(t)‖2H2(BRn )

)
+

∫ T

0
‖vn(t)‖2H3(BRn )dt ≤ C

with C independent of n.
Firstly, it is easy to see that vn follows the law of conservation of mass, that is

‖vn(·, t)‖L1(BRn ) ≡ ‖vn,0‖L1(BRn ).

Noticing that
∂tvn − ∆vn + vn = ξ∇ · (vn∇ũn) + vn,

by Neumann heat semigroup theory, we obtain that

‖vn(·, t)‖L∞(BRn ) ≤ e−t‖vn,0‖L∞(BRn )

+

∫ t

0
e−(t−s)(t − s)−

N
8 −

1
2 ‖vn∇ũn‖L4(BRn )ds +

∫ t

0
e−(t−s)(t − s)−

N
4 ‖vn‖L2(BRn )ds

≤e−t‖vn,0‖L∞(BRn ) +

∫ t

0
e−(t−s)(t − s)−

N
8 −

1
2 ‖vn‖L12(BRn )‖∇ũn‖L6(BRn )ds +

∫ t

0
e−(t−s)(t − s)−

N
4 ‖vn‖L2(BRn )ds

≤e−t‖vn,0‖L∞(BRn ) + sup
t>0
{‖vn(·, t)‖L12(BRn )‖ũn(·, t)‖H2(BRn )}

∫ t

0
e−ss−

N
8 −

1
2 ds

+ sup
t>0
‖vn(·, t)‖L2(BRn )

∫ t

0
e−ss−

N
4 ds

≤e−t‖vn,0‖L∞(BRn ) + C sup
t>0
‖vn(·, t)‖

11
12
L∞(BRn )‖vn(·, t)‖

1
12
L1(BRn ) + sup

t>0
‖vn(·, t)‖

1
2
L∞(BRn )‖vn(·, t)‖

1
2
L1(BRn ).

Due to H2 ↪→ L∞ for N < 4, ‖vn,0‖L∞ is bounded by (A.2). Hence from the above inequality, we infer
that

sup
t>0
‖vn(·, t)‖L∞(BRn ) ≤ C, (A.5)

where C is independent of n, and thereby

sup
t>0
‖vn(·, t)‖Lr(BRn ) ≤ C, for any 1 ≤ r ≤ ∞ (A.6)

since vn(·, t) ∈ L1(BRn), and C is independent of n.
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Recalling Lemma 2.2, we see that for any u ∈ Wm,r(BR),

‖D ju‖Lp(BR) ≤ C1‖Dmu‖αLr(BR)‖u‖
1−α
Lq(BR) + C2R

N
p −

N
s − j
‖u‖Ls(BR).

From the above inequality, we observe that as long as N
p < N

s + j, we can replace R with 1 in this
inequality when R > 1. This ensures that the embedding constants for the Gagliardo-Nirenberg
inequality on all bounded domains do not depend on Rn since Rn > 1.

Note that

‖∇ũn‖
2
L6(BRn ) ≤ C‖∇ũn‖

6−2N
3

L2(BRn )‖∆ũn‖
2N
3

L2(BRn ) + CR−
2N
3

n ‖∇ũn‖
2
L2(BRn ) ≤ C‖∇ũn‖

2
H1(BRn ). (A.7)

Multiplying the equation in (A.1) by −∆vn, and using (A.7) and Lemma 2.2, we obtain

1
2

d
dt

∫
BRn

|∇vn|
2dx +

∫
BRn

|∆vn|
2dx = −ξ

∫
BRn

∆vn∇ · (vn∇ũn)dx

≤
1
4

∫
BRn

|∆vn|
2dx + 2ξ2

∫
BRn

(v2
n|∆ũn|

2 + |∇vn∇ũn|
2)dx

≤
1
4

∫
BRn

|∆vn|
2dx + 2ξ2‖vn‖

2
L∞(BRn )‖∆ũn‖

2
L2(BRn ) + 2ξ2‖∇vn‖

2
L3(BRn )‖∇ũn‖

2
L6(BRn )

≤
1
4

∫
BRn

|∆vn|
2dx + 2ξ2‖vn‖

2
L∞(BRn )‖∆ũn‖

2
L2(BRn )

+ Cξ2
(
‖∆vn‖

N
3

L2(BRn )‖vn‖
2− N

3

L2(BRn ) + ‖vn‖
2
L2(BRn )

)
‖∇ũn‖

2
H1(BRn )

≤
1
2

∫
BRn

|∆vn|
2dx + C̃,

which implies that

sup
0<t<T

∫
BRn

|∇vn|
2dx +

∫ T

0

∫
BRn

|∆vn|
2dxdt ≤ C (A.8)

with some constant C independent of n.
In addition, testing the equation of (A.1) by ∂tvn, similar to the proof of (A.8), we also have∫ T

0

∫
BRn

|∂tvn|
2dxdt ≤ C. (A.9)

By Lemma 2.2, we obtain the following inequalities,

‖∇2vn‖
2
L3 ≤ C‖vn‖

2
3
L∞‖∇∆vn‖

4
3

L2 + CR
N
3 −2
n ‖vn‖

2
L∞ ≤ C̃

(
‖∇∆vn‖

4
3

L2 + 1
)
. (A.10)

Applying ∇ to the equation of (A.1), and multiplying the resultant equation by −∇∆v, we use (A.5),
(A.7) and (A.10) to get

1
2

d
dt

∫
BRn

|∆vn|
2dx +

∫
BRn

|∇∆vn|
2dx = −ξ

∫
BRn

∇(∇ · (vn∇ũn))∇∆vndx

≤
1
4

∫
BRn

|∇∆vn|
2dx + C1

∫
BRn

(|∇2vn|
2|∇ũn|

2 + |∇vn|
2|∇2ũn|

2 + v2
n|∇∆ũn|

2)dx

≤
1
4

∫
BRn

|∇∆vn|
2dx + C1

(
‖∇ũn‖

2
L6(BRn )‖∇

2vn‖
2
L3(BRn ) + ‖∇2ũn‖

2
L6(BRn )‖∇vn‖

2
L3(BRn )
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+ ‖vn‖
2
L∞(BRn )‖∇∆ũn‖

2
L2(BRn )

)
≤

1
4

∫
BRn

|∇∆vn|
2dx + C2

(
‖∇ũn‖

2
H1(BRn )(‖∇∆vn‖

4
3

L2(BRn ) + 1)

+ ‖∇2ũn‖
2
H1(BRn )(‖∇vn‖

2
L2(BRn ) + ‖∆vn‖

2
L2(BRn )) + ‖∇∆ũn‖

2
L2(BRn )

)
≤

1
2

∫
BRn

|∇∆vn|
2dx + C3

(
‖∇2ũn‖

2
H1(BRn ) + ‖∇2ũn‖

2
H1(BRn )‖∆vn‖

2
L2(BRn ) + 1

)
,

which implies that

sup
0<t<T

∫
BRn

|∆vn|
2dx +

∫ T

0

∫
BRn

|∇∆vn|
2dxdt ≤ C, (A.11)

where C > 0 is independent of n. According to (A.5), (A.8), (A.9) and (A.11) and by the Cantor
diagonal method, one can conclude that there exists a subsequence of {vn}

∞
n=1, denoted by itself for

simplicity, and a nonnegative function v ∈ L∞((0,T ); H2(RN) ∩ L1(RN)) ∩ L2((0,T ); H3(RN)), and
vt ∈ L2((0,T ); L2(RN)) such that

vn
?
⇀ v in L∞((0,T ); H2

loc(R
N) ∩ L1

loc(R
N));

vn ⇀ v in L2((0,T ); H3
loc(R

N));

∂tvn ⇀ vt in L2((0,T ); L2
loc(R

N));

vn → v in L2((0,T ); H2
loc(R

N)),

and v is exactly a strong solution of (A.1). �

Now for the function v(x, t) obtained in Proposition A.1, we consider ut + ε∆2u − ∆u = −χ∇ · (u∇v) in RN × R+,

u(x, 0) = σu0(x), x ∈ RN ,
(A.12)

with xu0(x) ∈ L2(RN), u0(x) ∈ H3(RN).

Proposition A.2 Assume that v ∈ L∞((0,T ); H2(RN))∩ L2((0,T ); H3(RN)). Then (A.12) admits a
strong solution u ∈ L∞((0,T ); H3(RN)) ∩ L2((0,T ); H5(RN)) and ut ∈ L2(QT ).

From Lemma 2.2 and the proof of Proposition A.2, we can observe that the embedding constants
in either the Gagliardo-Nirenberg inequality or the Sobolev inequality (see for example (A.7), (A.10)
etc.) can be selected in a manner that is independent of Rn. Consequently, the subsequent verification
of this proposition adheres to this principle. For simplicity, in the subsequent proofs, we will not
provide detailed explanations for each inequality as we did in the previous proposition.

Proof. As the proof in Proposition A.1, in order to obtain the a prior estimates for solutions of
approximate system of (A.12), we consider the initial boundary problem of the form

ut + ε∆2u − ∆u = −χ∇ · (u∇ṽn), x ∈ BRn , t > 0,
∂u
∂ν

∣∣∣∣∣
∂BRn

= 0,
∂∆u
∂ν

∣∣∣∣∣
∂BRn

= 0,

u(x, 0) = σun0(x), x ∈ BRn ,

(A.13)
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where {un0}
∞
n=1 with un0 ∈ C∞0 (BRn) are the smooth approximation of u0, {ṽn}

∞
n=1 with ṽn ∈ C̊∞(Qn,T ) are

the smooth approximation of v, such that

‖un,0‖H3(BRn ) ≤ C,

sup
0<t<T

‖ṽn(·, t)‖2H2(BRn ) +

∫ T

0
‖ṽn(·, t)‖2H3(BRn )dt ≤ C,

with C independent of n. By classical theory of linear parabolic equations, the problem (A.13) admits
a unique classical solution un ∈ C∞(Qn,T ). Therefore, to show Proposition A.2, we only need to derive
the following a priori estimate

sup
0<t<T

(
‖un(t)‖2H3(BRn )

)
+

∫ T

0

(
‖un(t)‖2H5(BRn ) + ‖∂tun(t)‖2L2(BRn )

)
dt ≤ C,

with C independent of n.
Multiplying the equation of (A.13) by un, then integrating the resultant equation over BRn , and

using Sobolev embedding inequality, we obtain

1
2

d
dt

∫
BRn

|un|
2dx + ε

∫
BRn

|∆un|
2dx +

∫
BRn

|∇un|
2dx

= −
χ

2

∫
BRn

u2
n∆ṽn

≤
χ

2
‖∆ṽn‖L2(BRn )‖un‖

2
L4(BRn )

≤
1
2

∫
BRn

|∇un|
2dx + C

∫
BRn

|un|
2dx,

which implies that

sup
0<t<T

‖un(·, t)‖2L2(BRn ) +

∫ T

0

∫
BRn

(ε|∆un|
2 + |∇un|

2)dxdt ≤ C, (A.14)

where C is independent of n.
Testing (A.13) by −∆un, and integrating the resultant equation over BRn , then the Sobolev embed-

ding inequality gives us

1
2

d
dt

∫
BRn

|∇un|
2dx + ε

∫
BRn

|∇∆un|
2dx +

∫
BRn

|∆un|
2dx

= −χ

∫
BRn

un∇ṽn∇∆undx

≤
ε

2

∫
BRn

|∇∆un|
2dx +

χ2

2ε
‖un‖

2
L3‖∇ṽn‖

2
L6

≤
ε

2

∫
BRn

|∇∆un|
2dx +

χ2

2ε
(C‖un‖

2
L2(BRn ) + C‖∇un‖

2
L2(BRn ))‖∇ṽn‖

2
H1(BRn )

≤
ε

2

∫
BRn

|∇∆un|
2dx + Cε(‖∇un‖

2
L2(BRn ) + 1),
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which implies that

sup
0<t<T

‖∇un(·, t)‖2L2(BRn ) +

∫ T

0

∫
BRn

(ε|∇∆un|
2 + |∆un|

2)dxdt ≤ C, (A.15)

where C is independent of n. Noticing that

‖∇ · (un∇ṽn)‖2L2(BRn ) ≤‖un‖
2
L3‖∆ṽn‖

2
L6 + ‖∇un‖

2
L3‖∇ṽn‖

2
L6

≤C1(‖un‖
2
H1(BRn )‖∆ṽn‖

2
H1(BRn ) + ‖∇un‖

2
L2(BRn )‖∇ṽn‖

2
H1(BRn ) + ‖∆un‖

2
L2(BRn )‖∇ṽn‖

2
H1(BRn ))

≤C2(‖∆ṽn‖
2
H1(BRn ) + ‖∆un‖

2
L2(BRn ) + 1),

recalling that ṽn ∈ L2(BRn)((0,T ); H3(BRn)), and (A.15), we then can see that∫ T

0

∫
BRn

|∇ · (un∇ṽn)|2dxdt ≤ C. (A.16)

Multiplying the equation in (A.13) by ∆2un, and using (A.14), (A.15), we obtain that

1
2

d
dt

∫
BRn

|∆un|
2dx + ε

∫
BRn

|∆2un|
2dx +

∫
BRn

|∇∆un|
2dx

= − χ

∫
BRn

∇ · (un∇ṽn)∆2undx

≤
ε

2

∫
BRn

|∆2un|
2dx +

χ2

ε

∫
BRn

|∇ · (un∇ṽn)|2dxdt.

From (A.16), we infer that

sup
0<t<T

‖∆un(·, t)‖2L2(BRn ) +

∫ T

0

∫
BRn

(ε|∆2un|
2 + |∇∆un|

2)dxdt ≤ C, (A.17)

where C is independent of n.
Similarly, by multiplying (A.13) by ∂tun and using (A.16), we also have∫ T

0

∫
BRn

|∂tun|
2dxdt ≤ C, (A.18)

where C is independent of n.
Recalling that ṽn ∈ L∞((0,T ); H2(BRn))∩ L2((0,T ); H3(BRn)), using (A.14), (A.15) and (A.17), we

obtain that

‖∇∇ · (un∇ṽn)‖2L2(BRn ) ≤C1(‖∇2un‖
2
L3(BRn )‖∇ṽn‖

2
L6 + ‖∇un‖

2
L3(BRn )‖∇

2ṽn‖
2
L6(BRn ) + ‖un‖

2
L∞(BRn )‖∇∆ṽn‖

2
L2(BRn ))

≤C2(‖un‖
2
H3(BRn )‖ṽn‖

2
H2(BRn ) + ‖un‖

2
H2(BRn )‖ṽn‖

2
H3(BRn ))

≤C3(‖un‖
2
H3(BRn ) + ‖ṽn‖

2
H3(BRn ) + 1),

which implies that ∫ T

0
‖∇∇ · (un∇ṽn)‖2L2(BRn )dt ≤ C. (A.19)
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Applying ∇ to the equation of (A.13), and multiplying the resultant equation by ∇∆2u, we arrive at

1
2

d
dt

∫
BRn

|∇∆un|
2dx + ε

∫
BRn

|∇∆2un|
2dx +

∫
BRn

|∆2un|
2dx

= −χ

∫
BRn

∇∇ · (un∇ṽn)∇∆2undx

≤
ε

2

∫
BRn

|∇∆2un|
2dx +

χ2

2ε

∫
BRn

|∇∇ · (un∇ṽn)|2dx,

which implies that

sup
0<t<T

‖∇∆un(·, t)‖2L2(BRn ) +

∫ T

0

∫
BRn

(ε|∇∆2un|
2 + |∆2un|

2)dxdt ≤ C, (A.20)

where C is independent of n. Similar to the proof of Proposition A.1, we thus complete the proof
upon letting n→ ∞ in (A.20). �

Lemma A.1 Assume that v ∈ L∞((0,T ); H2(RN))∩L2((0,T ); H3(RN)). Let u ∈ L∞((0,T ); H3(RN))∩
L2((0,T ); H5(RN)) be the corresponding strong solution of (A.12) such that

‖u(·, t)‖H2 ≤ C,

where C is independent of ε. Furthermore, if (1 + |x|2)r/2u0 ∈ L2(RN) for some positive constant r ≤ 1,
then

sup
0<t<T

∫
RN

(1 + |x|2)ru2dx + ε

∫ T

0

∫
RN

(1 + |x|2)r|∆u|2dxdt +

∫ T

0

∫
RN

(1 + |x|2)r|∇u|2dxdt ≤ CT ,

where CT is constant depending on T but independent of ε.

Proof. For any R > 1, let ηR(x) ∈ C2
0(B2R) be a cut off function on B2R such that 0 ≤ ηR(x) ≤ 1,

ηR(x) = 1 for x ∈ BR, |∇kηR(x)| ≤ C
Rk , where C is a constant independent of R. Let

ϕ(x) = |ηR(x)|q(1 + |x|2)r,

where q is a positive constant to be determined below, r ∈ (0, 1). By a direct calculation, we obtain

|∇ϕ|2

ϕ
≤ 8r2(1 + |x|2)r−2|x|2ηq

R + 2q2(1 + |x|2)rη
q−2
R |∇ηR|

2 < 8 + Cηq−2
R

(1 + 4R2)r

R2 , (A.21)

|∆ϕ|

ϕ
≤C

(
1 + η

q−2
R |∇ηR|

2 + η
q−4
R |∇ηR|

4(1 + |x|2)r + η
q−2
R |∆ηR|

2(1 + |x|2)r
)

≤C
(
1 +

1
R2η

q−2
R + η

q−4
R

(1 + 4R2)r

R4

)
. (A.22)

|∇ϕ| ≤ 2rηq
R(1 + |x|2)r−1|x| + qηq−1

R (1 + |x|2)r|∇ηR| ≤ 2ϕ + qηq−1
R (1 + |x|2)r|∇η|. (A.23)

In what follows, we take q = 4. Then

|∇ϕ|2

ϕ
≤ C,

|∆ϕ|

ϕ
≤ C. (A.24)
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Multiplying the first equation of (A.12) by ϕ(x)u, and integrating it over RN , and using (A.23), (A.24),
we arrive at

1
2

d
dt

∫
B2R

ϕ(x)u2dx + ε

∫
B2R

ϕ(x)|∆u|2dx +

∫
B2R

ϕ(x)|∇u|2dx

= −2ε
∫

B2R

∇ϕ∇u∆udx − ε
∫

B2R

u∆ϕ∆udx −
∫

B2R

u∇ϕ∇udx + χ

∫
B2R

u∇v(ϕ∇u + u∇ϕ)dx

≤
ε

2

∫
B2R

ϕ|∆u|2dx + 4ε
∫

B2R

|∇ϕ|2

ϕ
|∇u|2dx + ε

∫
B2R

|∆ϕ|2

ϕ
|u|2dx +

1
2

∫
B2R

ϕ|∇u|2dx +

∫
B2R

|∇ϕ|2

ϕ
|u|2dx

+ χ2‖∇v‖2L∞
∫

B2R

ϕu2dx + 2χ‖∇v‖L∞
∫

B2R

ϕu2dx + 4χ‖∇v‖L∞
∫

B2R

η3
R(1 + |x|2)r|∇η|u2dx

≤
ε

2

∫
B2R

ϕ(x)|∆u|2dx + Cε
∫

B2R

|∇u|2dx + C
∫

B2R

|u|2dx +
1
2

∫
B2R

ϕ(x)|∇u|2dx

+ (χ2‖∇v‖2H2 + 2χ‖∇v‖L∞)
∫

B2R

ϕu2dx + χ2‖∇v‖2H2

∫
B2R

ϕu2dx + 4
∫

B2R

η2
R(1 + |x|2)r|∇η|2u2dx

≤
ε

2

∫
B2R

ϕ(x)|∆u|2dx +
1
2

∫
B2R

ϕ(x)|∇u|2dx + (3χ2‖∇v‖2H2 + 1)
∫

B2R

ϕu2dx

+ Cε
∫

B2R

|∇u|2dx + C
∫

B2R

|u|2dx + 4
(1 + |4R|2)r

R2

∫
B2R

u2dx

≤
ε

2

∫
B2R

ϕ(x)|∆u|2dx +
1
2

∫
B2R

ϕ(x)|∇u|2dx + (3χ2‖∇v‖2H2 + 1)
∫

B2R

ϕu2dx + C.

That is

d
dt

∫
B2R

ϕ(x)u2dx + ε

∫
B2R

ϕ(x)|∆u|2dx +

∫
B2R

ϕ(x)|∇u|2dx

≤ (6χ2‖∇v‖2H2 + 2)
∫

B2R

ϕu2dx + C, (A.25)

where C is independent of R and ε. Ignoring the last two terms on the left side of the above inequality,
a direct calculation yields

d
dt

{∫
B2R

ϕu2dx exp
{
−

∫ t

0
(6χ2‖∇v(s)‖2H2 + 2)ds

}}
≤ C exp

{
−

∫ t

0
(6χ2‖∇v(s)‖2H2 + 2)ds

}
.

The integration of the above inequality from 0 to t gives

sup
0<t<T

∫
B2R

ϕu2dx ≤ C, (A.26)

where C is independent of R and ε. Recalling (A.25), integrating it from 0 to T , and using (A.26)
gives ∫

B2R

ϕ(x)u2dx + ε

∫ T

0

∫
B2R

ϕ(x)|∆u|2dxdt +

∫ T

0

∫
B2R

ϕ(x)|∇u|2dxdt

≤ sup
0<t<T

∫
B2R

ϕu2dx
∫ T

0
(6χ2‖∇v‖2H2 + 2)dt +

∫
B2R

ϕ(x)u2
0dx + CT

≤ C̃, (A.27)



35

where C̃ is independent of R and ε. Letting R→ ∞, we achieve the desired inequality. �
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[6] W. Choi, I. Ahn, Effect of prey-taxis on predator’s invasion in a spatially heterogeneous envi-
ronment, Appl. Math. Lett., 98(2019), 256-262.

[7] J. A. Carrillo, D. G. Castro, Y. Yao, C. Zeng, Asymptotic simplification of aggregation-diffusion
equations towards the heat kernel, Arch. Rational Mech. Anal., (2023) 247:11.

[8] P. Deuring, An initial-boundary value problem for certain density dependent diffusion system,
Math. Z., 194(1987), 375-396.

[9] M. Escobedo,O. Kavian, H. Matano, Large time behavior of solutions of a dissipative semilinear
heat equation, Comm. Partial Differential Equations, 20 (1995), 1427-1452.

[10] M. Fuest, Global solutions near homogeneous steady states in a multidimensional population
model with both predator- and prey-taxis, SIAM J. Math. Anal., 52(6)(2020), 5865-5891.

[11] T. Gallay, E. Wayne, Global stability of vortex solutions of the two-dimensional NavierCStokes
equation, Commun. Math. Phys., 255(2005), 97-129.

[12] A. Gmira, L. Veron, Large time behavior of the solutions of a semilinear parabolic equation in
Rn, J. Differential Equations, 53(1984), 258-276.

[13] X. He, S. Zheng, Global boundedness of solutions in a reaction-diffusion system of predator-
prey model with prey-taxis, Appl. Math. Lett., 49(2015), 73-77.



36

[14] D. Henry, Geometric theory of semilinear parabolic equations, Lecture Note in Math., 840,
Springer, 1981.

[15] D. Horstmann, G. Wang, Blow-up in a chemotaxis model without symmetry assumptions, Eu-
ropean J. Appl. Math., 12(2001), 159-177.

[16] H. Y. Jin, Z. A. Wang, Global stability of prey-taxis systems, J. Diff. Eqns., 262(2017), 1257-
1290.

[17] E. Keller, L. Segel, Model for chemotaxis, J. Theoret. Biol., 30(1971), 225-234.

[18] K. Kuto, K. Osaki, T. Sakurai, T. Tsujikawa, Spatial pattern formation in a chemotaxis diffusion
growth model, Physica D, 241(2012) 1629-1639.

[19] S. Kamin, L. A. Peletier, Large time behavior of the solutions of the heat equation with absorp-
tion, Ann. Scuola Norm. Sup. Pisa Cl. Sci., 12 (1985), 393-408.

[20] J. U. Kim, Smooth solutions to a quasilinear system of diffusion equations for a certain popula-
tion model, Nonlinear Anal., 8(1984), 1121-1144.

[21] Y. Kagei, Y. Maekawa, On asymptotic behaviors of solutions to parabolic systems modelling
chemotaxis, J. Diff. Eqns., 253(2012), 2951-2992.

[22] D. Li, Global stability in a multi-dimensional predator-prey system with prey-taxis, Discrete
Contin. Dyn. Syst., 41(4)(2021), 1681-1705.

[23] J. M. Lee, T. Hillen, M. A. Lewis, Pattern formation in prey-taxis systems, J. Bio. Dynam.,
3(2009), 551-573

[24] Q. Li, Y. Wu, Existence and instability of some nontrivial steady states for the SKT competition
model with large cross diffusion, Discrete Contin. Dyn. Syst., 40(6)(2020), 3657-3682.

[25] Y. Lou, M. Winkler, Global existence and uniform boundedness of smooth solutions to a cross-
diffusion system with equal diffusion rates, Comm. Part. Diff. Eqns., 40(2015), 1905-1941.

[26] Y. Lou, W.M. Ni, Diffusion vs cross-diffusion: An elliptic approach, J. Diff. Eqns., 154(1999),
157-190.

[27] N. Mizoguchi, Global existence for the Cauchy problem of the parabolic-parabolic Keller- Segel
system on the plane, Calc. Var. PDE., 48(2013), 491-505.

[28] J. D. Murray, Mathematical biology II: Spatial models and biomedical applications, volume 3.
Springer New York, 2001.

[29] Y. Mizutani, N. Muramoto, K. Yoshida, Self-similar radial solutions to a parabolic system mod-
elling chemotaxis via variational method, Hiroshima Math. J., 29(1999), 145-160.

[30] Y. Mizutani, T. Nagai, Self-similar radial solutions to a system of partial differential equations
modelling chemotaxis, Bull. Kyushu Inst. Tech. (Math. Natur. Sci.), 42 (1995), 19-28.

[31] T. Nagai, Global existence and blowup of solutions to a chemotaxis system, Proceeding of the
second world congress of nonlinear analysis (Athens, 2000), Nonlinear Anal., 47(2001), 777-
787.



37

[32] T. Nagai, T. Senba, K. Yoshida, Application of the Trudinger-Moser inequality to a parabolic
system of chemotaxis, Funkcial. Ekvac., 40(1997), 411-433.

[33] T. Nagai, R. Syukuinn, M. Umesako, Decay properties and asymptotic profile of bounded solu-
tions to a parabolic system of chemotaxis in Rn, Funkcial. Ekvac., 46(2003), 383-407.

[34] W. M. Ni, Diffusion, cross-diffusion and their spike-layer steady states, Notices Amer. Math.
Soc., 45(1)(1998), 9-18.

[35] Y. Naito, Asymptotically self-similar solutions for the parabolic system modelling chemotaxis,
in: Self-Similar Solutions of Nonlinear PDE, in: Banach Center Publ., vol. 74, Polish Acad.
Sci., Warsaw, 2006, pp. 149-160.

[36] A. Okubo, Diffusion and ecological problems: mathematical models, Springer-Verlag, Berlin,
New York, 1980.

[37] N. Shigesada, K. Kawasaki, E. Teramoto, Spatial segregation of interacting species, J. Theor.
Biol., 79 (1979), 83-99.

[38] P. A. Stephens, W. J. Sutherland, R. P. Freckleton, What is the allee effect? Oikos, 87(1999),
185-190.

[39] M. A. Tsyganov, J. Brindley, A. V. Holden, V. N. Biktashev, Quasi-soliton interaction of pursuit-
evasion waves in a predator-prey system, Physical Review Letters, 91(21)(2003), 218102.

[40] Y. Tao, M. Winkler, A fully cross-diffusive two-component evolution system: Existence
and qualitative analysis via entropy-consistent thin-film-type approximation, J. Func. Anal.,
281(2021), 109069.

[41] Y. Tao, M. Winkler, Existence theory and qualitative analysis for a fully cross-diffusive predator
prey system, SIAM J. Math. Anal., 54(2022), 4806-4864.

[42] E. Venturino, S. Petrovskii, Spatiotemporal behavior of a prey-predator system with a group
defense for prey, Ecological Complexity, 14(2013), 37-47.

[43] M. Winkler, Asymptotic homogenization in a three-dimensional nutrient taxis system involving
food-supported proliferation, J. Diff. Eqns., 263(2017), 4826-4869.

[44] M. Winkler, Global asymptotic stability of constant equilibria in a fully parabolic chemotaxis
system with strong logistic dampening, J. Diff. Eqns., 257(2014), 1056-1077.

[45] Z. Xie, Y. Li, Existence and qualitative analysis of a fully cross-diffusive predator-prey system
with nonlinear taxis sensitivity, J. Diff. Eqns., 380(2024), 288-359.

[46] Z. Xie, Y. Li, Global solutions near homogeneous steady states in a fully cross-diffusive
predator-prey system with density-dependent motion, Z. Angew. Math. Phys., 74(6)(2023), 235.

[47] J. Wang, M. Wang, Global solution of a diffusive predator-prey model with prey-taxis, Comput.
Math. Appl., 77(10)(2019), 2676-2694.

[48] M. Winkler, Single-point blow-up in the Cauchy problem for the higher-dimensional Keller-
Segel system, Nonlinearity, 33(2020), 5007-5048.



38

[49] M. Winkler, Finite-time blow-up in the higher-dimensional paraboli-parabolic Keller-Segel sys-
tem, J. Math. Pure Appl., 100(2013), 748-767.

[50] S. Wu, J. Shi, B. Wu, Global existence of solutions and uniform persistence of a diffusive
predator-prey model with prey-taxis, J. Diff. Eqns., 260(2016), 5847-5874.

[51] W. Zou, M. Schechter, Critical Point Theory and Its Applications, Springer, New York, 2006.


