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Abstract
This paper is concerned with a predator-prey model in N-dimensional spaces (N = 1,2, 3),
given by
0
a—”; = Au—yV - (uVv),

P
a—: = Av + £V - (W),

which describes random movement of both predator and prey species, as well as the spatial dy-
namics involving predators pursuing prey and prey attempting to evade predators. It is shown that
any global strong solutions of the corresponding Cauchy problem converge to zero in the sense
of L”-norm for any 1 < p < oo, and also converge to the heat kernel with respect to L”-norm for
any 1 < p < oo. In particular, the decay rate thereof is optimal in the sense that it is consistent
with that of the heat equation in RN (N = 2,3). Undoubtedly, the global existence of solutions
appears to be among the most challenging topic in the analysis of this model. Indeed even in the
one-dimensional setting, only global weak solutions in a bounded domain have been successfully
constructed by far. Nevertheless, to provide a comprehensive understanding of the main results,
we append the conclusion on the global existence and asymptotic behavior of strong solutions,
although certain smallness conditions on the initial data are required.
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1 Introduction

The interaction between different species generates a complex ecosystem, and the predator-prey re-
lation is one of the fundamental binary interactions, in which predators pursue preys. Since Lotka-
Volterra-type prey-predator system was introduced, various mathematical models have been proposed
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to explore a diverse range of complex ecological phenomena, including Allee effects [38], group de-
fense [42] and so on, and especially predator-prey model invoking some mechanism of spatial inter-
action is derived to describe complex space-time patterns which reflect nonlocal spatial interactions
between the predators and preys (see [36, 34, 28] for example). Therefore the investigation of the
diffusive predator-prey systems becomes an important step through which one can get a rather deeper
understanding of the effects of the spatial dispersal of the predators and preys on the entire ecosystem.
In the spatial predator-prey relationship, besides the kinetic dynamics and the random movement of
the predators and preys, the predators and preys may also partially orient their movement towards or
away from higher concentrations of the other species, that is predators move toward the gradient di-
rection of prey distribution (called prey-taxis), and/or preys move opposite to the gradient of predator
distribution (called predator-taxis). To capture this pursuit-escape phenomenon, Tsyganov et.al [39]
proposed the cross-diffusion system of the form

a_u — Au —XV . (MVV) + Tl (u3 V)9
aé (1.1)
5= Av + EV - (WVu) + Tr(u, v),

where the unknown functions u(¢, x) and v(¢, x) correspond to the predator and prey population den-
sities respectively at position x and time ¢ > 0; —xV - (uVv) and +£V - (WVWu) stand for the predators
are attracted by the preys with coeflicient y and the preys escape from predators with coefficient &,
respectively. The functions T (u, v) and 7,(u, v) represent the inter-specific interaction of u and v.

As pointed in [40], (1.1) can be regarded as a distant relative of the classic Shigesada-Kawasaki-
Teramoto model ([37])

0

a_l: = Al(a) + ayu + azv)ul + Ty (u, ),
ov

o = Al(by + bau + b3v)v] + To(u,v),

abbreviated as the SKT model. The SKT model and its simplified version have been widely studied
in the past few decades, see for example [8, 20, 26, 24, 25] or the references therein. However up to
now, it seems that the global well-posedness theory of solutions thereof has not been fully established
yet. Unlike the SKT model, the cross-diffusion in (1.1) originates from a specific mechanism which
characters the attractive and repulsive taxis between the two populations simultaneously. As a remark
feature, (1.1) possesses a quite colorful wave-like solution, for example, quasi-soliton pattern is iden-
tified in [39]. In recent years, the global well-posedness theory of (1.1) has received a considerable
attention from researchers. However, the achievement on system (1.1) seems at a rather rudimentary
stage with rather limited results available for the references [10, 40, 41, 45, 46]. For instance, for the
case Ty = T, = 0 or T and T, being Lotka-Volterra response terms, Fuest investigated the existence
of global classical solutions of homogeneous Neumann boundary value problem of (1.1) on a smooth
bounded domain when the initial values are sufficiently close to the constant equilibrium points, as
well as the asymptotic behavior thereof in [10]. Nevertheless, due to the double tactic mechanism in
(1.1), there is significant challenge in the rigorous analysis of (1.1) with large initial data. Indeed, to
the best of our knowledge, the global solvability for the initial boundary value problem for (1.1) with
large initial data is limited in one-dimensional spatial situation yet, see [40, 41, 45] for example.

In contrast to the sparse results on model (1.1) by far, extensive studies have been carried out on
the simplified variants thereof. As an important particular case of (1.1) in which the predator-taxis is



neglected, the diffusive predator-prey system only with prey-taxis reads as

0

2= Au—xV - V) + Th(u,v),

ot (1.2)
@ =Av+ Th(u,v)

ot 2

Here the most type of ecological inter-specific interaction can be encapsulated by the choice of
T\(u,v) = yuF(v) — uh(u), T>(u,v) = —uF(v) + k(v), F(v) is the predation rate, the parameter y > 0
denotes the conversion rate from prey to predator, uh(u) and k(v) are referred to the intra-specific
interaction of the predators and preys, respectively. Up to date there are a few results available to
(1.2) in the bounded domain (see [6, 13, 16, 47, 43, 50] for example and references cited therein). For
instance, the global existence and stability of corresponding solutions to (1.2) with no-flux boundary
conditions was established in a two-dimensional bounded domain under some specific condition on
F, h and k ([16]), while the existence of global bounded solutions was obtained in higher dimensions
for small y > O and in three-dimensional setting for suitably small initial value [|vo|z~(q), T€Spec-
tively (see [22, 50]). In particular, Winkler ([43]) showed the global existence of weak solutions over
a bounded domain with space dimension N < 5 and their eventual smoothness under some weak
conditions which includes k(v) = 0 and A(u) = 0.

On the other hand, prey-taxis model (1.2) can also be regarded as the extension of the classical
Keller-Segel model ([17])

d

oAUy V W),  xeQ1>0,

ot

o (1.3)
E:AV_V'FM, er,t>0,

where Q is either a bounded domain in RY with smooth boundary Q or the whole space RY, which
describes a chemotactic feature, the aggregation of some organisms (cellular slime molds) denoted by
u sensitive to the gradient of a chemical substance denoted by v. The possibly most striking feature
of this model is the occurrence of a critical mass phenomenon in two dimensions, namely there exists
a threshold value M, > 0 with respect to initial datum ||uo||;: such that all solutions exist globally in
time for |lug||,1 < M., while finite time blow-up occurs if |jug|l,1 > M.. Here M, is either i—” or 4;”
according to Q is the whole space or the bounded domain [15, 32, 27]. Notice that the approach to
dealing with the dynamical behavior of (1.3) in the whole space R" (N > 3) is slightly different from

that on the bounded domain. For instance, it is well known that the functional
F(u,v) = fulogu—)(fuv+)§(fv2 +)§(f|Vv|2

d _ o ot — 1Y
ET(H,V)— D(u,v) = fIAv v+ u| f|\/ﬁ ¥ VuVy

satisfies
2

(1.4)

along reasonably regular solution curves of (1.3), which then allows us for identifying the circum-
stances under which solutions exist globally and remain bounded. Going beyond that, (1.4) can also
serve as a fundamental ingredient in the detection of blow-up phenomena. Indeed, if there are some
C > 0and ¥ € (0, 1) such that

F(u,v) = —-C - (D’ (u,v) + 1) (1.5)
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throughout some radially symmetric functions (u,v), (1.4) is then capable of identifying large sets
of initial data which lead to finite-time blow-up in Neumann problems for (1.3) ([49]). However, as
point out in [48], term fR2 ulogu in F (u, v) may be no longer bounded from below, hence the energy
argument above is not accessible for the Cauchy problem.

The investigation of long-time dynamic properties in biological models is crucial for comprehend-
ing the fundamental processes of population growth, death, and migration within biological popula-
tions. Additionally, it sheds light on how these processes impact the stability and structure of ecosys-
tems, this research also serves as a valuable resource for ecological conservation and management
practices. Regarding the global solution of this kind of model on a bounded domain, the homoge-
neous Neumann boundary value problem has been thoroughly investigated as we stated above. It
is well-known that the asymptotic behavior under zero Neumann boundary condition is nearly the
same as the corresponding ODE systems, that is the solution will tend to some constant steady state
eventually. In such cases, numerous studies have demonstrated, see for example [16, 44] or the refer-
ences therein. In addition, some necessary conditions for pattern formation have also been explored
[18, 23]. However, the long-time asymptotic behavior of the Cauchy problem for solutions in the
whole space differs significantly from that observed on bounded domains. As an illustrative example,
considering the 2D Patlak-Keller-Segel system

ou

— = Au— V- uVv),
o u—xV-(uVv)
Av+u=0,

an important observation in this model is its scaling invariance property, meaning that if (u(x, 7), v(x, 1))
is a solution, so is (uy(x, 1), v (x, 1)), where

uyx, ) = A 2u(A7 x, 2720, vax, 1) = v x, A7%0).

This is a crucial property that significantly influences its dynamic behavior. Biler et al. [2, 3, 4, 29, 30]
have delved into the existence and characteristics of self-similar solutions in the form of r'G, (%)
when the initial mass « is below the critical threshold in two dimensional space. It has been confirmed

that such self-similar solutions also act as global attractors [1, 3], that is

=0

u(x,t) —1'G, (%)

for p € [1,00] if ||u||;1 = a. Furthermore, the optimal rate of convergence towards this self-similar

profile has been presented [5, 10]. Similarly, for the following parabolic-parabolic Keller-Segel sys-
tem,

lim
t—o00
L

8
a—b;:Au—XV-(uVV)
P

a—jzAv+u,

it is shown that the solution will finally converge to the self-similar solution of this system for small
mass in R? [21, 35]. Similar results have also been observed in the two-dimensional Navier-Stokes
equations [11], and some reaction-diffusion equations [9, 12, 19]. While for the following Keller-
Segel system

% =Au—xV - (uVv),

ov

— =Av—-v+u,
ot
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it is evident that this equation does not exhibit scaling invariance, hence no self-similar solutions
exist. Regarding the long-time asymptotic behavior of this model, Nagai [31] in 2001 investigated
the asymptotic profile of bounded solutions in R?, and demonstrated that the solution converges to the
Gauss kernel in terms of the L*-norm. Later, in 2003, Nagai, Syukuinn et.al [33] extended this result
to RN with N > 2, demonstrating convergence in L”-norm for 1 < p < co. Recently, Carrillo et al. [7]
studied a general aggregation-diffusion equation of the form

O_u =Au+V-uVW *xu),

ot
and proved that if the interaction potential is bounded and its first and second derivatives decay fast
enough at infinity, then the linear diffusion eventually dominates its attractive or repulsive effects, and
thereby solutions finally behave like the fundamental solution of the heat equation.

Motivated by the above works, this paper considers the long-time dynamical behavior of strong

solutions to the Cauchy problem of (1.1) in the higher dimensions, which reads as

% =Au—xV-uVv) in Q,
% = Av+ £V - (W) in 0, (1.6)

u(x, 0) = up(x), v(x,0) = vo(x) inRY,

where Q = RV x R* with N = 1,2, 3, and the initial value ugy, vo € L'(RY) N L*(R") are nonnegative.

Our focus is that in the whole space, how far the attractive and repulsive interaction of the species u

and v affect their long dynamical behavior in the situation that their populations dynamics is neglected.
It is observed that the system (1.6) adheres to the law of conservation of mass, that is

fu(x,t)dxzf uy(x)dx, fv(x,t)dx:f vo(x)dx (1.7)
RN RN RN RN

for all # > 0, whereas our findings reveals that the bounded strong solutions of this system converge
to zero in the sense of L”-norm with any 1 < p < co. Apart from that, due to the fact that the L”-norm
of the heat kernel G(-, r) decreases to 0 as ¢t — oo for any p > 1, that is

2\ \r ,
IGC, )l = (4rt) ™2 ( f exp(—%)dx) =n‘2<4r>‘¥“‘i>( f exp(—py2>dy) — 0,
RN RN

the strong solutions hence converges to the heat kernel in L”-space for any p > 1. Therefore a natural
question is whether this solution also converges to the heat kernel in the sense of L!-norm. To this
end, the more rigorous analysis is required. Indeed, we not only prove that for any p with 1 < p < oo,
the solutions converge to the heat kernel in L”-norm sense, but also provide accurate convergence rate
estimates and the decay rate, which appears to be optimal in the sense that the rate achieved herein
is consistent with that of the heat equation in RY (N = 2,3) except for N = 1. In addition, as the
complement to the above results, it is shown that the global existence of strong solutions to (1.6) in
the space of L*(R*; H*(R")) for some small initial data. Here, we define a strong solution as a pair
(u, v) belonging to L*(R*; H*(R")), which not only satisfies the system of equations (1.6) in the sense
of distributions, but also meets the equations almost everywhere.

In Section 2, we employ a scaling transformation and L” — L4 estimates for ¢’® to derive the decay
estimate of any strong solution (u,v) € L*(R*; H*(RM) n L'(R")) of (1.6), and thereby obtain the
following convergence results by means of a bootstrap argument.



6

Theorem 1.1 Let N = 2,3 and (u,v) € L*(R*; H*(RY) N L'(RN)) be the global strong solution of
(1.6). Then there exists C > 0 such that

=

_1
(=3 uollr,

_1
(=Sl

lu@lly < C(r + 1)"
vl < Cz+ 1)

2=

where p € (1, 00].
Moreover, for any p € [1, 00]

lim tg(l_%)

—o0

u(t) - fR N uo(y>dyG<-,r>HU -0,

lim t%(l_%)
—o0

W) = f WG| =0,
RN

Lr

where G(x, 1) is the heat kernel, i.e. G(x,1) = (47rt)‘% exp (—%) .

In the above theorem, we obtained an estimate of the optimal decay rate for the solutions in two

and three dimensions. However, for the one-dimensional spatial case, the bootstrap technique cannot
be employed to achieve an optimal decay rate, and only the following conclusion has been reached.

Theorem 1.2 Let N = 1. Suppose that (u,v) € L*(R*; H*(R) N L'(R)) is a global strong solution
of (1.6). Then there exists C > 0, such that

@l < Ct + 1730,
VOl < ¢+ 150D vl

ool

where p € (1, 00]. Additionally, for any 0 < m < %

lim 7(1-3)

t—00

=0,

Lr

u(e1) - fR G
where p € (1, c0].

As a necessary complement to the above result, we make sure that the strong solution of (1.6) in
the space of L*(R*; H*(R")) actually exists in Section 3.

Theorem 1.3 Assume that N = 1,2,3, the nonnegative initial value (uy,vo) satisfies ugy, vy €
L'(RM)y N H2(RY) and |x"ug(x) € L2 (RN) with some constant r € (0, 1). Denote

¢(0) = luC, Dz, + VG, DIl
h(t) = IVuC, DIz, + IVvC, DIl

Then if $(0) < m for some constant C* depending only on N, the problem (1.6) admits a unique
global strong solution (u,v) with u,v € X such that

_N
2

1 = 2

- f h(t)dt < $(0),  ¢(t) < ¢ 7(0) + —A"t
2 Jo N
with some constant A* > 0, where

X ={pe LR HRY)NL'RY)); Vo € PR H*(RY); ¢, € L*(RY; L*(RV))}.



2 Long-time dynamic behavior and decay rate estimation

In this section, we are devoted to investigating the long-time asymptotic behavior of strong solutions
to problem (1.6). To this end, we begin by recalling following results which come from [5] and [14],
respectively.

Lemma 2.1 (Gagliardo-Nirenberg inequality in RY) For function u : RY — R, we have

1D ullp vy < CID™ o ol -

wherelSq,rSOO,nllga/gl, +(———)a+—

Next, we introduce the Gagliardo-Nirenberg inequality on ball B centered at 0 with radius R > 1. The
crucial aspect is to elucidate the relationship between the embedding constants and the ball radius.

Lemma 2.2 (Gagliardo-Nirenberg inequality in a bounded domain) For function u : B — R
with Bg € RY, we have

. N_N_;
D Ul < CLlID™ Wl o 0l + CoRT ™l s

where C; > 0,C, > 0 are independent of R, 1 < q,r < oo, é <a<l,

< + (5
s > 0 is arbitrary.

J _m 1-a
5 - Da+ VR and

Proof. We use scaling techniques to prove the inequality. Firstly, it is well-known that there exist
constants C; > 0 and C, > 0 such that the inequality

WD fllrey < CUD™ Il sl ot + Call fllsan (2.1

holds for any f € W™"(B;). Let ii(y) = u(Ry) = u(x) fory € By. Then

i PN . N - _N

ID@tllrs,) = R 7 |IDjullrsey,  1D™ sy = R™ D jullir gy, Nitlliacsy = R 7 |utllracsg)s
which in conjunction with (2.1), results in
_N _N_N_ N_N_:
”D]u”LP(BR) < CIR(m ] )a + ]l|Dmu||Lr(BR)”u”Lq(BR) + CoRv s j”u”LA(BR)-
1 _ J m -«
From S=N T (; -+ > we have
N N N N

m-—+—)a——+—-j=0,
roq" q p

and hence obtain that
N_N_;
DUl Loy < CLID™ ull$r g ltllalpy + C2R? ™~ llutllss)-
O

Lemma 2.3 Let T < oo, b > 0, B > 0 and a(t) be a nonnegative function locally integrable on
(0, T). If u(¢) is nonnegative and locally integrable on (0, T) with

u(t) < a(t)+b f (t — s 'u(s)ds
0

forallt € (0,T), then
u(t) < a(t) + Hf ER(0(t — s))a(s)ds, forO<t<T,
0

1
where 6 = (BT (B))?, Eg(z) = Yoo moppy> Ep@) = E5 as z — 0%,
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In order to analyze the long-time behavior of solutions, we employ a scaling transformation on

the solution by letting
uy(x, 1) = Nu(Ax, %1),  v,(x, 1) = v(dx, 2%1).

It is observed that if (u, v) is the solution of (1.6), then (u,, v,) is the solution to the following problem

0
a—bt‘ = Au—xV-@Vv) inQ,
0—: — Av+EXNY (V) in O, (2.2)
u(x,0) = tzo(x) = Nup(Ax),  v(x,0) = vyo(x) = vo(dx) inR".
We reformulate problem (2.2) into the following integral equation format:
!
w(x, 1) = e®uy —)(f V. (e(H)A(uAVvA)) ds,
0 (2.3)

!
vx, 1) = e®vyo + fxl_Nf V- (e(’_S)A(v,qu/l)) ds,
0

where

(e f)x) = f L G=y.0f()dy.
R
As the preparation of the following analysis, we recall the following L” — L4 estimates for e,

Lemma 2.4 Let1 < g < p<ooand f € LYRY). Then

1_1
2

e fllr < @Arty 2 G011
Ve fllr < C ¥ G031l

where C is a positive constant depending only on p and q.

For convenience, we denote by C some constants in the proofs below, which may be different

from each other, but do not depend on time z.
By using the scaling technique, we can derive following estimates.

Lemma 2.5 Let N <3, r>Nandp>1withl — % < % <1+ % - # Then there exists constant
C = C(N,r, p) > 0 such that for all t > 0, we have
1

@l < C P gl + €205 gl sup [[Vv(s)]1- (2.4)

O<s<t

Proof. From the first equation of (2.3), and applying Lemma 2.4, we can conclude that

t
A —5)A
lea(®lls < lleollis +x f [v- (e aww)| s
0

!
_N_1 _1_N
< @ty 2" lugoll + Cy sup Vvl f (t — $)" 27 lua(s)llpods
0

O<t<1



for 0 < ¢t < 1. Thanks to Lemma 2.3, we get
llea (D]

—Na-1y ! 1N N1y
<@nt) 2 Nlugollpr + € sup [Vl | (€= 97272 s 2 lugollds
0

O<s<1

-Na-1y 1_N_N-1y ! -¥a-1) _l_N
<@nt)” 2 |lugollpr + € sup [[Vva(lllluaoll ez 27707 [ 572070 (1 = s)"2" > ds
0

O<s<1

N 1 N
<(@nty P ol + CB(1 -5 (- —) - - —) sup [[Vva(s)lip llugollpnr~> 277
2 2 O<s<l1

forallr <1, p > 1 with %(1 - %) < 1, which is warranted by % >1- %
Now taking 7 = 1 in the above inequality, we obtain that

llua(Dllzr < Clluaollzr + Cllugollr sup [[Vva(s)llzr-

0<s<1
Noticing that
lluaoller = ﬂNf uo(/lX)a’x=f uo(y)dy = |luoll.1»
RV RV

||u4<1>||u:( f AN"mux,f)de) :( f ANP-Nm(x,AZ)Wx) = D)L,
RN RN

as well as

%
IVv(s)llr = ( f A'|Vv(ax, /lzs)lrdx) = ( f ANVu(x, /lzs)lrdx) = A7 |IVv(29),
RN RN

the choice of 1 = Vfin (2.6) then yields

1-
2@l < Clluoll + C2 > lugll sup [Vv(s)llz-,

O<s<t

which readily implies that

~fa-b -¥(1-4+4) v
la@)llr < C 2P ugllyy + €220 gl sup [IVv(s)ler,

O<s<t

and thus completes the proof.
Similarly, we also have

(2.5)

(2.6)

Lemma 2.6 Let 1 < N < 3, r > N and (u,v) be the solution of (1.6). Then for all p > 1 with

1- % < i <1+ % — %, there exists constant C = C(N, r, p) > 0 such that for all t > 0,

-Ya-1 l_ﬁ(]_l+l)
VOl < Ct 27 fvollpr + Cr27 24077 lvoll sup [[Vu(s)llz.

O<s<t

2.7)

In order to derive the optimal decay rate estimate of u,v via bootstrap argument, we need the
following lemmas in which SUp: s [IVv(s)||;- and SUp: s [IVu(s)||.- are instead of sup_,_, [[Vv(s)l|z-,
Supg <, IVu(s)ll- in (2.6) and (2.7), respectively. However, the approaches adapted here seems to be

inaccessible in the case N = 1.
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Lemma 2.7 Let N =2,3and N <r < 4. Suppose that sup,.,, ||V>u(?)||> and sup,., [|[V*v(@)||;2 are
bounded, then for all p > 1 with i > 1 — £, there exists C = C(p,r,N) > 0 such that

_N_1 _r=N _Np_1 1_N _N
lu(@)llzr < Cllugllpt™ > "2 (1 +£72) + Cllugllr sup [[Vv(s)llt 22277 +4177), (2.8)
%<s<t
_Ne_1 _r=N _N_1 1_N _N
IvOllr < Clivollpt™ 221 + 777 ) + Clivollp sup [Vu(s)|lp 20277 +¢177), (2.9)
%<s<t
forallt > 0.

Proof. According to (2.5), the following inequality

_N 1_N_N_1
lur(Dllze < @)~ 2Dl + C sup (Vv lugollpi 2>~ 207 (2.10)

O<z<1

holds for 0 <7< 1,r>Nandg > 1 with ; > 1 - 3.
On the other hand, using Lemma 2.4, we have

!
lea(®ller < e wgller +x f [V - (e wawvn)|

<|le* uzolan+C)(f (t = ) 0wy () Vva(s)linds + Cx (t—S) T (N IVva(9)lleds

<(nt) 2 Pluglly + Cx sup IVVa(oll, 4507 f llea(o)Il -

Nr N 2r
0<v<§
+ Cy sup [[Vvi(s)llr f (t = ) 7 > ua(s)llods @.11)
é<s<t %
forO<t<1.

Now as the application of (2.10) to g = and g = p respectively, one can have

Nr+N 2r

f ||u/1(s)|| e ds<f ((47rs)évr_1||uﬁo||L1 +C sup ”VV/I(t)”L’”u/lOHLIS_é)dS

O<t<1

N 1
<Clluollprt> + C sup [[Vva(@)llzlluaoll 122
O<z<1

and

!
f (t = 5)72 ||y (s)||ods
%

O<t<1

' _1_N Na-Ly o o N LN N (-1
<llwplly | =975 [(4rs) 2070 + C sup [Vv@)llrs?~> 2077 | ds
%
1
N1y 1_N_N_L L N Nl
=lluollp (4m) 227230 p)f (1-9) 225 200y
1
2

+ Cllugollr sup [Vva(@)lpe' 207 (1— ) s 0Ty
Uyollpr sSup V) L S N N

O<t<1

,,,,, 1-1 N
<Cllwollp #2527 + Clluolls sup ”VV/l(t)“L’t 2
O<r<1
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forO<t<1,duetor > N.
Substituting the above two inequalities into (2.11) yields

] 1
lua Dl <@~ 2PNl + Cllugolly sup Vvl e 1

_5_%(1_l)+ﬂ
O<s<t

N1
+ Cliwollr sup [IVva( e sup [[Vva(s)ll e 277
O<s<1

O<s<2

1_N_N_1 _N_ﬁ _1
+ Cllugoll sup [IVva(s)llz- (tz 572070 4 sup [yl 720 v>).
2<§<l‘

O<t<1
So taking ¢ = 1 in the above inequality, we have

llea(Dllr <Clluaoller + Clluaollzr sup [[Vva(s)ll e

O<s<2 O<s<1

(1 + sup ”VV/I(S)”L’)

1
5<s<l

+ Cllupll,r sup ”VVA(S)”L’(I + sup ”VV/I(S)HL’)-

(2.12)
O<s<1
Letting A = v/ in (2.12) and noticing that
N(1-1) 2 1—7 2
ol = lletollzr,  NeaDllze = AV 2Nu@Ner,  IVva@llze = A7V,
we arrive at
E(] ) N
2 @l < 1+ 275 sup Vvl |t >
0<s<2 O<s<t
1_N 1_N
+ Cllugll122~ sup ||Vv(s)||y(1 +1277 sup ||Vv(s>||y),
L<s<t O<s<t
that is
1- 1=y =
lu(®)llr < Cllugllt™> =7 + Clluglly: sup VYOI it
0<s<2
1
+ Clluglly sup IV(S)I| e sup [IVv(s)llrt™ 22 + Clluolly sup [Vv(o)llpr2 #7209 (2.13)
0<s<% O<s<t f<s<t
1-Y_Na-1y
+ Clluolly sup IVv(s)llz- sup V()| 2"~ 2075

2<5<t O<s<t

In addltlon by Lemma 2.1 (the Gagliardo-Nirenberg inequality), there exists C > 0 such that for any
q € [3’ (N- 2) )

IVVlle < CIVIT NIVl

1+
1+

12° (2.14)
> % Noticing that 3 < o (N 2) due to N < r <4, hence, sup,_..
and sup,_,, [[Vv(s)||.- are bounded since sup,., IV2v(1)||,> is bounded. Therefore combining (2 13)
with (2.14), we readily have

=

1_
where @ = —5%

D=

2_
N

t
5 <8<t

_1 _r=N _N=1 N
@l < Clluollpar™ 2 "P(1 + 1777 + Clluglly sup [[Vv()llt 2P @27 +170),
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which is the desired inequality (2.8). It is observed that the inequality (2.9) can be proved similarly.
]

At this position, we utilize Lemma 2.7 to derive the optimal decay rate estimate of u, v which can
be stated as follows.

Lemma 2.8 Let N = 2,3, and (u,v) be the solution of (1.6) such that sup,., ||V*u(t)||,> and
Sup,. IV2v(£)||;2 are bounded. Then there exists C > 0 such that for all t > 1,

_N-1
(@)l < Ct 2" lugll 2.15)
_N_1 :
VOl < CE 22|l

is valid for p € (1,2].

Proof. Recalling (2.8) and (2.9), we see that forany N < r <4, p > 1 with 1 — % < % <1- % + %

-Ja-5 -Ya-H+i-4
lu()llr < Clluollp1t 7"+ Cllug|lpr sup [[Vv(s)||z-t P (2.16)
%<s<t
as well as
~51-) ~Fa-p+1-4
VOllr < Clvollpit 7"+ Cllvollr sup [[Vu(s)||z-t P (2.17)
%<s<t
for > 1. From Lemma 2.1, we infer that

IVl < CIVIIZ IV (2.18)

1

g It is observed that @ < 5 can be warranted by p < = r)

Noticing that ||V?V||;- is bounded, substltutmg (2.18) into (2.16) then yields

1
ty-

=|—

with a =
n

lu(®lly < C 2 Pugll + C 2= lugllr sup [[v(s)II2, (2.19)

2<s<t

forall r > 1. Similarly, we have

-1 Ly
V@l < €2 Plivglly + €207 gl sup [JuCs)IIz- (2.20)

2<s<t
Furthermore, taking r = N + &, one can find £; > O such that fore < g, 1 - = =1 - N—+S < %(1 - %).

In addition, by Lemma 2.1,

el 2o < ||u|| ||D2u||L2, forany 1 < g < oo, (2.21)
with 8 = for all N < 3. Hence from (2.20), it follows that
N
(@)l < CEFP vl (2.22)

for ¢

I\)I'—‘
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Now at this position, we insert (2.22) into (2.19) to get

Ly 1
-¥a-H1-gL-Ya-1 EEE2

N 1
lu(@)llr < Ct 2wl + Ct PR a1 (2.23)

and thus readily arrive at the decay estimate of u in (2.15) for ¢ > 1 due to the fact that

N1 Lty 1N 2_1
lim1 — __(1__).W:__(1__).#
;+— +

£—0 N+e 4 p -

1
2

=

1 1
2 Py
The decay estimate of v in (2.15) can be achieved similarly, and the proof of this lemma is thus

completed.
]

Our subsequent goal is to verify the result of Lemma 2.8 for all p-value, inter alia p = co. To this
end, we achieve following decay result in the style of reasoning from Lemmas 2.5 and 2.7.

Lemma 2.9 Assume that N = 2,3 and (u,v) is the solution of (1.6). If sup,., ||[Vu(?)|l,r and
sup,., IVv(®)ll- are bounded for some r € (N, 4], then for any q € (1,r) with é < % + % there exists a
constant C = C(q,r, N) > 0 such that

(@l < CE3 L+ 15 Hlugllze + C 53 {fugl 0 sup IIVV(S)IILr(l +12 2,) (2.24)
2<s<)?
VD)l < C% (1 + 13 )lIvglle + C1 %3 |[vglle sup IIVM(S)IIU(l +12 2’) (2.25)
2<s<)?
forany t > 0.

Proof. From the first equation of (2.3), we infer that

A A
@l <llewoller +x (e vv)| , ds

1N
<lle™ uollLr +C)(f(t—S) 22 a2 [IVva(s)lle-ds

!
<(@rt) 26 Nulls + Cx sup [[Vva(s)llr f (1= 9) 2 llua()llerds
0

s<t

for 1 < g < p, r > N. Furthermore, with the help of Lemma 2.3, we can see that if % (f] - l) <1,
thenforO <t <1,

!
la®llr < @)~ 2@ B lugolle + Cx sup Vvl f (t— )22 5 2@ D) ugollads
0

O<t<1

1
< @ty 2@ D lugglle + Cy sup Vil ol ot~ 27) f s — 5y s
O<t<1 0

< (@dnty 2@ Nugollr + Cx sup Vvl lugollzat? > 2G5). (2.26)

O<t<1

Similarly, the following inequality is also valid

WOl < @) 26l + Cxa™ sup Vi@l llvaollzae? +565), (2.27)

O<r<1
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On the other hand, we can also obtain

f
(D]l <lle™ g0l +)(f 'V : (e(t_S)A(u/lVV/I))HLw ds
0

5 ¢
<lleuzollz~ + Cx f (t = ) lua()Vva(s)ll yds + Cy f (t = )7 Nua()=IVva(s)llds
0 !

_N (e
<(dnt) 2 lluolles + Cx sup [[Vva(o)ll et Zf llua(s)ll-ds
0

t
O<s<y3

!
+ Cy sup [[Vv()llr f (t = )7 |lua(s)ll s, (2.28)
2

Lo
§<A<l

where the last two integral terms can be estimated as follows. Indeed, by (2.26) and % (5 - %) e@0,1
due to g € (1, r) with é < % + % we have

O<t<1

: : _N(1_1 1IN
f lla(s)ll-ds Sf ((47TS) G Mwsolles + Cx sup I9va@llellwaollzes® Zq)ds
0 0

1 1 3_N
<Clluollzer ) + € sup Vi)l lliaollet? 5

O<r<1
and
t !
_1_N _1_N _N 1_N_N
f(t—S) 7 |up ()l o ds S||MAO||qu(l‘—S) Ty ((47TS) 2+ C sup [|[Vv(D)llzrs2> 2‘f)ds
% % O<t<1
1_N_N J_N_N
<Clluollat> 2 + Cllugollzs sup Vvt 7 2
O<r<1
forO0<r<1.

Substituting the above two inequalities into (2.28), and setting ¢ = 1, we then get

llea(Dlle <Cllunollzs + Clluollza sup [[Vva(o)ll pe + Cllgollza sup [[Vva(o)ll e sup [[Vva(s)lle-
O<s<1

2r-N 2r-N
0<s<% 0<s<%
+ Clluaollze sup [[Vva(s)llz- {1 + sup ”VV/l(t)”L’)- (2.29)
%<S<1 O<z<1

Further, thanks to the fact that
_1 _1 _N
liaollze = AN ugllze,  Nea@lle = AN Na(BDNe, V2@l = A IVVADI1,

we then choose A = V7 in (2.29) to arrive at
N N_N N_N, N_1
2 |lu@lle < Cr2 2 luolla + Ct27 20722 luol| o sup [V xe (2.30)

r
O<s<3

N_N
+ Cr S gl sup [IVV(S)I| e sup [IVv(s)]lz

0<s<t O<s<t

N_N,L_N 1N
+ Cr27 272 2 lug||pa sup [[VV(s)llzr |1+ 272 sup [[Vv(s)l| |-

L<s<t O<s<t
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Recalling (2.14), supy.,.; [[Vv(s)ll -, and supy.,., [IVv(s)ll.- are bounded since 3 << (Nz__zgﬁ if

N < r £ 4. Therefore, from (2.30), it follows that

_N N1 N, N LN
lu@®)llzs < Ct72 (1 + 1272l + Ct™272 7> |lugllze sup ”VV(S)”L"(l +12 2’)-

L
5 <s<t

The proof of (2.25) can be proved similarly, and the proof of this lemma is thus completed. O

Similarly as in the proof Lemma 2.8, one can sharp the decay results of («, v) in Lemma 2.9, which
is stated as

Lemma 2.10 Assume that N = 2,3. Let (u,v) be the solution of (1.6) with sup,., IV2u(?)|l;2 and
Sup,. IV2v(?)|| 2 being bounded. Then for any t > 1,

(D)l < CF ¥ |luoll2 (2.31)
IVl < CF ¥ [Ivollzz, (2.32)
where C is independent of t.

Proof. Recalling (2.24) and (2.25) with g = 2, we see that for any N < r < 4,

(@)l < C ¥ ugllz + Cr % lugll2 sup [[Vv(s)ll. (2.33)
%<s<t

VOl < CF HIvollz + CEFH " llvoll2 sup (IVu(s)ll (2.34)
Lcg<t

2

when t > % From Lemma 2.1, there exists a constant C > O such that

1 1

T

Vvl < CIIVII242, IVl
—r

>
which along with
dor o 3d
VI 2 < I Il

leads to ar 34 .
ol 192412
IVl < CIVILT VIS VAL, (2.35)

Noticing that ||[V?v]|,2 is bounded, substituting (2.35) into (2.33) then yields

_N _NL|_N dd 1
lu@ll= < Ct *lugllz + Ct™ 7 7 |lull,2 sup |Vll,%  fort > > (2.36)
%<s<t
Similarly, we also have
N N N 3r-4 1
V|l < Ct *||vollz2 + Ct7+1_7||v0||Lz sup IIMIILTLT , fort> 5 (2.37)

'
5 <8<t

While recalling (2.21) and (2.22), and taking r = N + ¢ in (2.36) and (2.37), one can see that if € is

sufficiently small such that 1 — Nl_\: - < %, then (2.36) and (2.37) implies that

(D)l < Cr ¥ lugll2 (2.38)
VOl < Cr ¥ voll2 (2.39)
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for any ¢ > %, respectively. Furthermore, substituting (2.38) and (2.39) into (2.37) and (2.36) yields

N N N_N3r4

lu@llze < Cr T llugllz + Ct 777755 lugll2 - forz > 1, (2.40)
N N N _N3r-4

IVO)llzs < CE Flvollz + Cr 1777575 Iyl fore> 1 (2.41)

with r = N + ¢, respectively. Noticing that

N N3WN+eg-4_ 3N-4

Iim 1 - = - <0,

s N+e 8 4N+e) 32
one can see that for the suitably small & > 0, =% + 1 — ¥ — X3=4 < _Z with r = N + & and thereby
achieve the desired inequalities (2.31) and (2.32). O

Now with the help of Lemma 2.8 and Lemma 2.10, one can obtain the optimal decay rate of u and

Lemma 2.11 Let the assumption of Lemma 2.10 hold. Then there exists C > 0 such that

@)l < €+ 17 F 0D gl (2.42)
VOl < Ct + 1) D)yl (2.43)

forall p € (1,00] andt > 0.

Proof. From Lemma 2.10, it is observed that for any ¢ > 2,
(3)
u —_—
2
(3)
V —_—
2
On the other hand, by leveraging Lemma 2.8, one can conclude that for any ¢ > 2,
t
u(5)] = cr Huolo,
2 L2

t N
v(—)H < cr ¥l
2 L2

lu(@)lz < Cr5

b

L2

VOl < Cr5

12

Hence as the combination of the above inequalities, one deduces that for any 7 > 2,

N
u(t)||p> < Ct™ 2 ||ugllz1,
(DIl EII ollz: (2.44)
vl < Ct 2 |vollL1,

which implies that

lu(®ll < C(t + 172 gl

., (2.45)
VDl < C@ + 1)~ 2[Ivollp

for any ¢ > 0, due to the fact that both ||u(?)||,~ and ||u(?)||.~ are bounded by Gagliardo-Nirenberg
inequality.
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p-1

As a directed application of || f][z» < || f]l,% ||f||Ll, (2.45) gives

_N(1_1 _N(1_1
@l < €+ D2l vl < €@+ 17200 vyl

for any ¢ > 0 and thus completes the proof. O

In contrast to the case of N = 2,3, the decay estimate in Lemma 2.7 seems to be invalid for the
one-dimensional case, and thus the optimal decay rate of solution (i, v) of (1.6) is likely inaccessible.

Lemma 2.12 Let N = 1 and (u, v) be the solution of (1.6) with sup,. IV2u(?)||;2 and SUP,~q IIV2v(2)||,2
being bounded. Then there exists C > 0 such that

_é(l_l)
lu@®llr < C@ + 1) 55l

3 (2.46)
VOl < Ct + 130D vl

forall p € (1,00] andt > 0.

Proof. As the application of (2.4) to N = 1, we can see that for r > 1 there exists C > 0 such that

_1 _1
(@)l < Ct2||upllzr + Ct > |lullr sup [[Vv(s)llLr- (2.47)
O<s<t
In addition, according to Lemma 2.1, the inequality [[Vv]l,r < [[v][};*[IV?VI|?, with & = £ — 2 is valid
forall r > 3 =3
Taking r =% in (2.47), we arrive at
_1 _3
(Dl < Cr2|luollzr + Ct3|luol| 1
and thus for any 7 > 0,
_3
(Dl < C(# + 1) 73 [Juol|
since |[u(?)||.~ is bounded, which readily implies that
-3a-1y
lleellr < C(2+ 1)75 7 flug|
p=1 1
since |[ullr < [lull, < ||u|| . Similar to the above proof, and using Lemma 2.6, we also have

-3a1-1
Vil < €+ 1757 vl 1.

]
In what follows we show that the solution converges to heat kernel as time tends to infinity. As a

prerequisite, it is observed that the difference between £2(175) it f and 20 f fO)dyG(-,t) decays
to zero in L”(RY). The proof thereof may be for convenient of some readers.

Lemma 2.13 Assume that f >0, and f € L'(RY) N L*(RN). Then for any 1 < p < oo,

N
lim ﬂ(

t—o0

)l £ - f f(y)dyG(-,t)H =0, (2.48)
RN Lr

where G(x,1) is the heat kernel.
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Proof. Given that f(x) € L'(R"), then for any & > 0, there exists R > 0 such that

fdy < e.
RNM\Bg
We also note that
ny [x- 0y =y 1 A
IG(x—y,t) = G(x,0)| = |y - VG(x — 0y, 1)| = (4nt) i i | < — 2(4 12 —.
! ’ o Vil 2 ¢ 7 Vi

Then by a direct calculation, we see that

(4rt)?

¢f - fR MGG, = () fR (GG =30~ Gl [0y

< (4n1)? fR " IG(x = y,1) = G(x, D fWdy + (4an)? | 1G(x = y,1) — G(x, DI f(y)dy

Bg
i R
<2 SOdy +e™ Jdy
RN\BR \/Z BR
<2e+e? f(y)dy,
2t Jr¥

which leads to

. N
lim z2

t—00

e f — f FONdYG(-, =0. (2.49)
RN L>®

Next, we show that ||etA f- fRN FOdyG(., t)||L1 — 0. For this purpose, we first prove the following
inequality

1
diG(x — sy, ds|d

f f YVG(x — sy, )| dsdx
RN

f IG(x —y,t) — G(x,t)|dx =
RN

_N |y| Ix—nl
< @rt)™ 2 — |—— dxds
~f0 RN 2\/_
v bl _
=(r e |dx
\/_ RN

= (x )—2M|aBl|f e dr,

It follows from the latter that

L

< f f G(x - y, 1) — G(x, DI f()dydx
RN JRN

dx

e f f FOIYG (1)
RN

Sf f(y)dyf IG(x =y, 1) = G(x, D)ldx
RN RN
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<c [ Mry+ [ o [ (6 y0i+ 6o
t RN\Bg RN

Br

R
<cX f fody+2 [ fordy
Vit Jzy

RN\ Bg

R
<C— f )y + 2.
Vi Jen JF(dy
As a result of this, we have

=0. (2.50)

L!

e f - fR fO)dyGC, 0

lim
—o0

Therefore according to (2.49) and (2.50), (2.48) can be identified by the fact that

1=-1
<

et f FOdYG(-, 1)

erf - fR fO)yGC, 0

1
P
L!

et f - f FO)dyG(-, 1) -
RV Lr RN I

O

Lemma 2.14 Assume that N = 2,3, and (u,v) is the solution of (1.6) with sup,, IV2u(?)||;2 and
Sup,. IV2v(t)||,2 being bounded. Then

tim 1202 ., 1) - f WG| =0

v - v @.51)
tim 203 [y, 1) - f G| = o,
—00 RN I

where p € [1, c0].

Proof. According to
!
u(x, ) = euy — x f V- ("N uV)) ds,
0
for any ¢ > 2, using (2.14) and (2.42)

A
llu(-, 1) = e upll

<x fo t [V - (2w s

% !
< Cy f (t = ) 2w NIVv(s)l g ds + Cy f (t = 5) 2 ¥ |u() || VV(s) | ds
0 :

2N

By Lemma 2.1, for r € [4, 3551,

2.11-
Vvl < ClVIlZ-I1D7VII 2*



) 1,1
with @ = 5L

1
2

1
< =
2 _1 —

N2 2

20
which along with Lemma 2.11, implies that

N
IVv(llr < CIVll7e < Cs™2
for s > 1. Hence one can conclude that for any ¢ > 2

1
(-, 1) — e®ugll~ < Ct 2~
1

<Cr2”

which means that

2 {luC 1) — e ugllps < Cr2 (2 +07F +1)

(2.52)
Furthermore, when ﬁxmg r =35, we have a = 2 for N =2and a = 1 for N = 3. The latter ensures
3= 5 T 2= 1 for N = 2, 3. Therefore from (2.52), it thereby follows that
£ luC-, ) = ePugll < Cr,  for 1> 2. (2.53)
On the other hand, similar to the above proof, we use (2.14) and (2.42) again to see that
lluC-, 1) = ePugllp < x

(e(’_S)A(qu))HL1 ds

< CX](; (r— S)_%||u(s)”L4”VV(S)“L%dS + C)(j: (t = )2 lu() |+ IVv(9)I| +ds

<Cr: ((2+ NI~ + 1) (t—s) 25 S ds
<Cr: ((2 +HF 4 1) +Cr%

8

for any ¢ > 2, which together with (2.53) yields

(2.54)
lim 2D, 1) = euglly = 0 (2.55)

forany 1 < p < oo since || f]|z» < ||f||Lm7’||f||Z. Combining (2.55) and (2.48), we can conclude that
im 200 w0 = | uodyGe, | = o. (2.56)
t—00 RN )7

Similarly,
lim £2(=3) ||u(., 1) — f voMdyG( )| =0 (2.57)
t—o0 RN r
for 1 < p < oco. This lemma is proved O
Upon the decay results for the one-dimensional space asserted in Lemma 2.12, we have
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Lemma 2.15 Let N = 1, and (u, v) be the strong solution of (1.6) such that sup,., |[V>u(?)||;> and

Sup,. IV2v(t)||,2 are bounded. Then for any 0 < m < %, we have

lim (17

t—0o0

=0, (2.58)

u(-, 1) = f uo(dyG(-, 1)
RN

L

where p € (1, c0].

Proof. Similar to the proof of Lemma 2.14, using (2.14) and (2.46), we arrive at
!
-, 1) — eugllpe < x f |V - (2 @ww)| _ds
0 L

3 ! 1_1(1,p+2
< C)(f (t— s)_l”u(s)”L“”VV(S)”L%dS + C)(f(t —5)2 1545 )”u(s)”L/’”VV(S)“Li’zds
0 i pr

s>0

3 ! n 1 1
scwmmvwwmgj‘a—srwi+sr%dx+chkr—@ﬁ%U+JNMQMAWQMMD%um;ds
. %

5p+6 9

!
<Ca+07+C | (=55 56170 gs

for t > 2 and any p > 2. It is easy to see that % is decreasing on p and 31”6—+p3 — % as p \, 2. Hence

2

35 We have

forany 0 <m <
lm "||u(-, ) — e™u||~ = 0. (2.59)
t—o00

Combining (2.48) and (2.59), we arrive at

lim "

—0o0

=0, (2.60)

L®

u('at)_fRuO(y)dyG("t)

and hence (2.58) results from the inequality

uh0i£m®@&¢%}

1
1-1
<

wﬁ—fm®@&%)
R

P
L!

mm—fw@@aw>
R L>®

| 1 -5
< 2l

wﬁ—Lm®®ﬂﬁ)

LOO
O

In conclusion, Theorem 1.1 and Theorem 1.2 are the consequence of combining Lemma 2.11 with
Lemma 2.14, and Lemma 2.14 with Lemma 2.15, respectively.

3 Existence of global strong solutions

In Section 2, we have investigated the long-time dynamic behavior of the global strong solution
(u,v) € L°R*; H*RY) n L'(RY)) of (1.6). Hence this section concentrates on the existence of
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such strong solutions to the Cauchy problem of (1.6). For this purpose, we consider the following
approximation problem of (1.6)

U+ eAu — Au = —xV - (uVv) in Q,
v, —Av =&V - (VW) in Q, (3.1
u(x,0) = u(x) > 0,v(x,0) = v(x) >0, xeRY,

where Q = RY x R™, € € (0, 1), uy, veo € CS"(RN ) are the smooth approximations of u, and vy in
H*(RY), respectively. Let

D = L*(0,T); H*®R) n L'R) N L*((0, T); HR")),
D ={ueL>(0,T); H*RY) n L'RY)) n L*((0, T); H(RY)), u, € L*(Qr), xu € L¥((0, T); L*(RM))}.
Define
F:Dx[0,1]-D,  F(i,o)=u,
where u is the solution of

u + eN*u— Au = —xV - (uVv) in Q,
v, —Av = ¢V - (WVin) in Q, (3.2)

u(x,0) = ou(x) = 0,v(x,0) = ov(x) 20, xeRY.

According to Proposition A.1, Proposition A.2 and Lemma A.1 in Appendix, we see that for it € D,
the problem (3.2) admits a unique solution u € 9. Therefore, ¥ is well-defined. By Aubin-Lions
Lemma and the compact results in [51] one also see that ¥ is a compact mapping. Next, it is easy to
see that

F(i1,0) = 0.

According to the Leray-Schauder fixed point theorem, to show the existence of strong solutions to the
problem (3.1), it remains only to show that there exists constant C > 0 independent of o € [0, 1] such
that ||u||p < C for any F (u,0) = u.

Lemma 3.1 Assume that ¥ (u, o) = u. Then we have
d
== (I O + IV D) + 2818uC, DI + 1V DI + 190 D
< C 02 +E) (Il DI + G OIE.) (IVuC, DI + 19V D) (33)
where constant C* > 1 depends only on the spatial dimension N.

Proof. Multiplying the first equation of (3.2) by u, integrating the results over R yields

1d
—— wdx + € |Auldx + \Vul?dx
2 dt RN RN RN

=y f uVvVudx
R

N
1 2
<5 f VuPdx+% f W|Vvidx.
2 RN 2 RN
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Similarly testing the second equation of (3.2) by v and integrating the corresponding result over RY

yield
1d
—— f vPdx + f VvPdx
2dt Jgv RN

= - vWyVudx

R
1 2 £ 21,12
<= [Vv|“dx + = v |Vul“dx.
2 Jrv 2 Jry

Combining the above two equalities, we have

d
- (|u|2+|v|2)dx+28 f N|Au|2dx+ f (qu|2+|Vv|2)dx

RN R RY
211,112 2 201,112 2
< XNz VI, + E VIV ull;

< Collul 7 IV, + CLEIVIGNIVall,. (3.4)

Furthermore, multiplying the first equation of (3.2) by —Au, and integrating the resulting equation

over R" yields
1 d 2 2 2
il VulPdx+& | |VAuldx + |Aul"dx
2dt RN RN RY

:)(f V - (uVv)Audx
RN

1
<3 f AuPdx +x* | (VulP VP + u?|Av]P)dx. (3.5
RN RN

1d
_Z f IVv[2dx + f |AV[2dx
2dt RN RN

== V- (vWVu)Avdx
RN

Similarly, we get

1
<3 f IAVPdx + & | (IVuPIVvP + v Aul)dx. (3.6)
RN

RN
Combining (3.5) and (3.6), we arrive at

d
— f (IVul® + IVV?) dx + 26 f IVAuPdx + f (1Al + 1AvP)dx
dt RN RN RN

< 2)? f (VulIVv]* + ?|Av)dx + 2& f (VulIVv)* + vV Aul?)dx
RN RN

< 2%Vl IV + Nullz<IAVIZ.) + 2821V ull IVVIZ, + VIl Aull7)

< COE + ENVullzy + 19Vl + IVIEL). (3.7)

Moreover, applying V to the equations in (3.2), and multiplying the resulting equations by —VAu and
—VAv, respectively, we obtain

1 d
—— f (1Al + |AvPydx + & f IA2ufdx + f VAuPdx + f VAVPdx
2dt RN RN RN RN
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fV(V (uVv))VAudx — ff V(V - (vWu))VAvdx
RN

(|VAu| + |[VAVP)dx + Cy* f (V2VPAIVulP + [VvPIV2ul? + u?[VAV)dx
N

Q l\)l»— ><
%%

(V2P IVul? + [VvPIVZul? + v |IVAul?)

RN
1
- f (IVAul* + [VAVH)dx
=2 Jus
+ CE + X IVl VI, + IVVZIVall, + G IVAVIZ, + VIV A7, )
1
<3 fR (VAP + [VAVP)dx + CE + x*) (Il + IV11,:) (V20 + IV, ) -

The latter inequality implies that

d
— f (Aul + |AVP)dx + 2¢e f |A2u*dx + f IVAul>dx + f IVAV|>dx
dt RN RN RN RN

< C& +x°) (Iull + I32) (190l + 192913, ) - (3.8)

Now combining the inequalities (3.4), (3.7) and (3.8), we then arrive at the desired inequality (3.3)

readily. O

Lemma 3.2 Assume that ¥ (u,0) = u. Let
o) = lluC, DI, + IVC, D20

h(t) = IVu, Ol + Vv, DIl

Then if $(0) < . v with C* given in Lemma 3.1, we have

TG
¢(1) < ¢(0),
2e f AuC, DI2dt + = f h(t)dt < ¢(0).
Proof. From Lemma 3.1, it follows that
¢ (1) + 28l Au, D7 + (1= C* (¢ + E)d(D)h(1) < 0.

It is observed that whenever

1
#(0) < m,
we have {
¢(t) < ¢(0) < W for all r > 0.

and then derive

2¢e foo ||Au(-,t)||12,12dt+ lfoo h(t)dt < ¢(0),
0 2 Jo

and thereby complete the proof of this lemma. O
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Lemma 3.3 Suppose that ¥ (u, o) = u and $(0) < 5= (x2 . Then we have

f f(lutl2 + vi?)dxdr < C,
0 Q

where C is independent of &, which depends only on €, ug, vy, x, and &.

Proof. Multiplying the first equation of (3.2) by u,, integrating it over Q then yields

1d
T fR N(slAu|2+|Vu|2)dx+ fR ) |u,|>dx
= —)(f V-(qu)u,dx
RN
1
Ef u,Pdx + Cx*|lull2 VI3,

Using Lemma 3.2 and by a direct integration, we obtain that

f u[Pdxdr <2Cx* sup [, DIz, f V2, dr + f (elAuo + [Vuol?)dx
0 RN
<C.

Multiplying the second equation of (3.2) by v,, integrating the result over € then yields

1d
AN IVyv[dx + B lv,|Pdx

=¢ V. (vVu)vtdx

RN
1

< Ef vi?dx + CE| VI, Vully, .

RN
From Lemma 3.2 we infer that
f vilPdxdt < 2C€ sup |v(:, DI, f IVull?, dt + f [Vvoldx < C,
0 RV >0 0 RN

and thereby completes the proof. O
Furthermore by Lemma A.1, we can also conclude that

Lemma 3.4 Assume that ¥ (u,0) = u, ¢$(0) < m with C* given as in Lemma 3.1. If
x| ugo(x) € L>(RN) for some a positive constant r < 1, then |x|'u € Ly ((0, 00); L*(RY)).

This lemma allows us to employ the compactness result in [51] to demonstrate the existence of
strong solutions to system (1.6).

Proof of Theorem 1.3. By the Leray-Schauder fixed point theorem, and Lemmas 3.2-3.4, the
problem (3.1) possesses the strong solution (u,, v,) for all & € [0, 1], such that u, € L°(R*; H*(RV)) N
L*(R*; HYRM)), d,u, € L*(RY; L*(RY)), v, € L*(R*; HARV)NL*(RY; H*(RY)), 6,v, € LA(R™; L2 (RM)).
Rechecking the proof of Lemma 3.2, and noticing that

2
lleAu,|? Ce,

LX(Q) <
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sup f (1 + |x*)uPdx < Cr,
RN

0<t<T

letting € — 0 (taking its subsequence if necessary), and using the compact results in [51], for any
T > 0, we obtain

eA*u, — 0in L*((0, T); H*(R"));

(ts, ve) = (u,v) in L2((0,T); H*R™));

(Oytz, Byve) — (Bu, ) in L*((0, T); L*(RM));

(> ve) = (u,v) in L™((0, T); H*(RY));

(U, ve) = (u,v) in L2((0, T); H*(RY));

(4g, ve) = (u,v) uniformly in Q7.
Utilizing the respective estimations derived in Lemma 3.2-Lemma 3.3, the limit functions (&, v) with
u,v € L*R*; H*RM)) N LAR*; H3(RY)), d,u, 6,v € L*(R*; L*(R")) can be identified to be the strong
solution of (1.6). In addition, noticing that uy, vo > 0, then by strong maximum principle, u(x, t) > 0,
v(x,t) > 0fort> 0, x e RV,

Next, we show the uniqueness of the strong solution of (1.6). Indeed, supposed that (u;,vy),

(up,v,) are the global strong solutions thereof. Denoting &t = u; — u,, ¥ = vi — v,, then by a direct
calculation, we derive

1d f
— f |afdx + f IValdx = x f @V Vit + u VoVindx,
2 dt 0 JRrV

f PPdx+ | |VPPdx = —& f f (OVu Vo + v, VaVi)dx.
2 dt RN

Combining the above two equalities, we further have

%dit (|ﬁ|2+|\?|2)dx+ f (Ivaf + IVol*) dx

@V Vit + u, ViVidx — ff OVu Vo + v, ViVi)dx
RN

RN
< )(”u”L3||VVl”L“”VM”LZ + fIIVIIpIIVulIILcsIIVVIIL2 + x|l IV 2l Vil 2 + Elvall g2 VOl 2l Vidll 2

< C)(Ilftll IIVMII Vil IVl 2 + fIIVII ||VV||62||VMI||H1||VV||L2
+ Xl VYl 21Vl 2 + Ellvallp IV 2Vl

12°

1 ~112 ~112 ~112 ~112 2 2 A2 2
< 5 (V2 +1V9IZ:) + C (Hallz: + I915:) + el Gl V9IZ: + €l VAl

which implies that
1d, . R ) R
5 27 (85 + 1911, ) = € (@i, + 11917:)
1 A A
+ (5 = (¢ +E)lal 7, + ||v2||$,2)) f (1vaP +|V9P)dx < 0.
RN

It is observed that ®(r) < ~ with C* > 1, and hence

i
20+
1d

A2 ~112 ~112
5 75 (WallZ; + 19183, = € (1aifz; + 1911 < 0.
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Therefore,
G, N7, + 19C, D17, = 0,

since ||£t(~,0)||i2 + |9, O)lli2 = 0, which thereby completes the proof of the uniqueness of strong
solutions.

At last, we pay our attention to the estimate of decay rate claimed in Theorem 1.3. From (3.3), we
see that

d 1

On the other hand, noting that u,v > 0 and

f u(x, ndx = f up(x)dx = uy, f v(x,)dx = f vo(x)dx = vy,
RN RN RN RN

and by the Gagliardo-Nirenberg inequality, we infer that
— A 2N _ 4 2N
llull}> < Claol =2 [Vull 52, M7, < Clvol 72 (Vull )57
Therefore, we have .
PO +AP(n)V <0,

for some constant A*, and then

o(t) < (cb—ﬁ(O) + %A*t) ,

=z

which thus completes the proof of Theorem 1.3 readily. m|

A Appendix

Consider
vi—Av =¢V .- (Wi inRY xR,

v(x,0) = ovo(x) >0, xeRY,
where o € [0, 1], vo(x) € H*RY) n L'(RY) with N < 3.

Proposition A.1 Assume that it € L((0,T); H*(RY)) N L*((0, T); H*(RY)). Then (A.1) admits
a strong solution v with v > 0, v € L®((0,T); H*(RY) n L'RM)) N L*((0, T); H*(RN)), and v, €
L*((0, T); L*(RM)).

Proof. To prove this lemma, we use bounded domains By, to approximate RY, where By denotes
the ball centered at 0 with radius R, > 1, and R,, — oo as n — oo. In what follows, we denote

Q, := Bg, X (0,00); Q1 = Bg, x(0,T);

é“(Qn,T) denotes the set of functions that are infinitely differentiable and vanish near the lateral
boundary of Q, 7.

Let {vuo}>2, with 0 < v,o € C;’(Bg,) be the smooth approximation of v, {it,} ", with i, € C°°°(Qn,T)
be the smooth approximation of i, such that

IVnollz2ag,) + Vaollziage,) < C, (A.2)
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T
S0p 10 D+ [ 0 < C. (A3)
n O n

0<t<T

with C is independent of n. By classical theory of linear parabolic equations, the following problem

v, —Av =€V -(Vi,), x€Bg,t>0

A A4
ov dBg, B ( ’ )
V(x’ 0) = O-VVLO(X)’ X € BR,,

admits a unique nonnegative classical solution v, € C oo(QLT). Therefore, to show the existence of
solutions claimed in Proposition A.1, we concentrate on derivation of the following a priori estimates
on v,

T
2 2
sup (Iva@llzise,) + WaOlpgs, ) + fo V(DI 5, dt < C

0<t<T

with C independent of 7.
Firstly, it is easy to see that v, follows the law of conservation of mass, that is

Vi DNl B,y = Vnollziag,)-

Noticing that
0y — Av, +v, =€V - (v, Vii,) + vy,

by Neumann heat semigroup theory, we obtain that

Vs Dlli=(e,) < € IViollieae,)

! t
N_1 N
+ f eIt = 8)75 2, Vit |4, ds + f eIt = $) T Valli2 sy, s
0 0
f

f
. (t—s _N_1 - —(1—s _N
<e”vaollsay,) +f eIt = 5)7 2||Vn||L‘2(BR,1)”Vun”Lﬁ(BRn)ds+f et = 8) TN Wall 2 sy, s
0 0

!
- - g N_1
<e t”Vn,OHL"“(BRn)+Sup{llvn(',t)HLlZ(BRn)”un(’,t)”Hz(BRn)}f e ’s s 2ds
0

>0

!
_¢ _N
+Sup||vn(-,t)||Lz(BRn)f e's i ds
0

>0
11 1 1
2 2

11 1
< Wnollimgy + CSup GO g [0aCaDIE -+ SUp G Dl DI
>0 " " >0 " n

Due to H> < L™ for N < 4, [[Vaollze is bounded by (A.2). Hence from the above inequality, we infer
that

sup [[va(:, Ollze sy, < C, (A.5)

>0

where C is independent of 7, and thereby

sup [[va(, Dllzrse,) < €, forany 1 <r < oo (A.6)
>0

since v, (-, 1) € L'(Bg,), and C is independent of n.
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Recalling Lemma 2.2, we see that for any u € W"™"(Bg),
J m 5=
D ullirze < ClDull o il + CoRT ™l sy

From the above inequality, we observe that as long as % < % + Jj, we can replace R with 1 in this
inequality when R > 1. This ensures that the embedding constants for the Gagliardo-Nirenberg
inequality on all bounded domains do not depend on R, since R, > 1.

Note that

V)25, < CIVil 2y AT, + R, IV, ) < CIVAIE (A7)

L5(Bg,) — L2(Bg, )l 12(Bg,) L2(Bg,) = H\(Bg,)"

Multiplying the equation in (A.1) by —Av,, and using (A.7) and Lemma 2.2, we obtain

1d
—— Vv, |*dx + f |Av,[dx = ¢ f Av,V - (v, Vii,)dx
2dt BR,, BRn BR,,

1
SZ f |Av,[*dx + 2&2 f V2| Aiiy|* + [Vv, Vi, [*)dx
Bg,

2
fB |Avn| dx+ zé: ||vn||L°°(BR )”Aun”LZ(B )+ 25 ||an||L3(B )llvun”Lﬁ(B )
R,

1
4
1 2 2 2 ~ 112

7 | 1APdx 4 28l 1A,

Bg,

-5 2 =2
e (L A A 8 A

1 .
<= f |Av,|?dx + C,
2 Jg,

n

which implies that

T
sup f Vv, [*dx + f f |Av,|*dxdt < C (A.8)
0<t<T J Bg, 0 Bg,

with some constant C independent of 7.
In addition, testing the equation of (A.1) by d,v,, similar to the proof of (A.8), we also have

T
f f 10,v,*dxdr < C. (A.9)
0 JBg,

By Lemma 2.2, we obtain the following inequalities,
IV2vall7s < C”Vn”Lw”VAanP +CRy vl < C(IIVAVnII3 + 1) (A.10)

Applying V to the equation of (A.1), and multiplying the resultant equation by —VAv, we use (A.5),
(A.7) and (A.10) to get

1d

—— |Av,|*dx + f IVAv,|?dx = —& f V(V - (v,Vit,)VAv,dx
2dt BR,, BRH

B,

1
<- f IVAv,|*dx + C, f (V2P IVit,* + Va2V, * + VIV Al [*)dx

4 BR BR

1 2 2 2~
<7 f VAV, LPdx + Cr (Vo 5, IV Vil + 1928l 19l
Bg,

n
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+ 1Vl IV AT 5, )

1 ~
SZI IVAvnIZdX+Cz(|IVunIIH1 )(”VAvn”Lz(B St D

Bg,
2~
IV, IVl + 1AV )+ VAT, )

1 2 2. 2
Sif IVAv,|"dx + C3 (”V inlli oIV ol 5, )”AV"||L2<BR> 1)’

Bg,

which implies that

T
sup f |Av,|*dx + f f IVAv,|*dxdt < C, (A.11)
0<t<T J Bg, 0 Bg,

where C > 0 is independent of n. According to (A.5), (A.8), (A.9) and (A.11) and by the Cantor
diagonal method, one can conclude that there exists a subsequence of {v,} 7, denoted by itself for
simplicity, and a nonnegative function v € L*((0,T); H*(RY) n L'(RY)) n L*((0, T); H*(RY)), and
v, € L*((0, T); L*(RM)) such that

v, = v in L0, T); Hy, (RY) N L]
v, = v in L*(0,T); H; (RY));
Oy = vi i L*((0,T); Ly, (RY));
v, = v in L*((0,T); Hy, (R")),

®RY));

loc

and v is exactly a strong solution of (A.1). O

Now for the function v(x, f) obtained in Proposition A.1, we consider

u, + eA’u— Au=—yV-wVy) inRY xR,
{, XV - uVv) A12)

u(x, 0) = oup(x), x € RV,
with xug(x) € L>(RM), uy(x) € H3(RN).

Proposition A.2 Assume that v € L°((0, T); H*(RY)) N L*((0, T); H*(RY)). Then (A.12) admits a
strong solution u € L((0, T); H*(RV)) N L2((0, T); H*(RN)) and u, € L*(Qr).

From Lemma 2.2 and the proof of Proposition A.2, we can observe that the embedding constants
in either the Gagliardo-Nirenberg inequality or the Sobolev inequality (see for example (A.7), (A.10)
etc.) can be selected in a manner that is independent of R,,. Consequently, the subsequent verification
of this proposition adheres to this principle. For simplicity, in the subsequent proofs, we will not
provide detailed explanations for each inequality as we did in the previous proposition.

Proof. As the proof in Proposition A.1, in order to obtain the a prior estimates for solutions of
approximate system of (A.12), we consider the initial boundary problem of the form

U + eA*u — Au = XV - uVv,), x€ Bg,t>0,
ou 0Au
ov 0Bg, - ov

u(x,0) = ouy(x), x€Bg,

=0, (A.13)

OBg,
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where {u,o}" | with u,g € C’(Bg,) are the smooth approximation of u, {V,} ., with ¥, € C°'°°(Q,,’T) are
the smooth approximation of v, such that

et oll 3 e,) < Cs

T
~ 2 ~ 2
SUp 50O+ [ IO < C.
n 0 n

0<t<T

with C independent of n. By classical theory of linear parabolic equations, the problem (A.13) admits
a unique classical solution u, € C*(Q,, 7). Therefore, to show Proposition A.2, we only need to derive
the following a priori estimate

T
2 2 2
sup (IOl s, ) + f (s OIPys 5, , + 100 DIE )l < C,
0<t<T n 0 n -

with C independent of 7.
Multiplying the equation of (A.13) by u,, then integrating the resultant equation over Bg , and
using Sobolev embedding inequality, we obtain

1d
lu,|>dx + & f |Au,[>dx + f |V, |>dx

2 dt Bg, Bg B,

=X f UAAD,
2 B,

Xias 2
< 5||Avn”LZ(BRn)llun“Lét(BRn)

1
< f [Vu,Pdx + C f P,
2 BRn BR”

n

which implies that

T
sup lluaC Ol 5, , + f f (elAunl? + Vi P)dxdt < C, (A.14)

0<t<T 0 Br

n

where C is independent of 7.
Testing (A.13) by —Au,, and integrating the resultant equation over By, , then the Sobolev embed-
ding inequality gives us

1d
—— |Vu,[*dx + & f IVAu,|*dx + f |Au,|*dx
2dt BRn BRn BRn
= —Xf u,Vv,VAu,dx
Bg,

2
€ ~
< Ef VAW, dx + %Ilunllisllv\/nllﬁ

Bg,

2
€ 2 X 2 2 ~ 12
< f IV, Pdx + 2= (Clil ., + CIVI g IV,

Bg

n

€ 2 2
<? f IVAu, Pdx + ColllVitrl sy, + .

Bg,
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which implies that

T
sup |[Vut, (-, Dl 5, + f f (elVAu,* + |Au,[")dxdt < C, (A.15)

0<t<T 0 Bg,

where C is independent of n. Noticing that

IV @I, ) Sl B IAT I + 1Vl 2175, )2
<Colttnly1 g Nl + V8 Tl + WA 95l )
<CH AT, g, ) + IAIZ 5, + 1),
recalling that ¥, € L?(Bg,)((0, T); H*(Bg,)), and (A.15), we then can see that
T
f f IV - (u,Vi,)|*dxdt < C. (A.16)
0 JBg,

Multiplying the equation in (A.13) by A’u,, and using (A.14), (A.15), we obtain that

1d 2 2.2 2

—— |Au,|"dx + € |A“u,|"dx + \VAu, | dx

2dt B, B, B,

= —Xf V- (u, V) A*u,dx
Bg,
2
<& f A2, Pdx + f IV - (u, V)P xdt.

2 B, B,

From (A.16), we infer that
T
sup [Au, G, D2, , + f f (elAu,* + [V Au,)dxdt < C, (A.17)
0<t<T " 0 Bg,

where C is independent of n.
Similarly, by multiplying (A.13) by d,u, and using (A.16), we also have

T
f f |0 ,u,|*dxdt < C, (A.18)
0 By

n

where C is independent of 7.

Recalling that ¥, € L¥((0, T); H*(Bg,)) N L*((0, T); H*(Bg)), using (A.14), (A.15) and (A.17), we
obtain that

IVV - (u, VT)II7 <Ci(IVunll2s 5. NVTllF6 + 1Vt [;

2~ 112 2 ~ 112
LZ(BR,,) — L3(BR,,) L3(BR,,)||V Vn” + ||un||L°°(BRn)||VAVn”

LO(Bg,,) L2(BR,1))
<C 2 ~ 112 2 ~ 112
— 2(||un||H3(BR,L)”V"”H2(BR") + ”u””HZ(BR")||v"”H3(BRn))
2 ~ 112
SCv3(||l/tn||[.13(1.an) + ||V”||H3(BR,,) + 1)’

which implies that

T
f IVV - (un Vi) 5, (dE < C. (A.19)
0 n
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Applying V to the equation of (A.13), and multiplying the resultant equation by VA?u, we arrive at

1d
—— IVAu,|*dx + & f IVAZu,[*dx + f |A%u,|>dx
2dr Bg, Bg, Bg,

=—x f VV - (u,V9,) VA u,dx
B,

£ 2.2 X2 ~ 2
<= VA u,|"dx + =— |VV - (u,VV,)| dx,
2 Js, 2¢e

B,

n

which implies that

T
sup [|VAu,C, Dlljz g, ) + f f (elVA*u,* + |A°u,*)dxdt < C, (A.20)
0 JBg,

0<t<T

where C is independent of n. Similar to the proof of Proposition A.1, we thus complete the proof
upon letting n — oo in (A.20). O

Lemma A.1 Assume thatv € L*((0, T); H*®R")NL*((0, T); H*(RM)). Letu € L*((0, T); H*(R)n
L*((0,T); H (RY)) be the corresponding strong solution of (A.12) such that

lluC, Dllez < C,

where C is independent of e. Furthermore, if (1 +|x|*)"?uy € L*(RN) for some positive constant r < 1,
then

T T
sup f (1 + ) uldx + f f (1 + |x*) | AulPdxdt + f f (1 + |x)'|Vul*dxdt < Cr,
0<t<T JRN 0 RN 0 RN

where Cr is constant depending on T but independent of ¢.

Proof. For any R > 1, let nR(x) € C(z)(BzR) be a cut off function on B,z such that 0 < ng(x) < 1,

nr(x) = 1 for x € B, |V¥ng(x)| < Rk, where C is a constant independent of R. Let

@(x) = ()11 + [x[*),

where ¢ is a positive constant to be determined below, r € (0, 1). By a direct calculation, we obtain

Vel - , (1 +4R%Y
D20 28231 + 1P 2P + 247 + P 0% Vel < 8 + Cf ZT, (A.21)
|Ag|
& <C (1 + g IVl + iy I9mal* (1 + 6P + % 2lAnalP(1 + [xP)’)
4 (1 +4R%Y
sc(l Ran Sl — | (A.22)
IVl < 2rnh(1 + Id?) x| + qn 1+ 1P | ViRl < 20 + qny 1+ [PV, (A.23)
In what follows, we take g = 4. Then
Vo|? A
Vel ¢ 184 _ ¢ (A.24)
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Multiplying the first equation of (A.12) by ¢(x)u, and integrating it over RY, and using (A.23), (A.24),
we arrive at

1d

—— go(x)uza’x + sf (,o(x)lAulzdx + f t,o(x)quIzdx

2dt Bor Bor Bor

= -2¢ f VoVuAudx — € f uApAudx — f uVoVudx + y f uVv(eVu + uVe)dx
Bor Bor Br Bor

Vol Agl? 1 Vol
<Z f olAulPdx + 4e f VOl \Gupdx + & f APE 2+ L f oIVultdx + f Vel ax
2 Bor Br ¥ Br ¥ 2 Bor Br ¥

IV f il + 2|V f il + 4|V f (L + Y Vilitdx
Bor

Bog Bag

1
<£ f ©(x)|AuPdx + Ce f [Vul?dx + C f lulPdx + = f o(xX)|Vul*dx
2 Bor Brr Bor 2 Bor

+ QNI + 201IVVlie) | uPdx + P21V, f puidx + 4 f np(1 + XY |VylPu*dx

Bor Bag Bor

1
<? f ©()|AulPdx + = f @()|Vuldx + Gz, + 1) f ou*dx
2 Bog 2 Bog Bar

1 + [4R)?)
+Ce f \Vuldx + C f uldx + 4% f wdx
Bar Bar R Bar

1
<? f 0| Auldx + = f @()|Vuldx + GV, + 1) f ou*dx + C.
2 Bor 2 Bor Bor

That is

d
= f e(0)udx + & f e(OlAuldx + f @(x)|Vul*dx
dt Bog Byr Bor

< (OIVVIE, +2) f gu*dx + C, (A.25)
Bog

where C is independent of R and €. Ignoring the last two terms on the left side of the above inequality,
a direct calculation yields

dit{ f ou*dx exp {— f O IIVV()II7 + 2)ds}} < Cexp {— f O IVV(II7 + 2)ds}.
Bor 0 0

The integration of the above inequality from O to 7 gives

sup f ou*dx < C, (A.26)
Bog

0<t<T

where C is independent of R and &. Recalling (A.25), integrating it from O to 7, and using (A.26)

gives
T T
f o(x)uldx + € f f ©(x)|AulPdxdr + f f ©(xX)|\Vul*dxdt
Bor 0 Bor 0 Bor

T
< sup f outdx f OX°1IVVI7, + 2)dt + f e(x)ugdx + CT
0<t<T JByy 0 Bog

<C, (A.27)
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where C is independent of R and &. Letting R — oo, we achieve the desired inequality. O
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