TRIPOTENT-INVERTIBLE DECOMPOSITION OF
MATRICES OVER LOCAL RINGS
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ABSTRACT. We establish the first necessary and sufficient conditions for a
2 x 2 matrix over a local ring to be decomposable into the sum of a tripo-
tent and an invertible matrix. Building on this decomposition, we derive
a novel characterization of the generalized Drazin inverse for such matri-
ces. Our approach hinges on a key relationship between this decomposition
and the associated tripotent-quasinilpotent decomposition, thereby offering
significant new insights into the spectral theory of matrices over local rings.

1. INTRODUCTION

Let R be an associative ring with an identity. It is of interest to write a
2 x 2 matrix as the sum of an idempotent and a unit. An element in a ring R
is strongly clean provided that it is the sum of an idempotent and a unit that
commutate. A ring R is local if it has only one maximal right ideal. Strongly
clean 2 x 2 matrices over a local ring have been the object of much investigation
over the last decade, e.g., [5, 12].

An element p in a ring R is a tripotent if p3> = p. It is readily seen that
idempotents and negatives of idempotents are tripotents and among units only
the order 2 units (also called square roots of 1) are tripotents. The motivation
of this paper is to ascertain the conditions under which a 2 x 2 matrix over a
local ring can be represented as the sum of a tripotent matrix and a unit that
commute with each other. The commutant of @ € R is defined by comm/(a) =
{z € R| za = az}. The double commutant of a € R is defined by comm?(a) =
{r € R | zy = yx for all y € comm(a)}. An element a is a ring R is Hirano
clean if there exists p* = p € comm?(a) such that a + p € U(R). We shall see
that every strongly clean 2 x 2 matrix over a local ring is Hirano clean.

Suppose R is a local ring, and consider a matrix A € Ms(R). In Section
2, we examine the properties of Hirano clean matrices within the setting of
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local rings. We prove that A is Hirano clean if and only if there exist two
idempotent matrices E,F € comm?(A) and U € GLy(R) such that A =
E — F + U. Moreover, Hirano clean matrices are investigated by means of
the similarity. We prove that A is Hirano clean if and only if A € GLy(R); or
A=U+V,U € comm?*(A),U? = I,V € GLy(R); or A is similar to a diagonal
matrix g\ 2 with A € U(R), p € J(R) and I\ — 1,1, — ) are injective.
A ring R is uniquely bleached provided that it is both bleached and cobleached.

For instance, every commutative local ring and every local ring with nil Jacob-
son radical are uniquely bleached. If R is cobleached, we further prove that A
is Hirano clean if and only if A € GLy(R); or A=U+V,U € comm?*(A),U? =

I,V € GLy(R); or A is similar to ( (1) 2 ) , where A € J(R),n € U(R), the

equation z° — ux — XA = 0 has a root in U(R) and a root in J(R).

A element a € R has generalized Drazin inverse if there exists b € R such
that b € comm?(a),bab = b and a—a*h € R™. Here, R™! = {a € R | 1+ax €
U(R) for every x € comm(a)}. In the field of generalized inverses theory, the
generalized Drazin inverse drew much attention, many authors such as [3]
and [4] have studied generalized Drazin inverses in a ring. Following Koliha
and Patrick, an element a in a ring R is quasipolar if there exists an idempotent
e € R such that a + e € U(R) and ae € R™! (see [7, 8]). As is well known,
an element a € R has generalized Drazin inverse if and only if it is quasipolar
(see [6]). Quasipolar elements form a subclass of that of Hirano clean elements
in a ring. In Section 3, we prove that A has generalized Drazin inverse if and
only if there exists E* = E € comm?(A) such that A+ E € GLy(R) and
AFE € MQ(R)qml.

Throughout the paper, all rings are associative with an identity. N stands
for the set of all natural numbers. Let p be a prime, and let Zg,) = {™* [ m,n €
Z,(m,n) = 1,p 1 n} be the localization of Z at the prime ideal (p). We use
J(R),U(R) and N(R) to denote the Jacobson radical, the set of all units and
the set of all nilpotents of R, respectively. G Ly(R) denotes the sets of all 2 x 2
invertible matrices over R.

2. HIRANO CLEAN MATRICES

In this section, we present representations of Hirano clean matrices over a
local ring, which are expressed in terms of idempotent and unitary matrices.
An element « in a ring R is similar to an element b € R if there exists some
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u € U(R) such that u~'au = b. Moreover, we completely characterize Hirano
clean matrices over a local ring in terms of similarity.

Theorem 2.1. Let R be a local ring, and let A € My(R). Then the following
are equivalent:

(1) A is Hirano clean.
(2) There exist two idempotent matrices E, F € comm?(A) and U € GLy(R)
such that A=FE —F+U.

Proof. (1) = (2) Since R is local, 2 € J(R) or 2 € U(R).

Case 1. 2 € J(R). Then there exists some P3 = P € comm?(A) such that
U:= A+ P e GLy(R). Hence, A= —P+U = P?— (P + P?) 4+ U. Clearly,
(P + P*)? = 2(P + P%) € My(J(R)), and so —(P + P?) + U € GLy(R), as
required.

Case 2. 2 € U(R). Then there exist some P3 = P € comm?(A) such that
U:=A+ P e GLy(R). Let E = (P?— P) and F = 3(P? + P). Then

1 1
E’—E= Z—l(P“ —2P% — P?4+2P) = yilhe 2L,)(P* — P) =0

1 1
F? —F = (P*4+-2P° = P* = 2P) = (P + 2I,)(P* — P) = 0;

This implies that £? = E,F? = F and P = F — E. Therefore A = E—F 4 U,
where E, F € comm?(A), as desired.

(2) = (1) By hypothesis, There exist two idempotent matrices E,F €
comm?(A) and U € GLy(R) such that A= E — F+U. Let P=F — E, then
P3 = P P € comm?(A). Moreover, A+ P = U € GLy(R). Therefore A is
Hirano clean. O

Corollary 2.2. Let R be a local ring, and let A € My(R). Then the following
are equivalent:

(1) A is Hirano clean.
(2) There exist orthogonal idempotent matrices E, F € comm?*(A) and U €
GLy(R) such that A=FE —F+U.

Proof. (1) = (2) In light of Theorem 2.1, we have two idempotent matrices
E,F € comm?(A) and U € GLy(R) such that A = E — F + U. Hence,
A=E(l;—F)—(I,—E)F+U, where E(I,—F) and (I — E)F are orthogonal
idempotent matrices, as desired.

(2) = (1) This is obvious by Theorem 2.1. O
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0 3

Example 2.3. Let A = ( 11

) € My(Zs)). Then A is Hirano clean, but it

s not strongly clean.

Proof. Clearly, Zs) is a commutative local ring with J(Z)) = 3Z3). Clearly,
Al — A & GLy(Zs)). In addition, tr(A) = 1 and det(A) = —3. Taking
0 : Zy — Q to be the natural map, and p(z) = 2* — 2 — 3 € Z3)[z]. Clearly,
p*(z) = 22 — x — 3 € Q[z] is irreducible, and so #? — x — 3 = 0 is not solvable
in Z). In light of [12, Theorem 2.6], A € My(Zs)) is not strongly clean. One
easily checks that A = —I, + U, where U = < b3 ) € GLy(Zs)). Therefore

A € My(Zsy) is Hirano clean.

1 2

The Hirano cleanness is invariant under the similarity. That is, we have

Lemma 2.4. Let R be a ring, and let a € R and w € U(R). Then a € R is
Hirano clean if and only if u"‘au € R is Hirano clean.

Proof. = By hypothesis, there exists p*> = p € comm?(a) such that
v:i=a+peU(R).
Then
upu = (u " pu)3,
v tau + utpu = utou with ulou € U(R).
Let x € comm(utau). Then u~laur = zu~tau; hence, auzu™ = uru'a.
Then uzu~™' € comm(a), and so uzu~'p = puzu~!. This shows zu~lpu =
u'pux, and therefore u='pu € comm?(u~tau), as needed.
<= This is symmetric. 0

Lemma 2.5. ([9, Lemma 3.3]) Let R be a local ring, and let A € My(R).
Then A € GLy(R); or A% € My(J(R)); or A is similar to ( (1) i ) , where
j € J(R),u€cUR).

We note that a € R is Hirano clean if and only if there exist p® = p €
comm?(a) and u € U(R) such that a = p +u. We now derive

Theorem 2.6. Let R be a local ring, and let A € My(R). Then A is Hirano
clean if and only if

(1) A e GLy(R); or
(2) A=U+V,U € comm?(A),U* =1,V € GLy(R); or
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A 2 ) with A € U(R), u € J(R)

(3) A is similar to a diagonal matric (
and ly —r,,1l, — r\ are injective.
Proof. = Since A is Hirano clean, we may write
A=FE+V,E*=F € comm*(A),V € GLy(R).

In view of Lemma 2.5, we have three cases.

Case I. E € GLy(R). Then E*> = 1. Set U := E. Then A =U +V,U €
comm?(A),U? = I,,V € GLy(R).

Case II. E* € My(J(R)). It follows from E(I; — E?) = 0 that F = 0, and
so A=V € GLy(R).

Case III. There exists P € GLo(R) such that

PlEP = 0
1w )’
where j € J(R),u € U(R). Since E* = E, we get

ju=0,5%+ju* = j,j+u*=1and uj + ju +u* = u.
Hence, j = 0 and u? = 1. Thus

PlEP = 00
1 uw )’

Lo v)rer (V)= (o)

SetQ:P<_i_1 ?) Then Q~1AQ = (8 2) +QUQ. Write Q-LUQ =

(: ?).Then

0 0 a B\ [a p 0 0
0 u vy 6 ) \~v 6 0 u )~
Thus, we have § =y = 0. Set A ;== a and p := u+ . Then A\ € U(R). If

TS U(R) then A € GLy(R). We now assume that u € J(R). Therefore A
2 ) with A € U(R), 1 € J(R). Further,

and so

0

is similar to a diagonal matrix (
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u=p—06 € U(R). We easily see that u? = 1. Since E € comm?(A), we have

00 (A0
OU commolu.

Given A\x = zp with x € R, then

S (o) (a)-(08)(a0)
(B2)Gs)=(a5)(60)

It follows that zu = 0, and so x = 0. This shows that [, — r, is injective.
Likewise, [, — 7y is injective, as desired.

<= Case . A € GLy(R). Then A is Hirano clean.

Case I1. There exists U € comm?(A) such that U? = I, and A—U € GLy(R).
Then U = U3, and so A is Hirano clean.

Case III. A is similar to ( 8\ 2 ) with A € U(R),pn € J(R) and [\ —7r,, 1, —
A0

ry are injective. If A € 1 + U(R), then 0

— I, € GLy(R). Thus, we

A0 A
assume that A € 14 J(R). Clearly, (O M) < )+(0 M—1)7
A0 x s 0
where ( 0 p—1 > € GLy(R). Let ( oy ) € comm( M) Then

As = spoand pt = tA.
By hypothesis, we see that s =¢ = 0. This implies that

T s 00 (00 (00 T s

t y o1/ \0owy/) \O01 t oy )’
Therefore 00 € comm? A0 , hence the result. O

01 0 u

Corollary 2.7. Let R be a local ring, and let A € My(R). If R is cobleached,
then A is Hirano clean if and only if

(1) Ae GLy(R); or
(2) A=U+V,U € comm?(A),U*=1,,V € GLy(R); or
(3) A is similar to a diagonal matriz.
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Proof. = This is obvious by Theorem 2.6.

A O It A u € UR), then A €
GLy(R). If A, € J(R), then A € My(J(R)). Thus we may assume that
A€ U(R),u € J(R). This completes the proof by Theorem 2.6. O

<= Suppose that A is similar to

Corollary 2.8. Let R be a local ring, and let A € My(R). If R is cobleached,
then A is Hirano clean if and only if

1) A=U+V,U € comm?(A),U? =1,,V € GLy(R); or
(1)
(3) A is strongly clean.

Proof. Obviously, A is strongly clean if and only if A € GLy(R), or I — A €
GLy(R), or A is similar to a diagonal matrix. This completes the proof, by
Corollary 2.7. 0

We come now to characterize Hirano clean 2 x 2 matrices over a cobleached
local ring in terms of solvability of their characteristic equations.

Theorem 2.9. Let R be a cobleached local ring, and let A € My(R). Then A
18 Hirano clean if and only if

(1) A e GLy(R); or
(2) A=U+V,U € comm?(A),U? =1,,V € GLy(R); or

(3) A is similar to ( (1) 2 > , where A € J(R),u € U(R), the equation
22 — puxr — X =0 has a root in U(R) and a root in J(R).

Proof. = In view of Lemma 2.5, we have three cases. Case 1. A € GLy(R).
Case 2. A=U+V where U? = I,,U € comm?(A),V € GLy(R). Case 3, A is
similar to ( (1) ;\ ) , where A € J(R),n € U(R). It suffices to consider Case
3. In view of Theorem 2.6, there exists U € G Ly(R) such that

-1 0 A a 0
o()e=()

where v € U(R), 8 € J(R). Write U = ( i ? > . Then
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hence, we have
AS = xa;
At = yf5;
T+ pus = sa,
Y+ pt =tp.
Clearly, + € J(R). Since U € GLy(R), we see that y,s € U(R), and so
t € U(R). Let § = sas ! and y = tft~! Then 6 € U(R),v € J(R). One easily
checks that

62 —pud = sa’s™!— psas™!
= (sa—ps)(as™)
= zas!

Y

hence, 62 — pud — X = 0. Likewise, 72 — uy — A = 0. Therefore the equation
2? — pz — XA =0 has a root § € U(R) and a root v € J(R), as desired.

<= Suppose that the equation 2> — ux — X = 0 has a root a € U(R) and a
root 8 € J(R). Then

a? — poa— N =0;

B —pup—A=0.
Then

(o —pa =X

(B =B =A

One easily checks that

() )= ) (6 8)

Obviously,

(7o) = (0 ) (0 ) eomm

Therefore ( 0 A ) is similar to , where a € U(R) and a root

a 0

1 p 0 B

p € J(R). Inlight of Lemma 2.5 and Corollary 2.7, we complete the proof. [

Corollary 2.10. Let R be a commutative local ring, and let A € Ms(R). Then
A is Hirano clean if and only if

(1) A € GLQ(R),

(2) A=U+V,U € comm?(A),U* =1,V € GLy(R);
(3) % —tr(A)z + det(A) = 0 has a root o € U(R) and a root 3 € J(R).
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Proof. = In view of Theorem 2.9, we may assume that A is similar to
( [1) 2 ) where A € J(R),u € U(R), and the equation 22 — pz — A = 0
has a root in J(R) and a root in U(R). This implies that p = tr(A) and
—\ = det(A). Therefore the equation x? — tr(A)x + det(A) = 0 has a root in
J(R) and a root in U(R).

<= Suppose that the equation z? — tr(A)x + det(A) = 0 has a root in J(R)
and a root in U(R). In light of Lemma 2.5, we may assume that A is similar
to < (1) 2 ) where A € J(R),u € U(R). This implies that p = tr(A) and
—\ = det(A). As a result, the equation 2 — zu — A = 0 has a root in J(R)
and a root in U(R). According to Theorem 2.9, we complete the proof. 0

Example 2.11. Let A = ( ) € My(Z)). Then A is not Hirano

2
5 0
clean.

Proof. Clearly, Z) is a commutative local ring with J(Zs)) = 2Z). Obvious-
ly, A & GLy(Z2)). We easily see that p(z) = 2* —x+2 € Z[z] is irreducible.
Since tr(A) = 1 and det(A) = 2, 2* — tr(A)z + det(A) = 0 is not solvable in
Zyy. 1If there exist U € comm?(A),V € GLy(R) such that A = U 4+ V and
U? = I, then A —U? = (2U+V)V € GLy2(Z)), as 2 € J(Z)). This implies

0

that A — I, = ( 9 is invertible, an absurd. Therefore A € M5(Z2))

—z -1
9
is not Hirano clean, by Corollary 2.10. U

3. GENERALIZED DRAZIN INVERSES

The objective of this section is to identify the conditions under which a
matrix over a local ring possesses a generalized Drazin inverse, characterized
by tripotent matrices. Additionally, the related properties for pseudo Drazin
inverses are established.

Theorem 3.1. Let R be a local ring, and let A € My(R). Then the following
are equivalent:

(1) A has generalized Drazin inverse.
(2) There exists E*> = E € comm?*(A) such that A+ E € GLy(R) and

AFE € M2(R)qm’l'
Proof. (1) = (2) This is obvious (see [6]).



10 HUANYIN CHEN AND MARJAN SHEIBANI

(2) = (1) For a tripotent E, we have —F is tripotent. We may write
A=E+UE*=F € comm?(A),AE € My(R)™" U € GLy(R).

In view of Lemma 2.5, we have three cases.

Casel. E € GLy(R). Then E? = I,. If X € comm(A), then XE = EX, and
so X € comm(AE). Thus, I — (AE)X € GLy(R). Similarly, I, + (AE)X €
GLo(R). Hence I, — ((AE)X)? € GLy(R). This implies that I, — (AX)? €
GLy(R). Thus I, — AX € GLo(R). This shows that A € My(R)4.

Case II. E? € My(J(R)). Then I, — E? € GLy(R). Tt follows from F(I, —
E?) =0 that £ =0, and so A € GLy(R).

Case III. There exists P € GLy(R) such that

PlEP:<0 j),
1 wu

where j € J(R),u € U(R). As in the proof of Theorem 2.6, we prove that

A 2 ) with A € U(R), i € J(R) and

Ix —ry,l, — 7\ are injective. According to [8, Theorem 3.4], A € Ms(R) is
quasipolar, as asserted. O]

Corollary 3.2. Let R be a cobleached local ring, and let A € My(R). Then A
18 Hirano clean if and only if

(1) A=U+V,U € comm?(A),U? = I,,V € GLy(R); or
(2) A has generalized Drazin inverse.

Proof. This is obvious, by Theorem 3.1, Theorem 2.6 and [8, Theorem 3.4].
<= This is obvious. O

A is similar to a diagonal matrix (

Corollary 3.3. Let R be a commutative local ring, and let A € My(R). Then
A is Hirano clean if and only if

(1) A=U+V,U € comm?(A),U? =1,V € GLy(R); or

(2) A has generalized Drazin inverse.

3 1
-2 1
Drazin inverse, but it 1s Hirano clean.

Example 3.4. Let A = ( ) € M5(Zy). Then A has no generalized

We are now ready to prove:

Theorem 3.5. Let R be a local ring, and let A € My(R). If R is uniquely
bleached, then A has generalized Drazin inverse if and only if
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(1) Ae GLy(R):
(2) A€ My(R)™;
(3) A is similar to b

comm?(b),u?* =1 and c = u= (6 —a) + 1.

O), where a € U(R),b = u+9 € J(R),u €

Proof. = Since A is quasipolar, In view of [8, Theorem 3.4], we have three
cases.

Case I. A € GLy(R).
Case I1. A € My(R)™L.
Case III. A is similar to 8 2

(L) )0T)-0m )

Choose u = 1 and ¢ = b — a. Then A is similar to ( CCL 2 ) , where a €

UR),b=u+d € J(R),u € comm*b),u®> =1and c=u"'(d —a)+ 1.

< If A € GLy(R), then A = 0+ A is an quasipolar decomposition of A.
If A€ My(R)™" then A= I+ (I, — A) is an quasipolar decomposition of A.
0
b

) , where a € U(R),b € J(R). Obviously,

we have

Suppose that A is similar to , where a € U(R),b = u+ 6 €
J(R),u € comm?(b),u?> =1and ¢ = v~ (6 —a)+1. In view of [8, Lemma 2.1],

we will suffice to prove CCL 2 is quasipolar. Obviously, we have

(e3)= (V) (55),

where v = u~(§ — a). We see that

(20)-(2 03 8)consm
Y

Let(m y>€comm(a 0>.Then
s t c b
ar = za + yc,
ay = yb,
cx + bs = sa + tc,
cy + bt = tb.
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It follows that
y =0,ax = xa,bt = tb and bs — sa = tc — cx.
As u € comm?(b), we see that tu = ut, and so
b(us) — (us)a = t(uc) — (uc)z.
Since u(c — 1) = § — a, we have uc = u+ 9 —a = b — a. Thus, we have
t(uc) —uc(x) =t(b—a) — (b—a)r =bt —ta — br + ax = b(t — z) — (t — x)a.

By the uniqueness, we get us =t — x, and so t = x + us. Therefore
x 0 00\ (00 x 0
s t 1 w) \1 u s t )

Accordingly, ( (1] 2 ) € comm? < CCL 2 ) Moreover, we check that

(

as required. O

(5 ) € M) < by,

o
> O
~~
VR
=)
I~ )
~_
Il
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