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Abstract

In this article we are considering the Hessian of the area functional in
a non-Darboux chart. This does not seem to have been considered before
and leads to an interesting new mathematical structure which we intro-
duce in this article and refer to as almost extendable weak Hessian field.

Our main result is a Fredholm theorem for Robbin-Salamon operators
associated to non-continuous Hessians which we prove by taking advan-

tage of this new structure.
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1 Introduction

In a Darboux chart the Hessian of the area functional is the constant operator
Ay = 10;. In this note we compute the Hessian of the area functional in a non-
Darboux chart. To the best of our knowledge this was never done before. Here,
in particular, an additional summand shows up whose discontinuity challenges
the previous methods.

We discover an interesting structure from the point of view of scale geometry.
We think that the structure is of crucial importance in order to understand the
structure of Floer theory in general. Therefore we give this structure a name
and refer to it as an almost extendable weak Hessian field. We then study the
Robbin-Salamon operator

D=0,+A

associated to a connecting path in an almost extendable weak Hessian field A.

Our main result is that this Robbin-Salamon operator is Fredholm. The
difficulty in proving this result is that the Hessian is not necessarily continuous.
Therefore the improvement, due to Rabier [Rab04], of the classical Robbin-
Salamon theorem [RS95] is not necessarily applicable to the situation at hand.
However, the new notion of almost extendability discovered in this article al-
lows to decompose the Hessian in the sum of two operators where one is still
continuous while the other one is of lower order, in symbols

A=F+C.

In contrast to the Hessian itself the two summands are not necessarily symmetric
any more. Luckily the theorem of Rabier can as well deal with non-symmetric
situations as long as continuity is guaranteed. We check that the conditions of
Rabier apply to the operator associated to the first summand in our situation

F=0,+F.

Hence F is a Fredholm operator. Since the second summand C is of lower
order we show that it gives rise to a compact multiplication operator. This
then proves our main result, because the Fredholm property is invariant under
compact perturbation.

This article is part of our endeavor to understand the basic structure lying
behind Floer theory in order to make Floer theory applicable to a broader class
of problems involving Hamiltonian delay equation as explained in [FW24a, §1.2].

Acknowledgements. UF acknowledges support by DFG grant FR 2637/5-1.

2 The area functional in a Darboux chart

On C™ the standard symplectic form w = 2?21 dx; A dy; has the primitive
A= % Z?:l (xjdy; — y;dz;). We are considering the area functional

Ag: C*(S1,C") =R, uws [ u*A
St



where S' = R/Z. We write u € C*°(S!,C") as a Fourier series
u(t) = Z upe?™ u(t) = Z 2miluge’
kezZ ter

where u € C™ for k € Z. Expressing the area functional with the help of the
Fourier decomposition®

1
Ao(u) = / At dt
0
1
= 7/0 iRe (u, i), dt

1

_ 1 2mikt ;2. 2milt

——/ 5Re E 27r€<u;€e , i upe >Cn dt
0 k€T

kcZ 0

1
= Re Z ol <uk7uz>(cn/ e2mik=0t gy
—_—

=0k

= Z']rk‘uk'%‘n.

kEZ

In particular, we see that the area functional in a Darboux chart is just a
quadratic function in the Fourier coefficients. Therefore the Hessian is con-
stant independent of u with eigenvalues 2wk where k € Z. Abbreviating
Hy = WF2(SY C") we see that the Hessian of Ag at every point u € H; is
a Fredholm operator of index zero from Hj to Hy_1 for every k € N.

3 Euclidean inner product and symplectic forms

3.1 Associated anti-symmetric matrix

Definition 3.1. Let (-,-) be the Euclidean inner product on R?". Let 8l C R?"?
be an open subset carrying an exact symplectic form w = d\. Then the identity

() = wal:, Ba) (3.1)

for z € 4 determines a map U — L(R?*"), x — B,. Each linear map B, = BY
is unique by non-degeneracy of w,.

Lemma 3.2. At any point x € i the linear map B, is invertible and satisfies

I Let z = x 4 iy and £ = & + i where x,y,%,9 € R”. Hence z = (x1 + iy1,...,Tn + iyn)
and & = (&1 4+ i01,...,%n + i0n) and we calculate

n

Re (z,i€)cn = Re > (zk + iy) (—gk + idk) = —A:€.
k=1



(i) w(&, Ben) = —w(Bz&,n) w-anti-symmetry of B,
(ii) (&€, Byn) = — (B&,m) anti-symmetry of By
(iii) <§, n> <fB'3§,77> symmetry of — B2
(iv) < B2¢, §> |BEP2 >0, 40 positive definiteness of —B?

(v) v/—DB2 and its inverse are both symmetric positive definite.

for all £,m € R?™,
As we shall see in Remark 3.5 further below the invertible linear maps

B, : R*™ — R?" are orientation preserving, in symbols B, € GLT(2n,R).

Proof. Suppose B,n = 0, then it follows from (3.1) and non-degeneracy of (-, -)
that n = 0. Hence B, : R?" — R2" is injective and therefore surjective.
(i) By (3.1) and symmetry of (-,-) and anti-symmetry of w we obtain

wz (&, Ban) = (§m) = (n,€) = wa(n, Bx§) = —wa(Ba&,m).
(ii) By (3.1) and anti-symmetry of w and symmetry of (-,-) we obtain

®
(€, Bum) = wi (& B3n) = we((=B2)*€,n) = —wq(n, B2E) = — (n, B.£)
= <_ x§7 7]> .
(iii) holds by applying twice (ii).
(iv) By (ii) and injectivity we get (—B2¢, &) = (B, B,€) = |B.£[* > 0.
(v) By Heron’s construction of the square root, Lemma D.2, the square root is

symmetric positive definite. Taking the inverse preserves symmetry and positive
definiteness. O

For the previous and the following Lemma see also [MS17, Prop. 2.5.6].

3.2 Compatible almost complex structure

-1
Lemma 3.3. The linear map Jg := vV—B2?2 B:R?>" — R?" is an almost
complex structure on 3 compatible with w, in symbols

(a) Jpdp=—-1 almost complex structure
(b) 955(&m) == w(& Ipn) = 9551, €) gy symmetric
(c) gs5(£,¢) = <§, \/732_1§> >0,8#£0 gy, positive definite

for all vector fields &,m along U C R?™.

Proof. (a) Since B commutes with —B?2, then by Corollary D.4 it also commutes
with v/ —B2, hence with the inverse of v/—B2. This is used in equality 2 below

Jpds =/—B2 BV-B® B 2\/-B2 /B’ BB

(\/—7B2\/—7B2> (-BB)"'BB

=1




(b) Equality 3 below holds analogously to equality 2 in (a), equality 4 uses (3.1),
equality 5 is by Lemma 3.2 part (v), equality 6 is by symmetry of the Euclidean
inner product:

9Jig (5777) L= W(g, JBT]) = w(£7 \% —3271377)
W&, BV=B? )L, V/-B )
(V=BT &m) =B €

=975(0,€).

[[eo

[l

The last step uses equality of the two underlined terms, just commute £ and 7.
(c) Step 2 below holds analogously to equality 2 in (a), step 3 by (3.1), namely

015 (6,6) 1 =w(E,V/—B2 BE) Zw(e, BV-B? ¢
i <£a \% _B2_1£> > 0

pointwise at each = € { whenever £(x) # 0. This proves Lemma 3.3. O

Lemma 3.4. Any complex structure® J on a vector space V of finite dimension
2n has determinant 1.

Proof. For a complex basis on V' the matrix representation of J is the complex
n X n matrix Je = ill,,. Its determinant is det(Jg) = ™. In general, writing a
complex n X n matrix Z = X + 1Y as sum of real and imaginary parts, define
the corresponding real 2n x 2n matrix as follows and observe the identity

(X Y\_(1 1\ (Xx-iv 0 1 1
BE=\ly x /)~ 1 -1 0 X +:iy ) \il —i1)”

Take the determinant to obtain the formula

det Zg = det <g g) =detZ-det Z = det Z - det Z = |det Z|*.
Hence det J = |det Jc|? = |i"]? = 1. O

Remark 3.5. The linear map B, determined by (3.1) has positive determinant

det B = det —B?Jg ) =det\/—B?-det Jg = det\/—B? > 0. 3.2
(1/ 2 ) /_R2 /_R2 (3.2)

Here identity one is by definition of Jp and identity three by Lemma 3.4. Strictly
positive holds true by Lemma 3.2 (v).

2 a linear map J: V — V such that J2 = —1



4 Action functional

We denote by S* the circle R/Z. Consider the Hilbert space triple
Hy := L*(SY,R?™), Hy:=W5'3(SHR?™),  Hy = W»%(SY,R?™).  (4.3)

Given an open subset {f C R??, let w = d\ be an exact symplectic form on il.
Define open subsets of H; and Hy by

Up:={uc Hy|u(t) e Uvt € S'} c COSH,80), ¢=1,2. (4.4)
Convention. We write (t) := Z-u(t). All sums in Section 4 run from 1 to 2n.

Definition 4.1. The symplectic action (functional) is defined by

Ag: HHD U - R, u— u* . (4.5)
Sl

4.1 First derivative and gradient

Lemma 4.2 (Gradient). The derivative at u € Uy in direction £ € Hy is

1 1
dAolué =/ Wa, (&, ) dt = / (&, By M) dt = <§7Bu_111>H0
0 0
where B, € L(R?") is determined by (5.1). So the (L?-)gradient is given by
(grad Aol.) (1) = By 1)

pointwise for everyt € St.

Proof (global version). Given v € Uy and £ € Hy, let u, be a smooth family
with ug = v and %L:o u, = &. We compute

dAolué = | _, Ao(u,)

_ d *
7/1dMOTA

2| wLer

/i
yr
/

(dig + Z'g d))\

1
5 .-
= du* 15)\+/uz§w

2 / Wa, (&, ) dt.

Here step 3 is by definition of the Lie derivative and step 4 is Cartan’s formula.
Step 5 uses that the exterior derivative d commutes with pull-back. Step 6 is by
Stokes’ Theorem and the fact that the integral is over the empty set OS' = (),
so the integral is 0. This proves Lemma 4.2. O



Proof (local version). Let u: S' — 8 be in U; and £: S' — R?" in H;. Take
the derivative of t — ()\|u§)(t) to get

d
2 (@O (@) = - Z)\
= Zain w(t))iy ()& (E) dt + Y Ni(u(t))&i(t) dt
2 Z O3\ (u(t))ii(t)&;(t) dt + Z Xi(u(t))E;(t) dt

where in step 3 we renamed the summation indices (4,5) by (j,7). Let w, be a
variation associated to v and £. Substitute the underlined term in what follows

drlpeo (UFA) (t)

_Za/\ (t)) dt+ZA

- Z(a A(u()& (0)is(1) — D0 ()i (0 (1))t + - ((u* )€ (1)
=wji(u(t))€; (t)1s (t)

(4.6)

We integrate and use 1-periodicity in time ¢ to obtain the formula

dAo|u€ = / o UrA /Zwﬂ (ue)&; ()i (t) dt = /wut(gt,ut)dt.

This proves Lemma 4.2. O

4.2 Second derivative

Consider an open subset { of R?" with coordinates x = (x1,...,%2,). A primi-
tive A of w is of the form \ = 212:1 Ai(x)dx;. We denote the second derivatives
of the coefficient functions z — A;(x) and their differences by

Akﬂ(J?) = 8k6]A7(z), Lkﬂ(ft) = Akﬂ(J?) — Azkj(l‘), l] ]\" =1,..., 2n

at any point x € 4 C R?".

To compute the Hessian of the function Ag: H; D U; — R we introduce the
following covariant tensor field of type (0,3) in the notation of [O’N83, Ch. 2].
The set of vector fields, respectively, functions, along i C R?"” are denoted by

X(L) == O (U, R?™),  F(L) := O (LU, R).
Definition 4.3. A tensor field of type (0, 3) is defined by the sum
L: X (L) x X (L) x X (L) = F(LU)
(.60 — Z Liejine€; G- (4.7)

.3,k



Remark 4.4 (Darboux charts). Locally, in Darboux coordinates
(q1y-+-yqnsD1,--.Dn), the symplectic form w has as a primitive the Liou-
ville form A = Z?:l pidg;. Observe that all coefficients, namely the p;, are
linear functions in the coordinates. Therefore the tensor field vanishes L = 0.

We discuss some symmetries of L. By the theorem of Schwarz Ayj; = Ajr;
and therefore
Liji — Ljki — Liji, = 0. (4.8)
Furthermore, by definition of the Lj;; the sum of cyclic permutations vanishes
iji + L'ij + sz‘k =0.

Consequently the sum of cyclic permutations in L vanishes as well

L(n,6¢) +L(¢nE) + L& n)=0. (4.9)
By the consequence (4.8) of Schwarz the following sum vanishes as well

Lemma 4.5. The second derivative of Ag: Uy — R at u evaluated on two vector
fields &, m € Hy is the symmetric bilinear form given by

1 1
dQ-Au ) = ua.d Luza.d
olu (€,1) /Ow<§n>t+/0 (n. €. dt

Proof. Given v € Uy and &, € Hy, let u,, be an associated two-parameter
variation, that is up0 = v and

=n(t).

d d
Uy (T = £(1), Uy (T
ar ,p( )|(T,p):(0,0) 6( ) dp ,p( ) (r,0)=(0,0)

We use equality 1 in (4.6) in step 2 to compute
d WD
dp dr (r,p)=(0,0) (uT»P )
‘ (Za )\ U(0,p) fj(U(O p) dt-i—Z)\ ,p))éi dt) (4.11)

D Mt dt + 3 9N (sjm i) dt

1,5,k 2%

a
d

evaluated pointwise at ¢. In the following calculation we use the definition (4.5)
of the action functional in step 2, and (4.11) in step 3, to obtain

d® Ag(u) (€,1)

— dd A
0(Ur,
e dr | (. p)=(0,0) (trp)
2 d d *
= _ ,r )\
dp dr (r,p)=(0,0) e

3 / ( S 9 )nkgjuidwzam»(u)(&mi+méi))dt

4,J



1
=1 /0 ( M0 Ni(w) M€ dt + Z diNi(w) (&1 — ﬁjgi)) dt

Lok =tAgji(uw) “J =wji(u)€;m:
1
—/ Zakaj‘)\i(u)dknj&dt
0 5k
1 1
=/ wu(§,m) dt+/ Z(Akﬁ(u)—Aikj(u))nkffjdidt
0 [
Lk =:Lyj;(u)

where step 4 is by integration by parts (boundary terms vanish by periodicity).
Symmetry holds by the Theorem of Schwarz. This proves Lemma 4.5. O

4.3 Para-Darboux Hessian

Using the metric isomorphism we turn the (0,3) tensor L into the (1,2) tensor
L: X(8) x X(8) = X&), (n,¢) = L(n. Q) (4.12)
determined by the identity

(L(n,0),€) = L(n,&,0).

Now we can write the Hessian of Ay at u € U; and for vector fields £, € H; in
terms of the L? inner product. Namely, by Lemma 4.5 we get

d2AO|U (5; 77) = <§7 B;177 + I’U(na u)>H0 = <£v Agn>H0 (413)

where Ho = L?(S',R?") and the loop ¢ — By, € GL"(2n,R?") is determined
pointwise at ¢ by (3.1) and the last identity determines the linear operator Ay.

Definition 4.6. The para-Darboux Hessian operator of the action A at
u € U is, due to (4.13), the bounded linear map

AY: Hy — Ho, 1~ B+ Lu(n, 7). (4.14)
For any u € Us, see (4.4), this is a bounded linear map Ay|m,: H2 — Hj.
Lemma 4.7 (Ho-symmetry). Yu € Ur: (£, Agn) y, = (AG&,m) g, V6, m € Ha.
Proof. By Lemma 4.5 the Hessian is symmetric, now use the identity (4.13). O

Remark 4.8 (Morse-Bott). The critical points of Ay are precisely the constant
loops, in symbols

CritAg = 4.

Let w be a constant loop in 4. Then the second term of the para-Darboux
Hessian operator vanishes. Hence the para-Darboux Hessian operator is just
given by A%y = B 11 and ker AY = {n € Hy | =0} ~ R?" = T,sL

10



5 Perturbed action functional

As discussed in Remark 4.8 the functional Aj is not Morse, but only Morse-
Bott. In order to get a Morse functional we look at perturbations of the area
functional Ag. To this end we introduce time-dependent Hamiltonians which
are 1-periodic in time. The Hilbert spaces (Hy, H1, H2) are defined by (4.3) and
open subsets Uy C Hy and Uy C Hs by (4.4).

Definition 5.1 (Perturbed action). For C? functions h: S x {f — R, notation
hi(x) := h(t,z), the perturbed action functional is defined by

1
Ap: Ui = R, uw u*)\—/ hi(u(t)) dt.
st 0

To define the Hamiltonian vector field X}, we choose the convention that
dhy(-) = w (-, Xn,)

whenever t € S'. The derivative of A, at u € U in direction £ € H; is given by

1 1
dAh|u£ = / (wut (gta ut) - dht"luft) dt = / Way (fh ut - Xht (ut)) dt.
0 0
In particular, critical points of Aj are solutions of the ODE

u(t) = X, (u(t))

for t € S, i.e. 1-periodic orbits of the Hamiltonian vector field of h.

5.1 Perturbed para-Darboux Hessian

Given t € S!, the Hessian operator of the function h;: {{ — R at z € il is
the linear map whose matrix with respect to the canonical basis is given by

at‘x = (6zajht|m)2n : R?™ — R, (515)

ij=1"
It is determined by the identity
d*hy (v, w) = (v, ag|,w), d?hi| o (v, w) = %|0 dis‘o hi(x + ev + Tw),
for all v, w € R?". By Schwarz’s Theorem d?hy|, is symmetric, so a;|, = at|mT.

Definition 5.2. The Hessian operator of the Hamiltonian perturbation
h at u € Uy is the bounded linear map a*“: Hy — Hy defined pointwise at ¢ by

(a"n) (t) = atfu,m- (5.16)

Still for u € Uy, this map is also bounded as a map H; — H;. Since the matrix
is symmetric it holds that (£, agn) ;, = (ag€, ), for all vector fields §,n € Ho.

11



The second derivative of the perturbed action at u € Uj is, as a consequence
of Lemma 4.5, given by

1
dQ-Ah(U) (5777)/0 (Wut (ftﬂ'?t) + Ly, (Utaftﬂlt) - d2h|ut (qut) )dt

for all £&,n € H;.

Definition 5.3. The perturbed para-Darboux Hessian operator at u €

U, is the bounded linear map given by the difference
A" = A§ —a": Hy — Hy,

! T (5.17)

n= B, i+ Lu(n,u) —a*n

of the para-Darboux Hessian operator Ay in (4.14) and the perturbation term
a" in (5.16). For any u € Us, see (4.4), this operator is also bounded as a linear
map A% = Au|H22 Hy — Hi.

Lemma 5.4 (Ho-symmetry). At any u € Uy it holds (£, A"n) i, = (A&, m) g,
for all vector fields &,m € Hi.

Proof. Lemma 4.7 and symmetry of the matrix (5.15). O

5.2 Fredholm operators

Hypothesis 5.5 (on u). Let u_ and u be non-degenerate critical points of the
perturbed action A,. Pick a basic path 4 from u_ to uy (see [FW25a)]), i.e.
@ € C?(R,Us) with the property that there exists 7' > 0 such that a(s) = u_
whenever s < —T and @(s) = uy whenever s > T. Let (Hy, Hy, H3) be given
by (4.3). Abbreviate

W2 = WYA(R, Hy), Ly, = L*(R, Hy). (5.18)

Let
uwe COR,Uy), u—a€eWg NLY,.

It can be shown that the non-degeneracy condition can be rephrased with
the help of the Hamiltonian flow ¢}, i.e. the flow of the Hamiltonian vector
field, characterized by the requirement ¢ = id and Lo} = Xj, o . Namely
Ay, is Morse iff for every critical point u of Aj, we have ker (defu(0) — 1) = {0}.

Theorem 5.6. The operators
u o u. 1,2 2 2
DY =0s+ A": Wy" N Ly, — Ly, (5.19)
u Uu 172 :
Dy = 0, + Ay: Wy N L3, — Ly,
are both Fredholm operators of the same Fredholm index

index D* = index Dy.

Theorem 5.6 holds true by the abstract Theorem 6.11 which applies since
the perturbed para-Darboux Hessian is almost extendable by Theorem 7.6.

12



Main difficulties and how to overcome them

Before introducing the abstract setup in Section 6 below which we use to prove
Theorem 5.6 we first explain the main difficulties and the main ideas how to
overcome these difficulties.

The fact that D* is Fredholm almost directly follows from Rabier’s Theorem
which itself generalizes previous work by Robbin and Salamon. In particular,
Rabier does not need any differentiability assumption on s — A(s), but requires
continuity. However, since u as a map R — Us, s — us, is only of class L2 , it
is not necessarily continuous. In particular, the map R — L(Ha, Hy), s — A5~
is not necessarily of class C°. Thus the improvement of the Robbin-Salamon
Fredholm theorem [RS95] from C! to C° by Rabier [Rab04] cannot be applied
to DY.

Decomposition. In order to deal with this difficulty we decompose the oper-
ators D" and DY into two parts. To this end we introduce the notation
At = B0y — a" + Ly, (1) = F* + C%
= Fus =:Cs
and '
DY = (95 + F*) £+ [s = C™&] = FY¢ + Meué. (5.20)
=:F =:Mcqu§
The advantage of this decomposition is the following. The map
R L(Ha, Hy), s> Fy* = By Ohlu, — af°
is continuous since it avoids 1, while the non-continuous map
R—)ﬁ(HQ,Hl), 80—>Cgs :Eus('7ds)‘H2

is of lower order since it avoids 0.

Since C" is of lower order we show, maybe after an asymptotic correction,
with the help of Theorem B.3 that the multiplication operator Mo« as a map
W;Ilz N L%{Q — L%l is compact. But Fredholm property and index are stable
under compact perturbation. Thus to show that

DY: W2 N Ly, — LY, & 0.6+ ASE (5.21)
is Fredholm of the same Fredholm index as D* is equivalent to showing this for
Y =0+ F": WP N Ly, — L3, &~ 0+ B 0& —a"¢.
—_————
=:Fug

The fact that R — L(Ho, Hy), s — F"s  is continuous, while s — A= is
not, makes it easier to prove the Fredholm property for F4 (Rabier’s theorem
applies) than than for D¥ (it doesn’t apply by non-continuity of s ++ C'%). The
disadvantage of F*s when compared to A% is that, while A" is Hp-symmetric
for every s, necessarily not so is F'*s. However, Rabier’s theorem can as well
deal with non-symmetric operators.

13



6 Almost extendability

Consider a Hilbert space pair (Hy, H;), that is Hy and H; are both infinite
dimensional Hilbert spaces such that as sets H; C Hg and inclusion ¢: Hy < Hy
is compact and dense.

Then, as we explain in [FW24a, §2], there exists an unbounded monotone

function
h = h(H07H1)Z N — (0700),

called pair growth function, such that the pair (Hy, H;) is isometric to the
pair (£2,42), see [FW24a, App. A], and from now on we identify the pairs

(Ho, Hy) = (£%,63), h = h(Hy, Hy).

Here /7 is defined as follows. In general, for f: N — (0, 00) unbounded monotone
(3 is the space of all sequences = = (,,)yen With Y7 | f(v)x7 < oo. The space
E?c becomes a Hilbert space if we endow it with the inner product

(T, y)f = Zf(l/)xuyw Hx”f =/ (,2).

Therefore we can define for every real number r a Hilbert space H, := f?r. For
each s < r the inclusion H, C H, is compact and dense.

The resulting triple of Hilbert spaces Hy, Hy, and H,—s is called a Hilbert
space triple, notation (Hy, Hy, Hs). Pick a Hilbert space triple (Hoy, Hy, H2).
6.1 Weak Hessian fields and decompositions
Fix a Hilbert space triple (Hy, H1, Hz). Let Uy C Hy be open. Set Uy := UiNH,.

Definition 6.1 (Weak Hessian [FW24a]). An element A of the Banach space3
L(Hq,Ho) N L(H2, Hy) is said a weak Hessian if it satisfies these two axioms:

(symmetry) Vr,y € Hy: (Az,y), = (z, Ay), called Hpo-symmetry.
(fredholm) A: Hy — Hy, As := A|p,: Hy — H; are Fredholm of index zero.
We are interested not in a single weak Hessian, but in fields of weak Hessians.

Definition 6.2 (Weak Hessian field). A weak Hessian field on U; is a con-
tinuous map A € C°(Uy, L(Hy, Hy)) N C°(Us, L(Ha, Hy)), notation u — A%,
satisfying the following two conditions:

(Symmetry) At any point u € U; there is Hyo-symmetry in the sense that

Ve,y e Hi:  (A"z,y), = (z, A"y), - (6.22)

3 L(Hy, Ho)NL(Ha, Hy) is a Banach space under the norm max{||||l £ (m,, o), Il 2 (11, 1) -
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(Fredholm) Vu € Uy: A%: Hy — Hj is Fredholm of index zero.
Vu € Uy: AY: Hy — H; is Fredholm of index zero.

Remark 6.3. Given a weak Hessian field A, then along level two, i.e. at every
point u € Us, the operator A" is a weak Hessian.

Definition 6.4 (Extendability). We say that a weak Hessian field A on U;
extends if A extends to a continuous map Uy — L(Hy, Hy) N L(Hs, Hy), still
denoted by u — A%, such that the restriction AY := AY|p,: Hy — Hj is
Fredholm of index zero at every point v of U', and not only of Us.

Remark 6.5 (Equivalent formulation). A weak Hessian field A on U; extends
iff A extends to a continuous map Uy — L(Hy, Hy) N L(Ha, Hy), still denoted
by u — A%, such that A" is a weak Hessian at every point v € U?.

In general, the extendability condition is too strong as the example of the
area functional in a non-Darboux chart shows, see (4.14).

Definition 6.6 (Almost extendability). (i) We say that a weak Hessian field A
on U; almost extends if there exists a decomposition

A=F+C
with
F e C%Uy, L(Hy, Hy) N L(Hy, Hy)) (6.23)
and
Ire0,1): CeCUy,L(H,, Hy)) NC®Us, L(Hy, Hy)) (6.24)

such that the following two axioms hold.
(F) Yu e Uy: F§ :=F"|g,: Hy — H; is Fredholm of index zero.

(C) VYu € U; there exists an Hi-open neighborhood V,, of u and a constant x
such that for all v,w € V,, N Hy it holds the scale Lipschitz estimate

1€ = € leqay < w(Jo = wl, + min{|oli,. ol } - o = wla, ). (6.25)

(i) If A almost extends we call the pair (F,C) a decomposition of A.

Remark 6.7 (Extendable = almost extendable). If a weak Hessian field A is
extendable, then it is almost extendable (choose F' = A and C = 0).

Lemma 6.8. Assume that a weak Hessian field A along Uy is almost extendable
with decomposition (F,C). Then the following is true. For any u € U the
operator F*: Hy — Hy is Fredholm of index zero.

Proof. We write F* = A" — C"|g, where A¥: Hy — Hy is Fredholm of index
zero by axiom (Fredholm). Since C* € L(H,, Hy) we can write C"|y, as a
composition C* o ,.: Hy — H, — Hy of a bounded and a compact operator.
Hence C"|g, is compact. By the stability of the Fredholm property and the
index under compact perturbation we have that F* is a Fredholm operator and
index F'* = index A* = 0. This proves Lemma 6.8. O
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6.2 Main theorem
Let (Hy, H1, H2) be a Hilbert space triple and U; C H; an open subset. Write
W;:If = WI,Q(R7Hj)7 L%{] = LQ(R,HJ)

To avoid constants maybe after replacing the norms by equivalent norm we
assume in the following that

I'le < [-ay < |H,-

Definition 6.9 (Connecting paths). Fix two points u_,uy € Uy := Uy N Hs.
Fix a basic path 4 from u_ to uy (see [FW25a]), i.e. 4 € C?(R,Us,) with the
property that there exists T > 0 such that @(s) = u_ whenever s < —T and
4(s) = us whenever s > T.

A connecting path from u_ to u4 is a continuous map u: R — U; such
that the difference u — @ lies in the intersection Hilbert space W}{f NL3,, ie.

uwe COR,Uy), u—a€Wg NLy,. (6.26)

Remark 6.10 (Independence of choice of basic path). The notion of connecting
path does not depend on the choice of the basic path 4. Indeed suppose v is
another basic path, then v — 9 = v — 4 + 4 — 0 where u — 4 € W;If N Ly,
by assumption and the other difference is C? and of compact support, namely
a—i€C2(R,Hy) C Wy N LY,

Theorem 6.11. Let A be an almost extendable weak Hessian field on Uy. Con-
sider two points u_,uy € Uy and a connecting path u. Assume that both asymp-
totic operators A“F are isomorphisms as maps Hy — Hy. Then the operators

D" =9, + A": Wy N LY, — LY, (6.27)
and
DY =9, + Ay: Wy N LY, — LY, (6.28)
are both Fredholm operators of the same Fredholm index
indexD* = index Dj.

Remark 6.12. That A is almost extendable is only used to show that DY is
a Fredholm operator. That D* is a Fredholm operator follows for every weak
Hessian field on U; satisfying the asymptotic non-degeneracy condition at u-.

Lemma 6.13. Suppose that A is an almost extendable weak Hessian field. Let
us € Uy. Then there exists a decomposition A = F + C satisfying C** = 0.
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Proof. Since A is extendable there exists a decomposition A = F+C. In
particular, there is r € [0,1) such that C € C°(Uy, L(H,, Ho)) NC°(Usz, L(Hy)).
Since u, € Uy C Uy it holds that C** € L(H,, Hy) N L(H}).
As Uj is open there exists € > 0 such that the ball B2 (u,) = {v € Hy | |[v —
Us|pr, < €} is contained in U;. Choose a smooth cut-off function §: R — [0, 1]
with the property that 3 =1 on (—o0,0] and 8 =0 on [¢2,00) and define

P? = P('U) = B(|U,* B U@h)éu* y U E Bgl (u*)7

0 , else.
which is element of C*°(Uy, L(H,, Hy) N L(Hy)). The map defined by
C:=C-P

lies in CO(Uy, L(H,, Hy)) N C°(Us, L(H,)) since C does and so does P, because
inclusion Uy < Uj is continuous. Furthermore, the map defined by

F=F+P

lies in CO(Uy, L(Hy, Hy) N L(Ha, Hy)) since F does and so does P, because the
inclusions H; — H, and Hy — H; are continuous. Note that

Cc'r =(C" — P =C" - B0)C" =0, F+C=F+C=A
Claim. The pair (F,C) is a decomposition of A.
To see this we need to verify the two axioms (F) and (C). (F) Let u € Uy, then
qu = Fule
= Fu|H2 +Pu‘H2
= F5' + B(|us — ulFy, )C™

Hy-

Since (F,C) is a decomposition by axiom (F) for F' we have that Fi*: Hy — H;
is Fredholm of index zero. Since v~ € L(H,) and the inclusion Hy < H; is
compact, it follows that Cus |, : Hi — Hp is compact. This proves (F) for F
since Fredholm property and index are preserved under compact perturbation.
(C) To show the local Lipschitz condition for C' we show that P is globally
Lipschitz, then the local Lipschitz condition for C' = C' — P follows from the
local Lipschitz condition for C. To this end, by the triangle inequality, first we
see that the function
U =R, v |ue—vlg

is Lipschitz? Since the squaring function R 3 z ~ 2?2 on the compact set [0, €]
is Lipschitz and § is Lipschitz, the function

Uy =R, v B(lu. — Uﬁil)

4 Add 0 = —w+w to v, then |us —v| g, — |[us —w|p; < |us —w|p, +|w—v|H, — |us —w|p,
by the triangle inequality, interchange v and w to get |usx — w|p; — |ux — v|g, < v —w|q, .
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is Lipschitz since Lipschitz is preserved under composition. Since Cu+ does not
depend on v the function

U, — L(H,,Hy) N L(Hy), v+~ P"
is Lipschitz, say with Lipschitz constant L. That is for all v,w € U; it holds
|P” — Pl c(a,.m)nc) < Llv —wlg,.
If v, w € Us this implies the estimate
|1PY = P\l ey < NP = Pl cea, mynem) < Llv —wla, < Lo —w|w,.

Hence P: Uy, — L(H) is Lipschitz continuous even globally on U;. This proves
axiom (C) for C, hence the claim.

The proof of Lemma 6.13 is complete. O

Remark 6.14 (Nullifying C on finitely many points). The proof of Lemma 6.13
shows that one can improve the statement of the lemma to the following stronger
statement: Assume that A is an almost extendable weak Hessian field on Uj
and A C Us is a finite subset. Then there exists a decomposition A = F + C
such that C vanishes along the points of A. The case A = {u_,uy} matters.

6.3 Proof of main theorem

The proof of the main theorem, Theorem 6.11, has three parts.
Part I. The operator D* = 0, + A%: W;foz N L%Il — L%{O is Fredholm.

Proof. Verifying (H1-H3) and applying Corollary A.4 proves Part I.

(H1) True since (Hy, H1) is a Hilbert space pair.

(H2) Since W2(R, Hy) embeds in C°(R, Hy), see e.g. [FW25a, App. A.6], the
map R 5 s — u, € Uy C H; is continuous. Since moreover A: Uy — L(Hy, Hyp)
is continuous as well, the map

R‘)E(Hl,Ho), s Al

is continuous. Hence (H2) is satisfied.

(H3) By (6.26) the path u converges to uz, as s — Foo, hence A" converges
to operators A“F, as s — Foo, and as maps Hi; — Hy these are invertible by
assumption. Hence (H3) is satisfied. This proves Part I. O

Part II. The operator DY = 05 + Ay : W}{f N L3, — Ly, is Fredholm.

Proof. By assumption A" is almost extendable, so there exists a decomposition

A% = F*+C". By Remark 6.14 we can assume in addition that C*- = 0 = C"+.
By invariance of the Fredholm property under compact perturbation and

since DY = 05 + F3' + C%, to prove Part II it suffices to show the following.

II-a. The operator F§ = 0, + Fy': Wy° N L%, — L% is Fredholm.
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IT-b. The multiplication operator MQCU : Wilf N L%b — L%,l is compact.

Proof of II-a. Tt suffices to verify hypotheses (H1-H5) in Rabier’s Theorem A.1.
(H1) The pair (H, W) := (Hy, Hs) is a Hilbert space pair.
(H2) The map

R — Uy — L(Ha, H1), s+ ug+—> Fy*

is a composition of continuous maps, by (6.26) and (6.23), hence continuous.

(H3) Since u is a connecting path from u_ to u we have that lim,_ro0 s = Us.
Since F' € C°(Uy, L(H2, Hyp)), by (6.23), it holds that

i | = 5 |2, m1,) = 0.
It remains to show that the asymptotic limit operators F'“F are isomorphisms
as linear maps Hy — Hy. To see this observe that F“F = A“F, since C*F =0
as mentioned above, and that by hypothesis A%F: H; — Hj are isomorphisms.
In particular the kernel vanishes, hence so does the kernel of the restriction
ker Ag; : Hy — H;. Since uz are elements of Uy, by axiom (Fredholm) of weak
Hessian field the operator Alfz Hy; — H; is Fredholm of index zero. Hence
injective is equivalent to surjective and therefore by the open mapping theorem
the two maps A,7 are isomorphisms. But F, ™ = A;F.
(H4) for Fy'* whenever s € R: By Lemma A.3 based on Definition 6.2 for
A we know that A%s: Hy — H, satisfies (H4). Our first goal is to show
that Fs = A% — C"=|p,: Hy — Hj satisfies (H4). To see this observe that
C¥s|g,: Hy — Hy is a compact operator: indeed C"s € L(H,, Hy) by (6.24)
and inclusion H, — Hj is compact since » < 1. But (H4) is stable under
compact perturbation by Proposition A.7. Thus F“s: H; — Hj satisfies (H4)
whenever s € R proving the goal. Now by Lemma A.8, based on axiom (F),
the restriction Fy'*: Hy — H; satisfies (H4) as well.
(H5) Since F"# = A"F, as we saw during the verification of (H3), and the
spectrum of A"¥ is real but does not contain zero, by invertibility, it holds that
iR Nspec AYF = ().
Rabier’s Theorem A.1 concludes the proof of Step II-a. O

Proof of II-b. By Theorem B.3 it suffices to show that C* € L?(R, L(H;)).
BAsiC PATH. Let 4 be a basic path from u_ to uy with interval, say [T, T).

PosITivE END. By axiom (C) for C' there exists an H;-open neighborhood V;,,
of uy, and a constant xy > 0 such that all v,w € V,, N Hj satisfy the scale
Lipschitz estimate (6.25). In particular, since w := uy € Us and C*+ = 0, for
every v € Vi, N Hy there is the local Lipschitz estimate

1€ ey < w(J0 = e s + min{lolsg, [ i} - [0 = L, )

<lusla, <lv—uq|m, (629)

< Kylv —uylm,
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IU+
Figure 1: Basic path @ and open cover of connecting path u along time [—T_, T ]

where k4 = k4 (uy) = K+ |ug|m,. Since the connecting path s — u, converges
to uy in Hy, there exists a time Ty > T such that u, € V,,, whenever s > T',.

NEGATIVE END. Similarly there exist V,,_, k— > 0, T_ > T such that
1C ey < Filv —u—|m,. (6.30)

whenever v € V,,_ N Hy and ugs € V,,_ whenever s < —T_.

COMPACT PART. For every s € [-T_,T,], by axiom (C), we choose an H;j-open
neighborhood Vy of ug in U; such that there exists a constant ks > 0 with the
property that for all v,w € V5 N Hy it holds the scale Lipschitz estimate

1€ = C®leqay < s (o = wlay + minfolis, o} - o= wlm, ). (6:31)

Since u: R — Uj is continuous and the interval [T, T ] is compact, the image
uf—7_,1,] is a compact subset of U;. Therefore there exists a positive integer N
and times —7T_ < 51 < 89 < --- < sy < T4 such that the Vs, cover the image

N
ur g © U Ve,

j=1
Since Hy is dense in H; for every j =1,..., N we can choose p; € Vs, N Ha as
illustrated by Figure 1.

ESTIMATES. Firstly, we assume that s € [-T_,T4]. Then u, lies in one of the
finitely many open sets, i.e. there exists j = j(s) such that u, € V. We estimate

1C" M| (a1,
<CP | zeayy + 1IC* = CP| £y

<NC™ egaayy + s, (|15 = Py 12z + min{lugl s, 9o, i} - lus = b, 1, )
<lps; |y Slus—ps; Hy
< max O e+, max (ks + [P ) (Jus — tis| bty + s — s, |11,
=ity =iby,
< ay +by, max |y — ps,|m, +oultts — Us|m,-

20



Inequality 1 is by adding zero and the triangle inequality. Inequality 2 uses (6.31)
for s = s;. Inequality 3 is by taking maxima and adding again zero i, — s, as
illustrated by Figure 1. Inequality 4 uses that a basic path @ is continuous as a
map to Us and constant outside [—7, 7T, so the maximum exists.
Secondly, for s > T, by (6.29) it holds

1C* N2y < Fglts =ty o,
Thirdly, for s < —T_, by (6.30) it holds

[{Chy

To prove that C* € L*(R, L(H;)) we estimate

() < Rofus —u_|m,.

w2
1C* 22 & (1)

(] e

< (k2 + K% [lu—u_ ||L2 + (T +T)2¢2 + by |lu — u||iz([_T7T]7H2)

o) 4

which is finite. This proves Step II-b. O

Noting that D = Fy + Mzcu and using the fact that Fredholm property
and index are invariant under compact perturbation we get from Step II-a and
Step II-b that DY is a Fredholm operator and that

indexDD§ = index F5. (6.32)
This concludes the proof of Part II. O

Part III. Equal Fredholm indices index D" = index 3.

Proof of Part III - using a homotopy argument.
Because the space CO(R,H,) is dense in L2(R,Hs), see e.g. [FW25a,
Thm. A.5.4], the connecting path u € C°(R,U;) from u; to u_ can be ap-
proximated by a connecting path which additionally is continuous as a map to
H, and satisfies that the limit as s — Foo exists in Hy and is u+. In particular,
after a homotopy inside the space of connecting paths from u_ to uy we can
assume that our connecting path u is additionally continuous on level Hj.
Since the Fredholm index is homotopy invariant it suffices to show the equal-
ity of indices only for connecting paths which are additionally continuous on level
H,. For such a path the map s — A5* is continuous as a map R — L(Hs, Hy).
Since both operators A% : Hy — Hy and Ay*: Hy — H; are Fredholm of in-
dex zero, Corollary 3.4 in [FW24a] shows that the two operators have the same
spectrum, in particular they have the same spectral flow. By [FW24b, Thm. A]
the Fredholm index of D* = 95 + A" is the spectral flow of s — A%s and the
Fredholm index of DY = 0, + AY is the spectral flow of s — Ay*. Since the
spectral flows agree, the two indices agree. This proves Part III. O

The proof of Theorem 6.11 is complete.
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7 Para-Darboux Hessian is almost extendable

Recall the setup from Section 4 where an open subset {{ C R?” carries an exact
symplectic form w = dA. The Hilbert space triple (Hy, H1, H2) is given by the
Wk2(St, R2")-Sobolev spaces (4.3). Open subsets U; C H; and Uy C Hy are
defined by (4.4). Recall further that the identity (3.1) determines a smooth map

B: {4 — GL(2n,R), x+— B,.

In (4.12) we defined a (1,2) tensor L: X' () x X' (4f) — X (L) where X (L) is the
set of vector fields along &l.

In order to prove the lemma and the theorem below we need the following
result from fractional Sobolev theory.

Theorem 7.1 ([BH21, Thm. 7.4]). Assume p1, pa2, p are real numbers satisfying
1. p12p>0andps >p>0;
2. p1+p2> 5 +0p.

Then the following is true. If v € WPL2(S1) and w € Wr22(St), then vw €
Wr2(SY) and pointwise multiplication of functions is a continuous bi-linear map

WSt x Wee2(s) - Wr2(sh).

7.1 Unperturbed case

Lemma 7.2. The para-Darboux Hessians, one for each uw € Uy, defined by
AY: Hy — Ho, 1~ B+ Lu(n, 1)

determine a weak Hessian field Ay on Uy .

Proof. By Theorem 7.1 in the form W12x L? — L2 and W22xWH2 — W12 the
map u — AY is element of the spaces C°(Uy, L(Hi, Hy)) and C°(Us, L(Hz, Hy)).
The (Symmetry) axiom (6.22) holds true by Lemma 4.7. It remains to check the
(Fredholm) axiom. By Theorem C.1 for the loop ¢ — w,, the operator as a map

B;lﬁti H1 4)H0, HQ*)Hh VUEUl (733)
is Fredholm of index zero. Using the Sobolev estimate |1|p < |7|#,, the term
cv: g I:t d -Z/ut (nt,ﬂtﬂ

is bounded as a map Hqy — Hy if u € Uy and as a map H; — H; if u € Us. So,
by compactness of the embeddings H; — Hy and Hy — Hi, both operators
C" are compact. But Fredholm property and index are stable under compact
perturbation. This proves Lemma 7.2. O
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Theorem 7.3. The para-Darbour weak Hessian field Ag is almost extendable.
Moreover, the pair (F,C) defined for u € Uy by

F“:nw B, ', C": ns Ly(n,u),
s a decomposition.

Proof of Theorem 7.3. By Theorem 7.1 in the two forms W2 x L? — L? and
Wh2 x Wh2 — W2 for each 7 > 3 the map C is element of the spaces
OO(Ul,E(&,Ho)) and CO(U27L(&,H1)) where Hr = WT’2(Sl,R2n). The
proof completes in two steps (C) and (F).

Step (C). The scale Lipschitz estimate (6.25) holds true.

Proof. Tt remains to check the local scale Lipschitz axiom (C), see (6.25), for the
map C. To this end suppose u € Uy = W12(S, i), Since W2 C C, the image
of u is a compact subset of l. Therefore there exist, firstly, an open subset U
which contains the image of u and, secondly, a constant ¢ such that

| Lo |l £ (m2n xr2nmony < ¢
”Ef — Ly || £(r2n xg2nman) < clz — ylpen (7.34)
ldLz || £(r2n xR2n xR27;R20) < €
|[dLy — dLg || £(r2n xr2n xR20;R20) < €|z — YlRon
whenever x,y € U. We define an open neighborhood of u in U; by
V, = Wh2(SY,9) N B (u)

where Bfl (u) is the open radius 1 ball in H; centered at u. Pick elements
v,w € Vy N Hy =V, N W32, Note that

lwre < |ulwre +1,  |wlwre < |ulyre + 1.
Now we estimate
Kc"fcwm%nzg\iaao>fiw@ﬂw&z+kn(v( ) Loy (&, 10))|72
< 2|Ly(& 0 — w)[Z2 + 2/(Ly — Lu) (€ )[Z2
+ 7|dLy (0 — 1, £,0) |22 + T|dLy (10, &5 — )|
+7|(dL, — dLy) (0, &, 10)|22
+T|Ly (€0 — ) 72 + 7| (Lu — Lu) (£, 1) 72
+ 7| Lo (&8 — @) |72 + 7| (Lo — L) (&,0)]7

where in inequality two we added four times zero and used Lemma (7.4) for
k =7 summands. Now we estimate summand by summand starting below

1
|@Vi@@mmzﬂumfmmamWﬁ
1

S/ 62|Ut_wt|2|§t‘2|wt‘2dt
0
< Ao — w|] €] |0]72

< Ao = wlfyr 2 €lfyr 2wl
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Here inequality one uses (7.34) and the Sobolev embedding L> — W12 with
constant 1. Similarly we estimate

|Lo(&,5 — @) |72 < EI€]frlv — wlfpae
(Lo — L) (€,0) 22 < Ao — wlZ1s |6z w]Ze

Lo (€0 — b)[72 < ElEffpalv — w]fyz
|(dLy — dLy) (1,&,1)[72 < & (1+ Julwr2)? [0 = w283 [w]f.
ALy (1, &0 — ) |72 < & (1+ [ulwr.2)” |€f12lv — w[is
ALy (0 — 1, &,)[72 < ¢ (1+ Julwr2)” [v = wliy22lEfpa
(Lo — L) (€,00) 22 < Ao — w2 2]€3mz 0] e

Lo (&0 — )72 < E[E]fzlo — wlfe.

Continuing the above estimate we obtain

(€7 = C™)el, < 7e (7 + luly,) (Iv = wli, + ko = wik, )€l

—=:Kr2

This implies that the operator norm is bounded by
1C" = Cllegrm < w (v = wl, + ol o = wla, ).
Interchanging the roles of v and w we get
16" = €l < w(lo = wliy + ol o = wlis, ).
The above two estimates imply the scale Lipschitz estimate
1C" = Cllegrmy < k(o = wl, + min{lelm, [wlu, o - wlm, )
which is precisely (6.25) in axiom (C). This proves Step (C). O

Step (F). Vu € Uy: F§ := B, '0|n,: Hy — H; is Fredholm of index zero.

Proof. The proof was given in (7.33) as a consequence of Theorem C.1. O
The proof of Theorem 7.3 is complete. O

Tool

Lemma 7.4. For k € N and real numbers a1, ...,ar > 0 there is the inequality

k 2 < ko
Zj:l aj — kZ]:l aj
Proof. Observe that

k 2k
(Za]) :Za?—l— Z 2a;a; < (14 (k—1))ai+ -+ (1+ (k—1))az.

1 <ici<
7 1<j<i<k Sa?Jraf

O

24



7.2 Perturbed case

Lemma 7.5. The perturbed para-Darboux Hessians (5.17) defined by
A": Hy — Hy, nw B0+ Ly(n,4) —a“y

one for each u € Uy, determine a weak Hessian field A on Uy.

Theorem 7.6. The perturbed para-Darboux weak Hessian field A is almost
extendable. Moreover, the pair (F,C) defined for uw € Uy by

FY“:nw B, 'n—a"n, C": 0w Ly(n,1),
18 a decomposition.
To prove the lemma and the theorem we need the following proposition.
Proposition 7.7. The map u +— a* is element of C°(Uy, L(Hy)).

To prove the proposition we need the following lemma.

Lemma 7.8. Let f € CY(R,R). Then the map
F(f): WH(SYR) — WE2(SLR), wues fou
s well defined and continuous.

Proof. The composition f ou is L?, because since u is CY the image u(S') is
compact, hence the continuous map f is L?-integrable along the image. The
derivative f’|, - is a product of a C°-map f’|, and an L2-map . Such product
is L2. This shows well defined.

We prove continuity. Pick € > 0. Since u: S' — R is continuous, there
exists a compact interval [a,b] containing the image of u. Since f and f’ are
continuous, there exists

0 <d <min{l, grpes— }

such that for all z,y € [a — 1,b + 1] with |z — y| < ¢ it holds

f@) —fWI<s [f@-F@I<s w=4/10+8uff..

Now assume that |u — v|p12 < J. Since |u — v|co < |u —v|y12 < § we have
|ug — v¢| < <1 whenever t € S'. Hence

|flug) = flo)] < 50 [ (we) = f(o)] < £
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for every t € S'. We estimate
|fou— foulfie
=|fou—fovlia+|f (w) i —f(u) 0+ f(u)-0— f(v) 03,
<|fou—foulte+2f (u)-a— f(u)- o[z +2|f (w) -0 = f'(v) - 0]

2 . . 2.

< S+ 2 (W)|ix i — 072 +250]35
<SS HAfWlie Ju=olis 45 (wgw - U@W)
— ————

e <6<t
]
S % (5 + 4|U|%/V1,2) + % = 62.
This proves continuity and concludes the proof of Lemma 7.8. O

Proof of Proposition 7.7. Since the function h: 4 — R is of class C3, given i, j =

1,...,2n, the matrix coefficients 9;0;h: Y — R of the Hessian are C! functions.
Hence, by Lemma 7.8 and the fact that multiplication W2 x W12 — W12 ig
continuous, the proposition follows. O

Proof of Lemma 7.5. By Proposition 7.7 below the map uw +— a* lies in
C°(Uy, L(Hy)), hence in particular in C°(Uy, L(Hy, Ho)) N C°(Us, L(Ha, Hy)).
Since A* = A} — a* and Af is a weak Hessian field according to Lemma 7.2 it
follows that A is also element of CO(Uy, L(H1, Hy)) N C°(Us, L(Ha, Hy)).

The (Symmetry) axiom (6.22) holds true by Lemma 4.7 and Lemma 5.4.
We show the (Fredholm) axiom. Since the inclusions Hy — Hy and Hy — H;
are compact it follows that for every u € Uy the operator a¥|g,: Ho — Hjp is
compact and so is a*: H; — Hy. By Lemma 7.2 the operators AY and AY|m,
are in particular Fredholm of index zero. Since Fredholm property and index
are stable under compact perturbation it follows that the same is true for A
and for AY. This proves Lemma 7.5. O

Proof of Theorem 7.6. Since L(Hy) C L(Hy,Hy) N L(Hs, Hy) it follows from
Proposition 7.7 that the map u — A% lies in € C°(Uy, L(Hy, Ho) N L(Ha, Hy)).
Since the inclusions H; < Hg and Hy — H; are compact it follows that for
every u € Uy the operator a“|y,: Ha — H; is compact and so is a*: H; — Hy.

By the unperturbed case, Theorem 7.3, we know that B, 10, as a map H; —
Hy and as a map Hy — Hg is Fredholm of index zero; this is a consequence
of Theorem C.1. Since Fredholm property and index are stable under compact
perturbation the same is true for F'* and its restriction F3'. In particular F
satisfies axiom (F) in Definition 6.6.

That C satisfies axiom (C) was already shown in the proof of Theorem 7.3.
This shows that A is almost extendable and (F, C) is a decomposition of A. O
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A Theorem of Rabier

While the result of Rabier applies in greater generality we discuss it for Hilbert
space pairs. Let (H, W) be a Hilbert space pair, that is H and W are Hilbert
spaces such that W C H, as sets, and the inclusion map .: W — H is a compact
linear operator. Let ¢ € C be the imaginary unit element.

Consider a family (A(s))ser of bounded linear operators A(s): W — H.
Assume that the following five conditions hold

(H1) (H,W) is a Hilbert space pair;
(H2) the operator family R — L(W, H), s — A(s), depends continuously on s;
(H3) there are invertible asymptotic limits A+ € L(W, H) in the sense that

lim |[A(s) = A%l cow,m) = 0;

s—F oo

(H4) Vs € RU {Foo} 3Co(s),r0(s) > 0 Yo € R: Whenever |a| > ro(s) the
operator A(s) —ia: W — H is an isomorphism and there is the estimate

Co(s)

i) <
(A = i) ean < 1

(H5) iR Nspec Az = 0.
Theorem A.1 (Rabier [Rab04]). Under the assumptions (H1-H5) the operator
Dy =05+ A: Wi nLb, — LY

is Fredholm for every p € (1,00).

A.1 The unparametrized Rabier condition (H4)

In this section we do not deal with operator families parametrized by s € R,
but with individual operators A € L(W, H) on a Hilbert space pair (H, W).

Definition A.2. A bounded linear operator A: W — H satisfies the Rabier
condition (H4), more precisely [Rab04, (1.4)] in the case of Hilbert spaces, if
there are constants Cp, g > 0 such that Vo € R with |a] > r¢ it holds that

ia ¢ specA:={Ae€C|A—A: W — H is not bijective}

and
(A — ia)_1||z:(H) < Co. (A.35)

Here and throughout we write ¢« to abbreviate iau.
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Symmetric Fredholm operators of index zero

Lemma A.3. Suppose A € L(W,H) is a) H-symmetric and b) Fredholm of
index zero. Then for every real number o # 0 there is the estimate

(A = i) gy < 1.
In particular, A satisfies the Rabier condition (H4) for Co = 1 and every ro > 0.

Proof. By a) and b) the spectrum of A is real and there exists an ONB {e;, } nen
of H and {a, }neny C R such that Ae,, = ane, for every n € N; see e.g. [FW24b,
App.E]. Let o € R\ {0}, then

a(A—ia) e, = <

—énp.
a, — ix

Let £ € H and write it in the form £ = ) &,e, for unique real numbers &,.
Suppose that £ is of unit norm [¢[% =Y, €2 = 1. Then

a(A—ia)_1§:Z A en

a, — o

and we estimate

C N=1g12 a’&s
|a(A — i)™ ¢y = ;m
2
<> e
=1.
This proves Lemma A.3. O

Corollary A.4. Let (A(s): W — H)ser be a family of bounded linear opera-
tors such that each family member A(s) is H-symmetric and (H1,H2,H3) are
satisfied. Then the operator

Dy =0, + A: WP N Lh, — LY,
is Fredholm for every p € (1, 00).

Proof. By Rabier’s Theorem A.1 it remains to verify (H4) and (H5). (H4) holds
by Lemma A.3. We prove (H5). Since A(s) is H-symmetric for every s € R,
the same holds for the asymptotics A+. Therefore the spectrum of A~ is real.
Since Ay are invertible by (H3) zero does not belong to the spectrum of A;
and therefore /R Nspec Ax = 0. O
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Reformulation

Lemma A.5. Let A: W — H be a bounded linear operator. Then A satisfies
the Rabier condition (H4) if and only if it satisfies the following two conditions.

(i) A is Fredholm of index zero.

(ii) There exists constants Cy,ro > 0 such that whenever |a| > rq it holds
(A —ia)é|g > Coalé|n (A.36)
for every € € H.

Proof. ’<’ Since A: W — H is Fredholm of index zero and inclusion W — H
is compact, it follows that A —ia: W — H is also Fredholm of index zero for
every a € R. If rg is as in (ii) and o > rg, then A — i« is injective by the
estimate in (ii), hence surjective (Fredholm index zero). Therefore, by the open
mapping theorem, the operator A — ia is an isomorphism. In particular, the
inverse (A — ia)~! is bounded. Now (A.35) follows from (A.36).

'=’ Suppose (H4) holds true. Hence, if a@ > rg, then A — i« is bijective
and therefore it is Fredholm of index zero. Since inclusion W < H is compact,
it follows that A is Fredholm of index zero as well. This shows (i) and (A.36)
follows from (A.35). This proves Lemma A.5. O

Remark A.6 (Spectrum consists of eigenvalues). A € spec A is called eigen-
value of A € L(W,H) if A— Xe: W — H is not injective. Observe that

A satisfies (H4) = spec A = {eigenvalues of A}. (A.37)

To see this suppose A satisfies (H4) and pick A € spec A. The latter means that
A — A\ is not injective or not surjective. Now A is Fredholm of index zero by (i)
and so is A — \¢, as shown in the beginning of the previous proof. In particular,
not injective and not surjective are equivalent for the operator A — Ac.

Stability under compact perturbation

The following proposition is a version of [Rab03, Thm. 3.5].

Proposition A.7 (Compact perturbation). Let A: W — H be a bounded linear
operator satisfying the Rabier condition (H4) and K: W — H a compact linear
operator. Then A+ K: W — H satisfies the Rabier condition (Hj) as well.

In the proof we utilize the following notions. Let A: W — H be a bounded
linear operator. A bounded linear operator T: W — H is called A-bounded
if there exist constants a > 0 and b(a) > 0 such that

T¢| < alAf|m + b(a)|¢|m (A.38)

for every £ € W. The A-bound of T is the infimum of all possible values a > 0,
in symbols

inf{a > 0| 3b(a) such that (A.38) holds V¢ € W}.
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A theorem of Hess [Hes69, Satz 1] says that, given A € L(W, H) with non-empty
resolvent set, compact operators K: W — H have vanishing A-bound.

Proof. Let A satisfy (H4). Then A satisfies (i,ii) in Lemma A.5 with constants
r0, Co. It suffices to check conditions (i,ii) for A + K for some constants r1, Cy.
As K: W — H is compact, it holds that A+ K is Fredholm and index(A+K) =
index A = 0 This proves (i). To prove (ii) we define

e:=min{g, ¢}, ry :=max{ro, 3 + 4b(€)} Cp =S

and for |a| > r; > ¢ we estimate

(A+ K —ia)ln > |(A - ia)éln — |K€ln
> |[(A—ia)¢|m —el(A—ia +io)§|m — b(e)¢|n
= (1=e)[(A—ia)|m — (clal + b(e)) €] a
= ((1- 6)00\04 —elal = b(e)) [§la
> (Llal = b(e)) €l
> %|§\H~

In inequality 2 we used (A.38) and then added zero —ia + icv. Inequality 3 is
by the triangle inequality. Inequality 4 is by the hypothesis (A.36) on A which
applies since |a| > rg. Inequality 5 is by choice of €. The final inequality 6 uses
that || > 1 and the choice of 1. This proves Proposition A.7. O

Level operator

Lemma A.8. Let (Hy, Hy, H2) be a Hilbert space triple. Suppose that F: Hy —
Hy is a bounded linear operator which satisfies the Rabier estimate (Hj). If F
restricts to an operator F» = F|g,: Ho — Hy and Fy is Fredholm of index zero,
then Fy satisfies the Rabier estimate (H4) as well.

Proof. Let Cp,rg > 0 be the constants in the Rabier condition (H4). Fix ag >
ro. Then F — iag: Hiy — Hj is bijective, thus an isomorphism. Therefore,
maybe after replacing the norm of H; by an equivalent norm, we can assume
without loss of generality that for every £ € Hy the Hy-norm is given by |£|; =
[(F —iag)€|o. Hence for a > rg and £ € H; we write and estimate

[(F' —ia)&|1 = [(F —iap) (F — ia)€]o
= [(F —ia)(F —iag)€lo
> Coat|(F —iag)€o
= Coarl¢]s

The inequality is by (A.36) for F. This shows that F5 satisfies (A.36). But
F, is Fredholm of index zero by hypothesis. Hence Fy satisfies (i) and (ii) in
Lemma A.5 and therefore (H4). This proves Lemma A.8. O
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B Compact non-continuous perturbations

Lemma B.1. For a Hilbert space H, an interval I = [=T,T], and ¢ € L*(I, H)
multiplication m.: WH2(I,R) — L3(I,H), £ — c£ is a compact operator.

Proof. The multiplication operator is a composition

mD
me =mou: WH(I,R) - C°(I,R) — L*(I, H)

of the compact Sobolev inclusion ¢: WH2(I,R) < C°(I,R) followed by the
multiplication m? which is bounded as we show next. Indeed multiplication

L*(I,H) x C°(I,R) — L*(I, H), (c,&) €
is a continuous map since

m2&\\r2cr.my = €l zar,emy < llellzzc,mlléllcocrr)-

Hence the map m, is the composition of a compact and a continuous linear
map, and therefore it is compact. This proves Lemma B.1. O

Proposition B.2. Let H be a Hilbert space and ¢ € L*(R, H). Then multipli-
cation me: WH2(R,R) — L?(R, H), £ — c£ is a compact operator.

Proof. Given n € N, let x, := X[—n,n) be the characteristic function on the
interval [—n,n|, that is x, is 1 on [—n,n] and 0 else. Then the multiplication
operator m{ := m,, . is compact by Lemma B.1.

To show that m. is compact we show that the sequence of compact operators
my converges in the operator norm topology to m.. Indeed

[(me —mg)éll L2,y = [[(c = Xne)€llL2® 1)
= [|XR\[=n,n) €| L2 (R, )
< Ixr\[=nomicll 22 @, m 1]l oo R) (B.39)
< lell 2@\ [=n,n), ) 1€ llwr 2 (& R)-

— 0, as n = o
This proves Proposition B.2. O

Let (Hy, Hz) be a Hilbert space pair, see e.g. [FW24a], that is H; and Ho
are both infinite dimensional Hilbert spaces such that Ho C H; and inclusion
t: Hy < Hj is compact and dense. We define W;If and L%L: by (5.18).

Theorem B.3. Let C € L*(R,L(Hy)). Then pointwise multiplication
Mo: WY ALY, = L, € [s s C(s)E(s)

18 a compact operator.
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Remark B.4. In the special case where C' is continuous Theorem B.3 was
proved by Robbin and Salamon [RS95, Le.3.18]. As in our proof they use a
sequence of compact operators which converges to the operator M¢ in the oper-
ator topology. In contrast to our sequence, they first multiply with C' and then
project, while we first project and then multiply by C.

Definition B.5 (Intersection of Hilbert spaces). The intersection HNW of two
Hilbert spaces H and W is itself a Hilbert space with inner product and norm

CoYaow = Coda + Codw e laow == /115 A+ 11y

Proof of Theorem B.3. The Hilbert space pair (Hy, Ha) is isometric to the pair
(¢%,02) where h: N — (0, 00) is a monotone unbounded function; see [FW24a,
Thm. A.4]. In the following we identify the Hilbert space pairs

(Hl,HQ) ~ (Zz,ﬁi)

We denote by £ = {ex }ren the canonical basis of £2 and by

mn: Hi — R™, fZkaek*—) (ST

k=1

the orthogonal projection of H; to the n-dimensional subspace of H; identified
with R™ under the isometry mentioned above. As the basis £ is still orthogonal
in E,Ql, the restriction m,|g,: Ho — R™ is again the orthogonal projection.

For n € N we define the operator

ME: W2 0Ly, — Ly, € [s— (MBE) (s) = C(s)mn(s)]

where ¢, = 7, : R™ — H; is inclusion.
Step 1. For every n € N the operator M is compact.

Step 1 follows from Proposition B.2 for m, = M and where £(s) = m,£(s) now
takes values in R"™ instead of R.

Step 2. As n — oo, the operators M@Z converge to M¢ in the operator norm

i oswp (M- Mol =0,
e 13T !
Hy "TH,

To prove Step 2 we write the difference in the form
Mo — M§E = McgoP,

where
P WEIN LY, — LS, € [s0 (1—m,)E(s)]

and
Me: Ly, — Ly, nw [s— C(s)n(s)].
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The operator M¢ is bounded: Indeed, for n € Lg of unit norm, we estimate

o)

IMenl, = [ 1€, ds

— 00

[e'e) 2
< [ 1CE ) (sggn(s)ml) s

= ICII72 @, a0 ))-

Since

[Mc — MgHL(W}{fﬁquz,qul) = ||MC||L(L?-I01>L2HI) ' HP”HE(WiffﬂL%z’L%"I)

it suffices to show that the norm of P, converges to zero, as n — oo.
Claim. If n € Wfllf N L, satisfies the three conditions (i-iii)

() Ills, <10 G) g, <1 (i) Vs € B mun(s) =0,
i)i.

then lnllz, < (5

- n+1

Proof of Claim. Condition three means that 7 is for any s € R of the form

1) 2 (0,001 () () )
which, as in (B.42), provides the estimate
n(s)7e = hnsaln(s) [z (B.40)
Now we prove the estimate
n(s)lez = [n(0)]e2 — /1] (B.41)

for every s € R. We show this estimate for s > 0, in case s < 0 the argument is
similar. To this end pick s > 0. Use Cauchy-Schwarz to estimate

A ’ 5 , )
|1l e < \// 1dt-\// i(0) e dt < V3 il < V5.
0 0 0

This estimate and the fundamental theorem of calculus yield the claim, namely

n(s))e = |n(o> +f i) di

EQ
> [n(0)]e2 —/O 1 |7(t)|e2 dt
> n(0)]ez — V/s.
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This proves the estimate (B.41). Next we estimate

(i)
L= |nlzs,

— [ o ds

3 o0 )
= o [ ) ds
‘77(0)62 9
> hn+1/ In(s)|z ds
()12,
5 In(0)1%
> 2hn+1/ 7(0)]g2 — \/g) ds
0

1
= 3hnsan(0)]z

In step 3 we used (B.40). In step 5 we used the claim (B.41). To obtain the
final identity we calculated the integral.

We rewrite the obtained estimate in the form [7(0)[2 < (3/hny1)Y/%. For
r € R we define n,(s) := n(s + r). Then conditions (i-ii) hold as well for 7,.
Therefore |17(r)];2 = |1:(0)|;z < (3/hny1)/* for every r € R. Consequently

||77HL§1 < (3/hn+1)%. This proves the Claim. O

Operator norm of P,,. Pick £ € W}{’fﬂL%Q such that ||§||W}{'120L§12 < 1. Now
we verify conditions (i-ii) for n = P,£. Condition (i) is satisfied, indeed
1Bl = 8- )l
< Jéllzs,
< i€l
< ||f||w};fﬂL2;{2

<1.

In inequality one we used that the projection is Hj-orthogonal. In inequality
three we used Definition B.5 of the norm in an intersection space. Condition (ii)
is satisfied by the same arguments

1Putls, = N0 = m)ellzs, < lillia, <1

In inequality one we used that the projection is also Hs-orthogonal. Condi-
tion (iii) is satisfied due to the projection property 72 = m,,, namely

T Pré(s) = mp (1 — 7, )E(s) = 0.
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Thus, by the Claim, we get ||Pnf||L§;1 < (+2-)3. Therefore the operator norm

hni1

3 1
|‘PnH£(W};me§,27L?1) < (hn+1>

converges to zero, as n — o0, since the growth function h is unbounded. This
concludes the proof of Step 2.

Step 1 and Step 2 together imply Conjecture B.3 by the standard fact that
the subspace of compact operators is closed in the space of bounded linear
operators; see e.g. [FW21, Thm. A.1]. This proves Theorem B.3. O

Example B.6. Recall that we identify (Hi, Ha) ~ (¢2,¢2). Pick an element
n € ¢? which is of the form n = (0,...,0,7%,51, Mni2,...). Set a := |n|, and
pick b > 0. Consider the map &: R — ¢2 defined by

(%‘*‘DW , S € [_ba0]7
5(8) = (_% + 1)77 , S € [07b}7
0 , else.

(i) graph |¢] R ; (ii) graphg £

slope ¢

—b b —b b
Figure 2: Graphs of |¢] and &

Note that |£(s)\gg = a/bwhenever s € (—b,0)U(0,b). Suppose that £ satisfies
the conditions a) [|{[[z2 =1 and b) [[{[lz, = 1. By a) and calculation
1 2

b 2
- 2
=, =2 [ (@)= = b=
1 0 b
and
b ) A
lel, =2 [ (597 ds =202 = G
Observe that
k=n+1 k=n+1

and use the unit norm condition b) to obtain

2 2 4 4
1= léllzs, = hatilléllzs, = ghntia

Bl

which implies that a < (ﬁ) — 0, as n — o0.
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C Slice-wise index zero Fredholm operators
The space of symplectic bilinear forms on R?" is denoted by

Q(R?™) = {w: R*™ x R*™ — R bilinear, skew-symmetric, non-degenerate}.
A loop of symplectic forms

we WH2(SH QR?™), t— wy (C.43)
determines a loop of invertible matrices B € W2(S!, GL(2n,R)) by
o (- BH(1)) = ()

pointwise for every t € S' where (-,-) is the Euclidean inner product on R?",

Theorem C.1. Pick a loop of symplectic bilinear forms w € WH2(St, Q(R?")).
Then the operator

Fpo1r = B;'0: Hy — Hy_q, Hy, = WF2(ST R?"),
is Fredholm of index zero whenever k =1, 2.

The proof of Theorem C.1 will be given at the end of Appendix C.

Semi-Fredholm estimates

Lemma C.2. Consider two loops of invertible matrices
C € C°(S*, GL(k,R)), L € Wh2(St, GL(k, R)).
Then the corresponding linear operators

a) Fo: WHA(SYRF) — LA(SYLRY), ¢ [t C(HED)] -
b) Fp: W23(SL,RF) - WH(SLRY), & [t LHER)] (C44)

are semi-Fredholm operators.”

Proof. a) Since C(t) is invertible and the circle is compact, there exists 6 > 0
such that |C(t)v| > dJv| for all t € S' and v € R¥. Hence we estimate

1
Fols = / COEWD? dt > 82I€2, = 8260 — 620,
0

Therefore
1z < g2 Foéle + [i€]7e

for every ¢ € W12, Since the inclusion map ¢: W2 — L? is compact, this is a
semi-Fredholm estimate, see e.g. [MS04, Le. A.1.1]. It implies finite dimension
of the kernel and closedness of the image of the operator Fe.

5 semi-Fredholm means finite dimensional kernel and closed range
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is invertible

b) Since W12 embeds in C° the map L is continuous. Since L(t)
| > d]v| for all

and the circle is compact, there exists ¢ > 0 such that |L(t)v
t € S! and v € R*. Hence we estimate

|FLél3a = |LERs + |LE + L2,
> 8[€]7 + | LEFa+2(V2LE, J5LE) + |LEJ7
> 82(¢[2a + |LE 2 —2|LE[2 — ALERs + |LE2s
= 0%I¢[7 + SILE[T — |LE7
> 62120 + S I — L2210
B 1e[22n — 122 — L2216

Z1elhen — (5 + 1) lef2a.

Y

Y

Therefore )
6las < FIFLE + (1+ FILE: ) 162

for every ¢ € WH2. Since the inclusion map W22 — C! is compact, this is a
semi-Fredholm estimate, see e.g. [MS04, Le. A.1.1]. It implies finite dimension
of the kernel and closedness of the image of the operator Fp,. O

Index is conjugation invariant

Let GLT(k,R) be the open subset of R¥** that consists of all real k x k matrices
which are of positive determinant, thus invertible. Clearly 1 € GL™ (k,R),

Lemma C.3. Consider loops of invertible matrices of positive determinant
a) C,G e C°(S',GL™(k,R)), b) L,H € Wh(S', GL* (k,R)).
Then the following loops are homotopic
C ~GCG™, L~HLH™!,
and for the operators (C.44) the semi-Fredholm index is conjugation invariant
index Feo = index Fgog-1, index F, = index Fypp-1.
Proof. We prove part a). Part b) then follows by the same arguments by noting
that multiplication W12 x W12 — W12 is continuous.

Since C and G take values in GLT we assume without loss of generality that
the loops C' and G are based at 1, in symbols C'(0) = 1= G(0).5

6 If not, fix v € C°([0, 1], GL (k,R)) from 7(0) = 1 to (1) = C(0). Define C by following
v, then C, then v backwards (notation v~ ), all at 3-fold speed. Retract v and v~ to Cp.
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By Lemma C.4 we get the based homotopies ~ in steps 1 and 3 in the
calculation

GICG ~ G 1#(Ca)
~ (CO#G™
~CGG™*
=C.
The (free) homotopy ~ in step 2 is the map defined for r,¢ € [0, 1] by h"(¢) :=
(w#v) (5 +t). It deforms h® = w#uv to h' = v#w and moves the point of time

0 from v(0) along v to v(1). Because the semi-Fredholm index is a homotopy
invariant, see e.g. [Miil07, §18 Cor. 3], this proves Lemma C.3. O

Lemma C.4. Let RFX* be the space of real k x k matrices. Let G and H be two
loops in R**F based at 1 = G(0) = H(0). Then the pointwise matriz product is
based homotopic to the concatenation, in symbols HG ~ H#G.

Proof. Let r € [0,1] and t € [0, 1]. Defining

1 b€ [, 1],

&) = {G((l +r)t) L te o, 1],

then G (t) is G(2t) on [0, 1] and 1 on [£, 1]. Defining

2 27

o1 ,te 0, =1,
H'() = {H((1+r)t—r) el

then H'(¢) is 1 on [0,3] and H(2(t — 3)) on [3,1]. Note that the homotopy
defined by h"(t) := H"(t)G"(t) deforms the map

t hO(t) = HY(1)GO(t) = H(t)G(t)

to the map
tes hA(t) = H' ()G (t) = (H#G) (t).

Moreover, the homotopy moves through based loops
h"(0) = H"(0)G"(0) = 1G(0) =1, A"(1)=H"(1)G"(1)=H(1)1=1.

This proves Lemma C.4. O

Fredholm index zero

Pick a W12-loop w as in (C.43). The loop w determines a W12-loop B = BY
which, by (3.2), takes values in GL™(2n,R) and which itself, by Lemma 3.3,
determines a W'2-loop Jp of almost complex structures on R?" compatible
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with w in the sense that g;, := w(-,Jp-) is a loop of Riemannian metrics.
Convex combination deforms the Euclidean metric to gs,, namely

(I=r){()+rgs, = g(r) = w(-,B(T)-), r € [0,1]. (C.45)

The last identity determines a homotopy r — B() from the loop B®) = B to
BW = Jgz. We abbreviate

J(t) = Jpu, teS'=R/Z
Lemma C.5. [t exists ¥ € W12(S!, GL*(2n,R)) such that
T()J0)U ()"t =J(t), VteS (C.46)

Proof. The proof has three steps.

Step 1. There exists a unique map ¢: S' — GL(2n,R)/GL(n, C) such that for
any t € S' and any representative U(t) € GL(2n,R) of 9(t) we have

() J(0)T ()™t = J(t). (C.47)
Proof. Since two complex structures are conjugated, see e.g. [MS04, Prop 2.5.1],
for every t there exists W(t) € GL(2n,R) such that W(t).J ( YU (t ) J(t).
If W(t) is another element of GL(2n,R) such that W(¢)J(0)¥(¢)~! = J(t), then

U()~ ()T (O)(T() "1 (t) " = J(0).

This shows that W(t)~"W(t) preserves J(0) and hence this is an element of
GL(n,C). Therefore the map denoted and defined by

GL(2n,R)

. St —, Wt A4
wist o G o () (C.18)
is well defined, namely independent of the choice of ¥(¢). In view of (C.47) the

subgroup GL(n,C) acts from the right on GL(2n,R). O

Step 2. The canonical map 1 defined by (C.48) is of class W12

Proof. Let t € S' and choose vectors vi,...,v, € R?* such that
v1, J(£)v1,. .., Un, J(t)v, is a basis of R?™. Since J is of class W12, it is con-
tinuous. Therefore since linear independence is an open property, there exists
€ > 0 such that for any ¢’ € (¢t —¢,t + €) the vectors vy, J(t')v1,...,vn, J(t' )y
still form a basis of R?". Choose further vectors wi,...,w, € R?" such that
wy, J(0)wy, ..., wn, J(0)w, is a basis of R?". For ¢’ € (t — &,t + ¢) define
U(t') € GL(2n,R) by the requirement

\I/(t’)wj = vy, \I'(t’)J(O)wj = J(t’)vj, ] = 1,...,’[’L

These conditions are equivalent to



Moreover, since t + J(t) is of class W12 it follows that the map
(t—e,t+¢e)— GL(2n,R), ¢+~ U(t)

which locally represents 1, is of class W2, too. Therefore the map 1 is locally
W12 and since S! is compact, it is globally W2, This proves Step 2. O

Step 3. The loop ¢ in (C.48) lifts to a W2loop ¥ in GL*(2n,R) based at 1.

Proof. As the Lie group GL(n, C) is closed in GL(2n,R) we have a fiber bundle
GL(2n,R)
GL(n,C)

see e.g. [Bre93, Ch.II end of §13]. By choosing a connection on the fiber bundle
we can lift the path 1, see (C.48), to a path ¥ € W2([0, 1], GL(2n,R)) such
that W(0) = 1 and [¥(t)] = o(t) for every t € [0,1]. The path ¥ is not
necessarily a loop. But since [¥(1)] = (1) = (0) = [¥(0)], the initial and
the end point of ¥ differ by an element in GL(n,C). Hence there exists ®; €
GL(n,C) such that (1) = ¥(0)®; = ®;. Since GL(n,C) is connected there
exists a smooth path ®: [0,1] — GL(n,C) from ®(0) = 1 to ®(1) = ®;. The
path defined for ¢ € [0,1] by

W(t) == U(t)D(t)~*

GL(n,C) — GL(2n,R) —

has the following properties. Firstly, it is a loop in GLT(2n,R) since ¥(0) :=
T(0)®(0)~' =T and (1) := T(1)@(1)~" = &(1)®(1)~! = 1. Secondly, it is of
class W12 since W is of class W2 and ® is smooth. Thirdly, it is a lift of ¢ since
[T(t)] = [U(t)®(t)~1] = [¥(t)] = (t). Therefore (C.46) holds by (C.47). O

This proves Lemma C.5. O

Proof of Theorem C.1

We show Theorem C.1 for k = 2, the case £k = 1 is analogous. To this end,
given a loop w € WH2(S', Q(R?")), we get a W'2-loop B = B* in GLT(2n,R).
Consider the operator

Fg1=B7'9,: W22(S',R*) — Wh2(S', R?").

By Lemma C.2 this is a semi-Fredholm operator. By (C.45) the loop ¢t — B(t)
is homotopic in GL™ (2n,R) to the loop t — Jp(4) of almost complex structures.
Therefore the loop B~! is homotopic to the loop (Jg)™! = —Jp.

Since the semi-Fredholm index is a homotopy invariant, see e.g. [Miil07, §18
Cor. 3], we have index Fg-1 = index F_;,. By Lemma C.5 the loop Jp is
conjugated in W12(S!, GL*(2n,R)) to the constant loop J(0) = Jp). And
therefore by Lemma C.3 index F_ j,, = index F_ j(qy. Since F_ ;) = —J(0)0; is
symmetric for the W12 inner product it holds index F_ 7(0) = 0. Summarizing

index Flp-1 = index F__j,, = index F_ ;o) = 0.

Since the index of the semi-Fredholm operator Fg-1 is zero the operator Fg-1
is actually Fredholm. This proves Theorem C.1.
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D Heron square root iteration

D.1 Real values

D.1.1 Heron iteration

Lemma D.1 (Heron method). Let ¢ > 0 be a positive real number. Pick a
positive real number r1 > 0. Define a sequence r,, recursively by the requirement

r1 > 0, Tni1 =% (rn+7r,q), neN (D.49)
Then the following is true.
(i) The sequence (ry)n>2 is monotone decreasing and bounded below by |/q.
(ii) The limit v :=lim, o0 1 exists and r? =gq.
Proof of Lemma D.1. (i). We first show that
a) rn, >0, b) . > /4,

whenever n > 2. While a) is obvious from (D.49), to see b) note that

L Tno1 fﬂ q 1 _ a’+4b% 1 [(ra-a q T
a:=1/"3 7b'_\/2rn_17 = Vi=ab <t =5 (Tt ) =3

We show that the sequence is monotone decreasing. Indeed by a) and b) we get

2
Tn — 4
Tn

1 -1 1
rn—rn+1:rn—§(rn+rn q)=§ >0

whenever n > 2.
(ii) follows from (i). By the Monotone Convergence Theorem the sequence 7,

has a limit 7 > ,/g. On the other hand, by the recursion formula (D.49) the
limit r satisfies 7 = 1 (r +771¢), equivalently r? = g. O

D.1.2 Newton-Picard iteration

To determine the square root of a positive real number ¢ > 0 is equivalent to
show that the function f(r) = 72 — ¢ has a unique positive zero 7, > 0. For the
latter Newton-Picard iteration serves. Choose a point r, > 0 and consider the
tangent line to the graph of f at the point (r,, f(ry,)). If the slope f'(r,) # 0 is
non-zero the tangent line intersects the z-axis at a point denoted and given by

Tn+1 = Tn — ']{;((77;7;))

as illustrated by Figure 3. Since f(r,) = r2 —q and f’(r,,) = 2r, Newton-Picard
iteration for the function f(r) = r? — ¢ reproduces the Heron method, indeed

2
Tn_q_l( q)

-1 4)  peN.
27"% 2 r’ﬂ—"_rn "

r1 > 0, Tn4l = Tp —
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f
\ /zmo)
\ i ‘Ay:yz—?ﬁ:o—f(h)

1, f(r1))

AT =20 —21=72—171

Figure 3: Newton-Picard iteration for f(r) =r? —gq

D.2 Matrix values

Lemma D.2 (Heron method). Let Q € R¥** be a symmetric positive definite
matriz. Define a sequence R, of matrices recursively by the requirement

Ri:==1, Rpi1:=3%(R.+R;'Q), neN. (D.50)
Then the following is true.

(i) Each matriz R, commutes with Q and is symmetric positive definite.
(ii) The limit R := lim, o R, exists and is symmetric.
(iii) R? = Q and R is positive definite.

Remark D.3. The symmetric positive definite matrix R is called the (positive)
square root of ) and denoted by /@ := R.

Corollary D.4. Let Q € R*** be a symmetric positive definite matriz. Then
any matriz B that commutes with Q also commutes with \/Q.

Proof of Corollary D.4. Let (R,)nen be the sequence of positive definite sym-
metric matrices defined by (D.50). In particular lim, ., R, = R =: /Q.
Clearly B commutes with R; = 1. We show inductively that B commutes
with R,y; whenever n € N. To this end assume that [B, R,] = 0. There-
fore [B, R;!] = 0. Together with the corollary hypothesis [B, Q] = 0, we ob-
tain that [B, R,;1Q] = 0. Hence by the recursion formula (D.50) we get that
[B,Ry11] = 5 ([B, Ry + [B,R;*Q]) = 0. This finishes the induction. Hence
[B, R] = lim,,,o0[B, Ry,] = 0. This proves Corollary D.4. O

Proof of Lemma D.2. (i) The proof is by induction on n. For n = 1 this is true.
Suppose (i) holds for R,. In particular R, ' commutes with . Then

RnJrlQ = % (RnQ + RngQ) = % (QRn + QRr_LlQ) = QRn+1
and the transpose satisfies

L

RoiT 2 L (R +@QRMHT) = L (R + (R;HTQT) 2 Ry
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where in step 1 we used that R;'Q = QR, ! and in step 3 that transpose of
inverse is inverse of transpose. That R, defined by (D.50) is positive definite
is true since positive definiteness is preserved under composition of commuting
symmetric matrices and under sum of symmetric matrices.

(ii) We follow [Hig86]. Since @ is symmetric positive definite it is diagonalizable,
that is there exists an orthogonal matrix P such that

PQP ! = diag(q(l), ceey q(k)) =:A
where ¢V, ..., ¢*) € R\ {0} are the eigenvalues of Q. Now the iterations

PR, P~ = diag(r(V

n e

rglk)) =D,

are diagonal as well, as follows by induction on n. For n = 1 this is true since
Dy := PRy P~! = 1. Suppose it is true for n, then using (D.50) in step two

Dpi1:=PR, P!
=1 (PR,P"'+ PR,'P'PQP")
- % (Dn + DEIA)

is indeed a diagonal matrix. But now each diagonal position corresponds to a
real-valued Heron iteration (D.49). This proves that the limit R exists.

Symmetry: Given &, € R¥, then (R,&,n) = (€, R,n) by symmetry of R,. In
the limit, as n — oo, we get (RE,n) = (&, Rn).

(iii) By (ii) the limit R exists and by the recursion formula (D.50) it satisfies
R =3 (R+ R7'Q), equivalently R* = Q.

Positive definite: Since the R,, are symmetric positive definite, their eigenvalues
are real and > 0. Since R = lim,_,, R, is symmetric its eigenvalues are real.
Since eigenvalues depend continuously on the matrix the eigenvalues of R are
> 0. Let p be the smallest eigenvalue of R. Then p > 0 and p? is eigenvalue
of R? = Q. Since Q is positive definite all eigenvalues are strictly positive, in
particular p? > 0, hence p > 0. Thus R is positive definite.

This concludes the proof of Lemma D.2. O

If in Corollary D.4 one assumes in addition symmetric and positive definite
for the matrix B, then the proof reduces essentially to the existence of a basis
composed of common eigenvectors of B and Q.

Lemma D.5. Let Q € R¥** be a symmetric positive definite matriz. Then a
symmetric positive definite matriz B that commutes with QQ commutes with \/Q.

Proof. Linear algebra tells the following: T'wo symmetric positive definite k x k
matrices, in the case at hand @ and B, commute iff there exists an orthonormal
basis X = {&,...,&} whose elements are eigenvectors of both matrices, say
Q& = p;€ and BE = \§&; for some p;, \; > 0 and i = 1,... k. The positive
square root of @, notation \/Q =: R, is defined by R¢; := Vpi&ifori=1,... k.
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It is an exercise to check that R is symmetric positive definite; here pairwise
orthogonality of the &; enters. But the ON basis & is composed of eigenvectors
of both R and B, hence both matrices commute by the linear algebra cited in
the beginning of this proof. This proves Lemma D.5. 0
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