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Abstract.
Thefollowing discourse descfibes a strange-looking similarity in movemenl-petterns of 2 ptocesses (which at

ftrst glance) seemed lo have little to do wilh euch other. This similarig became obaious, when 2 masse§ simul-

taneously but independently oseillate on a straight path through ecrth's interior, and spice-gruins embedded in

gel displaced against each other during kneading ofthe dough

t The idea for the l"t process originates from il. thoaght-uperiment, where 2 earth-ships are considered

sturting time-shiftedfrom il western point on earth's surface, passing in a shaft straight thtough the

mfulpoint of eflrth tu) the opposite point on efr§eru pafi of earth's snrfuce, where they will eome to r€§t

again. Just afier a ship reaches its L rest-point, it infinedistely willfloat back to its opposite, and this

procedure maybe repeuted as often as required.

1 ßath ships will move in accordance with the2-dimensional space-time insight the shal't.The

world-lines of the ships revesled themselves as geodesics on a sphere, stafüng close together und
paratlel but time-sh{ted. During eaeh of thefu coarses along the shaft the ships' geodesics ftrst
deviatefrom each other ilp to ü maximum, then approach again andJinully cross over. Thus,

each shipfi.nishes a pefiod af its trip through the shafi by covering the pathlength between 2 con-

secutive rest-points. The periods of both ships ure equal Because of the sphere on which both

geodesics ran, surface's curveture can relative$ easy be calculated upon the movemenl's charac-

teristics.
2 Regafiing the 2'd of the mentioned proeesses , malhematicitns agree that for special cases of chaos-ay

plications, where iteration of transformfltions sre considered, 3 comrnon characterislies of ckaos be-

come vßible: sensitive dependence on initial conditions, mixing af intervals along u path and dense

periadic-points. Dough-kneading, a chaotic-process whose featurcs shall be compared to those of the

thoaght-experiment, ß one of thase just mentioned chaos-applications.The characteristics of dense

periodic-points is of particuhr interest in this context, its consequences will be importufi in comparing
the 2 physical-prccesses mentioned &bove.

1 Its startedfrom model-presentation of 2 mutually suporting coneE ts. For both models kneadings

are considered L't by un{orm stretching otthe dough to double length and then eitherfolding it
over at its eentte, or by cutting it ut iß cenfie and paste the 2 halfs on top of each other. The steps

are continued us often as required. While bsth kneading-processes warked cooperatively their
chaos-pruperties were demonstrab$t preserved.

Ilnfoltunately, these steps were nol enough to compsre with oulcomes of the thought-experiment.

ßu, a transition la a non-uniform stretching inform of the quudratic-iteratory +- x;a1 = 4X''
(l-r,), j = 0r1'.r2r... wasJinal$ able help herefufiher. Various tests eventually proved that

the consßtency with regard to the chaos-charucterßtics were maintainedfor ull 3 model§,

Iterutor y + xj+r - 4xr(l"-xi) projects point-sequences on the generic-parabola 4x(1-x)
when executing transformation-steps. Thas, starting from 2 closely-adjaeent periodic-points lO
( xo,x'o 3, Ll the iterator generiltes 2 cyclic-sequences euch with its own perinil and their points

positioned on generie-parubolq. These cycles first deviste fiom and then upproach towards each

other, after had reached a maximum somewhere in between. Eventuully, when each cycleftni-
shes numbers of passes equal to smnllest common multiple of the individual periods, they will
meet with their stafiing-conditions again. ßecause coresponding points of the eyclie-sequences

are shifted against eaeh otker, they can be loofted-up as positively curved geodxics on a curved
xry-surface. Due to relutian c: x/*,with c:3.108[m/slvacuum light-speed and t,rxas
time- and spaee-unit, one can migrüefrom (*ry)- to (xrt)-eoordinate-system. Thus, appru-

priate curved surfuce and the geodesics on it can likewise be looked-at in spaee-time ss $,ell.

Dffirences in movement-patterns between thoaght-experiment and dough-futeading, are mainly
limiterl to thefflct thflt culvatare once is referteded to a sphere, the other time lo a parabolic-

sarface, the dynamics on both sutfaces, however, takes place in similar mannet
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In order to get some inside into gravity as a resull of curved space-time, following thought-experiment may
be considered lt's un old idea to have u tunnel right thlough the eurth by which one can direct$ ga from west
to east, und no betlel termwill exist in connection with this as boomeranging, to nüme an imaginary joarney

of someone whofalß this way through the eailh without ever encountering un obsluele and therefore willfloat
(after having reach the opposite end of the shaft) eusi$t bach to his stuling-point. Both inspiratians have been

brought togelher by lhis thought-experiment in ordu to acqube insights aboat gr&vity bused on curvature of a
2 dimensional space-time and phenomena resultingfrom thßlueL

1 A tunnel could be conceived, mlendingfrom wesl (Atluntis, an imaginory island in the Atlsntic Oceun)

to etst (Taralga, a place in Aastralia, in neighbourhood af Sydney and Canbewa) sfiaight through the

midpoint of earth. It is nssumed, there will be yücuatn throughout the interior of the shaft Therefore,

other than gravity, eafth will not exert uny ather intlaence (e.9. dae to its ralution or temperatare) on

floating test-müsses in the shatt Il means, earth-ships moving between Atlantis *nd Tarulga (or vice-
versa) will nerer eneoanter any obstacle on their imaginary joarney, and thus will complete each of both
routes (forth md back) within 42 min's constantly.
Earth- Ship-A starts. mpaino th,rou,gh tlrc, Tunnel.
Earth-ship-A will rush (free-floating) from Atlantis to Tnrillge forth and back throagh the shuft, lhat is

without own propukion md any feeling af weight inside and oulside the ship.
I (lnfortunately, nothing could befurther experienced by this trip of ship-A about space-time in-

side earth. Thus,Z earth-ships (ship-A and ship-B) mnving simultaneously through the tun-

nel are rcquired to ensurefurther progrcss herewith.

Two eurth-ships (ship-A and ship*B not inJluencing each other in any kind, but which in larn are

inflaenced by the gravity of earth, will boomerang simultaneausly through the shafl, startingflam At-
lmtßtloating to Tarulga und vice-versa, periodically in both directions.

1 Precisely st i. : . ": ;', o'clock ship ; , may sturl from plutfurm Atlanlis and rushes along tlte mar-

ked spots of earth's interior in direction T'arolga. Ship ' ,'; sets off on the same joufltey ; '

laterfrom lhe sume platform.

Ship "., reoches the plotform Tarulgafor the , " time at : 'ir p'slsgli. Immediutely il starts

from TaralgaJbr its relurn back to Atluntis. At the some time sltip ' (still on its woy upward to

Tarulgu) is .:,r: lr; below the pla{orm. Ship ,, i tecognizes that its upwurd-speed ltas hslved : ' , ,

before , ,' i r',i o'clock. Ship , ' is in its Jinal phuse of ' uscenl to Tarulga. In this position (only

.t .,: below the plstform) the upwards-flying Ship posses downwords-rushittg sltip . (which

hos already covered lhe jirsl .t , oJ'returtr to Atluntis).

I In orrler to calculate space.for both ships gliding past each other when they meet in shuft,

I one actually should take into cottsideralion sepurute slurling-paintsJbr bolh sltips. But due

I to dimension.s of the shuft und o relativeQ low speecls of the sltips. this effect is negligihle.

l" r .. ufter i':' o'clock ship ':'. is utthepeuk of ißflight.Ship 1,, rashes downwartls with

doubled speed it hsd ': :,: , {tgo and it has alreud-vflowrt downwurab ': t .'::.

l Afier ship hatl jlnishetl its ': " turn to Tarulga, t ' .- ' nfter 't 't' o'clock it has reuched

I a position below the Tarulgu-platform.

Both boomercrngers passed eaclt olher next at Atlanlis :. ,' : .' o'clock. Sltip | | gets slower in

uscending, ship "',. increuses its speed sturting downwards for another ran to Turulga, where

bothshipswillmeel {tsuin ::" :,::; ' lolet.

I Thisminuetwillberepeutedaguinandagainundkeepsits , ,:,,,r'' 'tuclevenif both
I

I musses in their stute of ftee-flooting will rush witlt ,-,", , i , r, ' through the midpoint of
I earth.

,.

4 üuraature o.f Space-Ti,yne i,n Boonr,erang Sha.ft.
The 2 ships in state of suspension hud been observed up to now. Precisely st L2 .CI0 o'cktck their orbits

came close together 5 m below Taralga. Afterwards they floated-awily into dsrkness of the shaft. Their

mutusl dßtance increased ever! sec by 20 tn, but this did not lastforever.
I Jast before the metronome struckfor the A?-min'*tact both ships approach Atlantß. Impor-

tant in this conturt is, ship-B comes closq to ship-&. The dist{rnce between both ships will nol
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inerease by 2O m. unymore, but de*eases by this ümoant.
I The distance between both ships quickly inercased durfug l"t phase of the ioume! lrom

Tarulga to Atlunlis snd deerenßed quickly in its 2"d phuse. Obviously existsl position bet-

ween Taralga and Atlsntis where slow increase of dßtance will change into il. slow decree-

se, a point where dßtance between ships does not change flny-moru and rcaches its maxi-
mum. This happens üt m@oint of earth and the maxi-mum between ships at this point
gets L6 krn. Dßtanee ol L6kru, is only a small part of esrth-dismeter thereforc one may

speak here about lacal-physics-

What can be karned.lrom this behaviour of both ships, obout lhe natare of space-time in a local-
arca?

1 Geometry of space-time prevented thüt both ships willfly-apart herefor all time.

In the beginning observers in each of both ships respectively cüfl see the other ship Jlying-
uway with aniform retreut-speed. Äs mutual distunce between ships begnn to inerease, re-
tteat-speed starts to decreasefrom one moment to the next. Än actual decrease of retreat-

speed per time-unit k proportional to average-distance between bath ships within appro-
priate time-unit.
While both ships boomerang through the shoft, their mutusl dßtsnce (even at its muri-
mum) never gets bigger than s small part of the efrrth-diameter. A reason why both ships
always med aguin cannot befound byflat geometry. Otherwße, ships will deviatefrom
each other petmunently. Geometry must be curved, only this il,ay can be understoodlrom

space-time-geomelry, why 2 woildJines (originally deviating from eech other) gradaal$t

eome claser together again Jinally und will cross *entually. f,{ot the world-lines themselves

are curved, it's the spaee-time whete ships arefreely-tloating in. *

2

The movement of the 2 boomerangers not only teuches about the existence of a curved space-

time, it ulso provides a measure for lhis. The ratio between change of speed (by which both ships

escape from each other) to the distunce they tinally will rcuclt, is the distinct measure of curvatu-
re: Curuature--af - spa,ce-time = (change-of -retreat- speed) I distanee.

1 ßecsuse irritial distanee between botk ships ß small (only 2O m) the initial rareat*peed

af 2O m/ s decreases only slowly. L sec later, when dßtance between both ships increa-

sed to 4O m., distance still grow furthe4 but afterwards speed of distanee-inerease fell
twke ssfest üs it ilid L mommt before.

If distanee between the ships came close lo its maximum of L6 km, retreat-speed of the

ships deereases most quickly. ßfalls to O und becomes negutive thereafter. Thß means,

relreat-speed changed into upproach-speed.

3 ilffirent distilnees and 3 very different v*lues af veleeity-ckange bul one size will keep

constant: the ratio between change-of-retreut-speed aud distsnce alwuys has same value.

Tfuis value is very smatl {only L.73.Lg-zt *-zS. The rcasonfor this is a smull spüce-

time-carvilture eaused by s dilated maner of earth.
:..:,,:,.'..''.,,..',iti-:," .j:'r',

Many properties of curvature reveal themselves on the , - dimensional surfuce in space-time. The co-

ordinates in spuce-time ol'the , hoomerungers on their ways through the shuft are their dislunces uttd

the time displal,ef, in t of the ships (far example in ship ) -

1 On surface's curyalure, their positive or negative character is particular worth mentioning. No
example h'ill better illastruted, what positive curvature means than the sphere of a ball, nothing
will give s betler idea ubout a negative camatare than the sutfsce of a saddle and nothing
describes vanishing cufiature (flatness) simpler thun a sheet of paper. Thus, what will bring 2

ants started in pwallel on a ball's-surfaceJinxlly together again? Il's positfue spflce-time-

curvature.
Whilt bfings 2 boomerangers, whofree-tlout in spaee-time inside earth,finully together tguin?
It's called positive space-time-cuwüture. Thß curved spuce-time has revealed itself through the

menuet of the neighboured world-lines of the 2 earth-ships which ssiled like boomerangs free
through the earth and whose orbits passed close to each other *ery 42 min's.

3 The where both describes u curvalure on fr
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spherc. This can be seen not ontyfiom long-term-behavlour, whm thelr orblß lnterveave eaeh

othet, but more dlreetty in short-lime-behaviour when their worlds-line.s cumed. towurds each

ather.
1 | tf only L is taken into acount, no space-lime-cumature af the earth-interior will become

I visibte. This is tute to the fact thd esch ship fottows the mast-sfiaight path thtough §püce'

I time during the stute of foat. No single world-line alone, bul the loeal bend of a world-line

I relative to another will indicate spuce-time-curvature"

While both eafih-ships rushed through the midpoint of earth, eseh one deseribed afree-Jloating

world-tine. At the midpaint of earth their mutual dislance grcw up ta 16 km. ßath ships now

frni*hed their drifting-apafifram eaek other, but did notyet sturt tu came claser ta e*ch other.

The world-lina af the ships (nowl6 km apun) desuibe parullel world-lines in spaee-time.

Nevertheless, the ships beg*n now lo approrch euch other in odet to final$ mcel again.

I ßoth world-lines were obviously bent rclative to each other. This wfrs not a matter of ben-

iling individual world-lines, but the bend of one line as seenfrom the olher wotld-llne per-

ceiveil on aceowd of distanee-chfrt ging. This ch*nge af approrch-speedfrom O to a positi-

ve vulue signals positive carvalure of space-time.

The bend of aftee-flitating world-tine towards or away from a neighboured world-line,

whlch is passed in simitar wo!, proves the local *istence of space-time-curva-ture and

thus the loeal existence of gravity.

6 A free-floatinq Lineis aGeodesic.
A potato-peel may serve briefly as moilelfor a curved surfuce. On this surface s line is dtawn with

battpoint-pen or by the path of an ant. Thß line is defmitely curved, but is it struighl too?

1 An ant will crawl struight ahead on the potato-sarface as best it can, without deviating t$lhe W
or to the right. This line cannot be called stroight, biut there is a clear diffetmce between the line

deseribe by the ant and other lines which do not have fl strong sense of direction and mesnder-

forwail. Since a long time, such u line running either on ufiat or curved surface, which deuiates

neilker left nor right, is called a geodesic.

There ls still un alternate way to distinguish a geodesicfrom other lines: A geodesic is the line of
shortest tmgth connecting 2 points in space. In space-time, among time-like wotld-lines ( either

squared or smooth) conruecting a sturt- with fr target-event, a geodesic ß distinguished by the

largest elapsed proper-tlme. Proper-time metns, the amount of elapsed aging, ilßplayed by the

eloek of reference-system. A geodesie-worW-Iine desuibes a power-less conneetion of one event

to another, it is the world-line offree-floating between these events-

.,l',: .:::,,:.:: ;.' :; i: i .,.,r,., .-: t.f.rl

To measure curvoture of space-time meuns, to ussign eoch elementar! areo of spucelime its response-

bilitv.for bending of geodesics.

a. Spuce means,lhe spalial distance between the : eatth'sltips.

b. Time means, change in approach-speed of hoth ships between a certain pointitt-lime ond the

mornenl after, measared within each sltip separotely.

c. Bend means, tentlency of both woild-lines to upprouch to or separate from each atlter, exptes-

sed by lhe change ofrelative-speed belween hoth slrips.

d. Cause qf the bend means, . fuctors htve to be taken inlo consideration, the spatial-distance and

the tirue-intervul between both meusuremerrts of the approuch-speed. It's neither tlte sp«ce

betweeru the ships alone that counts, nor tlre time between both measurements of lhe upproaclt-

speed separutely. Chmge of tpproach-speed from beginning to o subsequent momertt is pro-

portional to the producl of spatial- and temporal-factor, tltus is proportional to tlte space-time'

area speciiied based on bofit measuremenls.

1 $ter the : earth-ships have reacherl their m&rimal<listance.from each other at mid-point

oJ'earth, they approached euch other with a speed of (or related to the speed-of'

lighlwith';,::,, )., , beforetheshipshudreachedtheirmsxintul-distance,theywere

cleviatingfrom each other by : . Thus, in the interval of , ' during whiclt both

ships were nert to fhe midpoint of earth, the change o!'their approach-speed thus teus ', 1, ' '

(r e krtiv e to sp e e cl- of- I ig h t) - This value is to be considered us measure for the bend of world-lfues
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from beth ships towfr?dß eaeh other within 2 elapsed sec's.
The space-time-arefl responsiblefor the bend (iust mentioned) is bordercd by lhe time-lines bet-

ween-both ships il mamenß of L* and2"d speed-measureruent and both warld-lines (flowed-

J-} *rn

throagh between both measuremenls).

1 Near midpoint of eurth botlt ships fio at with a speed of 7 .9. 103m/s o r nearly 1.6" 1 04

m. within 2 sec's. The time of 2 sec's expressed in geometric-units of space-time corres-

ponds to 2s.(3.108) rn/s - (6"108) tm. The procluct of width (1'6'104) rn in space

multiptied by the length (6.108) wL of time will result in the spunned space-lime-urea

(9.6-1012) m'?.

Whkh part of earvaturc eveqt m2 af the spanned space-time-sres is responsiblefar, ß given:

1 ßy tlividing the meusure of curuoture by the spunned space-time-areo oJ'

. One will oblain the result . The questiott conres up ttow,

how such s smoll cun ulure cun have such a hig impact on the world-lines of the ships

oru their woy through the eurth? The answer on this question connot be.fbunel in the smull-

ness of curvature, bat in the slowness (compared to the speed-oJ-light) bolh boomerarugers

wilt gain on their journey from Atlantis to Taralgu (or vice versu) if geomelric meusure of
light-flow is laken into colculalion.

C Unif onn, I{ned,i,ns o f Doush in Time- o,nfi, S pane - Di,m,enei'on.
llluthemqticifins $gree, in speciut cases of iterotion of transformations there flre :, common characteristics of
chaos:
a- Sensitive deperudence on initial condilions"

b. Mixirrg of inlervals ulong a path.
c. Dense periodic points.

Kneading of dough provides on intuitive uccess to ull these matheruqtical problems of cltatts.

Kneutling may be reatized by stretching dough undfolding it over, repeatecl many times. The result h{ts

in cammon with randomness.

L The dough noy is considered schematically in side-view position infollowing strelch-and-fold-
operations. It's homogeneously sfietched to twice ils length, ufterwuds bent ut the centre and

folded over:x,Y f

3

1

Aniform kneuding by stretch-and-fold

2 To make the situation more clearer, lhe dough may be divided intoL2 blocks which are then

subjeeted to 2 stretch-and-fold-operntions :

'i

2 operutions of stretch-ond-fold-
tureuding on L2 blocks of dough

1

2

The situation cun be ideslized L stepfarther. It shoald be imagined working with inftnite-

tyahin tayers of dough. Folding these layers will not change the thickness and so one cfin

rcpresenl the dough by a line-segment.

Two gruins of spiee may be murked insight dough and tkeir paths will befollowed. The 2

grains arc rather elose together initially. But after afew kneadings one willtind them in

very different places. This is a consequenee of mirtng-properties originated by a lm.eading-

operation. Thus, kneading dutrays neighbourhood-relations, grains being very close ini-

Ildo E. Steinernnn, "§piceAnins in laeaded dough are abb b mow similaiyto mass*freefluting in space-time of earth's intefio/',30.5ep.2025.
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2 grains, symbolized. by a dol and a

sqaare, are subjeeteil ta 4 stages of
stretch-ßnd-fold. They are mixed thraugh
the dough.

2

stretch

+ cütandpaste
stretch

+ cutandpaste
skeich

+fold

As be seen in both expeilments, the particle srrives according to T( T(T(xo)))
czd T(S(S(xo))) exactly at sume position though the route in between is dffi-
rent. This meüns T('I(T(x6))) : T(S(S( to))). This experience along with

result of Jigure $Cr.r/ motivates to conjecture the substitution-propertyfor 2

kneading-operutions a/TN : TSr{-t withTN : T(T("..(N-2)rnes }) azd SN-1

: S(S("--(N-3),r^)).
3 These mathentutical-models of kneadingfor the l-dimensional ideals of dough arefunctions

1

tidl$ will likely not be close after a while.This is the ef-feet of sensltive-dependence-on-

initisl-conditions. Smsll deviatians in beginning may lead to lurge deviu-tions in eoarse af
the process.

stage o

slrstch

fold

stage 1

slretch

fold

slag8 2

stretcfi

fold

slage 3

slretch

fold

stage 4

-;--;-".*-at

A ::: ': vuriant of kneurting slrull be cottsitlered loo. Here lhe dough is stretched ugain unifornily to twice

ils length, but then it is cut sl its cerrtre it to ... parts which are pusted on top of each otlw after-wards:

-T?r
r.ir, . r r 

- 
E I Llrtiform slrelclr-cut-and'paste-kneuding.

- - -.-ffiä !p slrds l6tt S8§lN dM llmsh

When comparing the stretch-cul-and-paste-operatisn with the stretch-and-fold-operalion, on L't
glance it seenx that both kneadings apparutly mixpafücles around, but in very differeryl man-
ner, generuting quite distinct iterating-behaviours. However, suprisingly both kneadungs arc
essentially the same. Again the dough is divided into L2 hloeks. Then the strdeh-cut-and-fold-

operation is applieilfollowed by I ctrech-and-fold-operation. The result is eompared with 2 suc-

eeeding streteh-and-fold-operations. It can be observed that they are identical,
1 By taking lhe intervut [0r 1] as the original line-segment madelling the dough, one can

check how both kneading-opernlions proceed. SymbolT is usedfor a stretch-ünd-fold-

operation, the symbol S for a stretch-cut-and-paste-operution.

1

slrerch

+iold
stretch

+fold
stretch

+lold

Tracing a particle in interval Jbr the

operulion (left) ontl' operation

(right). The pafticle sturts in hoth

W.er imenls -from t he s«me in itinl-p os itio n

I

v

Graph of the piecewise-lineu tent-transforms.tionT accoriling to

lhe equ$ion above. The graph looks like a simplfficaion of the
purubolu.

0. -i

Stretch-antl-fold-operationT is represente{l byfoltoning transformationT{x} = {[(2x] if (x

lldo E. Sbinenann, "$piceanins in kneaded dough are able to move similarly b massx free f,oaling in spacetine of earth's interiof, 30.5ep.202n
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<Yz)l,l(-2x+2) if (*>'/r)11, jignre sbove shows the corr*ponding gruph:

1 A .iustiJicatiort oJ'this model ß almost self-evident. The dough is modelled by the unil-
intervsl : : ' : . 51r"1"1ring-operation is taken core b.y the fuctor in fronl of . The

half of intervul ' is only stretched and not./blcled. Tltus, purt ltom definition of
,'isinordero.f i:.,, ','.rf , :.' ..The,. ltulfbecomes tfterstretchingand

must beJbl{led over its left entl-point. This is equal to folding at t 1' (multipliing with

: and shifting to the right b! ' units).

Graph of saw-tooth-transformation S accofiing to the equution

above. The graph justifies the name.

v

0.5

Modet of 2"d procedare, the stretch-cut-und-paste operation is another mathematicul trans-

formation. It's dejinedfor x e [0,1]: S(x) : {[(Zt) if (x < a/z]1,[{2x-1) if (x > Vr}1},

abovefigare shows the corresponding graph:
1 There is a notatbn for the function S, which differs from the above one. It uses a function

which computes thefractional part Frac(x) of a number * Frac(x) : x-k f k { x
( k, k = integer. With this notation the S-transformation can be written as S(x) :
Frac(Zx) pr 0 ( x < -1-". 

Only for the pointx : 1 thß formula does not work. But tltis

is not significant, because x:L is fixed-point of operator S und, moreover, there-are no

olher points in the unit-interval transformed to thisfixeel-point. Thus there ß no loss ta

neglect the fuced-p oint x= L.

I | &arting with A < xo < L one computes xr: Frac(2xo) --+ x2 : Frac(2x1)

I und generalizes xun, - Frac(2xo), k : Ar1- rzr... If one wants to know what ß

I xufor some very lurge value of k in terms of xo, one only has to write xr. : Frac(

I zu*o)'
If x is dejined in binary-representution äy 0.ararar... with ayas binary digits, the trans-

formation S(x) wilt be; S(O.a.ara*...) = Frac(2"0.arazas...) : fl.azär ..., because

multiplication by 2 yielik shifting all binary digits 7- place ro WJbllowed by erusing the

digit moved infront of the point. Due to tlre type of this almost mechanical procedure the

S-transfornrution is also called the shift-operator when interpreted in context of binary-

reptesent*tions.
,1 r'..] r'- i,;;t,:.,i:i ;." !ii:i I ,'r: :: t,:,":, - ,rli.r.: ,: I iri

One muy slart wilh lhe chaos-properties for the saw-tltooilr-. .lrunsJbrmalion using the closed-form-

desc:ription to derive central properties oJ clruos: sensitivity, mking and dense periodic-points. The

substitution-propert! allows to curry-over thesefeutures to the iteration of : trans/brmalion. Iru order

to study the chaos-properties for : transJbrmalion aformula is derited thut allowsfor direct compu-

tution of tny iterate of lhe :. transformation wiilrout lo c{trr!-outtlte iteration-process over und over

agün. In other words one tries to obloin an e-rplicit expression for result ' , ., , for initial-poinls ..

arud iterstion-stages' .

1 The \"t piece of solution for this is the suhstitution properü of T - and S-transformation

exptained in KCr.r...r* . The 2'd piece is the explicitformulufor the iterstion of S-function
neertedfor evsluotion a/Sk-1(x6) as described under §Cr.r.r/.
If assumed xs i given and one tounts lo know result of xyufterk (streteh-and-fold) T-opera-
tions. lYilh aful of substilution-property, one will l"t compute S based-on short-cut y: Su-'(xo)
: Frac(Zk-txs) and upplying theT*operation once,yk: T(y) : {[(zy) if (y < 0.5)],
[(-zy+z) if (y > 0.5)]i.

,

I If O < x 1 1p*ssed to hinuty repres*ü*tion x : alx-1+a2x-2*a3x-3..., n, it may

bewrittenx:0 2x -0 m

2
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Sensi,ti,ui,tu an'i,nit'i,q,l C ond,itions on base of S -Tr a,nsf orrnatöon.
One may pick un initisl number xs: O.arazäs " " " but specify it up to N : LOO digils only, then the

fiue number will differ from the speciJied orue by st rnost 2-'oo . Since digits ay11, &lszt . .. sre untle-

.fined, it can be assumed, in eaeh step of the cslculution someonetlips a coin und thereby determines

those digits. One might say, the initiill number is known only to some degree of uncerlainly (sometimes

called noise in the düta). Fallowing rcsults will be obtained when running iteration x : O.aräe&s...

-+ S(x) = Frac(2x) :0"azasaa....'
1 At the beginning everything is tame. ßut as one eontinues iterating lhe noixe creeps closer and

closer to the decimal-point and afler precisely tOO iterations, the resull will become perfeetly

randam. This phenommon ß known as sensitive dependence on initial conditions.

Moreover, one can provide now an argummlfor the uniform distribution af the spices in dough

after kneading. If the sptce originally comes in a clump , the coordinutes of the particles should be

givenas0.a1a2...a1&r+r... wherethefirstkdig*arclhesamelorullpurticles,becausethey
arc elustered. The remaining digits are uniformly distribateil,modelling the ro.ndommixing of
the spke in the cluster. Afrerk applications of the shift tke common coordinutes are gone, and

only the random digits are left, which yielils the uniform distribution of spice throughout the enti-
re daugh.

6 Perindic? .

Now to proceed in understanding anolher phenomenon going with chaos. There ure points oJ'a differ-
rent nülare: periodic-painls. If iterution starts with a periodic-point, this leuls lo u cerlsin number of
intervuls visited ogain and aguin. Theoretically one can find inlinitely many points af lhis type in euch

sub-inlerval.
c.r,0
o.r-lTi

0 t0ll A cycle oJ'period .

Tlte poinl.,,,, :,, is u periodic point. The binary-
expansion ullows rcad off immediately the iterutive
behaviour (here visuulized us gruphical-iteruliott).

0.ilol o.c11 0.101 0.1 11
0.1 0.11

2

o orii

0 0.01

lUhat happens if one specijlesi zs = 0.{a1a2a3"."ao}""., i.e., an inftnite string of binary di-gits

repeated afterk digits. Running the iterution meang *fterk steps one will see zs aguin. In other

words, one gets a cycle ofk iterution-steps tnd thtrs zs will be called point of period k with res-

pect to binary-slrift.
t I for any givm numberls one cunJfud o numberwsarbitrarily close toystuhich ß

I priodic. This ctn beseenfromyo : 0.araz&e...&r... andws = O.{arazas ...4o}...

lfo, to*rk.Thus!6ilndwstlifferbyatmost2-kundw6ispefiodic.Thismeans,perio-

I dic-points are dense.

For some subtlivßion of the unit-intervat lOrl] ) I: = (r v 2 v..- v n) may be ryptied [(x6) n wo)]
€I : '; r and snd '.,.. ure periodic witlr the same period.

Theorbitsstarlingfrom, und' will huve cpeilodof ,.Orbilfrom;:,.will see ., 
'

ugttin anrl again in $ ssme wuy as orbit from ' does with respect lo '" . Both otbits,

howeyer, mostly may have di.fferent lengths hecause they most often will pass througlt
d ifferent s u b intervols rl' tlte u n it- in terval.

As' . orbits with the sume period startfrom': points neurby und huve difJbrent lengths,

tlaring every period they will initially move awily from euclt other to get tinally closer
aguin.

1

7 Mitino-Belnaimtr un, base of S-Tran sformation.

I

2
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An intuitive wey to interpret wixing is to subdivide the unit-intefial [0r1] into subintervak and requfue

that by iteration one ean getfram any $afüng-subintervul to any other target-subinterval. If this requi-
rcmefir isfugilledfor dlfinite subdivisians, one ssys, the system exhibits miring. The point of a smsll

interval af initiat valuesfwtllly may become spread over the whole unit-interval lArLl.
1 For any 2 open interuuls I und J (which can be arbitrarily small, but must have a non-zero

length) one eanfind initial values in I which when iteraterl will eventually lead to points in J.

For mixing, one requires that one canfad u stürting-pointxs inl, whose orbit will anter the

other in ewal J st some iteration:

Mixing requfues thüt the interval J can be reachedfrom any

olher interval. Here 2 *tmples ate shown how one can

reach the small fuiervslu10.0110.

0.01 0-

u &i01r01 t 11001161

8 i',t....t . ,t.:,,. -,,',, l' ,1. t ,:;:i::i;:l

It lttrs to he reculled, thilt bj' ffiesns cJ'the suhstitulion property the ilerotiott , cun be reduced to ite-

ration given by the ':, trunsJbrmutian. The l. iterute . , is obtained by :: , binary-shifts followed h1,

usinglet operuliot.Sincetlre:, partisjuslashiftbl' binary-cligils,oneeasilycarries-overall
the complicated t$namic-behaviour (sensitive dependence, denseness of periodic-points und mi-ving) oJ'

theshift-transformation tothe trunsformation.
1 One ruuy usk-for: Whut are periodic-poinls for the iterution of tlrc transformation'/ Or more

precisely, :.,. is to befound so that :' .. appliesfor u given integer , where

for, i. . ,,.Allonehtstotloistotukeupoint ,,wlticltisperioelicJbrtltesltift-trunsforma-

tiort witlr periocl ::, uncl ttpply a '. operution to obtain a periodic-point , ., , ; ttf : .

Indeed,let ,: ;, , r 
' 
"' be a periodic-point of'. .. Then one checks whether , "i , using the

dejinition of x$ un(l the subslilution-property of the kneading-trunsformations: i '

, : I ,:,,. ,::, , ,..: :.) And ::., :: .. , r HenceritistfUe: tf ,, iS«

periotlic-point for the hinary-shift, lhen . is a periotlic-point for tlrc troflsJbrma-

tion wiilt the sume period. üsing this result il is not dfficult to reason that periodic-points of
are rlense in the unit-irtterval.
Likewise its bit techtticnl bul not dfficult too, deriüng sensitivity and mlringfitr the :

transJbrmotiort.

N on-unif or"m l{nead,i,ns o f DouEh i,n'Ii,wue- awd, S p*,ce-I}i'mensiesn.
The discourse of section <C> was devoted to the iteralion of the uniform kneading-operaton given by the

S- andT-fiansformations. Now an argument shall be introduced which makes s connection betweenfeed-

back-system x .--" 4x(1--x) and thosefor previous kneadings of dough.

1 When the transformation y = 4x(1-x) ;s graphetl in a {xry)*coordinute-systemi one gets the ge-

neric poraboh:
1 One only is interested lrere in , . vulues runging : . The correspondirtg values slso

runge.froru ', , vslues monotonicully increuse .for . r :. ' .', and decrease monotonically itt

the runge One muy notice that the intenul ott uxis is slretched-out ttt intervul
: , ' on trxis, antl lhe same is true for the inten,ul . ln other wortls, the trunsjbrmotion
t. ', ' ' stretches both intervsls to twice of their lengths. The stretching, however, is ttttn-uni-

Jbrm. In fuct, smoll intervols (close to , : 6n6l : ) ure stretched u greflt deul, wltile intervuls close lo

3
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the midpolntVz are compressed,

Generic-parobolu ure charucterized by the fucl that tlteir
graphs precisely jiß inta a square whiclt has ' of its
diagonals on the bi-sector of the: \ ', coordittule-

$)stent.

0.5

A point is now be reachetl where conneclion is mutle with kneatling. lllrut happens if'one upplies tlte

stretched to rn-ice ils tength. Moreover, checking the end-points of the intervul, one Jincls
, '. This means, the result of upplicution of the tr&nsformution '. lo lhe intervsl , : I

cun be inlerpreled us u combination of u slretcluontl fold-kneading-operotion.
I In ollrcr wortls, the ilerulion , ls a relutive of the uniform stretch-and-Jrtld-

kneatling-operution. ,4ll complex, dynamic behuviour oJ'cltaotic-properties shown Jirst for the

sltift-operutor and then Jbr the . transformuliort (urtiform kneading-operators) can now be

fountt in non-uniJbrm kneading due to quudrutic-iterfrtor

What ftttlows now is tlescribes the equivulence helween ilerutions oJ'uni/brm kneuding-operutor givet,

by the lent-transformution , ,. , uttd the quudratic-iterutor , ' ': ,lhe non-uniforut

kneading.
1 This equivalence ß estsblished by lhe non-linear change ofcoordinates given by the ttansfor-

matiott h(*) sir2Qrx/2).
Some logic sround the trigonomefiic terms cosz(o) = t-sinz(o.) and sin(Z' a)
2 . s in {<x) " cos (o) üre es s e ntu s I ts ev aluate eoordinate-trunsfo rmution h( x ) ;

1 Iterating un start-point xo ander T-function and iteraling the transformed-point

x'o : sinz (xsx f 2) under parabola f (x) : 4x ( 1 -x) w itl produce functiorus
that correspond to each other by meßns of equation x' - h(x) : sinz(xtr /2)-
To establish this algebrdcally, one starts with xofor the pwabola. Thus, xox1... i§

the iteration ander T-function and yoyr.." is the corresponding iteration under

the parabolu. One can show by induction that, infact, Yr = X't :h(x) for num-

bersk: OrLr..., proving lhe equivulence.

It's started with lhe trunsformatioh yo: sinz(xozr- f 2), where O ( x6 1 l. One

substitutes yoin theformutufor the quadrati*iterator y1 - 4y0(1-yo) : sin2(
xorr / 2) (1- sinz (xox f 2)) . ny asing the trigonometric-iilentity coszo. : 1-
sin2c leads to yr = 4-sin2 (xozr/2).cos2(xoß f 2). Lrsing the double-angle-

idmtity sin(2.o) : sin(ot). 2. cos(o), one ger§ y, - sin2(xrn)'

The T't iterste of x, underT-function is x, - T(xo). It's etsily to be shown

thotyrinfact is iilentiesl to x1 after ehange of coordinates, i-4,x)r: h(xr) :
Yr'
a. ßeginingwith cuse0 ( xo lYzrx1- T(tr) * 2xoandx'1- sinz(

x1lrr/2): sin2(xorr) : Yr.
b. Ahernclively, forYz ( xs ( L. One starß substituting xr : T(xo) - 2-

2xn. Then x'1 : sin2(xp/2): sinz(zr- xorr)- ßy using initially

sin2(n+o) : sin2(o) andftnally sinz(-o) : sinz(o) one gets x'1
: sin2(-xor) : sin2(x6zr) - yr.

The result shüils x'1 : yl md the conclusion x'o: yofor k = Or1, 2r... {follo-
wed by indadian). Thas, sincex'r = h(Tk(x$) andyu - fk(h(x6)), one hus

shown thefunetional-equutian f(n(x)) : h(Tk(x)) ,k: L,2....

2

2 lYhen looking al an initial-paint xo and its orbit under the ' trans-formalion the

,
J

1

3

4
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orbit beeomes x, : T(xo) xz : T'2(xo) *, : Tt(*o) ... xk : Tu(*o).... Theh-transfot-
med pointxris now yo= x'o - h(xo) the initiat-point in new coordinates, belongs to the itera-

tionof thepurabola.CompatingnowtheiterationofYo:x's asing f(y) : 4y (L-y) one

wilt obtain yr : f(yo) yr: fz(yo)... Yr.: f*(yo)....

'k,r Yk+t

Changing coordinates according to the

functionh{x) transforms gruph ofT-
transformation to that of t(y) :
aV $*V). Iteration for'l (left) ß
transformeel into iteration for f (rtgnfi
usingh.

1

1 The elaim is, this is tke same orbit as theZ"d one in (D..2) . fn other words, not only yn
: h(xo), but also yr : h(xr), yz : h(xr),."., y* = h(xr), --- hotds. Thus, iterating

xo under T produces an orbit which is (after changing of coordinates) the same as tlrat of
yo : x'o : h(xn) under the quadratic*f . In terms of thefunctions f andT this equiva-

lence can be put into theform of thefunctionnal-equivalettce S(h(x)) * h(Tk(x)), k
= 1r2,,3r..,for sllx € [0rlj.

The iter«tiort oJ the trunsJbrruation and the pursbola are totally equivalent. All the signs of chuos

ure.fbuntlwheniteratingtlrcquadrutic-iterilor""' ; :: '", Howevet'theseconclusionsarenol
self-evident.

1 For dense periodir points and mixing prupefiy proots arc straightforwud and reqaire only to use

pruperty the appropriate defmitians rogether with thefandamental equation $n(x; : htlk(x).
Dense periodie points for the T -transformation and the equivalence of T and f yield that also f
has the dense periodic points. Mixing for T and the equivalence yield that also f is mking.

Now , this appraach does not work for the 3'd properly af chaos, sensitivity. Sensitivity on initiul
conditions is not generally inheritedfrom one dynamical system to another which has iterotions
that are equivalent by change ofeoordinates. In eontilst, propefües ofmixing and dense perio-
dic-points ure pussed-over to suclt equ ivalence-q;stems.

I ThereJbre. the deri:vution of sensitivity for the quatlrotic-transformotion requires more

I than just tlrc sensitivity of . and the equivalettce of unrl . ßut there is u theorem verify-

I ing that properties o!'n Lying antl dense periodic points ure clready suffice to sltow lhe '

I prrp"rt"- of chuos, sensirivi4, . In other words , iJ' is chaolic unel wrd ure equivalent t'io

I o cttonge of coordinutes . i.e. tltett olso is cltuotic.

Abowt Depend,ences of Chs,as-ühav'a,cter'i,st'ics a,nd. hau thewt're'inheri,ted,.
It's quite nataral to ask whether the 3 chuos-properties are independent or not. That is, whetlrer 7 or

2 of these csnditions could imply the other(s) or not. Another nutural qaestion is that of inlterilance.

Given that a mapping f ß chaotic and that g is related to f , cun one conclude that gß chaotic as well?

1 X undY might be 2 subsets af the reat-line and p and qbe transformations p : X -+ X and q:
Y --+ Y. Thenp untl qare saful to be topologically-conjugule providedp and qare continuaus

un(l there exists a homeomorphismh: X <'+ Y such that thefunctional-equation h(p(x)) :
q(n(x)) hotttsfor uttx €X.

1 The conseqaences of having topological -<onjugucy between p and qare strung, lf p is
mlxing then qis mixing and the oppasite is also true, when p has dense perio-dic poinls

then so has q, and likewße vice-verss, The reasonfor this equivalence is that mking and

dense periodie poinß ore tapalogkal-properties, ßut it mast be noled, thot lhe properly of
sensifive-dependmce on initial conditions is in general not inherited ander topological-
conjagacy.

In dkcussions a/S- undT-transformstions the crueful relutionTT : TS had been

estabtished.If ane defines h : T one gets afunctional-relatian in theformhS =Th, but

then arise problems in asing thisfor a topologicat-eonjugacy bet-weenT and S. Transfor-

mationT is continuous and S is naf . Ifhwoukl be a homeomorphism then aßo S would

2

x- lp
0 0 1

4
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hsve to be continuous becuuse of lhe functiotutul-equation :' " i ' letils trt :

but lhis is not. The tesson is thtt is nul s lrumeomorphism. It is continuous . , , but
(euch in would huve preimages such thol

' , , und therefore there is no inverse transformation for . Tltis siluation leuds to

a very useful modiJicaliott o/'tlte notion of lopological-cttniugocy.
I antl , might be subsets of the reul-litte ßncl ' uttl be lransforruutiorts

und ". ': . Then : is suid to be lopologicully- semi-coniugate lo provided there is u

continuous., trunsfttrnrution , suclt that thefunctional-equüion '

holtls for olt

I On, *oy note thut tltis is ttol s equivulence-relolion, becsuse when is semi-coniu-
I

I Eot, t,, one moy still have tltut is not semi-coniugate to - Moreover, it is not re-

I quiretl that or hus to be continuous.

Thi.si.sexact[tthesituslianwhichwusfoandfor i flfld,,insection ]: , .Inolher
words, , is semi-conjugate to ',' . Tltus, one may stale the.following fuct:

I t1'oon ossunrcs that is semi-conjugate to , vio tr continuous und on-to transforma-

I tion ', anrl' hus clense periodic-points und is mixing, then ,, has dense pefiodic-
I

) points und is mixing too.

important consequences csn now be druwn:
1 Thefunctionul-eqaation hf : th implies hf' = g"hfor any nüural number rt.

Intleed,hf : Bh impties ghf - gztr and using gh : hf implies hfz - g2h.
Likewße, the general csse csn be obtained by induction,
It shows thttt the work where chaos-properties ure establishedfor T from thot of S

has to be seen in a very general baekground:

1 One muy sssume thar gis semi-conjugate ta f vis u eonlinuous and on-to

fiansfarmationh, andf may have dense periailic-poinß *nd is mixing, theru

also ghas dense periodic-points and is mixing.

5 Finally one will corue to the discassion whether tlte .. properties of cltuos ure independent

.from euch other:
1 IfX ts an arbitrary subset af the real-line anit fz X --+ X is an continuous trilns-

formation which has the praperties af mixing and dense periodic-poinß, thenf ha§

sensitive depmdence on initiul conditions too. In other words, iff is chuotic und gß
ropolagically serni-conjugate to f , then gis ehaotic too.

E Conclusion
In the wctions of current dßcoarse the cooperative oscillution of 2 test-masses fioiling iru gravity caused by

a 2-dimensianal curued space-time , ought to be eontrasted ta lines occurring in a Z-dimensional, dynamic

system thst behaves chaotically.
I n e grüvity-freld created by a Z*dimensianal curved spaee-tbne insight the shaft caused the 2 earth-

ships ta perform eompletely identicsl ßravements on their coursesfrom Atlsnta to Tar*lga und vice
versa, However, their different starting-times eventudly led to the eharactefistic piltteru of their world-
Iines.

1 Both ships always meet directly below euch platform, when one ship is starting downwsrds

edready tor s new turn into the shufl, while the other just comes-up from the shuft to complete iß
still incomplcte turn short$ afterwards.

Wen both ships are in same direction lowards an erud-point of the shaft, the ship in front initially
hurrys awayfrom the one behind, up to s muximum-distunce, tofill-back again towtrds the suc-

cesssor aflerwards on its way to the nexl meeting-point.

2

1 Iru the interwtl between 2 consecutive meeting-points, the world-linesfor the 2 slrips cun be

describes as geodesics running on a spherc. During this period the geodesics (after b*th
ships having left starting-position) inilially diverged up to a maximum-distance to appro-

flch eaeh other tguin afterwards and rcunile at the rcar meeting-pointfindly.

3

4
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3 fu{easuring curvature of sp*ee-time within this eontetct mefrns, to assign each elementary area of
spaee-time its responsibility for bending of geodesics. Each of the relevsnt quilntities in this con-

,& cün bemeasured in an appropritte manner.

Now focus should be on sections .' .r ' : : :,'::,,. in order to get a Jirm ideu aboul periodic-points in con-

iunction w ith the quadrulic-iterator.
I To begin with S-tunsformation: S(x) : Frac(2x)pr 0 { x 4 L and reveat the interpret-

tation by passing to binary representetion of the real-number x between A unil 1, One may recall

that aryt reol-number xfrom the unit-inlemal cun be written os a : O"ararar. ". where the ay

are bin ary -digits, i. e,, each ao = {0 Y \} m d : x : atT-r * ar2-2 + ar2-3 + .. ..

1 What cloes tlrc iterstion of the transformution ntefin in terms of binolt'-expan-sion?

the transformation is accomplished by :. shifting all binary-digits : plüce lo the le.ft and

then erasing the digit thul is moved in front of the point: : : r

Now for the choos-phenomenoft af periodic-poinls.

1 llhut happens if one speciJies: : . and runs the iteration? In
olher words, if one hcs an inJinite slring ol'binury-digits (repeolecl afler digils)

and exposes it to u binary shifl? Running the iterution means, ufter steps will
he seen again und aguin. A cycle oJ lengtlt will be obtained. Therefore, is called
periodic with respect to a binary-sltift.
Important herc is, for any given number , one cun Jind a number arbilrurily

close to , which Ls periodic. If : then one nrE' choose

.for somc . Then unil dffir ul most b1'2 k 
. unil tls

periodic, this means that periodic-points are dense.

2

2 ßy means of the substitution property the ileration of cun be reduced to the iteratiotr given by

the :i transformüion.
1 The ,' ilerate is obtuined b! ' ' binary-shifts followed by u single operotittrr.

Since the i ' part is.iusl a shift hy binary-lfigi1s, one csn curry all the contplicated dy-

namic-behavioul of denseness of periodic-points for the shiflaransformotion over to the
' lrunsformutiotr.

May be it's osked for, what are periodic-points for the trunsibrmolirtn? Or, more

precisely, one shoultl find so tltul for a given integer , where

for I . . All one has to do is to tuke a poinl ,' wlriclt is periodic.far the sltift-lrutrs-

formution with period and to apply the trunsjbrmution to obtain u periodic-point
'r', . ,t\f ' .Indeetl,us.. isaperiodic-pointof ',then:

Hence it is lrue, t! .' is a periodic poirut for the bin«ry-shift, then is u

periodic-point.for the ' trunsformution witlt the some period. Using this result it is not

hord to reason tltil periodic-poinls o.f ' trunsformalion are dense in the unit-intervsl too.

2

3

3 Il's known thol periolic-points of the ' lransformation urc tlense in the unit-intervol , so

it's cluimetl that periodic-points of lhe quadrulic-iterutor ute dense loo.

1 If : ' | 
, then it has to be shown that there is u sequence ot'perbdic-poirttsfrom' witlt

limit,.Onechooses.«spreimageoJ' under ,i.€.,,,,.' ,,'isonto.Sinceperio-
rlic-points of 't ure dense in one will Jind o sequence of poinls . ' with tr

timil antl such that each poirtt . . is perioclic-poittt .fram' " of some periocl . Thus

ufor . I . It's claimed that sequence ' with limit
trus limit ..' snd is sequence of periodic-poittts fiom

The : ' claim is true because ' is continuous. One wuy of de/ining what continuity for a

function , ,, (where for example is u subset of tlrc real-line) means . is the Jbllo-
wing: The function is suid lo be continuous prot ided that .for ony x € X and sn), §equence

xt, xz, ,.. trith limit x one hss thtrt the sequence : hus its limit , :' '.

2
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The <'lui»t follows from :

Tltus. it has been verirted )'et thot periodic-points ure dense.for lhe quodralic-iterillor too.

Moreover, this fuct regurding periodic-points musl also be fa(illed for the suh-intervals of
lhe unit-interttol, no moller how the subdivision nruy be, os long as the width of the sub-

intervsls is grealer than zero. Thk insight will be crucial for tlrc further discussions.

representation of the Jbllowing generic purabolu will support fufihet discussions4

1 Theligure shows lhe generic parabola

unit-intervalm
2 2 spice-grains arc inserted into dough close lo each

(this is quite likely due to clenseness

*lH-

3 Ally-values
tor L12r3r... will be lined-up on lhe generic

1 Il is sappased thatfrom eaeh of the 2 point

4

5

w ith in c o o r din at e- q) stem fi n n ov e

: other at periodic-pointsffi araffi
ll, sub-intervul of the unit-in-

sturts runningfor knea-

and

may bep andqforfrwilh lp: ql V IP + ql.

oblained during execulion of the quadratic-iterator y 1- x,+r 4x,(1-x3)
parabolafi.

ffi arA@ a series af iteration-steps is

stetrtetl, Then correspondittg , , values Jrom the ' series will ltuve difJbrenl grad-

ients with the generic-parabolu, becuuse of the$-disunce ffi behoeen the

grains. This mecns, both sequences ure shifted againsl each other, and will
deseribe parabolic geodesics on u puraholic surfuce.

ßoth spice-gruin thus provßionatly ure descfibe by positively-curved geodesics on a 2*
dimensional, positively-eurveit (xry)-surface. ßut when iterution-steps of the quadratic-

ilerutor ue interpreted ss ev€nß in time, the geodesics cun be lhoughl as being related in

space-time us well.

I | ßeween a space-unilxsnd stim*varinbtetmay adst,€.g,c = 3'1010 [msec]-l
| : x/t (where c reprcsenls the consfant vacuum-ligth-speed) and thus 1 <-+ xf c.

This new perspeclive now makes the just mentioned curved-surface tppeu as strucfrtre in

space-time, snd this way it beeomes comparable with the sphere in section <B> (where

geodesics of the 2 boomerangers were embedded tn). Although hoth surfaces are dffferent

in scaling and one ß parabolic while the other is spherb, dy-nnmies on both are qualitati'

vely similsr. This is also unerclerlined by the.following:
L Beeause both spiee-grain-cycla have dffircnt periods p and q, after mpetiads

ol
1- x.
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(where is equol to the smallest common ntaltiple af ,, anel q) the geodesics will
always rueet ogain ü onrt ,i,,rl .iusl above arrl ffi where they time-shifted star-
teilJrom ut lhe very beginning, sp«tial$t very slp*s to euclr otlter. On their courses

tlrc gruin-geodesicsfirst will move spsrt up to a msximum,llten lhey approuch each

other aguin in order to hste theb shortest dislance.finully. Similar to wltut lrub been

observed olreadyfor the geodesics in section - - I . r:, .

In the view of suffice's curvütarc and both geodesics running on it, lhe following can be

notedfinully:
1 The berud of a geodesic lowards or awayfrom u neighbouring geodesic (if they are

passed in a similar w*y) proves lhe lacal existence of spaee-time-carvillare. Carva-
ture of geome#y can be anderstood by distances in space and intervds in space-
lime.
The decrease in retreat-speed per time-unit is ditec'tly proportionul to the uverage in
this time-unit. Thus, in ease of thaught-experimenl, thß ratio rcmained constünt
permanenlly, beeaase of the uniform carvature of the sphere. With respect to the
quucbatit-iterator this ratio has to be adapted permanently due to the non-uniform
curvutare of the paraboloid wherc the geodesics are running on.

A journey into gravity and space-time, Sci. Am- Lib., N.Y., 1990.
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