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Estimates of the residual members of the Hill series

M. S. Petrovskaya
Estimates have been obtained of the residual members of the Hill series for cases where the
o

ni-ng’
of the sun and moon), calculated with precision of the 2, 3%, 4t 5% 6% power of m. There are also
new estimates of the residual members of Hill's series, based on the powers of m?2, considered in the
paper (Lyapunov, 1954). Estimates were found for the case |[m| < o (= 0.080849), where o is the
value of the m parameter for the moon.

coefficients of these series, which are series by powers of m (m = ngy, Ny — average movements

SOME ESTIMATES OF THE QUANTITY OF NEGLECTED TERMS OF HILL'S SERIES
by M. S. Petrovskaya.

" in Hill's Lunar Theory are considered, ny,n; being the mean

The power series in m =

ni—ng
angular velocities of the sun and the moon. Some estimates of errors are given for the cases when the
series are replaced by polynomials of 2", 31, 4t 5% 6t powers of m. Analogous estimates are also
obtained for Hill's series expanded in m? which were examined in Lyapunov's paper (Lyapunov, 1954).

All the estimates concern the case |m| < o (= 0.080849), where o is the value of m for the Moon.

The solution to the differential equations of the movement of celestial bodies is known to have the
form of infinite series. When determining the orbit of a celestial body, one usually uses approximate
coordinates, which are obtained by calculating the first few members of the respective series.

Replacing thus infinite series by finite, one assumes that the error, i.e. the difference between an
accurate solution and an approximate one, is small: for example, one assumes that the error has the
order of the first power of the discarded members of the series, or that it is beyond the accuracy of
calculations, etc. However, such assumptions are usually made without any strict mathematical
justification.

Characteristic in this sense is Hill's approach to the utilization of the series he obtained in the theory
of the motion of the moon (Hill, 1905). “By applying his formulas to the theory of the moon, Hill
accepts m = 0.080848933808312! and in final conclusions neglects only members above the 13®

order regarding m. Calculating the relationship % 2 with fifteen positions after the decimal sign, he
0

considers the errors not exceeding two units of the last decimal. This conclusion, however, is based
only on the comparison of calculated members of different orders and cannot be considered proven, as

in fact Hill does not give any means to determine the higher margin of error in calculating % in the
0

proposed method” (Lyapunov, 1954, p. 424).

The issue of obtaining strict error estimates in the case of infinite series is closely related to the
convergence of series. If a series converges in a certain area of a couple of parameters of decomposition,
the error is equal to the corresponding residual member of the series.

Currently, there are several works in which numerical estimates of the convergence radius of the
series of celestial mechanics have been obtained. In particular, works devoted to Hill's series are
(Wintner, 1929; Merman, 1952; Lyapunov, 1954; Petrovskaya, 1959). As for finding errors in the above
sense, such a task seems to have been considered only in Lyapunov's work on the series of Hill
(Lyapunov, 1954), in which, as is known, the first numerical estimate of the radius of convergence of
these series was given.

No
ni-ny’
2ay, as(s = +1,+2,...) — coefficients of Hill's trigonometric series.

'm = ng, Ny, — mean motions of the sun and moon.
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When finding an error estimate, Lyapunov used one of the majorant series he built for Hill's series.

At the same time, the error estimate was defined as a residual member of the majorant series.

The following should be noted, however. Hill's series are trigonometric series, the coefficients of
which are in turn series by powers of the parameter m !. Lyapunov's error estimate refers to Hill's series,
the coefficents of which, with different harmonics, are presented in the form F(m) = Y2, f;(m)m?
while for the same Hill series whose coefficients look like F; (m) = )72, a;m' (a; don't depend on m),
no error estimate was found. In practice, as is known, the series of Hill with the coefficients of the
species are used F; (m).

Lyapunov's majorant series, used to calculate the error, is built in such a way that being decomposed
in a series by increasing powers of m, it is not major in relation to the series of Hill with species
coefficients F; (m). Therefore, the calculated error cannot be used to find an estimate of the error of the
series with F; (m) coefficients.

For the same reason, there is no evidence to suggest m = o = 0.080848933808312, can serve as
an estimate from above of the error in the case of [m| < o.

This paper found error estimates for Hill series with F; (im) coefficients, as well as for series with
F(m) coefficients. This uses majorant series obtained in the author's work (1959). Since the
convergence area of these series (|m| < 0.21) is larger than the convergence area of the majorant of
Lyapunov's series, [|m| < 0.179 (Merman, 1952)]? - we can expect that the error estimate will be better
than the estimate obtained in the work (Lyapunov, 1954).

§ 1. Method for getting an estimate of a residual member of a power series

In this paper, the error of Hill's series is determined by the method proposed by Lyapunov in the
aforementioned work. The essence of this method is this.

Let there be a series x = Yoo, a;m* and a majorant series z = Y ey Bem*(lar| < Bi) ,
formally satisfying the equation

z=mZ(m,z) €Y)

where Z(m, z) is a certain function of m, z, decomposed in a series by whole positive powers of m, z.
Equation (1) can be used to find the convergence area of the x(m) series (Lyapunov, 1954), as well
as to estimate the residual member of this series.
Let the series z(m) and therefore a series x(m) converge in the area of |m| < o.
Then, due to the majorant of the z(m) series for 0 < |m| < g, we will have

n

x(m) — Z apmk

k=1

[ (m)| =

<2(0) = ) fi0* = Ra() @
k=1

Solving the equation (1) relative to z for m = ¢ we find z(0).

Substituting the sum Y.7_, fm¥ in the equation (1) and equating the coefficients with the same
powers of m, we'll find B8, (k = 1,2, ...,n). Then inequality (2) will estimate the residual member 7, (m)
of the series x(m).

§ 2. Hill's series. Residual members of Hill's series
Hill's series are a periodic solution to the first-class equations of the moon's motion, which is in the

field of gravity of the earth and the sun, in the extreme case - when the parallax of the sun is zero (Hill,
1905). In a geocentric coordinate system that rotates at a speed n,, these equations look like:

' Cf. footnote on page 257.
2 Cf. note on page 265.
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d? d x \

— 2
ﬁx—ZmEy+r—3— —3m“x

d? d y ®
Fy+2max+r—3= 0

no _ kKA(T+L)
ny—ng’ N (ny1—ng)?’
average motions of the moon and the sun, k? — constant of gravity, t time.
Hill considered the following solution of equations (3):

where 7 = (n; —ny)(t —ty),m = T,L mass of the earth and moon, ny,ng —

+ 00 + 00
x = Z ascos(2s + 1)t,y = Z assin(2s + 1)t 4)
§=—00 S§=—00

The coefficients of series (4) satisfy the infinite system of equations
+00
Z ([]; slasas—; + []_]mzasaj—s—l + (]_)mzasa—j—s—l) =0, (5)
S=—00

where [j, s], [J], (j) are some rational functions of m.
Making a substitution

as = aghg (s = £1,12,...), (6)
Hill converts the system (5) to look like this:
bj = fj(m,b_1,b1,b_3,by,...) G = £1,%2,...), (7
Equations (7) together with equality (6) and equality
1 3m?a_, -3
ao =I3{1 +§Ta_0} (8)
with
a=KI"V3(1+m)?/3, K = k23n *3(T + L)3,
l:1+2m+%m2, } ©)
I=1+(by+b_)? F + > (by +b_1)?*+ Eblb_1 —E(b2 + b_z)]
4 6 8 2
+(by + b_3) E (by + b_3) + 6bsb_y | + 6(by + b_y)(byby + b_1b_5)
+3b,b_ + 45b2b?, + 3byb_,, (10)
determine series coefficients (4).
By solving the system (7) by successive approximations, Hill obtains
b = z bymi (j = +1,42,..). (11)
i=2j
After substitution (11) in (8) ag has the appearance:
ap = Z agm'. (12)
i=0

In the work (Lyapunov, 1954) the solution to Hill's problem is considered in the system of
coordinates {&,n}, defined by equality:
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& = -1+ aY(xcost + ysint),
1 | @

n = —a~!(xsinst — ycost),

And it looks like:
+00
f=aal—1+a? Z a5COS2ST ,]
» sm—to (14)

n=al Z assin2st (s # 0).

S=—00

Lyapunov introduces the parameter A = m? so that the system (5) and equality (6) are recorded as
follows:

+00
z ([]: S]asas—j + []_]mzasaj—s—l + (]_)mzasa—j—s—l) =0,

(15)
S=—00
(G=41,%2,..)
1 3la_1) 3
= 1331 ———} : 16
%o { + 21 Ao ( )
The solution of equations (15) is presented in the form of series by powers of 1

a, = —az as,A° (0 ==%1,%2,..). (17)

S=0

Lyapunov examines the series by powers of A, obtained after lookup (17) in (14). Substituting series
(17)-(4) into equations (3) and equating coefficients with the same powers of A and the same harmonics,
he obtains the following formulas, from which are consistently defined ag 4:

1
ago = _adqs,o'
17+
) %lcﬂs,_,, — [402 — 41 + m)o + %l] As 5 a7
s = 202[2(40% — 1) — 4m + m?]

where A ; are polynomials relative to a ;, and k <s.

Since under A, m, corresponding to the Lunar Theory, these series converge (Lyapunov, 1954), the
difference between the solution &, 7, and the different sums of the relevant series case amounts equal to
the residual members of these series:

o +J
5199( i (COS2ST
- _ .2
51977} z Za],sﬂ {SiHZST (18)
j=p+1 —j

Lyapunov also finds the estimates |5p§ | and |6p77| atm=o0,p=123.
As noted, Hill series (4), (6), (8), (11) are used in practice.
Denote

B, = Z bscos(2s + 1)t,

N (19)
B, = Z besin(2s + 1)7 (s # 0).
S=—00

Then from (4), (6) we have
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x=ay(1+ Bl)} (20)

y =ao(1+ By)

When Hill's theory is applied in practice (Brown, 1899), approximate x and y values are as follows:
first, series coefficients (19) are calculated from equations (7) for m = o with a degree of accuracy;
then the approximate values b; then are substituted in the a, limit formulas, and finally the values
found, b, a, are substituted in formulas (19), (20).!

As shown in the paper (Petrovskaya, 1959), the series (11), (19) converge absolutely and evenly
when [m| < 0.21.

It is not difficult to establish that the series (12), (4) converge at the same values m. Indeed, in the
mentioned work obtained inequalities |m~1b_;| < 0.35,|m™1h;| < 0.08,|m ti*h;| < 0.39 (i =
+2,43,...). Then

1
|b_;| < 0.35 % 0.21,|b;| < 0.08 X 0.21, |by,| < I X 0.39 x 0.21. (21)

Turning to the formulas (8) -- (10) and taking into account that b4, by, are regular functions of m
when |m| < 0.21, we can present a, in the form of

aO = a(p(m)ﬂ
Where

o(m) = [1 + mfimB[L + mfy(m)] 3, 22)

and f; (m), f, (m) are regular functions of m.
Taking into account (21), we have

Imfi(m)| < 0.1 <1,|mf(m)| <0.5< 1.

Consequently, each of the multipliers in (22) at |m| < 0.21 is a regular function of m. The same
property has the expression (1 4+ m)?/3171/3 of the multiplier a. Thus, the series (12) and (4) converge
absolutely and evenly (as a work of absolutely and evenly converging series). Since members of the
series (4) are regular functions of m, then applying the theorem of Weierstrass, we come to the
conclusion that if the series of Hill are placed on increasing powers of m, the latter will converge with
|m| < 0.21.

Returning now to the calculation of approximate values of x, y, we come to the conclusion that for
|m| < o at each stage of the calculation the errors will be equal to the corresponding residual members
of the series.

Let r be some power series. By 7K we will denote the kt" sums of this series.

Given the above-described way of calculating x,y, we will sequentially find estimates for
expression modules (see. (11), (19), (12), (20)):

6kbj = Z bjimi (] = i_ll i_zn); (23)
i=k+1
5B @2s+1)
xB1] _ fcos(Zs + 1)T
5k32} - Z Orebj {sin(Zs + 1)1, (24)
(J=0)

To determine a, Hill offers several formulas, where a, appears as different functions of b;. When

calculating ay, Hill doesn’t use formulas (8)—(10). For our purposes, presenting a, in the form of (8),
(9) is the most convenient.
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Seag =K ) agm!, (25)

i=k+1

Bex = ag(1+By) — af” (1+ B), .
Ay = ag(1+ By) —af? (1+ B 20
ky aO( 2) a() 2 )

When k = 2,3,4,5,6.
The work will also find new estimates of the values of |5p§ |, |6pn| (p =1,2,3).

All of these error estimates will be obtained in such a way that they are legitimate for all |m| < o
at the same time.

§ 3. Majorant series and majorant equations

Since the error estimates will be calculated in the way outlined in § 1, we will first consider the
series, majorant in relation to the § 2 series.

In the works devoted to the study of the convergence of the Hill series (above) various majorant
series in relation to the series of Hill were built and their radius of convergence determined. When
finding a convergence radius, these series were presented as solutions to certain equations, and the
theory of implicit functions defined the circle in which the solution of interest to us decomposes into a
power series.

In the works (Merman, 1952; Lyapunov, 1954) majorant equations are obtained on the basis of

recurrent ratios (17*). Appropriate estimates of the circle of convergence: |m| < %, m| < 0.179.

In the work (Wintner, 1929) for the infinite Hill system (7) one majorant equation is built by
obtaining estimates of the f; (j = £1,£2,...) values of the series coefficients by (k = +1,12,...) so

that the latter do not depend on j. The circle of convergence obtained by Wintner is |m| < 1—12

Analogously, in the work (Petrovskaya, 1959) for the system (7) three majorant equations are
constructed so that two of them are majorant series (7) for j = +1 and the third for all other equations.
Appropriate convergence circle estimate |m| < 0.21.

In this work, the majorant system looks like:

Yk = m(Ag + Bry2y + Cy—1¥ + Dyy—1y + Exvay + Fey? + Gpy),

(27)
Y = m(Coy1V-1 + Doy_1y + Exyay + Fo¥? + Goy + Kyy? + Haoyy) (k = il)-}

Coefficients at y, 1,7V, in the right parts of the rational functions of m, are given explicitly for the
series in the work (Petrovsky, 1959, p. 462-464).

Series of my4,, mj ~*y, where y44, ¥ is a solution to equations (27), which disappears at m = 0 are
majorants of the series by, b; (j = £2,43,...) (formulas (11)).

If the function Y (m) is a majorant in relation to the function ¢ (m), then this circumstance will be
recorded in the form of equality

P(m) = majo(m)

So, we have
my41 = majbys, mj~*y = majb; (j = £2,43,...) (28)
Denote
400
- 1
B=m\y_1+y1+y Z 7| (29)
(i0,41)

Then from (19), (27) have
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B = majB; = majB,. (29)
We find a majorant for the function of a,(m) defined by formulas (8) (10). We have

1+m)* 1
3 5, 1 m?
1+2m+2m 1+7—(1+m)2
and
1 1
1 3
1 m? 3 1 @+m)? ,
1-— Az S M3 (307)
(1-m) 1+2m+ 7m2
Next
1 ) 1 .,
— 3 =majj———— (30”)
1—2m+7m2 1+2m+7m2
and
1
3 miy_, ’ 3m?a_,| 3
S DU v [1 i T (307
1-2m+5m? 0
Consider the function
1 _1
3 3
1—m)? 1 3 m3y_
Yo = _a-mr X majl3 x 1—5—)/11 , (31)
1—2m+5m? 1—2m+5m?2
2 2
Where
1
2 2B.5 , 2,2 5 5 3
1=m(y_1 +v1) [Z tem (yor+y)e+ gMmr-nt 1—6my]
1 1 3 3
majl3 = —gmzy (iy + 6771)’—1)’1) - gms(y_l +y1)%y = 3mPy_i7y (32)
3
—A5mAY2. Y2 — 22
myZ1Y1 256m 14
Considering (27), (30), it's easy to see that
Yo = K™ 'maja,. (33)

By now denoting 7, and B* any majorants for a, and B; (i = 1,2),
z =7¢,(1+ B") (34)

and understanding under x and y at the series (20), we have

Z = majx = majy (35)
Let
B+1 = MY,
. - . 36
f = s *majb, (s = £2,43, )} (36)

as . . . .
s - = I 4,TO,.. N
where bs = — (s = £2,43,...) is a series of powers of 1 obtained by solving system (15), and at the
0

same time at 1 = m?

263



B+1 = my+1,}
- - 36*
B =my (369
Let
Bo = K~ 'majay, (37)
where a, is a series (16), when 1 = m?
Bo = Yo- (37%)
Turning to formulas (14), (16), (10), consider the expressions
1
| | 0 ) )
i 1l 3 A, - 1
§=majf3|1->—" | X {1+ 4y + B Z —t—1,
i 1-2m+ imz_ P L
) (i#0,+1) ( (38)
[ 13 400
~ oL 3 AB—1 1
7] = majl3 1—5—1 XAP_1+B1+0 Z ([
1-2m+ 7m2 i=—co
N (i+0,+1)
and majI'/3 there is an expression (32) in which a replacement is made mysq = Py, my = .
It is obvious that
¢ = ma) )
71 = majn.

With the help of majorant series (27), (33), (35), (39) on the method § 1 we find estimates of the
errors in question in § 2.

Before we get to this point, let's explain the comment on page 258 relative to the relatively majorant
Lyapunov series, which was used to obtain error estimates (18).

This series was built as follows. In the coefficients at 4,42 we putm = ¢ (in ay 41,0242, az,o) and
as the first members of the majorant series take the values of the expressions obtained. Subsequent
members of the majorant series were determined by a recursive formula, getting the ratios (17%)
between coefficients ag .

The question of whether the resulting error estimate is equal to the residual member of the majorant
series built applies to m < ¢ and whether it can be used to obtain an error estimate in the case of series
(4), (11), Lyapunov does not consider. It is easy to establish that the majorant series of Lyapunov does
not have such properties. In fact, decomposing

3 3816 - 1616m — 8492m? — 13616m* — 10674m* — 4212m" — 729m*
920 = T 756 (6 — 4m + m2)2(2 + 4m + 3m?)

in a series of powers of m, we get

(40)

159 65 397 )
a2,0=—ﬁ+%m+%m + .- (40)
As an appropriate coefficient of the majorant series, Lyapunov takes the expression (—az,o) and
considers m = o.
From (40") it is clear that (_az,o) is not majorant for a, ¢. It follows that the resulting error estimate
cannot be used in the estimate of the residual member of the Hill series (4), (11).
Next we have:!

! Coefficient a,  (cf. formula (40)), a, 4, are derived from formula (17%*).
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27 92m + 184m? + 124m3 — 28m* — 21m>
92-2= TG4 (6 — 4m + m2)2(2 + 4m + 3m?)
27 1000 + 2816m + 3396m? + 1760m3 + 430m* + 48m> + 27m°
256 (6 —4m +m?)2(2 + 4m + 3m?)

(40”)

Ao = —

The coefficient of the majorant series at A2 the value of the expression —(az,o t+a;_,+ az,z) at
m = o, we have

i( 8280 + 1848m — 1780m? — 6300m3 )

—(azotaz_,+a =
(azo +az-2 + az2) 16 \—4734m* — 1598m5 — 495m® — 81m’

2160 + 1152m — 960m? — 1280m3 -
X 4 5 6 7 8 (41)
+1784m* — 864m> + 224m°® — 32m’ + 3m
The derivative of this expression is equal to
3 P(m) (41"
16 PZ(m)

where

P,(m) = —5546880 + 8208000m — 8305280m? — 109772160m3 — 3970400m*
—3080096m° + 12996240m® — 3703616m” — 741416m8 — 4968m°
— 7844m1° + 94504m!! — 19602m*? + 2970m!3 + 243m14,

P,(m) = 2160 + 1152m — 960m? — 1280m3 + 1784m* — 864m® + 224m® — 32m” + 3m?.

We have form > 0

P;(m) < —5546880 + 8208000m + 12996240m® + 94504m*! + 2970m'3 + 243m1*
= Py (m). (417)
When0<m<o
P,(m) < P,(0) < —4883268 < 0.

Thus, the expression —(az,o +a,_,+ az,z) is not a monotonicly increasing function of m.
Therefore, Lyapunov's estimate does not apply to the case 0 < m < &.

Note. Note that the result of the convergence of the series of Hill, obtained in the work (Merman,
1952), is considered only proven for m = 0.18. However it is easy to prove, without going beyond the
same method, convergence in the area 0 < m < 0.18 and for the power series in the area [m| < 0.179.

In fact, in the work (Merman, 1952) to get an estimate of the convergence area of the series of Hill
(17), (4) built the next majorent series. Coefficients at A series (17)

_ 92+4m+3m® _ 3 38+28m+9m? i
M= "6 6 —am+mz’ 1T 16 6—am+m?
and the coefficients at A% (40), (4), are replaced by their absolute values at m = 0.18 (in

—0ay1,01 1, —0p0, —Ay 2, —0Ap_p put m = 0.18). Subsequent coefficients of the majorant series were
determined from the recurrant ratios

) %LAr,_J +(8+4M + %L) Ay -
ro = 2(6 — 4M + M?)

where L =1+ 2M + EMZ,AniU are polynomials relative to a; ;(k <7),M = 0.18.
The radius of convergence of the majorant series was defined as the least positive root of equations
1+ 29 1-2)3
= —/—7—7—7"™"™—7, R U— C
2730 +29) 97 T332+ 22 ©

relative to A, and
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e h
“1-e¢971-¢
£ = (a1 +ay,-1)h e = (ag_2 + azp + az0) 2%, (D)

_ 22+ 20M +9M?
~ 4(6—4M + M?) L

11 = —A11,01,-1 = A1 1,Aox = _aZ,k(k =0,%2), (E)

&=+ —(1+ 3h)£2,]

and in (E) putm = M.
As a result of the solution of system (C), an estimate of the convergence area of the series was
obtained (17), (4):

m = 0.18,0 < |1] < 0.18% = 0.0324.

From the consideration of expressions (40), (40") it is easy to establish that at 0 <m < 0.18
absolute values of these fractions are equal — (—az'o), (—az,—z)' (—az,z)-
From (41") we have for 0 <m < 0.18

P,(m) < —4 069 439 < 0,

therefore, the derivative (41') is negative, and the expression (41) in the 0 < m < 0.18 period has a
maximum at m = 0 equal to ;—:z . Denoting the max (—az,k) =a(k=0,£2), we have

159

A0, taz2,+ay o = S5e
Absolute values a; 14 for 0 <m < 0.18 are equal (—(11,1); (‘11,—1) and reach a maximum at a
point of m=0.18 , where max(—am + a1,_1) = 1.8277 . Denoting max(—alll) =

al,l,max(al’_l) =a,;_, we have a; ; +a; _y = 1.8277. Let's build a majorant series in relation to
the series by powers of A (17), (4), assuming the coefficients for 4,4%, equal ay;(k = 1,2;1 =
0,+1,£2) and all the other coefficients determining by formula (B). Since the majorant series is still
determined by the formula (B), the convergence area of it can be found again by solving the system (C)
if (D) put € = ;?52/1, g = 1.82774%. As aresult, we get the following estimate of the series convergence
area (17), (4):

0<m<0.18,0 < |1 <£0.0324.

Further, as it follows from Lyapunov's work, expressions (A) when decomposing them into series
of powers of m have no negative coefficients.

Building majorants for a; 4,, a, o analogously to how it is done in the work (Petrovskaya, 1959, §
3), we get

maja,, = —dy,,
maja, o + maja, _,
_156 1369 11719 , 518839 . 13076857 , 89619601
T 256 1920 T 14400 T 288000 T 6480000 * T 388800000
1678114957

+ 972 000 000 m
+ o=’ (4473 256 + 1818 884m + 7 579 320m? + 6 248 756m’

+ 2146 489m*317 901m®)(6 — 4m + m?)72(2 — 4m + 3m?) !
1

+ 640000 000™
x (2 666 140 188 + 2 125 905 384m + 2 170 555 700m? + 788816 100m3

+907 821m* + 14 920 388m5)(6 — 4m + m2)~2(30 — 4m + m?)~1,

7

Now assuming
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11 = —A411,01-1 = A1 -1,
a) = maga,,(l = 0,+£2)

and by solving the system (C), we get the following estimate of the convergence area of the Hill series:

0 <|m| <0.179 (1 = m?).

§ 4. Estimates of the module errors 8¢B;, 6, B4, 6B, (G=+1,%2,..,k=2,3,...,6)
Based on (27) and outlined in § 1 when m < ¢ we have
1 _
|8b;| < 7 |a6k)/].|, (42)
where
&YV, =7V, — 7™ (= +1,42
kyj' y]' y]' (] L4, L4 ): (43)
Vi1 =V4100),7, =y(0) ( = £2,%3,..).
Using the method of uncertain coefficients in solving equations (27) we get
19 5 43 14 1287 869
e _ -7 224 22 3,2 4 5
U STt g™ T r™ T g0 ™
3 1 7 11 145 049
© _ 2 a2 1 a3 a4 5 44
T ™ T R™ T36™ T138240™ (44)
6) _ 393 . N 3959 , N 188987 467
Y T80 ™ T 200 ™ T 2304000

The errors (43) could be found by solving numerical equations (27) with m = ¢ then subtracting
Yj from the expression (44) in which it is supposed to m = ¢.

However, in order to avoid losing accuracy in computations, we will do otherwise: on the basis of
(27), (43) we will make equations for m = o, and put in them 6 F; (j = 11,42, ...) and then we
solve them numerically.

Designating
a, = 0_1667_1, a, = 0-_156)_/1' (45)
0(3 = 0_1667j (] = ili izl "')F
we come to the equations:
a; = Aj + Bjayay + Ciayaz + Djayaz + Ejaf + Fjas + Gia3(j = 1,2,3), (46)
where!
A; =0.818994-107% 4, = 0.281043 - 107%,4; = 0.149018- 1072,
B, =0.472734-1073,B, = 131606 - 1073, B; = 0.114498,
C; = 0.214285-107%,C, = 0.494590-1073,C; = 0.410474 - 1071,
D, = 0.908573-1073,D, = 0.901293-1073,D; = 0.382126- 1071,
E; =0.137332-107%,E, = 0.890389 - 105, E; = 0.223289 - 1077,
F, =0.121583-107>,F, = 0.378542-107%,F; = 0.387739- 1073,
G, =0.127886-1073,G, = 0.143923 - 107%,G; = 0.435221- 1072,

Solving (46), we get

! Here and in the future rounding was made with the isbitcom?.
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a, = 0.000028105,

a, = 0.0000819001,}
az = 0.00149021.

According to (29) we have form = ¢

|6,B;| < 6,B (i =12,k =2,3,..,6).

We will get an estimate on top for §¢B when m = . We have

+ 00

z 1
0.16464646 < j_4 < 0.16464647

j:—oo

(j#0,+1)
From (28), (43), (47) (49) we get
86¥_; < 0.54-107°,
867, < 0.19-107°,
867; < 0.975-107° (j = £2,£3,...),

8¢B < 0.24-1075.

(47)

(48)

(49)

(50)

(51)

We will now get estimates of the error modules of 6, B; (i = 1,2) for k = 2,3,4,5 whenm = .

We have

6xB; = B — B 1+ 64B; (i = 1,2,k = 2,3, ...,6).

(52)

It is obvious that the estimates of the |5kBj| at m = ¢ can be considered as relevant residual

members of the majorant 8, B determined by the formula.
6,8 =B® — 5" 4 5.8
and formulas (28), (44), (51).

We won't use formulas (52*), but we'll get upper boundaries |6, B;| as follows.

(52%)

Let's denote a series, obtained after the replacement of coefficients of series B; (i = 1,2) at different

powers of m on their modules.
From Hill's Formulas

b = 3 2+1 34 7 4y 11 5 30749
1_16m Zm 22.3m 22.32m 212 .33
19 5 3 43 . 14 . 7381
b—1=_ﬁm T3M T2 3™ T33™ T o103
b _25 4y 803 5 4 6109 6+ m7(.)
2_28m 27.3.5m 25.32.52m m-...),
b= 23 5 4 299 6+ m7(.)
_2—27.5m 25.3.52m m'(...),
_ 833

3= 57 3m6 +m’(...),

mé +m’(..),

mé +m’(...),

b-3 =75 3m6 +m7(..),
by =m’(..) (i = +4,15,...)
we get
po 1 o 13 . 4321 . 2761 . 5860331
8 6 2304 2160 4147 200
Denote
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8iB =B©® —B® + §.B (k = 2,3,4,5).

(54)

Since the B series coefficients are greater than or equal to the series B, when m = o we have

|6, B;| < 8;B < &;B.

(55)

Thus, using the formula (54), you can get a better error estimate than the estimate given by the

formula (52%).

Below are the results of the calculation in Bi(k)(i =1,2;k = 2,3,...,6) at m = ¢ with accuracy of
m”. The calculations were made with seven decimal digits. At k = 2,3,4,5,6 we have

Bl(k) = bgki)cosr + (bik) + bE’;)) cos37 + (bgk) + bE’?) cos5T + bék)cos7r,

(56)
Bz(k) = —bg‘?sinr + (bik) - bE’;)) sin37 + (bék) — b£k3)) sin57 + b?()k)sin7r.
Bi(G) (i = 1,2) After calculating the ratios, the harmonics appear as
B = —0.0086958cost + 0.0017403c0s37 + 0.0000059c0s57, 7

B{® = 0.0086958sint + 0.0017398sin37 + 0.0000059sin5r.

The following table shows the harmonic coefficient values in the expressions (56) for k = 2,3,4,5.

k %) bP + % | p® —p® | b +p%) | b —p%) | b
2 | —0.0077622 | 0.0012256 | 0.0012256 - - -
3 | —0.0086429 | 0.0014898 | 0.0014898 - - -
4 | —0.0086940 | 0.0017391 | 0.0017391 | 0.0000042 | 0.0000042 | -
5 | —0.0086958 | 0.0017402 | 0.0017400 | 0.0000056 | 0.0000056 | —

From (28), (44) at m = o we get

B® > 0.0089877,
B® >0.0101327,
B™ > 0.0102129, (58)
B® > 0.0102173,
0.0102177 < B® < 0.0102178
From (54), (51), (58) we get

8B < 0.0012325,B® — B® > 0.0012299,
83B < 0.0000874,B©® — B® > 0.0000849,
8;B < 0.0000073,B® — B® > 0.0000047,
0.0000028 < 8B < 0.0000029, B — B() > 0.0000005.

(59)

Formulas (59), (55) give estimates of errors that occur if B;, B, are calculated by formula (56) at
k = 2,3,4,5, using the above table.

The comparison of numbers in each of the lines (59) gives some idea of the accuracy of the error
estimates received. Looking at the ratios of numbers of the first and second column to the numbers
themselves, we see that the first two estimates can be considered quite satisfactory. The latter estimate
does not seem to be satisfactory.

If, as approximate values B;, B, accept expressions (57), then, according to (51), the margin of error
will not exceed 0.0000024.

According to § 1, the resulting upper boundaries are §¢B and 8;B (k = 2,3,4,5), the corresponding
m = o are the upper borders |8, B;| (k = 2,3,4,5,6;i = 1,2) at |m| < 6.
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§ 5. Error-module estimate 8, ay, Ay x, A,y (k=2,3,4,5,6)

We get an estimate of |5ga,|.
Using formulas (44), from (31), (32) we have
1 1 2125 299 76 795
(6) _ 2 3 4 5 6
=1+- - - —— .
Yo T I 2™ 1™ T20736 ™

Designating ¥, = Y (0) we get

v > 1.00135260.
we have
v; =" + 8y, (i = £1),
Y =7 + 6.
From (44), (50), (62) we have
Y_, <0.00869718,
7, < 0.00151630,
¥; < 0.000310923 (j = £2,%3,...).
Then from (31), (32) it follows that
Yo < 1.00135298.

According to (33) and § 1, we have at |m| < o
|86a0| < K(Vo - )70(6)) = K&6Yo-
From (61), (64) we get
86Y0 < 0.00000038.

We have
6
Sray = Z agim' +6gay (k = 2,3, ...,6).
i=k
From The Hill Formula (Hill, 1905, Page 319)
1 1 407 67 45 293 8761
ay’ = K[l T I o0 g™ Taian2” o™

From here, [m| < o

6 \
Z|a0imi| < 0.00018482K,

=3

6
Z|a0imi| < 0.00000866K, |

=4

6
Z|a0imi| < 0.00000111K,

i=5
lagem®| < 0.00000031K./

From (65), (66), (69) we getat [m| < o
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(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)



16,a,] < 0.00018520K,
|85a,] < 0.00000904K,
18,a] < 0.00000149K,
|6sa0] < 0.00000069K.

(70)

From (68) at [m| < o we have

7
|agim!| < 0.00018484K,

=3

7
Z|a0imi| < 0.00000868K,
i=4 > (71)

7
Z|a0imi| < 0.00000113K,

i=5
7

Z|a0imi| < 0.00000032K,
i=6
lag;m’| < 0.00000003K. (72)
From the comparison of numbers in (70), (71) in the lines of the same number, we see that the first
three scores in (70) are relatively satisfactory, while the fourth estimate and estimate (64) [after

comparison with (72)] are apparently rough estimates.

If you calculate a, at m = ¢ with the accuracy of m’ with seven decimal digits, we will get from
(68)

ao = al® = 0.9990932K. (73)

The corresponding margin of error, according to (65), (66), will be less than 0.0000004K.
We will now find the upper boundaries of Ay x, Ay at k=2,...,6, using (34), (35). Since the series
K
7o =K ) laglm + 18,001, B* = B® + 5;B (74)
i=0

majorant series a, and B; (i = 1,2), then just formulas (34), (35). Thenat m = o

|ARX| < AkZ,}
75
|Aky| < ARZ; ( )
where
Az =z — 20, (76)
Denote
k
R ¢ mt, 8,7 = 18 77
Yo = lagilm*, 8k 7o = |6k a,l. (77)
i=0
Let's imagine &z in the form of
5z = 79628 + B8, 7y + 870 (1 + 65B). (78)

Using formula (68) and estimates (51), (58), (59), (66), (70), at m = o we get from (77), (78)
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A,z < 0.0001885K,

Asz < 0.0000092K,

A,z < 0.0000016K, (78)
Asz < 0.0000007K,

Agz < 0.0000004K.

Thus, if as approximate values x,y at m = ¢ consider the expressions a(()é) (1 + 81(6)) and

a(()é) (1 + BZ(G)) [instead of formulas (20)] (given by formulas (57), (73), then the corresponding errors

will be less than 0.0000004 K.
According to § 1, the estimates of |Axx|, |Axy|, given by inequality (75), (78), are legitimate when
Im| < o.

§ 6. Estimates of Errors |6p€| and |6p11| (p=1,2,3)

First of all, we will build series (36), (37), which have properties (36*), (37%).
Analogously, the system (27) can be built as a majorant system that defines the series of the f41, .
The last can be written in general form

Bk ::‘Tk + Ekﬁ% + Gkﬁ—l@l + Ekﬁzlﬁ + ’zkﬁﬁ +~Gk.8 (k= il):} (79)
B =CoP1B1+ Daf_1B + EpiB + Go + Ko7 + Eo By,

implying coefficients in the right parts of function A4, m, B4, 8.

If you follow sequentially all operations to convert the right parts of the equations (7) to obtain the
system (27) (Petrovskaya, 1959), it is easy to see that the majorant system (79) can be obtained by
simply replacing m? by A in some members of the decompositions Ay, By, Cy, in the series by powers
of m, in accordance with the transition from (7) to (15).

It is obvious that if in the right-hand side of the system obtained in this way (79) to make a
replacement A = m? then there will be equality (36*) and B4, will be 1st, and B — 2nd order relative
to A.

Solving the system (79), you can get the B (k = +1), 8, in the form of series by powers of 4.
Substituting these series in the right parts (79) and calculating the latter with precision to A3 we have
to put

Ak = AAk,Bk = lm_sz,(jk = Am’zCk,ﬁk = Dk,
2

1944
~ 1 2 2N—-1 ~ -1
El=§(6—m)(6—4m—m) , G = Am™ Gy, (k = £1),

E,=E_ - (90 — 36m — 49m?)(6 — 4m — m?)71,

3 . (80)
C,=C,,D, = 200 (22950 + 1800m — 743m?)(30 — 4m — m?) 7%,

_ 1 -
B =200 (63450 + 10440m — 3129m?)(30 — 4m — m?)™1, G, = Am~1G,,

EZ = Am_sz,Hz = /lm_le,ﬁk =0 (k = il, i‘Z)

Designating ﬂ,ﬁp), B® particular sums of By, B series, by powers of the 1 we have
3(3) = A1(62A_1 + Hz)(52A_1 + EZAvl + Gz) + I’ZzA‘%,

And A;,A_4, ... expression (80).
From (79), (80), (81) it follows that

W =2 =0 (82)
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Assuming (79), (80) A = m?,m = o, we get

Y > 0008695808, B2 > 0.008697102,
B >0.001515849, B > 0.001516275,
B3 > 0.0003093682.

Turning to (38), we will find E®,7®) (p = 1,2,3).

(83)

Making in (32) replacement (36*) and using formulas (79), (80), as well as expressions for A4,

given in the work (Petrovskaya, 1959) on page 462, 463, we get

.l 1 2 89 2 4
ma]l3=1+Z(ﬁ_1+ﬁ1) +B_1ﬁ1+"':1+ml +A (...).

Next
-1/3
1—;——1&%r—- =1+ 19 A2+ 4.
1-2m—5m? 32 (1 - 2m —5m?)
Then
1
1 3 8 ; 89 19
majl3 x 1—5—11 =1+128/12+ A2+ 2.
1-2m—5m? 32(1—2m—7m2)

Denote

89 19

128/12 + 12 =1,

1 2
32 (1 2m 5m )
Given (85), we get

1 AB_, < 1 Y
majls x [1———————| X{B_1+B+p Z (= h XL+l +25.),

1-2m— zmz i
(i+0,+1)

where
I = g% + B,

+00

1
L=pS+pP+p ) o

i=—o00

(i#0,+1)

Now from (38), (85) - (87) we get

EO=LA+1)+1,
i® = L1, + L.

Using (49), (83), (86), (88), when A = m?,m = ¢ we have

£3) > 0.01032477,
7® > 0.01026492.

Let's find the upper limits & and 7j. From (28), (38), (36*) we have

(84)

(85)

(86)

(87)

(88)

(89)

(90)
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_ 1 1
1 3 Ay ’
£ = majI3 1—5—‘11 —1+7,
1—2m—§m2
T . (91)
I 13
1 3 v _
F=maji|1-2— 21| xB
21—2m—1m2
7 m-] y,

Using inequality (63) and formulas (28), (32), when 1 = m?, m = ¢ we have

- < Got00e826) ©2)
From (90), (92) we have
§;& =& - &3 <0.00000041 = 63(,} 93)
87 = 7 — i3 < 0.00000036 < 85¢.
Turning to work (Lyapunov, 1954), we have form = ¢
&2 < {|azo| + |azz| + |as—2|}4* < 0.00003001, } (91)
&3 < f{laz 3|+ |ay-1| + |as1| + |as3|}2> < 0.00000028,

where the €, (k = 2,3) are the upper limits of the modules of the kth power series by powers of 4,
resulting after substitution (17) in (14).
Denote

3
(Sk( = & + 63( (k = 1,2) (95)
From (93), (94) we get

6,0 < 0.00003070,} (96)
6, < 0.00000069.
From (18), (39), (93) and § 1 it follows that at [m| < o
16581 < 53(,}
|65m| < 85¢. ©7)
Next, from (95), (97)
18381 < 6k ¢, (98)

16k | < 6, (k = 1,2).

For comparison, we give estimates obtained in the work (Lyapunov, 1954) !

8,¢ = 0.0000315)))

0(+)’
_ 1(-)
8,0 = 0.00000154), t
_ 3(-)
83¢ = 0.0000012;7. |
Literature

! Sign () indicates that the exact number by absolute magnitude is less than written, a sign (4 ) —more than written.
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bromerens MuctutyTa Teopetnueckorr ACTpOHOMUU

T. UX 1963 N2 4 (107)

OueHKH 0CTATOYHBIX YWIEHOB PSAA0B XHJLIa

M. C. IleTpoBckasi

[lomrydeHs! OIIEHKH OCTATOYHBIX WICHOB PSAOB XWIUIA AJIS CITydaeB, Koraa K03 PpHUIreHTs! 3TUX

PSIIOB, SBJIIONINECS PSAAAMH TI0 CTEIICHSIM M (m = ),no,n1 — cpenuaue aekeHus CoiaHIa U

ni1—MNgo
JlyHbl), BBIYUCISIOTCS ¢ TOUHOCTBIO 10 2-H, 3-H, 4-i, 5-i, 6-i cTeneHedt oTHOcUTensHO M. [lomydeHst
TaK’Ke HOBbIE OLEHKH OCTaTOYHBIX YIEHOB pPAAOB XUJLIA, PACIONONKEHHBIX IO CTemeHsM m?
paccMoTpeHHbIX B padote (JIsmynos, 1954). Ouenku Haiinensl s ciaydas |[m| < o (= 0.080849),
rJ€ 0 — 3HaueHue napamerpa m ais JIyHsl.

SOME ESTIMATES OF THE QUANTITY OF NEGLECTED TERMS OF HILL'S SERIES
by M. S. Petrovskaya.

n . . . .
®— in Hill's Lunar Theory are considered, ny,n, being the mean

The power series in m =

1 0
angular velocities of the sun and the moon. Some estimates of errors are given for the cases when the

series are replaced by polynomials of 2, 3, 4, 5, 6 powers of m. Analogous estimates are also obtained
for Hill's series expanded in m? which were examined in Lyapunov's paper (JIsmynos, 1954). All the
estimates concern the case |m| < o (= 0.080849), ¢ being the value of m for the moon.

Pemenne muddepeHnnanbHbIX YpaBHEHUH IBIDKCHUSI HEOCCHBIX TN, KaK M3BECTHO, UMEET BH[
OecKOHEYHBIX psaoB. [Ipu onpeneneHnu opOUTHl KaKOTr0-THO0 HEOSCHOTO Tena OOBIYHO TOJIB3YHOTCS
NpUOTMKEHHBIMU 3HAYEHHSMH KOOPAMHAT, KOTOPBIE MOJTYYalOTCs ITyTE€M BBIYMCICHUS HECKOJIBKUX
MEPBBIX YWICHOB COOTBETCTBYIOLIHUX PSIIOB.

3amMeHsis TakuM 00pa3oM OeCKOHEUHbIE PsIJIbI KOHEYHBIMU, IPEATIOINATaI0T, YTO OTPEITHOCTb, T. €.
Pa3HOCTh MEKIY TOYHBIM PEIIEHHNEM U IPHOIMKEHHBIM, MaJla: HapruMep, CYUTAIOT, YTO TOTPENIHOCTh
MMEeT MOPSJIOK IEePBOro M3 OTOPOIICHHBIX WICHOB PAa, WM, YTO OHA HAaXOIHUTCS 3a ITpelesiaMu
TOYHOCTH BBIYHMCICHUH U T. 1. OIHAKO TaKue MPEANoIOKEeHHUs, KaKk TPaBUIIo, JIENIAI0TCs 0e3 KaKkoro-
100 CTPOTrOoro MaTeMaTn4eckoro 000CHOBaHUSI.

XapaKkTepHBIM B 3TOM CMBICIIE SIBJISIETCS ITO1X0/] XWIIa K MPUMEHEHHUIO TTOJYYEHHBIX UM PSI0B B
teopuu aswkeHus Jlynast (Hill, 1905). , Ilpumenss ceou dopmynsl k Teopun JIyHbI, XU TPHHAMAET
m = 0.080848933808312! u npu OKOHYATETLHBIX BHIBOIAX MPEHEOPETaeT JIUIIbL WieHaMH Bbilie 13-

a
ro nopsaKka OTHOCHUTEIBHO M. Brrunciss Ipu 3TOM OTHOLICHUS a_52 C IIATHAAUOATbIO ACCATHUYHBIMHA
0

3HaKaMHU, OH CYUTAET MOTPEITHOCTH HE MPEBOCXO/ISIIMMU IBYX €IUHUI] TTOCIETHEH AECATUIHONH. DTO
3aKJIFOYEHHUE, BIPOYEM, OCHOBAHO TOJIBKO HAa COIOCTABJIEHWU BBIYMCIIEHHBIX YJIEHOB Pa3UYHBIX
MOPSIAKOB U HE MOKET CUUTATHCS JOKA3aHHBIM, TaK KaK HA caMOM Jiesie XUJUT He 1aeT HUKAKUX

o a
CpCACTB IJId OHNpPCACIICHUA BBICHIUMX MPEACIOB IOIpPCIIHOCTEN IIPU BBIYHCICHUU a—s 1o
0

npemiaraeMomy um croco0y” (JlsimyHoB, 1954, ctp. 424).

Bormpoc o mosryueHu# CTporux OleHOK MOTrPerHOCTe! B cilydae OECKOHEUHBIX PSJIOB TECHO CBSI3aH
C BOIIPOCAMHU CXOTUMOCTH PSAIOB. ECiy psim CXOmUTCS B HEKOTOPOH 00JaCTH 3HAYCHHM MapaMeTpoB
Pa3IoKEHIS, TO TIOTPEITHOCTh PaBHA COOTBETCTBYIOIIEMY OCTAaTOYHOMY WICHY psfa.

B Hacrosimee BpeMs MMeETCS HECKOJIBKO pabOT, B KOTOPBIX IIOJIYYEHBI YUCICHHBIC OICHKH
PaaryCoOB CXOAUMOCTH PsZOB HEOECHON MexaHHMKH. B yacTHOCTH, psmgaM Xuiuia MOCBAIICHBI PaOOThI
(Wintner, 1929; Mepman, 1952; Jlsnynos, 1954; ITetposckas, 1959). Uto ke kacaeTcss HAXOXKIACHUS
MOTPEUIHOCTEN B YKa3aHHOM BBIIIIE€ CMBICIIE, TO TaKas 3a7a4a, Mo-BUIUMOMY, pacCMaTpUBAIIACh JIUIIb

—) , Ny, Ny — cpeanne aBmwkenns Conxua u JIyHsL

I'm (m =
ni1—ng

2ay,a,(s = 1,42, ...) — ko> UIHEHTE TPUrOHOMETPHUECKUX PAIOB XHILIA.
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B pabore JlsamyHoBa, mocBsimenHon pagam Xwwia (JLsmyHoB, 1954), B KOTOpOiA, Kak H3BECTHO, ObIIa

JlaHa TIepBasi YMCICHHAs! OLICHKA PaNyca CXOIUMOCTH 3TUX PSIIOB.

[Ipu HaxoXAEHUM OIEHKU MOTrpeImHOCTH JISMyHOB MCIONB30Bal OAMH U3 Ma)KOPAHTHBIX PSIIOB,
MOCTPOCHHBIX UM AJIS psiioB Xuiuia. [Ipu 3TOM OLieHKa MOTrPeIHOCTH ONpeAesiach KaK OCTaTOYHBIH
YJIeH MaKOPaHTHOTO psiza.

Crnenyer, ofHaKO, OTMETHTH CieAyiomee. Psmpl Xwiga — 3TO TPUTOHOMETPHYECKHE PSIIBI,
K03 PULMEHTHI KOTOPHIX SBISIOTCS B CBOKO OYEPE/Ib PSIAMHU 110 CTeNeHsM napamerpa m.! Haiinenunas
JISmyHOBBIM OLIEHKA IOTPELIHOCTH OTHOCHTCA K psafaM Xwuia, Ko3(QQHUUUEHTH KOTOPHIX IpHU
PA3THYHEIX rapMOHHMKAX HpeCTaBieHkl B Buae F(m) = Y52, f;(m)m?! B To BpeMs Kak s Tex ke
psinoB Xuta, Ko dHUIMEeHThI KOTOPBIX UMEIOT BU Fy (m) = X172, a;m' (a; He 3aBHCAT OT M), OLICHKA
MOrpEeIIHOCTH He HaineHa. Ha mnpakTuke ke, KaKk M3BECTHO, MNPUMEHSIOTCS pAnbl XWijaa ¢
ko3 durmentamu Buaa F; (m).

MaxopaHTHbIN psif JIAIyHOBA, HCIONB30BAHHBIM Ul BBIYHUCICHUS IOIPEIIHOCTH, MOCTPOEH
TaKUM 00pa3oM, YTo OyaydH Pas3oKEHHBIM B Psf [0 BO3PACTAIOLIMM CTEIICHSIM M, OH HE SBISIETCS
MaKOPAaHTHBIM TI0 OTHOIICHHIO K psigaM Xwwuia ¢ kodddurmenramu Buma Fy(m) . Tlostomy
BBIYMCJICHHAA INOTPCIIHOCTL HE MOXKET 6I)ITI) HCIIOJIb30BaHa IJId HaXOXICHUA OLUCHKU IMOrpCIIHOCTH
psinoB ¢ ko dunuentamu F; (m).

IIo »TOM >X€ mpUYMHE HET OCHOBAaHUU YTBEpXKAaTh, YTO HailICHHAas MOrPEIIHOCTD,
cooTBeTcTBYIOIIas 3HaueHuto m = g = 0.080848933808312, MoxkeT CIyXUTh OIIEHKOH CBEpXY
HOTPEIIHOCTH B ciydae |m| < o.

B HacTosmeit paboTe HaiiieHBI OIIEHKH MOTPENTHOCTH TS psAA0B Xwnia ¢ kodddunmenTamu Buga
F;(m), a taxke uts psiioB ¢ koddduitentamu Buaa F(m). Ilpu 3ToM HCTIOIB3YIOTCS MasKOPaHTHBIC
psiIbl, oy4YeHHbie B pabote aBropa (1959). Tak kak 061acTh CX0AUMOCTH 3THX psiaoB (|m| < 0.21)
GoblIe 06JIACTH CXOAMMOCTH MaXopanTHoro psaa Jlsmynosa [|m| < 0.179 (Mepman, 1952)]°, o
MOKHO OKHZaTh, YTO OLIEHKA IOTPEIIHOCTH OyIeT Jydlle, YeM OLEeHKa, MOJydeHHass B padoTe
(JIamynos, 1954).

§ 1. MeToa noJiyueHHusl OLIEHKHM OCTATOYHOI'O YJIeHA CTeNIEHHOI0 Psijia

B Hactosmedt paboTe MOTpemrHoCTh psAAOB XHWJUIA ONpPENesIeTCs METOJOM, NPenOKEeHHBIM
JIsmyHOBBIM B BBIIEYTTOMSIHYTON padoTe. CyIIHOCTh 3TOTO METO/Ia COCTOUT B CIEAYIOIIEM.

[IycTh HMMeeTcs PAN X = Yjeq @pMF M MakopaHTHBIA piAn z = Yooy Bem*(lak] < Br)
(hopManbHO YAOBIETBOPSIOIINI YPaBHEHHIO

z=mZ(m,z) €Y)

rae Z(m,z) — Hekotopas (QYHKIMS M, Z, pas3jararomascs B PAI IO IEIbIM IOJOKUTEIbHBIM
CTEIEHAM M, Z.

VpaBuenue (1) MOXKeT ObITH HMCIIOIB30BAHO JUIA OTHICKAHUS OOJIACTH CXOAMMOCTH psja x(m)
(JIamryroB, 1954), a Takxe A7 OLEHKH OCTaTOYHOTO WieHa 3TOro psja.

IMyctb psan z(m) u, cnenoBarenbHo, psax x(m) cxonsres B obnactu [m| < o.
Torna B cuity MmaxkopanTHocTH psaa z(m) npu 0 < |m| < o Gynem uMeTh

n n
ra(m)l = [x(m) = > aem¥| < 2(0) = )" fio* = Ra(0) @
k=1 k=1

Pemrast ypaBuenue (1) OTHOCHTENBHO Z TpU M = ¢ Haiinem z(0).

Moncrasnas cymmy Yi_;Bem® B ypasnenme (1) um mpupaBHEBas Kod(DDUIMEHTH NpH
OJIMHAKOBBIX cTeneHsx m , Haiimem f[,(k =1,2,..,n) . Torma HepaBeHCTBO (2) acT OILEHKY
0CTaTOYHOTO WieHa 1, (m) psma x(m).

! Cwm. cHocky Ha ctp. 257.
2 Cwm. npumeuanue Ha cTp. 265.
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§ 2. Paabl Xusuia. OcTaTovyHbie YieHbI PAA0B XHJJIA

Paner Xumma mpenctaBisiOT coOOM TMEPUOJUYECKOE PEIISHHE IEPBOTO COpTa ypaBHEHUH
nBrokeHus JIyHbl, Haxosieics B moine TsroreHus 3eman u CONHIA, B MPEJIEIEHOM ClTydae — KOTIa
napayurakc Counana paset Hydro (Hill, 1905). B reonenTprueckoii cucteMe KOOpAMHAT, BpAIIatomeicst
CO CKOPOCTBIO 1, 3T YPAaBHCHHS UMEIOT BUJI:

d? d x 5
ﬁx—2m5y+r—3= —3m*x
e g y (3)

ng k2(T+L)
rnet =Ny —ng)(t—ty), m= X = ,
A (n1 —no)( 0) -1’ X = (ny—mg)?

nekenus Jlynsl u Connia, k? — mocrosiHHas TATOTEHUS, t BpeMs.
XU pacCMOTPEI CIIEAYIOIIee pelieHrne ypaBHeHn! (3):

T,L wmaccel 3emnu u JIyHBI, 14, Ny — CpeAHUE

+0o0 +00
X = Z ascos(2s + D1,y = Z assin(2s + 1)t 4)
KoaddutmeHts! psaaos (4) yI0BISTBOPSIOT OSCKOHEUHOM CUCTEME YPaBHEHHI
+00
Z ([]; slasas—; + []_]mzasaj—s—l + (]_)mzasa—j—s—l) =0, (5)
S=—00

rae [j, s], [J1, (j) — HekoTOphle panuoHaibHbIe GYHKIAH M.
[Henas 3ameny

as = apbg (s = +1,+2,...), (6)
Xwut npeodpasyet cuctemy (5) K BULLY:
b] =f}‘(m,b_1,b1,b_2,b2, )(]= il,iz,), (7)
VYpasuenus (7) COBMECTHO C paBEHCTBOM (6) ¥ paBEHCTBOM
1
e 1+3m2a_1 ’ (8)
o = 21 aq

B KOTOPOM

1 2 2 2 1
a=KI'3(1+m)3, K =k3n 3T +L)3, ©
3
[ = 1+2m+§m2,

3 5 5 5
I = 1 + (b1 + b_l)z I:Z + g(bl + b_1)2 + gblb—l - E(bz + b_z)]

3
+(by + b_y) [Z (by +b_y) + 6b1b_1] +6(by + b_y)(byby + b_1b_y)
+3b,b_ + 45b2b?, + 3byb_,, (10)

OTIPENEIIIOT KO3 PHUIHEHTHI PsioB (4).
Pemas cucremy (7) MeTooM mociieJOBaTENbHBIX MTPHOMMKEHUH, XU MOTy4aeT

b = Z bymt (j = +1,%2,..). (1)

i=2j

ITocne moncranosku (11) B (8) ay umeeT BUA:
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ag = Z agm'. (12)
i=0

B pabore (JIsmyHoB, 1954) pemmenne 3anaun Xuinia pacCMaTpUBAETCs B CHCTEME KoopauHar {&, 1},
OTpeeIIsieMON PABCHCTBAMMU:

§ = —1+ a*(xcost + ysint)
g (13)
n = —a~ " (xsint — ycosT)
U MeeT BUJ;
400
E=apal—-1+at Z asCo2sT,
T (a9
n=at Z agsin2st (s # 0).

S=—00

JIanyHoB BBOAMT B paccMoTpeHue mapameTp A = m? Tak, uto cuctema (5) U paBeHCTBO (6)
3aIHCBHIBAIOTCS CIEAYIOIIIM 00pa3oM:

+00
Z ([]' S]asas—j + []_]mzasaj—s—l + (]_)mzasa—j—s—l) =0,

(15)
s=—00
(=%1,%2,..)
= 1%{1 432 a‘l} i (16)
%o = 21 ag
Pemenwne ypaBHenwuii (15) npencrasisercs B BUAE PSAAOB MO CTETICHIM A
Ay = —az assA° (0 ==%1,%2,..). a7

S=0

JISmyHOB paccMaTpHBaeT PAIbI IO CTEICHIM A, mosydaroniyecs nocie nojactaHoBku (17) B (14).
Moncraenss paasl (17)—(4) B ypaBHenus: (3) u mpupaBHHBas KOIPQHUIMEHTHI MPH OJUHAKOBBIX
CTeNeHs X A W OJMHAKOBBIX TapMOHMKAX, OH IIOJIyyaeT cienyomme (opMynbl, H3 KOTOPBIX
HOCJIEJOBATEIBHO ONPENETAIOTCS g -

1
ago = _adqs,o'
17+
) %lcfls’_a ~ [402 — 41 + m)o + %l] A 5 a7
50 = 202[2(40% — 1) — 4m + m?]

rie A ; — NOJMHOMBI OTHOCUTENBHO Ay ;, TpUYeM k < s.

Tax xak mpu A, m, coorBercTBytomuM JIyHHOU Teopuu, 3Tu paasl cxoasrcs (JlsamyHos, 1954), To
Pa3HOCTh MEXILy pelieHreM ¢, 1) ¥ YaCTHBIMH CYMMaMU COOTBETCTBYIOIIUX PSIJIOB PaBHA OCTATOYHBIM
WIEHAM 3TUX PSAOB:

o tj
6p$ ; (cos2
pS) _ _ ~,j[cos2sT 1
51977} z Za]’sﬂ {sinZSr (18)
j=p+1 —j
JIsTyHOB HaXOUT OIICHKH |5p€| u |5p17| nmpum = o,p = 1,2,3.

KaK y’K€ 0TMEYaJioCch, Ha MIPaKTUKE UCIIONB3YIOTCS psiabl Xwmia (4), (6), (8), (11).
O0603HaYNM
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B; = Z bscos(2s + 1)t, ]

2 (19)
B, = Z bssin(2s + 1)t (s # 0).
S=—00

Torna u3 (4), (6) umeem

x=ay(1+ Bl)} (20)

y =ag(1+ By)

Korma Teopus Xuynra mpuMensieTcst Ha mpaktuke (Brown, 1899), mpubnmxeHHbIC 3HAYCHAS X U Y
HAXOJATCS CIEAYIOMNM 00pa3oM: CHavana BBIYHCISIIOTCS KO puuueHTs paaoB (19) u3 ypaBHeHUi
(7) mpu m = 0 ¢ ONpeAEICHHON CTENEHBI0 TOYHOCTH; 3aTeM IOIy4YEHHbIE NTPUOIIKEHHbIE 3HAUCHUS
b; moxcrasnsrorcs B GOPMyIIBI, ONpPENENsIONINE Ay, W, HAKOHEI, HAWIECHHBIE 3HAYCHHS by, Qg
noactasisorcs B popmyis (19), (20). !

Kak mokasano B padote (IlerpoBckas, 1959), psnpt (11), (19) cxoastes aOCOMOTHO U paBHOMEPHO
npu |m| < 0.21.

HetpynHo yctaHOBUTB, uTO psizbl (12), (4) cXomsTCs U TAKKX JKe 3HAYCHUX M. JledCTBUTENBHO,
B ymoMsHyToil paboTe momydeHbl HepaBeHcTBa |m~1h_;| < 0.35,|m~1b;| < 0.08,|m ti*h;| <
0.39 (i = £2,43,...). Torna

1
|b_;| < 0.35 % 0.21,|b;| < 0.08 X 0.21, |by,| < I X 0.39 x 0.21. (21)

O6pamasce k popmynam (8)—(10) u yuurtsiBas, 4to b4, by, — perynasgpHsle QyHKIMH M IpU
|m| < 0.21, MBI MOXEM MPEACTABUTH A B BUJIE

ag = ap(m),

rIe

o(m) = [1 + mfmMB[L + mfy(m)] 3, 22)

a f;(m), f,(m) — peryssipabie GyHKIIHH M.
[Mpunumas Bo BHUMaHue (21), Oynem UMeTh

Imfi(m)| < 0.1 <1,|mf(m)] <0.5< 1.

CrieoBatenbHO, Kaxblit 13 MHOXHUTENEH B (22) mpu [m| < 0.21 ects perymsipHast GyHKIUS m.
DTHM Ke CBOWCTBOM obmanaer Beipaxenue (1 + m)?/31=Y/3 pxonsmee B mMuONHTENs a. Takum
obpazom, psamsl (12) u (4) cxomsrcs abCOMOTHO W paBHOMEPHO (Kak MpoM3BeleHHE abCONIOTHO U
PaBHOMEPHO CXOIALINXCS pAAOB). Tak Kak 4ieHbl psAaoB (4) peryisapHble GYyHKIHHA M, TO TPUMEHSA
TeopeMmy Beilepiirpacca, NpUXOJMM K BBIBOJY, YTO €CIM PAAbl XWIJa PacloJOXKUTh IO
BO3PACTAIOIIMM CTEIICHSIM MM, TO ocheHue OyayT cxoauThest npu [m| < 0.21.

BosBpamiasice Tenepp K BBIYHCIECHUIO MPUOIMKEHHBIX 3HAYEHHUH X,Y, MPUXOIUM K
3aKJIFOUCHHUI0, YTO MpH |m| < ¢ Ha KaJIOM dTare BBIYUCIECHHN MOTPEIIHOCTH OYayT
PaBHBI COOTBETCTBYIOLM OCTATOYHBIM WIEHAM PSJIOB.

IycTs ¥ — Kakoi-unOyap cremennoit psx. Uepes 1) Gynem o603mauats k-¢ uacTHbie
CYMMBEI 3TOTO psiAa.

VY4uuTHIBas BBIICONUCAHHBIA CIIOCOO BBIYUCICHMSA X,y , HAWIEM IOCIEI0BATENFHO OLUEHKH IS

MonyJei Beipaxkenuit (cM. (11), (19), (12), (20)):

! Inst onpenenenust @, Xuul NpeajiaraeT HECKONBKO (GOPMYyI, B KOTOPBIX Qo UMEET BUJ PA3IMHBIX
¢ynxuuit b; . Tlpu Bbraucnennn ay Xwwt Qopmyinst (8)—(10) He ucnombsyer. Jns Hammx sxe meneit
NpezcTaBieHue ay B Bue (8), (9) ABNAETCS Hanbosee yaoOHbIM.
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Seby= Y bym' (= 41,42,.), (23)

i=k+1
5B o 25 +1)
kD1 _ _fcos s+ 1)t
6;(32} a z Ocb) {sin(Zs + 1)1, (24)
J=—00
(j=0)
Skap = K Z agim’, (25)

i=k+1

Bex = ao(1+ By) — af? (1+ B), .
Ay = ag(1+By) —af? (1+ B @6
kY = aO( + 2) ao + 2 )

mpu k = 2,3,4,5,6.
B pabote OyayT HaliieHbl TaK)KE HOBBIE OLICHKH 3HAUYCHHN |6p€ |,

Spn| (0 = 1,2,3).
Bce ymomsiHyThIE OIIEHKH TOTPENTHOCTEH OyIyT MOMy4YeHBI TaKuUM 00pa3om, 4TOObI OHH OBLIH
CIIPaBEIMBLI IS BCeX |m| < 0 0JJHOBpEMEHHO.

§ 3. MaskopaHTHbIe psiibl © MAKOPAHTHbIE YPABHEHUS

Tak kak OIEHKH MOTPENTHOCTEH OyIyT BBIUMCIATHCS CIIOCOOOM, M3JIOKEHHBIM B § 1, TO mpexe
BCET0 PacCCMOTPUM PSIbl, MAXKOPAHTHBIC 110 OTHOIICHUIO K psiiaM § 2.

B pabotax, MOCBSIIEHHBIX HCCIEJOBAHUIO CXOOUMOCTU PsoB XWiUla (CM. BBIIE) CTPOUIIHCH
pa3nuYHbIE MA)XOpaHTHBIE PSAAbl 10 OTHOIIEHUIO K psAaaM XuWula M ONpEeNeisuIcs WX paguyc
cxoaumocTH. [Ipu OTBICKaHWMHM paguyca CXOAMMOCTH 3TH PsIbl MPEACTABISUIMCH B BUAE PEUICHUN
HEKOTOPBIX YpaBHEHUH, U C TIOMOIIBIO TEOPHH HESBHBIX (PYHKIHMH OIpPEeNsuics KPYyT, B KOTOPOM
WHTEpECYIOIee HAC PELICHNE pa3jiaraeTcsl B CTETIEHHO psil.

B pa6orax (Mepman, 1952; JIsnynoB, 1954) makopaHTHbBIE ypaBHEHHS TIOTy4YeHbI HA OCHOBAaHUH

. 1
peKyppeHTHBIX cooTHOMEHHH (17*). COOTBETCTBYIOIIME OLEHKH KpYyra CXOAUMOCTH: |[m| < = Im| <

0.179.
B pa6ore (Wintner, 1929) nns 6eckoneuHoit cuctembl Xwia (7) TOCTPOSHO OHO Ma)KOPAHTHOE
ypaBHEHHE MyTeM TOy4eHHs OEHOK 3HaYeHni MoyJieit kodddummentos panos f; (j = £1,%2,...)

npu HeusBecTHBIX by (k = +1,12,...) Takum 06pa3oM, 4ToObI MOCIECIHUE HE 3aBHCceTd OT j. Kpyr
1
E.

AnanormuaeiM oOpazom B padore (IletpoBckas, 1959) mns cuctemsl (7) TOCTpPOEHBI TpH
Ma)KOpaHTHBIX YPaBHEHMS TaK, YTO [Ba U3 HUX MaKOpupyIoT psabl (7) mist j = +1 a tpetbe — Bce
ocraibHbIe ypaBHeHHUsE. COOTBETCTBYIOIIAs OIIEHKA Kpyra cxoqumoctu |m| < 0.21.

B sT0ii paboTe MaxkopaHTHas cCTEMa UMEET BU:

CXOJMMOCTH, TIOJy4eHHbIH BuutHepom, — |m| <

Vi = m(Ay + Biy2; + Ciy—1y + Diyoqy + Exyay + Fey? + Giy), } 27
¥y = m(Coy1V-1 + Doy_1y + Exvay + Fo¥? + Goy + Kyyf + Hayy) (k = £1).

Koadduuments: npu y 1, ¥, B IPaBBIX YacTAX palMOHaIbHbIE GYHKLIUHN M, IPUBEICHHBIE B IBHOM
Buje B padote (I[letposckas, 1959, ctp. 462—464).
Psinel my4,,mj~*y, tme y4q,¥ — pewenne ypasenwii (27), yHuuToxkaromeecs npu m = 0

MaxkOpHPYIOT psasibl by, bj (j = £2,4£3,...) (dbopmyisi (11)).
Ecnmu ¢ynkumst P (m) siBiasercss MaKOpaHTHOW MO OTHOHICHHI0 K (yHKimu @(m), To 3TO
00CTOSTENILCTBO OY/IEM 3alUCHIBATh B BUJIC PABCHCTBA

Y(m) = mage(m)

Hrak, nmeeMm
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myy; = magby,, mj~*y = magh; (j = £2,%3,...) (28)

O603Ha9IM
+00
- 1
B=m|y_1+r+y z 7| (29)
(il:t:O_,-i_(zol)
Torma u3 (19), (27) umeem
B = magB; = magB,. (29)
Haiinem maxxopanty st GyHKIMHU ay(m), onpenensiemoit popmymnami (8) (10). Umeem
1+m)? 1
L42m+omz 143 M
2 2(1+m)?
u
1 1
_1 3
[1 1 m? ] 3 (1+m)? 30)
“TAE| Tme|lT 3
2(1-m) 1+2m+%m2
Hanee
1 1
—3 = mag—3 (30”)
1—2m+7m2 1+2m+7m2
u
1
3 mdy_, ’ 3m?a_,| 3
1—5—_1 = mag [1+§T; . (30™)
1-2m+5m? do
PaccMoTpuM GYHKITHIO
1 1
3 3
1—m)? 1 3 mdy
Yo = % X magl3 X 1—5—)/11 , (31)
1-2m+5m? 1-2m+5m?
I 2 2
e
1
2 2[3.5 > 2.2 2 5 3
(1 —m*(y-1+v1) [Z tem (-t y)T Hgmiyay + Emyn
1 1, /3 3 . ) )
magls =y —em’y (3—2)/ + 6my_1)/1) —g™ (-1 + vy = 3my_an (32)
3
_45 4.2 2 = 2.2
m-y-i¥i 256m Y
YuureiBas (27), (30), 1erko BUAETH, 9TO
Yo = K maga,. (33)
O603Hayas Teneps ¥, u B* 1100b1e MaskopaHTsl 1ist g 1 B; (i = 1,2),
z=7y,(1+ B") (34)

U oHuMas oA x u y psinsl (20), Oyaem uMeTh
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Z = magx = magy (35)
Ilycte

P11 = My1q,

f = s *maghb, (s = +2,+3, )} (36)

rae by = Z—Z (s = 12,43,...) — psizmsl 10 CTENEHAM A, MOTYYAIOIIHECS TIPH pelIeHr: cucteMsr (15),

npuyeM 1pu A = m?

B+1 = my+1,}
B =my (369
yCTh
Bo = K~ 'maga,, (37)
rie ag — pan (16), npuyem npu A = m?
Bo = Yo- (37%)
Ooparasce k popmyinam (14), (16), (10), paccMOTpUM BhIpaKEHUS
1
173 +oo )
. 1 3 AB_1 1
f=maghi|1->— | x{14BL RS ) -1
1-2m+5m? =t
) (i+0,+1) ( (38)
[ 13 +00 )
N 1 3 AB-1 1
f=magli|1—s———| x{pLHptp D b,
1-2m+5m? ==
- (i#0,+1)
npraem magl/3 ecTs Bepakenue (32), B KOTOPOM ClIeNana 3aMeHa MYy 41 = Byq, my = f5.
OueBHIHO, YTO
‘= magf,} (39)
1l = magr.

C momotpo MakopaHTHBIX paaoB (27), (33), (35), (39) no merony § 1 OynyT HaliieHbI OLIEHKH
MIOTPEIIHOCTEHN, O KOTOPBIX I11jIa pedb B § 2.

[Ipexne uyeM mepedTH K STOMY BOIIPOCY, CIENAeM IMOSCHEHHE K 3aMEYaHuio Ha cTp. 258
OTHOCHUTEIILHO Ma)KOPaHTHOTO psijia JIAmyHOBa, KOTOPBIA OBUT MCIIONB30BaH JJIsI TTONyYSHHST OLIEHOK
norperHocTei (18).

DTOT psAx OBUT MOCTPOEH cleAylomuM obpasoM. B koapdurmentax npu A, 12 monoxkeso m =
o (B ay+1,02,42, az_o) 1 B KQ4ECTBE MEPBBIX WICHOB Ma)XOPAHTHOTO Psifia B3ATHl 3HAYEHUS] MOAYJEH
MIOJIy4YEHHBIX BbIpakeHuil. [locienyronye 4ineHbl MaXKOPaHTHOTO psAJa ONpPENEIsUIUCh C ITOMOLIBIO
PEKYPPEHTHO# (hOpMYJIbI, TOJYUYEHHOW Ha OCHOBaHUHU COOTHOIIeHHH (17%) Mexay Koa(pduIimeHTaMu
Qs .

Bompoc o Tom, pacnpocTpaHsieTcs U NOJy4YeHHAs OIeHKa MOTPENTHOCTH, paBHAs OCTaTOYHOMY
WIEHY TOCTPOEHHOTO Ma)KOPaHTHOTO psfa, Ha ciy4ad m < 0 U MOXXHO JIU €€ WCIOJh30BaTh IS
MOJTYYEHHUS OLICHKU MOTPELIHOCTH B cirydae psinos (4), (11), JlsnyHoB He paccmarpuBaet. Hetpyano
YCTaHOBUTb, YTO Ma)KOpPaHTHBIN psAf JlsmyHoBa He o0slagaeT TakKMMH CBOMCTBaMH. JleHCTBUTENBHO,
pazmnaras

3 3816 - 1616m — 8492m? — 13616m* — 10674m* — 4212m" — 729m*
920 = T 756 (6 — 4m + m2)2(2 + 4m + 3m?)

B psa IO CTEICHAM M, IIOJIYYUM

(40)
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159 65 397 ,
a2,0=—ﬁ+%m+%m + - (40)
B kadecTBe COOTBETCTBYOIIETO KO3 (DUITUCHTa MAXKOPAHTHOTO psifa JISmyHOB OepeT BhIpaxKeHUE
(—az,o) Y TI0JIaraeT m = o.
N3 (40') BugHO, dTO (—az,o) HE SBJIAETCS MaKOPaHTHOM Ul dpo . OTCroma clemyer, 4To
MOJTyYCHHAs! OIICHKA MOTPEIIHOCTH HE MOXET OBITh MCIIOJIb30BaHA IMPH OLIEHKE OCTATOYHOTO WicHa

psmoB Xwmia (4), (11).
Jlanee umeem:'
2792m + 184m? + 124m3 — 28m* — 21m® \
9227 74T (6= 4m + m2)2(2 + 4m + 3m?)
27 1000 + 2816m + 3396m? + 1760m3 + 430m* + 48m> + 27m®
256 (6 —4m +m?)2(2 + 4m + 3m?)

(40”)

azz = —

Koo huiuenT MaxkopaHTHOTO psia Npu A? paBeH 3HAYEHUIO BBIPAKEHHS —(az,o +a;_,+ a2,2)
npu m = o. Umeem

3 (8280 + 1848m — 1780m? — 6300m3
—(azotaz_,+a =—( )
(az0 +az-2 + az7) 16 \—4734m* — 1598m5 — 495m°% — 81m’
2160 + 1152m — 960m? — 1280m? -
X 4 5 6 7 8 (41)
+1784m* — 864m° + 224m°® — 32m’ + 3m

[IpousBoaHasi OT ATOro BEIPAXKEHHUSI paBHA
3 P,(m
_—;( ) (41)
16 PZ(m)

rae

P;(m) = —5546880 + 8208000m — 8305280m?* — 109772160m> — 3970400m*
—3080096m> + 12996240m® — 3703616m’ — 741416m® — 4968m°
— 7844m' + 94504m*'" — 19602m'? + 2970m*3 + 243m**,

P,(m) = 2160 + 1152m — 960m? — 1280m> + 1784m* — 864m> + 224m® — 32m” + 3m®.

Nmeem npum > 0

P;(m) < —5546880 + 8208000m + 12996240m® + 94504m*! + 2970m'3 + 243m14
= ﬁ1(m)- (417)

[pu0<m<o
B,(m) < P,(0) < —4883268 < 0.

Takum 00pazom, BBIpaKEHUE —(az,o +a;_,+ azyz) HE SBJISIETCd MOHOTOHHO BO3pacTarolIei
¢ynkuueit m. Ilosromy onenka JlsmyHoBa He pacnipocTpansercs Ha cinydail 0 < m < o.

[Ipumeuanmne. 3amMeTuM, YTO PE3yibTAaT O CXOAMMOCTH PsIOB XWJUla, HMOJTYy4YEeHHBIH B pabore
(Mepman, 1952), MO)XHO cumMTaTh MOKa3aHHBIM Jjumb st m = 0.18. OgHako Jierko Joka3aTh, HE
BBIXOJISI 332 PAMKH TOTO XK€ MeToAa, cxoaumocTs B obmactr 0 < m < 0.18, a s CTENEHHBIX PSIOB B
obmactu [m| < 0.179.

B camom pene, B padore (Mepman, 1952) s moirydeHus: OEHKH OOJIACTH CXOJUMOCTH PSIIOB
Xwa (17), (4) noctpoeH cienyronmid MaxxopanTHbi psiit. Koaddunuments nmpu A psgos (17)

3 9 24 4m+ 3m? _338+28m+9m2
1= 16 6 —4m +m?2’ al’_1_16 6 — 4m + m?

A)

' Koadduupenrt a, o (cM. hopmyay (40)), a4, Haiinensr u3 Gpopmyi (17*).
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1 koo(puimentsl mpu A2 [(40), (40°°)] 3aMeHeHBbI Ha MX aOCONIOTHBIE 3HadeHus npu m = 0.18 (B
—Qy4,01 1, 00,0y, —0p_p Tonoxkeno m = 0.18 ). Ilocnenyroomue Ko3)HULIHEHTEI
Ma)KOPAHTHOTO Psi/ia OIPEIEISUTICH U3 PEKYPPEHTHBIX COOTHOICHUH

) %LAr,_a +(8+4M+ %L) Ay ©
tro = 2(6 — 4M + M2)

rnel=1+2M + %MZ,Ar'ia — TOJIMHOMBI OTHOCHUTENBHO Ay (k < 1),M = 0.18.

Panmnyc cXoguMOCTH Ma)KOpPaHTHOIO Psifia OHNPEAESICS KAK HAUMEHBIIUN IOJIOKHUTEIbHBIN
KOpEHb YpPaBHEHUU

1429 (1-2)3
= ° ogg=— 2 C
23 +29) 9" T332+ 22 ©
OTHOCHUTEIILHO A, IpHUYeM
e h
= = I = — 1 2
é T 9=1-¢¢ e+¢& — (14 3h)e”,
e= (a1 +a1-1)A e = (ag—2 + azz + az0)%, (D)
_ 22+20M+9M2L
46 —4M + M?)
A1 = —Qy1,01,-1 = A1,z = —Agx(k = 0,%2), (E)

u B (E) nonoxeno m = M.
B pesynbrate pemenus cucremsl (C) mosydeHa oneHka 001acTu cxoauMoctu psiioB (17), (4):

m = 0.18,0 < |1| < 0.18% = 0.0324.
W3 paccmotpenns Beipaskenuii (40), (40””) nerko ycranoBuTh, uto mpu 0 < m < 0.18 abGcomroTHbIe

3HAYEHUSI ATUX JApoOel paBHbI — (—az,o), (—az'_z), (—azjz).
N3 (41”) umeem pu 0 < m < 0.18

Pi(m) < —4 069439 <0,

clieoBaTeIbHO, Mpon3BoAHas (41') oTpuniatensHa, U Beipaxkernue (41) B mpomexytke 0 < m < 0.18

. 159
MMeeT MaKCUMYM Hpi m = 0 paBHbIi ——. O6o3nauas Max (—ay ) = ay,(k = 0,£2), Gyaem nvets
159
256
AGcomoTHBIE 3HAauYeHus a;4q npu 0 <m < 0.18 pasHbI (—a1,1)' (al,—l) U JIOCTUTAIOT
makcumyma B Touke m = 0.18, rae max(—a;; +a;_1) = 1.8277 . Obosnavas max(—a;;) =

Ay, tazp,+az 2 =

a1, max(al,_l) =a;_, WMeeM da;; + a;_q = 18277 . IloctpouM MaXOpaHTHBIA psx 1O
OTHONIEHHIO K psAnaM no crenensam A (17), (4), nomaras ko>pduuMEHTH TIpH A, A%, paBHBIMH
ag,(k=1,2;1=0,%1,42), a Bce ocTanpHbIe K03pdHIMeHTs onpenenss no Gopmyre (B). Tak kak
Ma)KOPAaHTHBIN PSJ] TO-TIpeXkHEMY ompeaenseTcs hopmyioi (B), To 001acTe cXOIUMOCTH €r0 MOXKET

. 159
OBITH CHOBaA HaiieHa myteM pemeHust cuctemsl (C), ecnu B (D) MONMOXKHUTE € = EA, g = 1.827722.

B pesynbraTe mosydaem ClIeAyIOIIYIO OLIEHKY 001acTi cxoauMocTu psiaoB (17), (4):
0<m<0.18,0 < |1] < 0.0324.

Janee, Kak ciefayeT u3 paboTel JImyHOBa, BhIpaxeHHs (A) MpH Pas3iioKEHUH UX B PSIBI IO
CTETICHSIM M HE UMEIOT OTPUIATEIbHBIX KOI()(OUIIHEHTOB.

CTpos MaXXOpaHThl ISl d; 47, dp o AHAIOTUYHO TOMY, Kak 3T0 caenaHo B pabore (Ilerposckas,
1959, § 3), nomyunm

maga;, = —dazs,
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maga,,+maga,_,
_ 156 1369 11719 518 839 13076 857 89619 601

2 3 4
256 T1920™ T 12200™ T 288000™ T 6480000 " T 388800000
1678114957

+ 972000000 ™
+ = 208m7(4 473256 + 1818 884m + 7 579 320m? + 6 248 756m?3

+2 146 489m*317 901m>) (6 — 4m + m?)~2(2 — 4m + 3m?) !
1

+620000000™
x (2 666 140 188 + 2 125 905 384m + 2 170 555 700m2 + 788816 100m3

+907 821m* + 14 920 388m°)(6 — 4m + m?)72(30 — 4m + m?)~ 1.

5

7

ITonaras teneps

a1 = —0a11,41,-1 = QA1,—1,
a,) = magay,(l = 0,+2)

u pemas cuctemy (C), moaydaeM CleIyIOIIy0 OLEHKY 001acTi CXOAUMOCTH psiioB XUlIa:

0 < |m| <0.179 (1 = m?).
§ 4. Ouenxn monyeii norpemnocreii 6B, 6, B4, 6, B>, G=+1,%2,..,k=2,3,...,6)
Ha ocnoBanuu (27) u uznoxenHoro B § 1 mpu m < o umeeM
1 _

rIe

57, =7, -7 (G =+1%2,.),

43
T/il = yil(o-)’)_/j = )/(O') (] = iz' i3' ) ( )

[Monw3ysck npu peneHnn ypaBHeHUH (27) METOJIOM HeoNpeeIeHHbIX K03 (QUITMEHTOB, ToTyYaeM

©_19 5, 43 . 14 1287869
Y- =76™Mm ™3 36 27 414720

3 1 7 11 145 049
w_3 1, 7 3 11 , 145049 . | .,
no=gemtgm tpm b aemt +mergm®, (44
©_393 3959 , 188987467
Y= s o™ T 200 ™ T 2304000

[Torpenmaoctu (43) MOXHO OBIIO OB HAWTH, pemias YHUCICHHO ypaBHEHUs (27) mpu m =0 u
BbIYMTasI 3aT€M U3 Y BbIpaKeHUs (44), B KOTOPBIX MOJIOKEHO M = 0.

OnHako 17151 TOro 4To0bl N30€kKaTh NOTEPH TOUHOCTH NP BBIYMCIICHUSIX, MBI IOCTYIMM MHa4e: Ha
ocHoBauuu (27), (43) cocraBum ypaBHeHus st 8y Y (j =+1,+£2,...), noxcraBuM B HUIX M = 0 U
3aTeM PEIIUM UX YHCICHHO.

O6o3Havas
ay =016V _,ap = 07186V,
@y = 071557, (j = 1,42, )} (45)
IIPUXOIUM K YPaBHEHHUSIM:
a; = Aj + Bjayay + Cjayas + Djayaz + Ejaf + Fjas + Gia3(j = 1,2,3), (46)
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I (5]
A; =0.818994 1074, 4, = 0.281043 - 1074, 4; = 0.149018- 1072,
B, =0.472734-1073,B, = 131606 - 1073, B; = 0.114498,
C, = 0.214285-1072,C, = 0.494590-1073,C3 = 0.410474- 1071,
D, = 0.908573-1073,D, = 0.901293 - 1073, D; = 0.382126- 1071,
E; =0.137332-107*,E, = 0.890389 - 10~5,E; = 0.223289 - 1075,
F, =0.121583-1075 F, = 0.378542-107°,F; = 0.387739- 1073,
G, = 0.127886-1073,G, = 0.143923 - 10™*,G5 = 0.435221 - 1072.

Pemas (46), momrygaem

a; = 0.0000819001,
a, = 0.000028105, 1 47)
az = 0.00149021.
CornacHo (29) umeem mpu m = o
|6,B;| < 6,B (i =12k =2,3,..,6). (48)
ITonmyuyum oLEHKY CBEPXY VIS 66§ mpu m = o. Imeem
+00
2 : 1
0.16464646 < j_“‘ < 0.16464647 (49)
j:—OO
(Jj#0,£1)

U3 (28), (43), (47) (49) nonyuum
86¥_, < 0.54-107¢,
867, < 0.19-107°, (50)
867; < 0.975-107° (j = 42,43, ..),

8¢B < 0.24-1075. (51)

[Monyuum Tenepsb OLEHKH MOIyseill morpemtHocreit 8, B; (i = 1,2) mis k = 2,3,45 npum = o.
Nmeem

6 B; = B —BM 1+ 4B, (i = 1,2,k = 2,3, ...,6). (52)

OueBuHO, YTO B KAYECTBE OLEHOK |6kBj| IIPU M = 0 MOKHO paccMaTpUBaTh COOTBETCTBYIOLIHUE
OcTaTo4HbIE WieHH O B MaxkopanTHoro psana (28), onpeaensieMble GopMyIIoi

8B =B©® —B® 1 5B (52%)

u hopmynamu (28), (44), (51).

Mper He OyneM mosnb30BaThest popmynamu (52*), a HOIyInM BEpXHHUE rpaHulibl |8y B;| cienyrommm
obpazom.

O6o3naunm B psin, mosydaromuiics mocie 3ameHbl Kod¢hduuueHtoB psgoB B;(i = 1,2) npu
Pa3NUYHBIX CTENECHAX M Ha UX MOJYJIH.

U3 popmyn Xuina

! 31iech 1 B nanbHeimeM OKpYTJIEHHE IPOU3BOAMIOCH C H30BITKOM.
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— 2 3 4 5 6 7
by Em +§m +22 3m +22_32m 12 33m +m’(...),
19 5 43 14 7381
— 2 3 4 5 6 7
b =—qgm ~3™ T ™ ™ g gam Tl
25 , 803 6109 . ,
bz—ﬁm +27 3_5m 7532 52m +m’(...),
23 299 . ,
b—z 27.5 25.3 52m +m( )’
833 ,
1
6 7
b—3_26_3m +m( );
b; =m’(..) (i = +4,%5,...)
IoJIy4yaem
_ 11 13 4321 2761 5860 331
BO®O="m2+—mé+—m*+ 5+ 6, 53
8" T ™ T2304™ T2160" T 4147200 (53)
0O0603HaYUM
8;B =B® — B® 1 §5.B (k = 2,3,4,5). (54)

Takx kak ko>hdumuents! paga B Gonbure umm pasbl KoddduuuentaM paga B, To npum = o
OyIeM UMeTh

|6, B;| < 8;B < &;B. (55)

Takum o6pa3oM, mosk3ysick Gopmymoi (54), MOKHO TIONTYYUTh JIYUIIYIO OICHKY TOTPEIIHOCTH,
4eM OIleHKa, faBaemasi popmyoit (52%).

Hwxe mnpuBoasTcs pe3yabTaThl BBIYUCICHUS Bi(k)(i =12k=23,...6) ipu m=0 ¢

TOYHOCTHIO 710 M’ . Boraucnenus MIPOU3BOAMITUCH C CEMBIO JECITUIHBIMU 3HaKaMu. 1ipu k = 2,3,4,5,6
MeEeEM

Bl(k) = bgkl)cosr + (bfk) + bsz)) cos3t + (bgk) + b£k3)) cos5T + bék)cos7r,

(56)
Bz(k) = —bfkl)sinr + (bfk) - bsz)) sin37 + (bgk) - b£k3)) sin57 + bgk)sin7r.
©)¢; _
B;”’ (i = 1,2) mocne BerancieHns Ko3QPUIMEHTOB FapMOHUK HMEIOT BH]{
B® = —0.0086958cost + 0.0017403c0s37 + 0.0000059c0s57, 7

B{®) = 0.0086958sint + 0.0017398sin37 + 0.0000059sin5.

B cnenytomeit Tabimiie npuBeicHb 3HaUEHNS KO3(D(MUIIMEHTOB rapMOHUK B BEIpaKeHUsX (56) aist
k =2345.

pt) b¥ + 5% | p® —p%) | b+ p%) | pP —p%) | p
—0.0077622 | 0.0012256 | 0.0012256 - - -
—0.0086429 | 0.0014898 | 0.0014898 - - -
—0.0086940 | 0.0017391 | 0.0017391 | 0.0000042 | 0.0000042 | -
—0.0086958 | 0.0017402 | 0.0017400 | 0.0000056 | 0.0000056 | -

gl | =

U3 (28), (44) npu m = o nony4yaem
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B® > 0.0089877,
B® >0.0101327,
B™ > 0.0102129, (58)
B® > 0.0102173,
0.0102177 < B® < 0.0102178

U3 (54), (51), (58) naxogum

8B < 0.0012325,B® — B® > 0.0012299,
83B < 0.0000874,B® — B3 > 0.0000849,
8;B < 0.0000073,B® — B® > 0.0000047,
0.0000028 < 6B < 0.0000029, B® — B®) > 0.0000005.

(59)

Dopmyist (59), (55) nar0T OLEHKH NOTPEIIHOCTEH, UMEIOIINX MeCTo, eciu By, B, BBIYHCIATH 110
tdhopmynam (56) ipu k = 2,3,4,5, monp3yach pu STOM NPUBEISHHOMN BBIIIE TAOIUIIEH.

CpaBHEHHE YHCell B KaXI0H U3 cTpouek (59) maeT HeKOTOpoe NpeICTaBICHUE O CTEIIEHU TOYHOCTH
IIOJIYYEHHBIX OLIEHOK IIOrpeIHoCTeR. PaccMaTprBast OTHOLIEHUS pa3HOCTEN YHCEN IEPBOIO U BTOPOro
cronbma K caMHM YuClaM, BHIUM, 4YTO TMEPBbIE J[BE OLIEHKM MOXXHO CYHUTaTh JOBOJIBHO
yaoBieTBopUTenbHBIMU.  llocienHioro K€ OLGHKY,  HO-BUAMMOMY,  HENb3sl  CUHTATh
YJOBJIETBOPUTEIHHOM.

Ecnu B kauecTBe mpuOIMKEHHBIX 3HaUYeHUH By, B, npuHsATh BeIpaxenus (57), To, cormacHo (51),
norpemrHocTH He Oy ayT mpeBbimats 0.0000024.

Cornacno § 1, monyduennsie Bepxuue rpaunsl 88 u §;B (k = 2,3,4,5), cooTBeTCTBYyIOmME M =
0 ABIAIOTCS BepxHuMU rpanuiamu |6, B;| (k = 2,3,4,5,6;i = 1,2) uipu |m| < §.

§ 5. Ouenxa moayJeii morpemnocrei 6, ay, Apx, Ay (k=2,3,4,5,6)
[Moryunm cHavaa ONeHKY |8gag|.
Ucnonw3ys Gpopmyisl (44), u3 (31), (32) OyneM uMeTh
1 1 2125 299 76 795
(6) _ 2 4 3 44277 05 6
Voo =lbgmitamit et ™ Y073 ™ (60)

O6osnavas Yo = Yo (o) nomyuum

v > 1.00135260. 61)
Nmeem
v, =¥ + 685y, ( = 1)
o (62)
Y =v©® +68y.
Uz (44), (50), (62) Oynem umeTh

¥_, < 0.00869718,
¥, < 0.00151630, (63)
7; < 0.000310923 (j = +2,+3,..).

Torma u3z (31), (32) cnenyer

Yo < 1.00135298. (64)
CoriacHo (33) u § 1, umeeM nipu |m| < o
1850l < K(70 = 752 = Koo (65)

U3 (61), (64) nonyuum
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8e7o < 0.00000038. (66)

HUmeem
6
Sy = Z agymt +8gag (k = 2,3, ...,6). 67)
i=k
13 popmysnnel Xusaa (Hill, 1905, ctp. 319)
o = K[1=gm 4 gmt+ pm — sgomt e ~gan | @

Orcroganpu |m| < o

6 )
Z|a0imi| < 0.00018482K,
i=3
6

|agim'| < 0.00000866K, |

. (69)
i=4
6
Z|a0imi| < 0.00000111K,
i=5
lagem®| < 0.00000031K.
U3 (65), (66), (69) noaydaem npu |m| < o
[62a0] < 0.00018520K,
1) < 0.00000904K,
183a,l (70)

18,a] < 0.00000149K,
|85a,] < 0.00000069K.

W3 (68) npu [m| < o 6ynem umetb
\

7
Z|a0imi| < 0.00018484K,
i=3

7
Z|a0imi| < 0.00000868K,

1=4

- 3 (71)

Z|a0imi| < 0.00000113K,

i=5
7

Z|a0imi| < 0.00000032K,

=6

lag;m’| < 0.00000003K. (72)

W3 cpaBHenus uucen B (70), (71) B cTpokax 0AMHAKOBOTO HOMEPA, BUAUM, YTO IIEPBBIC TPU OIICHKH
B (70) ABJISIOTCS OTHOCHUTENBHO YIOBJIETBOPUTEIILHBIMHU, B TO BPpeMs KaK YeTBEpTasl OLIEHKA U OIICHKA
(64) [mocie cpaBaenus ¢ (72)] SIBIAIOTCS, TO-BUAUMOMY, TPyOBIMH OIICHKAMH.

ECJ'II/I BBIYUCIIATH ao npu m = 0 C TOYHOCTBIO 0 m7 C CCMbIO ACCATUYHBIMH 3HAKAMMU, MTOJYUYHUM
u3 (68)

aApg = Qa = V. .
o = a® = 0.9990932K (73)

CoOTBETCTBYIOIIAs OTPEITHOCTH, coryiacHo (65), (66), 6ymer mensiie 0.0000004K.
Hatinem teneps BepxHue rpanuist A, x, A,y nipu k=2,...,6, mone3ysck (34), (35). Tak kak psabt
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k
Yo=K Z|am’|mi + |8 aol, B* = B® + 5;B (74)
i=0

MaKOPHPYIOT psifibl ag u B; (i = 1,2), To cnipaBeamusbl hopmyist (34), (35). Torma mpu m = o

|AkX'| < Akz,}
75
|AkY| < AkZ; ( )
rue
Apz=2z—20, (76)
O003HaUNM
k
70 = K mi, 8,70 = 16 77
Yo = lagilm*, 8k 7o = |8 apl. (77)
i=0
[Ipencrasum J,. z B BUzC
5z = 708;B + B® 8,70 + 6, 70(1 + 8B). (78)

[Momb3ysices hopmymnoii (68) u onenkamu (51), (58), (59), (66), (70), npu m = o nonyunm u3 (77),
(78)
A,z < 0.0001885K,
A3z < 0.0000092K,
A,z < 0.0000016K, (78)
Asz < 0.0000007K,
A,z < 0.0000004K.)

Takum 00pa3om, eciM B KauecTBEe MPUONMKCHHBIX 3HAYCHHUI X,y NPH M = ¢ paccMaTpHBaTh
BBIpa)KEHHSI a(()s) (1 + 31(6)) u a(()ﬁ) (1 + BZ(G)) [BMecTo dopmyn (20)], naBaembie dhopmyramu (57),

(73), To cooTBeTCTBYIOIIME TTorpenHocTH OyayT MeHblne 0.0000004 K.
Cornacuo § 1, ouenku |Agx|,|Ary|, naBaembie HepaBeHcTBamu (75), (78), cnpaBeUTUBBI PH
Im| < 0.

§ 6. OueHka morpenrHocTei |8p§’| | |8p11| (p=123)

[Ipexnae Bcero moctpouM psasl (36), (37), obmanaromume cBoiictBamu (36*), (37%).

AHaAJOTMYHO TMOCTPOEHUIO CHCTeMbl (27) MOXHO TIOCTPOUTh Ma)KOPAHTHYIO CHCTEMY,
ONPENENAIONLYI0 PAIBI fyq, f.

IToce 1HIOI0 MOKHO 3aIIMCaTh B OOIIEM BHUIE

Br ::‘Ik + E’kﬁ% + Gk.B—lé)l + 5k5:1ﬂ + ?}ﬂlﬂ +~C~;k:8 (k = il):}
B = CoB1P-1 4 Dyf_1B + E2 1B + G + Ko7 + Epy,

nozpaszymeBas 1oz ko3 duuuenTamu B npaBbIX 4acTax QyHKIuu A, m, f14, B.

Ecnu mpocneanTs mHOCIeOBaTEIbHO BCE ONEPAlMM 0 HPEoOpa3oOBaHUIO IPABBIX YacTeil
ypaBHenuit (7) ans nomydenus cuctemsl (27) (Iletposekas, 1959), To nerko BUAETh, YTO MaKOPAHTHAs
cuctema (79) MOxeT OBITH MOMydeHa IMyTeM MpPOCTOM 3aMeHbl M? Ha A B HEKOTOPHIX YJIEHAX
paznoxenuii Ay, By, Cj, B psiAbI IO CTETIEHSM 1M — B COOTBETCTBUH ¢ miepexooM oT (7) x (15).

(79)

OueBH/IHO, YTO €CJIM B IIPABBIX YaCTAX MOJYYCHHOH TakuM 00pa3oM cuctemsl (79) cienaTh 3aMeHy
A =m?, 10 OyayT umeth Mecto paseHcTBa (36*), mpuuem By, Oyayr 1-ro, a f — 2-ro nopsiuka
OTHOCHUTEIIBHO A.

Permras cucremy (79), moxxso noayunth B, (k = +1), B, B Buze psamos 1o crernedsm A. Ilogcrasiss
3T PSIBI B IpaBble 4acTh (79) ¥ BHIYUCIAS TIOCTEIHNE C TOYHOCTBIO 10 A3 MBI JOMKHEI MOJTOKHT
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Ak = AAkIEk = /‘lm_sz,ék = Am_zCk,ﬁk = Dk! )
2

1944
~ 1 2 2N—1 A~ -1
By =5 (6—m?)(6 — 4m—m?)™, G = Am™ Gy, (k = £1),

E,=E_ (90 — 36m — 49m?)(6 — 4m — m?)7 1,

~"

s - 3
C,=C,D, = 200 (22950 + 1800m — 743m?)(30 — 4m — m?)7 1,

_ 1 ~
Ey = 75g (63450 + 10440m — 3129m?)(30 — 4m — m?)™L, G, = Am™1G,,

K, =2m™2K,,H, = Am™*H,,F, = 0 (k = +1, +2).

O6o03Hayas [)’,Ep), B® gactHbre cymmb psioB By, B, IO cTermeHsM A, GyneM HMeTh
ﬁggl) == A—l + Azlg_l + A’_IA(1C~_1 + Al(A—léz + Hz)(xzi_lﬁ_l + AIE—I + 6_1),
1(3) == Al + Azlgl + A_1A1€1 + AI(A—léZ + ﬁZ)(A—lﬁl + Algl + Gl)'
ﬁ(g) = Al(CZA—l + ﬁZ)(EZA—l + E‘ZA(l + 62) + Ezg%,

npuaeM A;, A_4, ... BeIpaxenus (80).
U3 (79), (80), (81) cnenyet, uto

BW = @ = .
[onaras B (79), (80) 1 = m?, m = ¢, nonyuum
Y > 0008695808, B2 > 0.008697102,

M) > 0001515849, B > 0.001516275,
B3 > 0.0003093682.

OGparmascs x (38), maiinem £, 7P (p = 1,2,3).

(80)

(81)

(82)

(83)

Henas B (32) 3ameny (36*) u ucnonsdyst gpopmyist (79), (80), a Takxke BbIpakeHus i Aiq,

npuBeneHHbIe B padore (IletpoBckas, 1959) Ha cTp. 462, 463, momydum

1 1 89
magl3 =1+ Z(ﬁ_l +B)*+ o1fr+ =14+ ——=2%+ 2*(...).

128
Hanee
3 B 3 19
1—5—‘11 =1+ T 22+ 24(.).
1—2m —m? 32(1—2m—§m2)
Torna
1
1 3 B 3 89 19
magl3 x 1—5—‘11 =1+128/12+ A2+ 2.,
_ — —am2 _ I 2
1-2m—5m 32(1 2m 2m)
0O003HaYNM
89 19
2 2 =1,
128/1 + 2=,

32 (1 —2m —%mZ)

YuutsiBasd (85), morydaum
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1

1 AB—4 N 1 4
magl3 x |1 — x{B 4B +B Z =L XL+ L+ %), (87)
1—2m—7m2 e L
(i+0,+1)
rac
L=p%+p%),
400
1
I;=8% + B> + & Z = (88)
(120.41)

Teneps u3 (38), (85)-(87) nomyunm

£G) = (1 + 1)+ 1
{ 2( + 1) + 3 (89)
i® = L1, + 5.
[onb3ysck (49), (83), (86), (88), npu A = m?, m = o 6ynem umersb
£() > 0.01032477
: ' (90)
73 > 0.01026492.
Haiinem Bepxuue rpanuusl & u 7. U3 (28), (38), (36%) nmeem
1
] 15 3
- 1 3 Ay_4
& =magl3 1—5—1 —-1+7,
1-2m—5m?)
i > (91)
3
1 3 Ay_ _
i = magl3 1—5y—11 x B.
1-2m—-5m?
Wcnons3ys HepaBeHctsa (63) u gopmyinsl (28), (32), npu A = m?,m = ¢ nonyuum
i< 0.01032518,}
92
71 < 0.01026528. ©2)
U3 (90), (92) momyunm
8,6 =& —EB3) < 0.00000041 = 85¢, 93)
87 = 7j — 13 < 0.00000036 < 55¢.
O6pamasics k padote (JIsmyHoB, 1954), umeem npu m = o
&2 <{|azo| + |az2| + |az-2|}2* < 0.00003001, (9n)
&3 < {|asz 3|+ |ay-1| + |as 1| + |as3|}4> < 0.00000028,

rae & (k = 2,3) BepxHHE TpaHMIBI MOIyJIeH UIECHOB Kk -OH CTENeHH pSIAOB IO CTEHCeHsIM A ,
ToJTy9aronuxcst mocie moactanoBku (17) B (14).
O603HaYNM

3
6,¢ = g + 03¢ (k=12). (95)
N3 (93), (94) noxyunum

8,0 < 0.00003070,} %6)

6,¢ < 0.00000069.
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u3 (18), (39), (93) u § 1 cnenyer, uro ipu [m| < o

[65¢] < 830,
163m] < 636.} (97)
nanee, u3 (95), (97)
18k S 1 < kS,
[6kn] < 6, (k = 1,2).} (98)

JIyist CpaBHEHHS IPUBOJIMM OLIEHKH, MOJydeHHbIe B pabote (JIsmynos, 1954) !
— 1(-)
6,¢ = 0.0000315,),

_ 1(-)
8,¢ = 0.00000155 ),

_ 3(-)
830 = 0.00000123 ).
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! 3HaK (—) yKa3bIBAET Ha TO, 4TO TOYHOE YHUCIIO o AGCOMIOTHOM BETMUYMHE MeHbIIE HarkcanHoro, 3HaK (+) — Gornbie
HAITMCAHHOTO.
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