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1. INTORODUCTION

It has long been believed that division by zero is impossible, which has been
keeping the defect of lack of division by zero left neglected. However as far as the
author knows, all the logics asserting the impossibility are wrong. We will show
their logical defects and give a natural definition of division by zero. However
if division by zero occurs in a certain function, the definition does not give the
appropriate value of the function. To improve this we have to give a generalization
of the definition, which is called division by zero calculus.

Division by zero and division by zero calculus are entirely new concepts to
our mathematics existing outside of our mathematics. Judgment as to whether
we introduce them to our mathematics is totally depend on whether they make
our mathematics richer. We will give several applications of division by zero and
division by zero calculus to plane geometry, which show that the new concepts
make our mathematics much richer.

Division by zero and division by zero calculus were founded by a professor
emeritus at Gunma University Saburou Saitoh ([16]). The book [16] consists of
about 200 pages, and an extended version consisting of more than 400 pages at
this time is still making. On the other hand, we need a short document giving an
outline of division by zero, since so many mathematicians believe its impossibility.
This is the reason why this paper is made.

2. DIVISION BY ZERO AND DIVISION BY ZERO CALCULUS

In this section, we consider a simple example of incorrect assertion of impos-
sibility of division by zero. Then we give brief definitions of division by zero and

division by zero calculus. We consider in the field R of real numbers.
1
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2 AN ESSENCE OF DIVISION BY ZERO

2.1. Incorrect assertion of impossibility of division by zero. Saburou
Saitoh and the author gave a lecture on division by zero 1/0 = 0 in Kyoto Univer-

sity in 2018. Then Norio Adachi pointed out that our assertion is false in Twitter
as follows ([1):

The point is that only well explained story is bringing up. For ex-
ample, how do we calculate 1/2 +1/07 If we can reduce to a com-
mon denominator like usual fractions, 1/2 =1/2+1/0 =2/0 =0,
a contradiction. Even if we try to redefine the four basic arithmetic
operations, there will always be a contradiction. Therefore 1/0 =0
is not well-defined.

We show that Adachi’s assertion is false. He proves by contradiction assuming
division by zero 1/0 = 0. But he misses one more assumption is left, i.e., reduc-
tion to common denominator. Hence there are two assumptions. Therefore after
getting the contradiction, he should conclude that division by zero and reduction
to common denominator are not true at the same time.

As in this example, many wrong proofs of impossibility of division by zero
assume reduction of fraction, which is equivalent to the following equality:

(1) Q+C_Z:bc+ad.

a C ac

Proposition 1. Reduction of fraction and () are equivalent.

Proof. 1f we assume reduction of fraction, we have b/a = be/ac and d/c = ad/ac.
Adding the both sides we have (Il). Conversely if () holds, then substituting
d =0 in (), we have b/a = bc/ac. O

D. W. Dodge gave a similar wrong proof assuming (1) in [2]. Most wrong
proofs asserting the impossibility of division by zero are assuming division by zero
and something existing in our mathematics, which are (l) or some phenomena
associated with division on the positive integers, and so on. We refer this here as
P. Then after getting a contradiction, they conclude the impossibility of division
by zero. But the correct conclusion should be division by zero and P are not true
at the same time.

2.2. Division by zero. We give a definition of division by zero. We consider a
canonical bijection ¢ : R — R such that

¢(a):{a_ ifa#0,

a if a=0.

With this bijection, we can define a noncommutative binary operation / or + on

R as follows:
def

a/b=a-+b=a-1y(0b) forabeR.
Indeed, this has been used in our mathematics and is called division, and a/b is
represented by ¢, which is called a fraction. But there is an custom not to consider
a/0=a-19(0) =a-0= 0. However it is too unnatural to make a such exceptional
case in our mathematics. Therefore we include the case, i.e., we use the following
definition in this paper.
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Definition 2.1 ([3]).

(2) %:0 for a € R.
From now on a/b = 0 if and only if a = 0 or b = 0. Notice that ac = bc does
not imply a = b if ¢ = 0, and we have

a ¢  ad+bc

b a7 b

ifb=0o0rd=0.

Two numbers a and b are said to be inverse to each other if and only if ab = 1.
However the equation ab = 1 in the definition should be updated to a = 1/b.
Then by the updated definition, the conventional inverse is also inverse and 0 is
also the inverse of 0.

2.3. Division by zero calculus. For the function

(@) = sinx

X

it is well-known that
lim fs(x) =1
z—0

is the slope of the tangent line of y = sinx at x = 0. However (2]) gives
sin0 0
fi@)| = =

0 0
The fact shows that division by zero can not give an appropriate value for f(x).
Hence we have to improve the definition. The next definition is called division by
zero calculus (2)):

Definition 2.2 ([I6]). For a function f(z) of z having the Laurent expansion
about z = a:

f(z)= 2 C’n(z—a)"—i—Co-l—ZCn(z—a)",

we define f(a) = Cy.

This is a generalization of (2), because if f(z) = a/z, then we have

0 0 a
fR)=-+5+5+-+0+02+4022+02"+- -
28 22 2
which gives f(0) = 0. Now division by zero calculus gives fs(0) = 1, since
sina x2+x4 x6+
x 3 5 7!

3. APPLICATIONS OF DIVISION BY ZERO

Judgment, as to whether we introduce an entirely new concept like division
by zero to our mathematics, totally depends on that it makes our mathematics
richer. In this sense Adachi’s criticism “only well explained story is bringing up.”
quoted in subsection 2.1 is totally missing the point. In this section, we show
several examples which show that division by zero makes our mathematics richer.
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3.1. Radius of a line. For lines and tangency, division by zero gives a totally
new insight, which are essential to our consideration. From now on, we consider
the plane with a Cartesian coordinate system. One of the fundamental results is
stated as follows:

Theorem 1 ([16]). A line can be considered as a circle of radius 0.

Proof. Any circle in the plane has an equation

(3) e(® +y°) —2fx — 29y + h =0,
and has radius

f2+qg*—eh
(4) frg e

While the equation represents a line in the case e = 0, and () equals 0 in that
case by (2J). O

Since the center of the circle represented by (3) has coordinates (f/e, g/e), a
line can be considered as a circle of center at the origin (0,0) by (2).

3.2. Orthogonality and tangency. We consider two orthogonal figures. We
get the following notable relation by ([2) ([4])

T
5 tan — = 0.
(5) an o
Theorem 2. The following statements are true.
(i) Two orthogonal figures can be considered to touch each other.
(i) Lines perpendicular to the x-azis have slope 0.
(iii) ([I3]) Two non-parallel lines of slopes my and my are perpendicular if and
only if

1
6 N
(6) my o
Proof. Assume two figures have a point P in common and the angle between the
tangents at P equals #. Then the two figures are said to touch at P if and only
if tanf = 0. While the angle between the tangents at the point of intersection
equals § for two orthogonal figures. This proves (i) by (@). The part (ii) follows
from ([@]). Since (@) holds in the case m; = mo = 0 by (@), (iii) is proved. O

3.2.1. An application of Theorem [I. We considering the following configuration
(see Figure [I]).

Let 81, B2, - - -, B, be congruent circles with an external common tangent ¢ such
that 5, and [y touch externally, 5;11(# Bn_1) touches ; for i =2,3,4,---n — 1.
Let « be the circle touching £, and 3, externally and t. We denote the figure
consisting of a, S, fa, -+, B, and t by A(n), where a and ; have radii a and
b, respectively. There are several problems involving the figure A(n) in Wasan
geometry (old Japanese geometry in the Edo period) especially in the case n = 4,5

([10D).
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Figure 1: A(5).

Theorem 3 ([I1]). The following relation holds for A(n) (n > 2).

™) %:(n;)?.

Proof. We consider the right triangle formed by the perpendicular from the center
of a to t, the line parallel to ¢ passing through the center of 51, and the line joining
the centers of a and ;. Then we have

(a—b)2+((n—1)b)* = (a+b)%

Solving the equation for a, we have (). O
B
C @,
Figure 2: A(3) with A(5). Figure 3: A(1).

The case n = 1 is not considered in the theorem. However we show that the
theorem holds in the case n = 1 by () and Theorem[Il Figure[2shows that we can
construct the configuration A(5) from A(3) using the incircle of the curvilinear
triangle made by «, #; and ¢. A similar construction of A(n + 2) from A(n) can
also be made ([I1]). With this observation we can get the configuration A(1), in
which f; is the line parallel to ¢ (see Figure 3]). Therefore we have b = 0 for A(1)
by Theorem [[] and ([7]) holds by (2]).

3.2.2. Applications of Theorems[1 and[d. We consider simple applications of The-
orems [I] and @l For a given two figure, each of which is a circle or a semicircle,
if a circle touches one of the figures externally and the other internally, we say
that the circle touches the two figures in the opposite sense, otherwise in the same
sense. Generalizing a problem in Wasan geometry, we get the next theorem on a
chain of circles, which is a simple application of Theorems [I] and 2] (see Figure @).

Theorem 4 ([6]). For the midpoint A of the line segment BO, let o and B be the
semicircles of diameters AO and BO, respectively constructed on the same side
of BO. 7y is the line BO and v, is the circle touching o and B in the opposite
sense and BO. If the circle ; has been defined for a positive integer i, then ;1 (
# 7;_1) 1s the circle touching o and [ in the opposite sense and ~y; externally. If
0o 1s the line BO, and 0,, is the circle touching v, externally and BO at the point
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O forn=1,2,3,---, and d, is the radius of §,, forn =0,1,2,---, and a = |AO|,
then forn=0,1,2,--- we have

(8)

Figure 4: A chain of circles and circles touching them.

Proof. 1f n = 0, then dy = 0 by Theorem [I] i.e., (§) holds by (). Assume n > 1.
We use a Cartesian coordinate system with origin O so that the farthest point on
g from BO has coordinates (a,a). Let (2¢,5) and r¢ be the coordinates of the
center of the circle v, and the radius of v,. If we invert the figure in the circle
of center O orthogonal to J,, then a and [ are inverted to the tangents of ¢,

perpendicular to BO (see Figure Bl). Therefore v, 72, - -+, 7,1 are inverted to
the circles congruent to ~, touching the tangents. Therefore we have
(9) Yn = (2n = 1)ry.

Considering the squares of the distances from the center of +, to the centers of a
and [, we have

2 2
(5-n) + (@)= (5 +73)
and
(a—a3)" +((2n — Dry)? = (a —17)™
Solving the equations for r{ and z{, we have
4a

1 e ____ -
(10) n 4n—1)n+9
and

(11) xy, = 3r,.

Considering the square of the distance between +,, and 9,,, we have

(@5) + (y5, — dn)® = (15, + dn)?.
Solving the last equation for d,, with (@), (I0) and (II), we get (&]). O
/ 8

-1
Tn "
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Figure 5: 7, is the inverse of ;.

Since the circle d; is inverted to a line parallel to BO, it touches 7, at the point
of tangency of 74 and 7,.1. Notice that 7y touches o and 8 by Theorem [2(i). By
Theorem [[Jand the remark at the end of subsection 3.1], we also have z§ = 0 = 3r§,
i.e., the equation (1) is also true in the case n = 0.

3.3. Arbelos. For a point C' on the segment AB, let o, $ and v be the semicircles
of diameters BC, C'A and AB constructed on the same side of AB, respectively,
where |AB| = 2¢, |BC| = 2a and |C'A| = 2b. The area surrounded by the three
semicircles is called an arbelos (see Figure [f]). We consider using a Cartesian
coordinate system with origin C' so that the farthest point on « from AB has
coordinates (a,a). Notice that ¢ = a + b.

A C B
Figure 6: arbelos.

3.3.1. The twin circles of Archimedes. The radical axis of a and g is called the
axis. The circle touching « (resp. ) and « in the opposite sense and the axis from
the side opposite to A (resp. B) has radius ab/c. It has been believed that the two
circles were studied by Archimedes, and are called the twin circles of Archimedes.
The circles of radius ab/c are called Archimedean circles.

A C B
Figure 7: The twin circles of Archimedes.

The semicircle of center of coordinates (ma,0) (resp. (—nb,0)) and passing
through the point C' constructed on the same side of AB as 7 is denoted by a,,
(resp. fB,) for a real numbers m (resp. n). A circle touching ~ internally and
touching «,, and [, is said to touch the three semicircles appropriately if the
points of tangency of this circle and each of «a,,, 5, and v lie clockwise (see Figure
B). We consider the next theorem.

(—nb,0)

A C
Figure 8: A circle touching «,,, 5, and v appropriately.
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Theorem 5 ([15]). Assume (m,n) # (0,1),(1,0). A circle touching o, 5, and
v appropriately is Archimedean if and only if

1 1
(12) —+—-=1
m n
The theorem characterizes the Archimedean circles touching ~ internally, but
the twin circles of Archimedes are not considered. We show that the twin circles
can be included in the theorem by (2). We consider the case (m,n) = (1,0). The
circle 3, has an equation (z + nb)* + 3> = (nb)? or

(13) 2+ y* + 2nbr = 0.

Therefore we get 22 + 3y = 0 if n = 0, i.e., By coincides with the origin. On the
other hand (I3]) implies

2 4 .2

: ;ty + 2ba = 0.

Therefore we get © = 0 if n = 0 by (2). Therefore n = 0 implies that Sy is the
origin or the y-axis. Since the origin is a part of the y-axis, we can consider that
Bo is the y-azis. While oy coincides with the semicircle a. Hence (m,n) = (1,0)
satisfies (I2]) and we get one of the twin circles of Archimedes touching a3 = «
and the axis ([9]). Similarly aq coincides with the y-axis. Hence (m,n) = (0,1)
satisfies (I2)), and we get the other Archimedean circle touching 3; = 5 and the
axis. Therefore we have

Theorem 6. A circle touching ., 5, and ~y appropriately is Archimedean if and
only if

—+-—=1

m n

A similar result for two congruent semicircles can be found in [§].

3.3.2. Twin circles in a generalized arbelos. For points P and () on the line AB,
we denote the semicircle of diameter P() constructed on the same side of AB as
v by (PQ). We consider the next theorem (see Figures [0 and [I0]).

51 60,

Aq By A OB Az 1
Figure 9: ¢, touches «; and ~ externally.

Figure 10: 9, touches a; and 7 internally.

Theorem 7 ([12]). For three concentric semicircles v = (AB), (A1By) and
(A9By), the semicircles a; = (CB;) and B; = (CA;) have radii a; and b;, re-
spectively, where the common center has x-coordinate a — b = a1 — by = by — as.
If a circle 9, touches oy, ay and v externally and a circle o, touches By, By and
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v externally, or 0, touches oy, as and v internally and 6, touches (51, Ps and ~y
internally, then 0, and O, are congruent.

Proof. Let r, and (x,,y,) be the radius of the circle ¢, and the coordinates of the
center of d,. Assume J, touches 7 externally (see Figure @). Since the centers
of ay, as and 7 have coordinates (ay,0), (—az,0) and (a — b,0), respectively,
the squares of the distances from the center of J, to the centers of «; and ~ are
represented by

(14) (Ta — a1)2 + yi = (rq + al)zv
(15) (1:&"’@2)2 +y2 = (Ta+a2>2v
and

(16) (o — (a—0)*+y2 = (ro +a+b)%

Eliminating z, and y, from (I4), (I5) and (I8]), and solving the resulting equation
for r,, we get
ab(a; + az)

17 .= — :
( ) r aa2+a1(b—a2)

If 7, is the radius of 9, then similarly we have
ab(by + bs)
bby+ by(a—by)
Substituting a; = a — b+ b; and as = b — a + by in ({IT), we have r, = 1. If §,
touches 7 internally, we similarly have
ab(a; +az)  ab(by + by)

Ty =

e = = =T}.
aas + &1(1) — 0/2) be + bl(a — bg) b
O
da
g8
(6% %’y R
aq
By, A A C B B A

Figure 11: r, = r, = 0.

We consider the case in which the circle §, degenerates to a line. Hence we
assume r, = 0 by Theorem [Il Since the numerator of the right side of (IT)
does not equal 0, we have aay — ai(as — b) = 0 by the remark after (). While
a; = a—b+b; and ay = b— a+ by imply aas + a1 (b— az) = bby + by (a— bs). Hence
we also have r, = 0, i.e.,

(18) aay — al(ag - b) == CLbl - bg(bl - b) = 0.
Solving (I8)) for a and b, we have
(a’ b) _ (albg(bl — CLQ) CLle(al — bg)) 7

a1b; — agby ’ a by — agby

which enable us to get the semicircle v from the semicircles (A;B;) and (A2 Bs)
so that 0, and J are lines (see Figure [I1]).



10 AN ESSENCE OF DIVISION BY ZERO
4. APPLICATIONS OF DIVISION BY ZERO CALCULUS

In this section, we show several examples which show that division by zero
calculus makes our mathematics richer. We now consider some families of circles in
the plane, each of the members is represented by a Cartesian equation f,(z,y) = 0
with a parameter z € R. Here, we assume that if = and y are fixed, f,(z,y) has
the Laurent expansion about z = a, then the corresponding coefficient C,,(a; x, y)
depends on x and y.

In this setting we will see some mysterious relation with the equation

fz(xa y) =0
and the equations
Cnla;z,y) =0,

for a fixed a. Then we will see that the equation C,(a;x,y) = 0 implies some
meaningful things even for an integer n # 0 also even in the case in which z = a is
not a singular case. Moreover we will show that the equation C,,(a;z,y) = 0 gives
some notable and meaningful figures, which have never been considered before.
On the other hand, we have no idea why the coefficients of the Laurent expansion
show such meaningful and marvelous facts at the present time of writing. We will
show several such facts with little explanations in the next two subsections.

4.1. A circle touching a circle and its secant line. Let a be a circle of
diameter AB and center O with |AO| = a, and assume that a line parallel to AB
meets o at points P and (). We use a Cartesian coordinate system with origin O
such that A has coordinates (a,0) and P lies in the first quadrant. For a point Z
on the line PQ), é is the circle touching PQ at Z and the minor arc of a cut by
PQ if Z lies between P and @) (see Figure [[2)), otherwise d is the circle touching
a externally and the line P(Q) at Z from the same side as A (see Figure [13)).

Assume that b is the distance between PQ and AB, r is the radius of dz, (z, b)
and (z,w) are the coordinates of the point Z and the center of dz, respectively.

If Z lies between P and (), then we have
(19) 2 +wr=(a—r1)%
Substituting w = b + r in (I9) and solving the resulting equation for r, we have

a? —b? — 22

(20) T )
Therefore if
(21) doz(x,y) = (& —2)* + (y — (0 +1))* —r?,

then the circle 07 is represented by the equation dz(z,y) = 0 with (20) using
parameter z.
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(2,w) a

0, r

)

e
N

Figure 12: Z lies between P and @)

N
—~

N

>
=

ﬁ
NZE
§

o)

)
=

S

'8

Figure 13: Z does not lie between P and )

Assume Z does not lie between P and ). If we consider that r has minus sign
in this case, then ¢z can also be represented by (21I)) with (20). Therefore in any
case 0z can be represented by the equation dz(z,y) = 0 with (20).

4.1.1. The circle 6r,. Let L be the midpoint of PQ). The point L has coordinates
(0,b). We consider the circle .

oy o
Cy=0
P
L
a A

O

—

R

Figure 14: The y-axis touches o and PQ
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The Laurent expansion of dz(x,y) about z =0 is

oz(x,y) = Z C,z"

Therefore we have

(i) - —0_3—0_2—0_1—0 ,
(ii) Cp = 22 —l—(y—a;—b) _(agb) ,
(iii) ¢y = —2x,
(iv) C. m)

a—l—b
(V) C3=Cy=Cs=---=0.

The equation Cy = 0 represents the circle of radius (a — b)/2 and the center
of coordinates (0, (a + b)/2). This circle coincides with d;. The equation C; = 0
represents the y-axis. Let R be the midpoint of the major arc of a cut by PQ.
The equation Cy = 0 is the tangent of « at the point R. The figures obtained by
Co =0, C; =0 and Cy = 0 are indicated in Figure [I4] in red. They touch both
the circle @ and the line PQ) by Theorem 2i).

4.1.2. The circle dp;. Let M be the midpoint of LP, which has coordinates
(vVa? —b2/2,b). We consider the circle dys (see Figure [I5]).

sl

Figure 15: The circle d,,
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Let z,, = va? — b%?/2. The Laurent expansion of dz(z,y) about z = z,, is

o0

0z(t,y) = Y Culz = za)"

n=—oo

~ e (v ) (Y

+ (—2:1:+ \/%ﬁ(y—i-a)) (2 — zm)

y + a (Z — )2
a+b me
Therefore we have

() =Ca=Ca=Ca=0, 2
(ii) Cp = (x — 2n)? + (y— 3a;r5b) - (3<a8_ b)) :

a—>b
_ 9 Ja—b
(iii) Cy x+ a+b(y+a),

(IV) ngyiz,
a
(V) 03204205:"':0.

The equation Cy = 0 represents the circle of radius 3(a — b)/8 and the center
of coordinates (2, (3a + 5b)/8). Since

(2m)? + <%(3a + 5b)>2 - <a . 3(a8_ b))2 :

this circle coincides with the circle d);. Let € be the circle of center R passing
through the point P. If we invert the figure by the inversion in the circle ¢, the
line PQ is inverted to the circle a. Hence 9, is fixed by the inversion. Therefore
the line M R passes through the point of tangency of the circles a and d,;. The
equation C; = 0 represents the line M R. The equation Cy = 0 represents the
tangent of a at the point R. The figures obtained by Cy =0, C; =0 and Cy =0
are described in Figure [I€ in red. The line M R does not touch the circle o and
the line PQ). But it forms the same angle with the two figures.

R
Figure 16: M R forms the same angle with o and PQ
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4.1.3. The circle 6p. Let z, = v/a? — b?. We consider the circle §p, where P has
coordinates (z,,b). The Laurent expansion of d,(x,y) about z = z, is

oz(z,y) = Z Cn(z — )"

= ((x—2)+ @ —1b)?)

+ 2 (—x+ a—(y+a)) (z — 2)

a+b
y+a
+ <a—|— b) (z — zp)Q.
Therefore we have

(i) -=C3=Co=C_=0,
(if) Co = (z — 2)* + (y — b)?%,

(iii) C; =2 <—a: + a—_b(y + a)),

a—+b
-2
(V) 03204205:"‘:0.

The equation Cy = 0 represents the point P. The equation C; = 0 represents
the line PR. The equation Cy = 0 represents the tangent of o at the point R.
The figures obtained by Cy = 0, C; = 0 and Cy = 0 are described in Figure [I7 in
red.

The point P and the tangent of o at R can be considered to touch both «a
and PQ, but the line PR can not. But it forms the same angle with o and PQ).
The same result using different coordinate system can be found in [9)].

(4

D

Q
B/ o /\A

R
Figure 17: 0p is the point P

4.1.4. The circle dn. Let N be the point on the line P(Q such that P is the
midpoint of the segment M N. The point N has coordinates (z,,b), where z, =
3va? —b%/2. We consider the circle dy (see Figure [I]]).
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]
\_

Figure 18: The circle

The Laurent expansion of dz(z,y) about z = z, is

(Sz(l’,y) = Z Cn(z - Zn)n

n=—oo

o)t (y_ —5a;— 13b)2 B (5(a8—b)>2

+ (—2:6—1—3 Z—M(y—i-a)) (2 — zn)

Therefore we have
(i) =C3=Co=C1=0,
(ii) Co = (z — 2,,)?

N (y_ —5a;— 13b)2 B (5(a8— b))i

—b
(iii) Cl =-2r+4+3 Z—_i_b(y—l—a),
. y+a
(iv) Cy = ,
a+b
(V) 03204205:"':0.

The equation Cy = 0 represents the circle of radius 5(a — b)/8 and the center
of coordinates (z,, (—5a + 13b)/8). Since

22+ (%(—5@—1— 131;))2 — (a—l— wy,

this circle coincides with the circle d5. The circle dy is fixed by the inversion in
the circle €. Therefore the line N R passes through the point of tangency of the
circles @ and dy. The equation C; = 0 represents the line NR. The equation
C5 = 0 represents the tangent of o at the point R. The figures obtained by Cy = 0,
C7 =0 and C5 = 0 are described in Figure[I9in red. The line N R does not touch
the circle o and the line PQ. But it forms the same angle with the two figures.
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(&3

R

Figure 19: The circle 5

4.1.5. Cosine of two circles. We consider one more case. However it is not simple
to consider the angle between two circles in that case. Hence we introduce the
cosine of two circles before considering the case. For two circles d; and d, of radii
r1 and 7y, we define the cosine of the two circles by

(22) cos(d1,09) =

where d is the distance between the centers of the two circles. If the two circles
intersect, it is actually the cosine of the angle between them (see Figure 20).

For a circle § of radius r and a line [, whose distance from the center of ¢§
equals d, we define the cosine of [ and ¢ by

cos(l,0) = %l

If they intersect, it is actually the cosine of the angle between them (see Figure

2.

. 2 2_d2
Figure 20: cos(d1, d2) = %

ol

Figure 21: cos(l,0) = ¢
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4.1.6. The case 6, and PQ being parallel. At the end of this subsection, we con-
sider the case in which the circle 7 touches the circle a at the point R. To consider
the case, we consider the circle ¢, using another parameter. We denote the origin
and center of 7 by O and D, respectively. Let 6 be the angle such that if we rotate

P
OA through an angle of # radian counterclockwise about O then it overlaps with

oD (see Figure22)). The point D has coordinates ((a—r) cos 0, (a—r) sind), where
recall that r has minus sign if it touches a externally. From (a — r)sinf = b+ r,
we have

B —b+asinf

2
(23) 14 sinf

Using (23), the circle §7 is represented by the equation
(24) dp = 0,

where
So(z,y) = (x — (a—1)cos0)* + (y — (a — r)sinf)? — 12,

m

5

Q “A\p
\A

-

Figure 22: Representing d, by the parameter 0

We consider the case § = —m/2, and the Laurent expansion of dy(x,y) about
0=—m/2:

do(x,y) = i Cy, (9 + g)n

However we can not obtain all the coefficients C,, collectively. Therefore we con-
sider only the cases n = 0, £1,£2. Then we have

(i) C_g =4(a+b)(y + a),

(ii) C.1 = —4(a +b)x,

(iii) C
a2 (y - 5(a6+ b)) (VB 368ab+ 25b2> T +3b):c7
(v) Cy = (a+by+a) bééy i a).

The equations C'_5 = Cy = 0 represent the tangent of the circle a at the point
R. The equations C_; = C; = 0 represent the y-axis. The equation Cy = 0
represents the circle of radius v/49a2 + 38ab + 25b2 /6 and center of coordinates
(0,5(a + b)/6). We denote this circle by do. It does not touch the circle o and
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the line PQ), but intersects the two figures at the same angle, because
5a — b
V197 + 33ab + 250
Since the circle € has center of coordinates (0, —a) and radius \/2a(a + b), the

circles 0, and e are orthogonal. The figures represented by Cio = 0, Cy; = 0
and Cy = 0 are described in Figure 23] in red.

cos(PQ, do) = cos(a, 0)

R

Figure 23: The circle d4

4.2. Arbelos with division by zero calculus. We have considered the arbelos
with division by zero in section Bl We now consider the arbelos with division by
zero calculus. We consider three circles instead of the three semicircles forming the
arbelos. For a point C' on the segment AB, «, [ and y are the circles of diameters
BO, AO and AB, respectively, where |BO| = 2a, |AO| = 2b, |AB| = 2¢. We use
the following theorem with the same coordinate system. Recall d; = v/ab /c.

Theorem 8 ([9]). The following statements hold.
(i) A proper circle touches the circles o and [3 in the same sense if and only if its
has radius ) and center of coordinates (x7,y)) given by

abe

q = , 17 =lq]|

22?2 —ab

b—
and (a2 = (e 2e

for a real number z # =+d,.
(ii) A circle touches the circles 8 and 7y in the opposite sense if and only if it has
radius % and center of coordinates (x%,y%) given by
N abc 0 o b+c o
TZZM7 (Iz7yz):<_2b+ a Tz722Tz)

for a real number z.
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The circle given by (i) is denoted by v, and represented by the equation

(25) velw,y) = (x =) + (y —y2)* =17 = 0.
Similarly the circle given by (ii) is denoted by «, and represented by the equation
(26) ax(r,y) = (z—22)* + (y —y2)* =12 = 0.

4.2.1. The circle 7. Since

l_L_\/§+\ﬁ>2\/§\ﬁ—2
d Vab Vb a="VoVa 7

we have d; < 1/2. The external common tangents of o and 3 are represented by
the equations ([14])

(27) (a — b)x T 2Vaby + 2ab = 0,
which are denoted by v.ig,.

We consider the circle v, in the singular case z = d;. From the Laurent
expansion of v,(z,y) about z = d;

'}/z(.T,y) = Z Cn(z - dt)na

we get
(i) ---=C4=C3=0C_5=0,
(i) C_1 = dy((a — b)z — 2v/aby + 2ab),

(iii) Co = (:c—“;b) —I—(y—@) B (\/a2+148ab+b2> |

1/-1\"
(iv) an—g( ) ((a — b)x + 2/ aby + 2ab) for n =1,2,3,---.

2d;

2

Figure 24: The circle %5 with evenly spaced six points

Therefore the equation C_; = 0 represents the line v,, given by (217). The equation
Cy = 0 represents a circle, whose radius and the coordinates of its center are given
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by
Va2 + 18ab + b2 a—>b Vab
4 ’ 4 72 )
We denote this circle by 7. The equations C; = Cy = C5 = --- = 0 represent the

line v_g4, given by (27). The figures obtained by C,, = 0 are described in Figure
24] in red.

Let I, be the point of coordinate (0, kv/ab). The axis meets 74, and 7 at the
points I; and Iio, respectively. Let T, (resp. Tj) be the point of tangency of v,
and « (resp. (), and let U,(# T,) (resp. Uy(# Tp)) be the point of intersection of
the line I 1T, and « (resp. 11T}, and ). Then the circle 7 passes through the
points Ty, Ty, U, and U,. For the points have coordinates

c c b c c a
U 2ab B 6ab a
“"\8a+c¢ 8a+c\Vb)’

- 2ab  6ab \/Z
b 8 +c¢ 8 +cVal
Let S. be the external center of similitude of the circles @ and 5. Then S.

has coordinates (—2ab/(a — b),0) and the points Uy, U, and S, are collinear. The
equation (z — (a — b))? + y? = ¢? represents the circle 7. From

2 2
a—2b 2+ Vab Va2 + 18ab + b2
'T J— N — J——
1 YT 1

—((z = (a=b))"+y* =)

= 3(a — b)z — 2V aby + 6ab,
we see that the radical axis of the circles v and 7 is represented by the equation
3(a —b)z — 2/ aby 4+ 6ab = 0. Since the coordinates of the points I3 and S, satisfy
the equation, the line I35, is the radical axis of the two circles. The fact that the

lines BT, and AT, meet at the point I is well known. Similarly the lines BU,
and AU, meet at the point I_g.

Since

— _ C
cos(a, ) = cos(f,7) = NS T

the circle 7 does not touch the circles o and 3, but intersects them at the same
angle.

4.2.2. The internal center of similitude of the circles 5 and . We give an example
that we can still get a meaningful results from a non-singular case by division by
zero calculus. We consider the circle o, represented by the equation (26]). If we
consider a,(z,y) as a function of z, there is no singular case. We consider the
Laurent expansion of a,(z,y) about z = 0:

ax(z,y) = i Cr2™.

n=—oo
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Then we get
(i) - =C3=Co=0C_1=0,
(i) Co = (z —a)* +y* — @’
4a2n—1
(iii) Cgp1 = (—D”Wy forn=1,2,3---,
2a*"(b + c) 20°
iv) Oy, = (—1)" 1 ———~ f =1,2,3,---
(iv) Cy, = (—1) o Tt | forn
Therefore Cy = 0 represents the circle a. The equations C; =C3=C5=--- =0
represent the line AB. The equations Cy = Cy = Cg = - -- = 0 represent the line

given by x = —2b*/(b + ¢), which is denoted by s,. The three figures represented
by C,, = 0 are described in Figure in red. Notice that the circle a can be
obtained in the usual way from (26)), but the lines s, and AB can not.

The line AB touches the circles 5 and v by Theorem P[(i), i.e., AB is eligible
to be a figure touching  and v in the opposite sense, where we ignore the words
“in the opposite sense”, since AB is not a proper circle and the words have no
sense. Recall that we have considered a similar figure 7, in Theorem [l

Let S, be the point of intersection of the lines s, and AB. The point S,
is the internal center of similitude of the circles § and v. Though the line s,
does not touch the circles  and 7, it intersects them at the same angle, because
c08(8a, ) = cos(8q,7) = a/(b+c) ([9]). Therefore it is a figure similar to the line
MR in[ET1.2 the line PR in 1.3}, the line N R in L 1.4, the circle 0., in E.1.6] and
the circle 7 in 2.1

Let o, be the circle of center S, passing through the point A. Then o, has
radius 2bc/(b+ ¢). Since

20 20? 20 20?
2 = 2(c—1b
b—l—c<a+b—|—c) b+c<<c )+b—|—c)

C20%(2(c* — %) + 2b°) 4b%c*

(b+c)? (b+c¢)?

the points B and C' are inverses by the inversion in the circle o,. Therefore the
circles § and v are also inverses by the inversion. This implies that if a circle a4
touches 3 and ~ in the opposite sence, then the line joining the point of tangency
of aj and S and the point of tangency of a; and v passes through the point .S,.

54:Co=Cy=Cs=---=0

Q

Figure 25: The circles a and o, are orthogonal
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5. CONCLUSION

Since division by zero and division by zero calculus are definitions, it has
no sense to consider that they are true or not. Thereby the discussion in 2.1] is
unnecessary. Alternatively we have to consider that they makes our mathematics
richer. In sections [3] and 4] we have shown several examples which show that
division by zero calculus makes our mathematics much richer. Saburou Saitoh
has a list of more than a thousand such examples, some of which can be found in
[16]. For an extensive reference of division by zero calculus, see [16].
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