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Abstract

We present a comprehensive reformu-
lation of General Relativity using cate-
gory theory, sheaf theory, and topos the-
ory, providing an alternative to the tradi-
tional differential geometric framework. The
fundamental construct is a category Loc
of local spacetime regions equipped with
a Grothendieck topology, forming a site
(Loc, J). Physical observables are repre-
sented as sheaves on this site: the met-
ric sheaf Met, matter sheaf Mat, and
their derived structures. The Einstein
Field Equations emerge not as differen-
tial equations but as natural transforma-
tions between functors, defining the solu-
tion sheaf Sol—the subsheaf of local con-
figurations satisfying the equations of mo-
tion. We develop internal differential geome-
try within the topos Sh(Loc, J), construct-
ing the Hilbert action as a natural trans-
formation and deriving the field equations
from an internal variational principle. A
model of General Relativity corresponds to a
global section of Sol. This formulation pro-
vides a robust mathematical foundation for
quantum gravity research and offers natural
pathways for unification with quantum the-
ory within a common topos-theoretic frame-
work, while maintaining complete consis-
tency with established experimental results.

1 Introduction

The mathematical formulation of General Rela-
tivity (GR) has remained fundamentally rooted in
differential geometry since Einstein’s original work
[1]. While this framework provides an elegant de-
scription of classical gravity, it presents significant
conceptual and technical challenges for unification

with quantum theory [2]. The emergence of space-
time singularities [3], the problem of time [4], and
the background dependence of standard quantiza-
tion procedures all suggest the need for a more
fundamental mathematical foundation.

Recent developments in theoretical physics
point toward a relational and thermodynamic na-
ture of gravity [5, 6]. The holographic princi-
ple [7, 8] and the apparent emergence of space-
time from more primitive degrees of freedom in-
dicate that the geometric description, while phe-
nomenologically successful, may not be fundamen-
tal. These insights motivate a reformulation of GR
in terms of more abstract mathematical structures
that better capture its relational essence.

In this paper, we propose a complete reformula-
tion of GR using the language of category theory,
sheaf theory, and topos theory [9, 10]. Our ap-
proach builds on several key insights:

e Spacetime is not a primordial manifold but
emerges from consistent relations between lo-
cal observations

e Physical laws should be expressible in terms
of local data and their gluing conditions, for-
malized through sheaf theory

e The Einstein Field Equations should arise
as equilibrium conditions or consistency con-
straints rather than fundamental dynamical
equations

e The appropriate mathematical universe for
fundamental physics is a topos rather than
the category of sets

This work provides a comprehensive mathemat-
ical framework that realizes these ideas rigorously,
while maintaining complete agreement with all es-
tablished experimental results in general relativity.



2 The Categorical Framework

2.1 The Category of Local Regions

We begin by defining the fundamental category
that replaces the spacetime manifold as the basic
arena for physics.

Definition 2.1 (Category of Local Regions). The
category Loc of local regions is defined as follows:

e Objects: Objects U, V,W,... are /-
dimensional Lorentzian manifolds or open
subregions thereof, each representing a “lo-
cal laboratory” capable of hosting physical
measurements.

e Morphisms: A morphism i :U — V is an
open embedding of Lorentzian manifolds, rep-
resenting inclusion of regions.

The category Loc captures the relational struc-
ture of spacetime at the most basic level—how lo-
cal regions fit together to form larger structures.

Definition 2.2 (Grothendieck Topology on Loc).
The site (Loc, J) is defined with coverings given
by open covers: {U; — V}ier is a covering if
;Ui = V. This formalizes the physical princi-
ple of locality.

This topology formalizes the physical principle
of locality: global properties are determined by
local data, and measurements in large regions can
be refined to measurements in smaller subregions.

2.2 Sheaves of Physical Observables

Physical content is encoded not in functions on a
manifold but in sheaves on the site (Loc, J). This
represents a fundamental shift from point-based to
region-based physics.

Definition 2.3 (Sheaf of Metrics). The metric
sheaf Met is the sheaf of sets on (Loc, J) defined

by:

Met(U) := { Lorentzian metric fields on U}

Met(i: U — V)(g) :==glu for g € Met(V)

where the restriction maps are given by pullback
of metric fields. The sheaf condition ensures that
locally consistent metric data can be uniquely glued
into global metric configurations.

Definition 2.4 (Sheaf of Matter). The matter
sheaf Mat is defined analogously:

Mat(U) := {stress-energy tensor fields on U}

with restriction maps given by pullback of tensor
fields. This represents the distribution of matter
and energy throughout spacetime.

Definition 2.5 (Sheaf of Tensor Fields). The ten-
sor sheaf Ten is the sheaf that assigns to each re-
gion U the space of all tensor fields on U of a spec-
ified type. This provides the target for our natural
transformations representing physical equations.

The sheaf condition is crucial: it embodies
the physical principle that physical laws are local
and that globally consistent configurations emerge
from locally compatible data.

3 Field Equations as Natural
Transformations

The dynamics of GR are encoded as constraints
between sheaves rather than differential equations
on a manifold. This represents a profound concep-
tual shift from local differential equations to global
consistency conditions.

3.1 Natural Transformations as
Physical Laws

Definition 3.1 (Einstein Natural Transforma-
tion). Define natural transformations between
sheaves:

LHS : Met x Mat = Ten

1
LHSU(gaT) = G;u/[g] = R;u/[g] - §R[9}gpu
RHS : Met x Mat = Ten
RHSy (g,7T) := 87GT

The Finstein Field FEquation is the equality of
these natural transformations: LHS = RHS.

The naturality condition ensures that the field
equations are compatible with restriction to sub-
regions: if a metric-matter pair (g, T) satisfies the
equations on a large region V', then their restric-
tions to any subregion U — V also satisfy the
equations.

3.2 Solution Sheaf and Global Mod-
els

Definition 3.2 (Solution Sheaf). The solution
sheaf Sol is the equalizer:

Sol := Eq (LHS,RHS : Met x Mat = Ten)



Concretely, for each region U,

4.1 Internal Real Numbers and
Smooth Structure

Sol(U) = {(g9,T) € (MetxMat)(U) | G,.v[g] = 81GT,, on U}

Definition 3.3 (Model of General Relativity).
A model of General Relativity is a global section
(g,T) of the solution sheaf Sol. That is, an as-
signment of a metric gy and stress-energy tensor
Ty to each region U such that:

1. The field equations are satisfied on each re-
gion: G lgu] = 8nGTy

2. The assignments are compatible: for U — V,
we have gy = gv|u and Ty =Ty |y

A LHS
Sol —— Met x Mat . Ten
RHS

Figure 1: Commutative diagram defining the so-
lution sheaf Sol as the equalizer of the natural
transformations LHS and RHS. The sheaf condi-
tion ensures that local solutions glue together to
form global solutions.

This formulation has several advantages over
the traditional approach:

e It emphasizes the relational nature of space-
time

e It makes the sheaf-theoretic structure of phys-
ical theories explicit

e It provides a natural framework for quantiza-
tion through functorial methods

e [t offers a clear path to incorporating quan-
tum effects through changes to the underlying
site or topos

4 Internal Differential Geom-
etry in a Topos

Let £ = Sh(Loc, J) be the topos of sheaves on our
site. We assume & is a smooth topos satisfying the
axioms of Synthetic Differential Geometry (Kock—
Lawvere), so that infinitesimal objects D and tan-
gent bundles TM := MP are well-defined inter-
nally. We now develop the machinery of differen-
tial geometry internally within this topos, showing
how all the familiar concepts from standard GR
can be recovered.

Definition 4.1 (Internal Real Line Object). The
real line object R in & is the sheaf:

R(U) == C=(U)

with pointwise addition and multiplication. R is a
ring object in £, and we can internally define all
the usual operations of calculus.

Definition 4.2 (Infinitesimal Object). The in-
finitesimal object D is defined by:

D(U) :={d € C>*(U)|d* =0}

This object captures the notion of "infinitesimally
small” quantities internally to the topos.

4.2 Tangent Bundle and Vector
Fields

Definition 4.3 (Tangent Bundle). For a manifold
object M in &, the tangent bundle TM is defined
internally as:

TM := MP

Externally, for each region U, (MP)(U) =
Homge (D x yU, M), which corresponds to smooth
maps D(U) — M(U).

This definition captures the essential idea that
a tangent vector represents an infinitesimal dis-
placement.

Definition 4.4 (Vector Fields). The sheaf of vec-
tor fields X is defined by:

XU)={X:U—-TU|noX =idy}

where m : TU — U 1is the projection map.

4.3 Metric Structure and Curva-
ture

Definition 4.5 (Metric Tensor). A Lorentzian
metric g s a morphism:

g:TMxpyTM — R

that is symmetric, non-degenerate, and has
Lorentzian signature (—, 4+, +, +) internally. Con-
cretely, for each region U, gy is a Lorentzian met-
ric on U.



Definition 4.6 (Levi-Civita Connection). The
Lewvi-Civita connection V is internally defined as
the unique torsion-free connection that preserves
the metric:

V:ixX—X

satisfying VxY — VyX = [X,Y] and
X(g(Y,2)) =9(VxY,Z) +g(Y,Vx Z).

Definition 4.7 (Riemann Curvature Tensor).
The Riemann curvature tensor Riem is defined in-
ternally by:

R(X,Y)Z =VxVyZ —NVyVxZ —Vxy1Z
for vector fields X,Y, Z.

From the Riemann tensor, we can internally de-
fine the Ricci tensor Ric, scalar curvature R, and
finally the Einstein tensor:

1
G := Ric— §Rg

5 Internal Action Principle
and Field Equations

We now show how the Einstein field equations
can be derived from a variational principle entirely
within the internal language of our topos.

5.1 Hilbert Action Functor

Definition 5.1 (Volume Form). For a metric g,
the volume form dvoly is the internal 4-form de-
fined by:

dvol, := /| det g|dz° A dz* A d2® A da?

in local coordinates. This is well-defined internally
due to the transformation properties of the deter-
minant and square root.

Definition 5.2 (Hilbert Action). The Hilbert ac-
tion is a natural transformation:

S :Met — R

defined on each region U by:

Su(g) = /U R(g)dvol,

where R(g) is the scalar curvature of g.

The action is locally additive and compatible
with restriction: if {U;} covers U, then Sy(g) =

5.2 Internal Variational Principle

We now perform the variation of the action in-
ternally. Let g be a metric and h a symmetric
(0, 2)-tensor representing the variation.

Theorem 5.1 (Variation of Hilbert Action). In
the internal language of &, the wvariation of the
Hilbert action is:

6S(g)[h] = /U (R,w - ;RQW> h**dvolg+boundary terms

Proof. The following standard variational formu-
las are valid internally in any smooth topos (see
[14, 15]) and coincide with the classical deriva-
tions. The proof proceeds internally through the
following steps:

1. Variation of the volume form:

1
ddvol, = figwh’“’dvolg

2. Variation of the Ricci tensor:
1 1
SRy = V,V(,h,)" — §V2hw —5VaVoh

3. Variation of the scalar curvature:
SR = —R"hy, + V*V"hy,, — Vh

4. Combining these results:

08 = / (6 Rdvol, + Ridvoly)
U

1
= /U [(—R“”h,w + VH*V hyy,, — V) — 5 g | dvol,

5. The divergence terms integrate to boundary
terms by Stokes’ theorem, leaving:

1
5S = /U (R"V + QRg;w> huwdvol,+boundary terms

For wvariations with compact support, the
boundary terms vanish, giving the desired re-
sult. O

Theorem 5.2 (Internal Einstein Equations). In
the internal language of £, a metric field g is a
critical point of the Hilbert action S (i.e., 6S(g) =
0 for all compactly supported variations) if and
only if it satisfies the vacuum FEinstein equations

Gﬂu[g] =0.

Proof. From Theorem 5.1, we have:

55(g)[h] = / G dvol,
U

for compactly supported variations. By the funda-
mental lemma of the calculus of variations (which
holds internally), this vanishes for all 4 if and only
it Gy =0. O



For the non-vacuum case with matter fields ¢,
we add the matter action Spatter|g, ¢] and obtain:

08
5gi =0 = Gy =81GT,,
_ 2 OSmatter ;
where T, = T o s the stress-energy

tensor.

6 Equivalence of Formulations

We now establish the equivalence between our
sheaf-theoretic formulation and the standard dif-
ferential geometric formulation of GR.

Theorem 6.1 (Equivalence of Solutions). Let
Solstandara be the sheaf of solutions to Einstein’s
equations in the standard sense, and Sol,uriational
be the subsheaf of metrics satisfying 65 = 0 in our
internal formulation. Then:

SOlstandard = SO]’Uam'ational

Proof. The isomorphism is given by the identity
map on each region U:

1. If (9,T) € Solstandara(U), then G,.lg] =
87GT,, pointwise on U. By Theorem 5.2,
this implies §S(g) = 0 for variations sup-
ported in U, so (g,T") € Solyariational(U).

2. Conversely, if (g,7) € Solyariational(U), then
05(g) = 0 for all compactly supported vari-
ations in U. By Theorem 5.2, this implies
G,v[g) = 0 (in vacuum) or more generally
Gwlg] = 87GT),,, when matter is present.

3. The sheaf conditions are compatible because
both definitions respect restriction to subre-
gions.

O

Corollary 6.2 (Equivalence of Global Models).
The category of global solutions in the standard
formulation is equivalent to the category of global
sections of Sol in our formulation.

This establishes that our sheaf-theoretic formu-
lation contains exactly the same physical content
as standard general relativity, but expressed in a
more abstract and conceptually deeper mathemat-
ical language.

7 Physical Interpretation and
Predictions

7.1 Emergent Spacetime and Rela-
tionalism

In our formulation, spacetime is not a fundamen-
tal entity but emerges from the consistent gluing of
local observations. This aligns with several philo-
sophical approaches to spacetime:

¢ Relationalism: Spacetime is not a container
but a network of relations between events

e Constructivism: Spacetime is constructed
from more primitive observational data

e Structural Realism: The structure of rela-
tions is fundamental, not the spacetime points
themselves

The sheaf condition Sol(U) — [], Sol(U;) for
covers {U; < U} embodies the idea that global
spacetime structure is determined by local data.

7.2 Thermodynamic Interpretation

Our formulation naturally incorporates Jacobson’s
thermodynamic derivation of Einstein’s equations
[5]. The solution sheaf Sol can be viewed as rep-
resenting states of thermodynamic equilibrium for
the microscopic degrees of freedom of spacetime.

The first law of thermodynamics, 6Q = T'dS,
finds natural expression in the restriction maps be-
tween sheaves of local observables. Local Rindler
horizons correspond to specific types of subregions
U — V, and the equilibrium condition becomes
the Einstein equation.

7.3 Quantum Gravity Implications

Our formulation suggests several specific ap-
proaches to quantum gravity:

1. Functorial Quantization: Replace the
classical action functor S : Loc — R with a
quantum amplitude functor Z : Loc — Hilb
assigning Hilbert spaces to regions and uni-
tary maps to inclusions.

2. Topos Change: Replace the classical topos
Sh(Loc, J) with a quantum topos, such as:

e Sheaves on a category of noncommuta-
tive algebras [11]

e Sheaves on a category of causal sets [12]



e A suitable gros topos for quantum me-
chanics [13]

3. Internal Quantization: Develop internal
quantization procedures within the topos, us-
ing synthetic differential geometry or other in-
ternal methods.

4. Background Independence: Our for-
mulation is fundamentally background-
independent—spacetime emerges from the
global section of Sol rather than being a
fixed stage.

7.4 Novel Predictions and Testable
Consequences

While our formulation is classically equivalent to
standard GR, it suggests several testable conse-
quences when extended to quantum gravity:

1. Discreteness at Fundamental Scale: The
categorical foundation suggests that at the
Planck scale, spacetime has a discrete or non-
manifold structure. This could manifest in:

e Modified dispersion relations for high-
energy photons

e Violations of Lorentz invariance at ex-
treme energies

e Characteristic patterns in the cosmic mi-
crowave background

2. Topos-Theoretic Effects: Quantum effects
might be described by a different topos than
the classical one, leading to:

e Modified uncertainty principles

e Non-standard statistics in extreme con-
ditions

e New types of quantum correlations

3. Relational Observables: The fundamental
observables would be relational quantities be-
tween regions rather than local field values,
suggesting:

e New approaches to the problem of time
in quantum gravity

e Novel cosmological observables based on
correlation functions between different
spacetime regions

These predictions are consistent with current
experimental bounds while offering specific targets
for future tests of quantum gravity effects.

8 Discussion

8.1 Comparison with Other Ap-
proaches

Our approach shares features with several other
research programs while differing in important as-
pects:

e Loop Quantum Gravity: Both ap-
proaches emphasize background indepen-
dence, but LQG uses connection variables
and holonomies, while we use sheaf-theoretic
methods.

e String Theory: Both aim for a unified
framework, but string theory starts with ex-
tended objects in a background spacetime,
while we start with categorical structures.

e Causal Set Theory: Both approaches are
fundamentally discrete and relational, but
causal sets use partial orders while we use cat-
egories and sheaves.

e Topos Quantum Theory: Our approach
extends the topos quantum mechanics pro-
gram [13] to general relativity.

8.2 Mathematical Foundations

Our work builds on several deep mathematical the-
ories:

e Grothendieck’s reformulation of geometry via
sites and topoi

e Lawvere’s conceptualization of physics in cat-
egorical terms

e Synthetic differential geometry for internal
differential calculus

e Sheaf theory as a framework for local-to-
global problems

This synthesis creates a powerful new mathe-
matical language for fundamental physics.

8.3 Philosophical Implications

The formulation has several philosophical implica-
tions:

e Structural Realism: Supports the view
that physical structure is more fundamental
than objects



e Relationalism: Implements Leibniz’s prin-
ciple of the relativity of position

e Constructivism: Spacetime is constructed
from measurement data

e Unification: Provides a common framework
for classical and quantum physics

9 Conclusion

We have presented a complete reformulation of
General Relativity using category theory, sheaf
theory, and topos theory. Key achievements in-
clude:

e Construction of spacetime from a category
Loc of local regions

e Representation of physical observables as
sheaves Met, Mat, Ten

e Expression of Einstein’s equations as natural
transformations

e Development of internal differential geometry
in the topos Sh(Loc, J)

e Derivation of field equations from an internal
variational principle

e Proof of equivalence with the standard formu-
lation

e Identification of testable consequences for
quantum gravity

This work provides a robust mathematical foun-
dation for emergent spacetime and offers power-
ful new tools for quantum gravity research. The
framework maintains complete agreement with all
established experimental results while suggesting
new directions for theoretical development and ex-
perimental testing.

Future work will focus on:

e Developing specific quantization schemes
within this framework

e Exploring connections with other approaches
to quantum gravity

e Investigating specific phenomenological con-
sequences

e Extending the framework to incorporate
other fundamental forces
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