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Abstract

The Collatz conjecture remains a formidable open problem in number theory. This paper
presents a novel reformulation of the Collatz function, T (n), demonstrating that it is equivalent
to the operation (n · (n + 1)) mod (n + (n + 1)). This identity transforms the traditionally
piecewise-defined map into a single, unified algebraic operation performed within the quotient
ring Z/(2n + 1)Z. This perspective intrinsically connects the conjecture to the properties of
consecutive integers and the structure of modular rings. Furthermore, it provides a natural
geometric interpretation of the iteration process. This reformulation does not constitute a proof
of the conjecture but offers a new and powerful framework that opens new avenues for attacking
the problem through ring theory, analysis, and geometry.
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1 Introduction

The Collatz conjecture is a deceptively simple iterated function whose stubborn resistance to proof
has captivated mathematicians for nearly a century. For any positive integer n, the function is
defined as:

T (n) =

{
n/2 if n is even

(3n+ 1)/2 if n is odd

The conjecture states that for any starting value n, repeated application of this function will
eventually reach the cycle 1 → 2 → 1. Despite overwhelming numerical evidence and extensive
study, a general proof remains elusive.

The piecewise nature of T (n), particularly the seemingly arbitrary 3n+ 1 term, has long been
a source of intrigue. This paper introduces a discovery that reframes this arbitrary appearance
into an inevitable algebraic consequence. We demonstrate that T (n) is isomorphic to performing a
fundamental operation on a number and its successor: taking their product modulo their sum.

This paper is structured as follows: In Section 2, we derive the fundamental identity. Section 3
reinterprets this result through the lens of ring theory, showing how the Collatz step arises naturally
within the ring Z/(2n + 1)Z. Section 4 explores a geometric interpretation of this operation.
Section 5 discusses the implications of this reformulation and suggests potential directions for
future research. Finally, Section 6 concludes.
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2 The Fundamental Identity

Let n be a positive integer greater than 1, and let n + 1 be its consecutive successor. We explore
the operation defined by the product of these integers modulo their sum.

For all positive integers n > 1, the Collatz function T (n) satisfies:

T (n) = (n · (n+ 1)) mod (2n+ 1)

Proof. By the division algorithm, there exists a unique integer quotient k and remainder R such
that:

n(n+ 1) = k(2n+ 1) +R, where 0 ≤ R < 2n+ 1. (1)

Our goal is to show that R = T (n). We first determine the value of k.
Observe that:

n(n+ 1)

2n+ 1
=

n

2
· 2(n+ 1)

2n+ 1
=

n

2

(
1 +

1

2n+ 1

)
=

n

2
+

n

2(2n+ 1)
.

Let ϵ = n/(2(2n+ 1)). For n ≥ 1, we have 0 < ϵ < 1/2. Therefore, the floor function gives:

k =

⌊
n(n+ 1)

2n+ 1

⌋
=

⌊n
2
+ ϵ

⌋
=

⌊n
2

⌋
.

We now proceed by cases to solve for R = n(n+ 1)− k(2n+ 1).
Case 1: n is even. Let n = 2m. Then k = ⌊n/2⌋ = m. Substituting into (1):

(2m)(2m+ 1) = m(4m+ 1) +R

4m2 + 2m = 4m2 +m+R

R = m =
n

2
= T (n).

Case 2: n is odd. Let n = 2m+ 1. Then k = ⌊n/2⌋ = m. Substituting into (1):

(2m+ 1)(2m+ 2) = m(4m+ 3) +R

4m2 + 6m+ 2 = 4m2 + 3m+R

R = 3m+ 2.

Expressing this in terms of n:

R = 3

(
n− 1

2

)
+ 2 =

3n− 3 + 4

2
=

3n+ 1

2
= T (n).

In both cases, the remainder R equals T (n), which completes the proof.
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Table 1: Computational verification of the identity T (n) = (n(n+ 1)) mod (2n+ 1)
n n+ 1 Product Sum (2n+ 1) Remainder (T (n)) Standard T (n)

2 3 6 5 1 2/2 = 1

3 4 12 7 5 (3× 3 + 1)/2 = 5

4 5 20 9 2 4/2 = 2

5 6 30 11 8 (3× 5 + 1)/2 = 8

6 7 42 13 3 6/2 = 3

3 The Ring-Theoretic Interpretation

The identity T (n) = (n · (n+ 1)) mod (2n+ 1) elevates the Collatz map from a piecewise rule to
an algebraic operation within a specific quotient ring.

For a given n, define the ring:
Rn = Z/(2n+ 1)Z.

In this ring, the modulus is zero, yielding the fundamental relation:

2n+ 1 ≡ 0 (mod 2n+ 1) =⇒ 2n ≡ −1. (2)

Since 2n+ 1 is odd, gcd(2, 2n+ 1) = 1, and so 2 is invertible in Rn. From (2), 2n ≡ −1, meaning
the inverse of 2 is −n, because 2 · (−n) = −2n ≡ 1.

We now compute n(n+ 1) within Rn:

n(n+ 1) ≡ n2 + n (mod 2n+ 1)

≡ 1

2
· (2n2 + 2n) (mod 2n+ 1) (Multiplying by the unit 1/2 ≡ −n)

≡ 1

2
· (n · 2n+ 2n) (mod 2n+ 1)

≡ 1

2
· (n · (−1) + (−1)) (mod 2n+ 1) (from (2))

≡ 1

2
· (−n− 1) (mod 2n+ 1)

≡ −n+ 1

2
(mod 2n+ 1).

This result is a canonical representative of the equivalence class, but it may not lie in the
standard range {0, 1, . . . , 2n}. To find the representative in this range, we add the modulus 2n+ 1
(which is equivalent to adding 0):

−n+ 1

2
+ (2n+ 1) =

−n− 1 + 4n+ 2

2
=

3n+ 1

2
.

This is the result for odd n. For even n, a similar calculation yields n/2. Thus, the calculation
within Rn directly produces the Collatz function:

[n(n+ 1)] = [T (n)] in Rn.

This reformulation provides a new perspective: the Collatz iteration can be seen as the process
of moving from the ring Rn to the ring RT (n) = Z/(2T (n)+1)Z by evaluating the universal algebraic
expression [n(n + 1)]. The conjecture is equivalent to the statement that for all starting n, this
sequence of rings eventually enters the cycle R1 = Z/3Z, R2 = Z/5Z.
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4 Geometric Interpretation: A Hyperbolic Projection

The equation from the division algorithm offers a geometric perspective:

n(n+ 1) = k(2n+ 1) + T (n). (3)

Rearranging terms:
n(n+ 1)− k(2n+ 1) = T (n).

This can be rewritten as:
(n− k)(n+ 1− k) = T (n) + k2. (4)

Equation (4) defines a family of hyperbolas. For a fixed integer k, the equation (x−k)(y−k) = C
defines a hyperbola centered at (k, k). The specific hyperbola that concerns us is the one on which
the point (n, n+ 1) lies, with C = T (n) + k2.

The Collatz iteration can be described as a two-step geometric process:

1. Projection: For a point Pn = (n, n + 1) on the line y = x + 1, find the unique integer
k = ⌊n/2⌋ such that Pn lies on the hyperbola (x− k)(y − k) = T (n) + k2.

2. Mapping: The value T (n) is then used to define the next point on the line: PT (n) =
(T (n), T (n) + 1).
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Figure 1: Geometric interpretation of the Collatz step for n = 3. The point (3, 4) on the line
y = x + 1 lies on the hyperbola (x − 1)(y − 1) = 6 (since k = ⌊3/2⌋ = 1 and T (3) = 5, so
C = 5 + 12 = 6). The mapping T sends (3, 4) to (5, 6) on the same line. The fixed point cycle
(1, 2) ↔ (2, 3) is also shown.

Figure 1 illustrates this process for n = 3. The convergence of the Collatz conjecture suggests
that this iterative process acts as a dynamic system on the line y = x + 1, where points are
mapped ever closer to the attractor—the cycle between (1, 2) and (2, 3). This geometric framework
motivates the search for a potential function (e.g., the distance along the line from (n, n + 1) to
(1, 2)) to study the convergence behavior formally.

5 Implications and Potential Research Directions

This reformulation opens several promising research avenues by connecting the problem to estab-
lished mathematical domains.

• Stopping Time: The identity n(n+1) = k(2n+1)+T (n) provides an explicit equation. The
stopping time problem (proving T (n) < n) reduces to proving the inequality k > n2/(2n+1),
which is a concrete number-theoretic statement.

• 2-adic Analysis: The modulus 2n+1 is a unit in the ring of 2-adic integers Z2. This allows
the function to be expressed as T (n) = n(n+1) · (2n+1)−1, potentially offering a new angle
for 2-adic formalization and analysis of the mapping’s contractive properties.
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• Ring Homomorphisms: A deep question is whether there exists a non-trivial homomor-
phism between the rings Rn and RT (n) that explains the dynamics. Proving such a connection
could reveal an invariant that forces convergence.

• Lyapunov Functions: The geometric view suggests a search for a function H(n) that
decreases under iteration n 7→ T (n). Candidates include n itself (for the stopping time) or a
function derived from the hyperbolic projection, such as the distance |n− 1|.

• Connection to Recent Work: This reformulation can be related to recent advances in the
field, such as Tao’s work [5] on almost bounded orbits, by exploring whether the modular
operation provides insights into the statistical behavior of Collatz sequences.

6 Conclusion

We have presented a novel algebraic reformulation of the Collatz function, showing that T (n) =
(n · (n + 1)) mod (2n + 1). This identity transforms the piecewise-defined function into a single,
unified operation within the quotient ring Z/(2n + 1)Z. We have also explored the geometric
interpretation of this operation.

This reformulation does not constitute a proof of the Collatz conjecture, but it provides a fresh
and powerful framework for attacking the problem. By connecting the conjecture to ring theory,
number theory, and dynamical systems, it opens up multiple new research avenues. We hope that
this perspective will inspire further research and bring us closer to a solution of this longstanding
problem.
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