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Abstract

We study the integral analog of the operator (md%)n, obtained by replacing differen-
tiation with integration. We prove that the resulting operator admits an expansion in
powers of the integration operator with coefficients given by the Bessel numbers of the
second kind {B(n, k)} (OEIS A122848), leading to new explicit formulas and revealing
a fundamental role of Bessel numbers in the structure of certain integral operators.

1 Introduction

The Euler operator x D, where D = %, is a classical and central object in special functions,
combinatorics, and operational calculus. It is well known (see [3]) that the powers of this
operator admit an expansion in terms of the Stirling numbers of the second kind S(n, k):

(@D)" = S8(n,k)2*D". (1)

This formula expresses the operator (zD)" as a linear combination of derivatives D¥, weighted
by the coefficients S(n, k).

In this paper, we investigate the integral analog of (xD)", obtained by replacing the
differentiation operator D with the integration operator

1)) = [ s

for a fixed reference point x5 € R. We then define the operator xI and its n-fold composition
by

()" (f)(z) == / Tt / T / S / PO dtday - dan s dny.
o o o o
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This operator intertwines multiplication by z with integration from z(, and thus (xI)"
corresponds to a nested sequence of weighted Volterra-type integrals. Our aim is to derive
an explicit expansion for (z )™ analogous to (1).

1.1 Bessel numbers

The Bessel coefficients a(n, k) (OEIS A001498) naturally appear as the coefficients of z* in
the Bessel polynomials [4]
— (n+k) (m)k
ZOEDY Kin— k) \2)
k=0

and are explicitly given by
(n+ k)!
26 k! (n — k)Y

for 0 < k < n. These numbers satisfy the recurrence relation [1]

a(n, k) =

a(n, k) =a(n—1,k)+(n—k+1)a(n,k—1), (2)

with the initial condition a(0,0) = 1.
Table 1 shows the first few values of the Bessel coefficients.

n\k [0 1 2 3 4 > 6
0 |1

1 |1 1

2 |1 3 3

3 |1 6 15 15

4 |1 10 45 105 105

5 |1 15 105 420 945 945

6 |1 21 210 1260 4725 10395 10395

Table 1: The first Bessel coefficients a(n, k) for 0 < k <n <6.
An intriguing symmetry noted in 1 is the equality [1]
a(n,n—1) =a(n,n), n>1, (3)

The main result we establish is the explicit expansion for the integral operator powers:

—_

(D)™ =) (=D*a(n —1,k)z"F 1tk (4)
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Alternatively, one may re-index (4) to work directly with the powers of the integration
operator I in ascending or descending order.
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Defining [2]
B(n,k) :=a(k,n — k), B(n,k)=0if k < [n/2],

we can re-express (4) by setting m =n + k as

2n—1

(aD)" = > (=1)" " B(m —1,n— 1) 2" 1",

m=n

Here, the numbers B(n, k) are the Bessel numbers of the second kind (OEIS A122848), and
in this expansion, they naturally weight the powers of the integration operator I. Similarly,

defining
b(n, k) == (=1)"%a(n—1,n—k),

= Z b(n, k) z" 120F,
k=1

where the numbers b(n, k) are the Bessel numbers of the first kind, now weighting powers of
x. Here I denotes the m-fold composition of I, defined recursively as

O(f)(@) = f(z), and T (f)(@) = 1I"(F))(x), m >0,

A key difference from the differential case is that the iterated integrals I"™ can be expressed
in a simplified form (see [5]):

we have

T (x—s)m™ !

(e = [ ) as

which leads to a transformation of the coefficients of (4) into a simpler rational sequence

T (51_—1); TN - 1! <n k 1) (‘%)k ©)

revealing a binomial-type structure reminiscent of classical Volterra operators.

This paper explores this integral operator in detail, providing new explicit formulas,
establishing connections with Bessel numbers, and extending the framework to fractional
orders.

2 Main Results

Lemma 1. For all m,m’ € N, we have

/ - ) t7; 3_171 1 F(s) ds dt Z(_1>j<m)j xmj/ %f(s) ds, (6)

=0 o

where (m); =m(m —1)---(m — j+ 1) denotes the falling factorial.
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Proof. Recall that ,
v = [ s

So we have to prove that

11 (H(0) (@) = 3 (=1) (m);a" VT () x).

J

We proceed by induction on m > 0.
For the base case m = 0, this reduces to

I(I™(f)) () =T (f)(x),

matching the sum with only the 7 = 0 term.
Assuming the formula holds for m, integration by parts gives

L () (@) = 2" T () @) = (m+ 1) 1T (H(0) @)

Applying the induction hypothesis to the second term and rearranging yields the formula
for m + 1, completing the proof. n

Lemma 2. The Bessel coefficients a(n, k) satisfy the recurrence
a(n, k) = (n—d)g—i-a(n—1,7). (7)

Proof. We proceed by cases.
Case 1: 1 <k <n —1. In this case, we want to prove

k

a(n,k) =Y (n— i) aln - 1,4),

=0

We argue by induction on k. Assume the equality holds for some k£ > 1. Using the
recurrence (2), we have

k
a(n,k+1) :a(n—1,k+1)—i—(n—/{:)Z(n—i)k_i-a(n—1,@').

i=0
Since
(n—k)(n—i)g—i = (N — ) kr1-is

it follows that
k+1

a(n,k+1) => (n = i)pp1-i - a(n — 1,i),

=0



which completes the induction step.
Case 2: k =n. We need to show

From the previous case, we already have

n—1

a(n,n —1) = Z(n — ) p_1-i - a(n —1,10).

1=0

Using (3), and noting that
(n = )n-i = (n = i)n-1-4,

we conclude that the formula holds also for £ = n.
This completes the proof. n

Remark 3. This recurrence appears to be new and provides an efficient way to compute
a(n, k) recursively from previous coefficients.

Theorem 4 (Main Operational Formula). For all n € N*, we have

n—1

(e )"(f)(x) = Y _(=1)fa(n — L k) 2" F I () (). (8)

k=0

Proof. We prove by induction on n the equivalent formula:

(33 I)n(f)(ilj‘) —_ - (—1) Cb(n -1, k) xn—k /I<x _ t)nJrk—lf(t) dt. (9>

~ (n—1+k)! 0

Base case: For n = 1, the formula trivially holds by direct computation.
Inductive step: Assume the formula holds for some n > 1, i.e.,

n—1

1,k o
n — 1n+ k) ) x;:k/ (xn o t)nJrkflf(t) dt

zo

(xn mn =

OM

Then, i
(@™ (f)(a) = @ / (0 1) (f) () .

o

Substituting the induction hypothesis into the integral gives

n—1
—1,k)
" (f a(n / n— k/ gyl .
(z1) :ngzo 1R f(t)dtdx




By Lemma 1, we can rewrite the nested integral as

o [P R e [l
[ op ) (O = = b [

By interchanging the sums, re-indexing the terms, and using the recurrence relation for
the Bessel coefficients a(n, k) (Lemma 2),

min(n—1,7)

> (n=k)ik-aln—1,k) = a(n, i),

k=0

we arrive at

n+1 _ - (=1)’a(n, i) niiei [ \n+i
) = S R e [ o

which matches the formula for n + 1.
This completes the induction. O

Remark 5 (Generalization and Fractional Extension). Define the operator A"! related to
(zI)" by

AP laia) = 1)) = [ (i ucsa™ t)”l*k) (e dr

T
k=0

Then, the operator A" is a linear Volterra-type integral operator with polynomial kernel

where 7, is given by (5).

Fractional generalization: For o > 0, not necessarily an integer [5], define

(i) = [ " K, t)£(0) dr,

with

oo _1)k
Ka t — o lek‘ _t a+k d o — ( .
(z,1) ;r R e =)0, and ey = o K T(o—k+ 1)

This series generalizes the finite sum for integer & = n € N, since I'(a — k + 1) has poles
at non-positive integers and the series truncates for £ > n.



For x > 29 > 0 and ¢ € [xg, x|, we have 0 < x —t <z — g, so

k
[Fae 227 (@ — £)°4F] < Jrop] 2% (x — 20)° ( )
X

Choose an integer N > « (for example N = || + 1). Using the reflection formula

MNa—k+1)=

we get
|sin(ra)| T'(k — «) _ |sin(ra)| 1
< —_—
2kEl — T 2k

‘ra,k| =

Hence for £ > N,

. 1 _ k
Tak 7% F (2 — t)o‘+k| < [sin(ma)] smf:ra)| z*(x — xo)aﬂ <x a:o)

For the finitely many indices 0 < k < N, define

Mk = |Ta,k| l’a_k($ — l‘o)a+k.
Then the sequence
T o] 207 F (2 — 20)*F, 0<k<N,
M | sin(ma)| 1 (z—120\"
— X
Nz — x0)* k>N
s (@ = o) 2k ( x > LT

is summable, > 7 M; < oo, and dominates the terms of the kernel series. By the Weier-
strass M-test, K,(x,t) converges uniformly on [z, z].

If f € Clxg, ], then f is bounded. Multiplying My, by || f|| gives a summable dominating
sequence for

gr(t) = ragpz® " (z — 1) f(2),

so »_, gr(t) converges uniformly. Hence summation and integration can be interchanged,
yielding

AP i) = S raga* [ o= 07 s o) (10

Example 6 (Two applications).



1. Application to power functions: Let f(¢) =t*, 3 > —1. Then

[e.9]

A7) (0;2) = Zrmk xa_k/ (z — )P dt
0

k=0

o) 1
= Z Tok $a_kxa+k+ﬂ+1/ (1-— u)o‘+kuﬁ du (u=t/x)
0

k=0
)

grotiT Zra,k B(+1l,a+k+1)
k=0

o a+p8 . . F(6+1>
= H;} 1)ka<a’k>r(a+6+k+2)’

where B is the Euler Beta function, and a(a, k) = T(a + &k + 1) (=1)% 7.

For « =n — 1 and 8 = m integers, this reduces to

A 0s2) = 22 S (_(?ﬂﬁ); = :

k=0

By direct computation, we also have

x2n+m71

A0 =

Equating the two expressions, we obtain

aln —1,k)
m+ n+k

(11)

IT- 1(m—l—2z—1

M3
<:> —

2. Application to the exponential function: For f(t) = ¢,

A%(e")(0;z) = ZTQ”“ xak/ (x —t)* e dt
k=0 0
—e Zrak a:o‘k/ u* e du (u=x —1t)
k=0 0
—e Zra,kazo‘ (a+k+12)
k=0

where v is the lower incomplete Gamma function.



For x = 1 and integer o = n, we have

Y+ k+1,1) = (n+ k) (1-%2%).

Hence,

k=0 J=0 7

— ez_:(—l)ka(n, k) — Z(—l)ka(”a k) Z%

=) (—D*a(n,k) — Z 31‘ > (Dalnk)
=0 k=max(0,j—n)

This yields the following formula for the sequence a(n) = A000806:

a(n)zé An(et>(o;1)+z_l, > (=Da(n, k)

) k=max(0,j—n)

Moreover,
B i"’: A™(t9)(0; 1) i": 1
= k! — R (k420 — 1)
Hence,
o0 2n

_1 L L — kan
0=\ X ey Z (~1)Faln. k)

k=0

(12)

(13)

Relation to Lemma 2. Recall from Lemma 2 that a(n, k) satisfies the recursive relation

min(k,n—1)

a(n.k)= Y (n—i)a(n— 1,i).

=0

By iterating this recurrence n times, starting from the initial condition a(0, k) = d; (where
Jx. is the Kronecker delta, equal to 1 if £ = 0 and 0 otherwise), we obtain a nested summation
over non-decreasing indices with certain constraints. This unfolding naturally leads to the

combinatorial formula given below, expressed as a sum over integer compositions of k.
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Theorem 7 (Combinatorial Formula). For alln € N* and 1 <k <n,

a(n, k) = Z H ( mr> (14)

my+--+mp=k j=1 r=1

M1y >0 I

Proof. Starting from the recurrence given in the second lemma,

min(n—1,k)

a(n, k) = Z (n =)k aln —1,1),

1=0

we iterate this relation recursively to express a(n, k) as a nested sum over indices i; < iy <
- < 1, with constraints i; < j — 1:

CL(TL, k) = Z (H(] - ij)ij+1—ij> CL(O, i1>,

0<i1<ip<-+<in<k \j=1

where we set 7,11 := k.
Since iy < 1 —1 =0, it follows that a(0,7;) = a(0,0) = 1. This simplifies the expression
to

a(n, k) = Z H i1 i (15)

0= 7,1<7,2< <’Ln<k] 1
1;<j—1

Define the increments (step sizes)

m; =1t —1, Jj=1,...,n

Because i1 = 0 and 4,11 = k, these satisfy

n
E m; = kf,
J=1

and for each 7,

ij: E m.

r=1

Substituting back into the product yields

(= i)m (J-Zm) ,

m;

10



and hence

a(n, k) = Z H (j -y mT>

mytmn =k j=1 r=1
m;>0

which is exactly (14). O

J

Remark 8. The following operator viewpoint also leads to Formula (15):
a(n, k) satisfies the recurrence

a(n, k) = Q(n)a(n —1,k), (16)
where the operator Q(n) is defined by

min(n—1,k)

Qn)= Y (n—ieB"", with Bf(k) = f(k—1).

i=0
Unrolling the recursion yields
a(n, k) =Qn)Q(n —1)---Q(1)a(0, k). (17)
This product of operators can be expanded as
Q(n) e Q(l) — Z <H(] _ ij)ij+1—ij) Bk_il,
0<i <--<ipn <k \j=1
i;<j—1

where i,,1 := k. Applying this to the initial condition a(0, k) = d; recovers the formula.

Example 9. Computation of a(3,2) using (14):
Here, n = 3, k = 2, and increments satisfy

m1+m2+m3:2.

By the formula,

a3,2)= Y W (2= 1m0y - (3= 1 — M)y

mi1+ma+m3z=2

Enumerating all solutions:

11



my Mg M3 Terms Contribution
2 0 0 | (1)2:(0)0- (1) 0
11 0 | (1-(D- (1) 1
10 1 | (Dy-(1)o-(2n 2
0 2 0| (122 (1 2
0 1 1 (1o (2)1-(2h 4
0 0 2] (2)o-(3) 6
Total 15

Hence, a(3,2) = 15, matching the known value.

Remark 10 (Combinatorial Interpretation). The Bessel number a(n, k) counts the number
of ways to sequentially place k labeled elements into n ordered steps. At each step j, a
nonnegative number m; of elements is placed, with Z?:l m; = k. The term

J

enumerates the ways to arrange these m; elements at step j, considering the elements
already placed in previous steps. The product over all steps accumulates the total number
of valid placement sequences for the fixed distribution (m4,...,m,), and summing over all
such distributions accounts for all valid placements.
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