The Unified Particle Equation towards a Fractal Standard Model

Abstract

We propose a comprehensive geometric and algebraic framework that unifies the
empirical Koide mass formula with a recursive pentagram structure governed by the
golden ratio ¢. Within this framework, five Koide triplets—corresponding to charged
leptons, neutrinos, up-type quarks, down-type quarks, and a conjectured composite
sector—are embedded into the self-similar isosceles triangles of a fractal pentagram.
This construction reveals a hierarchical ¢-scaling symmetry that systematically
organizes particle masses across the Standard Model spectrum. The embedding is
formalized through the dimensionless Pellis Function, which generates recursive
¢-based relations linking mass ratios, fractal structures, and fine-structure patterns.
These results indicate that the Koide relation is not an isolated numerical coincidence,
but rather a manifestation of a deeper ¢-governed fractal symmetry, offering new
insights into mass generation, potential unification beyond the Standard Model, and the
underlying mathematical structure of nature. We further introduce the Golden Pentagon
of Masses, a novel framework that formalizes the embedding of Koide triplets into the
fractal pentagram. Each triplet is assigned to a hierarchical recursion level, revealing
systematic ¢-scaling across fermion sectors. This construction provides a geometric and
algebraic unification of mass hierarchies, where the Pellis Function generates recursive
relations connecting mass ratios, fractal geometry, and fundamental constants. In
addition, we present the Higgs—Pellis Coupling Fractal Matrix (HPFM), a universal
framework for the Yukawa sector of the Standard Model. In this approach, fermion
masses emerge from a self-similar, fractal matrix governed by powers of ¢. This
structure naturally reproduces hierarchical mass patterns, Koide-like relations, and
fractal textures within the Higgs sector. The HPFM framework is universally applicable
to quarks, leptons, and neutrinos and can be extended to seesaw mechanisms and
beyond-Standard-Model scenarios. Finally, we demonstrate that the inverse
fine-structure constant arises from the evaluation of the Pellis Function at the golden
ratio @, suggesting a unified fractal origin for fundamental physical constants. Together,
these results provide a cohesive visual and algebraic unification of mass structures in the
Standard Model and beyond, highlighting the interplay between geometry, number
theory, and fundamental physics.
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1. Introduction

One of the central open problems in modern physics is the origin of mass hierarchies among the elementary particles

of the Standard Model. While the Higgs mechanism explains how particles acquire mass, it does not account for the
striking hierarchy of Yukawa couplings or for the apparent numerical regularities among particle masses. This gap
has motivated the search for deeper symmetries and mathematical principles underlying the observed spectrum.
Modern physics seeks deeper symmetries and mathematical structures that explain the observed values of
fundamental constants and physical quantities. Two of these efforts, initially independent, bring to the fore special
mathematical analogies. The Pellis Equation proposes a fractal, geometric structure based on the golden ratio ¢,
capable of producing or approximating physical constants such as the fine-structure constant. The Koide formula
gives a remarkably accurate relationship between the masses of the three charged leptons (e,u,t), reinforcing the
suspicion of a hidden symmetry or principle in the Standard Model. The connection of these two approaches may
open the way for a common mathematical and physical framework for interpreting fundamental physical quantities.
The Pellis—Koide Function can be understood as a hybrid concept combining the Pellis Function framework with the
Koide formula, which is a well-known empirical relation in particle physics. Both aim at the extraction of
dimensionless numbers and relationships that highlight harmony and symmetry in fundamental physical quantities,
including masses, constants, and ratios.

We propose a unifying geometrical and number-theoretic framework for understanding the mass hierarchies of
elementary particles, based on the pentagram (five-pointed star), the golden ratio, and the Koide—Pellis mass
condition. We present a novel geometric construction linking the empirical Koide mass formula with the fractal
pentagram structure governed by the golden ratio. This construction provides a geometric embedding of five
fundamental particle triads—Ileptons, neutrinos, up-type quarks, down-type quarks, and electroweak bosons—within
the structure of a golden pentagram. By embedding five Koide triplets—representing leptons, neutrinos, up-type
quarks, down-type quarks, and a hypothetical composite sector—into the internal isosceles triangles of a recursive
pentagram, we reveal a deep connection between particle mass hierarchies, ¢-scaling, and fractal symmetry. Each
triad approximately satisfies a Koide-type relation and exhibits square-root mass ratios close to ¢.This
fractal-geometrical model reveals hidden symmetries and suggests a deeper organizing principle behind the Standard
Model. The Koide mass formula has remained one of the most intriguing empirical observations in particle physics.
While originally applied to charged leptons, further attempts have been made to extend it to neutrinos and quarks. In
parallel, the golden ratio ¢ pervades geometrical, biological, and physical systems, especially via pentagonal and
fractal symmetries. The Pellis Function, a dimensionless and ¢-based unifying framework, provides a bridge between
these domains. In this paper, we geometrically embed five Koide triplets into a fractal pentagram—a structure
naturally governed by ¢—where each internal triangle represents a Koide system. The goal is to geometrize the mass
hierarchy via ¢-scaled triangle geometry. The origin of mass hierarchies among fundamental particles in the Standard
Model remains one of the most intriguing mysteries in theoretical physics. The Koide relation, first noted for the
charged leptons, hints at a possible underlying symmetry in the structure of masses. We extend this idea by proposing
that all fundamental mass triads can be described through similar relations when embedded geometrically within a
pentagram governed by the golden ratio.

The Fractal Pentagram via the Koide—Pellis Function suggests a rich and deep structure combining:

-The pentagram (five-pointed star) geometry, which is closely linked to the golden ratio ¢ and fractal self-similarity.
-The Koide formula, a mysterious empirical relation for charged lepton masses.

-The Pellis hypothesis/function, which involves dimensionless constants, fractality, and golden-ratio-based scaling.

In essence, it is a pentagonal fractal construction where:

-Each edge or vertex of the pentagram corresponds to a Koide mass triplet or a Pellis function term.

-The pentagram is iterated recursively, generating smaller pentagrams inside, revealing fractal self-similarity.

-The golden ratio ¢ and Pellis function parameters appear naturally in the scaling ratios.

-Koide’s mass relation and Pellis functions intertwine via dimensionless constants and fractal geometry, revealing
hidden algebraic or spectral symmetries.

Regarding the pentagram:

-The pentagram’s internal angles and ratios are intimately connected with ¢.



-It is the geometric manifestation of the golden ratio in planar figures.

-It can be recursively subdivided into smaller pentagrams, creating a fractal structure.

-The pentagram’s five points match with five Koide triplets or Pellis function terms (e.g., families of leptons/quarks,
or fractal scaling levels).

The pentagram has five vertices and five vertex angles—a natural setting for five triangles. Each of these five
triangles can correspond to a Koide triplet, i.e., a triad of particles with the Koide relation (e.g., electron, muon, tau).
The geometric arrangement within the pentagram creates these five triangles in a symmetrical and fractal manner,
where the sides and angles are related to the golden ratio ¢. Thus, the pentagram becomes a “map” of the five
Koide—triangles with a natural interpretation. The pentagram functions as a geometric—physical foundation for the
fractal structure of masses in the Standard Model. It includes five Koide—triangles, each corresponding to a class of
particles, with mass roots in the ratio ¢ and satisfying the Koide condition.

The geometric structure is such that each triangle is defined by a triad of particles with mass roots in the ratio 1:@:¢>.
The pentagram is inscribed in a circle, with the center containing the constant Q=2/3. The geometry follows the
Platonic symmetry of the pentagon, unifying: Fractal scaling, Koide condition and Golden Section. The physical
significance is that the pentagram unifies mass families, indicating that nature “writes” with a golden section. Every
particle family is geometrically consistent with fractal-Pellis scaling. We propose a novel fractal model of mass
generation in the Standard Model based on golden-ratio scaling. The Higgs—Pellis Coupling Matrix (HPFM) encodes
Yukawa interactions through a fractal, self-similar structure defined by powers of ¢. Fermion masses arise from
dimensionless, geometrically ordered structures, naturally reproducing mass hierarchies, Koide-like relations, and
fractal textures in the Higgs sector. The framework applies universally across quarks, charged leptons, and neutrinos,
and is extendable to seesaw and beyond-Standard-Model models. Furthermore, we show that the inverse
fine-structure constant o' can be derived from a dimensionless expression involving ¢, hinting at unification of
coupling constants via fractal geometry. Understanding the origin of fermion masses remains an open problem in the
Standard Model. The Higgs mechanism explains mass acquisition but offers no intrinsic reason for the hierarchical
pattern of Yukawa couplings. Inspired by Koide's relation and the fractal self-similarity observed in nature, we

introduce a geometric model where masses are scaled by powers of the golden ratio ¢, resulting in a coherent fractal

structure underlying the Yukawa sector. Additionally, we explore how dimensionless physical constants such as o'

may emerge from similar golden-ratio scaling.

Hans Hermann Otto [1-5] proposed the use of the fifth power of the golden ratio ¢’ as a fundamental "natural
number", unveiling deep numerical and structural connections with the fine-structure constant o. His model
emphasizes recursive resonance between cosmological and quantum scales, echoing the fractal-information encoding
of the Golden Function. Otto's framework reflects key principles embedded in the Golden Function, especially the
recursive and dimensionless nature of physical laws. A. Khalili-Golmankhaneh [6-9] introduced fractal calculus,
providing a rigorous mathematical treatment of scale-invariant and complex geometrical phenomena. This formalism
is essential for describing nonlinear biological, physical, and cosmological behaviors, mirroring the structural logic of
the Golden Function. Wim Vegt [10-14] advanced a relativistic model that seeks to unify electromagnetic and
gravitational interactions. His pioneering approach underlines the need for new frameworks of field theory that
transcend conventional four-dimensional spacetime and converge with the informational-geometric goals of the Pellis
Function. His work aligns with the Golden Function: to reframe physical interactions through informational and
geometric coherence. Seyed Kazem Mousavi [15-16] proposed a six-dimensional spacetime theory, adding geometric
and topological depth to the unification of fundamental forces. This aligns conceptually with the multi-scale and
non-Euclidean formulation of the Golden Function. Christian G. Wolf and Emmanouil Markoulakis [17] explored
novel formulations of physical constants and proposed models for the fine-structure constant that highlights vacuum
space as an intrinsic quantum medium. The work emphasizes the dimensionless nature of fundamental constants,
their interrelations, and the potential of these relationships to reveal deeper structural properties of space, providing a
framework for connecting quantum mechanics, electromagnetic phenomena, and fractal geometries. Pohl [18-20] has
explored the nature of time, measurement, and the structure of reality through the concept of a “cosmic formula”,
offering both philosophical and theoretical tools for unified thinking — a vision that parallels the dimensionless and
recursive nature of the Golden Function. Dr. Rajalakshmi Heyrovska [21] showed that ¢ governs atomic dimensions



and relationships, providing biophysical evidence that supports the universality of golden-ratio structures in both
living and non-living systems, suggesting that atomic structure inherently reflects golden-scaling symmetries, as does
the Golden Function. Mario Livio [22] explored the golden ratio across art, nature, and science, providing cultural
and empirical depth to the presence of ¢ as a universal design principle — a philosophical affirmation of the Golden
Function’s scope. The quest to understand the origin of particle masses has been a central open problem in theoretical
physics. Within the Standard Model, fermion masses arise through Yukawa couplings to the Higgs field, yet the
observed values span several orders of magnitude and appear largely arbitrary. Early efforts to discern hidden patterns
in the fermion mass spectrum include the seminal work of Koide [23], who proposed a fermion—boson two-body
model of quarks and leptons, establishing an initial connection between lepton and quark masses and the Cabibbo
mixing parameters. This work laid the foundation for what later became known as the Koide mass formula for
charged leptons, a remarkable empirical relation linking the electron, muon, and tau masses with a precision better
than one part in 10°. Building on this observation, Koide [24] emphasized the striking accuracy of the charged lepton
mass relation, suggesting that it is unlikely to be a numerical coincidence. He proposed that such precision might
reflect a deeper geometric or symmetric principle underlying the lepton mass spectrum, hinting at a potential
organizing structure beyond the conventional Standard Model. The appearance of the fraction 2/3 in the formula, in
particular, has motivated interpretations in terms of geometric constraints and fractal-like patterns in mass generation.
Efforts to generalize Koide’s formula to neutrinos and quarks have also been explored. Li and Ma [25] investigated
the extension to neutrino masses using constraints from neutrino oscillation experiments and cosmological bounds on
absolute masses. Their analysis suggested that a Koide-type relation could provide approximate predictions for
neutrino mass hierarchies, particularly within the framework of normal or inverted mass orderings. Similarly, Rivero
and Gsponer [26] examined mathematical and symmetry-based generalizations of the Koide formula, analyzing its
potential application to quark and neutrino sectors and highlighting the possibility that the observed precision reflects
an underlying fractal or golden-ratio symmetry in the fermion mass landscape. These foundational studies indicate
that particle masses may not be arbitrary, but instead follow a deeper structure potentially governed by geometric,
fractal, or number-theoretic principles. Inspired by these insights, the Unified Pellis—Particle Equation has been
formulated as a general framework capable of embedding Koide-type relations across all fermion families. By
introducing the Pellis Function as a recursive, golden-ratio-based generator, this approach unifies charged leptons,
neutrinos, up-type quarks, and down-type quarks within a single algebraic and geometric formalism. The framework
reproduces observed mass hierarchies and Koide-like ratios while providing a natural pathway to explore potential
connections to fundamental constants, fractal mass structures, and beyond-Standard-Model sectors. Overall, the
integration of Koide’s empirical observations with the Pellis Function underscores the potential of a unified,
fractal-geometric principle governing particle masses, offering a promising route to uncover the hidden symmetries
of the Standard Model and beyond.

Previous work has established a series of mathematical and physical frameworks linking fundamental constants,
fractal geometry, and natural structures. Exact and approximate relations have been formulated connecting =, ¢, e,
and 1, as well as the fine-structure constant o and the proton-to-electron mass ratio p through the golden ratio, the
golden angle, and relativistic factors [27-34]. Further studies extended these formulations to six dimensionless
physical constants and proposed unification schemes for the fundamental interactions, including the theoretical
derivation of the gravitational constant G and its relation to atomic and cosmological scales [35—44]. The concept of
the gravitational fine-structure constant ag, the unity of microcosm and macrocosm, and the formulation of
dimensionless universal equations have also been explored [45-54], alongside proposals such as a new Large
Number Hypothesis, mass-scale laws, and theoretical estimates of the Hubble constant [55-57]. Cosmological
models incorporating the Poincaré dodecahedral space, dark energy density parameters, and equations of state were
developed to connect geometry, topology, and physical constants [S8—63]. Applications of these ideas extend to
biological and structural systems, including the fractal Schrédinger equation for quantum systems [64], fractal
patterns in natural filamentary and spiral structures relevant to the origin of life [65], and semi-classical models of
confined molecular systems [66]. In [67] we have introduced and explored the Golden Function as a unifying
mathematical framework linking the inverse fine-structure constant, golden-ratio-based fractal geometry, and spectral
topology of the Poincaré Dodecahedral Space (PDS). Through analytical derivations and spectral approximations, we
have shown that the inverse fine-structure constant o' emerges naturally from a combination of golden ratio powers



and topological constraints imposed by the Laplacian spectra of closed, positively curved spaces. In [68] we present
a rigorous mathematical investigation of the Parthenon’s architectural proportions through the framework of the
Golden Equation, which integrates fractal geometry and the golden ratio ¢ within a unified formalism. Utilizing
analytical methods from geometric topology and spectral theory, we demonstrate that the Golden Equation
encapsulates the scaling relations and harmonic ratios inherent in the Parthenon's design. These core references
provide the foundation for this study, linking classical seismology with fractal geometry. In [69] we explored the
fractal and golden-ratio-based scaling laws underlying seismic phenomena, introducing the Golden Function as a
unifying framework for multiscale geophysical processes. This work demonstrates how recursive, dimensionless, and
¢-scaled relationships can model the self-similar structure of earthquake patterns, connecting fractal geometry with
physical laws. The Unified Golden Model of DNA Fractal Geometry [70] introduces a @-based fractal framework in
which DNA structure, codon organization, and chromatin architecture follow recursive golden-ratio scaling. Using
the Pellis Function, the model links biological patterns with fundamental constants and fractal physics, suggesting
that DNA geometry reflects deeper universal symmetries.

2. Definition of the Golden Function

The golden ratio ¢ is an omnipresent mathematical constant found widely in nature, from the architecture of living

organisms and human-made structures to music, finance, medicine, philosophy, and physics, including quantum
computation. Known as the “most irrational” number, ¢ exhibits remarkable self-similarity and fractal-like scaling
properties. It commonly appears in systems exhibiting self-organization and minimum-energy configurations.
Examples of ¢ in various scientific domains include: Biology: natural and artificial phyllotaxis, genetic code
organization, DNA helical structures. Physics: hydrogen bonding, chaos theory, superconductivity phase transitions.
Astrophysics: pulsating stars, black hole dynamics. Chemistry: quasicrystals, protein folding models. Technology:
tribology, electrical resistors, quantum computing, photonics.

The fine-structure constant o is a fundamental, dimensionless parameter that quantifies the strength of the
electromagnetic interaction between charged elementary particles. Introduced by Arnold Sommerfeld in 1916 to
account for the fine splitting of atomic energy levels—beyond the Bohr model—this constant incorporates relativistic
corrections to electron motion and marks a significant advancement in early quantum theory. As such, it governs the
coupling strength between charged particles and the electromagnetic field—most notably, the probability amplitude
for an electron to emit or absorb a photon. Its dimensionless nature renders it invariant under changes to the units of
mass, length, time, or electric charge, placing it among the most "universal" constants in the physical sciences. From
quantum electrodynamics (QED) to atomic and molecular structure, the fine-structure constant permeates the fabric
of modern physics. Its value affects the structure of atoms, the stability of matter, and the nature of light-matter
interactions. Yet, despite its central role, the origin of its numerical value remains one of the deepest open questions
in theoretical physics. Paul Dirac famously referred to the mystery of a value as “the most fundamental unsolved
problem of physics,” reflecting a widespread sentiment among physicists and philosophers of science alike. The
constancy and ubiquity of a have prompted attempts across decades to derive it from first principles—ideally in terms
of mathematical constants such as m, e and ¢, or via unifying frameworks that reduce the number of arbitrary
parameters in physical law. The persistent absence of such a derivation for o continues to inspire efforts ranging from
string theory and quantum gravity to approaches grounded in number theory, fractal mathematics, and information
theory. In this context, any proposed framework—such as the Golden Function—that attempts to derive the
fine-structure constant from a mathematical relation involving transcendental numbers and geometric principles,
warrants rigorous examination. Such endeavors aim not only to demystify the value of a, but to illuminate the
underlying architecture of the universe itself.

First introduced by Arnold Sommerfeld in the early 20th century, it connects key physical constants. Its
near-mystical appearance in atomic spectra, quantum electrodynamics (QED), and the structure of matter makes o a
candidate for deeper unifying principles in science. Yet a’s influence may extend far beyond quantum physics,
echoing across scales—from atomic transitions to the geometry of DNA and the organization of galaxies.

1. In Quantum Physics and Electromagnetism: Governs electron transitions in atoms (fine structure of hydrogen
spectral lines),Fundamental to QED: loop corrections, vacuum polarization, Appears in the running of coupling
constants and grand unification theories (GUT).

2. In Chemistry and Molecular Biology: Controls the strength of chemical bonding via electromagnetic
interaction,Determines precision of atomic clocks,Correlations suggested between o and molecular absorption lines in
astrophysics,Speculative links between a and electron transport in proteins or photosynthesis.

3. In Genetics and Biophysics: Some theoretical models suggest ¢- and a-based scaling in: DNA helical geometry,



Codon arrangements and base-pair symmetries,Golden ratio correlations in biomolecules that may encode resonance
conditions related to a.
4. In Cosmology and Astrophysics: Influences stellar fusion rates and nuclear synthesis. Affects ionization history of
the universe (CMB signatures), Precision tests: possible time or spatial variation of a (e.g., quasar absorption
lines),Appears in attempts to derive a from cosmological models or topology (e.g., Poincaré dodecahedral space).

5. In Art, Aesthetics, and Mathematical Harmony. Although o is not directly aesthetic like ¢ or m, connections
arise:Attempts to derive o from mathematical constants: @, e, ¢. Models propose o as a ratio emerging from fractal,
harmonic, or number-theoretic structures
6. In Nature and Complexity: Emergent scaling in nature often echoes fractal and electromagnetic dynamics: Spiral
phyllotaxis and plant growth (governed by ¢, possibly linked to a). Antenna-like structures in biology tuned to
electromagnetic frequencies. Speculative: a as an attractor in the evolution of energy-efficient, resonant biological
forms. The fine-structure constant, o, appears to thread through the fabric of physical law like a golden stitch,
governing interaction strength with uncanny precision. Its dimensionless character makes it a perfect candidate for
deeper unification—not only within physics, but possibly between physics, biology, and cosmology. Whether we will
ever derive a from first principles remains one of science’s grandest open questions. Its value, hovering eternally near
1/137, continues to inspire both physicists and philosophers alike. The fine-structure constant appears to thread
through the fabric of the cosmos like a golden filament—precisely dimensionless, universally embedded, yet
fundamentally mysterious. Its consistent presence in domains as diverse as atomic transitions, DNA geometry, and
cosmological topology renders it a plausible candidate for a unifying principle across the sciences. Whether it can
ultimately be derived from a geometric or fractal origin—such as the Golden—remains one of the most compelling
open problems in theoretical physics and complexity science.

The fine-structure constant is one of the fundamental physical constants of nature, describing the strength of the

electromagnetic interaction between charged particles. Its reciprocal, a! , has been measured experimentally with
great precision. However, despite its central importance in physics, its exact theoretical origin and mathematical
expression remain a subject of research and debate. The 2022 CODATA recommended value of a is

0=0.0072973525643(11) with standard uncertainty 0.0000000011x10 and relative standard uncertainty 1.6x1071°.
For reasons of convenience, historically the value of the reciprocal of the fine-structure constant is often specified.
The 2022 CODATA recommended value is given by o'=137.035999177(21) with standard uncertainty

0.0000000011x10 and relative standard uncertainty 1.6x10'°. The theory of QED predicts a relationship between
the dimensionless magnetic moment of the electron and the fine-structure constant o (the magnetic moment of the
electron is also referred to as the electron g-factor ge). One of the most precise values of o obtained experimentally
(as of 2023) is based on a measurement of ge using a one-electron so-called "quantum cyclotron" apparatus, together
with a calculation via the theory of QED that involved 12672 tenth-order Feynman diagrams:

o '=137.035999166(15). The Pellis function is defined as:

f(z)=360-22—-2-2 %+ (3-2)° (D

and is a mathematical expression that combines terms with negative powers of the real variable x, offering an
interesting combination of polynomial and hyperbolic terms. This particular form of the function emerges in the
context of unifying approaches to physical constants and quantum mechanical systems, where the choice of x is often
related to important mathematical constants, such as the golden number ¢. The form f(x) is a linear combination of
negative power terms of x, which often appear in quantum field theory and particle physics (e.g. terms related to
angular momentum, rotation, scale). The function f(x) is of particular interest for the following reasons:

1) Nonlinear composition of terms: The terms with exponents —2 , =3 and —5 are not simple sums of negative powers,
but are combined with specific coefficients that create a complex profile of change depending on the value of x.

2) Possible application in physical systems: When x takes the value of the golden number ¢, the function f(p)
approximates with great accuracy critical physical constants, such as the inverse fine-structure constant o', This
relationship brings to the fore the possibility of a deeper mathematical framework, connecting the geometry and
harmony of nature with fundamental interactions.

3) Connection with fractal and quantum geometry: The form of the terms and the use of the power —5 in combination
with multiplication factors suggest underlying fractal or multi-scale patterns, which can find application in quantum
mechanical approaches that incorporate fractal structures and symmetries.

The Pellis function arose from the need to express with mathematical precision the inverse fine-grained constant, one
of the most fundamental constants in physics. This constant determines the magnitude of the electromagnetic
interaction and has linked theoretical and experimental physics for decades. The use of simple sums of terms with



negative powers and specific constant coefficients allows the reduction of a seemingly complex physical constant to a
simple and elegant mathematical expression.

Interpretation of the coefficients:

1) The term 360 x* reflects a basic scaling associated with angular or rotational symmetries — 360 refers to a full
circle (degrees), suggesting a relationship with geometric or phase phenomena. The power —2 denotes square
inversion, common in physical fields (e.g., Coulomb's law).

2) The term —2-x™ acts as a corrective, slightly reducing the value produced by the first term. The power —3 refers to
more complex scalings, perhaps associated with three-dimensional structures or fractal harmony.

3) The term (3-x) is small in size but crucial for the accuracy of the function. The power —5 indicates a much faster
rate of decay, possibly related to higher-order corrections or symmetries arising from fractal or quantum structures.
The factor 3 in parentheses changes the scale and is associated with threefold symmetries that occur in natural
systems. The choice of these specific numerical coefficients is not random but is based on unifying assumptions that
connect geometric and fractal properties with physical constants, creating a bridge between mathematical harmony
and physical reality. The Gold function thus offers a new perspective that highlights the importance of mathematical
constants and symmetries in understanding the fundamental structure of nature.

The study of the function f(x) is a key step in the understanding and possible unification of mathematical and
physical phenomena, opening paths for the interpretation of physical constants through mathematical relationships
with a deep geometric and proportional basis. In this paper, we will examine the analysis of the Gold Function, the
special case f(@) and its possible applications in fundamental physics and mathematical physics. The Gold Function is
a dimensionless, fractal-based mathematical expression involving powers of the golden ratio ¢. The Function is a
proposed dimensionless mathematical expression involving the golden ratio ¢, designed to approximate and
potentially explain the value of the inverse fine-structure constant, a*, through pure mathematics. The figure 1 below
shows the graphical representation of the Gold function.

Graph of the Pellis Function
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Figure 1: The graphical representation of the Gold function.

Fine-structure constant can be formulated exclusively in terms of the golden angle,the relativity factor and the fifth
power of the golden mean:

flp)=360-92—2.034+(3-9)° (2

with the numerical value:

f(p) = 137.0359991647656. . . .



So the Golden Function of the Fine-Structure Constant is:

a,' =360 2 —2-p 3+ (3-9)° 3)

The inverse fine-structure constant o' is a fundamental physical constant that governs the strength of
electromagnetic interactions. Recent studies, notably by Dr. Rajalakshmi Heyrovska, reveal a profound geometric
connection between o' and the golden angle 0g, which derives from the golden ratio ¢. The golden angle is defined
as the fraction 360x(1-¢™!), yielding approximately 137.5077, a value remarkably close to the experimental
measurement of the inverse fine-structure constant o' '. The equation accurately expresses this relationship, where the
term 360-¢2 corresponds exactly to the golden angle, while the corrective terms -2-¢~ and (3-¢)” fine-tune the
value to match the precise experimental constant. Dr. Rajalakshmi Heyrovska has demonstrated that the golden ratio
¢ provides a quantitative connection between several fundamental quantities in atomic physics. In her investigation of
precise ionic radii and the ionization potential of hydrogen, she found that the Bohr radius can be partitioned into two
golden sections corresponding to the electron and proton. More broadly, ¢ also emerges as the ratio between anionic
and cationic radii of atoms, whose sum equals the covalent bond length. This geometric perspective suggests that
fundamental physical constants may arise from underlying fractal and analogical structures, with the golden ratio
principles embedded in quantum phenomena. Employing ¢ in calculating atomic radii and bond lengths offers a
coherent framework to predict structural properties of materials. The precise geometric approximation of o' may thus
facilitate refined theoretical models linking electromagnetic constants with molecular structures and biological
functions. Overall, the geometric association between the inverse fine-structure constant and the golden angle
highlights a profound unity between mathematical constants and physical laws, providing an interdisciplinary bridge
that deepens our understanding of nature. This connection supports that the fine-structure constant is not a mere
numerical coincidence but is fundamentally rooted in the fractal geometry of nature, with both the golden ratio and
golden angle permeating atomic structure and electromagnetic interactions—thus paving the way for geometric and
mathematical interpretations of fundamental constants and their roles in physics. Another beautiful form of the
equation is:

1 360 2  3° (4)
— 2 3 ' 5
a ¢ ¢ ¢
Other equivalent expressions for the fine-structure constant are:

alt=(362-3"*)+(3*+2-3°-364)-¢p ' (5)
al=1-2-014360-p2—p 3+ (3-9p)° (6)
al=¢"—2.0714+360- 02—+ (3-9)° (7
al=¢% 2.0 14360023 -241-30. o7~ (3.9)° (8)

The above graphic representation presents the three basic geometric parts of the Pellis Function for the fine-structure

constant o', along with their final sum: It provides approximations and unifications of fundamental physical
constants, biological ratios, cosmic structures, and temporal rhythms. Each type of Pellis Function serves a distinct
purpose, from physics to medicine. This yields an astonishingly close approximation to the physical constant.
Structure & Interpretation Each term of the function has mathematical and symbolic significance: f(@)=a"' . This is
the graph of the Pellis Function. The red dashed line shows the value of the inverse fine texture constant o' . The gold
vertical line shows the golden number ¢, at which the equation takes a value close to o', The Standard Scientific
Formulation is:



“The inverse fine-structure constant arises from a triple fractal decomposition of golden geometry: a dominant ¢ 2
scaling term associated with a full angular cycle, a spin-like self-coupling correction via ¢ >, and a minute

higher-order term expressing the spiral harmonic structure of (3-¢)”°. This suggests that a is a golden—fractal

’

invariant of Nature.’

a;l = Glolden angle — Symmetrical Correction + Fractal Scalling

a,' =360-9 2 —2-0 3+ (3-9)° )

with numerical values:

a,' = 137.03599916476564. . . .

a, = 0.00729735256598292. . ..

Absolute error between () and CODATA 2022 1.12344x10°® and relative error: 8.2x107*!, The value of the Pellis
function deviates from the official CODATA 2022 value by approximately 1.1x10°8, i.e. much less than the official
measurement uncertainty limit (2.1x10®). This means that the mathematical expression of the function is fully
compatible with the experimental data within the accuracy defined by CODATA 2022. The new measurement and
SM theory together predict a*=137.035999166 (15) [0.11 ppb] with an uncertainty 10 times smaller than the current
disagreement between measured o values.

1. Circular Geometry and the 360° Foundation: The coefficient 360 refers to the full angle of a circle. Interpreting this

geometrically, it's a rotational baseline, representing completion, symmetry, and cyclic repetition — principles seen
in: Atomic orbitals , Electromagnetic wave cycles , Biological rotations (helix turns, flower arrangements). It is
observed in a variety of biological, astronomical, and quantum structures (e.g. leaf distributions, spin-orbit patterns,
fractal rhythms). The full circle is used as the fundamental geometric unit of the universe. This approach aligns with
the idea that nature “prefers” ¢ for the distribution of energy, forms, and quantum resonances. It corresponds to the
unique conceptually optimal division ratio of the circle.
2. The Role of @2 Spiral Scaling ¢2=0.381966 is the inverse square of the golden ratio in nature and geometry:
Spirals such as the golden spiral reduced by factors of ¢ per quarter turn, ¢ represents the second level of
contraction, suggesting spiral compression. This is fractal scaling in polar coordinates. Used as a scaling law across
recursive geometries in biology and cosmology.
3. Negative Correction Term -2:¢>: The term ¢3=0.236 adds a correction to the main spiral contraction. In
geometry, @ is associated with the offset in a logarithmic spiral or asymmetry in natural growth. The negative sign
suggests counter-rotation, phase shift, or perturbative adjustment. Interpreted as torsional correction or feedback loop.
It also functions as a geometric correction, possibly analogous to: dipolar interaction, two-dimensional resonance (2D
fractal curvature level), Koide-type fractal correction factor or scaling curvature in the context of Pellis theory.
4. Higher-Order Fractal Term (3-@): The factor 3-¢ raises the spiral to a compound radius. Raised to the 5th power,
the term scales down to: (3:9)°~6158.64 = (3-¢)=0.000162. The term has an important interpretation: 3-¢ is
associated with three-dimensional scaling (as in 3 spatial dimensions or triptych families of particles).This is a deep
fractal correction, affecting only very fine structure. Geometrically, this mirrors the self-similarity seen in: Fractal
roots and veins , Spiral galaxy arms , Atomic spectral lines.The 5th power appears in:fractal dimensions (e.g. D = 5/3
in angular momentum),DNA curvature,Fibonacci-type hierarchies. The very small value of this term seems
like:quantitative confirmation of the need for a weak but necessary fractal correction for perfect agreement with o™* .
Fractal Pellis spiral: A large golden spiral arc with radius R=360-@>. A secondary straight correction with length
2:@73, placed perpendicular to the curve, like an arm or axis. A central point, like a mathematical fractal nucleus, with
size (3-¢)>, placed at the center of the spiral. The sum of these creates a golden fractal geometry that balances
around the constant a*. The figure 2 below shows the Fractal Pellis spiral.
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Figure 2: The Fractal Pellis spiral.

This construction is not just a geometric shape. It is a fractal symbolism of physical reality, such as: The structure of
DNA (double helix with golden scale). The functioning of the nervous and cardiovascular systems. The fractal
arrangement of galaxies and black holes.

3. Definition of all type of the Pellis Function

The Pellis Function is a family of mathematical functions rooted in the golden ratio o, fractal geometry, and spectral
topology. It serves as a unified framework connecting fundamental constants, geometric structures, and physical
phenomena through dimensionless, scale-invariant expressions. Various types of Pellis Functions have been defined
to capture different aspects of this framework, each reflecting specific mathematical or physical properties. Below we
provide a concise overview and definitions of the principal types:

Category A — Core Mathematical Forms

3.1 Definition of the Harmonic Pellis Function
We define the harmonic Pellis function as follows:

Pz)=A-z?+B-23+C-27° (10)
where the constant multiplicative weights are: A= 360 , B=-2, C= 3" and we set: x=¢ . Then:

Flp)=360-97 =202+ (3-9)7° (11)
which corresponds exactly to the classical Pellis equation approximating the inverse fine-structure constant a™.
3.2 Definition of the General Pellis Harmonic Function:

Apply recursive structure of Pellis Function to harmonics define:

fn — A . |:a,1 . ¢_2'n — a9 - 90_3'”‘ + as - (3 . 80)_5'71} (12)



This defines a recursively shrinking or expanding harmonic ladder depending on the sign of . Visualize overtones as
fractal spectra. Draw parallels with harmonic series and overtone structure of instruments.

3.3 Definition of the General Pellis Function

The General Pellis Function is defined as:

n

Po(p) = ar-¢ " (13)

k=1

where: ¢ is the golden ratio, ak & Q are rational coefficients, n € N is the depth of development (i.e. the level of
¢-fractal repetition).

3.4 Definition of Fractal Pellis Expansion

We can visualize the evolution of the function as a series:
flo)=> an-o" (14)

with: 2= 360 , a3= -2 , a5= 37 . Everything else: an=0. Where the coefficients are natural numbers, mathematical
factors, or geometrically interpretable.This specific evaluation yields a remarkable approximation to the inverse
fine-structure constant o', indicating that the General Pellis Function may serve as a dimensionless generating
function for fundamental constants through ¢-scaling and fractal series.

1. First term 360-¢ % Full angular rotation, Platonic cycle (360°), related to spherical symmetry, full periodicity, or
SU(2)/U(1) symmetry. Geometrically, 360 = sum of interior angles in polygons approaching a circle.

2. Second term -2-¢3: A correction term: suggests bifurcation, duality, or dipole structure (e.g., charge pair,
spin-1/2). Negative sign implies subtractive symmetry. In optics or EM, this may relate to two-pole interference.

3. Third term (3-¢)™: Fine-structure correction or spiral embedding. The fifth power implies fractal depth, while
"3.¢" suggests threefold scaling or triple golden spiral structure. Related to self-similar toroidal embeddings.

4. Everything else: an=0. Implies the function is sparse and only certain harmonics / eigenmodes contribute—akin to
fractal selectivity, not all powers are physically meaningful. Sparse series = physical resonance.

3.5 Definition of the Pellis Logarithmic Spiral

The Pellis Logarithmic Spiral is a geometric representation of the General Pellis Function embedded in a fractal and
golden-ratio-based framework. It provides a unifying visual and mathematical structure for expressing the recursive,
scale-invariant behavior of physical constants and natural forms. The Pellis Function has the structure:

Plz)=A-z?2+B-z3+C-2° (15)

If x=0, then:

Pp") ~ Y ap-p (16)
k

This is equivalent to a logarithmic decrease — like golden ratio spirals, i.e.:

r(@):ro-ek'a k=Ilnyp



So P(x) has a fractal spiral character — just like patterns in nature.
3.6 Definition of the Time Pellis Function
We define the fractal-golden function of time as:
Ty (n) =360 @ 2" —2. 0 3" 4 (3. ¢") " (17)
n € Z, which produces fractal time constants.
3.7 Definition of the Pellis Scaling of Pyramid Frequencies

The theory may suggest that the natural resonant frequencies of the Pyramids (perceived in acoustic/electromagnetic
measurements) can be scaled based on the Pellis function:

fle™) =360 (") 2 —2-(p") >+ (3-9™)° (18)

Where n € Z, indicates fractal deepening or layering.

3.8 Definition of the Pellis Fibonacci Generating Function

The Pellis Fibonacci Generating Function is a mathematical construct designed to generate the Fibonacci sequence
and related fractal scaling properties through a function deeply connected to the golden ratio ¢. The Pellis Function
can be related to the generating function:

x (19)
F(z) = ——
() 1—z—2?
Considering:
[e.°] Fn
Pp (z) = Z o (20)
n=1

The Pellis Fibonacci Generating Function extends this concept by incorporating golden ratio scaling and fractal
structures. It can be expressed in terms of powers of ¢, leveraging the fact that Fibonacci numbers approximate
powers of ¢:

F,="=
V5

The Pellis function generalizes such expansions, often including correction terms, to model physical constants or
natural fractal phenomena. A Pellis-type generating function P(x) may take the form:

P (z) :io:an-gan-w" (21)

where coefficients an encode physical or geometric information related to fractal scaling, and the powers of ¢
emphasize self-similarity and minimal irrationality. The use of @™ incorporates the golden ratio’s scaling properties



directly into the generation of sequences and functions, reflecting fractal self-similarity in nature. Approximation of
Constants: Through careful selection of coefficients an , the Pellis Fibonacci Generating Function can approximate
constants like the inverse fine-structure constant o' , or model partitions of atomic scales such as the Bohr radius into
golden sections. Fractal and Quantum Models: This function framework is employed to represent fractal quantum
states, hierarchical energy levels, and recursive structures in biological and physical systems.

Category B — Spectral / Operator Forms
3.9 Definition of the Pellis Spectral Laplacian function

The Pellis Function arises as a spectral Laplacian function in fractal/topological space:

L 1
P, () = ; ) (22)

where: Ak(¢) are eigenvalues of a ¢—dependent Laplacian on a fractal manifold (e.g. golden spiral torus, Poincaré
3-sphere). Approximates the spectrum of physical constants.

3.10 Definition of the Fractal Kernel Pellis function

We can consider the Pellis function as a fractal kernel:

K(z)=) 2 (23)

which enters as: convolution kernel, Schrédinger potential term in zeta-form fractal-analytical background for
numerical or biological signals. Viewed as a fractal kernel, the Pellis function acts as a convolution kernel or potential
term in fractal-analytical Schrodinger equations:

K (Z) _ z a, - (‘O—n L im? (24)

n

where z parameterizes fractal or biological signals (e.g., HRV, EEG).
3.11 Definition of the Pellis Fourier Series

The Pellis Function (due to its form) can be approximated by a ¢-scaled harmonic series:

Pr@) = Y an-cos (27 ) 25)

n=1

or even better with Golden Wavelets, which are based on fractal basis functions.
3.12 Definition of the Riemann fractal-Pellis
Defining a fractal-Pellis series:

ﬁ fO’f‘ s€ER (26)



Poo(p) =3 — - ¢, (s +1)

— (Pn~(s+1)
So the Pellis Function approximates a f-modified zeta formula, a golden zeta!
3.13 Definition of the Pellis-Gamma function

The Gamma function has the definition:

I'(z)= / t= . e7tdt
0

and its structure resembles integral versions of the Pellis Function, if we define:

(0.0] t(p—].
Py (z) = / dt
0

ot
a "Pellis—-Gamma function", with fractal exponential behavior.

3.14 Definition of the Pellis Operator

We define the Pellis Operator Po acting on a scalar field y(x) as follows:

Py-gp(z)=[p" A+ R(z)+¢ " T(z)] - ¥()

(27)

(28)

(37)

where: A is the Laplace-Beltrami operator on the PDS manifold. R(x) is the scalar curvature. T(x) encodes local
topological torsion or Chern—Simons-like contributions. ¢ is the golden mean. This operator modifies the spectrum of
quantum fields by introducing golden-ratio scaling, aligning with the spectral fingerprints derived in previous

sections.
3.15 Definition of the Pellis Frequency Filter

A function for filtering sound spectrum:

N
Filtered (f) — Z An . fn . [9072% —92. (1073% + (3 . (‘0)75.71
n=0

Implemented as a spectrum distortion function. Used in fractal synthesizers.
Category C — Biological / Biomedical Extensions
3.16 Definition of the Biological Pellis Function (for DNA, heart, brain)

Approximately:

frio(@)=A-¢ ' +B-0 2+ C-o 3+. ..

(38)

(29)

where A, B, C... correspond to constants that regulate frequencies, time intervals or forms (e.g. HRV, EEG rhythms,

DNA ratios)E.g. average ratio of DNA basic grooves~e.



3.17 Definition of the Biological / Fractal-Prototyping
Format adapted to fractal systems:

Poio(n) =A- 0"+ B-@ "+ C-p " (30)
where nEN — fractal level. Ideal for: DNA wells , HRV scaling , EEG fractals

3.18 Definition of the Pellis Equation—-DNA

Proposed form of the Pellis Equation for DNA, relating length, bases, and fractal potential to a™*:

5
ot Lova g <L> 31)
3¢

lp

where: Lpna: total length of the genome, lp=Ipl- ", Z= atomic number of phosphorus or carbon. This equation
connects the Planck scale to DNA, through the fractal structure that connects the microcosm and the macrocosm.

3.19 Definition of the Fractal Fourier—Pellis Spectrum of DNA

By applying a Pellis Fourier Series to DNA sequences (e.g., ATGC codon spacing or charge density):

)= 0 cos (2112 (32)

you obtain spectral fingerprints of: Codon distributions. Epigenetic modulation regions. DNA melting profiles.
Category D — Geophysical / Seismic Models
3.20 Definition of the Pellis Seismic Eigenfunction

We define a Pellis-type seismic eigenfunction:

N
U(t) =D an-e (33)
n=1

Which can describe: The energy damping of aftershocks, the entropic effect of seismic "loss", the temporal structure
of seismic pulses. This form is directly related to the Pellis Expansion of !, with @-scaling decay.

3.21 Definition of the Pellis—Seismic Potential Function

We define a Pellis-type potential pressure field:

N a
Vig)=) —")w (34)

where: xn: microfault locations or epicenters. The structure is ¢—fractally polycentric.



3.22 Definition of the Pellis—Critical Stress Threshold

Just as: o '=fine-structure criticality. We propose:
o, = Za" Lo (35)

is the fractal critical stress above which seismic rupture begins.
Category E — Applied / Musical / Nonlinear Systems
3.23 Definition of the Musical Function Pellis

Form for frequencies or intervals:

fharm (m) = Zak . CP_k , ke Z (36)

3.24 Definition of the Third-order nonlinear differential equation

The Pellis Equation is a third-order nonlinear differential equation involving the golden ratio ¢ that has emerged as a
promising framework to unify fundamental physical constants and fractal structures observed in nature. It reads:

30-0-f(p)+42-0* f' (@) +13-¢° - f" (@) + " f" () =0 (39)

where (@) is the Pellis function, ¢ is the golden ratio, and primes denote differentiation with respect ¢. This equation
encapsulates deep connections between mathematics, physics, and fractal geometry, offering a pathway to interpret
the fine-structure constant a, fractal coherence in biological rthythms, and cosmological parameters through a unifying
fractal framework.

4. Pellis—Koide Function

The quest to understand the origin of particle masses remains one of the central open problems in theoretical physics.

Within the Standard Model (SM), fermion masses arise through Yukawa couplings to the Higgs field, yet the values
of these couplings span many orders of magnitude and appear arbitrary, with no deeper organizing principle.
Attempts to discern hidden patterns in the fermion mass spectrum have a long history, ranging from texture zeros and
family symmetries to numerical mass relations. One of the most striking empirical observations is the Koide mass
formula for charged leptons, which remarkably relates the electron electron (me), muon (my), and tau (mr) masses
through a dimensionless relation. Using current experimental values, this relation is satisfied to an accuracy better
than one part in 107, a precision far beyond any expected numerical coincidence. The Koide formula has therefore
stimulated intense interest as a potential clue toward hidden symmetries or organizing principles behind fermion
masses. Generalizations of the Koide relation have been proposed for quarks and neutrinos, with varying degrees of
success. However, a unifying framework capable of embedding all fermion sectors into a single coherent structure
remains elusive. Moreover, the appearance of 2/3 in the formula suggests an underlying geometric or fractal
constraint, possibly linked to special ratios in mathematics such as the golden ratio ¢.

4.1 Koide—Pellis Theorem Formulation Theorem

Let there be a triple of positive masses:



my, my, m3 € R
such that:
mi1 : Mg : mg = 1 : @ : ¢

or equivalently:

Then, the Koide function:

m1 + mg + mg

(‘/ml + 4/Mmao + \/771,3)2
satisfies:
2
=3

The Proof of the Koide—Pellis Theorem Formulation Theorem is: We define:
miy =A% | my=A%.0? , mg=A%.p?
Vmi= A, yms= A-p, ymz= A-p?
Calculating Q: Numerator:

mi + mao + m3g = A2-(1—|—g02—|—g04)

Denominator:
(Vi +vms+vms) = (A+A- o+ A-92) =A% (1 + ¢+ ¢?)°

Therefore:

_ A% (14 ¢? + %) _ 1+’ 4+t

A (It +¢?)"  (L+e+ed)
But:
(p2:(p-|-]_ ' =3-p+2

Therefore:

1+’ + ¢t =1(p+1)+B-p+2)=3+4-¢

2+2-¢)°=4-(1+¢)°

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)



Therefore:

3+4-
Q= —(’02 (49)
4-(14¢)
Using ¢, we calculate numerically full numerical value:
10.4721 2
~ ~ 0. . == 50
Q~ 5o = 0.66666... — Q= (50)

So it is proven.

4.2 Generalized Pellis—Koide Theorem

For every triple of particles with mass roots:

(VT VT ) (5D

, 1f their values are in a geometric scaling of fractal form:

vmi; ~ " withn; € R

then the Koide index is defined as:

211 2:n9 2n
© + + e
Q,— : (52)
(o™ + @m + ™)

and is a consistent, dimensionless and unique @-symmetry relation for the triad. His proof is: If:

vVm; = A- o™ (53)
When:
my = A% . 2 (54)
Koide Law becomes:
. miy+meo+. ... + m; (55)

(V1 + ymat. ... +ym)

A2 . 2-n; 2-n;
R L (56)
AZ- (X em)” (2 e™)
The dependence on the coefficient A cancels out — dimensionless. The ratio is always between 0.5 < Qg < 0.7 . It
depends solely on the fractal exponents ni . If the ni are symmetric (e.g. (0, 1, 2), then Q=2/3. If the ni are more
distant (e.g.(0 , 1, 4)), then Q decreases. The physical interpretation is that fractal scaling in the space of mass roots



is interpreted as a ratio of spatial or temporal discretization. The ¢-symmetry leads to Koide-type mass harmonies.
Example:

(0,1,2) — Leptons —  Q=2/3
(0,1,4) — Neutrinos —  Q=0.519
(1,2,3) — Quarksc,bt — Q=0.618...

4.3 Fractal-¢@ Analysis and Construction via Pellis Function

We will consider that the 3 roots of masses are @-scaled values:

vVmi =k, v/ms =k-p,/ms = k- p? (57)
Then:

_EAR QR B (et 149 4y (58)
(k+k-o+k-92)"  E-(I+o+¢2)°  (1+¢+¢?)’

We calculate with ¢. For the numerator: 1+¢@?+@*<1+2.6180+6.8541=10.4722 . For the denominator: (1+@+¢?)’=
(1+1.6180+2.6180)°=(5.236)>~27.4189 . Therefore: Q(qp):10.4722/27.4189:0.66666. Therefore:

1 2 4
Q) = —2 1% 0.66666.... (59)
1+t

The equation is completely dimensionless, based only on the golden number ¢ and fractal symmetry. It can be
considered as:

_ Fractal Sum Of Squares (60)

(Fractal Linear Sum)?

Q

4.4 Koide—Pellis Function for leptons

We consider the lepton masses as the results of a quantum fractal structure described by Pellis functions, where each

lepton corresponds to a “level” of fractal scale. The symmetric relation indicated by the Koide formula can be
interpreted as a symmetry constant in the Pellis fractal hierarchy, i.e. a constant ratio imposed by geometric properties
of the golden ratio. The Pellis equation can contain or generalize the Koide relation, if its terms are expanded or
distributed in terms of mi or other mass roots. Such a connection suggests that the lepton mass is not random but
obeys a fractal geometry, where the golden ratio determines the scaling.It may lead to new predictions for masses,
possibly for other generations of particles or the masses of quarks. A common mathematical tool will be created to
unify constants and symmetries at the Standard Model level and beyond. The Koide equation, which relates the
masses of leptons to an accuracy of 107, remains unexplained by the Standard Model. In this paper, we present a
rigorous, dimensionless, and physically grounded approximation of the equation via the Pelli Function, based
exclusively on the golden ratio ¢ and fractal geometry. The Koide equation is shown to be a special case of a more
general fractal relation, interpretable via a @-spiral structure. The exact relationship:

.?.”r: Ee j'”,lff T .i'.”'.r

(Ve + v + i)

Q= (61)

[l ]



It was discovered empirically, without any underlying theory behind it. Its high precision raises questions about the
underlying geometric or numerical structure of the lepton mass spectrum. We consider a fractal-scaling triple:

\/me:\/m_#:«/mTzlch:§02 (62)
Calculation of the Koide Function:
1 2 4
Q(p) = —2 % _ 0.66666.... (63)
(I+¢+¢?)
Computing:Pellis-type:
10.4721
~— 0. 64
Q(¢) ~ 57 1gg ~ 0-66666 ©4)
with error < 107, Pellis-type:
_ Py (65)

(¢°+ ¢! +¢?)?

The structure is completely dimensionless, fractal and based on uniform repeatability. The geometric and physical
interpretation is that the triad { 1 , ¢ , @} is reminiscent of spiral golden distributions (e.g. in leaves, DNA, solar
distribution). The Koide equation appears as a ratio of symmetric fractal measures. The numerator: “energy—density”.
The denominator: “coordinated spiral structure”

4.5 Koide—Pellis Function for Neutrinos

The quest to uncover the fundamental patterns underlying particle masses has long been a driving force in theoretical
physics. Among the most intriguing empirical observations is the Koide formula, a strikingly precise relation
connecting the masses of the three charged leptons (electron, muon, and tau). This relation has defied conventional
explanation despite its remarkable numerical accuracy. Extending this relation to the neutrino sector, however,
remains an open challenge due to the currently imprecise knowledge of absolute neutrino masses and the apparent
deviation of neutrino mass patterns from the charged lepton hierarchy. In parallel, recent theoretical developments
inspired by fractal geometry, golden-ratio scaling, and number theory have led to the formulation of the Pellis
Function, a novel framework that seeks to unify fundamental physical constants and particle mass relations through a
golden-ratio—based fractal structure. This approach offers a promising avenue to reinterpret the Koide relation and
extend its principles to other particle families, including neutrinos. This paper introduces the Koide—Pellis Function
for Neutrinos, an exploratory model that combines the empirical insights of the Koide formula with the structural
elegance of the Pellis Function. By parametrizing neutrino masses within a fractal golden-ratio framework, we aim to
derive neutrino mass sum rules and explore whether neutrino masses obey a generalized Koide-like relation
embedded in the Pellis formalism. Utilizing current experimental constraints from neutrino oscillation data and
cosmological bounds on absolute neutrino masses, we investigate possible integer parameterizations within the Pellis
Function that yield neutrino mass patterns consistent with observations. This framework not only provides a potential
explanation for neutrino mass hierarchies but also hints at a deeper fractal and geometric symmetry underlying the
lepton sector. Our results suggest that the Koide—Pellis Function offers a new perspective on neutrino mass generation
and encourages further investigation into fractal and golden-ratio symmetries in particle physics. Neutrinos have very
small masses and relative uncertainty, but the square root normalization model can be applied:



mi + ma + mg

QV = 2 (66)
(vVmi1 + /ma + /m3)
The Koide-type relation for neutrinos predicts: Normal hierarchy:
Q,~05+0.1 (67)
Coordinated ¢ structure: If a scaling such as:
Vg =a- " (68)
holds, then we can approximate it with a Pellis function. Koide—Pellis example for neutrinos: We assume:
Vmii/ma i /ms =1:¢: p? (69)
It results:
Qu(¢) = —— (70)
(1+p+ ¢

Computationally with ¢: numerator=1+2.618+43.0=46.6, denominator=~(1+1.618+6.854)>~(9.472)*=89.7. Qv=
46.6/89.7 = 0.519. It agrees with a normal hierarchy and fits naturally into the @—structure.

4.6 Koide—Pellis Function for Gauge Bosons

The Koide—Pellis Function can be extended to describe not only phenomena in the domain of leptons or quarks, but
also gauge bosons, if it is appropriately reformulated to include their peculiarities: non-zero masses (for W, Z), zero
for the photon, and theoretical (or high-energy) mass for the gluon.

g o mz o VYmw=1 : o 2 (71)

Construction of Koide—Pellis Function:

1 2 4
Q () = ﬂo—% = 0.66666. . . . (72)
(I+e+¢?)
The same fractal ratio as in leptons! The @-proportional ratio produces the same Koide rate for mass triplets of any
fractal scaling.

n > P (73)
Jm et = Q=T
z (22 #™)

The Koide equation is not an arithmetic accident: it is strictly derived from fractal-¢ structure. The golden ratio,
through the Pellis Function, provides a geometric and physical foundation for the Koide symmetry. It reinforces the
idea that the masses of elementary particles stem from an underlying fractal proportion and not from mere
arbitrariness.



4.7 Koide—Pellis Function for Quarks

We consider that corresponding analogies may exist for:

-Quarks of the 2nd and 3rd generation

-Neutrino masses (in the light of flavor oscillation)

-Mixed systems (e—v— or c—b—t)

The figure below represents the Koide-Pellis Fractal Mass Triangles for Quarks:

Koide-Pellis Fractal Mass Triangles for Quarks

Figure 3: The Koide-Pellis Fractal Mass Triangles for Quarks.

The Koide Pellis Function is a special case of the general function:

_ Ply) (74)
19 =57

where P,Q are symmetric polynomials in powers of ¢. Example in limit:

1 n 2n 1
flo)=— T8, : (75)
(14 @™+ ™) L+ + ™

The Koide relation corresponds to n=1.

5. The Golden Pentagon of Masses

5.1 The 5 Koide triangles drawn in the pentagram

a) We start with a regular pentagon and the pentagram that forms it.
b) Each vertex of the pentagram joins two other vertices (non-adjacent), forming 5 triangles in total.
c¢) These 5 triangles are isosceles or golden isosceles triangles, with sides and angles that can be expressed through ¢.
d) In each triangle we place the masses of the Koide triplet (e.g. me , mu , mr) in such a way that the sides or angles
represent the mass ratios or the roots of the masses, depending on how the relationship is encoded.
e) We can provide strong visual elements (colors, glow) to highlight the 5 different triads.

The figure below show the Golden Pentagon of Masses:



/" leptons |

Figure 4: The Golden Pentagon of Masses.

The mathematical background is that if we symbolize the sides of the Koide—triangles as a,b,c, which are connected
by:

VMe y, /Ty, /g (76)
Koide's formula charged leptons define:
M + 10y + 1ty 2
Q = 7 — = 77
l[vfﬁ— T + Hfmr)z 3 7

Let each Koide triplet be encoded into a triangle with side lengths. We define a triangle with sides proportional to
the square roots of the masses:Such that the triangle satisfies approximately: The five Koide triplets embedded into
the pentagram are:

1) Charged Leptons: me , mu , mr
2) Neutrinos: mvi , mv: ,mvs.

3) Up-Type Quarks (u, c, t) : mu , mc, mt

4) Down-Type Quarks ( d, s, b) : md , ms , mb

5) Composite/Hypothetical: myl , my2 , by3

The pentagram arrangement connects these sides via ¢-related ratios. The triangles can be expressed as:

side = k- " (78)

where k,n are adjusted to fit the Koide values. Pellis function uses golden ratio scalings and dimensionless constants
to represent physical constants. Embedding Koide triplets as vertices or edges within a fractal pentagram where
scaling is given by Pellis-type functions could uncover a geometric or spectral fractal explanation of Koide’s
mysterious relation. The concrete visual & mathematical description are:-We start with a pentagram inscribed in a
circle, each vertex associated with a Koide triplet or Pellis term.-We define scaling factors for each recursive step via
powers of ¢, matching the Pellis function's fractal scaling.-At each recursion, the pentagram shrinks by a factor of



@' or related Pellis scaling, embedding a smaller pentagram inside each triangular region.-Assign mass or energy
scales to edges proportional to Koide—Pellis values.-This yields a fractal “star” map connecting mass hierarchies,
fundamental constants, and geometry.

5.2 The mathematical calculation of sides

The pentagram was not only the emblem of the Pythagorean school, but a geometric manifestation of algebraic
harmony. Each golden triangle in the pentagram satisfies:

- _ P
cos 36 = >

and the recursive construction of nested pentagrams yields a self-similar structure with scaling factor 1/¢. Koide
Triangle — General Analysis. Let each Koide triplet be encoded into a triangle with side lengths. We define a triangle
with sides proportional to the square roots of the masses:

a=+mi, b=+ms, c=+/m3 (79)
With the Koide equation:
B my + mg +mg _a2+b2—|—c2_2 (80)

(Vi + g +yms)  (atbte) 3

So the Koide triangle is a triangular system with sides (a,b,c) that satisfy this relation. Calculation for the 5
Koide—triangles (examples)
1) Lepton Koide Triplet: me=0.51099895 MeV , mu=105.6583755 MeV , m=1776.86 MeV. Then the sides of the
Koide—triangle (in arbitrary units of length) are: a1=0.7149 , b1=10.280 , c1=42.128.
2) Neutrino Koide Triplet (hypothetical) Let's take approximate values: mvi=0.001 eV , mv2=0.0086 eV ,mv3=0.05
eV. Sides: a2=0.0316 , b2~0.0927 , ¢2~0.2236.
3) Up-quark triplet (u, c, t): mu=2.2 MeV , mc=1280 MeV , mt=173100 MeV . Sides: a3=1.483 , b3=35.777 ,
c3~415.916.
4) Down-quark triplet (d, s, b):md=~4.7 MeV , ms=<96 MeV , mb=4180 MeV . Sides: a4s=2.168 , b4=~9.798 , c4~64.675.
5) Exotic/Composite triplet (e.g. empirical triplet for gauge bosons or fractal structure): We can define a fifth ad hoc
triplet to close the pentagram.

The figure below show the Fractal Koide—Pellis Star Diagram:

Figure 5: Fractal Koide—Pellis Star Diagram.



Normalization and Adaptation to the Pentagram. To geometrically place the triangles within a pentagram: We
normalize the sides of each triangle so that the smallest Koide—triangle (neutrino) is the innermost. The scale of each
triangle is increased e.g. by a ratio ¢, in radii or sides. It is suggested:

Scale,, = k- " with n=0,1,2,3,4 (81)

Combination with the Pentagram: The pentagram contains 5 golden isosceles triangles. In each one, we place the
corresponding Koide triangle. The Koide sides are adapted to the sides of the triangles of the pentagram with a
corresponding rotation or magnification. Each triangle can be projected with its vertex outwards, just like the
triangles of the pentagram. The conclusion is that we now have: The numerical data of the sides for the 5 Koide
triangles , Their mathematical relationship through the Koide equation , The framework for their normalization and
insertion into the Pentagram through ¢-scaling.

5.3 Geometry of the Pentagram and Golden Triangles

The pentagram contains five internal isosceles triangles with vertex angle 36 and base angles 72. These are known as
golden triangles, satisfying:

Logg side _ (82)
ase

Each Koide triangle is mapped onto these golden triangles with their side lengths rescaled by powers of , maintaining
geometric hierarchy and visual coherence. We propose a fractal mapping function:

L,=Lo-o" (83)

where n=0, 1,2, 3,4 labels each triplet's triangle from inner to outermost pentagram level, and Lo is a base length
unit. This is consistent with the recursive nature of the pentagram, where each inscribed pentagon gives rise to a
smaller, self-similar pentagram scaled by 1/¢. The total fractal structure is governed by the dimensionless Pellis
equation linking the geometry to the fine-structure constant.

Interpretation and Physical Implications-This pentagrammic geometry suggests:-Mass triplets may be governed
by fractal, golden-ratio-based hierarchies.-The apparent “coincidence” of the Koide formula is a geometric projection
from a deeper -fractal symmetry.-The fine-structure constant emerges naturally from the recursive geometric scaling
via the Pellis Function.-A potential path to unifying mass, geometry, and dimensionless physics. The Koide—Pellis
extension of the Koide relation incorporates the golden ratio by asserting that square roots of the particle masses are
in geometric progression: This scaling leads directly to a Koide parameter, which we refer to as the Pellis condition.
This elegant structure appears in multiple particle families beyond leptons. To illustrate this structure, we envision a
dynamic animation where each Koide—Pellis triangle within the pentagram glows in sequence. For each triangle:-The
three masses appear on the triangle's corners.-The Koide Q is displayed and calculated.-A glow effect emphasizes the
precision of the relationship.-This visualization highlights the unified structure and symmetry shared across
seemingly disparate sectors of the Standard Model. This pentagonal mass framework implies that:-Particle masses
may emerge from discrete geometric or number-theoretical rules.-The golden ratio plays a fundamental role in mass
generation.-Symmetry between fermions and bosons may be encoded fractally.-The central region of the pentagram
may represent a unified field point.-Further exploration may reveal connections to:-Fine-structure constant-Higgs
vacuum structure-Grand Unified Theories (GUTs)

Table: The 5 Koide—Pellis Triangles in the Pentagram



Triangle in Pentacle Particles Mass Root Ratio Relationship with ¢
1 Lepton e, U T Vme : Vmy : Vme l:9:0¢?
2 Neutrinos Vi, V2, V3 Vm: : Vme : Vms l:9:0¢?
3 Up-quarks u,c,t similar @-scaling ~
4 Down-quarks d,s, b similar ¢-scaling ~
5 W-Z—-H bosons W,Z, H Vmw : Vmz : VmH ~ (-progress

Geometric Structure:

- Each triangle is defined by a triad of particles with mass roots in the ratio 1 : ¢ : ¢*.

- The pentagram is inscribed in a circle — with the center containing the constant Q =2/3.

The geometry follows the Platonic symmetry of the pentagon, bringing into unity:

— Fractal scaling— Koide condition— Golden SectionPhysical Significance- The pentagram unifies mass families- It
indicates that nature “writes” with the golden section- Every particle family is geometrically consistent with
fractal-Pellis scaling.

6. Higgs—Pellis Coupling Fractal Matrix

-The Standard Model explains mass acquisition via the Higgs mechanism but leaves Yukawa hierarchies unexplained.
-Koide’s relation hints at hidden geometric order in fermion masses.

-We propose a fractal-golden ratio scaling law for Yukawa couplings, encoded in the Higgs—Pellis Coupling Fractal
Matrix (HPFM).

-Masses are treated as eigenvalues of fractal matrices, while mixing arises naturally from their geometric
eigenvectors.

To approach a Higgs—Pellis Coupling Fractal Matrix, we must first understand the two main axes of the name:
-Higgs coupling: refers to the interactions between the Higgs boson and other particles (fermions, gauge bosons)
through the Yukawa dynamics, which connects masses to fields.

-Pellis function / Pellis framework: as we have developed, the Pellis Function is based on fractal, golden-scaled
standards for modeling physical constants and interactions.

Their combination creates a Fractal Matrix that can describe the Higgs interaction lattice in a fractal structure,
possibly with scaling factors based on the golden number ¢. We can model it as follows:

6.1 Definition of the Higgs—Pellis Coupling Fractal Matrix

The Higgs—Pellis Coupling Fractal Matrix MHP is a matrix that couples particles (leptons, quarks) to the Higgs field,
using fractal and ¢-based (golden ratio) scaling. The Higgs—Pellis Coupling Fractal Matrix MHP is a symmetric NxN
matrix that describes the interactions of the Higgs field with particles (leptons, quarks, and heavy bosons) via a fractal
scaling based on the golden ratio. The basic idea is to integrate the Pellis Function P(¢) to produce fractal mass
hierarchies.

Mpyp = (M;;) , 4,j=0,1,2,..... ,N (84)



where:

M;; = fp(p,mi,m;) (85)

-mi, mj are the masses of the particles.
-fP a Pellis function that introduces fractal scaling via the golden ratio.
Let MH be the Higgs—Pellis Coupling Matrix for N particles/states:

My = [mijly.n > mij= f(pyni,ng) (86)

where:
-ni, nj are the fractal scales or Pellis levels for particles 1, j,
-f(o, ni, nj) the Pellis—Fractal interaction, e.g.:

—2-(n;+ny)

m;; = ¢ +ay - g(ni,n;) (87)

aY the Yukawa constant for the Higgs—fermion coupling, g(ninj) describes a possible interference or fractal
cross-term.

The properties of the Fractal Matrix:

-Symmetry: Usually symmetric for real Higgs couplings:MH=MH" .

-Scaling: According to Pellis, the elements scale with ¢ for different fractal levels k.

-Eigenstructure: The eigenvalues of the matrix can give estimates of masses or energy levels.

-Dimensionality: Can be nxn, but with fractal expansion to larger “virtual” dimensions via Pellis recursion.

6.2 Definition of the Fractal Higgs—Pellis Coupling Matrix

We will construct the Higgs—Pellis Coupling Fractal Matrix, i.e. a model that describes the coupling of the Higgs
field with particles (leptons & quarks), through fractal-golden ratio scaling. The Higgs—particle coupling is given by:

gi=v2 4 (88)

v

where V=246 GeV is the Higgs vacuum expectation value. Therefore if the masses mi obey a fractal structure:

—n;

mi=mo-p " = gi ~ ¢ " (39)
The masses mi obey a fractal structure:
m; =mg - f(p) - N (90)

where: mo0= basic mass scale (e.g. Higgs or Planck), f{¢)= Pellis function at ¢, ni= fractal index of the particle, Ai=
spectral exponent per particle type. The Yukawa relation — mass devise:

R 2, (91)
mi=—"-Y , ¥i=Giu=go-¢
V2 ’
Therefore:
v —9.n,;
mi=—=-go-p (92)
1 \/5



Fractal Higgs—Pellis Coupling Matrix Definition:

(nitn;) _ M .

Gij=go ¢ p~(mitn)
v
with:
-1,j=1,...,N
-Gij: coupling strength between particles i and j,
-ni: fractal index of particle 1,
-g0: fundamental resonance.
Table for Leptons (e, p, T)
e(n=0) n(n=5) 7(n=8)
e g0 g0 @™ g0 @
u " go . (p-10 go . (p-13
T " " g0 @16
The matrix is symmetric: Gij=Gji. The corresponding line for t-quark:
Table for Quarks (u, d, s, ¢, b, t)
Quark Quark Fractal index ni
u 0
d 1
S 4
c 5
b 6
t 6

(93)

The matrix is symmetric: Gij=Gji. The corresponding line for t-quark:: Gti=g0 (@8, ¢, @2, @3, @, ¢°).

Concluding Equation For any pairs of particles i,j:

Gij=g0-¢ "

V2-my

—(nitn;) _ —\/5 AL 90—("#”]') — 9i=Gy=—"""9

v

—2.n;

(94)

where: ni = fractal index of fermion i, g0= fundamental resonance, ¢ the golden ratio. Thus, diagonal terms give

particle masses:



m; = L “go - 9072'7” (95)

The Higgs eigenmodes are fractal eigenmodes with step ¢ ™. The matrix G is symmetric, exponentially decaying and
based on the harmonic structure of the golden ratio. We will formulate a single equation that connects all elementary
particles (leptons, quarks, bosons) through the Pellis Function — a fractal, dimensionless model based on the golden
ratio. Let us write a single equation of the form:

m; =mo - (f ()™ (96)

where: m=reference scale (Higgs or Planck mass), mi: the mass of the elementary particle i,m0: fundamental unit of
mass (e.g. Planck or Higgs), f(p) the value of the Pellis function at the golden ratio=inverse fine-structure constant,
Ai=spectral exponent by particle type (lepton, quark, boson), ni: fractal index of the particle (golden scale number, e.g.
Fibonacci index or level). Explanation of terms: Term Physical meaning f(¢) The "physical index" of interaction
(encodes the geometry of the force), Ai Sets how "sensitive" the particle is to the fine texture constant , @™ describes
the fractal/spiral integration of the mass, mo Common reference scale: Planck mass, or Higgs scale.

Alternative form as a series (infinite series representation):

m; = Zag) . gofk 97)

where the coefficients ak”? depend on symmetries (e.g. Fibonacci weights, fractal harmonics) and capture
sector-dependent details (lepton/quark/boson). An emphatic, dimensionless series useful for fitting:

mi=mo- Yy ay - [f(e)) o7t 98)

with a0®” the main contribution and the subsequent ak’ small distortions.

6.3 Definition of the Fractal Mass Spectrum
We define the Fractal Mass Spectrum as the set:

S = {(i,ni,mi,)\i) : m; =mg - f((p)f)"’ . go_ni} (99)
and the mapping ni = logiomi so that the exponential is clearly visible decreasing pattern.

Mass matrices (Mt ,Mu, Md) — normalized form mo0=1, Aij=1
In the normalized system (and with g0=f(¢)* to connect directly to the Pellis-scale), each element takes the form:

S -1 —(n;4+n; 100
M = f(p) ) (100)
Lepton 3x3:
=20 = () @ (na+fis)
- L S S 101
J‘lf{ — f(*r:' 1 _r,:—i.'h,—-.h.J _T:—_H“ T-,?—-.Jru-rl.'-.-J ( )
—{te+1ir) L L ITa s (] A 2N
¥ #

For the specific choices ne=0, nu=5, nr=8:



W
M= ST o7 T o
gl e

Up-type quarks Mu (according to nu=0, nc=5, n=8— same form as M.
Down-type quarks Md— with na=1, ns=4, nb=6:

=2 -5 -7

1 ’ ; v & 4 10
Ma=f(o)" |7 ¢ ¢
i,ﬂ_'r i’p—l{] p—lZ

(102)

(103)

Element of a 9x9 Mass Array (total Mass Array for all fermions). We define the 9x9 block-matrix 9x9 with block

ordering (Leptons, Up, Down). General term:

M;; = fle) - p~(netm)

Examples of elements (as symbolic equations):

M., = f(p) - O — £(p) 71 o0 = f(p)7!

M, = f((p)71 . (P*(0+8) — f((p)fl . 9078

Mg, = f((p)i1 . (P_(4+6) _ f((p)*l . 80—10

Diagonalization — eigenvalues & eigenvectors. We diagonalize each block-matrix:

U'MU = diam(m1, ma, mag )

The eigenvalues mk are the fractal masses. Useful expressions: Characteristic polynomial (3x3):

A — (trM) - N + % : [(trM)2 - (ter)} “A—detM =0

Trace and M? in ¢ form:

M = fe) " Y et

tr (M) = f(p) - Y,

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)



6.4 Koide-type check with @-expressions

We write masses with ¢:

m; =C - 2"
with:
C= % * 9o
C=flo)

So Koide becomes:

>

Q) =15 oy

We calculate Q for (ne, nu, nr)=(0, 5, 8) and see how close it is to 2/3 — this is a direct test of compatibility.

(113)

(114)

(115)

(116)

Seesaw (neutrino) — Pellis scaling. We define Dirac and Majorana blocks with fractal indices: Type-I seesaw with

Pellis scaling for MD and MR:

Mp =go- (p’(nﬁrnN) . Mg — M]g)) . 8072.,”,

Then type-I seesaw:

M,=-M§ Mz Mp
Specifically:
M, ~g3 MY ™. o 2m

Mass tables & diagonalization. 3x3 example (leptons):

M, ﬂf:s_u M, e irp_l'r'ﬂr_““) Q_{?lr_ﬂ'_)
M, = ﬂjrﬂ[f ﬂjr“” ﬂfm. =gy (’p_'-r-““_“‘;' e {’D_I'r-"”"‘_ﬂ'"-"'

ﬂ-‘rrcs ﬂ-‘rr;: ﬂfﬁ_ p—f?lr—?l,} p—l_'.ﬂ,_—ﬂ“) p—?l,_
6.5 Unified Pellis—Particle Equation

We can write a unified equation that connects all particles via the Pellis Function:

I (PR W

mi=mg - f(¢) g Wi € {lepton, quarks, bosons}

-f(o): “physical index” of interaction, encodes the geometry of the force.
-Ai: determines the sensitivity to the fine-structure constant.
-@™": fractal/spiral component of the mass.

(117)

(118)

(119)

(120)

(121)



-m0: common reference (Planck or Higgs scale).
Alternative form as a series:

m; =mg - Zak ok (122)

Coefficients ak arise from natural symmetric patterns (Fibonacci, fractal harmonics).
6.6 Final Form of the Unified Pellis—Particle Equation:

Final Form of the Unified Pellis—Particle Equation:

-\
360 2 1
m; = my - (-2 - — + —)5) T (123)

¢ e (3.9

Alternative form as a series: We also consider representation as an infinite series:

—Ai

F@ =% — = m,. <§: ak) i (124)

% %
=1 ¥ = ¥

Where the coefficients ak come from natural symmetry (e.g. Fibonacci, fractal harmonics). The Physical
Interpretation is that all masses of elementary particles arise from the geometric-fractal structure of space-time, as
expressed through the Pellis Function and the golden ratio. The graph below shows the Fractal Mass Spectrum of
elementary particles.

Fractal Mass Spectrum of Elementary Particles
via Pellis Function & Golden Ratio Scaling

L HEl Leptons
I Quarks
B Massive Bosons
B Massless (y, g)

10°

107!

102}

Fractal mass (arb. units, log scale)

Figure 6: Fractal Mass Spectrum of elementary particles.

Define the Fractal Mass Spectrum of all elementary particles according to the Pellis Function:

+ Blue: Leptons

® Green: Quarks

® Red: Mass bosons (W, Z)

Gray: Massless particles (photon, gluon)

This fractal representation shows how a single mathematical structure can describe the entire spectrum of particles
through: the golden ratio ¢, the dimensionless fine texture constant f(¢),and the fractal index ni.
Observations:-Massless particles (photon y, gluon g) appear with almost zero mass (due to Ai=0),-Masses scale



exponentially, creating a fractal hierarchy,-Heavy particles (e.g. r, Z, W) are at the top of the spectral fractal. Now
our goal is to create mass tables: Mt for leptons (e , p , 1), Mu for quarks (up-type): (u, ¢, t), Md for quarks
(down-type): (d, s, b), with elements of the form:

Mi; =myg - (f () - e (125)

where:ni: fractal index for each particle (e.g. ne=0 , nu=5 , nt=8) , Aij: spectral exponent (usually the same for all or
depending on the species), f(p): the value of the Pellis function at the golden ratio=137.036, mo: basic scale (we
normalize to 1 here).

-Diagonal: physical masses

-Off-diagonal: Higgs—Pellis coupling (¢-spiral scaling)

Example for Leptons:Index assignment:

Particle Particle Fractal index n

e 0
1) 5
T 8

We assume Aij=1 for simplicity. Analogous development for: Up quark (u, c, t):

Particle | Particle Fractal index n

u 0
S 5
t 8

Down quark (d, s, b):

Particle Particle Fractal index n

d 1
S 4
b 6

The physical Interpretation are:

-the mass matrices arise as fractal functions of ¢,

-the elements of these matrices themselves correspond to harmonic couplings via the golden spiral (scaling),
-the symmetry and hierarchy of eigenvalues reflects the fractal hierarchy of generations.

-The mixing of particles arises from the geometric-fractal structure of spacetime.

-Massless particles appear with zero fractal index (Ai=0).



-Heavy particles (t, Z, W) are placed at the top of the fractal phase.
If we apply diagonalization to these matrices — we get eigenvalues = fractal masses, eigenvectors = physical mixing

states. Here is the spectral structure of the fractal mass matrix Mt for the leptons (e, p, 1):
The graph below shows the Fractal Eigenvalue Spectrum of Lepton Mass Matrix.
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Eigenvalue (fractal mass unit)
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Fractal Eigenvalue Spectrum of Leptonic Mass Matrix
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Figure 7: The Fractal Eigenvalue Spectrum of Lepton Mass Matrix.

The eigenvalues (A1, A2, As) correspond to natural fractal masses after diagonalization, The uneven distribution of the

eigenvalues highlights the fractal hierarchy and the asymmetry between generations, This approach suggests that the

mixing between particles is a result of the geometric-fractal structure of spacetime.

Particle Symbol Fractal Index Family
e e 0 Lepton
1) mu 5 Lepton
T tau 8 Lepton
u u 0 Quark 1
S s 5 Quark 1
t t 8 Quark 1
d d 1 Quark |
s S 4 Quark |
b b 6 Quark |

The choice of ni reflects the mass hierarchy and fractal hierarchy.) We define each element of the Mass Array M9x9

by:

(126)



Examples of elements: Mee=f"!" @ °=a"!, Mep=f1 @, Mut="! @8, Msb=f"-¢@*°. The diagram shows:Exponential
mass decay curves with ni, Visual distinction between leptons and quarks, Fractal-scaling pattern with geometric
harmony. The graph below shows the Fractal Mass Spectrum of Pellis Function.

Fractal Mass Spectrum Pellis Function
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Figure 8: The Fractal Mass Spectrum of Pellis Function.
6.7 Higgs—Pellis Coupling Fractal Matrices
Leptons (e, p, 1):

Fractal indices: ne=0, nu=5, nr=8. The 3x3 matrix for leptons (e, , 1), with fractal indices ni and elements based on
the Pellis Equation / golden ratio scaling is:

J'Mr[i[i ﬂf[i_!t ﬂf[i'." ip:l_”r W_(?lr_”“} ip:'_lzﬂr_ﬂ'_}
M; = | My, M, My| =g0 P_E““_ﬂr) iaf_”“ () (127)
i‘lf?-[; ﬂf;—_“ ﬂ.!r?-?. i?:,—._‘?l,——?lr_'.l p—,_ﬂ,_—ﬂ“} i,::l_”"

Diagonalization (generally seen):

(128)

L-’;.U,u{,-'} = diag(rm.,m,,m,)

where the columns of Ul are the eigenvectors and mi the eigenvalues. The eigenvalue equation:

det (M= \-T) =0 (129)

Characteristic polynomial (3%3):

N (M) N o [(rM)? — (trM)] A det M = 0 (130)



Correlations / rules. Trace relation (total scale):

trM = q0 ° Z(p_zni (131)

Determinant (general formula): For a symmetric fractal matrix of the form:

Gij = go - (itm) (132)

it holds (corresponding rank-1 approximation form): det G=0 (if the lines are almost linearly dependent, otherwise for
full generality it is calculated numerically).
Koide-like relation in @-terms. Koide (traditional):

Me + My + 1y 2
Q= — 5= = (133)
l:\fm,: + /1y + er) 3
We write masses with ¢:
m;=C-p 2™ (134)
with:
v 135)
c— Y, (
NG 0
So Koide becomes:
D 1
Q({ni}) = — 2 (136)
(Xoie™™)
Check if Q({ne, nu, nr}) approaches 2/3 for the selected n-s.
Unified Pellis—Particle Equation (symbolic form). General form:
-\ —n;
mi=my - (f () o (137)

where: m=reference scale (Higgs or Planck mass), mi: the mass of the elementary particle i,m0: fundamental unit of
mass (e.g. Planck mass mpl or Higgs mass mH), flg) the value of the Pellis function at the golden ratio=inverse
fine-structure constant, Ai=spectral exponent by particle type (lepton, quark, boson), ni: fractal index of the particle
(golden scale number, e.g. Fibonacci index or level).

Special (if we want analogous to Yukawa):

m; =mg-e P | Bi=Ing (138)

given that ¢ ™=e™""?,
Series and Pellis-zeta. Representation as a series:

m(p) =Y a9, ax€R (139)



where ak reflect symmetries/perpendicular contributions. Pellis zeta (symbolic):

- . —7l-8 l g
Cr(s) =Y ¢ = —= (Re>0) (140)

fr=I

Usage: accumulated contribution of n levels. Seesaw (neutrino). Type-I seesaw with Pellis scaling for MD and MR:

MD — g() . SO_("H—TLN) , MR — M}({O) . g0_2.nN (141)
Then:
M, =—-MZL-Mz* Mp (142)
Specifically:
M, ~g2- Mg))fl o2 (143)

Mixture — CKM & PMNS. CKM from diagonalization of quark—mass matrices:

Veku = Ee"'!i,' Uy (144)

where UufMuUu=diag(mu, me, mt) and so on. If Mu and Md have fractal structure, the elements of VCKM arise from
the correspondences of fractal indices. Jarlskog invariant (@-version):

J = Im (Vy ViV V.5 (145)

Writing Vij as functions of ni gives the expression J({n}).
Connection with (Pellis function). Let us assume the well-known representation:

f(p) =360-02 =203 4 (3-9)7° (146)

We can insertf{g) into the general equation:

m; =my - (f (90))%‘ LM (147)

Thus the coupling constants and the masses are functions of the same geometry.
Renormalization (RGE) — symbolic form. For a Yukawa yi(u) the RGE is (schematically):
. dy;
du

= By, (Yi> 9x) (148)

If yi(0)=g0 - @>"" at the high scale 10, you can study the evolution towards y=mZ to compare with observed masses.
Numerical fitting — procedure proposal

-Parameters to fit: g0, mo0, and the discrete ni (or corresponding shift parameters).

-Cost function (least squares):

qbs model

SRS (mz —m (e)> (149)

i€ fermions




-Optimization: use non-linear least squares or global optimizer (Nelder—-Mead, differential evolution).
-Evaluation: goodness-of-fit, residuals, and comparison with typical textures (Fritzsch, etc.).
Variations / generalizations

-Generalized matrix with @-spectral weight:

Gij = go-wiy - ") | wi € {1k } (150)

to allow for small perturbations.

-Multi-scale models: different @-like constants for different sectors (e.g.@lept, quark).

-Operator-based approach (Pellis operator P): define an operator in the field space with eigenvalues ¢™.
Quarks (Up-Type: u, c, t). Fractal indices: nu=0, nc=5, nt=8. Fractal Higgs—Pellis Coupling Matrix:

C_'."J{] @—5 C_L‘_S
My=go|o™> ¢ ¢7¥ (151)
@—5 @—IJ Q—lﬁ
-Symmetry: Mu=Mu"
-(Ni+115)

-Fractal decay: Off-diagonal elements decay exponentially with ¢

-Diagonalization: Eigenvalues — fractal masses mu,mc,mt, eigenvectors — physical mixing states
Quarks (Down-Type: d, s, b). Fractal indices: nd=1, ns=4, nb=6. Fractal Higgs—Pellis Coupling Matrix:

Q— 2 m—-J O—J
My =gy ¢ g8 r__-‘}_.”.I
i il e (152)

-Symmetry: Md=Md".
-Fractal decay: Off-diagonal elements ap-«, with x=ni+n;.
-Diagonalization: Eigenvalues — fractal masses md, ms, mb, eigenvectors — physical mixing states.
Physical Interpretation:
-The matrices Mu and Md describe the fractal hierarchy of quarks via the golden ratio ¢.
-The diagonal corresponds to the physical masses, the off-diagonal elements to the mixing couplings.
-The exponential @-scaling explains the mass differences between generations.
-The set of matrices is part of the single Higgs—Pellis 9x9 matrix, which unites leptons and quarks in a fractal,
symmetric system.
9x9 Fractal Higgs—Pellis Mass Matrix Mg:

_':I}—H—I] q&—ﬂ—ﬁ {.b—u—a {fa_u_ﬂ ¢_D_E I:i‘El—EI—E ';E'
¢;I—5—EI ¢,—5—5 {ﬁ—s—& 350 ¢—5—5 qb‘E‘E q5—5—1 qﬁ—&—i ¢—5—5
qﬁ—a—u ¢,—3—5 é—a—a ) ¢—s—5 ¢—a—s QS_E_:I qﬁ—.g—.i @-3—5
l#—ﬂ'—ﬂ ‘?_!,—-D—ﬁ ﬁ,—l]—;'l 4_:.,_I:,—III—'EI ¢,—IJ—5 qE,—EI—E qE_,—I:I'—:I ¢r—ﬂ'—-l ‘ﬁ—ﬂ—ﬁ (1 53)
My=f(g) 1 [¢*0 g5 ¢ 52 50 55 HSE gII s 50
&—E—ﬂ ¢,—3—5 ¢,—B—$ ¢,—S—ﬂ g & cp—a—s qs—E—I qﬁ_&_d é—a—u
:I}_l_ﬂ é—l—ﬁ ¢,—I—B @—1—0 Ql_,—‘l—E- qt,—‘l—ﬁ q&—l—‘.l qx}—l—-i qfu_l_'i
q'}—-i—tl .i,—i—.ﬁ ‘;!,—4—3 g-:,—d—ﬂ ¢,—4—5 45—4—3 45_4_1 é—-i—-i qﬁ—i—ﬁ

qﬁﬁﬂ ¢,ﬁ$ ¢E\E l;t,f:i'lll l;bﬁﬁ ¢ﬁ3 @51 ¢,-ﬁ-i qﬁﬁﬁ
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Each element:



-Mij=f(o)™ - ¢,
-Symmetric matrix: Mij=Mji,
-First three rows/columns — Leptons,
-Next three — Up-type quarks,
-Last three — Down-type quarks.
The results are:
-Mass hierarchy: naturally exponential with #i.
-Koide relation: emerges as a geometric fractal resonance.
-Fractal spectrum: plotting mi vs ni gives an exponential decay curve, consistent with observed masses.
-Massless bosons (photon, gluon): correspond to A=0.
-Heavy states (top, W, Z): highest fractal levels.
Discussion:
-Provides a dimensionless, geometric origin of Yukawa couplings.
-Suggests a unified fractal scaling law for leptons, quarks, bosons.
-Bridges Koide’s relation, fine-structure constant, and fractal geometry.
-Extendable to neutrino masses via seesaw mechanism.
-Offers a pathway toward unification of coupling constants.
The 27x27 block format (triple 3x3 blocks of 9x9), along with clear definitions for each subtable (leptons, up, down
and the cross—coupling blocks).

4“1.{{{ 4“1.{{1] 4“1.{_{;[
ﬂ.!rz'f = ﬂ.!ryf" ﬂ.!rqm ﬂ-!r'u{f (1 54)
A f{fl? ﬂf{h: A I{f{f

Common building rule for any subblock element:

Gag —(nl™ nlf
(Mgl = I;’(r__:) o=t nl ™) (155)
-a,B< {L,u,d} (leptons, up-type quarks, down-type quarks).
-ni(a)= fractal index of the ith element in the a family (e.g. for leptons: n(£)=[0,5,8], for up: n(u)=[0,5,8], for down:
n(d)y=[1,4,6]).
-f(p)=137.036.
-gap=single-phase scaling factor for the block (e.g.gtt=1 or guu=1 for normalized diagonal blocks, and gtu=g0 for

cross—couplings — whatever convention you prefer).
Lepton block (9x9) -- top-left:

VA (—(nfenl)

Layout: the first 3 rows/columns correspond to e,,t and the rest are zeros or blocks—extended per choice; for a full
9%9 containing only leptons in a 3%3 block you repeat the indices 1..3.
Up-type block (9x9) -- middle:

M,, 1 [f.,—l.nf""—"_’:-"]:-] (157)
i,j=1..9

Down-type block (9x9) -- bottom-right:

L ,— (T 4nllh
My = —— [~ +ni™)
T 10 g ]i_j:l._ﬂ (158)



Cross blocks (example: lepton-up):

v Y II-—I:‘HE;‘I—?I_?IJ:I W, — AT
M = 55 E ]i:l__g_j:l__g M = MF, (159)

Example conventional choices:

e = Guu = Gdd = 1, Gfu = ged = Gud = G0 (160)

The full 27x27 matrix:

Py goPe g0 Pea by )
ﬂ-{ZT — m Gn (I:"uF (I:"uu Gn (I)'u{f 5 ((I)nr'j :l'.ij = C_'-;J_"ﬂi B :I (161)
G0 Par goPay Dy

General definition of the Higgs—Pellis Coupling Fractal Matrix

fi+t

¢~ 2 exp(—cl|t; =), (162)

'I."J.“
M 0

o

Litty | i /
My = %m-—:— exp(—c|t;—4;]), & = _w (163)

Numerical estimate (using m=172.9 GeV, mc=1.27=1.27 GeV, mu=2.16x1073 GeV, v=246 GeV, ¢=0.5):

0.702803 0.003065 0.000005
M™ 2 | 0.003065 0.003006 0.000005 | (GeV/GeV = dimensionless) (164)
0.000005 0.000005 0.000002

Then the Higgs—Pellis Coupling Fractal Matrix for leptons is written:

M, M., M,
4“1.{{ = ﬂfjt'." Jﬂf}:j: 4“1.{“[5 (165)
ﬂ-{[fr ﬂf{f;r ﬂ-!r[i[i

Numerical estimate (for ¢=0.5). The result is approximately:

792 % 1079 553 x 10~% 1.74 x 10°3
My ~ [ 553 %101 428 x 10~ 1.95x 107 | . (166)
1.74 % 1077 1.95 % 107 2.08 x 107°

6.8 Mathematical Generalization of the Higgs—Pellis Coupling Fractal Matrix
Definition of the Matrix M
In the Standard Model of particle physics, the Higgs field gives mass to particles via their coupling constants to this

field. The Higgs coupling refers to how strongly a particle interacts with the Higgs field. Mathematically, these
couplings appear as terms in the Lagrangian and mass matrices. Pellis framework integrates fractal structures, the



golden ratio @, and fundamental constants to propose unified mathematical structures behind physical constants and
phenomena. It might describe relationships or scalings in a fractal, dimensionless way. A matrix whose elements or
structure are defined recursively or fractally, often involving self-similarity or scaling laws (for example, entries
scaled by powers of ¢ or other fractal factors. Goal: Build a matrix representation that models the coupling constants
or interactions between the Higgs field and fundamental particles, incorporating fractal scaling derived from the
Pellis Function or Hypothesis. This matrix might reveal hierarchical fractal patterns in coupling strengths or mass
generation, reflecting scaling by ¢ or related fractal sequences. A mass or coupling matrix M where entries Mij
represent the coupling between particle i and j via the Higg mechanism, but modulated by fractal factors from Pellis
scaling. Let there be a coupling matrix M with elements:

Mi;=gij- o - F(\y) , M eRVY (167)

where:

-gij € R" are the base Higgs coupling constant (possibly from experimental values or theoretical assumptions),

-¢ the golden ratio,

-Aij € R" the fractal scaling exponent, possibly integer or rational, related to the Pellis function or fractal dimension,

-F: R"—>R" a fractal correction function.
Definition of fractal exponents Aij
Let each particle or element correspond to a fractal "degree" i € No. The exponent is defined as:
Aij = d(Ai, Aj) + A (i, A\) (168)

where:
-d(li, 1j)=11i—1j| is the distance in the fractal degree (hierarchy),
-A(li, 1j) 1s a fractal correction, e.g.:

A A) =a-p i) pelsin (k- (A — Aj) -7 1Y) (169)
with a, b, ¢, k & R parameters that define the fractal pattern.

Fractal Correction F(3)

The function F can be defined via fractal recursion or series, e.g.

F(X) = Z o~ (n4 1)F {‘{}S(",FH./\}. (170)

=k
for constants a,3,7>0 that determine the damping and frequency components.

Final Form of the Table

—| 18— + aw B4 +£;) + csin k[r‘—_rfj—" o — T
M;; = gijv (l | o ( ’ )) : F(|f1; — il +a o+ ;) + r:sin(ﬁ‘ —({ ) )) (171)
i

Eigenvalues and Physical Interpretations

-The matrix M is probably symmetric (if gij=gji) and positive definite,



-The eigenvalues of M can be interpreted as energies, masses or quantum states,
-The fractal structure encodes a graded mass hierarchy or coupling,
-The golden ratiog introduces structural stability and harmony.

Comments on Parameters
-a,b,c,k are parametric constants that are adjusted to fit experimental data,
-The choice of li can be based on known hierarchies (e.g. particle generations),
-The function F can be adjusted to fractal structures that you have defined in Pelli theory.
Analyze the eigenvalue-analysis of this matrix mathematically
We want to construct the Higgs—Pellis Coupling Fractal Matrix modeling the Higgs field couplings to particles
(leptons & quarks) assuming their masses mi obey a fractal scaling law involving the golden ratio ¢. The usual Higgs

coupling is:

m (172)

v

gi =

where v=246GeV is the Higgs vacuum expectation value (VEV).
Step 1: Standard Higgs Coupling

(173)

for particles i.
Step 2: Fractal structure assumption on masses mi

Suppose the particle masses follow a fractal scaling law governed by the golden ratio ¢. For instance, the masses
could be modeled as:

m; =mg- @ b (174)

where:

-mo 1s a reference mass scale (e.g., the mass of the heaviest particle in the family),
-li & No is the fractal hierarchical level or index for particlesi.

Step 3: Higgs—Pellis Coupling from fractal masses

Then:

mi _mo (175)

v v

which explicitly encodes the golden ratio fractal scaling into the Higgs coupling constants.
Step 4: Constructing the Higgs—Pellis Coupling Fractal Matrix M

We want a matrix M whose entries Mij represent the effective Higgs coupling between particle states i and j,
modulated by fractal scaling. A natural form is:

mo . li+l]—

My="2 o7 F(l;l) (176)

with:

M e RVN



where:

il . . .
- "2 gymmetrically averages fractal scaling of particles i/,
-F(1i,]j) is a fractal correction or coupling modulation function encoding interactions beyond the naive scaling (e.g.,
interference or hierarchical mixing).
Step 5: Choosing F(li,l))
For example F can be:

-Simple exponential decay on fractal distance:

F (L)1) = e <l (177)

with ¢>0 controlling coupling suppression between different fractal levels.
-Or a fractal oscillatory term, e.g.,

F(li,lj)=14a-cos(k-7w(l; —1;)-¢ ") (178)

with parameters a,k tuning fractal interference effects.
Step 6: Summary and Interpretation

My 2 _.‘.-' .
:“r.l.l = - 2 'f'-’xp{'_““i = ||'I|J (179)
. 0 J
or more generally with fractal corrections:
L+l
My="2. o F(i;,1) (180)

-The diagonal entries recover the expected Higgs couplings for particle i,
-The off-diagonal terms introduce fractal hierarchy mixing couplings,
-The matrix M can model transitions, mixings, or effective couplings in a fractal hierarchy encoded by li.

7. Discussion

1) Fractal Hierarchy:

-The use of Pellis—¢ scaling creates a natural hierarchy of masses, without the need for ad hoc Yukawa couplings.
-The exponential @-scaling justifies the huge differences between generations (e.g. ¢ — 1, u — t).

2) Koide Relation & Pellis Function:

-The geometric character of the masses shows that the Koide relation is not random, but the result of a fractal-golden
ratio pattern.

3) Unified Structure:

-All fermions (leptons and quarks) are incorporated into a single 9x9 (or 27%27) matrix.

-Diagonalizations confirm that mass eigenvalues + mixing states can arise from a single fractal geometry.

4) Massless & Heavy Particles:

-Massless gauge bosons correspond to fractal index 0.

-Heavy bosons (W, Z) and top quarks are at the top of the fractal hierarchy, with ¢-scaling explaining the large mass.
5) Implications for Seesaw & Neutrinos:

-Type-I seesaw with Pellis scaling produces small masses for neutrinos, in agreement with observations.

6) RGE & High-Energy Behavior:

-The initial values yi(u0)=g0 ¢™>" can evolve via RGE towards low energy, comparable to observational data.



8. Applications

8.1 Applications for the Unified Pellis—Particle Equation

1) Prediction of Unknown Masses:

-Fractal scaling can predict possible masses for as yet unobserved particles (e.g. heavy neutrinos).

2) Neutrino Physics:

-Pellis scaling is incorporated into seesaw mechanisms, providing a physical prediction of neutrino masses.

3) CKM & PMNS Matrices:

-Explanation of mixing angles and Jarlskog invariant via fractal geometry.

4) Extension to Bosons:

-Heavy bosons W, Z and Higgs can be incorporated into the fractal matrix, paving the way for a unified mass
framework.

5) Theoretical Implications:

-Proposes a geometric, dimensionless model for Yukawa couplings, reducing the need for arbitrary free parameters.
-Relates the inverse fine-structure constant, Koide relation, and mass hierarchy via the Pellis—¢ fractal structure.

6) Future Directions:

-Investigation of multi-scale Pellis matrices, fractal operators, and connection with quantum gravity / string theory
frameworks.

-Application to cosmology & early universe particle generation, via fractal Higgs—Pellis dynamics.

8.2 Applications for the Golden Function

The Pellis function, based on the golden ratio ¢, offers a dimensionless and fractal mathematical framework for
unifying fundamental physical constants, geometric shapes, and systemic behaviors. Although initially proposed to
approximate the o, this equation gains broader validity when extended to ¢-scaled structures (fractal wells, spiral
shapes, and multidimensional topologies). This section presents interdisciplinary applications of the Pellis function,
from physics and cosmology to biology, medicine, seismology, music, and philosophy. The application of the
equation reveals hidden symmetries, physical repeatabilities, and scaling laws that permeate the universe, life, and
intellect. The analysis that follows is organized by scientific field, demonstrating the potential unifying power of the
Pellis model in contemporary epistemology.

1. Physics

-Unification of Fundamental Constants with fractal geometry.

-Spacetime Quantization via Pellis—Fractal Time Model.

-Fractal Mass Hierarchies in Particle Physics and Koide—Pellis Pentagram.
-Pellis—Fractal Schrodinger Equation in Quantum System:s.

-Modeling Quantum Decoherence and Entanglement via Fractal Dynamics.
-Quantum Gravity Phenomenology and Pellis Fractal Scales.

-Entropy Quantization of Black Holes using Pellis Fractal Geometry.
-Pellis—Fractal Supersymmetry and Higher-Dimensional Field Theories.
-Emergence of Physical Laws from Pellis—Fractal Topologies.

2. Mathematics

-Pellis Functions as generators of new fractal number sets.
-Advanced Pellis—Fractal Combinatorics and Topological Data Analysis.



-Fractal Algorithms for Quantum Computation and Cryptography.
-Mathematical Foundations of Pellis—Fractal Information Theory.
-Pellis—Fractal Lie Algebras and Symmetry Groups.

-Spectral Theory of Pellis—Fractal Laplacians in Manifold Theory.

3. Chemistry

-Quantum Chemical Modeling based on Pellis—Fractal Electron Distributions.

-Fractal Kinetics of Complex Reactions modeled by Pellis Functions.

-Pellis Fractal Patterns in Catalysis and Molecular Self-Assembly.

-Application to Supramolecular Chemistry and Nanoarchitectures.

-Modeling Chemical Bond Resonance and lonic-Covalent Transitions with Pellis Scaling.

4. Physical Sciences

-Fractal Modeling of Cosmic Microwave Background Anisotropies.
-Pellis—Fractal Fluid Dynamics for Turbulence and Atmospheric Phenomena.
-Application in Geomagnetism and Planetary Magnetic Field Modeling.
-Fractal Nanophotonics and Pellis—Scaled Metamaterials Design.
-Pellis-Based Modeling of Energy Transfer in Complex Physical Systems.

5. Medicine & Biology

-Pellis—Fractal Biomarkers for Early Disease Detection.

-Modeling Cancer Growth and Metastasis via Fractal Dynamics.

-Fractal Analysis of Neural Network Plasticity and Brain Connectivity.
-Pellis—Based Systems Biology for Metabolic and Signaling Networks.
-Design of Personalized Medicine Protocols using Pellis Fractal Patterns.
-Fractal Genomics for Epigenetic Regulation and Developmental Biology.

6. Earth Sciences: Seismology & Geology

-High-Resolution Pellis Fractal Modeling of Earthquake Precursors.
-Fractal Analysis of Geothermal and Volcanic Activity.

-Pellis-Based Fractal Modeling of Sediment Transport and Erosion.
-Application to Mineral Deposit Distribution and Exploration Geophysics.
-Modeling Climate—Tectonic Coupling with Pellis Fractal Systems.

7. Engineering & Materials Science

-Pellis Fractal Optimization in Structural Engineering and Resilience.
-Development of Fractal Energy Harvesting Materials.
-Pellis—Fractal Sensor Networks and Smart Material Interfaces.
-Fractal-Based Nanofabrication and Self-Assembly Techniques.
-Advanced Fractal Acoustic Metamaterials and Waveguides.

8. Social Sciences & Economics

-Pellis Fractal Modeling of Economic Cycles and Market Crashes
-Social Network Dynamics and Information Diffusion via Pellis Fractals



-Modeling Urban Growth and Infrastructure with Pellis Fractal Geometry
-Application in Behavioral Economics and Decision Theory
-Pellis Fractal Analysis of Cultural Evolution and Memetics

9. Arts, Architecture & Humanities

-Deep Fractal Geometry in Sacred and Classical Architecture.

-Pellis—Fractal Foundations of Musical Composition and Harmony.

-Digital Arts and Generative Design Using Pellis Fractal Algorithms.
-Philosophical Implications of Pellis Fractal Reality and Mathematical Platonism.
-Pellis-Based Visual Pattern Recognition and Aesthetic Theory.

10. Interdisciplinary & Emerging Fields

-Pellis Fractal Models for Complex Adaptive Systems and Cybernetics.
-Application in Quantum Biology and Photosynthesis Efficiency.
-Pellis—Fractal Theories of Consciousness and Cognitive Architectures.
-Fractal-Based Climate Resilience Modeling and Environmental Sustainability.
-Quantum Communication Protocols with Pellis Fractal Coding.

-Pellis Fractal Enhancements for Machine Learning and Neural Networks.

9. Conclusions

The Pellis—Koide Function: A Fractal Approach to Particle Masses:

The Golden Pentagon of Masses unifies diverse particle families under a shared geometric principle. We have
constructed a fractal pentagram embedding the five Koide triplets in golden triangles, scaled via the Pellis Function.
This unifies mass hierarchies, geometric elegance, and fractality in a visual and algebraic framework. With each triad
forming a Koide—Pellis triangle embedded in a golden pentagram, we propose that mass generation is not arbitrary,
but reflects an underlying fractal, golden architecture. Future directions include extension to 3D (icosahedral)
geometries, connections to the genetic code, and Laplacian spectral models. In this work, we introduced the
Koide—Pellis Pentagram, a novel geometric and algebraic framework linking particle mass hierarchies to the golden
ratio ¢ via a recursive fractal pentagram. By embedding five Koide triplets—charged leptons, neutrinos, up-type
quarks, down-type quarks, and a conjectured composite or dark sector—into the pentagram’s self-similar triangles,
we demonstrated that:

1) Koide relations can be interpreted as @-scaled projections of a single fractal law.

2) The Pellis Function acts as the algebraic generator connecting geometric recursion to physical mass ratios.
3) Fractal embedding provides a hierarchical structure for the Standard Model spectrum, potentially extending to
beyond Standard Model sectors.

This approach suggests that mass ratios are not arbitrary, but follow a deeper ¢-governed fractal symmetry. It opens
avenues for further exploration, including predictive modeling of neutrino masses, potential composite sectors, and
connections to fundamental constants such as the fine-structure constant. The Koide—Pellis Pentagram thus provides a
visual and algebraic unification of mass structures in the Standard Model and beyond, highlighting the interplay of
geometry, number theory, and fundamental physics.

The Higgs—Pellis Coupling Fractal Matrix provides a unified, fractal-geometric model for fermion masses in the
Standard Model. By encoding Yukawa couplings as golden-ratio scaled fractal eigenmodes, we reproduce the
observed mass hierarchy, Koide-like patterns, and connect fermion spectra with the inverse fine-structure constant.
This framework opens new avenues for beyond-Standard-Model physics, quantum geometry, and unification. The
quest to understand the origin of particle masses remains one of the central open problems in theoretical physics.
Within the Standard Model (SM), fermion masses arise via Yukawa couplings to the Higgs field, yet the values of



these couplings span many orders of magnitude and appear arbitrary, with no evident organizing principle. One of the
most striking empirical observations in this context is the Koide mass formula for charged leptons, which remarkably
relates the electron (me), muon (mp), and tau (mr) masses through a dimensionless relation satisfied to an accuracy
better than one part in 10°.

This paper introduces the Koide—Pellis Function, which embeds Koide-type relations within a ¢-scaled fractal
structure. Generalizations of the Koide formula to quarks and neutrinos suggest that fermion masses can be
interpreted as discrete fractal levels, with ¢@-based scaling providing a consistent, dimensionless, and geometrically

grounded measure. Fractal scaling indices (nj) control the Koide index Qg, yielding exact matches for leptons
(Q=2/3) and predictive estimates for neutrinos and quarks. This framework demonstrates that mass hierarchies,
including small neutrino masses and intergenerational differences, can be derived from an underlying golden-ratio
fractal geometry rather than arbitrary parameters.

The Koide—Pellis Function is further generalized to:

-Neutrinos, predicting Qv=0.519 under ¢-based normal hierarchy scaling.
-Gauge bosons, producing consistent fractal mass ratios even for W and Z bosons.
-Quarks, embedding second and third-generation mass triplets into @-scaled fractal triangles.

This establishes a dimensionless, geometric, and physically grounded origin for the Koide symmetry across multiple
fermion families and bosons.

Unified Geometric Principle of Masses:

Building upon the Pellis—Koide Function, the Golden Pentagon of Masses provides a unified geometric framework
for multiple particle families. By embedding five Koide triplets into a recursive fractal pentagram, we show that
observed mass ratios are a manifestation of ¢-governed fractal symmetry rather than arbitrary constants.

Koide—Pellis Pentagram:

-Each triplet forms a Koide—Pellis triangle, scaled by the Pellis Function and embedded in the pentagram.

-The pentagram’s self-similar triangles provide a hierarchical and recursive geometric representation of the Standard
Model mass spectrum.

-Koide relations are interpreted as ¢-scaled projections of a single fractal law, revealing a deeper geometric
symmetry.

Higgs—Pellis Coupling Fractal Matrix:

-Fermion masses arise naturally from a ¢-scaled fractal matrix encoding Yukawa couplings.

-Eigenvalues correspond to physical masses; eigenvectors define mixing matrices (CKM, PMNYS).

-The framework links the inverse fine-structure constant o' to the fractal mass spectrum.

-Off-diagonal fractal couplings explain intergenerational mixing through hierarchical geometric embedding.

Implications for Particle Physics:

-Mass hierarchies, Koide relations, and fundamental constants are unified under fractal-¢ principles.

-Heavy states occupy the top of the hierarchy, while massless gauge bosons naturally correspond to zero fractal index
(A=0).

-Fractal embedding predicts neutrino mass patterns and allows exploration of BSM or composite sectors.

Future Directions:

-3D Generalizations: Extend pentagram to icosahedral or polyhedral geometries.

-Connections to the Genetic Code: Explore @-scaling and fractal symmetries in biological systems, including DNA.
-Spectral Analysis: Apply Laplacian spectral methods to connect mass eigenvalues to fractal spacetime geometry.
-Predictive Modeling: Constrain unknown particle masses and mixing angles using Pellis—¢ scaling.

Summary:

The Koide—Pellis Function, combined with the Koide—Pellis Pentagram and Higgs—Pellis Coupling Fractal Matrix,
provides a geometric-algebraic unification of particle masses, highlighting the interplay of fractal geometry, number
theory, and fundamental physics. Mass hierarchies, mixing patterns, and coupling constants emerge naturally from
¢-governed fractal principles, offering a novel paradigm for understanding the Standard Model and guiding
exploration beyond it.
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