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Abstract

Pursuing further our work on Born Reciprocal (Non-inertial) Relativ-
ity theory we find that the family of hyperbolic trajectories of particles
living in a four-dim phase space of signature (2, 2) automatically satisfy
the maximal speed of light and the maximal proper force conditions. A
direct link between the maximal proper force b and the minimum value of
the initial positions (xo)min of these hyperbolic paths is found. Further-
more, when the maximal proper force is set to be equal to the Planck-mass
squared b = m2

P then (xo)min = 2GM happens to coincide with the nu-
merical value of the horizon radius of the Schwarzschild black hole in four
spacetime dimensions. We proceed with a rigorous analysis of how open
strings sweeping a two-dim world-sheet region inside a Rindler wedge in
a D = 1 + 1 spacetime can be seen as a continuum of point masses that
are being collectively accelerated along the Rindler hyperbolic trajecto-
ries. The upshot of this analysis reveals that these strings can naturally
acquire a variable tension which is consistent with the dynamical tension
model of strings and branes proposed by Guendelman in the past years
[11]. We finalize by analyzing strings moving in phase space backgrounds
within the context of non-inertial relativity theory.

Keywords : Born Reciprocal Relativity; Non-inertial Relativity; Phase Space;
Strings; variable Tension string/brane models.

1 Introduction : Spacetime Trajectories

We shall begin by studying the behavior of the D = 1+1 spacetime trajectories
of a massive particle of proper (rest) mass m subjected to a variable proper
acceleration g(τ). The units are chosen to be h̄ = c = 1. After defining
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ui ≡
dxi

dτ
, u̇i ≡

dui

dτ
=

d2xi

dτ2
, i = 0, 1 (1)

where the derivatives are taken with respect to the proper time τ , let us find
solutions to the equations

(u0)
2 − (u1)

2 = 1, (u̇0)
2 − (u̇1)

2 = − g2(τ), (2)

corresponding, respectively, to the normalization condition on the timelike ve-
locity of a massive particle, and subjected to a variable spacelike proper accel-
eration g(τ), in a D = 1+ 1 spacetime of signature (+,−). Solving u0 in terms
of u1 yields u0 =

√
1 + (u1)2 in the first equation. Substituting this value into

the second equation leads to the differential equation

(du1/dτ)
2

1 + (u1)2
= g2(τ) (3)

and whose solution is given by

u1 =
dx

dτ
= sinh

(∫
g(τ)dτ

)
⇒ x(τ) =

∫ τ

0

sinh

(∫ τ ′

0

g(τ ′′)dτ ′′

)
dτ ′ (4)

The solution for t(τ) turns out to be

t(τ) =

∫ τ

0

cosh

(∫ τ ′

0

g(τ ′′)dτ ′′

)
dτ ′ (5)

One can verify by a mere substitution that the solutions in eqs-(4,5) for t(τ), x(τ)
obey

(
d2t

dτ2
)2 − (

d2x

dτ2
)2 = −(g(τ))2 (6)

for all functions g(τ).
In the special case that g(τ) = go constant, the integrals (4,5) lead to

t(τ) =
1

go
sinh(goτ), x(τ) =

1

go
cosh(goτ) (7)

and one recovers the hyperbolic trajectories x2 − t2 = (go)
−2 associated with

the motion of a massive particle subjected to a uniform proper acceleration go.
In the next section we shall analyze the phase space trajectories after im-

plementing the maximal proper force condition |mg(τ)| ≤ b . The proper force
is bounded by the physical numerical constant b of units of (mass)2, and is as-
sociated with the construction of the Born Reciprocal Relativity Theory (Non-
inertial Relativity) in phase space involving x, t, p, E [3], [4], [5], [6], [10].

One can enforce the maximal proper force condition by writing
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F (τ)

b
=

mg(τ)

b
= tanh[ξ(τ ] ⇒ g(τ) =

b

m
tanh[ξ(τ)] (8)

where ξ(τ) is any arbitrary function of the proper time τ and is associated with a
variable force-boost rapidity. Inserting g(τ) given by eq-(8) into eqs-(4,5) yields

t(τ) =

∫ τ

0

cosh

(∫ τ ′

0

b

m
tanh[ξ(τ ′′] dτ ′′

)
dτ ′ (9)

x(τ) =

∫ τ

0

sinh

(∫ τ ′

0

b

m
tanh[ξ(τ ′′)] dτ ′′

)
dτ ′ (10)

One can verify that the velocity never exceeds the speed of light c = 1

v =
dx

dt
=

(dx/dτ)

(dt/dτ)
= tanh

(∫ τ

0

b

m
tanh[ξ(τ ′′)] dτ ′′

)
(11)

Because the hyperbolic tangent function is bounded between 1 and −1, from
eq-(11) one learns that |v| = |(dx/dt)| ≤ 1 for all the expressions provided by
ξ(τ ′).

We shall examine 3 cases :

Case 1 . When ξ(τ) = ξo is constant one arrives at the solutions described by
eqs-(7) with go = b

m tanh(ξo).
Case 2 . When ξ(τ) = goτ is linear in τ , and when mgo = b coincides with the
maximal proper force, after some algebra and neglecting integration constants,
one arrives at

t(τ) =
1

2go
( sinh(goτ) + arctan[sinh(goτ)] ) (12a)

x(τ) =
1

2go
( sinh(goτ) − arctan[sinh(goτ)] ) (12b)

Note the different functional behavior of the solutions (12,13) compared to
the hyperbolic trajectories. The solutions provided in (12,13) implement the
maximal force condition |mg(τ)| ≤ b by construction.
Case 3 . When ξ(τ) is any arbitrary function one ends up with

t(τ) =

∫ τ

0

cosh[Ω(τ ′)] dτ ′, x(τ) =

∫ τ

0

sinh[Ω(τ ′)] dτ ′,

Ω(τ ′) ≡
∫ τ ′

0

b

m
tanh[ξ(τ ′′)] dτ ′′ (13)

Having explored the trajectories in a D = 1 + 1 spacetime in the next
section we shall extend our analysis to the trajectories of point masses in a
four-dim phase space background of signature (2, 2) associated with a D = 1+1
spacetime, and proceed with the study of the propagation of strings in phase
space backgrounds.
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2 Non-inertial Relativity, Phase Space
Trajectories of Point Masses and Strings

The principle behind the concept of “Born reciprocal relativity theory”, or non-
inertial relativity to be more precise1, was advocated by [3], [4], [5] and it
was based on the idea proposed long ago by [1] that coordinates and momenta
should be unified on the same footing. Consequently, if there is a limiting speed
(temporal derivative of the position coordinates) in Nature there should be a
maximal force as well, since force is the temporal derivative of the momentum.
Hence, a maximal speed limit (speed of light) must be accompanied with a
maximal proper force (which is also compatible with a maximal and minimal
length duality) [5].

The principle of maximal acceleration was advocated earlier on by [7]. A
chapter on Reciprocity Theory and Born’s Quantum Metric Operator appeared
early on in the book by [2]. The concept of Born reciprocity in order to provide
a new point of view on string theory in which spacetime is a derived dynamical
concept was advanced by [8].

The generalized velocity and force (acceleration) boosts (rotations) transfor-
mations of the flat 8D Phase space coordinates , where Xi, t, E, P i; i = 1, 2, 3
are c -valued (classical) variables which are all boosted (rotated) into each-other,
were given by [3] based on the group U(1, 3) and which is the Born version of the
Lorentz group SO(1, 3). The U(1, 3) = SU(1, 3)× U(1) group transformations
leave invariant the symplectic 2-form Ω = − dt∧dE+δijdX

i∧dP j ; i, j = 1, 2, 3
and also the following Born-Green line interval in the flat 8D phase-space

(dω)2 = (dt)2 − (dX)2 − (dY )2 − (dZ)2 +

1

b2
(
(dE)2 − (dPx)

2 − (dPy)
2 − (dPz)

2
)
, (c = 1) (14a)

The maximal proper force is set to be given by b. The symplectic group is
relevant because U(1, 3) = Sp(8, R) ∩O(2, 6); U(3, 1) = Sp(8, R) ∩O(6, 2), and
U(2, 2) = Sp(8, R) ∩O(4, 4).

These transformations can be simplified drastically when the velocity and
force (acceleration) boosts are both parallel to the x-direction and leave the
transverse directions Y, Z, Py, Pz intact. There is now a subgroup U(1, 1) =
SU(1, 1)× U(1) ⊂ U(1, 3) which leaves invariant the following phase space line
interval

(dω)2 = (dt)2 − (dX)2 +
(dE)2 − (dP )2

b2
=

(dτ)2
(

1 +
(dE/dτ)2 − (dP/dτ)2

b2

)
= (dτ)2

(
1 − F 2

F 2
max

)
, Fmax = b

(14b)

1We thank one of the referees of a previous article for highlighting this fact in order to
clarify the point that Born did not propose a reciprocal relativity theory
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where one has factored out the non-vanishing proper time infinitesimal (dτ)2 =
dt2 − dX2 ̸= 0 in (14b). The numerical quantity F 2 is positive by definition.
The proper force on a massive particle is given by F = ma, where a is the proper
acceleration and m is the rest mass. We refrained from factoring out (dt)2 in
(14b) because it is not Lorentz invariant, whereas (dτ)2 is Lorentz invariant.

The U(1, 1) group transformations involving the velocity and force boosts
(along the X direction) acting on the phase-space coordinates X, t, P,E and
which leave invariant the interval (14b) are given by [3], [4]

t′ = t cosh ξ + (ξv x +
ξa P

b
)
sinh ξ

ξ
(15a)

E′ = E cosh ξ + (b ξa X + ξvP )
sinh ξ

ξ
(15b)

X ′ = X cosh ξ + (ξv t +
ξa E

b
)
sinh ξ

ξ
(15c)

P ′ = P cosh ξ + (ξv E + b ξa t)
sinh ξ

ξ
(15d)

ξv is the velocity-boost rapidity parameter; ξa is the force (acceleration) boost
rapidity parameter, and ξ is the net effective rapidity parameter of the primed-
reference frame. The rapidity parameters ξa, ξv, ξ are defined, respectively, in
terms of the spatial velocity v = dx/dt, and proper force F = ma, as follows

tanh(ξv) = v; tanh(ξa) =
F

Fmax
, Fmax = b, ξ =

√
(ξv)2 + (ξa)2 (15e)

When ξv → ∞ ⇒ v → c = 1. And ξa → ∞ ⇒ F → Fmax = b.
It is straight-forward to verify that the transformations of eqs-(15) leave

invariant the phase space interval (dt)2−(dX)2+((dE)2−(dP )2)/b2 but do not
leave separately invariant the proper time interval (dτ)2 = dt2 − dX2, nor the
interval in energy-momentum space 1

b2 [(dE)2 − (dP )2]. Only the combination

(dω)2 = (dτ)2
(

1 − F 2

F 2
max

)
(15f)

is truly left invariant under force (acceleration) boosts. They also leave invariant
the symplectic 2-form (phase space areas) Ω = − dt ∧ dE + dX ∧ dP .

It is very important to emphasize that there are no factors of (1 + F 2/b2)
appearing in the above factorization process because in the superluminal case
(dτ)2 < 0 (spacelike interval) one still hasm2a2 < 0 despite that a2 > 0 (timelike
proper acceleration), because m2 < 0 due to the imaginary mass of tachyons.
When (dτ)2 > 0 (timelike interval) ⇒ m2a2 < 0 since a2 < 0 (spacelike proper
acceleration) and m2 > 0. Hence we shall always have the factor (1 − F 2/b2)
as expected with m2a2 = −F 2 < 0. This is also compatible with the fact
that if (dτ)2 > 0, then (dE)2 − (dP )2 < 0, and vice versa, if (dτ)2 < 0, then
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(dE)2 − (dP )2 > 0. An exception occurs for a free particle (or at rest) giving
(dE)2 − (dP )2 = 0 because dE = dP = 0.

The same results occur in higher dimensions. Given E2− p⃗ · p⃗ = E2−|p⃗|2 =
m2 > 0 when (dτ)2 > 0 gives upon differentiation
dE
d|p⃗| =

|p⃗|
E < 1, and resulting in (dE)2−dp⃗·dp⃗ = E2−|dp⃗|2 < 0. And vice versa, in

the case of E2−p⃗·p⃗ = E2−|p⃗|2 = m2 < 0 (tachyon), when (dτ)2 < 0, gives upon

differentiation dE
d|p⃗| =

|p⃗|
E > 1, and resulting in (dE)2 − dp⃗ · dp⃗ = E2 − |dp⃗|2 > 0.

Consequently, the negative sign appearing inside the parenthesis in eqs-
(14b,15f) furnishes the analog of the Lorentz relativistic factor in special rela-
tivity and it involves the ratio of the square of two proper forces. The result
(15) in the 4-dim phase space can be generalized to the 8D-dim phase space
(and to higher dimensions)

In the case of hyperbolic trajectories associated with the motion of a mas-
sive particle subjected to a uniform proper acceleration go , the phase space

infinitesimal interval (15f) is given by dω =
√
1− m2g2

o

b2 dτ . Due to the U(1, 1)

invariance of dω, under force boosts transformations one has the relation

dω =

√
1− (mgo)2

b2
dτ =

√
1− (m′g′o)

2

b2
dτ ′ (16)

which reveals that F = mgo ̸= F ′ = m′g′o and τ ̸= τ ′. Namely, the proper force
mgo and the proper time τ are not fully U(1, 1) invariant, they are (SO(1, 1))
Lorentz invariant. The explicit transformations relating m′g′o with mgo, and
relating τ ′ with τ , in terms of the force-boost rapidity parameter ξa can be
found in [6].

Therefore, ω is the truly U(1, 1)-invariant evolution parameter that must be
used in order to describe the phase space trajectories of a particle instead of the
proper time τ which is not U(1, 1) invariant. Consequently, instead of having
the expressions associated to hyperbolic trajectories

t(τ) =
1

go
sinh(goτ), x(τ) =

1

go
cosh(goτ) (17)

p(τ) = m
dx

dτ
= m sinh(goτ), E(τ) = m

dt

dτ
= m cosh(goτ) (18)

one must have expressions defined in terms of ω as follows

ZI(ω) ≡ { t(ω), x(ω),
1

b
E(ω),

1

b
p(ω) }, I = 1, 2, 3, 4 (19)

The analog of the timelike velocity condition VµV
µ = 1 in special relativity is

now given in phase space by

ŻI ŻI = (
dt

dω
)2 − (

dx

dω
)2 +

1

b2
(
dE

dω
)2 − 1

b2
(
dp

dω
)2 = 1 (20)

The extension to phase space of the spacelike condition on the proper accelera-
tion in spacetime is
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Z̈I Z̈I = (
d2t

dω2
)2 − (

d2x

dω2
)2 +

1

b2
(
d2E

dω2
)2 − 1

b2
(
d2p

dω2
)2 = −A2(ω) (21)

where A(ω) is the phase space analog of the proper spacetime acceleration and

must not be confused with g(τ). Given ŻI ŻI = 1, a differentiation yields

Z̈I ŻI = 0, consequently the phase space analog of the proper acceleration is
orthogonal to the phase space analog of velocity, hence if the velocity is timelike,
the acceleration is spacelike, and vice versa.

A thorough study of the spacelike (dω)2 < 0, null (dω)2 = 0, and timelike
(dω)2 > 0 intervals in phase space, and their relation to the intervals (dτ)2 in
spacetime, can be found in [6] where it was shown in many examples that there
are no crossovers in the spacetime intervals when one performs a force boost
transformation for any value of the force boost rapidity ξa rapidity parameter.
Consequently, one has that if (dτ)2 > 0 ⇒ (dτ ′)2 > 0. And viceversa, if
(dτ)2 < 0 ⇒ (dτ ′)2 < 0.

Before we discuss the energy and momentum it is very important to invoke
the construction of the quadratic Casimir invariants of the Quaplectic group
studied by Low [3], [4]. The Quaplectic group in four spacetime dimensions
(eight phase space dimensions) is the semi-direct product of U(1, 3) with the
translations in phase space and including the unit central element associated
with the Weyl-Heisenberg algebra. The relevance of the quadratic Casimir is
that it correctly defines the analog of proper mass in phase space M. Therefore,
upon defining

M dt

dω
= E, M dx

dω
= p (22)

where M is the U(1, 1)-invariant proper mass in phase space, and which is
not the same as m, the two eqs-(20,21) become a system of two simultaneous
differential equations for the two functions E(ω), p(ω) given by

(
E

M
)2 − (

p

M
)2 +

1

b2
(
dE

dω
)2 − 1

b2
(
dp

dω
)2 = 1 (23)

(
1

M
)2 (

dE

dω
)2 − (

1

M
)2 (

dp

dω
)2 +

1

b2
(
d2E

dω2
)2 − 1

b2
(
d2p

dω2
)2 = −A2(ω) (24)

In the b → ∞ limit, eq-(23) becomes E2 − p2 = M2, and one recovers the
on-shell condition since M → m in the b → ∞ limit. Whereas eq-(24) becomes
the spacelike proper force squared as it occurs in special relativity since ω → τ
and A(ω) → g(τ)

(
dE

dτ
)2 − (

dp

dτ
)2 = −(mg(τ))2 (25)

Let us find a one-parameter family of solutions to eqs-(23,24) parametrized
by the parameter κ after setting A = A(κ) to be a one-parameter family of
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accelerations independent of the phase space evolution parameter ω. A careful
inspection reveals that a one-parameter family of solutions to eqs-(23,24) is
given by

t(ω;κ) =
κ

A(κ)
sinh[A(κ) ω], x(ω;κ) =

κ

A(κ)
cosh[A(κ) ω] (26)

E(ω;κ) = κ M cosh[A(κ) ω], p(ω;κ) = κ M sinh[A(κ) ω] (27)

where κ is a numerical parameter.
From eq-(26) one infers that as ω → ∞ the particle reaches the speed of

light dx
dt = (dx/dω)

(dt/dω) = tanh[A(κ)ω] → 1 (c = 1).

Inserting the solutions given by eq-(27) into eqs-(23,24) lead to the relations

M2A2(κ)

b2
= 1− 1

κ2
, M A(κ) = b

√
1− 1

κ2
≤ b, κ ≥ 1 (28)

In order to avoid complex values for MA(κ), one must choose κ ≥ 1. A value
of κ = 1 yields MA(κ = 1) = 0. The condition MA(κ) ≤ b in eq-(28) is also a
sign of consistency such that the maximal upper bound of b is not exceeded. In
the limit κ → ∞ one has MA(κ) → b and the upper bound b is saturated.

The solutions (26,27) describe a one-parameter family of elliptic-hyperboloids
in four dimensions defined by the algebraic equation

x2 +
p2

b2
− t2 − E2

b2
=

1

A(κ)2
=

M2

b2(1− 1/κ2)
(29)

The above algebraic equation for the elliptic-hyperboloid is U(1, 1)-invariant.
Note the similarity of the family of solutions (26) with the family of Rindler

hyperbolic trajectories if one replaces g, τ with A, ω, respectively. The
parameter κ ≥ 1 is arbitrary and depicts the infinite family of trajectories.
The similarity with the family of Rindler trajectories which span the Rindler
coordinate-grid is more clear when κ is recast as κ = exp(Aoσ), with Ao con-
stant, with 0 ≤ σ ≤ ∞, so when σ = 0 ⇒ κ = 1, and σ = ∞ ⇒ κ = ∞. The
actual Rindler grid extends all the way to σ = −∞ which corresponds to the
origin x = 0, t = 0.

The initial positions of the trajectories in eq-(26) is described by the func-
tions

x(ω = 0;κ) = xo(κ) =
κ

A(κ)
=

κM
MA(κ)

=
κM

b
√

1− (1/κ2)
(30)

xo(κ) is proportional to the throat-sizes of the elliptic-hyperboloids.
When κ = 1 and ∞ ⇒ xo = ∞. The minimum value of xo is obtained by

solving dxo

dκ = 0. After some algebra one arrives at a quadratic equation for κ :

1− 2
κ2 = 0 ⇒ κ =

√
2 > 1. Inserting this value of κ into (30) yields
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(xo)min =
2M
b

=
2GM
Gb

(31)

If one sets the maximal proper force b to be equal to the Planck mass-squared
b = m2

P , in units of h̄ = c = 1, then Gb = Gm2
P = L2

Pm
2
P = 1, with LP being

the Planck scale in 4D, such that the minimal initial position turns out to be
2GM which coincides precisely with the numerical value of the horizon radius
of the Schwarzschild black hole in four spacetime dimensions (which must not
be confused with the four dimensions of the phase space we have been working
with signature (2, 2)).

To be strictly rigorous, one should have worked directly with a 4-dim space-
time of signature (1, 3), and an 8-dim phase space of signature (2, 6) and restrict
the solutions to a 2 + 2-dim subspace by choosing y = z = py = pz = 0, which
is compatible with the fact that U(1, 1) ⊂ U(1, 3). In this way, one can appro-
priately assign G = L2

P = (mP )
−2 in h̄ = c = 1 units and claim that (xo)min

matches the Schwarzschild horizon radius in 4D.
To sum up, the salient features of this work are (i) : the hyperbolic family

of trajectories in phase space automatically satisfy both the maximal speed of
light |dx/dt| ≤ 1, and the maximal proper force MA(κ) ≤ b condition. MA(κ)
is U(1, 1) invariant, which in turn implies SO(1, 1)-invariance; the converse is
not true, as we saw with mgo and τ not being invariant under force-boost trans-
formations [5], [6]. (ii) one arrives at (xo)min = 2M

b which establishes a direct
link between the maximal proper force b and the minimum value of the initial
position, a minimal distance from the origin given by eq-(31). Furthermore,
(iii) : if the maximal proper force is b = m2

P then (xo)min = 2GM happens
to coincide with the numerical value of the horizon radius of the Schwarzschild
black hole in four spacetime dimensions.

The minimal value of the initial positions is a result which is in sharp contrast
with what occurs in special relativity (inertial relativity). The initial positions
of the family of Rindler hyperbolic trajectories in D = 1+ 1 can range between
0 and ∞ depending on the range of values of the uniform proper spacetime
acceleration go given by go = ∞ and go = 0, respectively. The asymptotes to
the Rindler hyperbolas are the null lines going through the origin xo = 0 (zero
minimal distance) corresponding to the massless photons trajectories which can
be viewed as having an infinite proper acceleration go = ∞ and zero massm = 0,
and such that the double scaling limit is mgo = b [6], [5].

Hence we have shown how the behavior in phase space is very different and
one has found a non-zero minimal value for the initial positions of the family of
hyperbolic trajectories and which is determined in terms of the maximal proper
force b as shown by eq-(31). It remains to explore the solutions of eqs-(23,24) for
a variable proper phase space acceleration A(ω;κ). However, to find solutions
to eqs-(23,24) in this case when there is an explicit ω-dependence of A is far
more difficult than finding the solutions to eqs-(1,2) in spacetime and which
were displayed by eqs-(4,5).

To finalize let us point out the connection [12] between open strings and the
one-parameter family of Rindler hyperbolic trajectories in D = 1 + 1 given by
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t(η, σ) =
exp(goσ)

go
sinh(goη), x(η, σ) =

exp(goσ)

go
cosh(goη) (32)

(dτ)2 = (dt)2 − (dx)2 = exp(2goσ)
(
dη)2 − (dσ)2

)
(33)

Each Rindler hyperbolic trajectory corresponds to setting σ = constant in eq-
(33) such that the proper time along each one of these trajectories becomes
(dτ) = exp(goσ)dη ⇒ τ = exp(goσ)η, and one can write

go η = [exp(−goσ) go] [exp(goσ) η] = g(σ) τ ; g(σ) = exp(−goσ) go (34)

such that the expressions in eq-(32) can be rewritten as

t(τ, σ) =
1

g(σ)
sinh[g(σ)τ ], x(τ, σ) =

1

g(σ)
cosh[g(σ)τ ] (35)

Note that the functional form of eq-(35) is almost similar to eq-(26) with the
key difference that there are extra factors of κ = exp(Aoσ) in eq-(26). The
solutions (32) obey the string equations of motion2

∂2t

∂η2
− ∂2t

∂σ2
= 0,

∂2x

∂η2
− ∂2x

∂σ2
= 0 (36)

whereas the solutions in eq-(35) do not

∂2t

∂τ2
− ∂2t

∂σ2
̸= 0,

∂2x

∂τ2
− ∂2x

∂σ2
̸= 0, (37)

The variables η, σ appearing in eq-(36) are the appropriate temporal and spatial
variables associated with the two-dimensional world-sheet, whereas τ in eq-(37)
is the proper time affine parameter associated with the world-line of a point mass
and whose spatial σ-dependent proper acceleration g(σ) obeys the relation

(
∂2t

∂τ2
)2 − (

∂2x

∂σ2
)2 = − (g(σ))2, g(σ) = go exp(−goσ) (38)

The physical interpretation of eq-(36) is the following : Imagine an infinite
open string stretching from xo all the way to x = ∞ and comprised of a con-
tinuum of point masses m where each one of these point masses is subjected
to a σ-dependent proper force given by F (σ) = mg(σ) = mgo exp(−goσ) en-
dowing each one of these point masses with a hyperbolic trajectory such that
the σ-dependent proper acceleration g(σ) is go exp(−goσ). One could rewrite
the expression for F (σ) as m(σ)go = [mo exp(−goσ)]go, and in turn, interpret
the proper force at each value of σ as that experienced by a σ-dependent mass
distribution of points given by m(σ) where each one of these mass points is
experiencing the same proper acceleration go.

2The Dirichlet boundary conditions t = x = 0, and Neumann boundary conditions ∂σt =
∂σx = 0 are obeyed at σ = −∞, but not at σ = ∞
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Because the physical units of a proper force F are the same as a tension
when c = 1 : [mc2/L] = [Tc2] (the tension T is just mass per unit length
m/L) one could view this continuum arrangement of accelerated point masses
as belonging collectively to an infinite open string with a variable tension T (σ)
which sweeps a two-dim world-sheet lying inside a region of the Rindler wedge
[12]. The view of a string as a collection of point particles has been studied
earlier on by [13].

Equating the tension T with the mass density dm(σ)
dσ gives a variable but

negative tension

T (σ) =
dm(σ)

dσ
= −mogo exp(−goσ) (39)

Strings with a dynamical (variable) tension (both in space and time) T (η, σ)
have been extensively studied by Guendelman [11] over the years. In the modi-
fied measure formulation of strings/ branes, the tension appear as an additional
dynamical degree of freedom. There are many important physical consequences
of these variable tension models of strings and branes. Recently, Guendelman
has reviewed how the model avoids the Swampland constraints making treat-
ments for Dark energy and inflation more realistic and how strings with a dif-
ferent tension appear as Dark Matter to us. We refer to [11] and the many
references therein for specific details. One should note that the dynamical ten-
sion description of Guendelman is based on the modified measure formulation
which differs from the mechanism described in this work.

We have discussed above how to introduce a variable tension of the form
T (σ). The next question is how to introduce an additional temporal dependence.
Because the string was comprised of a continuum of point masses that are being
accelerated, if they emit gravitational radiation, there will be a loss of mass, and
in this fashion, one could attain the sought after temporal dependence leading
to a dynamical tension as well T (η, σ).

To finalize this section, one could explore the maps

t(η, σ), x(η, σ), E(η, σ), p(η, σ) (40)

from the two-dim world-sheet of an open string, comprised of the coordinates
(η, σ), to the flat 2 + 2-dim phase background described by the coordinates
t, x, E, p. Namely, by embedding a string in a flat phase space background and
which is closely related to the metastring proposed by [8].

The simplest open string action one can construct is associated to a 2+2-dim
phase space background with coordinates ZM = (Xµ, b−1Pµ), equipped with a
flat phase space metric ηMN = diag (1,−1, 1,−1), and a constant symplectic
form ΩMN . The latter replaces the role of the antisymmetric tensor Kalb-
Ramond field in ordinary string backgrounds. The action is

S =
T

2

∫
dη dσ

√
|g|

(
gab(∂aZ

M )(∂bZ
N )ηMN +

ϵab√
|g|

(∂aZ
M )(∂bZ

N )ΩMN

)
(41)
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where gab is the world-sheet auxiliary metric, a, b = 1, 2, and ϵab = −ϵba.
The action (41) admits the following symmetries :

(i) invariance under the U(2, 2) transformations of the phase space background
coordinates ZM which include SO(1, 1) Lorentz transformations and force-boost
transformations eqs-(15a-15d).
(ii) invariance under translationsXµ → Xµ+rµ and Pµ → Pµ+qµ with constant
vectors rµ, qµ.
(iii) invariance under world-sheet diffeomorphisms η → η′(η, σ); σ → σ′(η, σ).
(iv) invariance under Weyl scalings gab → eϕgab.

After fixing the world-sheet diffeomorphism and Weyl scale invariance the
action (41) becomes

S =
T

2

∫
dη dσ

(
ηab(∂aZ

M )(∂bZ
N )ηMN + ϵab (∂aZ

M )(∂bZ
N )ΩMN

)
(42)

The equations of motion of the variables ZM (given a constant ηMN ,ΩMN ) are

∂2ZM

∂η2
− ∂2ZM

∂σ2
= 0 (43)

Eqs-(43) admit the following solutions in terms of the modes expansion

Xµ(η, σ) = xµ + lsπ
µ
xη + ils

∑
n ̸=0

1

n
αµ
n e−inη/ls cos(nσ/ls) (44a)

Pµ(η, σ) = pµ +
b

ls
πµ
p η + ibls

∑
n ̸=0

1

n
βµ
n e−inη/ls cos(nσ/ls) (44b)

The requirement that Xµ, Pµ are real functions require that the constants
xµ, pµ, πµ

x , π
µ
p are real, while the positive and negative modes are complex con-

jugate to each other αµ
−n = (αµ

n)
∗; βµ

−n = (βµ
n)

∗. The constants xµ, πµ
x represent

the string’s center of mass position and its canonical conjugate (whose units are
those of momentum), respectively. While pµ, πµ

p represent the string’s center of
mass momentum and its canonical conjugate (whose units are those of length),
respectively. A new parameter, the string length scale ls, has been introduced
which is related to the string tension T ∼ 1

l2s
, for details see [14].

The solutions (44) obey the open string Neumann boundary conditions at
σ = 0, πls

∂σZ
M (σ = 0) = 0, ∂σZ

M (σ = πls) = 0 (45)

The closed string solutions are given in terms of the sum of right and left
movers [14] Xµ = Xµ

R(η − σ) +Xµ
L(η + σ), . . . obeying periodic boundary con-

ditions Xµ(η, σ) = Xµ(η, σ + πls), . . . as follows

Xµ
R(η, σ) =

1

2
xµ +

1

2
lsπ

µ
x (η − σ) +

i

2
ls
∑
n ̸=0

1

n
αµ
n e−2in(η−σ)/ls (46a)
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Pµ
R(η, σ) =

1

2
pµ +

b

2ls
πµ
p (η − σ) +

i

2
bls
∑
n ̸=0

1

n
βµ
n e−2in(η−σ)/ls (46b)

Xµ
L(η, σ) =

1

2
xµ +

1

2
lsπ

µ
x (η + σ) +

i

2
ls
∑
n ̸=0

1

n
α̃µ
n e−2in(η+σ)/ls (46c)

Pµ
L (η, σ) =

1

2
pµ +

b

2ls
πµ
p (η + σ) +

i

2
bls
∑
n ̸=0

1

n
β̃µ
n e−2in(η+σ)/ls (46d)

where the right moving and left moving oscillator modes are αµ
n, α̃

µ
n , and βµ

n , β̃
µ
n .

The quantization of a Born-reciprocally-invariant string is beyond the scope
of this work and is more subtle than the quantization of the ordinary string.
For instance, the authors [17] studied the constraint quantization of the world-
line system of a point particle that is invariant under the principle of Born
reciprocity. The reciprocal transformations are not spin-conserving in general.
The physical state space is vastly enriched as compared with the covariant ap-
proach, and contains towers of integer spin massive states (like the string theory
spectrum), as well as unconventional massless representations, with continuous
Euclidean momentum and arbitrary integer helicity.

Note that the solutions

t(η, σ) =
exp(goσ)

go
sinh(goη), x(η, σ) =

exp(goσ)

go
cosh(goη) (47a)

E(η, σ) = M exp(goσ) cosh(goη), p(η, σ) = M exp(goσ) sinh(goη) (47b)

with T = M2, obey the open string equations of motion (43) but do not obey
the open string Neumann boundary conditions (45).

Despite that the boundary conditions are not obeyed by eqs-(47) one could
still extract a variable tension function as follows. By setting κ = exp(Aoσ) in
the expression for the phase space analog of the proper force found in eq-(28),
it yields

F(σ) = M A(σ) = b
√

1− exp(−2Aoσ), κ = exp(Aoσ) (48)

and leads to a σ-dependent mass distribution M(σ) after equating

F(σ) = M A(σ) = M(σ) Ao ⇒ M(σ) =
b

Ao

√
1− exp(−2Aoσ) (49)

such that

T (σ) =
dM(σ)

dσ
= b

exp(−2Aoσ)√
1− exp(−2Aoσ)

(50)

is a positive variable tension given in terms of the constant acceleration param-
eter Ao and the σ variable.
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Because the above tension blows up at σ = 0 one needs to introduce a cut-off
σmin that can be chosen to coincide with the value of κ =

√
2 associated with

the minimal initial position (xo)min = 2M/b found in eq-(31). In doing so one
arrives at

√
2 = exp(Aoσmin) ⇒ σmin = ln(

√
2)/Ao, and the tension at σmin

becomes T (σmin) =
b√
2
< b. One could choose the cutoff value for σ to be that

point 0 < σ∗ < σmin such that T (σ∗) = b is precisely the maximal proper force.
The tension at σ = ∞ is zero.

3 Concluding Remarks

In this work we found a family of hyperbolic trajectories of particles living in
a four-dim phase space of signature (2, 2) obeying the maximal speed of light
and the maximal proper force conditions. A direct link between the maximal
proper force b and the minimum value of the initial positions (xo)min of these
hyperbolic paths is found. Furthermore, when the maximal proper force is set
to be equal to the Planck-mass squared b = m2

P then (xo)min = 2GM happens
to coincide with the numerical value of the horizon radius of the Schwarzschild
black hole in four spacetime dimensions.

We proceeded with a rigorous analysis of how open strings sweeping a two-
dim world-sheet region inside a Rindler wedge in a D = 1 + 1 spacetime can
be seen as a continuum of point masses that are being collectively accelerated
along the Rindler hyperbolic trajectories. The upshot of this analysis reveals
that these strings can naturally acquire a variable tension which is consistent
with the dynamical tension model of strings and branes proposed by Guendel-
man in the past years [11]. And finally, we constructed the action of a string
moving in a flat target phase space background and found solutions to the
equations of motion for the open and closed string. These results differ from
the metastring [8] and the double field theories [9]. For these reasons, the quan-
tization program of a string invariant under the principle of Born reciprocity
deserves to be investigated further.

So far we have studied the flat Born geometry. A curved geometry of the
phase space (cotangent space) requires the tools of Hamilton-Cartan geometry
(Lagrange-Finsler geometry in the case of tangent space). The Born interval in
an 8-dim curved phase space (cotangent space) is given by

(dω)2 = gµν(x, p) dx
µ dxν + hab(x, p) (dp

a + Aa
µ(x, p) dx

µ) (dpb+Ab
ν(x, p) dx

ν)
(51)

gµν(x, p) is the horizontal base spacetime metric; µ, ν = 0, 1, 2, 3. hab(x, p)
is the vertical space (fiber) metric; a, b = 0, 1, 2, 3. Aa

µ(x, p) is the nonlinear

connection. The flat space limit occurs when gµν = ηµν ;hab = 1
b2 ηab; A

a
µ = 0.

See [10] and the many references therein for more details.
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A curved geometry of the phase space has many other applications like in
resolving the problem of UV divergences in QFT. Recently, an intrinsic regu-
larization via curved momentum space as a geometric solution to divergences
in Quantum Field Theory has been proposed by [15]. The notion of curved
momentum space, as it arises in the discussion of noncommutative spacetime
coordinates or Doubly Special relativity theories, and the nontrivial connections
with spectral geometry and Hopf algebras has been analyzed by [16].

To conclude, besides point masses it is warranted to explore, further, strings
and branes in phase space backgrounds within the context of Born Reciprocal
(Non-inertial) Relativity, and to explore the novel physical consequences of the
classical and quantum theory.

Acknowledgments

We thank M. Bowers for assistance; to Eduardo Guendelman for many in-
sightful discussions of his work on strings/branes with dynamical tension and
to Igor Kanatchikov for providing reference [2].

References

[1] M. Born, “Elementary Particles and the Principle of Reciprocity”. Nature
163 (1949), p. 207
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