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Abstract

The paper studies explicit formulas for Np(n; a, b), the count of coefficients that remain
non–zero modulo a prime p in the trinomial power (1+xa+xb)n with 0 < a < b < p. Lever-
aging Lucas’ digit–wise criterion and the matrix–automaton framework of Amdeberhan–
Stanley, we first prove a carry‑free theorem: if every base‑p digit of n does not exceed⌊
(p− 1)/b

⌋
and the generated x-exponents do not overlap at every digit position, then no

cross‑digit carries occur and the exponents are unique for each digit position. This leads
to Np(n; a, b) being factorized as

∏
l

(
nl+2
2

)
, where nl are digits of n under base-p.

The paper next derives a upper bound Np(n; a, b) ≤ 3wp(n), where wp(n) is the sum
of the base‑p digits of n, and shows that equality holds precisely when every digit of n
is 0 or 1. Worked examples—including the case (1 + x + x3)n over F7—demonstrate the
formulas in practice, and the discussion shows our contributions within earlier studies on
automatic sequences and multinomial Lucas theorems.

1 Preliminaries
The problem of deciding when a coefficient of a polynomial power f(x)n ∈ Fp[x] disappears
modulo a fixed prime (or prime power) sits at the intersection of additive number theory,
automatic sequences, and algebraic combinatorics. We summarize the main results of prior
work that our work builds upon.

1.1 Digit–wise carry criteria: Kummer and Lucas
Kummer’s paper [5] on ideal factorizations already contains a carry interpretation for p-adic
valuations of binomial coefficients. Lucas [2] made the idea explicit for residues mod p: in
modern language, writing n =

∑
njp

j , k =
∑

kjp
j , one has(

n

k

)
≡

∏
j

(
nj

kj

)
(mod p),

so
(
n
k

)
̸≡ 0 iff every digit satisfies kj ≤ nj .

In an extended form, Lucas’ theorem also works for multinomials.
Let p be a prime, and let

n = n0 + n1p+ · · ·+ nrp
r

kj = kj0 + kj1p+ · · ·+ kjrp
r for j = 1, 2, . . . ,m

1



with
∑m

j=1 kji = ni for all i = 0, 1, . . . , r.
Then (

n

k1, k2, . . . , km

)
≡

r∏
i=0

(
ni

k1i, k2i, . . . , kmi

)
(mod p)

Clear explanation and other extensions (e.g. to multinomial coefficients) can be found in
Riddle’s survey [6].

1.2 Automatic sequences and matrix automata
Lucas’s digit test implies that the indicator sequence

[(
n
k

)
̸≡ 0

]
n≥0

is p-automatic. Allouche
and Shallit’s theory of regular sequences [3] provides a linear‐algebraic description: reading
the base‑p digits of n drives a finite automaton whose transition matrices A0, . . . , Ap−1 count
admissible digit patterns.

For general polynomials f , Amdeberhan & Stanley constructed such matrices in their
paper on Polynomial Coefficient Enumeration [1].

They showed that Np(n; f) := #{ coefficients ̸≡ 0 (mod p)} admits the factorization
Np(n; f) = uAat · · ·Aa0v for n =

∑
ajp

j . This matrix viewpoint is the foundation of this
paper. We specialized or refined their general framework.

1.3 Fractal growth and sparse trinomials
For the specific trinomial 1+x+x2 over F3, Ellison’s undergraduate thesis empirically observed
a power‑law growth N3(n) ≍ nβ and proved β = log3 ρ(A) where ρ(A) is the Perron eigenvalue
of the 3 × 3 transition matrix [4]. Her limit theorem clarified earlier numerical evidence of
fractal self‑similarity in trinomial Pascal triangles.

1.4 Notations
Throughout this paper

p is prime, 0 < a < b < p, Np(n; a, b) := #
{

non–zero coefficients of (1 + xa + xb)n
}
.

Write the base‑p expansion n =
∑s

j=0 njp
j and denote wp(n) :=

∑
j nj as its digit‑sum.

2 Theorem for the Carry‑free Case
In this section, we will prove a formula for calculating Np(n; a, b) in a special case when there
is no carry in the base-p expression of n.

Lemma 2.1. let a, b, p, n be positive integers, which satisfy 0 < a < b < p and n ≤ ⌊(p−1)/b⌋.
For integer i, j satisfying 0 ≤ i, j ≤ n and i+j ≤ n, the number of unique values for a∗j+b∗k
can be written as:

N(n) =


(n+ 1)(n+ 2)

2
, 0 ≤ n < b0,

b0(n+ 1)− b0(b0 − 1)

2
, n ≥ b0.
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where, d = gcd(a, b) and b0 = b/d.
Proof. 1. Remove the common factor. Write a = d a0 and b = d b0 with gcd(a0, b0) = 1;
then let

Xj,k = d Yj,k, Yj,k := a0 j + b0 k.

Multiplication by the positive constant d is injective, so it suffices to count the distinct values
of Yj,k.

2. Characterize collisions. Suppose two pairs (j1, k1) and (j2, k2) give the same value,
i.e. a0j1 + b0k1 = a0j2 + b0k2. Because a0 and b0 are coprime,

(j1 − j2, k1 − k2) = t (b0, −a0) (t ∈ Z).

Hence all lattice points that give the same Y form a translate of the one–dimensional lattice
generated by ∆ := (b0,−a0). Each such class therefore contains a unique representative whose
first coordinate lies in the range

0 ≤ j ≤ b0 − 1.

3. Count the representatives. Fix a residue j with 0 ≤ j ≤ min{n, b0 − 1}. The
admissible values of k satisfy 0 ≤ k ≤ n− j, giving n− j +1 lattice points. Summing over all
eligible j we get

N(n) =

min{n,b0−1}∑
j=0

(n− j + 1).

4. Evaluate the sum. If n < b0 the upper limit is j = n, and

N(n) =
n∑

j=0

(n− j + 1) =
(n+ 1)(n+ 2)

2
.

If n ≥ b0 the upper limit is j = b0 − 1, and

N(n) =

b0−1∑
j=0

(n− j + 1) = b0(n+ 1)− b0(b0 − 1)

2
.

5. No modular coincidences. Because j + k ≤ n we have Xj,k ≤ b n ≤ p − 1 by the
assumption on n; therefore two values coincide modulo p iff they coincide as ordinary integers,
and the count above is indeed the desired number of distinct values.

Theorem 2.2 (Carry-free). Let p be a prime, 0 < a < b < p and gcd(a, b) = 1. Write the
exponent n =

∑s
l=0 nlp

l with base–p digits 0 ≤ nl ≤ p− 1. Let

τ :=
⌊p− 1

b

⌋
.

If every digit satisfies nl ≤ τ and τ < b, then the number

Np(n; a, b) = #
{

coefficients ̸≡ 0 (mod p) in (1 + xa + xb)n
}

is
Np(n; a, b) =

s∏
l=0

(
nl + 2

2

)
. (1)
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Proof. We expand (1+xa+xb)n =
∑

i+j+k=n

(
n

i,j,k

)
xaj+bk, where i, j, k ≥ 0 and

(
n

i,j,k

)
=

n!

i! j! k!
denotes a trinomial coefficient. A term contributes to Np(n; a, b) precisely when

(
n

i,j,k

)
̸≡ 0

(mod p). We prove four claims as follows.

(i) Digit conditions for the existence of a term. Write i =
∑

ilp
l, j =

∑
jlp

l,
k =

∑
klp

l with 0 ≤ il, jl, kl ≤ p− 1. Lucas’s theorem for multinomials [2] says(
n

i, j, k

)
̸≡ 0 (mod p) ⇐⇒ il + jl + kl = nj for all l.

Equivalently, no base‑p carry occurs when adding the digit triples.

(ii) Absence of carries for the exponent under the hypothesis nl ≤ τ . Fix a digit
position l. Because il + jl + kl = nl ≤ τ , we have ajl + bkl ≤ b(jl + kl) ≤ bnl ≤ bτ ≤ p− 1, so
ajl + bkl < p. Thus, when we multiply the lth‑place exponents ajl and bkl and add them, no
carry is propagated to the next higher digit of the total exponent aj + bk.

(iii) For the l’s digit, each ajl + bkl is unique This can be proved with contradiction.
if we have ajl1 + bkl1 = ajl2 + bkl2, where jl1 ̸= jl2 and kl1 ̸= kl2. Let’s assume jl1 > jl2, It
can be written as:

a(jl1 − jl2) = b(kl2 − kl1)

Since gcd(a, b) = 1, jl1− jl2 must be a multiple of b. This is impossible because 0 < jl1− jl2 <
nl ≤ τ < b.

(iv) Counting valid digit triples. For a fixed digit nl, the number of non‑negative integer
solutions to il + jl + kl = nl can be derived from Lemma 2.1. It is the first case, since
gcd(a, b) = 1 → b0 = b and nl < b is given as one of the conditions. So, it is the formula
below: (nl+2)(nl+1)

2 =
(
nl+2
2

)
.

Because carries never arise, choices in different digit positions are independent. The mul-
tiplication principle therefore gives Np(n; a, b) =

∏
l

(
nl+2
2

)
, which is equation (1).

Remark 2.3. Both (ii) and (iii) are necessary. Without (iii), two terms might get the same
exponent of x, and their coefficients are added together, which might create a carry.

Illustrative examples for Theorem 2.2
Below are three concrete computations.

Example 2.4 (p = 7, a = 1, b = 3). Here τ = ⌊(7− 1)/3⌋ = 2. Choose n = 2 so the base–7
digit is 2 ≤ τ . Also b > τ .

Applying formula (1),

N7(2; 1, 3) =

(
2 + 2

2

)
= 6.

Indeed, a direct expansion of (1 + x + x3)2 confirms that exactly 6 coefficients are non-zero
mod 7.
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Example 2.5 (p = 7, a = 1, b = 3). Now τ = ⌊(7− 1)/3⌋ = 2. Take n = 9 = 1 · 71 + 2, with
digits (n1, n0) = (1, 2) ≤ τ < b. Theorem 2.2 gives

N7(9; 1, 3) =

(
1 + 2

2

)(
2 + 2

2

)
= 3 · 6 = 18.

Expanding (1 + x+ x3)9 modulo 7 and counting non–zero coefficients yields the same value.

Example 2.6 (p = 13, a = 3, b = 5). Here τ = ⌊(13− 1)/5⌋ = 2. Let n = 27 = 2 · 131 + 1,
so (n1, n0) = (2, 1) ≤ τ < b. Equation (1) gives

N13(27; 3, 5) =

(
2 + 2

2

)(
1 + 2

2

)
= 6 · 3 = 18.

A brute–force computation verifies that exactly 18 coefficients of (1+x3+x5)27 are non–zero
modulo 13.

These examples illustrate how Theorem 2.2 provides a digit‑by‑digit solution for counting
non–zero coefficients—one can simply check the base–p digits of n are each ≤ τ . As long as
gcd(a, b) = 1 and τ < b, we can just evaluates a product of small binomial numbers.

Corollary 2.7. Binary-digit exponents
Let p be a prime, 0 < a < b < p If every digit nl ∈ {0, 1} (i.e. n is written with binary digits
in base p), then

Np(n; a, b) = 3wp(n). (2)

Proof. The proof is similar to the proof for Theorem 2.2, except for step (iii). Since each digit
of j and k can be either 0 or 1, aji + bkl can take four values: 0, a, b,a + b. They are all
different. This does not require gcd(a, b) to be 1. Because a single digit contains at most one
“1’’ and

(
1+2
2

)
= 3. Given there are wp(n) 3s multiplied together, the final result is 3wp(n)

Illustrative examples for Corollary 2.7
Below are three concrete computations.

Example 2.8 (p = 7, a = 2, b = 4). Here τ = ⌊(7 − 1)/4⌋ = 1. Let n = 8 = 1 · 71 + 1, so
(n1, n0) = (1, 1), wp(n) = 2.

Applying formula (2),
N7(8; 2, 4) = 32 = 9.

Indeed, a direct expansion of (1 + x2 + x4)8 confirms that exactly 9 coefficients are non-zero
mod 7.
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3 Upper bound of Np(n; a, b)

Lemma 3.1. Let
C(t) :=

(
t+ 2

2

)
=

(t+ 1)(t+ 2)

2
.

We claim
C(t) ≤ 3 t (t ≥ 0), (3)

with equality ⇐⇒ t ∈ {0, 1}.

Proof. Define f(t) := C(t)
3t . Compute the ratio

f(t+ 1)

f(t)
=

(t+ 2)(t+ 3)

(t+ 1)(t+ 2)
· 1

3
=

t+ 3

3(t+ 1)
< 1 (t ≥ 1).

Therefore f(t) is strictly decreasing for t ≥ 1, while f(0) = 1 and f(1) = 1 directly. Thus,
C(t) < 3t for every t ≥ 2, establishing (3) and its equality clause.

Theorem 3.2. Let p be a prime and 0 < a < b < p. Write n in base p,

n =

s∑
l=0

nl p
l, 0 ≤ nl ≤ p− 1, wp(n) :=

s∑
l=0

nl, τ :=
⌊p− 1

b

⌋
If every digit satisfies nl ≤ τ , and denote

Np(n; a, b) := #
{

coefficients ̸≡ 0 (mod p) in (1 + xa + xb)n
}
.

Then
Np(n; a, b) ≤

s∏
l=0

(
nl + 2

2

)
≤ 3wp(n), (4)

The equality holds in the upper bound
(
Np(n; a, b) = 3h(n)

)
iff every digit nl ∈ {0, 1}.

Proof.

1. Independent digit contribution using Lucas’s theorem Similar to the proof for
Theorem 2.2, we expand

(1 + xa + xb)n =
∑

i+j+k=n

(
n

i, j, k

)
xa j+b k,

and write the summation indices digit‑wise, i =
∑

ilp
l, j =

∑
jlp

l, k =
∑

klp
l. Lucas’s

theorem for multinomials states that
(

n
i,j,k

)
̸≡ 0 (mod p) iff

il + jl + kj = nl for every l
(
no digit‑carry in i+ j + k

)
.

Thus each digit t := nl contributes independently of all others if there is no carry.
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2. No carry across different digits when nl ≤ τ . This is the same as step (ii) in the
proof for Theorem 2.2. That is, for a digit position l, ajl + bkl < p, no carry happens.

3. Counting number of triples in one column Fix a digit value nl at digit position l,
the number of integer solutions to il + jl + kl = nl, il, jl, kl ≥ 0, is the stars‑and‑bars number(

nl + 2

2

)
.

Note: some of those triples might get the same ajl + bkl value. For example, if a = 1, b = 2
2·a+0·b = 0·a+1·b. It gets the same value as a = 0, b = 1. x gets the same exponent and the
two terms merged together, the resulting coefficient might exceed p−1 and be a multiple of p
and disappear. Therefore,

(
nl+2
2

)
is an absolute upper bound on how many distinct (non‑zero)

coefficients a single digit can produce.
Since each digit position is independent (no carry) as proved previous, this proves the first

inequality in (4) that:

Np(n; a, b) ≤
s∏

l=0

(
nl + 2

2

)

4. Proof for the upper bound For each digit position l, it follows directly from Lemma
3.1 that (

nl + 2

2

)
≤ 3nl

Multiplying over all digits positions, we get:

Np(n; a, b) ≤
s∏

l=0

(
nl + 2

2

)
≤

s∏
l=0

3nl = 3wp(n)

which is the desired upper bound.

5. When equality holds From Lemma 3.1, the second inequality in (4) holds if and only if
nl ∈ 0, 1. We only need to consider when nl = 1. In that case, (jl, kl) can be either (0, 0), (1, 0)
or (0, 1). ajl + bkl are all different for the three cases: 0, a, b, and all of them are less than p,
so they generate separate power of x for that digit position. That is 3 possibilities for each
digit of n that is 1. Each digit position is independent, therefore:

Np(n; a, b) = 3wp(n)

In other words, when the second inequality in (4) holds, the first inequality also holds.
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