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Abstract 
This paper introduces and formalizes the Pole-Preservation Theorem, an elementary yet 
structurally significant property of reduced rational functions. The theorem states that 
for any reduced rational function , the set of vertical asymptotes of  is 𝑅(𝑥) = 𝑃(𝑥)

𝑄(𝑥) 𝑅

identical to that of its derivative . Furthermore, the horizontal asymptote is 𝑅'(𝑥)
preserved under differentiation if and only if the degree of  is lesser than the degree 𝑃(𝑥)
of ; otherwise, the horizontal asymptote behavior changes, typically converging to 𝑄(𝑥)
y=0 in the equal-degree case or to a different non-horizontal asymptote when the degree 
of  is greater than the degree of . Proofs are provided using elementary calculus, 𝑃(𝑥) 𝑄(𝑥)
supported by examples and counterexamples. The theorem is then shown to be a special 
case of a broader result from complex analysis: differentiation of meromorphic functions 
preserves the location of poles while increasing their order. This connection situates the 
theorem as a simplified corollary of a fundamental analytic principle, bridging 
introductory calculus concepts with the theory of meromorphic functions, pole 
classification, and Laurent series expansions. 
Introduction 
Mathematical discovery does not always arise from advanced theoretical work; often, it 
begins with a simple observation and a desire to generalize. While experimenting with 
Desmos (A Graphing website/software), I noticed a striking regularity: the vertical 
asymptotes of a reduced rational function appeared to be preserved exactly when taking 
its derivative. Specifically, when plotting  and its derivative , 𝑅(𝑥) = 3

𝑥+5 𝑅'(𝑥) = −3

(𝑥+5)2

both graphs exhibited the same vertical asymptote at . Further examples 𝑥 =− 5
suggested that this preservation held generally for reduced rational functions, and in 
some cases, the horizontal asymptote was also preserved. This led to the formulation of 
what is here termed the Pole-Preservation theorem 
 
A reduced rational function is defined as a function  where P and Q are real 𝑅(𝑥) = 𝑃(𝑥)

𝑄(𝑥)

polynomials with no common factors, ensuring that no “holes” (removable 
discontinuities) exist. In this paper, we investigate the asymptotic behavior of both R and 
its derivative R’, with particular attention to vertical and horizontal asymptotes.  
 
From a pedagogical perspective, this investigation provides a clear and concrete 
opportunity to reinforce students’ understanding of two key ideas in calculus: 



1)​ Differentiation rules for rational functions, especially the quotient rule. 
2)​ The nature of asymptotes and how they reflect underlying algebraic and analytic 

structures. 

For students, the result has strong visual appeal. Plotting a rational function alongside 
its derivative reveals that the “infinite barriers” (vertical asymptotes) remain fixed in 
place, even though the derivative’s graph may differ drastically in shape. This makes the 
Zero-Preservation Theorem a valuable teaching tool: it connects symbolic differentiation 
to geometric intuition without requiring advanced theory. 

From a computational standpoint, the theorem has efficiency implications. In software 
systems for symbolic or numeric computation (e.g., MATLAB, Mathematica, 
WolframAlpha, or Desmos), the location of vertical asymptotes for R′ need not be 
recomputed from scratch if they are already known for R, provided the function is 
reduced. This can save processing steps in large-scale simulations, especially in 
engineering contexts where repeated differentiation of rational transfer functions is 
common. 

From an analytic standpoint, the theorem is more than an empirical curiosity. Its 
underlying mechanism can be explained in the language of complex analysis, where 
rational functions are special cases of meromorphic functions (Ahlfors, 1979; Conway, 
1978; Remmert, 1991). In the complex plane, a vertical asymptote corresponds to a pole 
along the real axis, and it is a standard result that differentiation preserves the location 
of poles while increasing their order (Knopp, 1996; Narayanan, 2012; Hayman, 1964). The 
Pole-Preservation Theorem thus emerges as a real-variable corollary of a deep analytic 
principle: differentiation cannot “remove” an isolated singularity, though it can modify 
its severity. By framing the result in this way, the theorem serves as an accessible bridge 
between elementary calculus and the rich framework of meromorphic function theory, 
including pole classification and Laurent series expansions (Stein & Shakarchi, 2003; 
Rudin, 1987; Tsuji, 1959). 

The remainder of this paper will proceed as follows. The next section states the theorem 
precisely and proves it using only real-variable calculus. The section after the statement 
and proof provides illustrative examples and counterexamples, clarifying the role of the 
degree condition for horizontal asymptotes. Then we develop the complex analysis 
connection, showing that the theorem is a special case of the pole-preservation property 
for meromorphic functions. Finally, we discuss its applications in education, 
computation, and applied mathematics. The paper concludes with remarks on the 
theorem’s role as a pedagogical and conceptual stepping stone between basic calculus 
and advanced analysis. 

 



The Theorem and proof 

Let  be polynomials, and set 𝑃, 𝑄 ∈ ℝ[𝑥]

 𝑅(𝑥) = 𝑃(𝑥)
𝑄(𝑥)

Fix a point . Suppose  has a zero of multiplicity  at  and  has a zero of 𝑎 ∈ ℝ 𝑄 𝑚 ≥ 1 𝑎 𝑃
multiplicity  at . Put . 𝑘 ≥ 0 𝑎 𝑟 : = 𝑚 − 𝑘

Parts 

1.​ If  then  is analytic at  (either removable or zero) and has no pole at . 𝑟 ≤ 0 𝑅 𝑎 𝑎
2.​ If  then  has a pole of order  at , and  has a pole of order  at . In 𝑟 ≥ 1 𝑅 𝑟 𝑎 𝑅' 𝑟 + 1 𝑎

particular, for a reduced rational function , every zero  of  is a pole of  (𝑠𝑜 𝑘 = 0) 𝑎 𝑄 𝑅
of order , and a pole of  of order . Hence the set of finite poles (vertical 𝑚 𝑅' 𝑚 + 1
asymptotes) of  and  coincide. 𝑅 𝑅'

3.​ (Horizontal asymptote/infinity) If the degree of P(x) is lesser than the degree of 
Q(x), then  and  as . If the degree of P(x) is equal to the 𝑅(𝑥) → 0 𝑅'(𝑥) → 0 |𝑥| → ∞
degree of Q(x), then  (ratio of leading coefficients) but . If 𝑅(𝑥) → 𝑐 ∈ ℝ\{0} 𝑅'(𝑥) → 0
the degree of P(x) is greater than the degree of Q(x), there is in general no 
horizontal asymptote for  (instead polynomial/slant asymptotes), and  has its 𝑅 𝑅'
own asymptotic behaviour. 

Preliminaries and notation 

●​ By “zero of multiplicity m” for a polynomial  at  we mean  𝑄 𝑎 𝑄(𝑥) = (𝑥 − 𝑎)𝑚𝑞(𝑥)
with . 𝑞(𝑎) ≠ 0

●​ A pole of order  at  for a function  means  where  is 𝑟 𝑎 𝑓 𝑓(𝑥) = (𝑥 − 𝑎)−𝑟𝑔(𝑥) 𝑔
analytic at  and . For rational  this can be read off from multiplicities in 𝑎 𝑔(𝑎) ≠ 0 𝑅
numerator and denominator.  

●​ “Reduced” means  and  share no common factor  for any . Equivalently, 𝑃 𝑄 (𝑥 − 𝑎) 𝑎
for any root  of , we have . 𝑎 𝑄 𝑃(𝑎) ≠ 0

Proof of poles (vertical asymptotes) and multiplicity increase\ 

We prove part (2) of the theorem (the essential pole behavior). Let . Write 𝑎 ∈ ℝ

 𝑃(𝑥) = (𝑥 − 𝑎)𝑘𝑝(𝑥),  𝑄(𝑥) = (𝑥 − 𝑎)𝑚𝑞(𝑥),

With  and . (Here , .) Then 𝑝(𝑎) ≠ 0 𝑞(𝑎) ≠ 0 𝑘 ≥ 0 𝑚 ≥ 1



 𝑅(𝑥) = 𝑃(𝑥)
𝑄(𝑥) = (𝑥−𝑎)𝑘𝑝(𝑥)

(𝑥−𝑎)𝑚𝑞(𝑥)
= (𝑥 − 𝑎)𝑘−𝑚 𝑝(𝑥)

𝑞(𝑥)

Set . Three cases: 𝑟 : =  𝑚 − 𝑘

Case A: . Then  and  is analytic (or zero) at , there is no 𝑟 ≤ 0 𝑘 ≥ 𝑚 𝑅(𝑥) = (𝑥 − 𝑎)−𝑟 𝑝(𝑥)
𝑞(𝑥) 𝑎

pole. This proves part (1). 

Case B: . Then .  where  is analytic at  and 𝑟 ≥ 1 𝑅(𝑥) = (𝑥 − 𝑎)−𝑟 ℎ(𝑥) ℎ(𝑥): = 𝑝(𝑥)
𝑞(𝑥) 𝑎 ℎ(𝑎) ≠ 0

. Thus has a pole of order  at . 𝑅 𝑟 𝑎

We compute . Since  is analytic at , we may differentiate the product  𝑅'(𝑥) ℎ 𝑎 (𝑥 − 𝑎)−𝑟ℎ(𝑥)
in the usual way: 

 𝑅'(𝑥) = 𝑑
𝑑𝑥 [(𝑥 − 𝑎)−𝑟ℎ(𝑥)] =− 𝑟(𝑥 − 𝑎)−𝑟−1ℎ(𝑥) + (𝑥 − 𝑎)−𝑟ℎ'(𝑥)

Factor out the principal power: 

 𝑅'(𝑥) = (𝑥 − 𝑎)−𝑟−1[− 𝑟ℎ(𝑥) + (𝑥 − 𝑎)ℎ'(𝑥)].

The bracketed factor is analytic at . Evaluate it at : 𝑎 𝑎

 (− 𝑟ℎ(𝑥) + (𝑥 − 𝑎)ℎ'(𝑥))|
𝑥=𝑎

=− 𝑟ℎ(𝑎) ≠ 0

Because  and . Therefore the bracket has a nonzero value at , hence  ℎ(𝑎) ≠ 0 𝑟 ≥ 1 𝑎 𝑅'(𝑥)

has the exact factor  with nonzero analytic coefficient. Thus  has a pole of (𝑥 − 𝑎)−𝑟−1 𝑅'
order  at . 𝑟 + 1 𝑎

This proves that if  has a (finite) pole of order  at  then  has a pole of exact order 𝑅 𝑟 𝑎 𝑅'
 at the same point . In particular, the set of finite pole locations of  equals that of 𝑟 + 1 𝑎 𝑅

 (for the rational function case), and the order increases by one.  𝑅'

Corollary (reduced rational function) 

If , then for any root  of  we have  and ; hence  has a pole 𝑔𝑐𝑑(𝑃, 𝑄) = 1 𝑎 𝑄 𝑘 = 0 𝑟 = 𝑚 ≥ 1 𝑅
of order  at  and  a pole of order . So vertical asymptotes (real poles) are 𝑚 𝑎 𝑅' 𝑚 + 1
preserved. 

Remark on cancellation/nonreduced case 



If  and  share a factor  then the multiplicities  and  will both be at least , and 𝑃 𝑄 (𝑥 − 𝑎)𝑡 𝑘 𝑚 𝑡
cancellation may reduce a pole of . The theorem above works with the multiplicity 𝑅
difference ; when  no pole occurs. The reduced hypothesis is exactly what 𝑟 = 𝑚 − 𝑘 𝑟 ≤ 0
guarantees the original function had the poles coming from the zeros of . 𝑄

Proof on the horizontal asymptotes (degree considerations) 

We now prove the degree statements in Part (3). 

Write  and , and let the leading coefficients be  and  respectively 𝑑𝑒𝑔 𝑃 = 𝑝 𝑑𝑒𝑔 𝑄 = 𝑞 𝑎
𝑝

𝑏
𝑞

(so , ). 𝑎
𝑝

𝑏
𝑞
≠ 0

1.​ If . Then 𝑝 < 𝑞

, 
|𝑥| ∞

lim
→

𝑅(𝑥) =
|𝑥| ∞

lim
→

𝑃(𝑥)
𝑄(𝑥) = 0

Because the denominator grows faster than the numerator. For  use the 𝑅'(𝑥)
quotient rule: 

 𝑅'(𝑥) = 𝑃'(𝑥)𝑄(𝑥)−𝑃(𝑥)𝑄'(𝑥)

𝑄(𝑥)2

Degrees: . The numerator has degree at most 𝑑𝑒𝑔(𝑄2) = 2𝑞
. 𝑚𝑎𝑥(𝑝 − 1 + 𝑞, 𝑝 + 𝑞 − 1) = 𝑝 + 𝑞 − 1

Since  (because ), 𝑝 + 𝑞 − 1 < 2𝑞 𝑝 < 𝑞 ⇒ 𝑝 + 𝑞 − 1 < 𝑞 + 𝑞 − 1 = 2𝑞 − 1 < 2𝑞
we get the degree of the numerator being less than the degree of the denominator, 
hence 

 
|𝑥| ∞

lim
→

𝑅'(𝑥) = 0

So both  and  have horizontal asymptote . 𝑅 𝑅' 𝑦 = 0

2.​ If , then 𝑝 = 𝑞

 
|𝑥| ∞

lim
→

𝑅(𝑥) =
𝑎

𝑝

𝑏
𝑞

=: 𝑐 ≠ 0.

For , as above the numerator has degree at most  while 𝑅'(𝑥) 𝑝 + 𝑞 − 1 = 2𝑞 − 1

 has degree . Thus, the degree of the numerator is lesser than the degree of 𝑄(𝑥)2 2𝑞



the denominator and so  as . Therefore the nonzero horizontal 𝑅'(𝑥) → 0 |𝑥| → ∞
asymptote  for  is not preserved:  tends to 0. 𝑦 = 𝑐 𝑅 𝑅'

3.​ If . Then  has no (finite) horizontal asymptote in general; it tends to  𝑝 > 𝑞 𝑅 ± ∞
with polynomial-like behavior or has a slant/polynomial asymptote found via 
polynomial long division. Differentiation changes the degree by one in the 
numerator/denominator interplay and the limiting behavior must be analyzed 
case by case; no general preservation statement holds for finite horizontal 
asymptotes in this regime.  

This completes the horizontal-asymptote part of the theorem.  

Generalization (Laurent series/meromorphic functions) 

The algebraic proof is elementary and covers rational functions fully. In complex 
analysis language the same phenomenon is immediate and more general: 

Let  be meromorphic in a neighborhood of  with a pole of order m. Then  has a laurent 𝑓 𝑎 𝑓
expansion  

. 𝑓(𝑧) =
𝑛=−𝑚

∞

∑ 𝑎
𝑛
(𝑧 − 𝑎)𝑛,  𝑎

−𝑚
≠ 0

Differentiate termwise (legitimate inside the annulus of the Laurent series): 

 𝑓'(𝑧) =
𝑛=−𝑚

∞

∑ 𝑛𝑎
𝑛
(𝑧 − 𝑎)𝑛−1 = (− 𝑚)𝑎

−𝑚
(𝑧 − 𝑎)−𝑚−1 +...  ,

So  has a pole of order  at . Thus differentiation preserves the location of poles 𝑓' 𝑚 + 1 𝑎
and increases order by one. 

Examples and explicit computations 

1.​ Simple pole, reduced case. 

 Here  has a simple root at ,  has 𝑅(𝑥) = 3
𝑥+5 . 𝑄(𝑥) = 𝑥 + 5 − 5 (𝑚 = 1) 𝑃(𝑥) = 3 𝑘 = 0

, so .  , a pole at -5 of order 2 (i.e. ). 𝑟 = 1 𝑅'(𝑥) =− 3/(𝑥 + 5)2 𝑟 + 1



 

2.​ Higher multiplicity. 

 Here pole at 0 of order 2.  has pole at 0 of order 3. 𝑅(𝑥) = 1

𝑥2 . 𝑅'(𝑥) =− 2𝑥−3



 

3.​ Nonreduced/removable example 

. Algebraically  for , so  has a removable singularity 𝑆(𝑥) = 𝑥2−1
𝑥−1 𝑆(𝑥) = 𝑥 + 1 𝑥 ≠ 1 𝑆

at  rather than a pole. The Derivative  (with removable singularity 𝑥 = 1 𝑆'(𝑥) = 1
removed) has no pole at . This shows why the reduced hypothesis is natural: 𝑥 = 1
if the numerator and denominator share factors, the presence/absence of poles 
changes.  



 

4.​ Horizontal asymptote counterexample 

 . as , but . 𝑅(𝑥) = 3𝑥+5
𝑥+1 . 𝑑𝑒𝑔 𝑃 = 𝑑𝑒𝑔 𝑄 = 1 𝑅(𝑥) → 3 |𝑥| → ∞ 𝑅'(𝑥) = −2

(𝑥+1)2 → 0

 

 

Applications & Discussion 

The Pole-Preservation Theorem is deceptively simple in its elementary form but has 
meaningful consequences in several areas of mathematics and applied sciences. We 
divide the discussion into pedagogical, computational, and theoretical applications, then 
extend to connections with complex analysis and potential interdisciplinary relevance. 

For students first encountering rational functions, vertical asymptotes (poles in the 
real-variable setting) are often introduced as “points where the function goes to infinity” 



or “values where the denominator equals zero.” This understanding is later deepened 
with the language of limits, orders of poles, and singularities in complex analysis. 

However, differentiation is typically introduced without revisiting these geometric 
features. The Pole-Preservation Theorem offers an elegant teaching opportunity: 

●​ Immediate visual reinforcement: Students can graph a rational function and its 
derivative side-by-side, noting that vertical asymptotes occur at the same 
xxx-values in both graphs.​
 

●​ Unified conceptual bridge: Early introduction of the idea that certain 
singularities are “structurally stable” under calculus operations encourages a 
smoother transition to later courses in complex analysis and differential 
equations.​
 

●​ Error prevention: In early problem-solving, students sometimes mistakenly 
think derivatives “remove” asymptotes unless the function is simplified. By 
formalizing the preservation result, one can prevent such misconceptions.​
 

In computer algebra systems (CAS) such as Mathematica, Maple, or SymPy, 
simplification steps after differentiation are often necessary to detect removable 
discontinuities and essential singularities. The Pole-Preservation Theorem can be 
directly encoded into symbolic manipulation algorithms:  

●​ Faster singularity detection: Once poles of the original rational function are 
determined, the poles of its derivative can be obtained immediately without 
recomputation, unless numerator-denominator cancellations occur before 
differentiation.​
 

●​ Numerical stability: In numerical simulations, knowing the persistent 
singularities in advance helps adaptive algorithms avoid evaluating near-pole 
regions, reducing floating-point overflow errors. 

In real-variable calculus: 

●​ Local behavior near poles: If  is a simple pole of , then  will also have a 𝑥
0

𝑅(𝑥) 𝑅'(𝑥)

simple pole at , with predictable residue sign and magnitude determined by the 𝑥
0

derivative’s Laurent expansion. 



●​ Degree Considerations: For rational functions with , the 𝑑𝑒𝑔 𝑃 <  𝑑𝑒𝑔 𝑄
derivative’s horizontal asymptote remains . This offers a computational 𝑦 = 0
shortcut when sketching derivative graphs by hand.  

The theorem has a direct translation to the complex plane: 

Let  be a meromorphic function on a domain . If  is a pole of  of order , 𝑓(𝑧) 𝐷 ⊂  ℂ 𝑧
0

𝑓 𝑚

then  is also a pole of , of order  if  (Hayman, 1964; Conway, 1978). 𝑧
0

𝑓'(𝑧) 𝑚 + 1 𝑚 > 0

In solving rational-function-coefficient ODEs, knowing that differentiation preserves 
poles means:  

●​ Singularity tracking: Poles in the solution propagate through differentiation 
steps, making it easier to predict blow-up behavior.​
 

●​ Regular vs. irregular singular points: Preservation simplifies classification when 
applying Frobenius method or asymptotic expansions. 

Interdisciplinary and Applied Contexts 

●​ Control Theory: Transfer functions in Laplace-transform space are rational 
functions of . The pole structure determines system stability. The theorem 𝑠
implies that sensitivity functions involving derivatives preserve instability 
locations, which is critical in feedback-loop analysis.​
 

●​ Signal Processing: Differentiation in the time domain corresponds to 
multiplication by  in the frequency domain. Rational spectral responses retain 𝑖ω
the same frequency poles. This fact underlies certain filter design invariances.​
 

●​ Fluid Dynamics and Electromagnetics: Many Green’s functions are rational in 
spectral space. Knowing the poles of derivatives without recomputation can 
speed up contour-integration-based evaluations. 

Limitations and Extensions 

●​ The theorem applies to reduced rational functions; if the original function is not 
reduced, cancellations may alter the pole set before or after differentiation.​
 

●​ In complex analysis, the preservation principle extends beyond rational functions 
to general meromorphic functions, but order changes must be accounted for.​
 



●​ Potential extension: investigating analogous preservation properties for branch 
points under differentiation in multi-valued analytic functions. 

Conclusion 

The Pole-Preservation Theorem formalizes an observation that is often implicitly 
understood in advanced mathematical analysis but seldom emphasized in elementary 
treatments of rational functions: for any reduced rational function, the set of vertical 
asymptotes (poles) is preserved exactly under differentiation. While this property is a 
direct corollary of well-known results in complex analysis. Specifically, that 
differentiation of a meromorphic function does not introduce new poles but can at most 
increase their order. Its explicit formulation in the context of real-variable rational 
functions offers significant pedagogical and computational value. 

From a theoretical standpoint, this theorem demonstrates the close relationship 
between elementary calculus concepts (such as vertical asymptotes in high-school and 
undergraduate curricula) and the deep structure of meromorphic functions in complex 
analysis. By framing the result within both contexts, we bridge a gap between 
introductory calculus intuition and the formal machinery of analytic function theory 
(Conway, 1978; Ahlfors, 1979; Remmert, 1991). 

From a practical perspective, the theorem allows for simplifications in graphing, limit 
evaluation, and singularity classification without having to re-derive vertical 
asymptotes from scratch after differentiation. In computational settings whether 
symbolic algebra systems, graphing tools such as Desmos, or hand-calculated 
derivatives. This result provides immediate efficiency gains by reducing redundant 
calculations. Furthermore, the horizontal asymptote behavior, which depends solely on 
the degree relationship between numerator and denominator, enriches the theorem’s 
real-variable applicability while hinting at deeper asymptotic expansions in the complex 
plane (Rudin, 1987; Hayman, 1964). 

Finally, the Pole-Preservation Theorem serves as an accessible gateway into complex 
analysis for students and self-learners. Beginning from an experimental observation in 
a digital graphing environment, the theorem naturally leads to discussions of Laurent 
series expansions, pole order behavior under differentiation (Narayanan, 2012), and the 
analytic continuation of rational functions. This path from experimental visualization 
to formal proof to advanced generalization  underscores a key philosophy of 
mathematics: that seemingly simple patterns can reveal themselves as special cases of 
far-reaching, elegant truths. 

In summary, this work isolates, names, and proves a specific instance of a broader 
meromorphic function principle, rendering it accessible to both newcomers and 



specialists. The Pole-Preservation Theorem is thus both a didactic tool and a specialized 
corollary of a central analytic fact, inviting further exploration of how computational 
experimentation can uncover formal mathematical structure. 
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