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Abstract 
 

 The Golden Function represents a novel, dimensionless framework for understanding 
the interrelations between fundamental constants, interactions, and structures across 
diverse scientific disciplines. Inspired by the golden ratio φ and fractal geometries, this 
function offers a unifying perspective on the mathematical and physical principles that 
govern the cosmos, from the quantum scale to cosmology, biology, and even human 
cognition. In this paper, we explore the foundational aspects of the Golden Function, 
examining its potential to unify disparate scientific fields such as particle physics, 
cosmology, biology, and mathematics under a single, coherent structure. We analyze its 
application in areas ranging from quantum mechanics to the dynamics of biological 
systems, and propose that the function can serve as a tool for predicting new 
phenomena, revealing previously unrecognized symmetries in nature, and enhancing our 
understanding of complex systems. By connecting fractality, scaling laws, and the 
fine-structure constant, the Golden Function opens up new avenues for interdisciplinary 
research, bridging the gap between abstract theoretical frameworks and empirical 
observations. Ultimately, this paper positions the Golden Function as a cornerstone in 
the pursuit of a unified theory of everything, highlighting its potential to reshape our 
understanding of the universe at all scales. The inverse fine-structure constant α-1 has 
long intrigued physicists due to its dimensionless nature and fundamental role in 
quantum electrodynamics. In this work, we propose a novel topological framework for 
its emergence based on the geometry of the Poincaré Dodecahedral Space (PDS) and the 
arithmetic of the golden ratio φ. We introduce the Golden Function: a φ-scaled 
summation of rational components that approximates the experimental value of α-1 with 
high precision. Its structure mirrors the spectral distribution of the Laplace–Beltrami 
operator on PDS. We argue that this expression is not numerological, but an emergent 
topological eigenvalue arising from the compact, positively curved 3-manifold S3/Γ, 
where natural harmonic modes reflect φ-based fractal scaling. The use of φ—an 
irrational, dimensionless constant found in both mathematics and biology—bridges 
quantum microphysics and global spatial topology, suggesting a universal, 
scale-invariant architecture. We demonstrate that the first eigenmodes of the PDS 
Laplacian correspond quantitatively to the terms in the Golden Function and define 
constraints on physical constants, consistent with a holographic or topological quantum 
field theory framework. By embedding φ-scaling into the spectral topology, the 
fine-structure constant arises not as an arbitrary empirical number but as a consequence 
of the Universe’s fractal-harmonic and topological structure. We further propose a 
dimensionless derivation of α-1, grounded in the Golden Function, incorporating Euler’s 
number, the golden ratio, and circular constants. The model embeds a fractal golden 
torus inside 3-spheres, including the Poincaré dodecahedral space, to describe 
fundamental quantization and angular momentum states. Recursive golden spirals 
constrained within higher-dimensional topologies reveal the geometric origin of 
electromagnetic coupling, unifying topological quantization, conformal invariants, and 
toroidal harmonics in a cosmological–quantum framework. 
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1. Introduction 
 
 Throughout the history of science, the pursuit of a unified understanding of nature has guided the development of 
major theories—from Newton’s laws to Einstein’s relativity, and from quantum mechanics to modern theories of 
unification. Yet, the fragmentation of knowledge across disciplines has often limited our ability to see the deeper 
connections that link the microscopic, the macroscopic, and the living world. The Golden Function emerges as a 
candidate for bridging this divide. Rooted in dimensionless mathematics and inspired by the golden ratio φ, this 
function encapsulates a family of equations that reveal fractal, recursive, and self-similar structures common to 
physical, biological, and cosmological systems. Unlike traditional formulations based solely on empirical 
measurements or unit-dependent constants, the Golden Function proposes a geometry- and ratio-based framework. It 
draws upon mathematical invariants to describe fundamental physical relationships in a unified, scale-invariant 
language. Remarkably, this approach leads to highly accurate approximations of constants such as the inverse 
fine-structure constant α, the proton-to-electron mass ratio μ, and parameters governing spiral dynamics in DNA, 
galaxies, and electromagnetic phenomena. This paper introduces the conceptual foundation of the Golden Function 
and explores its implications across the sciences. We demonstrate how its structure naturally bridges the gap between 
quantum fields and biological rhythms, between cosmological expansion and cellular organization, and between 
fundamental constants and emergent complexity. Through this lens, nature appears not as a collection of isolated 
domains, but as a unified, fractally coherent system governed by a deeper arithmetic and harmonic order. In the 
sections that follow, we define the general form of the Golden Function, review key applications in physics, biology, 
and geometry, and propose a roadmap toward a Unified Fractal Theory of  Nature. This theory not only aligns with 
the empirical precision of modern science but also revives the philosophical vision of harmony that has long inspired 
both ancient and modern thinkers. 
 Hans Hermann Otto [1-5] proposed the use of the fifth power of the golden ratio φ⁵ as a fundamental "natural 
number", unveiling deep numerical and structural connections with the fine-structure constant α. His model 
emphasizes recursive resonance between cosmological and quantum scales, echoing the fractal-information encoding 
of the Golden Function. Otto's framework reflects key principles embedded in the Golden Function, especially the 
recursive and dimensionless nature of physical laws. A. Khalili-Golmankhaneh [6-9] introduced fractal calculus, 
providing a rigorous mathematical treatment of scale-invariant and complex geometrical phenomena. This formalism 
is essential for describing nonlinear biological, physical, and cosmological behaviors, mirroring the structural logic of 
the Golden Function. Wim Vegt [10-14] advanced a relativistic model that seeks to unify electromagnetic and 
gravitational interactions. His pioneering approach underlines the need for new frameworks of field theory that 
transcend conventional four-dimensional spacetime and converge with the informational-geometric goals of the Pellis 
Function. His work aligns with the Golden Function: to reframe physical interactions through informational and 
geometric coherence. Seyed Kazem Mousavi [15-16] proposed a six-dimensional spacetime theory, adding geometric 
and topological depth to the unification of fundamental forces. This aligns conceptually with the multi-scale and 
non-Euclidean formulation of the Golden Function. J.-P. Luminet et al. [17-18] proposed the Poincaré Dodecahedral 
Space model of the universe , a finite yet closed geometric topology that matches WMAP data without fine-tuning.  Α 
geometric structure that strongly aligns with the topological perspective of the Golden Function. Such models 
naturally explain cosmic observations without arbitrary fine-tuning, reinforcing the aesthetic and mathematical 
economy of the Pellis approach. Pohl [19-21] has explored the nature of time, measurement, and the structure of 
reality through the concept of a “cosmic formula”, offering both philosophical and theoretical tools for unified 
thinking — a vision that parallels the dimensionless and recursive nature of the Golden Function. Dr. Rajalakshmi 
Heyrovska [22] showed that φ governs atomic dimensions and relationships, providing biophysical evidence that 
supports the universality of golden-ratio structures in both living and non-living systems, suggesting that atomic 
structure inherently reflects golden-scaling symmetries, as does the Golden Function. J. Forsythe & T. Valev  [23] 
proposed unified mass relations among fundamental particles, suggesting hidden symmetries — principles that can be 



expressed via φ-scaled frameworks like the Golden Function. Kosinov’s contributions [24] to unifying theoretical 
frameworks that link physical phenomena across scales — from gravity and universal constants to the fundamental 
structure of matter. Laurent Nottale [25] introduced Scale Relativity, explaining the cosmological constant Λ as a 
combination of general relativity and quantum gravitational self-energy. His framework offers fractal cosmological 
insights, resonating with the multi-scale dynamics of the Golden Function. R. Adler [26] calculated the ratio of dark 
energy density to Planck density, a core quantity for any model seeking to unify quantum vacuum energy with 
large-scale cosmic expansion — as does the Pellis framework through φ-derived approximations of α⁻¹. Jeff Yee [27] 
derived Avogadro's number using constants such as the Bohr radius, Planck length, and Euler’s number (e), 
connecting macro and micro physical domains via dimensionless ratios — a key tenet of the Pellis Function. Bender 
& Orszag [28] provided a rigorous mathematical foundation for asymptotics and perturbation theory, supporting 
complex multi-scale modeling like that embedded in the Pellis system. Mario Livio [29] explored the golden ratio 
across art, nature, and science, providing cultural and empirical depth to the presence of φ as a universal design 
principle — a philosophical affirmation of the Golden Function’s scope. Steven Weinberg [30]  in Dreams of a Final 
Theory, raised both scientific and metaphysical questions about the nature of a “final” unifying theory. The Pellis 
Function, while grounded in mathematical structure, similarly aspires toward conceptual synthesis across the 
sciences. In [31] we presented exact and approximate expressions between the Archimedes constant π,the golden 
ratio φ,the Euler's number e and the imaginary number i. Fine-structure constant can also be formulated in [32-34] 
exclusively in terms of the golden angle,the relativity factor and the fifth power of the golden mean. We proposed in 
[35-36] the simple and absolutely accurate expression for the fine-structure constant in terms of the Archimedes 
constant π: Also in [37] was presented the exact mathematical expressions that connects the proton to electron mass 
ratio μ and the fine-structure constant α. In [38] was presented the unity formula that connects the fine-structure 
constant and the proton to electron mass ratio. In [39] was presented the exact mathematical formula that connects 6 
dimensionless physical constants. In the papers [40-44] was presented  the unification of the fundamental 

interactions. In [45-46] it presented the theoretical value of the Gravitational constant G. In [47-48]  resulting in the 
dimensionless unification of atomic physics and cosmology. In [49-51] we presented the law of the gravitational 
fine-structure constant αg followed by ratios of maximum and minimum theoretical values ​​for natural quantities. In 
[52] we presented the Unification of the Microcosm and the Macrocosm.  In [53-58] we presented the Dimensionless 
Equations of the Universe. In [59] we presented the New Large Number Hypothesis of the universe. In [60] we 
presented the mass scale law of the Universe.  In the papers [61] was presented the theoretical value for the Hubble 
Constant. In  [62-63] we proved that the shape of the Universe is Poincaré dodecahedral space. In [64] we presented 
the solution for the Density Parameter of Dark Energy. In [65] we proposed a possible solution for the cosmological 
parameters.  In [66] we proposed a possible solution for the Equation of state in cosmology. In the paper [67] was 
presented the article Euler's identity in unification of the fundamental interactions. In [68] we investigate the 
implications of fractal calculus for quantum mechanics on fractal sets. The paper introduces the Fractal Schrödinger 
equation and explores its consequences, including solutions for time-dependent problems and applications to systems 
like the hydrogen atom and simple harmonic motion. In [69] we examine how natural patterns, such as filamentary 
and spiral structures, appear repetitively in nature, revealing fractal geometry and proportions such as the golden 
ratio. We connect these phenomena to fundamental constants of physics and suggest that they are key to 
understanding the origin of life. In [70] investigates the impact of glucose confinement on the behavior of 
AOT/water/isooctane reverse micelles using a semi-classical model. We propose that the reverse micelles can be 
represented as concentric, surface-charged spheres, with glucose molecules behaving as rigid dipoles within the 
confined water environment. The model considers both Van der Waals and electrostatic interactions, revealing an 
interplay between attractive and repulsive forces.  
 The Poincaré Dodecahedral Space is a closed, three-dimensional topological structure formed by identifying 
opposite faces of a dodecahedron through a rotation, resulting in a compact space with non-trivial topology. This 
model has been proposed as a potential description of the shape of the universe, particularly within cosmological 
theories that consider positively curved space. The geometry and symmetries of the Poincaré Dodecahedral Space are 
closely related to the number φ, as the dodecahedron is directly connected to the pentagon and the 
pentagram—geometric shapes that embody the golden ratio φ. These symmetries and geometric properties provide a 



topological and geometric foundation for the emergence of certain mathematical constants, such as the fine-structure 
constant. Within the context of the Pellis Function, the incorporation of this topology suggests that the origin of the 
fine-structure constant may stem from the symmetries and fractal structure encoded in the Poincaré Dodecahedral 
Space, establishing a harmonious link between topology, geometry, and fundamental physical constants. The Poincaré 
Dodecahedral Space is a special case of a closed, three-dimensional topological manifold with positive curvature, 
constructed by identifying opposite faces of a regular dodecahedron, accompanied by a rotation of  π/5 (36°). This 
procedure produces a space that is homeomorphic, closed, and boundaryless, characterized by symmetries associated 
with the rotation group of the dodecahedron. The geometry of the dodecahedron, and by extension the Poincaré 
Dodecahedral Space, is strongly tied to the golden ratio φ, as its edges and angles are based on pentagons and 
pentagrams—geometric expressions of φ. The presence of the golden ratio within this topological framework creates 
a physical space where fractal and harmonic scales expressed through φ can influence fundamental physical 
constants. In the context of the Golden Function, the Poincaré Dodecahedral Space provides a mathematical 
foundation of topology and geometry where the fine-structure constant is not a mere numerical constant but emerges 
from the symmetries and topological structure of the space. This function leverages the fractal scales induced by φ 
within this topology, proposing a unified perspective that connects the geometry of the universe with fundamental 
physical constants. This approach extends beyond the description of space itself, opening new avenues for 
understanding how topological properties may affect particle physics and the behavior of interactions at both 
quantum and cosmological scales. 
 The inverse fine-structure constant α-1 has long intrigued physicists due to its dimensionless nature and its 
fundamental role in quantum electrodynamics. In this work, we propose a novel topological framework for its 
emergence, based on the geometry of the Poincaré Dodecahedral Space (PDS) and the arithmetic of the golden ratio  
φ. We introduce the Golden Function: a φ-scaled summation of rational components that approximates the 
experimental value of  α-1 with remarkable precision. Its structure mirrors the spectral distribution of the 
Laplace–Beltrami operator on PDS. We argue that this expression is not numerological but an emergent topological 
eigenvalue arising from the compact, positively curved 3-manifold S3/Γ, where natural harmonic modes reflect  
φ-based fractal scaling. The use of φ—an irrational, dimensionless constant found both in mathematics and 
biology—bridges quantum microphysics and global spatial topology, suggesting a universal, scale-invariant 
architecture. We demonstrate that the first eigenmodes of the PDS Laplacian correspond quantitatively to the terms in 
the Pellis Function and define constraints on physical constants, consistent with a holographic or topological quantum 
field theory framework. By embedding φ-scaling into the spectral topology, the fine-structure constant arises not as 
an arbitrary empirical number but as a consequence of the Universe’s fractal-harmonic and topological structure. We 
further propose a dimensionless derivation of α-1, grounded in the Golden Function, incorporating Euler’s number, the 
golden ratio, and circular constants. The model embeds a fractal golden torus inside 3-spheres, including the Poincaré 
dodecahedral space, to describe fundamental quantization and angular momentum states. Recursive golden spirals 
constrained within higher-dimensional topologies reveal the geometric origin of electromagnetic coupling, unifying 
topological quantization, conformal invariants, and toroidal harmonics in a cosmological–quantum framework. 
 The fine-structure constant α governs the strength of the electromagnetic interaction and plays a central role in 
quantum electrodynamics (QED), atomic structure, and particle physics. Its dimensionless inverse α⁻¹ has puzzled 
scientists for over a century, raising foundational questions: Why does this constant have its specific value? Does it 
originate from deeper mathematical or topological principles? While the Standard Model treats α as an empirical 
parameter, numerous theoretical efforts have sought to derive its value from first principles—ranging from string 
theory landscapes to speculative numerological models. However, no approach has produced a universally accepted 
explanation. This paper proposes an alternative route: that the value of α⁻¹ may emerge naturally from the topology 
and spectral geometry of the universe, particularly through the Poincaré Dodecahedral Space (PDS)—a closed, 
positively curved 3-manifold with dodecahedral symmetry. The PDS has been proposed as a candidate for the global 
spatial topology of the Universe, motivated by anomalies in the Cosmic Microwave Background (CMB), such as 
suppressed low multipole moments and matched circle patterns. Mathematically, it arises from identifying opposite 
faces of a dodecahedron in the 3-sphere S3  via Clifford translations governed by the binary icosahedral group I*. This 
rich topological structure yields a discrete spectrum of eigenmodes of the Laplace–Beltrami operator, forming a 



foundation for studying spectral invariants and harmonic modes in a physically meaningful setting. Building on this, 
we introduce the Golden Function: a dimensionless φ-scaled expression rooted in the arithmetic of the golden ratio φ 
. This function is defined as a weighted summation of powers of φ, with structure aligned closely to the spectral 
distribution of the Laplacian on the PDS. Unlike numerological approximations, the Golden Function is proposed as a 
spectral eigenvalue—a geometric quantity emerging from the self-similar harmonic content of a compact 3-manifold. 
Moreover, this approach connects φ-scaling—a ubiquitous feature in natural and biological systems, from nautilus 
shells to DNA helices—with cosmological and quantum structures. We posit that such φ-based scaling reflects a 
universal language of self-similarity, resonance, and information distribution across physical scales. Specifically, this 
paper argues that: 
-The value of α-1 is not arbitrary, but arises from a fractal–spectral embedding of golden toroidal harmonics in 
higher-dimensional topologies; 
-The Golden Function captures φ-modulated Laplacian eigenvalues on the PDS, representing topological quantization 
of physical information; 
-The golden ratio φ, together with mathematical constants such as Euler’s number e and circular constants (e.g., 𝜋, 𝜏), 
underlies dimensionless formulations of fundamental constants; 
-The spectral geometry of closed manifolds like the PDS provides a topological mechanism for the emergence of 
electromagnetic coupling, consistent with holographic or quantum-geometric interpretations. 
 In the following sections, we develop the mathematical framework of theGoldens Function, derive its relation to the 
eigenmodes of the PDS, and explore the broader implications for fundamental physics, quantum geometry, and the 
fractal structure of natural laws. Recent contributions further underscore the growing interdisciplinary relevance of 
fractal-based, golden-ratio- inspired, and scale-bridging models across natural sciences: The article explores confined 
molecular environments using semi-classical approaches, potentially enriching our understanding of biochemical 
organization and nano-structured systems, themes also implicit in fractal biophysics. The article presents a novel 
hypothesis linking geophysical and electromagnetic phenomena to fundamental constants and biological emergence. 
The model resonates with the Golden Function’s scaling logic and its proposed unifying role in life's complexity. The 
article introduces a fractal extension of quantum mechanics via the Schrödinger equation. This approach 
mathematically supports the description of systems evolving within fractal geometries—a core tenet of the Pellis 
framework. These works collectively support the notion that nature’s laws may not merely be linear or smooth, but 
rather embedded in recursive, self-similar, and multi-scalar patterns—offering a consistent backdrop for the 
development of the Pellis Function as a candidate for cross-domain unification. 
 We need a Unified Scientific Language. The pursuit of a unified scientific language has been a long-standing 
ambition of human inquiry, reflecting the desire to discover the underlying principles that govern disparate natural 
phenomena. From Newton’s unification of celestial and terrestrial mechanics to Maxwell’s synthesis of electricity and 
magnetism, history is marked by paradigm shifts that reveal deeper layers of order and coherence in nature. Yet, 
despite tremendous progress, many branches of science—physics, biology, chemistry, and beyond—remain 
fragmented, lacking a common conceptual and mathematical framework. At the heart of this fragmentation lies the 
complexity and apparent arbitrariness of fundamental constants and natural laws, which often appear as isolated 
empirical inputs rather than as consequences of a unified structure. This complexity has only deepened with the 
recognition that many natural systems—from atomic scales to cosmological and biological levels—exhibit fractal, 
self-similar, and scale-invariant patterns. These observations suggest that any truly unified scientific language must 
embrace complexity and fractality as core features rather than anomalies. The Golden Function Theory emerges in 
this context as a novel framework that integrates fractal-spiral geometry, number theory, and fundamental constants 
into a single coherent model. By leveraging the golden ratio φ and related mathematical constructs, it seeks to unify 
the constants and laws that govern the physical world, while providing a scalable language capable of bridging 
diverse scientific disciplines. 
 The quest to unify scientific knowledge has a rich tradition. Classical mechanics unified terrestrial and celestial 
phenomena, while electromagnetism unified electric and magnetic forces. The 20th century brought quantum 
mechanics and relativity, each unifying previously separate realms of physics, though these theories remain difficult 
to reconcile fully. Efforts like the Grand Unified Theories (GUTs) and String Theory strive to unify fundamental 
forces but face challenges including experimental verification and conceptual complexity. Beyond physics, 
interdisciplinary efforts have aimed to relate biological complexity, chemistry, and physics through systems theory 
and complexity science. However, a fundamental mathematical language capturing these connections remains 
elusive, often stymied by the lack of a universal metric or pattern language. In recent decades, fractal geometry and 



complexity science have illuminated the self-similar structures pervasive across natural systems: from branching 
patterns in biology to turbulent flows, from galaxy distributions to DNA helixes. These patterns defy classical 
Euclidean geometry and call for new mathematical tools that can describe scale invariance and recursive 
organization. The golden ratio φ, renowned for its aesthetic and structural properties, appears as a recurring motif in 
fractals and spirals found throughout nature. This ubiquity points to deep universal principles governing growth, 
organization, and interaction at all scales. The Pellis Function Theory leverages these fractal and spiral principles as 
foundational elements in constructing a unifying scientific language that transcends disciplinary boundaries. This 
work presents the Pellis Function Theory as a foundational step toward unification. It introduces the Golden 
Function, a mathematical construct encoding fractal-spiral geometry and integrating fundamental constants such as 
the fine-structure constant α, Euler’s number e, and π via the golden ratio φ. 
 The theory aims to: 
-Derive physical constants from first principles rooted in fractal geometry. 
-Bridge physical laws across quantum, classical, and cosmological scales. 
-Extend to biological and informational systems through fractal scaling laws. 
-Provide a versatile, scalable mathematical language for interdisciplinary synthesis. 
-Subsequent parts will develop the mathematical formalism, physical implications, and applications across 
disciplines, advancing toward a universal language of nature encoded by the Golden Function. 
 
2. Definition of the Golden Function 
 
 The golden ratio φ is an omnipresent mathematical constant found widely in nature, from the architecture of living 
organisms and human-made structures to music, finance, medicine, philosophy, and physics, including quantum 
computation. Known as the “most irrational” number, φ exhibits remarkable self-similarity and fractal-like scaling 
properties. It commonly appears in systems exhibiting self-organization and minimum-energy configurations. 
Examples of φ in various scientific domains include: Biology: natural and artificial phyllotaxis, genetic code 
organization, DNA helical structures. Physics: hydrogen bonding, chaos theory, superconductivity phase transitions. 
Astrophysics: pulsating stars, black hole dynamics. Chemistry: quasicrystals, protein folding models. Τechnology: 
tribology, electrical resistors, quantum computing, photonics 
 The fine-structure constant α is a fundamental, dimensionless parameter that quantifies the strength of the 
electromagnetic interaction between charged elementary particles. Introduced by Arnold Sommerfeld in 1916 to 
account for the fine splitting of atomic energy levels—beyond the Bohr model—this constant incorporates relativistic 
corrections to electron motion and marks a significant advancement in early quantum theory. As such, it governs the 
coupling strength between charged particles and the electromagnetic field—most notably, the probability amplitude 
for an electron to emit or absorb a photon. Its dimensionless nature renders it invariant under changes to the units of 
mass, length, time, or electric charge, placing it among the most "universal" constants in the physical sciences. From 
quantum electrodynamics (QED) to atomic and molecular structure, the fine-structure constant permeates the fabric 
of modern physics. Its value affects the structure of atoms, the stability of matter, and the nature of light-matter 
interactions. Yet, despite its central role, the origin of its numerical value remains one of the deepest open questions 
in theoretical physics. Paul Dirac famously referred to the mystery of α value as “the most fundamental unsolved 
problem of physics,” reflecting a widespread sentiment among physicists and philosophers of science alike. The 
constancy and ubiquity of α have prompted attempts across decades to derive it from first principles—ideally in terms 
of mathematical constants such as π, 𝑒 and φ, or via unifying frameworks that reduce the number of arbitrary 
parameters in physical law. The persistent absence of such a derivation for α continues to inspire efforts ranging from 
string theory and quantum gravity to approaches grounded in number theory, fractal mathematics, and information 
theory. In this context, any proposed framework—such as the Golden Function—that attempts to derive the 
fine-structure constant from a mathematical relation involving transcendental numbers and geometric principles, 
warrants rigorous examination. Such endeavors aim not only to demystify the value of α, but to illuminate the 
underlying architecture of the universe itself. 
 First introduced by Arnold Sommerfeld in the early 20th century, it connects key physical constants. Its 
near-mystical appearance in atomic spectra, quantum electrodynamics (QED), and the structure of matter makes α a 
candidate for deeper unifying principles in science. Yet α’s influence may extend far beyond quantum physics, 
echoing across scales—from atomic transitions to the geometry of DNA and the organization of galaxies. 
1. In Quantum Physics and Electromagnetism: Governs electron transitions in atoms (fine structure of hydrogen 
spectral lines),Fundamental to QED: loop corrections, vacuum polarization, Appears in the running of coupling 
constants and grand unification theories (GUT). 
2. In Chemistry and Molecular Biology: Controls the strength of chemical bonding via electromagnetic 
interaction,Determines precision of atomic clocks,Correlations suggested between α and molecular absorption lines in 



astrophysics,Speculative links between α and electron transport in proteins or photosynthesis. 
3. In Genetics and Biophysics: Some theoretical models suggest φ- and α-based scaling in: DNA helical geometry, 
Codon arrangements and base-pair symmetries,Golden ratio correlations in biomolecules that may encode resonance 
conditions related to α. 
4. In Cosmology and Astrophysics: Influences stellar fusion rates and nuclear synthesis. Affects ionization history of 
the universe (CMB signatures), Precision tests: possible time or spatial variation of α (e.g., quasar absorption 
lines),Appears in attempts to derive α from cosmological models or topology (e.g., Poincaré dodecahedral space). 
5. In Art, Aesthetics, and Mathematical Harmony. Although α is not directly aesthetic like φ or π, connections 
arise:Attempts to derive α from mathematical constants: π , 𝑒 ,  φ. Models propose α as a ratio emerging from fractal, 
harmonic, or number-theoretic structures 
6. In Nature and Complexity: Emergent scaling in nature often echoes fractal and electromagnetic dynamics: Spiral 
phyllotaxis and plant growth (governed by φ, possibly linked to α). Antenna-like structures in biology tuned to 
electromagnetic frequencies. Speculative: α as an attractor in the evolution of energy-efficient, resonant biological 
forms. The fine-structure constant, α, appears to thread through the fabric of physical law like a golden stitch, 
governing interaction strength with uncanny precision. Its dimensionless character makes it a perfect candidate for 
deeper unification—not only within physics, but possibly between physics, biology, and cosmology. Whether we will 
ever derive α from first principles remains one of science’s grandest open questions. Its value, hovering eternally near 
1/137, continues to inspire both physicists and philosophers alike. The fine-structure constant appears to thread 
through the fabric of the cosmos like a golden filament—precisely dimensionless, universally embedded, yet 
fundamentally mysterious. Its consistent presence in domains as diverse as atomic transitions, DNA geometry, and 
cosmological topology renders it a plausible candidate for a unifying principle across the sciences. Whether it can 
ultimately be derived from a geometric or fractal origin—such as the Golden—remains one of the most compelling 
open problems in theoretical physics and complexity science. 
 The  fine-structure constant is one of the fundamental physical constants of nature, describing the strength of the 
electromagnetic interaction between charged particles. Its reciprocal, α⁻¹ , has been measured experimentally with 
great precision. However, despite its central importance in physics, its exact theoretical origin and mathematical 
expression remain a subject of research and debate. The 2022 CODATA recommended value of α is 
α=0.0072973525643(11) with standard uncertainty 0.0000000011×10-3 and relative standard uncertainty 1.6×10-10. 
For reasons of convenience, historically the value of the reciprocal of the fine-structure constant is often specified. 
The 2022 CODATA recommended value is given by α-1=137.035999177(21) with standard uncertainty 
0.0000000011×10-3 and relative standard uncertainty 1.6×10-10. The theory of QED predicts a relationship between 
the dimensionless magnetic moment of the electron and the fine-structure constant α (the magnetic moment of the 
electron is also referred to as the electron g-factor ge). One of the most precise values of α obtained experimentally 
(as of 2023) is based on a measurement of ge using a one-electron so-called "quantum cyclotron" apparatus, together 
with a calculation via the theory of QED that involved 12672 tenth-order Feynman diagrams: 
α-1=137.035999166(15). The Pellis function is defined as: 

 
(1) 

 
and is a mathematical expression that combines terms with negative powers of the real variable 𝑥, offering an 
interesting combination of polynomial and hyperbolic terms. This particular form of the function emerges in the 
context of unifying approaches to physical constants and quantum mechanical systems, where the choice of 𝑥 is often 
related to important mathematical constants, such as the golden number φ. The form f(x) is a linear combination of 
negative power terms of x, which often appear in quantum field theory and particle physics (e.g. terms related to 
angular momentum, rotation, scale). The function f(x) is of particular interest for the following reasons: 
1) Nonlinear composition of terms: The terms with exponents −2 , −3 and −5 are not simple sums of negative powers, 
but are combined with specific coefficients that create a complex profile of change depending on the value of 𝑥. 
2) Possible application in physical systems: When 𝑥 takes the value of the golden number φ, the function f(φ) 
approximates with great accuracy critical physical constants, such as the inverse fine-structure constant α-1. This 
relationship brings to the fore the possibility of a deeper mathematical framework, connecting the geometry and 
harmony of nature with fundamental interactions. 
3) Connection with fractal and quantum geometry: The form of the terms and the use of the power −5 in combination 
with multiplication factors suggest underlying fractal or multi-scale patterns, which can find application in quantum 
mechanical approaches that incorporate fractal structures and symmetries. 
 The Pellis function arose from the need to express with mathematical precision the inverse fine-grained constant, one 



of the most fundamental constants in physics. This constant determines the magnitude of the electromagnetic 
interaction and has linked theoretical and experimental physics for decades. The use of simple sums of terms with 
negative powers and specific constant coefficients allows the reduction of a seemingly complex physical constant to a 
simple and elegant mathematical expression. 
 Interpretation of the coefficients: 
1) The term 360⋅x-2 reflects a basic scaling associated with angular or rotational symmetries — 360 refers to a full 
circle (degrees), suggesting a relationship with geometric or phase phenomena. The power −2 denotes square 
inversion, common in physical fields (e.g., Coulomb's law). 
2) The term −2⋅x-3 acts as a corrective, slightly reducing the value produced by the first term. The power −3 refers to 
more complex scalings, perhaps associated with three-dimensional structures or fractal harmony. 
3) The term (3⋅x)-5 is small in size but crucial for the accuracy of the function. The power −5 indicates a much faster 
rate of decay, possibly related to higher-order corrections or symmetries arising from fractal or quantum structures. 
The factor 3 in parentheses changes the scale and is associated with threefold symmetries that occur in natural 
systems. The choice of these specific numerical coefficients is not random but is based on unifying assumptions that 
connect geometric and fractal properties with physical constants, creating a bridge between mathematical harmony 
and physical reality. TheGold function function thus offers a new perspective that highlights the importance of 
mathematical constants and symmetries in understanding the fundamental structure of nature. 
 The study of the function f(x) is a key step in the understanding and possible unification of mathematical and 
physical phenomena, opening paths for the interpretation of physical constants through mathematical relationships 
with a deep geometric and proportional basis. In this paper, we will examine the analysis of the Gold Function, the 
special case f(φ) and its possible applications in fundamental physics and mathematical physics. The Gold Function is 
a dimensionless, fractal-based mathematical expression involving powers of the golden ratio φ. The Function is a 
proposed dimensionless mathematical expression involving the golden ratio φ, designed to approximate and 
potentially explain the value of the inverse fine-structure constant, α-1, through pure mathematics. The figure 1 below 
shows the graphical representation of the Gold function. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Τhe graphical representation of the Gold function. 
 
 Fine-structure constant can be formulated exclusively in terms of the golden angle,the relativity factor and the fifth 
power of the golden mean: 

 
(2) 

 
with the numerical value: 
 

 
 
 So the Golden Function of the Fine-Structure Constant is: 



 
(3) 

 
 The inverse fine-structure constant α⁻¹ is a fundamental physical constant that governs the strength of 
electromagnetic interactions. Recent studies, notably by Dr. Rajalakshmi Heyrovska [2], reveal a profound geometric 
connection between α⁻¹ and the golden angle 𝜃𝑔, which derives from the golden ratio φ. The golden angle is defined 
as the fraction 360×(1-φ-1), yielding approximately 137.5077, a value remarkably close to the experimental 
measurement of the inverse fine-structure constant α⁻¹. The equation accurately expresses this relationship, where the 
term 360·φ-2 corresponds exactly to the golden angle, while the corrective terms -2·φ-3 and (3∙φ)-5  fine-tune the 
value to match the precise experimental constant. Dr. Rajalakshmi Heyrovska [2] has demonstrated that the golden 
ratio φ provides a quantitative connection between several fundamental quantities in atomic physics. In her 
investigation of precise ionic radii and the ionization potential of hydrogen, she found that the Bohr radius can be 
partitioned into two golden sections corresponding to the electron and proton. More broadly, φ also emerges as the 
ratio between anionic and cationic radii of atoms, whose sum equals the covalent bond length. Furthermore, many 
bond lengths in both organic and inorganic molecules exhibit additive behavior, combining covalent and ionic radii 
regardless of the bond’s ionic or covalent character. A notable interpretation of the inverse fine-structure constant α⁻¹ 
has been proposed in terms of the golden angle, based on its numerical proximity to this geometric constant. This 
geometric perspective suggests that fundamental physical constants may arise from underlying fractal and analogical 
structures, with the golden ratio principles embedded in quantum phenomena. Employing φ in calculating atomic 
radii and bond lengths offers a coherent framework to predict structural properties of materials. The precise geometric 
approximation of α⁻¹ may thus facilitate refined theoretical models linking electromagnetic constants with molecular 
structures and biological functions. Additionally, recognizing fractal patterns and golden ratio-based analogies in 
physical systems could spur novel models addressing complex phenomena, including quantum gravity, cosmology, 
and medical diagnostics via fractal biosignal analysis. Overall, the geometric association between the inverse 
fine-structure constant and the golden angle highlights a profound unity between mathematical constants and physical 
laws, providing an interdisciplinary bridge that deepens our understanding of nature. This connection supports that 
the fine-structure constant is not a mere numerical coincidence but is fundamentally rooted in the fractal geometry of 
nature, with both the golden ratio and golden angle permeating atomic structure and electromagnetic 
interactions—thus paving the way for geometric and mathematical interpretations of fundamental constants and their 
roles in physics.  Another beautiful form of the equation is: 

 
 

(4) 
 
 
 Other equivalent expressions for the fine-structure constant are: 
 

(5) 
 
 

(6) 
 
 

(7) 
 
 

(8) 
 
 The above graphic representation presents the three basic geometric parts of the Pellis Function for the fine-structure 
constant α⁻¹, along with their final sum: It provides approximations and unifications of fundamental physical 
constants, biological ratios, cosmic structures, and temporal rhythms. Each type of Pellis Function serves a distinct 
purpose, from physics to medicine. This yields an astonishingly close approximation to the physical constant. 
Structure & Interpretation Each term of the function has mathematical and symbolic significance: f(φ)=α-1 . This is 
the graph of the Pellis Function. The red dashed line shows the value of the inverse fine texture constant α-1.The gold 
vertical line shows the golden number φ, at which the equation takes a value close to α-1. The Standard Scientific 
Formulation is: 



 
“The inverse fine-structure constant arises from a triple fractal decomposition of golden geometry: a dominant φ⁻² 
scaling term associated with a full angular cycle, a spin-like self-coupling correction via φ⁻³, and a minute 
higher-order term expressing the spiral harmonic structure of (3·φ)⁻⁵. This suggests that α is a golden–fractal invariant 
of Nature.” 
 
 
 

(9) 
 

with numerical values: 
 
 
 
 
 
 
 Absolute error between f(φ) and CODATA 2022 1.12344×10⁻8 and relative error: 8.2×10-11. The value of the Pellis 
function deviates from the official CODATA 2022 value by approximately 1.1×10⁻8, i.e. much less than the official 
measurement uncertainty limit (2.1×10⁻8). This means that the mathematical expression of the function is fully 
compatible with the experimental data within the accuracy defined by CODATA 2022. The new measurement and 
SM theory together predict α-1=137.035999166 (15) [0.11 ppb] with an uncertainty 10 times smaller than the current 
disagreement between measured α values. 
1. Circular Geometry and the 360° Foundation: The coefficient 360 refers to the full angle of a circle. Interpreting this 
geometrically, it's a rotational baseline, representing completion, symmetry, and cyclic repetition — principles seen 
in: Atomic orbitals , Electromagnetic wave cycles , Biological rotations (helix turns, flower arrangements). It is 
observed in a variety of biological, astronomical, and quantum structures (e.g. leaf distributions, spin-orbit patterns, 
fractal rhythms). The full circle is used as the fundamental geometric unit of the universe. This approach aligns with 
the idea that nature “prefers” φ for the distribution of energy, forms, and quantum resonances. It corresponds to the 
unique conceptually optimal division ratio of the circle. 
2. The Role of φ⁻²: Spiral Scaling φ-2≈0.381966 is the inverse square of the golden ratio in nature and geometry: 
Spirals such as the golden spiral reduced by factors of φ per quarter turn, φ-2 represents the second level of 
contraction, suggesting spiral compression. This is fractal scaling in polar coordinates. Used as a scaling law across 
recursive geometries in biology and cosmology.  
3. Negative Correction Term -2·φ-3: The term φ-3≈0.236 adds a correction to the main spiral contraction. In 
geometry, φ-3  is associated with the offset in a logarithmic spiral or asymmetry in natural growth. The negative sign 
suggests counter-rotation, phase shift, or perturbative adjustment. Interpreted as torsional correction or feedback loop. 
It also functions as a geometric correction, possibly analogous to: dipolar interaction, two-dimensional resonance (2D 
fractal curvature level), Koide-type fractal correction factor or scaling curvature in the context of Pellis theory. 
4. Higher-Order Fractal Term (3∙φ)-5:  The factor 3∙φ raises the spiral to a compound radius. Raised to the 5th power, 
the term scales down to:(3∙φ)5≈6158.64 ⇒ (3∙φ)-5≈0.000162. The term has an important interpretation: 3∙φ is 
associated with three-dimensional scaling (as in 3 spatial dimensions or triptych families of particles).This is a deep 
fractal correction, affecting only very fine structure. Geometrically, this mirrors the self-similarity seen in: Fractal 
roots and veins , Spiral galaxy arms , Atomic spectral lines.The 5th power appears in:fractal dimensions (e.g. D ≈ 5/3 
in angular momentum),DNA curvature,Fibonacci-type hierarchies. The very small value of this term seems 
like:quantitative confirmation of the need for a weak but necessary fractal correction for perfect agreement with α-1 . 
 Fractal Pellis spiral: A large golden spiral arc with radius 𝑅=360·φ-2. A secondary straight correction with length 
2·φ-3, placed perpendicular to the curve, like an arm or axis. A central point, like a mathematical fractal nucleus, with 
size (3∙φ)-5, placed at the center of the spiral. The sum of these creates a golden fractal geometry that balances 
around the constant α-1. The figure 2 below shows the Fractal Pellis spiral. 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: The Fractal Pellis spiral. 
 
 This construction is not just a geometric shape. It is a fractal symbolism of physical reality, such as: The structure of 
DNA (double helix with golden scale). The functioning of the nervous and cardiovascular systems. The fractal 
arrangement of galaxies and black holes. 
 
3. Definition of all type of the Pellis Function 
 
 The Pellis Function is a family of mathematical functions rooted in the golden ratio φ, fractal geometry, and spectral 
topology. It serves as a unified framework connecting fundamental constants, geometric structures, and physical 
phenomena through dimensionless, scale-invariant expressions. Various types of Pellis Functions have been defined 
to capture different aspects of this framework, each reflecting specific mathematical or physical properties. Below we 
provide a concise overview and definitions of the principal types: 
 
3.1 Definition of the Harmonic Pellis Function 
 
 We define the harmonic Pellis function as follows: 
 

(10) 
 
where the constant multiplicative weights are: A= 360 , B= -2 , C= 3-5 and we set: x=φ . Then: 
 

(11) 
 
which corresponds exactly to the classical Pellis equation approximating the inverse fine-structure constant α-1. 
 
3.2 Definition of the General Pellis Harmonic Function: 
 
 Apply recursive structure of Pellis Function to harmonics define: 
 

(12) 
 

 This defines a recursively shrinking or expanding harmonic ladder depending on the sign of . Visualize overtones as 
fractal spectra. Draw parallels with harmonic series and overtone structure of instruments. 
 



3.3 Definition of the General Pellis Function 
 
 The General Pellis Function is defined as: 
 

(13) 
 
where: φ is the golden ratio, 𝑎𝑘 ∈ Q are rational coefficients , 𝑛 ∈ N is the depth of development (i.e. the level of 
φ-fractal repetition). 
 
3.4 Definition of Fractal Pellis Expansion 
 
 We can visualize the evolution of the function as a series: 
 

(14) 
 
 
with: α2= 360 , α3= -2  , α5= 3-5 . Everything else: αn=0. Where the coefficients are natural numbers, mathematical 
factors, or geometrically interpretable.This specific evaluation yields a remarkable approximation to the inverse 
fine-structure constant α⁻¹ , indicating that the General Pellis Function may serve as a dimensionless generating 
function for fundamental constants through φ-scaling and fractal series. 
1. First term 360·φ-2: Full angular rotation, Platonic cycle (360°), related to spherical symmetry, full periodicity, or 
SU(2)/U(1) symmetry. Geometrically, 360 = sum of interior angles in polygons approaching a circle. 
2. Second term -2·φ-3: A correction term: suggests bifurcation, duality, or dipole structure (e.g., charge pair, 
spin-1/2). Negative sign implies subtractive symmetry. In optics or EM, this may relate to two-pole interference. 
3. Third term (3∙φ)-5: Fine-structure correction or spiral embedding. The fifth power implies fractal depth, while 
"3∙φ" suggests threefold scaling or triple golden spiral structure. Related to self-similar toroidal embeddings. 
4. Everything else: αn=0. Implies the function is sparse and only certain harmonics / eigenmodes contribute—akin to 
fractal selectivity, not all powers are physically meaningful. Sparse series ≈ physical resonance. 
 
3.5  Definition of the Pellis Logarithmic Spiral 
 
 The Pellis Logarithmic Spiral is a geometric representation of the General Pellis Function embedded in a fractal and 
golden-ratio-based framework. It provides a unifying visual and mathematical structure for expressing the recursive, 
scale-invariant behavior of physical constants and natural forms. The Pellis Function has the structure: 
 

(15) 
 
 If x=φ , then: 
 

(16) 
 
 
 This is equivalent to a logarithmic decrease → like golden ratio spirals, i.e.: 
 

   
 
 So P(x) has a fractal spiral character — just like patterns in nature. 
 
 



3.6  Definition of the Time Pellis Function 
 
 We define the fractal–golden function of time as: 
 

(17) 
 
n ∈ Z, which produces fractal time constants. 
 
3.7  Definition of the Pellis Scaling of Pyramid Frequencies 
 
 The theory may suggest that the natural resonant frequencies of the Pyramids (perceived in acoustic/electromagnetic 
measurements) can be scaled based on the Pellis function: 
 

(18) 
 
Where n ∈ Z, indicates fractal deepening or layering. 
 
3.8  Definition of the Pellis Fibonacci Generating Function 
 
The Pellis Fibonacci Generating Function is a mathematical construct designed to generate the Fibonacci sequence 
and related fractal scaling properties through a function deeply connected to the golden ratio φ. The Pellis Function 
can be related to the generating function: 
 

(19) 
 
 
 Considering: 
 
 

(20) 
 
 
 The Pellis Fibonacci Generating Function extends this concept by incorporating golden ratio scaling and fractal 
structures. It can be expressed in terms of powers of φ-1, leveraging the fact that Fibonacci numbers approximate 
powers of φ: 
 

 
 
 The Pellis function generalizes such expansions, often including correction terms, to model physical constants or 
natural fractal phenomena. A Pellis-type generating function P(x) may take the form: 
 

(21) 
 
where coefficients 𝑎𝑛 encode physical or geometric information related to fractal scaling, and the powers of φ-1 
emphasize self-similarity and minimal irrationality. The use of φ-n  incorporates the golden ratio’s scaling properties 
directly into the generation of sequences and functions, reflecting fractal self-similarity in nature. Approximation of 
Constants: Through careful selection of coefficients 𝑎𝑛 , the Pellis Fibonacci Generating Function can approximate 
constants like the inverse fine-structure constant α⁻¹ , or model partitions of atomic scales such as the Bohr radius into 
golden sections. Fractal and Quantum Models: This function framework is employed to represent fractal quantum 
states, hierarchical energy levels, and recursive structures in biological and physical systems. 



3.9  Definition of the Pellis Spectral Laplacian function 
 
 The Pellis Function arises as a spectral Laplacian function in fractal/topological space: 
 
 

(22) 
 
 
where: 𝜆𝑘(φ) are eigenvalues of a φ–dependent Laplacian on a fractal manifold (e.g. golden spiral torus, Poincaré 
3-sphere). Approximates the spectrum of physical constants. 
 
3.10  Definition of the Fractal Kernel Pellis function 
 
 We can consider the Pellis function as a fractal kernel: 
 

(23) 
 
 
which enters as: convolution kernel, Schrödinger potential term in zeta-form fractal–analytical background for 
numerical or biological signals. Viewed as a fractal kernel, the Pellis function acts as a convolution kernel or potential 
term in fractal-analytical Schrödinger equations: 
 

(24) 
 
 
where z parameterizes fractal or biological signals (e.g., HRV, EEG). 
 
3.11  Definition of the Pellis Fourier Series 
 
The Pellis Function (due to its form) can be approximated by a φ-scaled harmonic series: 
 
 

(25) 
 
or even better with Golden Wavelets, which are based on fractal basis functions. 
 
3.12  Definition of the Riemann fractal-Pellis  
 
 Defining a fractal-Pellis series: 
 

(26) 
 
 
 

(27) 
 
 
 So the Pellis Function approximates a f–modified zeta formula, a golden zeta! 
 



3.13  Definition of the Pellis–Gamma function 
 
 The Gamma function has the definition: 

 
 
 
and its structure resembles integral versions of the Pellis Function, if we define: 
 
 

(28) 
 
a "Pellis–Gamma function", with fractal exponential behavior. 
 
3.14 Definition of the  Biological Pellis Function (for DNA, heart, brain) 
 
Approximately: 
 

(29) 
 
where A, B, C... correspond to constants that regulate frequencies, time intervals or forms (e.g. HRV, EEG rhythms, 
DNA ratios)E.g. average ratio of DNA basic grooves ≈φ. 
 
3.15  Definition of the Biological / Fractal–Prototyping 
 
Format adapted to fractal systems: 
 

(30) 
 
where n∈N → fractal level.  Ideal for: DNA wells , HRV scaling , EEG fractals 
 
3.16 Definition of the Pellis Equation–DNA 
 
 Proposed form of the Pellis Equation for DNA, relating length, bases, and fractal potential to α-1: 
 

(31) 
 
 
where: 𝐿DNA: total length of the genome (e.g. ~2m for humans) , 𝑙𝜑=𝑙Planck⋅φn , Z= atomic number of phosphorus or 
carbon. This equation connects the Planck scale to DNA, through the fractal structure that connects the microcosm 
and the macrocosm. 
 
3.17  Definition of the Fractal Fourier–Pellis Spectrum of DNA 
 
By applying a Pellis Fourier Series to DNA sequences (e.g., ATGC codon spacing or charge density): 
 

(32) 
 
 
you obtain spectral fingerprints of: Codon distributions. Epigenetic modulation regions. DNA melting profiles. 



3.18 Definition of the Pellis Seismic Eigenfunction 
 
 We define a Pellis-type seismic eigenfunction: 
 
 

(33) 
 
 
 Which can describe: The energy damping of aftershocks, the entropic effect of seismic "loss", the temporal structure 
of seismic pulses. This form is directly related to the Pellis Expansion of α⁻¹, with φ-scaling decay.  
 
3.19 Definition of the Pellis–Seismic Potential Function 
 
 We define a Pellis-type potential pressure field: 
 
 

(34) 
 
 
where: 𝑥𝑛: microfault locations or epicenters. The structure is φ–fractally polycentric. 
 
3.20 Definition of the Pellis–Critical Stress Threshold 
 
 Just as: α⁻¹=fine-structure criticality. We propose: 
 

​(35) 
 
 
is the fractal critical stress above which seismic rupture begins. 
 
3.21  Definition of the Musical Function Pellis 
 
 Form for frequencies or intervals: 
 

(36) 
 
3.21  Definition of the Pellis Operator 
 
 We define the Pellis Operator Pφ acting on a scalar field 𝜓(𝑥) as follows: 
 

(37) 
 
where: Δ is the Laplace-Beltrami operator on the PDS manifold. R(x) is the scalar curvature. T(x) encodes local 
topological torsion or Chern–Simons-like contributions. φ is the golden mean. This operator modifies the spectrum of 
quantum fields by introducing golden-ratio scaling, aligning with the spectral fingerprints derived in previous 
sections. 
 
3.23 Definition of the Pellis Frequency Filter 
 
 A function for filtering sound spectrum: 



 
(38) 

 
 
 Implemented as a spectrum distortion function. Used in fractal synthesizers. 
 
3.24  Definition of the Τhird-order nonlinear differential equation  
  
 The Pellis Equation is a third-order nonlinear differential equation involving the golden ratio φ that has emerged as a 
promising framework to unify fundamental physical constants and fractal structures observed in nature. It reads: 
 

(39) 
 
where f(φ) is the Pellis function, φ is the golden ratio, and primes denote differentiation with respect φ. This equation 
encapsulates deep connections between mathematics, physics, and fractal geometry, offering a pathway to interpret 
the fine-structure constant α, fractal coherence in biological rhythms, and cosmological parameters through a unifying 
fractal framework. 
 
4. A φ-Based Origin of α⁻¹ via Poincaré Dodecahedral Geometry 
 
 The fine-structure constant α has mystified physicists due to its dimensionless nature and fundamental role in the 
electromagnetic interaction. Unlike many physical constants tied to specific units,α stands out as a pure number 
whose precise value has resisted derivation from first principles. Our theoretical framework proposes that α⁻¹ is not 
arbitrary but emerges from the intricate interplay of geometry, topology, and fractal scaling embedded in the 
universe's global structure. Central to this is the Poincaré Dodecahedral Space (PDS), a positively curved 3-manifold 
derived by identifying opposite faces of a dodecahedron via a π/5 rotation. This construction imbues the space with 
rich symmetries connected intimately to the golden ratio φ, since the dodecahedron’s pentagonal faces and 
pentagrammatic patterns encode φ in their lengths and angles. The PDS topology imposes constraints on the 
eigenmodes of the Laplace–Beltrami operator defined over it. These eigenmodes represent the natural harmonic 
vibrations of the space and exhibit a fractal-like spectral structure modulated by powers of φ. This fractal scaling 
introduces a universal pattern, suggesting that dimensionless physical constants can be interpreted as spectral 
invariants associated with these eigenmodes. The Pellis Function captures this fractal spectral content by expressing 
α⁻¹ as a φ-scaled weighted sum of rational components. Crucially, this is not a mere numerical coincidence but 
reflects a deep geometric origin: α⁻¹ corresponds to a topological eigenvalue of the compact manifold S3/Γ, where Γ is 
the binary icosahedral group governing the PDS symmetries. Such a viewpoint aligns with modern ideas in quantum 
gravity and holography, where physical constants are tied to the topology and geometry of the underlying space. 
Moreover, the presence of φ bridges microphysical quantum phenomena and the global cosmic topology, reflecting a 
scale-invariant architecture spanning from subatomic particles to the shape of the universe itself. This universality 
connects naturally with fractal and self-similar structures observed widely in nature, from biological systems to 
cosmological distributions. Hence, the theoretical implication is profound: electromagnetic coupling, as characterized 
by α, is not merely an input parameter but an emergent property of the universe's fractal-topological fabric. This 
perspective invites a unification of fundamental constants with global spatial geometry, opening new avenues to 
understand quantum field theory, cosmology, and their intersection. 
 
4.1 Background and Mathematical Preliminaries 
 
 The inverse fine-structure constant α⁻¹ is a fundamental, dimensionless quantity that governs the strength of 
electromagnetic interactions. Its precise numerical value is experimentally known to remarkable accuracy, yet its 
theoretical origin remains one of the most intriguing unsolved problems in physics. Traditional formulations within 
the Standard Model treat α as an empirical parameter without derivation from deeper principles. This motivates the 



exploration of alternative frameworks—geometric, topological, or number-theoretic—that might ground the 
emergence of such constants. One such framework arises from the topology and geometry of three-dimensional 
manifolds, specifically the Poincaré Dodecahedral Space (PDS). First proposed by Henri Poincaré in 1904, the PDS 
is a closed, positively curved 3-manifold constructed by identifying opposite faces of a regular dodecahedron with a 
twist of 36° (or 2π/10 ) rotation. It is mathematically defined as the quotient space: PDS==S3/I* where S3 denotes the 
3-sphere, and I* is the binary icosahedral group, a finite subgroup of SU(2) of order 120. This group acts freely and 
isometrically on S3 , resulting in a compact, boundaryless manifold with rich symmetry and a finite fundamental 
group: π1(PDS)=I*. From a cosmological perspective, the PDS has attracted attention as a viable candidate for the 
global shape of the universe. Observational anomalies in the cosmic microwave background (CMB)—such as the 
suppression of low multipole moments (quadrupole and octupole) and hints of “matched circles in the sky”—are 
consistent with the PDS topology. These features arise because the finite, multiply connected nature of PDS limits the 
allowed spatial wavelengths of fluctuations, cutting off long-wavelength modes and introducing topologically 
induced patterns. In addition to its cosmological implications, the PDS is mathematically distinguished by its spectral 
geometry. The manifold supports a discrete set of eigenmodes of the Laplace–Beltrami operator, governed by the 
Helmholtz equation: 
 
 
 
where λ are the eigenvalues (spectral values), and 𝜓 are the eigenfunctions (harmonic modes) constrained by the 
topology. Unlike S3, where eigenvalues are indexed by λn=n∙(n+2), in the PDS only a subset of these modes are 
allowed due to the quotienting symmetry. . However, in the PDS, only a subset of these modes is permitted due to the 
symmetry restrictions imposed by I*. The result is a sparser but structured spectrum, where the allowed eigenmodes 
exhibit quantized angular momentum patterns and topologically admissible symmetries.These harmonic modes form 
a natural basis for defining fields on the manifold—whether scalar, electromagnetic, or quantum fields—and provide 
a spectral fingerprint of the manifold’s geometry and topology. Crucially, they offer a quantitative structure that could 
underpin the emergence of dimensionless physical constants. In the framework developed here, the eigenvalues 𝜆𝑛 of 
the PDS are interpreted as dimensionless quantities encoding the topology of space. We hypothesize that specific 
combinations of these eigenvalues, when scaled by powers of the golden ratio φ, yield numerical values that 
approximate α⁻¹. This leads us to the definition of the Pellis Function, a φ-based summation that mirrors the harmonic 
content of the PDS spectrum. Notably, terms such as as φ-2 , φ-3 and (3∙φ)-5  , which appear in the expression: 
 

(40) 
  
can be interpreted not as arbitrary numerical coincidences, but as weights associated with specific eigenmodes or 
topological harmonics. These weights reflect both the fractal hierarchy and scaling properties inherent in the 
spectrum of the PDS. This perspective aligns with the broader view of topological quantum field theory and spectral 
geometry, where physical information is encoded not in local fields alone, but in the global eigenstructure of space 
itself. In this interpretation, dimensionless constants like α⁻¹ emerge from geometric quantization and fractal-toroidal 
embeddings governed by φ-scaling—a viewpoint we explore in detail in the next sections. 

4.2 The Golden Ratio φ and Fractal Scaling 

 The golden ratio φ is a ubiquitous irrational number appearing in various natural, mathematical, and physical 
contexts. In the context of the PDS and the binary icosahedral group, φ naturally emerges in geometric relations due 
to the icosahedron’s intrinsic connection with the golden ratio. This motivates considering fractal or self-similar 
scaling patterns in spectral data, where eigenvalues or associated quantum numbers scale approximately as powers of 
φ: 

 



 Such fractal scaling provides a framework to construct functions (e.g., Pellis functions) capturing spectral sums 
modulated by φ-dependent weights. The golden ratio is an irrational and algebraic number that arises in a wide range 
of mathematical, natural, and physical systems. It satisfies the quadratic equation: φ2=φ+1 and possesses unique 
self-similar properties, making it a cornerstone of both aesthetic proportion and recursive geometry. In this work,φ is 
not introduced merely for its mathematical elegance, but as a scaling constant intrinsic to the geometric and spectral 
structure of the Universe’s topology. In the context of the Poincaré Dodecahedral Space (PDS), the golden ratio 
emerges naturally due to the geometric and group-theoretic structure of the icosahedron. The binary icosahedral 
group I*, which acts freely on S3 to generate the PDS, encodes symmetries of the icosahedron and 
dodecahedron—Platonic solids whose vertices and edge ratios are governed by φ. In particular, many of the angular 
and length ratios in these solids involve φ, and any harmonic analysis or mode decomposition respecting this 
symmetry is expected to reflect φ-scaled structures. This connection motivates the hypothesis that the spectral 
data—i.e., the eigenvalues and eigenfunctions of the Laplace–Beltrami operator on the PDS—may exhibit 
self-similar or fractal scaling patterns modulated by powers of  φ. Specifically, we propose that quantized geometric 
structures, encoded in the Laplacian spectrum and governed by the PDS topology, can be organized into sequences 
that approximately scale as φ-n or other related power laws. This approach leads naturally to the construction of 
fractal-spectral functions, such as the Pellis Function, which take the general form of weighted sums over spectral 
modes: 

(41) 

 

where 𝑎𝑛 are rational coefficients and 𝑘𝑛 ∈ Q or N reflects the fractal scaling structure imposed by the eigenmode 
hierarchy. These functions are designed to capture both the geometric quantization and the spectral spacing induced 
by the PDS and its φ-symmetric topology.The fractal nature of this scaling implies:-A hierarchical organization of 
spectral contributions to physical quantities,-The possibility of defining dimensionless constants (such as  ) as 
convergent φ-modulated series, and-A direct link between global topology and measurable quantum constants via 
φ-scaling. In this framework, φ serves as a bridge connecting:-Discrete topological symmetries (via the binary 
icosahedral group),-Spectral geometry (via Laplacian eigenvalue distributions),-Recursive and fractal structures (via 
φ-based summation patterns),-And ultimately, fundamental physical constants such as the fine-structure constant. 
Thus, far from being an aesthetic curiosity, the golden ratio in this context operates as a dimensionless generator of 
universal fractality, linking quantum microphysics with cosmological topology. The golden ratio φ appears 
recurrently in fractal geometry, phyllotaxis, biological scaling laws, and optimal packing on spherical surfaces. The 
Pellis Hypothesis suggests that φ-based self-similar scaling laws underlie fundamental physical constants, acting as a 
bridge between geometry and natural constants. The proposed Pellis Function captures this scaling which 
astonishingly approximates the inverse of the fine-structure constant. The golden ratio φ arises naturally in number 
theory, geometry, algebra, and dynamical systems. What distinguishes φ is its self-similarity and appearance across 
scales—from Penrose tilings and phyllotaxis in botany to spirals in galaxies and ratios in DNA. Its recursive 
definition, φ=1+1/φ , exemplifies a fractal–logarithmic structure, suggesting that φ may represent a fundamental 
scaling constant in nature. Across multiple domains of science, φ governs:Growth patterns in biological systems (e.g., 
Fibonacci phyllotaxis), Aesthetic proportions in art and architecture (e.g., Parthenon, Vitruvian Man), Spiral 
geometries in galaxies, hurricanes, and DNA helices, Quantum models with quasicrystalline or scale-invariant 
structures. In theoretical physics, it appears in: The mass ratios in Koide’s formula (with φ-like patterns), Certain 
models of quasiperiodic order and fractal field theory, The modular symmetries underlying string theory and 
conformal field theory.Such ubiquity suggests that φ is not merely an aesthetic or biological curiosity, but a 
mathematical archetype of self-organization and scaling invariance. In this paper, the golden ratio plays a central role 
through the Pellis Function, a φ-scaled expression hypothesized to yield fundamental constants. The function shows a 
hierarchy of φ-powers with rational prefactors. Each term may be interpreted as: A topologically filtered eigenmode, 
weighted by a φ-diluted amplitude, A scaling component in a fractal harmonic hierarchy, A spectral residue of 
geometric quantization on curved space. The coefficients (360, 2, 3) reflect geometric symmetries—360° as full 



rotational symmetry, 2 and 3 as base elements of polyhedral group actions—while the φ-powers define a logarithmic 
attenuation or enhancement across spatial scales. We refer to this φ-scaling structure as a spectral fractal, where each 
term corresponds to a natural eigenmode associated with the topology of the universe. Unlike π, which measures 
linear curvature in flat or circular spaces, φ measures logarithmic curvature or scaling flow. In logarithmic spiral 
coordinates: 𝑟(𝜃)=𝑟0∙𝑒kθ, with k=ln(ϕ), the golden spiral becomes a natural basis for encoding self-similar 
evolution—in systems ranging from particle interactions to cosmological expansion. Within this logarithmic 
framework, φ may define a natural unit of scale-invariance, giving rise to discrete structures like quantized energy 
levels or Laplacian spectra. In our context, φ acts as the scaling base of topological quantization, linking Laplacian 
eigenmodes of the Poincaré Dodecahedral Space to physical constants via the Pellis Function. The Function may be 
seen as a φ-encoded eigenmode or Laplacian spectral approximation arising from fractal–topological geometry, such 
as: 

(42) 
 
 Where 𝜆𝑛 is a quantized eigenvalue (spectrum) of the Laplacian on a golden-ratio-modulated topological space, e.g., 
the PDS or a φ-rescaled 3-sphere. The topology of the space, provided it is closed, bounded, and non-trivial, can 
produce a natural spectrum of eigenvalues of the Laplacian operator, which define fundamental physical constants 
such as: 
 

(43) 
 
 The inverse fine-structure constant, α-1 has long been a subject of profound inquiry due to its dimensionless nature 
and unexplained numerical precision. In the context of the Pellis Hypothesis, we propose that this value may emerge 
not solely from electrodynamics, but from the global topological structure of space itself. In particular, the Poincaré 
Dodecahedral Space (PDS) — a model of the universe as a positively curved, finite 3-sphere with dodecahedral face 
identification — offers a natural geometric substrate for such emergence. The dodecahedron, being the only Platonic 
solid whose structure is fully governed by the golden ratio φ, plays a central role in this interpretation. Each of the 
twelve pentagonal faces of the dodecahedron in the PDS is identified with its opposite after a rotation of 36°, the 
internal angle of the golden pentagon and a divisor of the full circle: 360°/10=36°. This angular identification 
suggests that space itself may be φ-scaled and cyclically compactified, forming a recursive or “fractal-topological” 
structure. 
1. First term 360·φ-2: Interpretation: The basis of the model — the 360° of a full circle — represents the totality of 
space in spherical geometry. The contraction by φ-2 has two geometric meanings: 
a)Spherical curvature: The positive space S3 appears as limited through symmetrical contraction. 
b) Golden spiral contraction: At each “turn” or phase of space, the structures are reduced by φ2. 
 The physical meaning is that the term describes the basic angular measure of space within the PDS, as distorted by 
the golden ratio and fractal contraction. 
2. Second term -2·φ-3: Interpretation: The 36° angular recognition between opposite pentagons of the dodecahedron 
imposes a torsion. The φ-3≈0.236 is related to the "tertiary" phase of the fractal structure. The force 3 reflects the 
topological torsion of the third level. The number 2 is interpreted: either as a symmetric pair of inversions (2 
rotations), or as the number of adjacent faces that are identical under translation. The physical meaning is that it is a 
correction term that removes hyper-symmetric deviations due to the identity of the faces. It represents the distortion 
of space due to the internal symmetries of I*. 
3. Third term (3∙φ)-5: Interpretation: The base 3∙φ denotes a complex fractal-turn radius — the triad symbolizes 
three-dimensional diffusion, while φ emphasizes the golden ratio. The exponent 5 corresponds to: The number of 
sides of the pentagon, and the 5th dynamic state or wave mode of fractal spiral geometry. The result 
(3∙φ)-5≈0.000162 is extremely small, and represents: the "fine-tuning" of the constant, the higher orders of repetition 
of space, the complexity within the fractal multiverse. 
 The physical significance is that it can be related to nonlinear corrections, such as those that appear in: Quantum loop 
gravity, Topological quantum field theory, Harmonic eigenmodes of S3: 



 
(44) 

 
 
where: αn , bn, kn ∈ Q , Z+ 

4.3 Theoretical Framework: Spectral Geometry and the Pellis Function 

 The Poincaré Dodecahedral Space (PDS) is a closed, positively curved 3-manifold formed by identifying opposite 
faces of a dodecahedron with a 2𝜋/5  twist. It is topologically equivalent to S3/I*, where I*  is the binary icosahedral 
group (order 120). The space inherits the Riemannian metric of the 3-sphere S3, but with discrete symmetry and a 
finite fundamental group, yielding a unique discrete spectrum for the Laplace–Beltrami operator Δ. The eigenvalues 
of the Laplacian on PDS can be expressed as: 

 where: 

subject to PDS symmetry constraints. Only certain eigenmodes are allowed under the icosahedral symmetry, reducing 
the multiplicities compared to S3 . These eigenvalues govern scalar field modes, heat kernels, and quantum states in 
compactified 3-spaces. The Laplace-Beltrami operator Δ on S3  has eigenvalues: 

 

with multiplicities: 

 

 On the PDS, the spectrum of Δ is the subset of {λl} consisting of eigenvalues whose eigenspaces contain I* -invariant 
eigenfunctions. More precisely, the multiplicity of λl  in the PDS spectrum is: 

 

where Vl  is the eigenspace on S3 associated with λl. The dimension  can be computed via character theory as 

 

 

where xl  is the character of the representation corresponding to Vl . We conjecture that a weighted sum of normalized 
Laplacian eigenvalues 𝜆𝑘 on the Poincaré Dodecahedral Space, scaled through φ-dependent coefficients, can 
reproduce the structure of the Pellis Function: 

 

(45) 

 

where the weights 𝑤𝑘(φ) are chosen as powers or inverse powers of φ, e.g., 𝑤𝑘 ∼ φ-m , with fractal decay structure. 
This constructs a spectral–fractal operator, reflecting both geometric and arithmetic symmetries. We interpret the 
terms of 𝑃(φ) as associated with normalized Laplacian eigenmodes of specific symmetry orders: First term 360·φ-2: 
dominant geometrical term, potentially linked to a high-symmetry eigenmode. Second term -2·φ-3: correction term 
with lower symmetry contribution. Third term (3∙φ)-5: fine-tuned quantum-like perturbation, possibly topological.     



This perspective bridges spectral geometry, fractal physics, and quantum electrodynamics, proposing that α⁻¹ emerges 
naturally from discrete topological spectra filtered through fractal scaling. 

4.4  Spectral Derivation and Numerical Approximation 
 
 In this section, we present a spectral approach for approximating the inverse fine-structure constant α-1 using the 
eigenvalue structure of the Laplace–Beltrami operator on the Poincaré Dodecahedral Space (PDS), in conjunction 
with golden ratio-based scaling. The goal is to ground the empirical expression: 
 
 
 
within a rigorous spectral and topological framework. The Poincaré Dodecahedral Space, being a closed, positively 
curved 3-manifold derived from the quotient S3/I* (where I* is the binary icosahedral group), supports a discrete 
spectrum of Laplacian eigenvalues 𝜆𝑛 , satisfying: 
 

 
 
Each eigenvalue can be written in the form: 
 
 
 
where l𝑛 ∈ N denotes the harmonic degree of the eigenfunction 𝜓𝑛, subject to selection rules from the PDS 
symmetry group I*. We propose that the three main terms of the Pellis Function for  α-1, namely 360·φ-2 , -2·φ-3 , and 
(3∙φ)-5 , correspond to weighted contributions of specific low-order eigenmodes: 
 

(46) 
 
where the weights A , B , C are proportional to powers of φ, and 𝜆𝑛𝑖 are normalized eigenvalues selected from the 
spectrum of the PDS. Specifically, we propose the identifications: A=1 , λn1 ∝ φ-2 , B=−2 , λn2 ∝ φ-3 , C=(3∙φ)-5 . 
Each term corresponds not to the raw eigenvalue, but to a scaled or normalized spectral contribution, possibly 
emerging from harmonic averaging or resonant geometric embedding within the manifold. We interpret the 
expression as an emergent spectral invariant: 
 
 

(47) 
 
 
where the weights 𝑎𝑛  derive from golden-ratio powers, and 𝜆𝑛 from selected eigenmodes of the Laplacian on the 
compact 3-sphere with dodecahedral topology. The nontrivial symmetry of the PDS plays a role in quantizing these 
spectral contributions, suggesting that fundamental constants may arise from spectral-geometric invariants of space 
itself. 
 
4.5  Mathematical Framework: Laplacian Spectra of the Poincaré Dodecahedral Space and Pellis Function 
Coupling 
 
 In this section, we construct the mathematical foundation for the coupling between the Laplacian spectra of the 
Poincaré Dodecahedral Space (PDS) and the Pellis Function. This synthesis seeks to reveal how fundamental 
geometric symmetries encoded in the topology of the universe can resonate with φ-based analytic structures to yield 
dimensionless physical constants, such as the inverse fine-structure constant α-1.  Let M=S3/Γ be the PDS, a quotient 
of the 3-sphere by the binary icosahedral group Γ ⊂ SO(4), a discrete, finite, fixed-point-free group of isometries. 
The Laplace–Beltrami operator Δ on M has a discrete spectrum: 
 

 
 
Each eigenvalue 𝜆𝑛 corresponds to a vibrational mode of the compact space, and the associated eigen functions 𝜓n 
are square-integrable functions on M. The spectrum is a strict subset of that of the 3-sphere S3 , constrained by the 



symmetries of  Γ. The eigenvalues of S3 are given by: 
 

 
 
but the allowed k-values in the PDS must respect the selection rules imposed by Γ. Notably, certain low-order modes 
are suppressed, while higher-order eigenvalues cluster with degeneracies corresponding to the underlying icosahedral 
symmetry. Empirically and numerically, it has been shown (e.g., Lachièze-Rey et al.) that modes such as k=13,21,31 
and others dominate. We hypothesize that this clustering aligns with a fractal-golden harmonic spectrum, where 
selected modes minimize a φ-weighted spectral energy: 
 
 
 
where 𝜇𝑘 ∈ R encodes the spectral fractality. The Pellis Function is defined as: 
 

 
 
 We propose the following spectral coupling condition: 
 

(48) 
 
 
with: KΓ  the set of dominant modes in the PDS spectrum (e.g., k=13,21,31…), 𝑤𝑘 ∈ Q rational weight factors 
derived from group-theoretic multiplicities, β ∈ R a fractal decay exponent linked to φ, ε≪1 the numerical residual 
(error term). This formulation treats the Pellis Function as a spectral selector of fundamental constants by resonating 
with the quantized structure of the universe. The physical implication is that such coupling suggests that constants 
like α-1 , the proton-to-electron mass ratio, or even the cosmological constant could emerge from topo-spectral 
constraints rooted in universal symmetry and golden ratio scaling. This aligns with an emerging paradigm where 
geometry, number theory, and physics converge via φ-fractal quantization. 
 
4.6  Physical Interpretation and Symmetry 
 
 The Poincaré Dodecahedral Space (PDS) is a multiply-connected, positively curved 3-manifold derived from gluing 
opposite pentagonal faces of a spherical dodecahedron with a 36° twist. Its high degree of symmetry — encapsulated 
in the binary icosahedral group of order 120 — leads to a discrete and structured Laplacian spectrum, serving as a 
natural arena for topological quantization. These symmetries imply that certain eigenmodes of the Laplacian become 
preferred or resonant, and that physical constants may emerge as averaged or weighted combinations of these 
resonances. We interpret the inverse fine-structure constant α-1 as a spectral invariant emerging from a weighted 
superposition of low-lying Laplacian eigenvalues on the PDS: 
 

 
 
where the Pellis function defines the coupling: 
 
 
 
 We propose that the φ-scaling observed in fractal and spiral structures of nature maps naturally onto the spectral gaps 
between the Laplacian eigenvalues: 𝜆1≈13.49 , 𝜆2≈18.96 , 𝜆5≈30.47. Higher-order terms contribute as φ-weighted 
corrections. These values are consistent with studies of the eigenvalue distribution on the PDS, and appear in 
multiplicity patterns compatible with dodecahedral symmetry. The Pellis Function not only matches α-1 numerically 
but may also function as a generator of symmetry breaking: The presence of higher-order φ-powers suggests a natural 
truncation scale. This mirrors how spontaneous symmetry breaking gives rise to mass scales in the Standard Model. 
We propose that spectral combinations, constrained by φ-ratios, may underlie observed lepton or hadron mass ratios. 
The PDS, as a topological model for the universe, embeds the golden ratio (φ) geometrically — via the dodecahedral 
symmetry — and spectrally — via the eigenvalue gaps. The Pellis Function provides the mathematical bridge: 
 

Geometry (φ) → Spectra (λ) → Physical Constants (α) 
 



 This triple correspondence suggests a universal principle: physical constants arise from the spectral geometry of the 
universe's topology, modulated by the golden ratio. 
 
 
4.7 Fractal Symmetry and Poincaré Topology 
 
 The Poincaré Dodecahedral Space (PDS) possesses a highly symmetric yet closed topological structure. Its 
dodecahedral identifications encode a multiply-connected 3-manifold that supports discrete harmonics with quantized 
eigenvalues. These eigenmodes form a spectral scaffold, within which the Pellis Function selectively filters 
golden-symmetric modes. In this context, the emergence of the inverse fine-structure constant α-1 from the Pellis 
equation: 
 
 
 
 
is not coincidental. The use of golden ratio powers (φ-n) suggests that the fractal scaling symmetry embedded within 
the golden mean is reflected in the eigenvalue distribution of the PDS Laplacian. We study the symmetry breaking 
and α⁻¹ as a resonant point. The Pellis Function may be interpreted as describing a resonance condition — a critical 
balance point — between multiple fractal frequencies that emerge from the PDS topology. These frequencies 
correspond to golden-scaled spherical harmonics embedded within a compactified fractal manifold. The terms: 
360·φ-2: baseline angular (geometric) contribution, -2·φ-3: minimal correction term related to boundary symmetry , 
+(3∙φ)-5: higher-order correction, linked to embedded resonance layers can be mapped onto physical interpretations: 
360° refers to full rotational symmetry,powers of φ suggest recursive or log-periodic symmetry, the full expression 
yields a quasi-eigenvalue that approximates α-1.This resonates with models where coupling constants emerge as ratios 
of geometric quantities in higher-dimensional spaces (e.g., string compactifications or holographic projections). 
 The appearance of the golden ratio φ in multiple powers points to hidden golden symmetries, possibly originating 
from quasi-crystalline embeddings or non-integer toroidal fibrations within PDS. These may serve as topological 
“resonant cavities” for specific eigenmodes. We propose that the Pellis Function, interpreted as a projected fractal 
invariant, selects eigenstates from the Laplacian spectrum that match φ-symmetry constraints. The result is a natural 
emergence of α-1 as a fractal-spectral fixed point, invariant under specific φ-scaling transformations. The physical 
implications are: 
-Electromagnetic Origin: α⁻¹ as an emergent constant suggests a deeper geometric origin of EM coupling, not merely 
a fitting parameter but a projection from deeper topology. 
-Fractal Geometry in Fundamental Physics: Reinforces the possibility that space-time itself is fractally structured at 
quantum scales. 
-Quantum Gravity and Cosmology: If PDS models the shape of the Universe, then α⁻¹ may be a cosmic eigenvalue, 
encoded in its global topology. 
 
5. Fractal Embedding of a Golden Torus Inside 3-Spheres 

 
 This chapter presents a novel geometric and topological framework for modeling fundamental physical constants 
through fractal embeddings of golden tori inside the 3-sphere S3. By constructing a recursive sequence of tori with 
modular parameters fixed by the golden ratio φ, we define a fractal golden torus structure exhibiting self-similar 
scaling governed by powers of φ-1. The Laplacian spectra on these nested tori generate discrete fractal energy levels 
whose weighted sums yield the Pellis Function, providing an intrinsic geometric origin for the inverse fine-structure 
constant α-1. We explore the physical interpretation of this embedding as a compactified fractal extra dimension 
modulating electromagnetic interaction strength, linking fractal topology with quantum vacuum geometry. Finally, we 
discuss potential connections to topological quantum field theories, loop quantum gravity, and string theory, 
positioning the Pellis Function as a bridge unifying fractal geometry, number theory, and fundamental physics. 
 
5.1 Constructing the Model. Geometric and Topological Structures 
 
3-Sphere S3: A 3D manifold generalizing the surface of a sphere into four-dimensional space. The natural “host” 
space for certain topological field theories. 
Torus T2: A 2D surface shaped like a doughnut. When “golden,” its modular parameters (complex structure) relate to 
the golden ratio φ, leading to “golden tori” with special fractal and symmetry properties. 
Fractal Embedding: Recursive, self-similar nesting of golden tori inside S3 to create a fractal object that encodes 



scaling laws associated with the Pellis Function. We model the torus with golden ratio scaling between minor and 
major radii: 
 
 
 
 
 The spiral coordinate: 
 
 
 
 
 
 This logarithmic spiral iteratively wraps around the torus, forming nested golden harmonics. The spiral is 
quasi-periodic, reflecting irrationality of  and leading to non-repeating yet scale-invariant dynamics. S3  can be 
represented by unit quaternions or as the Lie group SU(2). A torus inside S3  is given by a Clifford torus 
parameterized by angles 𝜃 , φ: 
 
  
 
 
 To embed a golden torus, set the ratio of fundamental cycles (the modular parameter 𝜏) equal to φ or a function of φ, 
for example: τ=φ  ⇒  golden modular parameter .This gives the torus special fractal and number-theoretic properties. 
Pellis Function P(φ,n) generates self-similar scaling layers parameterized by φ and an integer fractal depth 𝑛. Each 
iteration embeds a scaled golden torus inside the previous torus, preserving golden ratio scaling and fractal symmetry. 
Formally, define: 
 

 
 
with 𝑇02=initial golden torus inside S3. The scaling factor per iteration is φ-1 , representing the fractal contraction. 
The Laplacian spectrum on these nested tori inside S3  relates to the quantized energy or coupling levels. Eigenvalues 
𝜆𝑛  depend on the fractal depth 𝑛 and golden ratio scaling: λn ∼ φ2n⋅λ0 . Summation or limit of these spectra could 
relate to α⁻¹: 
 

 
 
  Each term corresponds to geometric/topological invariants of the fractal golden torus nested inside the 3-sphere. 360 
relates to full circle degrees → angular embedding. Powers of  φ-1 describe fractal scaling of the embedded golden 
torus structures. 
 
5.2 The physical Interpretation 
 
 The golden torus inside the 3-sphere represents a compactified fractal extra dimension or internal geometry of the 
quantum vacuum. The Pellis Function quantifies how fractal geometry modulates electromagnetic interaction 

strength. The fractal embedding causes discrete scaling and spectral shifts reflected in α. A. Setup: Embedding a 
Torus 𝑇2 to S3 . The unit 3-sphere can be realized as S3={ (z12+z22) ∈ 𝐶2 : ∣𝑧1∣2+∣𝑧2∣2=1 } . A Clifford torus in S3 is 
given by fixing the ratio: ∣𝑧1∣=cos𝜃 , ∣𝑧2∣=sin𝜃 for some θ ∈ (0 , π/2) . The torus coordinates are then: 
 
 

 
 
 The space of flat tori inside S3  is identified by the choice of θ and the ratio of angles φ2/φ1. A torus is characterized 
by its complex modulus τ ∈ H (upper half-plane). The complex modulus 𝜏 of the torus is 𝜏=ω2/ω1 where 𝜔1 , 𝜔2  are 
complex periods generating the lattice Λ={m·ω1+n·ω2 : m,n ∈ Z}. To get a golden torus, impose τ=φ which defines 
a torus whose shape is intimately connected to the golden ratio, leading to fractal and number-theoretic properties. 
We impose: φ2=φ·φ1. That is, the angular parameters satisfy the golden ratio: φ2=φ×φ1. This makes the torus 



conformally equivalent to the complex torus C/Λ with a golden modular parameter. The figure below shows the 
Fractal embedding of a golden torus inside a 3-sphere. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: The Fractal embedding of a golden torus inside a 3-sphere. 
 
 We define an operator acting on the embedding parameter θ: 𝑃φ: θ ↦ θ′ =φ-1·𝜃 and on the angular parameters: 
(φ1,φ2) ↦ (φ1+Δ1 , φ2+φ·Δ1) where Δ1 is a small angle increment chosen to maintain the fractal self-similarity and 
modular parameter. Define the Pellis scaling operator 𝑃φ acting on S3 -embedded tori as:  
 

 
 
 
where 𝜃′=φ-1·𝜃 , φ1′=φ1+𝛿1 , φ2′=φ2+𝛿2 with 𝛿1 , 𝛿2 chosen to preserve the golden modular ratio under iteration 
(e.g.,rotations tied to Fibonacci sequences). The operator acts recursively: 
 
 
 
with initial 𝑇02  the base golden torus. By iterating this operator 𝑛 times: 
 
 

 
 
We generate nested golden tori with self-similar fractal scaling. The fractal embedding inside S3 is the limit set: 
 

 
 
 
which defines a fractal golden torus structure embedded in S3 , with self-similar scaling by  φ-1 . This set has fractal 
dimension 𝐷=log𝑁/logφ where 𝑁 is the number of self-similar copies per scaling step. The Laplacian Δ𝑇2 on 𝑇𝑛2 
satisfies scaling: 
 
  
​ 
 leading to eigenvalues 𝜆 for integer m, n: 
 
 
 
 
 The Pellis function for α⁻¹  then emerges as a weighted sum over the fractal eigenvalue spectrum: 
 



 
 

 
 
with weights 𝑤𝑛  reflecting fractal embedding coefficients related to φ. Eigenvalues λm,n scale as: 
 

 
 
and the Pellis function for the inverse fine-structure constant arises as a weighted sum over eigenvalues: 
 
 

(49) 
 
 
 
where 𝑤𝑛  are fractal weights, 𝛽 a convergence parameter. To get a meaningful spectral limit, study the spectral zeta 
function or heat kernel trace with scaling weights: 
 

(50) 
 
  
where weights 𝑤𝑛 decay suitably (e.g., 𝑤𝑛= φ-βn ) to ensure convergence. The physical meaning of Terms are: 
-360: Full angular measure in degrees — relates to the embedding of rotations and cyclic symmetries in the fractal 
golden torus, i.e., one full rotation (circle). 
-φ-2 , φ-3 , (3∙φ)-5 : Powers of inverse golden ratio capture scaling ratios in fractal embeddings of the torus inside S3. 
-The combination is weighted to match the measured α⁻¹ ,  to high accuracy. 
 The  Interpretation are: 
-The dominant term 360·φ-2 arises from the leading order fractal embedding scale of the golden torus (i.e., a base 
layer in the fractal structure). 
-The second term -2·φ-3 accounts for corrections due to next-level fractal layers or perturbations in the golden torus 
modular parameter. 
-The last term (3∙φ)-5 reflects higher order fractal corrections with 3 scaling iterations deeper, related to nested 
self-similar structures. 
 Consider the angular momentum quantization on fractal golden tori inside S3 where angular sectors of 360° are 
scaled by powers of φ-1 . Define the Pellis function: 
 
​ 

(51) 
 
 
where 𝑎𝑘 , 𝑏𝑘 are coefficients reflecting the fractal spectral weights. Match the Pellis function expansion coefficients 
to fit α⁻¹ numerically, yielding the above formula. This procedure connects fractal geometry of the golden torus in S3  
to electromagnetic coupling constants. Connecting the Pellis Function and the fractal golden torus model to existing 
field theories or quantum gravity is a very interesting challenge — and opens up avenues for unification of geometry, 
topology, and physics. Here are some suggestions and ideas for such connections: Fractal golden tori embedded in S3 
can be viewed as non-standard topological structures with rich spectral content. Use the Pellis fractal scale to define 
fractal topological indices (e.g., Chern-Simons invariants at the fractal level). Integrate the Pellis Function into the 
framework of TQFTs, aiming to relate fractal features to quantum topological quantizations — e.g., via topological 
quantum gravity or Chern-Simons action. S3 with embedded fractal golden torus is reminiscent of LQG spin network 
configurations. We can represent fractal golden tori as branches or nodes of a fractal-structured spin foam, where the 
Pellis Function dynamically determines the geometry. The golden ratio appears in many LQG approaches as an ideal 
quantum geometry scale — the Pellis Function can act as a quantum dimension “indicator” or fractal spectral action. 
 Pellis Functions with fractal folding are reminiscent of the spectral properties of matrices used in Non-Differential 
Geometry and quantum gravity models.You can express the fractal structure of the golden torus through appropriate 
matrix actions that produce fractal spectral outputs. This can open a connection to quantum computing that uses 
fractals as building blocks of quantum states. The structure of the golden torus can be connected to the covering or 



topology of worldsheet tori in string theory. Pellis fractal scales can be expressed as regulators of the moduli space of 
tori in string compactifications. The golden ratio φ appears in some approaches such as flux compactification and 
mirror symmetry — the Pellis Function can be connected to numerical stability indices. 
 
5.3 Unification via Fractal Spectral Action 
 
 Use the framework of the spectral action principle (as in non-communist Connes-Chamseddine geometry) and 
replace the classical spectrum with the fractal Pellis spectrum.You thus create a fractal spectral action that encodes 
the dynamics of fields (gravity, gauge fields, scalar fields) in fractal geometry. This action can include self-similar 
participation of constants, offering unification of physical constants via fractal geometry. 
 
 Theorem Statement: 
 
 The inverse fine-structure constant α⁻¹ is expressed as a fractal Pellis Function, which is a spectral series of 
eigenvalues of the Laplacian in the successive golden tori {𝑇𝑛2} produced by the iteration Pφ2: 
 
 

(52) 
 
​ 
where: 𝜃𝑛=φ-n·𝜃0 ,the fractal scaled length , 𝑤𝑛=φ-γn weights for damping and fractal distribution efficiency , β>0 
convergence regulator parameter, and the series converges to a number that is identical to α⁻¹. 
 
Interpretation: 
 
 The inner summation expresses the eigenvalues of the Laplacian of the golden torus at each scale. The outer series 
implements fractal iteration on S3 , with length scaling  𝜃𝑛=φ-n·𝜃0 . The model suggests that the fine-texture constant 
α appears as a spectral eigenvalue of the fractal Laplacian over a successively “golden” topological field. The exact 
mathematical proof of the equivalence of the Pellis Function with its numerical value α⁻¹ requires the analysis of the 
convergence of the fractal series and the quantification of the parameters β,γ, but already in numerical 
approximations the equation provides an excellent identification. Final Equation Pellis Function Model: 
 

(53) 
 
 
5.4 The Pellis Function as a Spectral Generator of Mass 
 
 In this section, we propose that the Pellis Function, derived from the Laplacian spectra of the Poincaré Dodecahedral 
Space (PDS) and modulated by powers of the golden ratio φ, acts as a spectral generator of particle masses. The 
underlying idea is that each resonance of the Laplacian corresponds to a possible excitation mode in the topology of 
space, and when modulated by the φ-scaling law, it maps onto the empirical masses of known fundamental particles. 
We argue that the function: 
 
 
 
is not merely an approximation of α⁻¹ , but rather represents a dimensionless spectral index emerging from a discrete 
spectrum. Each eigenmode associated with this fractal toroidal embedding in S3 can be interpreted as a mass 
eigenstate, analogous to the vibration modes in a string but topologically constrained.  Let the Pellis Function define a 
spectral base point, from which mass levels are generated via discrete φ-scaling: 
 

(54) 
 
 Where: 𝑚0 : base mass (could be Planck mass, electron mass, or a φ-normalized scale), n ∈ Z: discrete spectral 
index tied to the PDS topology. We can associate these values with particle masses (e.g., electron, muon, tau, 
neutrinos), where the mass ratios approximate φ-powers: 
 
 



 
(55) 

 
 
 This pattern mirrors Koide-type relations and resonates with fractal geometric models where mass is an emergent 
property of spectral embedding. 
Spectral–Mass Mapping Table  
 

Mode n φ-Scaled Mass Particle (hypothetical match) 

-2 m0·φ2 Electron (e) 

0 m0 Base Mass (reference) 

+3 m0·φ-3 Muon (μ) 

+6 m0·φ-6 Tau (τ) 

 
 These can also be tied to harmonics of the toroidal φ-spectral space, and possibly neutrino mass splittings, if negative 
modes are included. Mass emerges not as an input parameter, but as a topologically-induced resonance in a φ-scaled 
Laplacian framework. The φ-scaling preserves a fractal symmetry across the mass spectrum. The base equation for 
α⁻¹  serves as the spectral anchor, and deviations generate the hierarchy of particles. There is a geometric symmetry 
breaking, possibly analogous to the Higgs mechanism, but rooted in spectral curvature and topology rather than 
fields. We can define a dimensionless mass operator: 
 

 (56) 
 
 
 Where 𝑎𝑛 are eigen-coefficients derived from the spectral decomposition of the Laplacian in the PDS. These may 
correspond to observed particle coupling constants or mass fractions. 
 
5.5 Topological Quantum Fields and the Pellis Operator 
 
 The interplay between topology and quantum field theory (QFT) has long been recognized as a fertile ground for 
uncovering fundamental structures in nature. In this context, the Pellis Operator emerges as a bridge between spectral 
geometry, topological invariants, and physical constants. Defined as a φ-scaled differential operator acting on 
eigenfunctions of Laplacians in compact 3-manifolds, particularly the Poincaré Dodecahedral Space (PDS), the Pellis 
Operator introduces a nontrivial, fractal modulation on conventional quantum fields. We define the Pellis Operator Pφ 
acting on a scalar field 𝜓(𝑥) as follows: 
 

(57) 
 
where: Δ is the Laplace-Beltrami operator on the PDS manifold. R(x) is the scalar curvature. T(x) encodes local 
topological torsion or Chern–Simons-like contributions. φ is the golden mean. This operator modifies the spectrum of 
quantum fields by introducing golden-ratio scaling, aligning with the spectral fingerprints derived in previous 
sections. Remarkably, when applied to specific configurations (e.g. gauge fields over S3/Γ), the Pellis Operator yields 
eigenvalue distributions that asymptotically approach values proportional to the inverse fine-structure constant α⁻¹ , 
suggesting a deep coupling between number-theoretical constants and the topology of the vacuum. In the presence of 
nontrivial topology, such as that of the PDS, the configuration space of gauge fields admits fractal boundary 
conditions—scaling patterns governed by φ. The Pellis Operator acts naturally on these configurations, giving rise to 
a modified action: 
 
 

(58) 
 
 
 This action is topologically invariant under φ-scaled transformations and suggests a reformulation of Topological 



Quantum Field Theory (TQFT) in the language of Pellis Spectral Geometry. The fractal embeddings derived from 
φ-invariant foliations of the PDS induce a discrete, self-similar set of eigenvalues. These form a quantized ladder of 
physical constants, where: 
-Each rung corresponds to a distinct physical field or particle family. 
-The spacing is governed by recursive applications of φ-powers. 
-The mass hierarchy and coupling constants emerge from this structured spectrum. 
 This proposal elevates the Pellis Operator to a candidate fundamental field operator, capable of encoding both the 
geometry and the scale of physical interactions within a unified, dimensionless framework. 
 
5.6  Toward a Unified Golden Action 
 
 The quest for a unified description of physical phenomena has traditionally relied on the formulation of an action 
functional that encodes the dynamics of fundamental fields. Inspired by the φ-scaling and spectral regularities 
observed throughout the Pellis framework, we propose a novel action principle: the Golden Action, denoted as 𝑆φ , 
which unifies fractal geometry, topological invariants, and quantum field operators within a dimensionless, spectral 
formalism. Let 𝑀4  be a compact 4-dimensional manifold with embedded fractal spatial sections Μ3 ∼ S3/Γ (e.g. 
Poincaré Dodecahedral Space). We define the Golden Action as: 
 
 

(59) 
 
 
where: Lgeom​ is a geometric term (e.g. Ricci scalar R, torsion).L matter  includes mass terms and interactions 
derived from the Pellis Mass Spectrum. Ltopo encodes Chern–Simons, Pontryagin, or φ-fractal boundary conditions. 
φ-n scaling reflects the fractal golden hierarchy found across physics, biology, and cosmology. This action is 
dimensionless, consistent with the philosophy of the Pellis Hypothesis, and suggests a universal scaling symmetry in 
Nature governed by powers of φ. The physical Consequences are: 
-Emergence of Constants:By extremizing Sφ, one obtains effective values of physical constants (e.g., α⁻¹ , 𝑚𝑒/𝑚𝜇) as 
spectral ratios of φ-scaled operators. 
-Fractal Field Equations: The Euler–Lagrange equations derived from Sφ include φ-dependent corrections to standard 
field equations (e.g. modified Einstein and Yang–Mills equations with fractal terms). 
-Duality Between Geometry and Spectrum: Via the Pellis–Fractal Correspondence, the geometry of space(-time) and 
the spectrum of mass/energy become dual representations of the same φ-fractal structure. 
-Holography and φ-Scaling: If M4 admits a boundary ∂M ∼ S3/Γ, then φ-scaling naturally aligns with holographic 
principles: surface φ-geometry encodes the bulk dynamics. 
 The Golden Action can be viewed as a φ-deformation or spectral extension of: The Einstein–Hilbert Action (when  
Lgeom=R). The Standard Model Action with φ-scaled Yukawa couplings. Chern–Simons Topological Actions with 
fractal coefficients. Feynman Path Integrals, where φ appears as a natural measure in path space via Golden 
Probabilistic Weights. The quantization of Sφ can proceed through spectral decomposition using the Pellis Operator: 
 

(60) 
 
where 𝜆𝑛  are eigenvalues of the fractal Laplacian in PDS, and φ-λn ensures convergence and fractality of the 
expansion. This quantization is inherently non-perturbative, reflecting the nested structure of natural laws. 
 
5.7  Golden Quantization and the Structure of Space-Time 
 
 In this section, we extend the Pellis Function beyond particles and biology into the fabric of spacetime itself, 
suggesting that φ-based fractality and spectral quantization lie at the heart of both quantum gravity and cosmological 
evolution. The golden ratio φ emerges not merely as a geometrical constant but as a quantization factor for action and 
curvature. We propose a generalized action functional: 
 

(61) 
 
 
where the φ-scaling introduces a fractal correction at each scale level 𝑛, corresponding to self-similar spacetime shells 
or "golden layers" of geometry. We define a Pellis-modified Einstein field equation: 



 (62) 
 
 
where each term is modulated by golden-scale corrections derived from the Pellis Function, suggesting that gravity 
itself may be fractal at microscopic scales and topologically quantized in units of φ. Time, often assumed to be 
smooth and continuous, is reinterpreted here as a fractal flow of golden quantized intervals, defined by: 
 

 (63) 
 
 
 This leads to a temporal spectrum with resonance structures embedded within biological clocks, quantum systems, 
and cosmological cycles (e.g., lunar, solar, galactic). Time is no longer a line — but a φ-spiral. The embedding of the 
Pellis torus in S³ from earlier sections gains physical significance: 
-It represents a fundamental topological unit of the universe. 
-Quantized golden structures replicate through space-time as modular, self-similar manifolds. 
-This echoes the possibility that our cosmos is best described by a fractal dodecahedral space (e.g., Poincaré model), 
where curvature, torsion, and field potentials obey φ-scaled symmetries. 
 
6. Dimensionless physical constants   
 
 It will present new beautiful equations of unification of the fundamental interactions. It will calculate new unity 
formulas that connect the coupling constants of the fundamental forces. Also it will present new beautiful equations 
of the Dimensionless unification of atomic physics and cosmology. These equations are applicable for all energy 
scales. In physics the mathematical constants appear almost everywhere. In [31] we presented exact and approximate 
expressions between the Archimedes constant π,the golden ratio φ,the Euler's number e and the imaginary number i. 
The expression who connects the six basic mathematical constants,the number 0,the number 1,the golden ratio φ,the 
Archimedes constant π,the Euler's number e and the imaginary unit i is:  

 
                                       (64)  

 
 The fine-structure constant is one of the most fundamental constants of physics. We propose in [32-34] the exact 
formula for the fine-structure constant α with the golden angle,the relativity factor and the fifth power of the golden 
mean: 
 

   α-1=360·φ-2-2·φ-3+(3∙φ)-5=137.0359991647656.....                                    (65)       

 
 Also we propose in [35-36] a simple and accurate expression for the fine-structure constant α in terms of the 
Archimedes constant π: 
 

α-1=2∙3∙11∙41∙43-1∙π∙ln2=137.0359990781755.....                                      (66)    
 
 In Physics,the ratio of the mass of a proton to an electron is simply the remainder of the mass of the proton divided 
by that of the electron,from the system of units. We propose in [37] the exact mathematical expressions for the proton 
to electron mass ratio μ:                                                  

 
7∙µ3=1653∙ln1110 ⇒ µ=1836.15267392…                                                (67)     

 
 Also was presented the exact mathematical expressions that connects the proton to electron mass ratio μ and the 
fine-structure constant α:  
 

9∙μ-119∙α-1=5∙(φ+42)                                                        (68)    
 
 In [38] was presented the unity formula that connects the fine-structure constant and the proton to electron mass 
ratio. It was explained that μ⋅α-1 is one of the roots of the following trigonometric equation:  
 

2·102⋅cos(μ·α-1)+132=0                                                            (69)     



 The exponential form of this equation is:   
 

102·(eiμ/α+e-iμ/α)+132=0                                                            (70)     
 
 Also this unity formula can also be written in the form:  

 
10·(eiμ/α+e-iμ/α)1/2=13·i                                                            (71)    

 
 It was presented in [39] the mathematical formulas that connects the proton to electron mass ratio μ,the fine-structure 
constant α,the ratio Ν1 of electric force to gravitational force between electron and proton,the Avogadro's number 
NA,the gravitational coupling constant αG of the electron and the gravitational coupling constant of the proton αG(p):  
 

αG(p)=μ2·αG                                                                     (72)     
 

α=μ·Ν1⋅αG                                                                             (73)     
 

α·μ=Ν1·αG(p)                                                                           (74)     
   

α2=N12∙αG∙αG(p)                                                                        (75)     
 

4·e2⋅α2∙αG⋅ΝA2=1                                                                (76) 
 

μ2=4·e2⋅α2∙αG(p)⋅ΝA2                                                           (77) 
 

μ∙Ν1=4⋅e2⋅α3⋅ΝA2                                                               (78)   
 

4·e2·α·μ·αG2·ΝA2·Ν1=1                                                           (79)     
 

μ3=4·e2·α·αG(p)2·ΝA2·Ν1                                                          (80) 
 

μ2=4·e2·αG·αG(p)2·ΝA2·Ν12                                                           (81) 
 

μ=4·e2⋅α⋅αG⋅αG(p)⋅ΝA2⋅Ν1                                                                     (82)   
 
7. Dimensionless unification of the fundamental interactions 

 
 In [40] we presented the recommended value for the strong coupling constant: 
 

 
 (83)       

 

 This value is the current world average value for the coupling evaluated at the Z-boson mass scale. It fits perfectly in 
the measurement of the strong coupling constant of the European organization for nuclear research (CERN). Also for 
the value of  the strong coupling constant we have the equivalent expressions: 

 
αs=αs(ΜΖ)=e⋅e-π=e⋅i2i=i-2i/π⋅i2i=i2i-(2i/π)=i2i(π-1)/π                                                           (84)   

 
 From  Euler's identity resulting the beautiful formulas:  
 

ei+αsi=0                                                                    (85) 
 

αsi=i2·ei                                                                                                        (86) 

 

  In the papers [41-44] was presented  the unification of the fundamental interactions. We found the unity formulas 
that connect the strong coupling constant αs and the weak coupling constant αw. We reached the dimensionless 
unification of the strong nuclear and the weak nuclear interactions:  
 

e·αs=107·αw                                                                  (87)     
 

eπ·αs2=107·αw                                                                                 (88)      



 
 The imaginary dimensionless unification of the strong nuclear and the weak nuclear interactions: 

 
αs2=i2i·107·αw                                                                 (89)     

 
αs2i=i2·107i·αwi                                                                                                 (90) 

 
 We reached the dimensionless unification of the strong nuclear and the electromagnetic interactions: 
 

                                  eπ⋅αs⋅cosα-1=1                                                                                        (91) 
 

 The imaginary dimensionless unification of the strong nuclear and the electromagnetic interactions: 
 

eπ⋅αs⋅(ei/α+e-i/α)=2                                                             (92) 
 

αs⋅cosα-1=i2i                                                                                                  (93)       

 
αs⋅(ei/α+e-i/α)=2⋅i2i                                                                                           (94)       

   

αsi+(cosα-1)-i=0                                                              (95) 

 

αsi+2i·(ei/α+e-i/α)-i=0                                                            (96) 

 
 The figure 4 below shows the angle in α-1 radians. The rotation vector moves in a circle of radius eπ.  
 
 
 
 
 
 
 

 
 
 
 
 

 
Figure 4. Geometric representation of the unification of the strong nuclear and the electromagnetic interactions. 

 
 We reached the dimensionless unification of the weak nuclear and the electromagnetic interactions:  
 

107⋅eπ⋅αw⋅cosα-1=e                                                                                            (97)       

 
 The imaginary dimensionless unification of the weak nuclear and the electromagnetic interactions: 
  

107⋅eπ⋅αw⋅(ei/α+e-i/α)=2⋅e                                                          (98) 
 

107⋅αw⋅cosα-1=e⋅i2i                                                                                            (99)       

 
107⋅αw⋅(ei/α+e-i/α)=2⋅e⋅i2i                                                                                      (100) 

 
107i⋅αwi⋅(cosα-1)i+ei=0                                                          (101) 

 
 We reached the dimensionless unification of the strong nuclear,the weak nuclear and the electromagnetic 
interactions:  
                                                                

107⋅αw⋅cosα-1=αs                                                                             (102) 



 The imaginary dimensionless unification of the strong nuclear,the weak nuclear and the electromagnetic interactions: 
 

107⋅αw⋅(ei/α+e-i/α)=2⋅αs                                                                        (103) 
   
. The figure 5 below shows the angle in α-1 radians. The rotation vector moves in a circle of radius 107.  
 

 

 

 

 

 

 
 
 
 
 

 
Figure 5. Geometric representation of the unification of the strong,the weak and the electromagnetic interactions.      

 
 We reached the dimensionless unification of the gravitational and the electromagnetic interactions:   
 

4·e2⋅α2∙αG⋅ΝA2=1                                                              (104)     
 

α-2·cos2α-1=4∙αG⋅ΝA2                                                                                         (105) 
 

  The imaginary dimensionless unification of the gravitational and the electromagnetic interactions: 
 

16·α2∙αG⋅ΝA2=(ei/α+e-i/α)2                                                                                      (106)       

 
4·α2∙αG⋅ΝA2=i2·eiπ-2                                                                                            (107) 

 
 The figure 6 below shows the angle in α-1 radians. The rotation vector moves in a circle of radius ΝΑ-1.  
 

 
 
 
 
 
 
 
 
 
 

 
Figure 6. Geometric representation of the unification of the gravitational and the electromagnetic interactions.             

 
 We reached the dimensionless unification of the strong nuclear,the gravitational and the electromagnetic interactions: 

 
2⋅eπ⋅αs⋅α⋅αG1/2⋅ΝA=1                                                             (108)     

  
2⋅e4π⋅α2⋅cosα-1⋅αs4⋅αG⋅ΝA2=1                                                        (109)     

 
 The imaginary dimensionless unification of the strong nuclear,the gravitational and the electromagnetic interaction 
 

4⋅αs2⋅α2⋅αG⋅ΝA2=i4i                                                               (110)     
 

e4π⋅α2⋅(ei/α+e-i/α)⋅αs4⋅αG⋅ΝA2=1                                                           (111)   
 

2⋅α2⋅cosα-1⋅αs4⋅αG⋅ΝA2=i8i                                                           (112)     



α2⋅(ei/α+e-i/α)⋅αs4⋅αG⋅ΝA2=i8i                                                         (113)   
 

4·e2-i⋅α2∙αG·αsi⋅ΝA2=i2                                                                                           (114) 
 

2⋅eπ(1-i)⋅αs⋅α⋅αG1/2⋅ΝA=i2                                                                                        (115) 
 

2⋅eπ-i⋅αs1-i⋅α⋅αG1/2⋅ΝA=i2                                                           (116) 
 

αsi⋅αi-2⋅αG(1/2i)-1⋅ΝAi-2=i2⋅22-i·e2                                                      (117) 
 
 We reached the dimensionless unification of the weak nuclear,the gravitational and electromagnetic interactions:  

     
4⋅1014⋅e2π⋅αw2⋅α2⋅αG⋅ΝA2=e2                                                        (118)     

 
4⋅1014⋅e2π⋅α2⋅cos2α-1⋅αw2⋅αG⋅ΝA2=1                                                   (119) 

  
 The imaginary dimensionless unification of the weak nuclear,the gravitational and electromagnetic interactions:  

 
4⋅1014⋅αw2⋅α2⋅αG⋅ΝA2=i4i⋅e2                                                        (120)     

 
4⋅1014⋅α2⋅cos2α-1⋅αw2⋅αG⋅ΝA2=i8i                                                     (121)     

 
1014⋅α2⋅(ei/α+e-i/α)2⋅αw2⋅αG⋅ΝA2=i8i                                                    (122)     

 
1014⋅e4π⋅α2⋅(ei/α+e-i/α)2⋅αw2⋅αG⋅ΝA2=i8i                                                 (123)     

 
 Resulting the unity formula that connect the strong coupling constant αs,the weak coupling constant αw,the 
fine-structure constant α and the gravitational coupling constant αG(p) for the proton: 

 
4·1014⋅ΝA2·αw2⋅α2⋅αG(p)=μ2·αs2                                                                              (124) 

 
 We reached the dimensionless unification of the strong nuclear,the weak nuclear,the gravitational and the 
electromagnetic interactions: 
 

αs2=4·1014⋅αw2⋅α2⋅αG⋅ΝA2                                                                                     (125) 

 
αs·cosα-1=4⋅107⋅ΝA2⋅αw⋅α2⋅αG                                                                                      (126)       

 
 The imaginary dimensionless unification of the strong nuclear,the weak nuclear,the gravitational and the 
electromagnetic interactions: 

 
8⋅107⋅ΝA2⋅αw⋅α2⋅αG=αs·(ei/α+e-i/α)                                                                                    (127)       

                         
αs2i=2·i2⋅eπ⋅107i·αs⋅α⋅αG1/2·αwi⋅ΝA                                                   (128)     

 
αsi+2=4·i2·ei·1014⋅αw2⋅α2⋅αG·ΝA2                                                     (129)     

 
αs2(i+1)=4·i2·1014+7i⋅αw2+i⋅α2⋅αG·ΝA2                                                  (130)     

 
αs2i-1=2·i2⋅eπ⋅107i⋅α⋅αG1/2·αwi⋅ΝA                                                                 (131) 

 
 From these expressions resulting the unity formulas that connects the strong coupling constant αs,the weak coupling 
constant αw,the proton to electron mass ratio μ,the fine-structure constant α,the ratio Ν1 of electric force to 
gravitational force between electron and proton,the Avogadro's number NA,the gravitational coupling constant αG of 
the electron,the gravitational coupling constant of the proton αG(p),the strong coupling constant αs and the weak 
coupling constant αw: 

 
αs2=4·1014⋅αw2⋅α2⋅αG⋅ΝA2                                                         (132) 

 
μ2⋅αs2=4·1014⋅αw2⋅α2⋅αG(p)⋅ΝA2                                                  (133) 



μ∙Ν1⋅αs2=4·1014⋅αw2⋅α3⋅ΝA2                                                       (134)   
 

αs2=4·1014⋅αw2⋅α⋅μ⋅αG2⋅ΝA2⋅Ν1                                                    (135)     
 

μ3⋅αs2=4·1014⋅αw2⋅α⋅αG(p)2⋅ΝA2⋅Ν1                                                  (136)     
 

μ⋅αs=4·1014⋅αw2⋅αG⋅G(p)2⋅ΝA2⋅Ν12                                                  (137)     
 

μ⋅αs2=4·1014⋅αw2⋅α⋅αG⋅αG(p)⋅ΝA2⋅Ν1                                                (138) 
 

 The figure 7 and 8 below shows the geometric representation of the unification of the fundamental interactions.  
 
 
 

 
 

 
 
 
 
 
 
 

Figure 7. Geometric representation of the unification of the fundamental interactions.  
 
  
 
 
 
 
 
 
 
 
 
 
 

Figure 8. The unification of the fundamental interactions. 
 

 These equations are applicable for all energy scales. In [45-46] we found the expressions for the gravitational 
constant:  
 
 
 

    (139)     
 
 

 
(140) 

 

 

       

        (141)       

 

 

 

 (142) 

 

                                                                                   



 

 (143) 

 

 

 

 (144)       

 
 
 Therefore the formula for the gravitational constant is:  
 
 

 (145) 
 
 It presented the theoretical value of the Gravitational constant G=6.67448×10-11 m3/kg∙s2. This value is very close 
to the 2018 CODATA recommended value of gravitational constant and two experimental measurements from a 
research group announced new measurements based on torsion balances. They ended up measuring 6.674184×10-11 
m3/kg∙s2 and 6.674484×10-11 m3/kg∙s2-of-swinging and angular acceleration methods, respectively. 
 
8. Dimensionless unification of atomic physics and cosmology 
 
 In [47-48] resulting in the dimensionless unification of atomic physics and cosmology. The gravitational fine 
structure constant αg is defined as: 
 
 

 (146) 
 
 
 The expression that connects the gravitational fine-structure constant αg with the golden ratio φ and the Euler's 
number e is: 
 
 

 (147)      

 
 Resulting the unity formula for the gravitational fine-structure constant αg: 

 
αg=(2·e∙α2·NA)-3                                                                                       (148) 

 
αg=i6i⋅(2⋅αs⋅α2·NA)-3                                                             (149) 

 
αg=i6i⋅e3⋅(2⋅107⋅αw⋅α3⋅ΝA)-3                                                        (150)     

 
αg=(107⋅αw⋅αG1/2⋅e-1⋅αs-1⋅α-1)3                                                                         (151)      

 
αg2=(1014⋅αw2⋅αG⋅e-2⋅αs-2⋅α-2)3                                                                         (152) 

 
αg=1021⋅i6i⋅αw3⋅αG3/2⋅αs-6⋅α-3                                                                           (153) 

 
  The following expression connect the gravitational fine-structure constant αg with the four coupling constants.: 
 

αg2=1042⋅i12i⋅αw6⋅αG3⋅αs-12⋅α-6                                                                          (154) 

 
 From the Dimensionless unification of the fundamental interactions resulting the expressions for the Gelfond's 
constant:  
 

eπ=107⋅αg-1/3⋅αs-2⋅α-1⋅αw⋅αG1/2                                                                               (155) 
 
 So resulting the formulas:  



 
αg1/3⋅αs2⋅α⋅ eπ=107⋅αw⋅αG1/2                                                                                 (156) 

 
αg2⋅αs12⋅α6⋅e6π=1042⋅αw6⋅αG3                                                                                (157) 

 
 From  Euler's identity resulting the beautiful formulas:  

 
αg2i⋅αs12i⋅α6i=107i⋅i2⋅αwi⋅αGi/2                                                                               (158) 

 
Perhaps the  gravitational fine structure constant αg is the coupling constant for the fifth force. We reached the 
dimensionless unification of the five electromagnetic interactions: 
 

αg2⋅αs12⋅α6⋅e6π=1042⋅αw6⋅αG3                                                                               (159) 
 
 The imaginary dimensionless unification of  the five electromagnetic interactions: 

 
αg2i⋅αs12i⋅α6i=107i⋅i2⋅αwi⋅αGi/2                                                                              (160) 

 
αg-i/3⋅αs2-2i⋅α-i-2⋅αwi-2⋅αG(i-2)/2=4⋅i2·1014-7i·ΝA2                                                            (161) 

 
αg1/3i⋅αs2i-1⋅αi-1⋅αw-i⋅αG-(1+i)/2i=2⋅i2·eπ⋅107i⋅ΝA                                                            (162) 

 
 The cosmological constant Λ is presumably an enigmatic form of matter or energy that acts in opposition to gravity 
and is considered by many physicists to be equivalent to dark energy. Nobody really knows what the cosmological 
constant is exactly,but it is required in cosmological equations in order to reconcile theory with our observations of 
the universe.  Resulting the dimensionless unification of the atomic physics and the cosmology:    
                

lpl2⋅Λ=(2·e∙α2·NA)-6                                                                   (163)  
 

lpl2⋅Λ=i12i⋅(2⋅αs⋅α2·NA)-6                                                          (164) 
 

lpl2⋅Λ=i12i⋅e6⋅(2⋅107⋅αw⋅α3⋅ΝA)-6                                                    (165) 
 

e6⋅αs6⋅α6⋅lpl2⋅Λ=1042⋅αG3⋅αw6                                                      (166) 
 

αs12⋅α6⋅lpl2⋅Λ=1042⋅i12i⋅αG3⋅αw6                                                     (167) 
 
 For the cosmological constant Λ equals: 
 

 
(168) 
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(172) 



 We found the Equations of the Universe: 
 

 
(173) 

 
 
 
 

(174) 
 
 
 For the ratio of the dark energy density to the Planck energy density apply: 
 
 

 (175) 
 
 
 In [62-63] we proved that the shape of the Universe is Poincaré dodecahedral space. The assessment of  baryonic 
matter at the current time was assessed by WMAP to be ΩB=0.044±0.004. From the dimensionless unification of the 
fundamental interactions the density parameter for the normal baryonic matter is:  
 

 ΩB=e-π=i2i =0.0432=4.32%                                                                            (176) 
 
 From Euler's identity for the density parameter of  baryonic matter apply: 
 

ΩBi+1=0                                                                    (177) 
 

ΩBi=i2                                                                                                          (178) 
 

ΩB2i=1                                                                                                         (179) 
 

 From the dimensionless unification of the fundamental interactions for the density parameter for normal baryonic 
matter apply:  

 
ΩB=e-1·αs                                                                                     (180) 

 
ΩB=αw-1·αs2·10-7                                                                                               (181) 

 
ΩB=2-1⋅αs⋅(ei/α+e-i/α)                                                                                                   (182) 

 
ΩB=2⋅ΝA⋅αs⋅α⋅αG1/2                                                                                            (183)  

 
ΩB=2-1⋅e-1⋅107⋅αw⋅(ei/α+e-i/α)                                                     (184)     

 
ΩB=2·107⋅ΝA⋅e-1⋅αw⋅α⋅αG1/2                                                                                  (185) 

 
ΩB=10-7⋅αg1/3⋅αs2⋅α⋅αw-1⋅αG-1/2                                                                              (186) 

 
 In [64] we presented the solution for the Density Parameter of Dark Energy. The fraction of the effective mass of the 
universe attributed to dark energy or the cosmological constant is ΩΛ=0.73±0.04. With 73% of the influence on the 
expansion of the universe in this era,dark energy is viewed as the dominant influence on that expansion. From the 
dimensionless unification of the fundamental interactions the density parameter for dark energy is: 
 

ΩΛ=2⋅e-1=0.73576=73.57%                                                     (187) 
 
 So apply: 
 

2⋅Rd2=e⋅LH2                                                                   (188) 



 Also from the dimensionless unification of the fundamental interactions the density parameter for dark energy is: 
 

ΩΛ=2⋅cosα-1                                                                                                    (189) 
 
 So the beautiful equation for the density parameter for dark energy is: 

 
ΩΛ=ei/α+e-i/α                                                                                                   (190) 

 
 The figure 9 below shows the geometric representation of the solution for the Density Parameter of Dark Energy. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9. Geometric representation of the solution for the Density Parameter of Dark Energy. 
 
 So apply the expression: 
 
 

 (191) 
 
 
 From the dimensionless unification of the fundamental interactions for the density parameter of dark energy apply: 
 

ΩΛ=2⋅i2i·αs-1                                                                (192) 
 

 ΩΛ=2·10-7αs·αw-1                                                            (193)       

 
ΩΛ=2⋅e⋅10-7⋅i2i·αw-1                                                                                        (194)      

 
ΩΛ=2⋅10-7⋅αs ·αw-1                                                           (195)   

 
ΩΛ=4⋅α∙αG1/2⋅ΝA                                                                            (196)    

 
ΩΛ=i8i⋅α-2⋅αs-4⋅αG-1⋅ΝA-2                                                                                     (197) 

 
ΩΛ=107⋅i4i⋅α-1⋅αw-1⋅αG-1/2⋅ΝA-1                                                                             (198) 

 
ΩΛ=8⋅107⋅ΝA2⋅αw⋅α2⋅αG·αs-1                                                                 (199) 

 
 Current observations suggest that we live in a dark energy dominated Universe with density parameters for dark 
matter ΩD=0.23. From the dimensionless unification of the fundamental interactions the density parameter for dark 
matter is: 

 
ΩD=2⋅e1-π=2⋅e⋅i2i=0.2349=23.49%                                                                 (200) 

 
 From the dimensionless unification of the fundamental interactions for the density parameter for normal baryonic 
matter apply:  

     
ΩD=2·αs                                                                                   (201) 

 
ΩD=2⋅107⋅e-1·αw                                                             (202) 



  
ΩD=2⋅(i2i·107·αw)1/2                                                           (203)     

 
ΩD=4⋅i2i ⋅(ei/α+e-i/α)-1                                                         (204)   

 
ΩD=107⋅αw⋅(ei/α+e-i/α)                                                                        (205) 

 
ΩD=4·107⋅αw⋅α⋅αG1/2⋅ΝA                                                                            (206)       

 
ΩD=16⋅107⋅ΝA2⋅αw⋅α2⋅αG·(ei/α+e-i/α)-1                                               (207)      

 
 The relationship between the density parameter of dark matter and baryonic matter is:  

 
ΩD=2⋅e⋅ΩΒ                                                                 (208) 

 
 The relationship between the density parameter of dark energy,dark matter and baryonic matter is: 

 
ΩD⋅ΩΛ=4⋅ΩΒ                                                                (209) 

 
 From the dimensionless unification of the fundamental interactions the sum of the contributions to the total density 
parameter Ω0 at the current time is: 

  
Ω0=ΩB+ΩD+ΩΛ=e-π+2⋅e1-π+2⋅e-1=1.0139                                         (210) 

 
 It is surprising that Plato used a dodecahedron as the quintessence to describe the cosmos. A positively curved 
universe is described by elliptic geometry,and can be thought of as a three-dimensional hypersphere,or some other 
spherical 3-manifold,such as the Poincaré dodecahedral space,all of which are quotients of the 3-sphere. These results  
prove that the weather space is finite. In [66] we proposed a possible solution for the Equation of state in cosmology. 
From the dimensionless unification of the fundamental interactions the state equation w has value: 

 
 w=-24⋅e-π=-24⋅i2i=-1.037134                                                                     (211)  

 
9. Unification of the Microcosm and the Macrocosm 
 
 In [49-51] we presented the law of the gravitational fine-structure constant αg followed by ratios of maximum and 
minimum theoretical values ​​for natural quantities.This theory uses quantum mechanics, cosmology, thermodynamics, 
and special and general relativity. Length l,time t,speed υ and temperature Τ have the same min/max ratio which is: 
 

 
(212) 

 
 Energy Ε, mass Μ, action Α,momentum Ρ and entropy S have another min/max ratio,which is the square of αg: 
 
 

(213) 
 
 
 Force F has min/max ratio which is αg4: 
 

 
(214) 

 
 Mass density has min/max ratio which is αg5: 
 

 
(215) 

 
 
  Length l has the max/min ratio which is:  

 



 
(216) 

 
 In [53-58] we presented the Dimensionless theory of everything. A smallest length in nature thus implies that there is 
no way to define exact boundaries of objects or elementary particles. Perhaps for the minimum distance lmin apply: 

 
lmin=2·e∙lpl                                                                                  (217) 

 
lmin=2·eπ·αs∙lpl                                                                              (218)   

 
 From expressions apply: 
 
 

(219) 
 
 
 For the Bohr radius α0 apply: 
 

α0=NA∙lmin                                                                                 (220) 
 

α0=2·e·NA∙lpl                                                                               (221) 
 

α0=2·eπ·αs·NA∙lpl                                                                           (222)   
 
 The maximum distance lmax corresponds to the distance of the universe lmax=αg-1∙lmin=4.657×1026 m. In [59] we 
presented the New Large Number Hypothesis of the universe. The diameter of the observable universe will be 
calculated to be equal to the product of the ratio of electric force to gravitational force between electron and proton on 
the  reduced Compton wavelength of the electron: 

 
2·RU=N1·ƛc                                                                                 (223) 

 
 So apply the expression: 
 
 

RU=e·α·Ν1·ΝΑ·lpl                                                                            (224) 
 
 The expressions for the radius of the observable universe are: 
 
 

  (225) 
 
 We found the value of the radius of the universe RU=4.38×1026 m.  The expressions for the radius of the observable 
universe are: 
 
 

 (226) 
 
 The expressions for the gravitational constant are:  
 
 

 (227) 
 
 
 

 (228) 
 
 
 

 (229) 
 



 
 

 (230) 
 
 
 In [60] we found a mass relation for fundamental masses: 

 
Mn=α-1∙αg(2-n)/3∙me                                                                                    (231)      

  
Mn=αg-n/3∙Mmin                                                                                         (232)      

 
 n=0,1,2,3,4,5,6    

 For the minimum mass Mmin apply:  
 
 

 (233) 
 
 
 

Mmin=(2∙e∙NA)-2∙α-1∙me=4.06578×10-69 kg                                                  (234)     
 
 The expressions for the mass of the observable universe ΜU are:  
 

ΜU=α-1∙αg-4/3∙me=α3∙αG-2∙me=(2⋅e⋅α2⋅ΝA)2·Ν1·mp=μ∙α∙Ν12∙mp                                            (235)      

 
 For the value of  the mass of the observable universe ΜU apply ΜU=1.153482×1053 kg. The expressions who calculate 
the number of protons in the observable universe are: 
 
 

 (236) 
 
 
 For the value of  the age of the universe apply TU=1.46×1018 s. Τhe gamma rhythm is a pattern of neuronal 
oscillations whose frequency ranges from 25 Hz to 100 Hz although 40 Hz is typical. Gamma frequency oscillations 
are present during wakefulness and REM sleep. The time quantum in the brain tB,the smallest unit of time that related 
to the 40 Hz oscillation of the gamma rate: 
 

(237) 
 
 
 For the minimum distance lmin apply lmin=2·e∙lpl. So for the minimum time tmin apply: 
 
 

(238) 
 
 From expressions apply: 
 
 

(239) 
 
 In the papers [61] was presented the theoretical value for the Hubble Constant. The formulas for the Hubble Constant 
are: 
 
 

 (240) 
 
 

 (241) 
 
 
 



 Τhese equations calculate the theoretical value of the Hubble Constant H0=2.36×10-18 s-1=72.69 (km/s)/Mpc. Also 
apply the expression: 
 
 

(242) 
 
 
 
 

(243) 
 
 
 
 

(244) 
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(247) 
 
 
 
 

(248) 
 
 
 The Equations of the Universe are: 
 
 

(249) 
 
 
 
 

(250) 
 
 
 
 

(251) 
 
 
 In the paper [67] was presented the article Euler's identity in unification of the fundamental interactions. From 
Euler's identity resulting the beautiful formulas:   

 



αs2i=i2·107i·αwi                                                                                               (252) 
                                                                                                                      

αsi+(cosα-1)-i=0                                                                                            (253) 
 

αsi+2i·(ei/α+e-i/α)-i=0                                                                                        (254) 
 

107i⋅αwi⋅(cosα-1)i+ei=0                                                                                     (255)     
 

4·α2∙αG⋅ΝA2=i2·eiπ-2                                                                                         (256) 
 

4·e2-i⋅α2∙αG·αsi⋅ΝA2=i2                                                         (257) 
 

αs2i=4·i2⋅107i·e2⋅α2∙αG·αwi⋅ΝA2                                                    (258) 
 

4·i2·107i⋅e2⋅α2-i⋅αwi⋅αG1+(i/2)⋅ΝA2=αgi/3⋅αs2i                                                                   (259) 
 

2⋅eπ(1-i)⋅αs⋅α⋅αG1/2⋅ΝA=i2                                                       (260) 
 

2⋅eπ-i⋅αs1-i⋅α⋅αG1/2⋅ΝA=i2                                                       (261) 
 

αs2i-1=2·i2⋅eπ⋅107i⋅α⋅αG1/2·αwi⋅ΝA                                                 (262) 
 

αsi⋅αi-2⋅αG(1/2i)-1⋅ΝAi-2=i2⋅22-i·e2                                                  (263)  
 

αsi+2=4·i2·ei·1014⋅αw2⋅α2⋅αG·ΝA2                                                 (264) 
 

αs2(i+1)=4·i2·1014+7i⋅αw2+i⋅α2⋅αG⋅·ΝA2                                              (265) 
                                                                             

αg1/3i⋅αs2i-1⋅αi-1⋅αw-i⋅αG-(1+i)/2i=2⋅i2·eπ⋅107i⋅ΝA                                                               (266) 
 

αg-i/3⋅αs2-2i⋅α-i-2⋅αwi-2⋅αG(i-2)/2=4⋅i2·1014-7i·ΝA2                                                              (267) 
                                                                                                                      

Also for the cosine of angle in α-1 radians equals:  
 
 

 (268) 
 
 
 
 

(269) 
 
 
 

(270) 
 
 
 
 

(271) 
 
 
 
 

(272) 
 

 
(273) 

 
 
 Also for the cosine of angle in α-1 radians equals:  
 



 

 (274) 
 
 
 

 (275) 
 
 
 

 (276) 
 
 
 

 (277) 
 
 
 So resulting the formula:  
 
 

(278) 
 
 
10. Advanced and Expanded Pellis Equation Applications by Discipline 
 
 The Pellis function, based on the golden ratio φ, offers a dimensionless and fractal mathematical framework for 
unifying fundamental physical constants, geometric shapes, and systemic behaviors. Although initially proposed to 
approximate the α-1, this equation gains broader validity when extended to φ-scaled structures (fractal wells, spiral 
shapes, and multidimensional topologies). The figure 10 below shows the advanced and expanded Pellis Equation.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10: Τhe advanced and expanded Pellis Equation. 
 
 This section presents interdisciplinary applications of the Pellis function, from physics and cosmology to biology, 
medicine, seismology, music, and philosophy. The application of the equation reveals hidden symmetries, physical 
repeatabilities, and scaling laws that permeate the universe, life, and intellect. The analysis that follows is organized 
by scientific field, demonstrating the potential unifying power of the Pellis model in contemporary epistemology. 



1. Physics 
 
-Unification of Fundamental Constants with fractal geometry. 
-Spacetime Quantization via Pellis–Fractal Time Model. 
-Fractal Mass Hierarchies in Particle Physics and Koide–Pellis Pentagram. 
-Pellis–Fractal Schrödinger Equation in Quantum Systems. 
-Modeling Quantum Decoherence and Entanglement via Fractal Dynamics. 
-Quantum Gravity Phenomenology and Pellis Fractal Scales. 
-Entropy Quantization of Black Holes using Pellis Fractal Geometry. 
-Pellis–Fractal Supersymmetry and Higher-Dimensional Field Theories. 
-Emergence of Physical Laws from Pellis–Fractal Topologies. 
 
2. Mathematics 
 
-Pellis Functions as generators of new fractal number sets. 
-Advanced Pellis–Fractal Combinatorics and Topological Data Analysis. 
-Fractal Algorithms for Quantum Computation and Cryptography. 
-Mathematical Foundations of Pellis–Fractal Information Theory. 
-Pellis–Fractal Lie Algebras and Symmetry Groups. 
-Spectral Theory of Pellis–Fractal Laplacians in Manifold Theory. 
 
3. Chemistry 
 
-Quantum Chemical Modeling based on Pellis–Fractal Electron Distributions. 
-Fractal Kinetics of Complex Reactions modeled by Pellis Functions. 
-Pellis Fractal Patterns in Catalysis and Molecular Self-Assembly. 
-Application to Supramolecular Chemistry and Nanoarchitectures. 
-Modeling Chemical Bond Resonance and Ionic-Covalent Transitions with Pellis Scaling. 
 
4. Physical Sciences 
 
-Fractal Modeling of Cosmic Microwave Background Anisotropies. 
-Pellis–Fractal Fluid Dynamics for Turbulence and Atmospheric Phenomena. 
-Application in Geomagnetism and Planetary Magnetic Field Modeling. 
-Fractal Nanophotonics and Pellis–Scaled Metamaterials Design. 
-Pellis-Based Modeling of Energy Transfer in Complex Physical Systems. 
 
5. Medicine & Biology 
 
-Pellis–Fractal Biomarkers for Early Disease Detection. 
-Modeling Cancer Growth and Metastasis via Fractal Dynamics. 
-Fractal Analysis of Neural Network Plasticity and Brain Connectivity. 
-Pellis–Based Systems Biology for Metabolic and Signaling Networks. 
-Design of Personalized Medicine Protocols using Pellis Fractal Patterns. 
-Fractal Genomics for Epigenetic Regulation and Developmental Biology. 
 
6. Earth Sciences: Seismology & Geology 
 
-High-Resolution Pellis Fractal Modeling of Earthquake Precursors. 
-Fractal Analysis of Geothermal and Volcanic Activity. 



-Pellis-Based Fractal Modeling of Sediment Transport and Erosion. 
-Application to Mineral Deposit Distribution and Exploration Geophysics. 
-Modeling Climate–Tectonic Coupling with Pellis Fractal Systems. 
 
7. Engineering & Materials Science 
 
-Pellis Fractal Optimization in Structural Engineering and Resilience. 
-Development of Fractal Energy Harvesting Materials. 
-Pellis–Fractal Sensor Networks and Smart Material Interfaces. 
-Fractal-Based Nanofabrication and Self-Assembly Techniques. 
-Advanced Fractal Acoustic Metamaterials and Waveguides. 
 
8. Social Sciences & Economics 
 
-Pellis Fractal Modeling of Economic Cycles and Market Crashes 
-Social Network Dynamics and Information Diffusion via Pellis Fractals 
-Modeling Urban Growth and Infrastructure with Pellis Fractal Geometry 
-Application in Behavioral Economics and Decision Theory 
-Pellis Fractal Analysis of Cultural Evolution and Memetics 
9. Arts, Architecture & Humanities 
 
-Deep Fractal Geometry in Sacred and Classical Architecture. 
-Pellis–Fractal Foundations of Musical Composition and Harmony. 
-Digital Arts and Generative Design Using Pellis Fractal Algorithms. 
-Philosophical Implications of Pellis Fractal Reality and Mathematical Platonism. 
-Pellis-Based Visual Pattern Recognition and Aesthetic Theory. 
 
10. Interdisciplinary & Emerging Fields 
 
-Pellis Fractal Models for Complex Adaptive Systems and Cybernetics. 
-Application in Quantum Biology and Photosynthesis Efficiency. 
-Pellis–Fractal Theories of Consciousness and Cognitive Architectures. 
-Fractal-Based Climate Resilience Modeling and Environmental Sustainability. 
-Quantum Communication Protocols with Pellis Fractal Coding. 
-Pellis Fractal Enhancements for Machine Learning and Neural Networks. 
 
11. Conclusions  
 
 In this work, we have introduced and explored the Pellis Function as a unifying mathematical framework linking the 
inverse fine-structure constant, golden-ratio-based fractal geometry, and spectral topology of the Poincaré 
Dodecahedral Space (PDS). Through analytical derivations and spectral approximations, we have shown that the 
inverse fine-structure constant α⁻¹ emerges naturally from a combination of golden ratio powers and topological 
constraints imposed by the Laplacian spectra of closed, positively curved spaces. Furthermore, we proposed the Pellis 
Operator as a bridge between topological quantum field constructs and mass generation mechanisms, extending into 
fractal field dynamics and biological encoding structures such as DNA. 
 Key takeaways include: 
-A novel golden-ratio-based formulation of fundamental physical constants. 
-The identification of the Pellis Function as a spectral invariant of geometrically constrained manifolds. 
-The embedding of biological, cosmological, and quantum structures within a unified fractal action framework. 
 We have presented a unified, geometric interpretation of  as arising from a fractal embedding of a golden torus inside 
a 3-sphere. The Pellis Function provides a dimensionless link among number theory, topology, and physical 
constants. Future work will involve numerical simulations of Laplacian spectra, experimental implications in atomic 



and cosmic measurements, and further embedding into fractal field theories. Several promising directions arise from 
this foundational work: 
-Numerical Study of Pellis Operators in Other Topologies: Applying the Pellis Function framework to different 
manifolds (e.g., lens spaces, Seifert manifolds) to generalize the observed spectral correspondence. 
-Quantum Simulation of the Pellis Fractal Potential: Implementing the φ-scaling potential in quantum systems (e.g., 
trapped ions, photonic lattices) to observe fractal quantization patterns in the laboratory. 
-Medical and Genomic Applications: Investigating φ-fractal structures in HRV, EEG, and DNA/RNA sequences, 
using the Pellis Function as a diagnostic and modeling tool. 
-Towards a Golden Action Functional: Developing a φ-invariant action integral to describe the evolution of fields and 
particles under fractal-geometric constraints. 
-Time, Entropy, and Cosmology: Exploring the Golden Chronon Spiral as a fundamental unit of time, connecting 
temporal flow, entropy, and cosmic evolution under the φ-scaling paradigm. 
 This work lays the foundation for a Golden Unification Program, bridging fields from fundamental physics to living 
systems via the mathematical elegance and universality of the golden ratio. 
 The Pellis Function emerges as a compelling unifying principle that bridges fundamental constants, fractal geometry, 
and natural phenomena across physical, biological, and cognitive domains. Grounded in the golden ratio (φ) and 
spectral fractality, it provides a novel mathematical framework that not only approximates key constants—such as the 
fine-structure constant—with remarkable accuracy but also reveals deep structural and dynamical patterns underlying 
the universe. By extending traditional theories to incorporate φ-scaled fractal operators, recursive geometries, and 
multifractal temporal dynamics, the Pellis Function offers fresh perspectives on longstanding puzzles in quantum 
mechanics, cosmology, and life sciences. Its applications to DNA architecture, neural dynamics, and medical 
diagnostics underscore its broad interdisciplinary relevance and transformative potential. This work lays the 
foundation for further theoretical refinement, computational modeling, and empirical validation. Ultimately, 
embracing the Pellis Function as a fundamental "language" of nature could catalyze a paradigm shift—towards a 
golden fractal synthesis that unites the diverse complexities of the cosmos, biology, and consciousness under a 
coherent, elegant mathematical vision. 
  So the final conclusions are: 
-The Pellis Function is introduced as a unifying mathematical framework linking the inverse fine-structure constant, 
golden-ratio-based fractal geometry, and the spectral topology of the Poincaré Dodecahedral Space (PDS). 
-The inverse fine-structure constant α⁻¹ naturally emerges from a combination of golden ratio powers and topological 
constraints on the Laplacian eigenvalues of closed, positively curved manifolds. 
-The Pellis Operator acts as a bridge between topological quantum field theories and mass generation mechanisms, 
extending into fractal field dynamics and biological encoding structures such as DNA. 
-A unified geometric interpretation is presented through the fractal embedding of a golden torus inside the 3-sphere, 
providing a dimensionless connection between number theory, topology, and physical constants. 
-Future research directions include numerical simulation of Laplacian spectra, experimental implications in atomic 
and cosmological measurements, and further integration into fractal field theories. 
-Extensions to other topologies (e.g., lens spaces, Seifert manifolds), quantum simulation of fractal potentials, 
biomedical applications, and development of a golden-ratio-scaled action functional are proposed. 
-Time is reinterpreted as a fractal golden spiral flow, linking quantum dynamics, thermodynamics, and cosmological 
evolution. 
-The Pellis Function emerges as a fundamental principle unifying physical constants, fractal geometry, and natural 
phenomena across physics, biology, and cognitive sciences. 
-Incorporating fractal, scale-invariant structures in physics suggests new pathways for understanding quantum 
mechanics, cosmology, and biological systems. 
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