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Abstract. In this paper, we provide a complete induction proof for the following explicit
formula of the Collatz iteration, parameterized by a parity sequence ωj , and then show that
this representation is surjective, i.e., it reaches all positive integers N

The Collatz conjecture (also known as the (3n + 1) problem) considers iterative mappings

on the positive integers, which are replaced by halving for every even number and by 3n + 1 for

every odd number. The central question is: Starting with an arbitrary n → N, does repeated

application of the Collatz function always lead to the cycle (4,2,1)?

We consider the following explicit formula xn =
2E

3O x0 ↑
∑

n

k=1 ωk
2
∑n

j=k+1(1→ωj)

3
∑

k
j=1 ωj

,

E =
∑

n

j=1(1↑ ωj), O =
∑

n

j=1 ωj ,

ωj → {0, 1}, x0 Starting value for the n-th element xn of a collatz iteration with starting value

x0 and parity sequence ωj → 0, 1, which is defined by ωj =

{
0, xj→1 even

1, xj→1 odd

Our goal is to prove this formula by complete induction and then to show that it covers all

n → N, i.e. it is surjektive on N.

We define the Collatz function T : N ↓ N as follows:

T (n) =

{
n

2 , if n ↔ 0 (mod 2),

3n+ 1, if n ↔ 1 (mod 2).

A Collatz orbit is the sequence:

C(n) : n, T (n), T
2
(n), . . .

The Collatz conjecture states:

↗n → N ↘k → N0 : T
k
(n) = 1.

Once the value 1 is reached, the cycle 1 ↓ 2 ↓ 1 forms. This is referred to as trivial periodicity.

Each Collatz sequence can alternatively be understood in the binary system, by recognizing

the even/odd decision from the last bits and implementing divisions and multiplications through

bit shifting. For each j ≃ 1, we define:
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ωj =

{
0, xj→1 is even,

1, xj→1 is odd.

Thus, O =
∑

n

j=1 ωj gives the number of odd steps, and E = n↑O gives the number of even

steps.

The explicit formula:

xn =
2
E

3O
x0 ↑

n∑

k=1

ωk

2
∑

n

j=k+1(1↑ ωj)

3

∑
k

j=1 ωj

is derived from the step-by-step unfolding of the recursion xj = T (xj→1), by globally accu-

mulating each multiplication by 3 and each division by 2 as powers, and introducing correction

terms for the nonlinear steps. For each j ≃ 1, we define:

ωj =

{
0, xj→1 is even,

1, xj→1 is odd.

Thus, O =
∑

n

j=1 ωj gives the number of odd steps, and E = n↑O gives the number of even

steps.

Base Case of Induction

We consider the base case for n = 1. Two cases must be checked:

Case 1: ω1 = 0 (even) Then:

x1 =
x0

2

The right-hand side of the formula yields:

2
1

30
x0 ↑

1∑

k=1

0 ·
2
∑1

j=2(1↑ ωj)

3

∑1
j=1 ωj

= 2x0 ↑ 0 =
x0

2

since the summation contributes nothing to the subtraction.

Case 2: ω1 = 1 (odd) Then:

x1 = 3x0 + 1

The right-hand side of the formula yields:

2
0

31
x0 ↑

1∑

k=1

1 ·
2
∑1

j=2(1↑ ωj)

31
=

x0

3
↑ 1

3
= 3x0 + 1

Since

1∑

j=2

(·) = 0,

the formula is therefore valid for n = 1

Assume the formula is valid for a fixed n ≃ 1, that is:
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xn =
2En

3On

x0 ↑
n∑

k=1

ωk

2
∑

n

j=k+1(1↑ ωj)

3
∑

k

j=1 ωj

with

En =

n∑

j=1

(1↑ ωj), On =

n∑

j=1

ωj .

Induction Step for n+ 1
We show that the formula also holds for n+ 1:

xn+1 = T (xn) =
2En+1

3On+1
x0 ↑

n+1∑

k=1

ωk

2
∑

n+1
j=k+1(1↑ ωj)

3
∑

k

j=1 ωj

.

There are two cases:

Case 1: ωn+1 = 0 (even) Then:

xn+1 =
xn

2

We compute from the induction hypothesis:

xn

2
=

1

2

[
2En

3On

x0 ↑
n∑

k=1

ωk

2
∑

n

j=k+1(1↑ ωj)

3
∑

k

j=1 ωj

]

Since En+1 = En ↑ 1 and On+1 = On, it follows—after rearrangement and simplifica-

tion—that:

2En+1

3On+1
x0 ↑

n∑

k=1

ωk

2
∑

n+1
j=k+1(1↑ ωj)

3
∑

k

j=1 ωj

= xn+1 ↑ 0,

because the summand for k = n+ 1 with ωn+1 = 0 vanishes.

Case 2: ωn+1 = 1 (odd) Then:

xn+1 = 3xn + 1

From the induction hypothesis, we obtain:

3xn + 1 = 3

(
2En

3On

x0 ↑
n∑

k=1

ωk

2
∑

n

j=k+1(1↑ ωj)

3
∑

k

j=1 ωj

)
+ 1

Taking into account that En+1 = En and On+1 = On+1, and adding a singular summand for

k = n+1 (with multiplication by 3 and subsequent division by 3), a straightforward calculation

of powers and sums shows that the explicit formula also holds in this case.

Thus, the induction step is successful, and the formula holds for all n → N by the principle

of complete induction.
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Surjectivity: Coverage of All Positive Integers

With the explicit formula, we can show that every positive integer appears as a value of a

Collatz iteration element, provided we choose a starting value x0 and a suitable parity sequence

ω. This demonstrates the surjectivity of the mapping:

(x0, ω1, ω2, . . . , ωn) ⇐↑↓ xn.

Parity Vectors as Binary Encoding

Every finite parity sequence ω = (ω1, . . . , ωn) → {0, 1}n encodes one of the 2
n
possible paths

of the Collatz iteration of length n. Since each of these 2
n
binary sequences is unique, there are

2
n
possible values xn (for fixed x0) available, and as n increases, the set of generatable values

grows exponentially.

Surjectivity on N
To show that every m → N can appear as xn, it su!ces to observe:

(1) For every finite binary sequence ω → {0, 1}n, there exists an x0 → N according to the

above formula, which generates m in n steps (by rearranging the formula for x0).

(2) The number of parity vectors of each length n is 2
n
, and since N is countably infinite,

all natural numbers can be covered.

Since for each length n, the number 2
n
of parity vectors promises the number of generable

xn, it follows by a cardinality argument and the countability of N that all m → N can be reached

surjectively.

Summary and Outlook

We have shown:

• The explicit formula

xn =
2

∑
n

j=1(1→ωj)

3

∑
n

j=1 ωj
x0 ↑

n∑

k=1

ωk
2

∑
n

j=k+1(1→ωj)

3

∑
k

j=1 ωj

holds for all n → N, proven by complete induction.

• The mapping from initial value and parity sequence to xn is surjective onto N: Every
natural number can be reached as the n-th value of a Collatz iteration.

Thus, the formula is not only correct but also complete in the sense that it encompasses all

possible positive integer orbits.

Since the iteration formula contains the order of steps for each possible number, it can be

carried out backwards from the number so that one inevitably reaches the 4 2 1 cycle.
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