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I. INTRODUCTION

Within the framework of Special Relativity (SR) [1–
5], the notion of velocity-dependent mass–historically
termed relativistic mass–emerges from analyses of how
a body’s energy and inertia vary as its velocity nears the
speed of light. This relativistic mass increases with ve-
locity, signifying the enhanced resistance to acceleration
experienced by an object as its speed approaches the
speed of light. Conversely, the principle of mass-energy
equivalence establishes that mass and energy are funda-
mentally interchangeable quantities. This equivalence
entails that any variation in the mass of a physical sys-
tem is accompanied by a corresponding release or ab-
sorption of energy. Such a concept proves instrumental
in explaining a range of phenomena, including nuclear
decay and particle-antiparticle annihilation.

For the velocity-dependent mass m = m0γ(u) in SR,
where m0 is the rest mass of a particle and γ(u) =(
1− u2/c2)−1/2 is the Lorentz factor, the kinetic energy

of a relativistic particle is given by

T(u) =
∫ u

0
~F.~dl =

d(mu)
dt

dl

= c2
∫ m

m0

dm = (m−m0)c2 (1)

= m0c2[γ(u)− 1]. (2)

Consequently, total energy of the relativistic particle is

E = T + m0c2 = mc2. (3)

In the non-relativistic (low-velocity) limit, ignoring the
O(u4/c4) terms, T reduces to the classical expression of
kinetic energy T → 1

2 m0u2. Using p = mu = m0uγ(u),
the relativistic energy E = mc2 can be re-expressed as

E2 = p2c2 + m2
0c4. (4)

It is remarked that Eqs.(3, 4) can also be arrived at using
alternative approaches [6–11].
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II. GENERALIZED ENERGY

There exist several velocity-dependent masses of the
form m = m0 A(u) [12, 13] for various space-time trans-
formations between two inertial frames of reference
(see Table I). One can see that not all these velocity-
dependent masses satisfy the mass-energy equivalence
Eq.(3) and the energy-momentum relation Eq.(4) iden-
tically. Moreover,

dT
du

= p
(

1 +
A′(u)
A(u)

u
)

. (5)

In an elementary approach (using dynamical con-
cepts) to obtain the energy of a particle having velocity
~u in SR, we can define p := m0uA(u) and kinetic energy
T̃ := m0c2B(u) [akin to Eq.(2)] such that energy is

E = E0 + T̃ = m0c2 + m0c2B(u)

= m0c2[1 + B(u)] (6)

=
1 + B(u)

A(u)
mc2, (7)

where m0 is the intrinsic or existential mass (it does not
depend on particle’s velocity), E0 = m0c2 is a constant
(the existential energy), A(u) and B(u) are monotonic
functions of u (see [14]), and we require that

T̃ u2/c2<<1−→ 1
2

m0u2. (8)

Assuming the energy-momentum relation Eq.(4) holds
true in general, one can obtain B(u) in terms of A(u)
using Eq.(6) as follows:

[1 + B(u)]2 =

(
1 +

u2

c2 A2(u)
)
≡ Γ2(u). (9)

Thus, from Eqs.(6,7), we have

E = m0c2[1 + B(u)] = m0c2
(

1 +
u2

c2 A2(u)
)1/2

= Γ(u)m0c2 =
Γ(u)
A(u)

mc2. (10)

Eq.(10) is the generalized mass-energy equivalence, a
concept discussed earlier in Refs. [15–18].
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Transformation m′a′ = ma d(m′u′)
dt′ = d(mu)

dt
Galilean
x′ = x− vt
y′ = y, z′ = z
t′ = t

m′k = mk
(k = 1, 2, 3)

complementary: mkuk = mk0uk0

particular: mk = mk0

(
1 + uk0

uk

)
(k = 1, 2, 3)

Lorentz
x′ = γ(v)(x− vt)
y′ = y, z′ = z
t′ = γ(v)(t− v

C2 x)

m1 = m10γ3(u1)
complementary: m1u1 = m10u10
particular: m1 = m10γ(u1)

Voigt
x′ = x− vt
y′ = y/γ(v), z′ = z/γ(v)
t′ = t− v

C2 x

m1 = m10γ3(u1)
complementary: m1u1 = m10u10
particular: m1 = m10γ(u1)

Selleri
x′ = γ(v)(x− vt)
y′ = y, z′ = z
t′ = t/γ(v)

m′1 = m1γ3(v)
m′k = mkγ2(v)
(k = 2, 3)

m′1 + u′1
dm′1
du′1

=
(

m1 + u1
dm1
du1

)
γ3(v)

m′k + u′k
dm′k
du′k

=
(

mk + uk
dmk
duk

)
γ2(v)

(k = 2, 3)
Spacetime-symmetric
x′k = γ(vk)(xk − vktk)
t′k = γ(vk)(tk − vk

C2 xk)

mk = mk0γ3(uk)
(k = 1, 2, 3)

complementary: mkuk = mk0uk0
particular: mk = mk0γ(uk)
(k = 1, 2, 3)

TABLE I. Velocity-dependent masses obtained using invariance of Newton’s second law [13] for various space-time transforma-

tions. Here γ(ξ) =
(
1− ξ2/C2)−1/2 with C ≥ c and c is the speed of light in vacuum.

III. CONCLUSION

In summary, it is possible to obtain the mass-energy
equivalence using elementary approaches rather than

quantum, electrodynamic or four-vector considerations.
Here, we showed that the Einstein’s mass-energy equiv-
alence is a particular case of a more general mass-
energy relation.
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