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1.Introduction

We remind that in probability theory, random element is a generalization of the
concept of random variable to more complicated spaces than the simple real line.
The concept was introduced by Maurice Fréchet (1948) who commented that the
“development of probability theory and expansion of area of its applications have
led to necessity to pass from schemes where (random) outcomes of experiments
can be described by number or a finite set of numbers, to schemes where outcomes
of experiments represent, for example, vectors, functions, processes, fields, series,
transformations, and also sets or collections of sets.

Let (Q,F,P) be a probability space, and (£, E) a measurable space.

A random element with values in E is a function X : Q - E which is

(F,E) -measurable. That is, a function X(w),o € Q such that for any B € E , the
preimage of B lies in F.




Note if (E,E) = (R,B(R)) where R are the real numbers, and B(R) is its Borel
o-algebra, then the definition of random element is the classical definition of random

variable.

Let Z(2,R) be a set of the all R- valued random variables defined on a probability

space T = (Q',F,P) A random element X(w),0 € Q, X : Q - Z(Z,R) with values in

E(Z,R) we call the double stochastic random variable or simply generalized random

variable.

Notation 1.1. A set of the all generalized random variables we will denote by
Z(Q,%,R).

Definition 1.2. Double stochastic random process that is, a function

X(t,0) : [0,T] x Q - Z(Q,%,R) with values in Z(Q,%,R).

Let E be a separable complete metric space and let £ be its Borel s-algebra.

Define M = {u | nis measure on (E,%)} and the subset of locally finite measures by

M:={pue M | y(ﬁ) < oo for all bounded measurable 5 € = )

For all bounded measurable B , define the mappings 15 : u - ,u(§)

from Mto R. Let M be the c-algebra induced by the mappings /75 on M and M the
c-algebra induced by the mappings /5 on M. Note that M I M =M.

Definition 1.3. A random measure is a random element from (Q,4,P) to (]T/f,ﬁ) that
almost surely takes values in (M,M).

Definition 1.4.Let £ be a separable complete metric space and let X be its Borel
o-algebra. Generalized random measure it is a function u : £ - E(Q,Z,R), that
satisfies:

() IfE, € Ez, thenas.:u(E)) < u(E»).

(RQIE, €S n=12,...and EiNE; = D (i #)), then as..u(U, E,) = 3 u(Ey,).

If we further impose a condition a.s.:u(QQ) = 1, then the generalized randommeasure
so defined is called the generalized random probability measure and is usually
denoted by P.

2.Generalized random variables and double stochastic
processes.

2.1.(1).Canonical random variables and stochastic

processes

Consider a set Q2 whose elements are to be interpreted as the possible outcomes of a
probabilistic experiment. On this set, we define a o-algebra S, which is a set whose
elements are some subsets of Q, such that the following properties are satisfied

MmQes

(2) VE € S,3EC = Q\E € S. That is, for every element E of S, E€ which is defined as

the complement of £ in Q is also in the set S

(B)VE, € S,n=1,2,..., Uy E, € S. That is, the finite union of elements in S also

belongs to S With such an algebra defined, we call the tuple (Q2,S) a measurable
space.



A measure is a function defined on a measurable space. It is a function u : S - [0, ),

that satisfies

(1) If £1 < E,, then u(E)) < u(E»).

(RQIE, €S n=12,...and E.NE; = D (i ), then u(U, E,) = 3 u(E,)

If we further impose a condition u(Q) = 1, then the measure so defined is called the

probability measure and is usually denoted by P.

Definition 2.1.1.The tuple (Q2, S, P) is then called the probability space.

Suppose (Q,S) and (Q’,S') are two measurable spaces. The function X : Q —» Q'

is called a random element, if for every A € S, X1(4) € S. If the first measurable

space is equipped with a probability measure P, then the random element induces a

probability measure on the second space (Q',8) and given by P = Po X!, called the

distribution of X.

Definition 2.1.2.If the second measurable space (Q’,S') is taken to be (R, Br),where

B is the Borel c-algebra on R the function X : Q - Q' is called a random variable.
For

this case, the distribution of X is completely determined by the distribution function

defined as

Fx(x) =P(X <x) 2.1.1)
where X < x is defined as the set {X < x} = {w € Q| X(w) < x}.
The distribution function is continuously non-decreasing and gives the measure
associated with (x, x + dx) € B as d(Fx(x))

Definition 2.1.3.A special case is when the distribution function can be written in the
form

F(x) = [ p(x)dx (2.1.2)

In this case, the function p(x) is called the probability density function of X, and the

measure associated with dx is d(Fx(x) = p(x)dx.

With the knowledge of the distribution function, one can define the expectation value
of

any function 4(X) as

E[h(X0)] = [h(x)d(Fx(x)) (2.1.3)

With these definitions, we now define a stochastic process.

Definition 2.1.4. A stochastic process is an indexed set of random variables X, ¢ €T,

where T is called the index set and is usually taken (in the continuous case) to be

T = [0,). In a physical setting, the index is time and a stochastic process can be

interpreted as, for each ¢ € T, X, picks an event E € S with probability P(£), and
returns  X,(E).

Consider a probability space (Q,F,P) and an n-dimensional time-dependent random

variable X : Q < R” - R”, i.e. a R"-valued function that maps elements of the sample

space to real numbers associated to the outcomes of a random experiment.

Assume now that the random variable is time-dependent: X(¢,0) : Q < R” - R, then,

given a sequence of timesteps #,1,,...,ty With 1 < £, <---< ty, We can write

{X(t1) = x1,X(t2) = x2,...,X(ty) = xn7}, (2.1.4)
where x,x2,...,xy € Q.The sequence defined in Eq.(2.1.4) is a stochastic process



if the joint probability density p(x1,1,;x2,%2,;...xn,tx), fully describes the system.

Depending on how the joint probability density is defined, we can classify the
stochastic

processes. Here, we consider two cases.

1.Purely random process or separable stochastic process. If successive values of X(¢)

are statistically independent, then we the joint probability density is written as

N
plentisxateysxntn) = [ ] pGe ). 2.1.5)

The underlying idea is that the probability of an event x; occurring at a time ¢; does
not depend on the past and in no way determines the future. In terms of conditional
probabilities, we can write

PN, ENIXT, T, 5 X2, 80,5 XN-1, En-1) = (XN, EN) (2.1.6)

2.A second example of a stochastic process is the Markov process, whose joint
probability density is written as

N
P(X1,t1,5x2, 02,5 XN, IN) = Hi:2p(xiati|xi—l,ti—l)p(xlatl)a (2.1.7)
or in terms of conditional probabilities as

p(xNatN|x1,tla;x2,t2a;-~-xN—1,fN—1) = p(xN,tN|xN_1,tN_1), (2. 1.8)

i.e., a Markovian process is a process without memory, whose temporal
evolution depends only on the present state, not on the past.

2.1.(2).Canonical space-time white noise.

Definition 2.1.5. A distribution valued Gaussian process with mean zero
{W(t,x) :t € [0,7T], x € RYis a space—time white noise if
EW(t,x)W(s,y)) = 6(t—s5)d(x —y). (2.1.9)
More precisely :
Definition 2.1.6.We denote by D((0, 7) x RY;R¢) the space of the infinitely
differentiable functions with compact support in (0, 7) x R and values in R¢.

1.For any & € D((0,T) x R?) the random variable () is Gaussian variable with mean
zero

E(W(E) =0 (2.1.10)
Forany &1,&, € D((0,T) x R?) the random variables W(&)), W(£,) have covariance
° E(W(EDW(E) = | o §1(6%) + Sa(t.x)dxalt. (2.1.11)

It is not difficult to construct a space-time white noise. In fact, let {f; : j € N} be a
complete orthonormal basis of L2([0, 7] x RY) and {Z;(») : j € N} be a family of
independent Gaussian random variables with mean zero and variance one. Then

W(t,x) = 20 f(ex)Zi () (2.1.12)
is a space—-time white noise, where the action is defined as
W, Ep =27 ES)Zi(w). (2.1.13)

Remark 2.1.1.1t is well know that the last action can be extended to & € L2([0, 7] x RY)
using Itd isometry.
Definition 2.1.7.The cylindrical Wiener process {W; : L*(R?%) - L3(Q) : t € [0, T]}



associated to ¥ is given by

Wi(g) == (W, - 110,). (2.1.14)
It is clear that 7,(p) is a Brownian motion with variance t||||? for each ¢ € L*(R?).
Definition 2.1.8.We say that a random field {S(z,x) : ¢t € [0,7T], x € R} is a spatially
dependent semimartingale if for each x € R¢, {S(t,x) : t € [0,T]} is a R%-valued
semimartingale in relation to the same filtration {F; : t € [0, T]}. If S(z,x) is a
C»—function of x and continuous in ¢ almost surely (i.e., for almost all ®), it is called a
smooth semimartingale.
Definition 2.1.9.We say that a sequence of smooth semimartingales (W,,,) is a weak
approximation to the cylindrical Wiener W, if for all ¢ € L*(RY),

lim oo dego(x) W, (X)dx = W(), (2.1.15)

where the convergence is in C([0, 7],L*(Q)).
Definition 2.1.10.A weak approximation (#,) to the cylindrical Wiener process W is

good if for each n € N, W,,(x) is a Brownian motion with quadratic variation
(Wni(x))e = Cy + 1, (2.1.16)

Let p : R? - [0,00) be an infinitely differentiable symmetric function with compact
support such that de p(x) dx = 1. We will consider the mollifiers p,(x) = n?p(nx),

with n € N.
Definition 2.1.11.The regularization by p of the space-time white noise ¥, denoted by
w,,, are defined to be

Wp,l(t,x) = pn * W(t,x). (2.1.17)
Remark 2.3.2.Note that 7, is white in time and colored in space, in fact we have

that 7, (z,x) is a distribution valued Gaussian process with mean zero and covariance,
B(Wp, (6, )W, (5,3)) = 8(t = 5)ha(x =) (2.1.18)
where £, : R? - R is given by

ha(z) = de () pu(u + 2)du. (2.1.19)
In terms of the expansion (2.1.13) we have that
W,,(t,x) = Z;’il pn * [(t,X)Z;. (2.1.20)

The mollified cylindrical Wiener process W, ,(x) associated with the space-time white

noise W(t,x) is defined by
Wyo(x) == Wilpulx — ). 2.1.21)

The distributional time derivative of W, .(x) is W,,(t,x). We have that ¥, (x) is a
Brownian motion with quadratic variation,

Wy, ) = llpl*n - 1. (2.1.22)

Proposition 2.1.1.(/,,(x)) is a good weak approximation to the cylindrical Wiener
process W.

2.2.Classical Chapman-Kolmogorov equation.



From this point on, we consider Markov processes. Eq.(2.1.8) fully defines a Markov
process, but it does not say anything about the probability density function p. The
ChapmanKolmogorov Equation (CKE) states the property that the function p must
satisfy to describe a Markov process. To derive the CKE, we proceed as follows.
Consider two values x; and x; of the random variable X(¢) : Q < R - R, measured at
times ¢, and #; with #; < ¢3,then from Eq.(2.1.7) we obtain

plxi,t15x3,13) = p(xs, t3fxr, t)p(x, ). (2.2.1)
Integrating over x;, we define the marginal density
p(xs,t3) = Idxlp(xl,tl;xg,t3) = Idxlp(X3,t3|x1,t1)p(x1,t1). (2.2.2)
Q Q

Consider now an intermediate point x», then the joint probability is

p(x1,t1;x2,12;x3,83) = p(x3, 32, t2)p(x2, talx1, t1)p(x1,t1). (2.2.3)
We integrate over x, and applying the definition in Eq.(2.1.8), we obtain
Idxzp(xl,tl;xz,fz;x3,13) = J-dxzp(x3,f3|x2,fz)p(xz,f2|X1,f1)p(X1,t1) (2.2.4)
Q Q

p(x1,t1;x3,13) = p(x1,t1) Idxzp(xz,lzlxz,tz)p(xz,lzlxl,tl)p(xl,tl;X3,f3)p(X1J1) (2.2.5)
Q

Thus

p(xi1,t1;x3,13)

= | dxap(xs, t3lx2, t2)p(x2, t2lx1,21). 226
p(x1,t1) g-[ 2p(x3, 13 [x2, 12)p(x2, L2lx1, 11) ( )

The left-hand side of Eq.(2.2.6) is by definition a conditional probability, thus we
obtain the Chapman-Kolmogorov equation

pxs,t3lx1,t1) = J.dxzp(x3,l‘3|X2,l‘2)p(X2,l‘2|X1,l‘1). (2.2.7)
Q
The conditional probability p(xs,s)x1,¢1) defined in Eq.(2.2.7) satisfies the
normalization condition

Idxsp(x3,13|x1,11) = 1. (2.2.8)
Q
If t3 - t1, then
pxs,talxi,t1) = o(xs — x1). (2.2.9)
The CKE of the Brownian motion has the explicit form
(x3 —x1)?
p(x3,t30x1,t1) = mexp(—m) (2.2.10)

2.3.1.The Path Integral for a Markov Stochastic Process

Here we consider one-dimensional Markovian processes describable through
Langevin or Fokker-Planck equations

g = flg.1) + g(g,On(1), (2.3.1)
where f(g,t) and g(q,t) are known (smooth) functions, and 7(¢) is a Gaussian white
noise with zero mean and J-correlated.



As has been discussed in the section 2.2, P(q,q',¢") fulfills the Chapman-Kolmogorov
equation (¢ < t; < t3)

P(gs3,t3lq1,t1) = J. dq2P(q3,t3|q2,t2)P(q2,t2)q1,t1). (2.3.2)
Such an equation allows, by making a partition of the time interval in ¥

steps: 1o < t1 <....< ty, With t; = to + (¢, — to)/N, to obtain a path-dependent
representation of the propagator. With the given partition, we reiterate (2.3.2) N-times
and get

0

P(qy.tdqo,to) = _[ X f dq1dq>. ..dgn-1P(qp tAgn-1,tn-1). ..

—00 —0

...P(q2,t2191,t1)P(q1,t1]q0, t0)-

(2.3.3)

The last expression can be interpreted as an integration over all possible paths that

the process could follow (corresponding to the different values of the sequence:

propagator P(q;.1,t+11q;,t;) in order to find the more conventional representation of the

integration over paths. Note that the probability that at a given time ¢, the process
takes

a value between a and b5 is given by

b
Pla < q(t) < b) = [ dqP(q.tgo.10) (2.3.4)
Likewise, the probability that the process, starting at ¢ = g0 at ¢ = 7, has a value
between a; and b, at ¢, between a, and b, at 1»,..., between ay_; and by_; at 1ty
(with a; < b; and t; < t;11 ), and reaching point gy at ¢y, will be given by

by by by-1
P(q,t 6]0,10) = oo dqldqz...qu_lP(q,t QN—I,fN—l) X, ..
i I i 2.3.5)
ay az an-1

...xP(q2, 2091, t1)P(q1,t1]q0, t0).
We define now the conditional probability P(g/,t/q0,t0;61,02) by

P(qrtdq0,t0;61,02) =

by by by-1 j=N
[[] dqldqz...qu_le( sup anl;51>9<261_,2(fj+1—lj);5z> X (2.3.6)
J=0

0<n<N-1
ap az an-1

xP(qrtAgn-1,tn-1)... P(q2, t2lq1,t1)P(q1,t1|q0, t0),

where 0(x,0) = lif |x| < 0 and 0(x,0) = 0 if |x| > o.If we increase the number of time
slices within the time partition where the intervals (a;, ;) are specified, and at the
same time take the limit b, — a; - 0, the trajectory is defined with higher and higher
precision. Clearly, a requisite is that the trajectories be continuous. This happens in
particular for the Wiener process.With all this in mind (2.3.3) can be interpreted as an
integration over all the paths that the process could follow corresponding to

the different values of the sequence ¢o,¢1,92,..... ,gn = qrsuch that the inequalities



(2.3.7) hold

Jj=N
sup |ga| < S1and D gt — 1)) < Oa. (2.3.7)
0<n<N-1 =0
For the Wiener process we have that
1 (W2 = W1)? }
P(Wa,t2|W1,t1;,61,62) = ex [—— . 2.3.8
N 5 ) B N YT Gy R

By substituting (2.3.8) into (2.3.6) we get

N Jj=N N
daw; 1
——L_0( sup |W-|;51>9 eW?6, |exp| ——+— Y (W= W)? | (2.3.9)
g JameD (1351\; / FZI / 4D¢g FZI S
which is the desired probability of following a given path ander conditions (2.3.7).
When ¢ - 0 and N - o, we can write the exponential in (2.3.9) in the continuous

limit as
LGN

If we integrate the expression in (2.3.5) over all the intermediate points (which is
equivalent to a sum over all the possible paths), as all the integrands are Gaussian,
and the convolution of two Gaussian is again a Gaussian, we recover the result of
(2.3.8) for the probability density of the Wiener process. Hence, we have expressed
the probability density as a Wiener path integral

! 2
P(W, 1| Wo,t0) = j D[W(T)]exp[ﬁfdr(awg—y)) } 2.3.11)

W(t)=W
W(0)=,

to

Thus we have expressed the conditional probability density as a Wiener path integral

PW,t\Wo,t0;01,02) =

[ ’ 2 2.3.12
ID[W(T)]Q(SUP W(r);éil)eo Wz(r)dr;52>exp|:%J.dr(—dng)) } (2.3.12)

to<t<t

where the expression inside the integral represents the continuous version of the
integral of (2.3.6), over all required values of the intermediate points {I¥;}.
We revrite now RHS of (2.3.12) of the form

POW, 1 Wo,10:81,62) = [ DIW(D)] x

L dWE) \? f (2.3.13)
— . 2 .
X exp 4D ( dr ) dr + 1n9([§§1; W(r),51> +1no IW (t)dr; 5, )

to to

We introduce now generalized conditional probability density as a
Colombeau-Wiener path integral



(Pe(VV;ﬂWO,tO;51,52))56(0,1 = (ID[W(T)] X

| ¢ D) (2.3.14)
eXp|:E (T) dT+ln0(,§E£, W(t);01 ) +ln9<f W (t)dr, 52) :|> .
€(0,1]

to to

2.4.The Path Integral for a General Markov Process

We start by writing the discrete version of the Langevin equation given by (2.4.1)

(in order to simplify the notation we adopt g(g,7) = 1 and f{g,?) to be independent of ¢)
gint = 4 = {oflgp) + (1 = )fg)}e + (Wi — W, (2.4.1)

where ¢ = t;.1 —t; = (ty—t0)/N, and W; = W(t;) is the Wiener process (just formally,

dW(t) = n(t)dt). The parameter a(0 < o < 1) is arbitrary,the most usual choices being

a = 0,1/2,1, corresponding to the prepoint, midpoint and endpoint discretization,

respectively. According to the previous results, the probability that

W(to) = O; Wi(t1) < Wiy +dWi;...;
a.s. Wy(ty) < Wy +dWy,

J=N
E SVV} <0,
Jj=1

(2.4.2)

is given by

N
P({Wi),) = H( 48D>exp[—4—lggz;(m—m_l)2} (2.4.3)

As our interest is to have the corresponding conditional probability in g-space, we need

to transform the probability given in the last equation (2.4.3). As is well known, to do
this

we need the Jacobian of the transformation connecting both sets of stochastic
variables  {W;} - {q;;. To find it we write Eq.(2.4.1) as

Wi =q;—q1—4aflq) + (1 —a)f(qj-1)}& + Wi (2.4.4)
The Jacobian is given by
N

J=det( gZ’) :H(l e dj;,(qq]’)). (2.4.5)

Fore - 0,N - oo, it can be approximated as

~exp<—saz j;l(qq]’ ) (2.4.6)

Now, remembering that P({g;}) = JP({W¥;}), and taking into account that the
conditional probability P(q,tq0,t0;01,02) is given as a sum over all the possible paths
such that the inequalities (2.4.2) hold, we get




P(q7,1q0,t0;01,02) =

o o0 N J=N
1 2.
LI AR dW1 WQQ...dWN_19(|WN|;51)9 8W~,52 X
Joo ( JameD ) 2. 2.4.7)

J=1

N
x6(qr—qn) eXP|:—4+)8 D> W - W,-_I)ZJ.
Jj=1

Replacing (2.4.1) into (2.4.7) and going to the continuous limit ¢ - 0,N - o, the
different terms in the exponentials, we get

lim  O(|gn|;61) = 0(|q(2)];01),

£-0,N—o0

im 9(2 elgl: 52> - GOq (2)dr; 52>

lim Zsf(q,) = j /@),

&-0,N-o0 j=1
to

lim (saz d{l(;]’ ) = J- df(Q(T)) 22 dr, (2.4.8)

&-0,N-o0 1
J to

N t
lim (% ;(O!f(qm) +(1- O!)f(clj))2> = % Ifz(Q(T))dT,

&-0,N-o0
lim ( (qf“ q’) ) - %j[g(r)]zdr
J=1 fo

&-0,N-o0

&-0,N-o0

N t
lim (Z(qjﬂ = 4;)(aflgjr) + (1= a)f(q_;-))) = ff(q(r))dr-
J=1 to

Pe(Qf7t|q0,10;5la52) = J-D[Q(T)]exp|:% J-dTI(Q(T)aCI(T)afat):| (249)

to

where

£ q(0),1.0:81,02] = ((©) ~Aig(). 1) + DLILD. < mog(oys1)

z (2.4.10)
+1n0<_[q2(r)dr;52>

is the generalized Lagrangian.

2.5.Generalized random variables and generalized double

stochastic processes
Definition 2.5.1..Let Z(%,R) be a set of the all R- valued random variables



defined on a generalized probability space ¥ = (Q, f,ﬁ),see sect. 3, def.3.2.
Definition 2.5.2.Let ¢ (w,0") and ¢2(0w,®") are Z(Z,R)- valued random variables
defined on a generalized probability space ¥ = (Q, ﬂf,i),i.e.,

gi2(0,0") : Q- Q'= E(Z,R).Assume that a.s.:—o < g1 (0,0') < ¢2(0,0') < .
Let g(Q,Z,[R) be a set of the all Z(Z,R)- valued random variables defined on a
generalized probability space X = (Q, f,i).CIosed random interval

[q1(0,0"),92(0,0")]
that is a subset [¢i(w,0"),q:(w,0')] < E(Q/,E,[R) such that
a.s..—o < gi1(w,0') < ¢2(w,0") < o and

Vo{q(o,0") € [q1(0,0"),q:(0,0")] <

- 2.5.1)
{q(a),a)’) e Z(Q,ZR) Aas.: (q1(0,0) < g(o,0') < qz(a),a)’))}}.

Notation 2.5.1.Assume that a.s.:q;(0,0') < ¢2(w,®"). Then we will write:

g1(0,0") < g2(0,0").
Assume that a.s.q(w) < g2(®). Then we will write:

q1(0,0") < ¢2(0,0").
Definition 2.5.3.Let £ be a separable complete metric space and let X be its Borel
o-algebra. Generalized random measure it is a function u : £ - Z(Z,R), that
satisfies:
(1) If Ey < E,, then a.s.:u(Ey) < u(E,).
(QfE, €S n=12,...and EiNE; = D (i #)), then as..u(U, E,) = D u(E,).
If we further impose a condition u(Q) = 1, then the generalized random measure
so defined is called the generalized random probability measure and is usually
denoted by P.
Definition 2.5.4.The tuple (Q,S,'ﬁ) is then called the generalized probability space.
Suppose (Q,S) and (Q’,S') are two measurable spaces. The function X : Q - Q'
is called a generalized random element, if for every 4 € S', X"1(4) € S. If the first

measurable space is equipped with a generalized random probability measure P, then
the generalized random element X : Q - Q' induces a generalized random probability
measure on the second space Q',S") and given by P = PoXx!, called the
generalized random distribution of X.
Definition 2.5.5.1f the second measurable space (Q’,S/) is taken to be

(E(E,R), Bzxr))s
where Bz, is the Borel o-algebra on Z(Z,R) the function X(w) : Q - Q' is called a
generalized random variable. For this case, the generalized random distribution of X is
completely determined by the random distribution function defined as

Fro)(x(@,0)) = P(X(0) < x(0,0')) (2.5.2)

where X < x is defined as the set {X(0) < x(0,0')} = {w € Q| X(0) < x(0,0")}.
The distribution function is continuously non-decreasing and gives the generalized
random measure associated with (x(w, "), x(®') + d[x(w,»")]) € B as
d[F x() (x(0,0")))].
Definition 2.5.6.A special case is when the distribution function can be written in the



form

Flx(@,0") = [ i‘;’(’;":/) P(@,0'))dx(@,0)] 2.5.3)

In this case, the function p(x(w,®")) : g(Q,Z,[R) - g(Q,Z,[R) is called the random
probability density function of generalized random variable X(w,®"), and the
generalized
random measure associated with d[x(w,®")] is
d[F y)(x(0,0"))] = p(x(0,0"))dx(0,0")].
Definition 2.5.7.Gaussian random distribution is a type of continuous random
probability distribution for a real-valued generalized random variable. The general form
of its random probability density function is

! 2
pix(w,0")) = +exp|:— (x(0,0) = 1) , :| (2.5.3)
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where a.s.: r(w,0') =«

With the knowledge of the distribution function, one can define the expectation value
of
any function 4(X) as

E[h(X(0,0"))] = |

00 (0,0 d[F iy (6, 0))]). (2.5.4)

—oo(w,0")

Definition 2.5.8. A double stochastic process is an indexed set of generalized random
variables X;(w), t €T, where T is called the index set and is usually taken (in the
continuous case) to be T = [0,). In a physical setting, the index is time and a
stochastic process can be interpreted as, for each ¢ € T, X;(w) picks an event E € S
with random probability i)'(E), and returns X,(E).
Consider generalized probability space (Q,C‘F,i”) and an 1-dimensional time-dependent
generalized random variable X;(0) : Q c R - Z(Z,R), i.e. a E(Z,R)-valued function
that
maps elements of the sample space to Z(Z,R) .
Assume now that the random variable is time-dependent: X(z,0) : Q <R -
Q' = Z(Z,R),
then, given a sequence of timesteps ¢1,1,,...,ty With ¢} < £, <...< ty, we can write
X(t1,0) = x1(0,0"),X(t2,0) = x2(0,0"),...,X(ty,0) = xy(0,0")}, (2.5.5)

where x; (0, 0"),x(0,0"),...,xy(0,0") € g(Q,Z,[R).

The sequence defined in Eq.(2.5.5) is a double stochastic process if the joint random

probability densityp,, (x1(w,0'),t1,;x2(0,0"),t2,;...xy, ty(0,0")),fully describes the
system.

Depending on how the joint random probability density is defined, we can classify the

double stochastic processes. Here, we consider two cases.

1.Purely double stochastic process or separable stochastic process. If successive

values of X(¢) are statistically independent, then we the joint random probability
density

is written as

a5t plri(@.0), 000,00, ax@o).0) = [ pei@.o').0). (2.5.6)



The underlying idea is that the random probability of an event x;(w,®") occurring at a
time ¢; does not depend on the past and in no way determines the future. In terms of
conditional random probabilities, we can write

a.s.: pxy(o,0"),tvx1(w,0'),t1,;x2(0,0"),t2,;. .. xn-1(0,0"), tn-1) 2.5.7)

= p(XN(O),COl),tN).

2.A second example of a stochastic process is the Markov process, whose joint
probability density is written as

p(xl(a),w/),l‘l,;xz(w@l),l‘z,;---XN((D,CO’)JN) =

2.5.8
- Hizp(x,»(a),a)/),t,»|x,-_1 (@,0"),t1)px1(0,0"),t), ( )

or in terms of conditional probabilities as

ply(w,0"), tyx1(0,0"),t1,;x2(0,0"),t2,; ... xn-1 (0,0, ty-1) = (2.5.9)

plxn(o, o), tnpxv-1 (o, "), tN-1),

i.e., double stochastic Markovian process is a process without memory, whose
temporal evolution depends only on the present state, not on the past.

2.6.Double stochastic space-time white noise.

Definition 2.6.1. A distribution valued double stochastic Gaussian process with
almost surely mean zero {W(t,x; o,0') : t € [0,7], x € R is a double stochastic
space-time white noise if

EW(t,x;0,0)YW(s,y;0,0")) = 6(—s)8(x—y). (2.6.9)
More precisely :
Definition 2.6.2.We denote by D((0, ) x RY;R¢) the space of the infinitely
differentiable functions with compact support in (0, 7) x R and values in R¢.
1.For any & € D((0,T) x R?) the random variable (¢) is double stochastic Gaussian
variable with almost surely mean zero

E(W(&) = 0 (2.6.10)
For any &(t,x),E,(t,x) € D((0,T) x RY) the double stochastic random variables
W(E1), W(&,) almost surely have covariance
. BOVEDW(E2) = [ 1 §1(62) - E2(x) vl (2.6.11)

It is not difficult to construct a space-time white noise. In fact, let {f; : j € N} be a
complete orthonormal basis of L2([0, 7] x R?) and {Z;(w,®') : j € N} be a family of
independent Gaussian generalized random variables with mean zero and variance
one. Then

W(t,x;0,0") = Z;lﬁ(t,x)Z_,-(a),a)/) (2.6.12)
is a space-time white noise, where the action is defined as

W, Ep =27 ES)Zi(w,0"). (2.6.13)

Remark 2.6.1.t is well know that the last action can be extended to & € L2([0, 7] x RY)
using Itd isometry.
Let p : R? - [0,00) be an infinitely differentiable symmetric function with compact



support such that IRd p(x) dx = 1. We will consider the mollifiers p,(x) = n?p(nx),

withn € N.
Definition 2.6.3.The regularization by p of the space-time white noise W(t,x;0,®'),
denoted by 7,,, are defined to be

W, (tx;0,0') = p, x Wt,x;0,0'). (2.6.14)

Remark 2.6.2.Note that 7, is white in time and colored in space, in fact we have
that 17, (z,x) is a distribution valued Gaussian process with mean zero and covariance,

E(W,,(t,x;0,0" )Wy, (s,y;0,0") = 6(t—)hi(x = y) (2.6.15)
where £, : R? - R is given by

hu(z) = i pn(u) pn(u + z)du. (2.6.16)
In terms of the expansion (2.6.13) we have that
W,,(t,x;0,0') = 20 P * () Z(0,0"). (2.6.17)

The mollified cylindrical Wiener process W, ,(x) associated with the space-time white
noise W(t,x) is defined by
Wi 0,0") = Wi(pu(x—-)). (2.6.18)

The distributional time derivative of W, ,(x;w, ") is W,,(t,x;0,0"). We have that
W, (x;,0") is a double stochastic Brownian motion with quadratic variation,

(W, (50,0, = lIpll2n ~ 1. (2.6.19)

Proposition 2.6.1.(/7,,(x)) is a good weak approximation to the cylindrical double
stochastic Wiener process .

3.1.Integration over random interval.

Definition 3.1.1.Let ¢, (w) and ¢2(w) are R- valued random variables defined on a

probability space X = (Q,F,P),i.e., g12(w) : & - R.Assume that

a.s.—o < q1(w) < g2(®) < .

Let Z(%,R) be a set of the all R- valued random variables defined on a probability
space

¥ = (Q,F,P).Closed random interval [¢1(®),q2(®)] that is a subset

[q1(®),q2(w)] < E(Z,R) such that - < ¢1(®) < g2(w) < © and

Vg(){q(®) € [q1(0),92(0)] = {g(0) € EE,R)la.s.(q1(®) < g(@) < g2(@))}} (3.1.1)
Definition 3.1.2. The lengths /([¢1(®),g2(®)]) of the random interval [¢:(®),q2(®)]
is defined by

[(lg1(®).q2(@)]) = esssupgs(w), (3.1.2)

where g3(0) = ¢2(0) — g1(®).

Notation 3.1.2. Assume that a.s.q;(®0) < ¢2(w). Then we will write: ¢, (@) < g2(®).
Assume that a.s.q1(®) < g2(w). Then we will write: ¢, (@) < g2(®).

Definition 3.1.3. A partition P of a closed random interval [¢:(®),g2(®)] is a finite
system of random variables xy(®),...,x,(®) such that

gi1(®) =xo(@) < x1(@) <...x-1(®) <xp(0) = q2(®).

The closed random intervals [x,-(w),x;(®)], (i = 1,...,n) are called the intervals of
the partition P.



Definition 3.1.4.The largest of the lengths of the intervals of the partition P, denoted
A(P), is called the mesh of the partition.

Definition 3.1.5. We speak of a partition with distinguished points (P,&) on

the closed random interval [¢:(®),q2(®w)] if we have a partition P of [¢1(®w),g2(®)]
and a point £, (w) € [xi-1(®),x;(w)] has been chosen in each of the intervals of the
partition [x,-(w),x;(w)], (i = 1,...,n).

We denote the set of points (&1 (w),...,¢{.(w)) by the single letter &(w).

Definition 3.1.6. In the set P of partitions with distinguished points on a given random
interval [¢1(®),q2(w)], we consider the following base

B = {B.}. The element B,;,d > 0, of the base B consists of all partitions

with distinguished points (P,&) on [¢1(®),q2(®)] for which A(P) < d.

Proposition 3.1.1. Let us verify that {B,},d > 0 is actually a base in P.

Proof.First B, + &. In fact, for any number d > 0, it is obvious that there exists

a partition P of [¢1(w),q2(w)] with mesh A(P) < d (for example, a partition into »
congruent closed random intervals). But then there also exists a partition (P,{(w)) with
distinguished points for which A(P) < d.

Second, if d; > 0,d, > 0, and d = min{d,,d>}, it is obvious that B;, N By,

= B, € B.Hence B = {B,} is indeed a base in P.

Definition 3.1.7. (Random Riemann Sums) (i) If a function /': Z(X,R) - E(Z,R) is
defined on the closed random interval [¢1(®),¢92(®)] and (P,&(w)) is a partition with
distinguished points on this closed random interval, the sum

olf,P.E(@)] = D fEi(@))Axi(w), (3.1.3)

where Ax;(w) = x;/(w) — x;-1(w), is the random Riemann sum of the function
f:E(Z,R) > E(Z,R) corresponding to the partition (P,&(w)) with distinguished
points on [¢1(®w),q2(®)]. Thus, when the function f'is fixed, the random Riemann sum
olf,P,{(w)] is a function ®(p) = o[f, P] on the set P of all partitions p = (P,&(w)) with
distinguished points on the closed interval [¢;(®),g2(®)].

Since there is a base B in P, one can ask about the limit of the function

®(p(w)) over that base.

(i) If a function f: Q x E(X,R) - E(Z,R) is defined on the closed random interval
[q1(®),q92(w)] and (P,&(w)) is a partition with distinguished points on this closed
random interval, the sum

olf,P.E@)] = Y flo,E(0)Axi(@), (3.1.3)

where Ax;(0) = x;(w) — xi-1(w), is the random Riemann sum of the function

f: QxEE,R) > E(Z,R) corresponding to the partition (P,&(w)) with distinguished

points on [¢1(®),g2(w)]. Thus, when the function f: Q x [¢1(®),q2(®)] - E(Z,R) is

fixed, the random Riemann sum o[f, P,{(w)] is a function ®(p) = o[f, P] on the set P of

all partitions p = (P,¢(w)) with distinguished points on the closed interval
[q1(@),g2(@)].

Definition 3.1.8. ( Riemann Integral on a random interval)

(i) Letf: E(Z,R) - Z(Z,R) be a function restricted on a closed random interval

[q1(@),g2(0)].

The random variable /() is the Riemann integral of the function

f: E(EZ,R) » E(Z,R) on the closed random interval [¢:(®w),q2(®)] if for every € > 0



there exists § > 0 such that
as.: |l(o) —Zlilf(éi(a)))Axi(a))| <e (3.1.4)

for any partition (P, &(w)) with distinguished points on [¢1(®),g2(®)] whose mesh A(P)
is less than o.

(i) Let f: Qx E(Z,R) - Z(Z,R) be a function restricted on a closed random interval
[¢1(®),g2(w)] such that /: Q x [¢1(®),g2(0)] > E(Z,R).

The random variable /() is the Riemann integral of the function

f: QxEE,R) > E(Z,R) on the closed random interval [¢1(®w),g2(w)] if for every & > 0
there exists 6 > 0 such that

as.: |I(a))—ijlf(a),f,-(a)))Ax,-(a))| <e (3.1.4")

Since the partitions p = (P,&(w)) for which A(P) < o6 form the element B;

of the base B introduced above in the set P of partitions with distinguished
points, Definition 3.1.8 is equivalent to the statement

a.s.: (o) =lim ®(p(w)). (3.1.5)
B

that is, the integral I(w) is the limit over B of the Riemann sums of the function

f corresponding to partitions with distinguished points on [¢:(®),g2(®)].

It is natural to denote the base B by A(P) — 0, and then the definition of the Riemann
integral on a random interval can be rewritten as

a.s.: (o) = lim Zlilf(éi(a)))Axi(w),

A(P)=0

" (3.1.6)
a.s.: I(o) =l%g130 ZH Ao, E(w))Axi(w).

Notation 3.1.2.The integral of f{x(®)) ({w,x(w))) over [¢1(®w),qg2(w)] is denoted

q2(»)

[ fx(@)dix(@)],
q1(®)

(3.1.7)

92()

[ Ao.x@))dx@)].

q1(®)

in which the random variables ¢;(®) and ¢.(w) are called respectively the lower and
upper limits of integration. The function f'is called the integrand, f(x(®))d[x(®)]
(flo,x(w))d[x(w)]) is called the differential form, and x(w) is the random variable of
integration. Thus

q2(w)

s L)ﬂx(w))d[x(w)] = lim 37 M@ (@)

(3.1.8)

92()

a.s.: j Ro,x(@))d[x(®)]

q1(®)

Z?Zlf(a),fi(a)))Ax,-(a)),

= lim
A(P)—>0

Definition 3.1.9. A function /: Q x E(Z,R) - Z(Z,R) is Riemann integrable on the
closed interval [¢:(®),g2(®)] if the limit of the Riemann sums in (3.1.8) exists a.s.as



A(P) - 0 (that is, the Riemann integral of f'is defined).

Notation 3.1.3.The set of Riemann-integrable functions on a closed random interval
[¢1(®),q2(®)] will be denoted R[q:(w),q2(®)]

By the definition of the integral (Definition 2.6.8) and its reformulation in the forms
(3.1.5) and (3.1.8), an integral is the limit of a certain special function

®(p(w)) = o[f,P,E(w)] the random Riemann sum, defined on the set P of partitions
p(w) = (P,&(w)) with distinguished points on [¢1(®w),g2(®)]. This limit is taken with
respect to the base B in P that we have denoted A(P) > 0.

Thus the integrability or nonintegrability of a function fon [¢:(®),g2(®)] depends

on the existence of this limit. By the Cauchy criterion, this limit exists a.s., if and only
if for every ¢ > 0 there exists an element B; € B in the base such that

a.s.: | @' (w)) - 0" (w))| < ¢ (3.1.9)

for any two points p'(w),p"(®) in Bs. In more detailed notation, what has just been
said means that for any ¢ > 0 there exists 6 > 0 such that

a.s.: [o[f,P,E(®)] - o[f,P,E(w)]] < ¢ (3.1.10)

or, what is the same,
as.: ‘Zl o, E@)Ax@) - 3" flo & @)Ax @) | < ¢ G.1.11)

for any partitions (P',&'(w)) and (P",&" (w)) with distinguished points on the random
interval [¢1(®),q2(®)] with A(P") < § and A(P") < 4.

Proposition 3.1.2. A necessary condition for a function f{w,x(»)) defined on

Q x [¢q1(w),q2(w)] to be Riemann integrable on [¢:(®),¢2(w)] is that f be bounded
a.s.on Q x [q1(w),q2(w)].

Proof. If fis not bounded a.s. on [¢;(®),g2(w)], then for any partition (P,&) of
[q1(®),q2(w)] the function fis unbounded on at least one of the intervals
[xi-1(w),x:(w)] of (P,&). This means that, by choosing the point &;(0w) € [xi-1(w),xi/(®)]
in different ways, we can make the quantity |f{w,&:(0))Ax;(0)| a.s. as large as desired.
But then the Riemann sum Zzlf(a),é,-(w))Ax,-(w) can also be made as large as

desired in absolute value by changing only the point &;(w) in this interval.
We agree that when a partition P

g1(®) = xo(0) < x1(®) <...xp-1(®) < xp(0) = q2(w).
is given on the closed random interval [¢;(®),q2(®)], we shall use the symbol A;(®) to
denote the interval [x.-; (@), x;(w)] along with Ax;(w) as a notation for the difference
xi(a)) —xi_l(a)).
If a partition P* of the closed random interval [¢1(®),¢>(®w)] is obtained from the
partition P by the adjunction of new points to P, we call P* a refinement of P.
When a refinement P* of a partition P is constructed, some (perhaps all)
of the closed random intervals A;(w) = [xi—1 (@), x;(w)] of the partition P themselves
undergo partitioning: x;-1 () = x;,(®) <...< x;, (®) = x;(w). In that connection, it will be
useful for us to label the points of P* by double indices. In the notation x; (w) the
first index means that x; (0) € Ai(w), and the second index is the ordinal number of
the point on the closed random interval A;(w). It is now natural to set Ax; (®) = x;, — x;,,
and A;(w). Thus Ax;(w) = Ax;, (@) +...+Ax;, (@).



As an example of a partition that is a refinement of both the partition P’
and P" one can take P* = P' U P", obtained as the union of the points of the
two partitions P' and P".
We recall finally that Q(f(w,x(w)),E,»") denotes the oscillation of the function f(w,x) on
the random set E(w), that is

Qflo,x(w)),E(®)) = sup flo,x1(0)) — flo,x:(w))]. (3.1.12)

a.s.x1, (@)% (@)E)

In particular, Q(f(w,x(®)),A:(®)) is the oscillation of f{w,x(w)) on the closed random
interval  [x-1(@),x:(w)].
This oscillation is necessarily a.s. finite if f{w,x) is a.s. bounded function of variable x.
Proposition 3.1.3. A sufficient condition for a.s. bounded function f{w,x) to be
integrable on a closed random interval [¢:(®),¢2(®w)] is that for every & > 0 there exist

number é > 0 such that

Y Q(fl,x(@)),Al@)Axi(0) < & (3.1.13)

for any partition P of [¢1(®w),q2(@w)] with mesh A(P) < 4.

Proof Let P be a partition of [¢;(®),q2(w)] and P* a refinement of P. Let us estimate
the difference between the random Riemann sums o(f, P*,&%) — o(f, P, £). Using the
notation introduced above, we can write

o(f,P*, &% (@) - o(f,P,{(w)] =

Z Zf(a), Siy(@))Ax;(0) - Zf(a’s $i(w))Axi(w)
i=1

=1 =1

375 0.8 (@))Ary @) - 3 flo.£(@))Ax, (@)
i=1

=1 =1

2. Z[f(w,.f;/(a))) —flo,&i(w))]Ax; (w)

=1 =1

<

(3.1.14)

sza’sfv(w)) —flo,éi(0))]|Ax;(0) <

=1 j=1

Z Z Q(f(o,x(®)), Ai(a)))Ax,-j(a)) =

=1 j=1
D Of(w.x(@)), Ai(@))Axi(w).
i=1
In this computation we have used the relation Ax; (o) = Zj’.’z"l Ax;,(») and the inequality

a.s.: flo,&;(w)) - flo,éi(w))] < Qflo,x(@)),Ai(w)), (3.1.15)
which holds because a.s.: §;;(0) € A (0) < Ai(w) and a.s.: $i(w) € Aj(w).
It follows from the estimate for the difference of the random Riemann sums that
if the function satisfies the sufficient condition given in the statement of
Proposition 3.1.3, then for any ¢ > 0 we can find § > 0 such that



a.s.: |o(f,P*,E*(w)) — o(f,P,E(w))| < €2 (3.1.16)

for any partition P of [¢(®),q2(®w)] with mesh A(P) < §, any refinement P* of P,

and any choice of the sets of distinguished points £(w) and £* ().

Now if (P',&") and (P",E") are arbitrary partitions with distinguished

points on [¢1(w),q2(w)] whose meshes satisfy A(P') < § and A(P") < §, then, by what

has just been proved, the partition P* = P' U P", which is a refinement of both of
them,

must satisfy

a.s.: [o(f,P*,E%(0)) - o(f.P, & (0))| < &2,

(3.1.17)
a.s.: |o(f,.P*,E%(0)) - o(f,P".E"(@))| < &/2.
It follows that
lo(f,P,& (@) —o(f,P".&"(@))] < &, (3.1.18)
provided A(P") < & and A(P") < &. Therefore, by the Cauchy criterion, the
limit of the random Riemann sums exists a.s.:
as.: 3 lim Y flw,E(w))Ax(w), (3.1.19)

AP0 <=

thatis f € R[qgi1(®),92(0)].

Definition 3.1.10. (i) A function flo,x(®)) : Q x E(Z,R) - E(Z,R) is a.s. continuous
at point xo(®) € [¢1(®@),q2(®)] if

1.M(w,x0(w)) is defined, so that xo(w) is in the domain of flw,x(w)).

2. limy(g)ox, () flo,x(@)) a.s. exists for x(w) in the domain of flow,x(®)).

3. a.s.: limy(g)or @) @, x(@)) = flow,xo(®)).

(i) A function flo,x(w)) : Q x E(Z,R) - E(Z,R) is a.s. continuouson on the closed
random interval [¢;(®),q2(®)] if flo,x(w)) is a.s. continuous at any point

x(w) € [q1(®),q2(0)]

Notation 3.1.4.The set of a.s. continuous functions on a closed random interval
[q1(®),q2(w)] will be denoted C.;[g:1(®),q2(®)]

Definition 3.1.11.

Corollary 3.1.1. flo,x(®)) € Cus[qi1(®),q2(0)] = Aw,x(®)) € R[q1(®),q2(w)], that is,
every a.s. continuous function f{w,x(w)) on a

closed random interval [¢:(®),g2(®)] is integrable on that closed random interval.
Proof. If a function is continuous on a closed random interval, it is a.s. bounded there,
so that the necessary condition for integrability is satisfied in this case. But

a.s. continuous function on a closed random interval [¢:(®w),g2(®)] is uniformly a.s.
continuous on that interval. Therefore, for every ¢ > 0 there exists 6 > 0 such that

a.s.: Qflo,x(®)),Aw)) < m on any closed interval A(o) < [¢1(®),g2(®)]

of length less than 6. Then for any partition P with mesh A(P) < ¢ we have that



LS. ; Q i - & ; i =
_ tlgp(o) —qi(0)] _

92(0) — q1(®)

By Proposition 3.1.3, we can now conclude that f € R[q1(®»),g2(®)].

Corollary 3.1.2. If a.s. bounded function fon a closed random interval [¢(®),g2(®)]
is a.s. continuous everywhere except at a finite set of random points x;(w),i = 1,...,k
then [ Rgi(0),q2()].

Proof. Let a.s.: Q(f(w,x(®)),[q1(®),q2(w)]) < C < oo, and suppose f has k points of
discontinuity on [¢:(®),¢2(®)]. We shall verify that the sufficient condition for
integrability of the function fis satisfied.

For a given ¢ > 0 we choose the number 6, = ﬁ and construct the

o1-neighborhood of each of the k& points of a.s. discontinuity of fon [¢1(®),g2(®)]. The
complement of the union of these neighborhoods in [¢,(®),g2(®)] consists of a finite
number of closed random intervals, on each of which fis a.s. continuous and hence
a.s. uniformly continuous. Since the number of these intervals is finite, given ¢ > 0
there exists 6, > 0 such that on each interval A;(0) = [xi/(®),x-1(®)],i = 2,...,k whose
length [[A/(w)] = xi(w) —xi-1(w) a.s. is less than §, and which is entirely contained in
one of the closed random intervals just mentioned, on which f'is a.s. continuous, we
have

. [ 8
a.s.: Qflo,x(w)),Ai(w)) < 2[q2(®) — q1(w)]

We now choose 6§ = min{d,,9,}.Let P be an arbitrary partition of [¢:(®),g2(®w)] for
which A(P) < 6. We break the sum Z?:l Q(flw,x(w)),A:(w)) corresponding to the
partition P into two parts:

> O(0.x(0)), A(@)Axi(0) = X Of(0,x(@)), A())Axi(o) +
> Q(flw,x(@)), Al))Axi().
The sum Z' contains the terms corresponding to random intervals A;(w) of the

partition having no points in common with any of the ¢,-neighborhoods of the points
of discontinuity. For these random intervals A;(w) we have

a.s.: Qflo,x(w)),Ai(w)) <

(3.1.21)

&
2(q2(®) — q1(®))

and so
50 S O(flo,x(0)), A(@)Axi(w) < & "Axi(w) <
a.s.: T Q0.x(@), AM@)Ax() < gt 3 Axi(0) .
. - e .
@) — 1 (@) (¢2(@) —q1(@)) = 5.
The sum of the lengths of the remaining intervals of the partition P, as
one can easily see, is at most (6 + 26, +6) < ﬁk = ¢/2C, and therefore
a.s.: Y Q(flw,x(®)),Ai(0)Axi(0) < CE= = £ (3.1.23)

2C 2
Thus we find that for A(P) < ¢ :



a.s.: 250 Q(flo,x(0)),Al(w))Axi(w) < &. (3.1.24)

that is, the sufficient condition for integrability holds, and so /' € R[q:(®),q2(®)].

Corollary 3.1.3. Any a.s. monotonic function on a closed random interval

[q1(®w),q2(w)] is integrable on that random interval.

Proof. It follows from the a.s. monotonicity of flw,x(w)) on [¢1(®),g2(®)] that

a.s.: 250, Qflo,x(@)),[1(0),q2(0)]) = [flw,q2(0)) - fl,q1(»))|. Suppose ¢ > 0 is
i _ &

given. We set 6(w) = Fo.0:@)) -Foai@))] We assume

that a.s.: flo,q2(w)) — w,q1(w)) + 0, since otherwise f'a.s. is constant, and there is
no doubt as to its integrability. Let P be an arbitrary partition of [¢:(®),¢2(®)] with
mesh a.s.: A(P) < 6(w). Then, taking account of the a.s.monotonicity of f, we have

(3.1.25)

Thus / satisfies the sufficient condition for integrability, and therefore

/€ Rlg1(w),q2(0)].

Remark 3.1.1. A monotonic function may have a (countably) infinite set of
discontinu ities on a closed random [¢:(®),g2(®) Jinterval. For example, the function
defined by the relations

3.2.Integration over generalized random interval.
Definition 3.2.1.Letforany w € Q : g1(0,0") and ¢2(0,®") are Q'= Z(Z,R)- valued
random variables defined on a generalized probability space ¥ = (Q,f,ﬁ),i.e.,
Voo € Q = qi2(0,0") : Q-Q'= E(Z,R)].
Let E(Q,Z,[R) be a set of the all Z(Z,R)- valued random variables
defined on a probability space X = (Q,f,?),thus qi2(w,0") € g(Q,Z,IR).
Definition 3.2.2.Let ¢, (w,0') and ¢>(0,®") are Z(Z,R)- valued random variables
defined on a generalized probability space ¥ = (Q, f,F),i.e.,
gi2(w,0") : Q- E(Z,R).Assume that a.s.:—» < g1(0,0") < ¢2(0,0") < w.
Let §(Q,Z,[R) be a set of the all Z(Z,R)- valued random variables defined on a
generalized probability space £ = (Q, ﬂf,i")Closed generalized random interval

[q1(0,0),q2(w,0')] that is a subset [¢1(w,0),q2(0,0')] = E(Q,Z,R) such that
a.s..—o < g1(w,0') < ¢2(w,0") < o and

VC](C0,0)/){C](C0,0)/) € [ql(a),a)/),qz(a),a)’)] =

/ / / / (3.2.1)
{6]((0,0) ) € E(EaRNaS (6]1((0,0) ) < 6]((0,0) ) < 6]2(@0) ))}}

Notation 3.2.1.Assume that a.s.:q|(w,0") < g2(w,®"). Then we will write:
g1(0,0") < g2(0,0").
Assume that a.s.q1(0,0") < g2(0,®"). Then we will write:
71(@,0") < g2(0,0").
Definition 3.2.3.Let £ be a separable complete metric space and let X be its Borel
o-algebra. Generalized random measure it is a function u : £ - Z(Z,R), that



satisfies:

() IfE, € Ez, thenas.:u(E)) < u(E>).

(RQIE, €S n=12,...and EiNE; = D (i # ), then as..u(U, E,) = 3 u(Ey,).

If we further impose a condition u(Q) = 1, then the generalized random measure
so defined is called the generalized random probability measure and is usually
denoted by P.

Definition 3.2.4.The tuple (Q,S,'ﬁ) is then called the generalized probability space.
Suppose (Q,S) and (Q/,S') are two measurable spaces. The function X : Q —» Q'
is called a generalized random element, if for every 4 € S', X7'(4) € S. If the first

measurable space is equipped with a generalized random probability measure P, then

the generalized random element X : Q - Q' induces a generalized random probability

measure on the second space (Q’,S') and given by P = PoXx, called the

generalized random distribution of X.

Definition 3.2.5.If the second measurable space (Q’,S') is taken to be

(BE(Z,R),B=zr)), Where Bz is the Borel o-algebra on Z(Z,R) the function

X() : Q> Q' = (E(Z,R),Bzzr)) is called a generalized random variable. For this

case, the generalized random distribution of X is completely determined by the
random

distribution function defined as

Fxo)(x(@,0)) = P(X() < x(0,0') (3.2.2)
Definition 3.2.6. The lengths /([¢:(®w),g2(®)]) of the random interval [¢:(®),g2(®)]
is defined by
I([q1(0,0"),92(0,0")]) = esssupgs(w,0'), (3.2.2)
where ¢3(0,0") = ¢2(0,0") - q1(0,0").
Notation 3.2.2. Assume that a.s.q;(w,0') < ¢2(w,®"). Then we will write:
g1(0,0") < g2(0,0").
Assume that a.s.q(0,0") < g2(w,»"). Then we will write:
91(0),@/) < q2(w7wl)'
Definition 3.2.7. A partition P of a closed random interval [¢;(w,0'),92(w,»')] is a
finite system of random variables x¢(0,®'),...,x,(o,®") such that
g1(0,0") = xo(w,0") < x1(0,0") <...x,1(0,0") < x,(0,0") = g2(0,0").

The closed random intervals [x,-(w),x;(®)], (i = 1,...,n) are called the intervals of

the partition P.

Definition 3.2.8.The largest of the lengths of the intervals of the partition P, denoted

A(P), is called the mesh of the partition.

Definition 3.2.9. We speak of a partition with distinguished points (P,&) on

the closed random interval [¢; (o, 0"),g2(w,»")] if we have a partition P of

[q1(w,0"),q2(0,0")]and a point & (w,0") € [x1(0,0"),x;(0,0")] has been chosen in

each of the intervals of the partition [x; (0, ®"),xi(0,0')], (i = 1,...,n).

We denote the set of points (¢;(w,0"),...,E(0,0")) by the single letter &(w, o).

Definition 3.2.10. In the set P of partitions with distinguished points on a given
random



interval [¢1(w,0"),q2(0,®")], we consider the following base

B = {B.}. The element B,;,d > 0, of the base B consists of all partitions

with distinguished points (P, &) on [g1(w,0'),g2(w,»")] for which A(P) < d.
Proposition 3.2.1. Let us verify that {B,},d > 0 is actually a base in P.

Proof.First B, + &. In fact, for any number d > 0, it is obvious that there exists

a partition P of [¢1(w,®"),q2(w,»")] with mesh A(P) < d (for example, a partition into »
congruent closed random intervals). But then there also exists a partition (P,&(w, "))
with distinguished points for which A(P) < d.

Second, if d; > 0,d> > 0, and d = min{d,,d>}, it is obvious that B, N By,

= B, € B.Hence B = {B,} is indeed a base in P.

Definition 3.2.11. (Random Riemann Sums) (i) If a function f: g(Z,R) - g(Z,R) is
defined on the closed random interval [¢; (0, ®"),q:(w,0')] and (P,E(w)) is a partition
with distinguished points on this closed random interval, the sum

olf,P,é(w,0")] = ijlf(@-(a),a)’))Axi(a),a)/), (3.2.3)
where Ax;(0,0") = xi(0,0") — xi-1(w,0"), is the random Riemann sum of the function
f: g(Z,IR{) - g(Z,IR{) corresponding to the partition (P, &(w, ")) with distinguished
points on [¢1(w,®'),92(w,»")]. Thus, when the function fis fixed, the random Riemann
sum o[f,P,&(w,w')] is a function ®(p) = o[f, P] on the set P of all partitions
p = (P,&(w,0")) with distinguished points on the closed interval [¢1(w,0'),g2(0,0")].
Since there is a base B in P, one can ask about the limit of the function
O(p(w,w')) over that base.

(i) If a function f: Q x E(Z,R) - §(2,R) is defined on the closed random interval
[q1(0,0"),q2(0,0")] and (P,&(w,0")) is a partition with distinguished points on this
closed random interval, the sum

olf,P.é(@,0)] = D" flo.&i(,0")Ax(o,0"), (3.2.3")

where Ax;(0,0") = xi(0,0") — xi-1(w,0"), is the random Riemann sum of the function
f: QxEE,R) - E(Z,R) corresponding to the partition (P,&(w, ")) with distinguished
points on [¢1(w,0"),g2(w,»")]. Thus, when the function

£ Qx[q1(0,0),¢:(0,0)] - Z(Q,5,R)
is fixed, the random Riemann sum o[, P,é(w,»')] is a function ®(p) = o[f,P] on the
set P of all partitions p = (P,&(w, ")) with distinguished points on the closed interval
[q1(0,0"),q2(0,0")].
Definition 3.2.12. ( Riemann Integral on a random interval)
(i) Letf: E(Z,R) - E(Z,R) be a function restricted on a closed random interval
[q1(0,0"),q2(0,0")].
The random variable I(w,»") is the Riemann integral of the function
f:2(,R) - Z(Z,R) on the closed random interval [¢,(w,0"),q>(w,®")] if for every
€ > 0 there exists 6 > 0 such that

a.s.: |I(a),co’) - Z;lf@i(a),w’))mi(w,w/)| <eg (3.2.4)

for any partition (P,&(w, ")) with distinguished points on [¢(w,0"),¢2(w,»")] whose
mesh A(P) is less than 6.
(i) Let f: Q x E(Z,R) - E(Z,R) be a function restricted on a closed random interval



[q1(®),q2(w)] such that f: Q x [¢1(w,0"),q2(0,0')] - E(Z,R).

The random variable I(w,»") is the Riemann integral of the function

f: QxEE,R) - E(Z,R) on the closed random interval [¢1(w,0'),g2(w,0")] if for every
€ > 0 there exists 6 > 0 such that

as.: |I(a),a)’)—Z;f(a),é:,-(a),a)’))Ax,-(a),a)’) <e. (3.2.4")

Since the partitions p = (P,&(w, ")) for which A(P) < § form the element B;

of the base B introduced above in the set P of partitions with distinguished
points, Definition 3.2.12 is equivalent to the statement

a.s.: (o,0") =lim ®(p(w,0")). (3.2.5)
B

that is, the integral I(w,®") is the limit over B of the Riemann sums of the function
fcorresponding to partitions with distinguished points on [¢1(w,®'), g2(0,®")].

It is natural to denote the base B by A(P) — 0, and then the definition of the Riemann
integral on a random interval can be rewritten as

a.s.: [(0,0) =lim D" f&(0,0))A(0,0),
A(P)=0 i=1

] (3.2.6)
a.s.: (o,0") :xgr)rjo Zizlf(co,§i(a),a)’))Axi(a),a)/).

Notation 3.2.2.The integral of f{ix(w,®")) over [¢1(w,0"),92(w,»")] is denoted

q2(w)
[ fat.0))dix@.o)],
q1(®)
92()
[ flo.x@,0))dxe o)),

q1(®)

(3.2.7)

in which the random variables ¢, (w,»") and ¢.(w,®") are called respectively the

lower and upper limits of integration. The function f'is called the integrand,
fx(w,0"))d[x(w,0")] is called the differential form, and x(w,®") is the random variable
of integration. Thus

q2(0,0")

as: | fxe0)dxo.e)] = lin 3" Aée0)Ax0,0),
o0') AP)-0 =1
q1(0,0

(3.2.8)

72(0.0")

a.s.: J- Aw,x(w,0")dx(w,0")] =l%11;)1)110 Z;ﬂa),éi(w,a)/))Ax,-(a),a)’).

q1(0.0")

Definition 3.2.13. A function /' : Q x E(Z,R) - Z(Z,R) is Riemann integrable on the
closed interval [¢;(w,0'),q92(w,®")] if the limit of the Riemann sums in (3.2.8) exists
a.s.as A(P) - 0 (that is, the Riemann integral of f'is defined).

Notation 3.2.3.The set of Riemann-integrable functions on a closed random interval
[q1(0,0"),q2(0,0")] will be denoted R[g (0, 0"),q2(0,0")]

By the definition of the integral (Definition 3.2.8) and its reformulation in the forms
(3.2.5) and (3.2.8), an integral is the limit of a certain special function



d(p(w,0")) = o[f,P,&(w,0')] the random Riemann sum, defined on the set P of
partitions p(w,0') = (P,&(w, ")) with distinguished points on [¢1(w,0'),g2(0,®")].

This limit is taken with respect to the base B in P that we have denoted A(P) - 0.
Thus the integrability or nonintegrability of a function fon [¢1(w,®'),g2(w,»")] depends
on the existence of this limit. By the Cauchy criterion, this limit exists a.s., if and only
if for every ¢ > 0 there exists an element B; € B in the base such that

a.s.: | 0@ (w,0"))-0@"(0,0"))| <& (3.2.9)

for any two points p'(w,0"),p"(w,»") in Bs. In more detailed notation, what has
just been said means that for any & > 0 there exists 6 > 0 such that

a.s.: lo[f,P,E(w,0")] — o[f, P, é(w,0')]| < € (3.2.10)
or, what is the same,

a.s.: ‘Zilﬂa),ég(w,a)/))Ax;-(a)(a),a)’)) - Zilﬂa),éy(w,a)/))Ax;’(a),a)’) <e (3.2.11)

for any partitions (P', &' (w,0')) and (P",E" (w, ")) with distinguished points on the
random interval [¢1(w,0'),g2(0,®")] with A(P") < 6 and A(P") < 6.

Proposition 3.2.2. A necessary condition for a function f{w,x(w,®")) defined on
Qx[q1(w,0"),q9:(0,0")] to be Riemann integrable on [¢;(0,®"),q.(w,0')] is that f be
bounded a.s. on Q x [¢(0,0"),g2(w,0")].

Proof. If fis not bounded a.s. on [¢;(w,®"),q2(w,®")], then for any partition (P, &) of
[¢q1(w,0"),92(w,0")] the function fis unbounded on at least one of the intervals
[xi1(0,0"),x/(0,0")] of (P,&). This means that, by choosing the point

¢i(w,0") € [xi(0,0"),xi(0,0")]

in different ways, we can make the quantity |f{w,&;(w,0"))Ax:(w,0")| a.s. as large as
desired.But then the Riemann sum ijlf(a),é,-(w,a)’))Ax,»(a),w/) can also be made as

large as desired in absolute value by changing only the point &;(w,®") in this interval.
We agree that when a partition P

g1(0,0") = xo(w,0") < x1(0,0") <...x1(0,0") < x,(0,0") = ¢2(0,0").

is given on the closed random interval [¢:(0,0"),q2(»,®")], we shall use the symbol

Ai(w, ") to denote the interval [x,_; (0, 0"),x:(w,»")] along with Ax;(w,»") as a notation

for the difference x;(w,0') — xi_1 (0, 0").

If a partition P* of the closed random interval [¢,(w,®"),q2(w,»")] is obtained from the

partition P by the adjunction of new points to P, we call P* a refinement of P.

When a refinement P* of a partition P is constructed, some (perhaps all)

of the closed random intervals A;(w,0') = [xi1(0,®"),x:(w,®")] of the partition P

themselves undergo partitioning: x; 1 (0, 0") = x;(0,0") <...< x;, (0,0") = x/(0,0").

In that connection, it will be useful for us to label the points of P* by double indices.

In the notation x; (w,®") the first index means that x; (w,0") € Ai(w,0"), and the
second

index is the ordinal number of the point on the closed random interval A;(w). It is now

natural to set Ax; (w,0") = x;(0,0") —x;,, (0,0") and A; (0,»"). Thus

Axi(w,0") = Ax;, (0,0") +.. . +Ax;, (0,0").
As an example of a partition that is a refinement of both the partition P’and P" one can
take P* = P' U P", obtained as the union of the points of the two partitions P’ and P".



We recall finally that Q(f(w,x(w,0")),E,®") denotes the oscillation of the function
flw,x) on the random set E(w,0'), that is
Qf(w,x(w,0")),E(w,0'")) = sup Ao, x1(0,0")) - Ao,x(0,0))]. (3.2.12)
a.5.: x1,(0,0')x2(0,0 )eE(00)
In particular, Q(fw,x(0,0")),Ai(w,o")) is the oscillation of f{w,x(w,®’)) on the closed
random interval [x.(w,0"),xi/(w,0")].
This oscillation is necessarily a.s. finite if f{w,x) is a.s. bounded function of variable x.
Proposition 3.1.3. A sufficient condition for a.s. bounded function f{w,x) to be
integrable on a closed random interval [¢1(w,®'),¢2(w,®")] is that for every £ > 0 there
exist a number 6 > 0 such that

Z; Qfw,x(w,0")),Ai(0,0" ) Ax(0,0") < & (3.2.13)

for any partition P of [¢;(0,0"),q2(w,»')] with mesh A(P) < é.

Proof Let P be a partition of [¢,(w,0'),q2(w,®")] and P* a refinement of P. Let us
estimate the difference between the random Riemann sums o(f, P*,&%) — o(f, P, ).
Using the notation introduced above, we can write

|G(ﬁp*a§*(w7wl)) —G(}‘,P,é(a),a)/))| =

n o on; n

Z Zﬂwa gl‘j (CO, o' ) )Axij (CO, 0)/) - Zﬂwa gi(wa COI))AXZ'(CO, 0)/)

=1 j=1 i=1

n o n; n

Z Zﬂwa gl‘j(w’ w/))Axij(wa 0)/) - Zﬂwa gi(waw/))ml}(waw/)

=1 j=1 i=1

33 [0, E0(0,01)) — o, i, o)) ]Av (@,0)

=1 j=1

D fw.é(0) - fa.Ei(@)]|Ax, (0,0) <

=1 j=1

<
= (3.2.14)

n n;

Z Z Q(flo,x(0,0")),Ai(@,0"))Ax; (0,0") =

=1 j=1

Zn: Qflo,x(w,0")),Ai(0,0"))Axi(0,0").

i=1

4.Generalized Chapman-Kolmogorov equation.

We consider now double stochastic Markov processes. The Eq.(2.4.9) fully defines
double stochastic Markov process, but it does not say anything about the random
probability density function p,,. The Generalized ChapmanKolmogorov Equation



(GCKE) states the property that the function p, must satisfy to describe double
stochastic Markov process. To derive the GCKE, we proceed as follows.
Consider two values x;(0,0") = X(¢1,0) and x3(w,0') = X(t3,») of the generalized

random variable X(¢,®) : [0,T] xQ - Q' = E(Q,Z,[R), measured at times ¢, and ¢; with
t1 < t3,then from Eq.(2.4.8) we obtain

p(xi(0,0"),t1;x3(0,0"),13) = p(xs(0,0"),t:x1(0,0"),t)pkx1(0,0"),1). 4.1.1)
Integrating over x;(w,»"), we define the random marginal density

o(00')
p(X3(a),a)’),t3) = J. d[xl(waw/)]p(xl(a)aw/)atl;x3(waw/)7t3) =
—0(@,0')
4.1.2
o(w,0") ( )
- | dlxi@.0) s (0,0), 6 @,0), 0)pE (0,0),0).
—0(,0')
Consider now an intermediate point x», then the joint random probability is
p(x1(a),0)/),t1;XQ(C0,0)/),t2;x3((o,0)/),t3) = (4 1 3)
P(3(@,0), 13x2(,0'),2)p(2(0,0"), 21 (0,01, 1)p(xi (@,0'), 11). -
We integrate over x, and applying the definition in Eq.(2.1.8), we obtain
0(0,0')
J- d[xz(a),a)’)lp(xl(a),a)'),t1;xz(a),a)’),tg;)(g(a),a)’),tg) =
—0(,0')
2(0.0') (4.1.4)
[ dw(.0)pes.0). 50.0').0)p0o@@,.0'). bl @,0').0) x
—0(@,0')
xp(x1(@,0"),1)
px1,t15x3,13) =
e 4.1.5)
p(x1,t1) _[ dxop(x3,t30x2, 12)p(x2, talxr, £1)p(x1, 115x3, 83)p(x1, £1)
—o(w,0")
Thus
p(xl(a)aw/)atl;x3(waw/)7t3) _
p(x1(w,0"),t1)
o(0.0') (4.1.6)
= | dn@0)pEs(,0), k00,01, 0)pe(0,0), 0 (@,0), 1),
—0(@,0')

The left-hand side of Eq.(4.1.6) is by definition a conditional probability, thus we
obtain the Generalized Chapman-Kolmogorov equation



pixs(w,0"),5x1(0,0),t) =

o(0.0')
[ dixa@.0)p0s(.0). 50,0, 0)pe @.0'), b (@.0').10). 1D
~0(@,0")
The conditional probability p(xs,s)x1,¢1) defined in Eq.(4.1.7) satisfies the
normalization condition
o(@.0')
[ dlxs @.0) ]p0s@.0). 6k @.0).0) = 1. (4.1.8)
~0(@,0")
If t3 - i1, then
pis(w,0"), 5k (0,0"),t) = 6(x3(0,0") —x1(0,0")). (4.1.9)

The GCKE of the Brownian motion has the explicit form

1 _(X3(a),a)')—x1(a),a)/))2 )
—47rD(13 — ex ( DG 1) . (4.1.10)
5.The Path Integral for a double stochastic Markov
Process.

p(X3(a),a)’),t3|x1(a),a)/),tl) =

5.1.The Path Integral for a double stochastic Wiener
Process.

Here we consider one-dimensional double stochastic Markovian processes
describable

through Langevin or Fokker-Planck equations

q = flg,) + g(g.Hn(t,0,0"), (5.1.1)
where f(g,1) and g(q,t) are known (smooth) functions, and n(¢,w,®") is a double
stochastic Gaussian white noise with zero mean and J-correlated.

As has been discussed in the section 4.1, P(q(w,0'),tq' (0,®"),t") fulfills the
generalized Chapman-Kolmogorov equation (¢, < t; < t3)

P(q3(a)sw,)9t3|q1(a)sa),)stl) =
o(w,0")

- | dg:(0,0)1P(@3(0,0), 512 (0,0), )P(g2(0,0'), g1 (@,0),11).

~oo(w,0")

(5.1.2)

Such an equation allows, by making a partition of the time interval in ¥

steps: 1o < t1 <....< ty, With t; = o + (¢, — t0)/N, to obtain a path-dependent
representation of the propagator. With the given partition, we reiterate (5.1.2) N-times
and get



P(glo,0"),tqi(0,0"),t0) =

o(w,0") wo(w,0")
! ! !
_ (f ) (j ,)d[m(a),w )dlg2(,0")]...dlgy-1(0,0')] x (5.1.3)

xP(gw,0"),tdgn-1(0,0"),tn-1) %...
... xP(g2(0,0"),t2]g1(0,0"),11)P(q1(0,0"), t|go(0,0"), ).

The last expression can be interpreted as an integration over all possible paths that
the process could follow (corresponding to the different values of the sequence:
propagator P(g;+1(w,0"),t.1]q;(w,0"),t;) in order to find the more conventional
representation of the integration over paths. Note that the random probability that at a
given time ¢, the process takes a value between a and b4 is given by

b(o,0")
Pla(o,0") < q(1) < b(w,0")) = I dg(w,0")]P(g(w,®"),1g0(w,®"),t0) (5.1.4)
a(o,0')

Likewise, the random probability that the process, starting at ¢ = go(0, ") at ¢ = ¢,

has a value between a,(0w,0') and b;(w,o") at ¢, between a;(w, ") and b, (o, ') at

f,..., between ay.(0,0") and by- (0, 0") at tx-1( with a;(0,0") < bj(w,0") and t; < £
),

and reaching point gy(w, ") at ¢y, will be given by

P(g@,0'),41q0(@,0'),10) =
b1(0.0") by(w,0") by-1(@,0")
[ ] - | dao)dee)l. dgvi@ae)] x
a1@o) o) ay, (00
xP(gf®,0"),tdgn-1(0,@"),tn-1) X......
xP(q2(0,0"),2]q1(0,0"),11)P(q1(0,0"), tilqe(0,0"), to).

(5.1.5)

We define now the conditional probability P(¢{w,®"),tqo(w,0"),t0;51,52) by

P(gw,0"),tlqo(®,0"),t0;61,62) =

b1 (0.0") by(w.0') by, (@,0")

f j j dlq1(0,0)]d[q2(0,0")]...d[gn-1 (0,0")] x

a1(00) ;o) ay (@o)

JN (5.1.6)
Xe( sup |q"|351>9<2%2(?i+1—fj);52> x
1

0<n<N- j=0
xP(g(@,0"),tdgn-1(@,0"), tx-1)... P(q2(0,0"), t2lg1 (0,0"), 1) x
xP(q1(0,0"),t1lq0(0,0"), t0),
where 0(x,0) = lif |x| < 0 and 0(x,0) = 0 if |x| > o.If we increase the number of time
slices within the time partition where the intervals (a;, ;) are specified, and at the
same time take the limit a.s.: b;(w,0") — a;(0,0") - 0, the trajectory is defined with

higher and higher precision. Clearly, a requisite is that the trajectories be continuous.
This happens in particular for the Wiener process.With all this in mind (2.3.3) can be



interpreted as an integration over all the paths that the process could follow
corresponding to the different values of the sequence ¢o,91,92,..... ,gn = qysuch that
the inequalities (5.1.7) hold

J=N
a.s.: sup |ga(@,0)| < 81and a.s.: Y qHe,0 )t — 1) < 82 (5.1.7)
0<ns<N-1 =0

For the Wiener process we have that

P(Wz(a)aa),)st2|W1 (a)sa)l):tl;51552) =

_ 1 ox |:_(W2(co,a)/)— Wi(o,0'))>? } (5.1.8)
‘/27TD(12 —1) 2D(t2 _tl) '

By substituting (5.1.8) into (5.1.6) we get

N

=N
dWy(,0")] ( : ST (00
—————=0| sup [Wi(ow,0)];61 |0 eWi(w,0");02 | x
H 1/47[8D 1<<N ! /

J=1

) (5.1.9)
xexp[—rlgg 1_21‘,%(@,0)/) - W.j-mw,w/»zJ

which is the desired probability of following a given path ander conditions (5.1.7).
When ¢ - 0 and N - o, we can write the exponential in (5.1.10) in the continuous

limit as
1 t dW(r,0,0") )’
to

If we integrate the expression in (5.1.5) over all the intermediate points (which is
equivalent to a sum over all the possible paths), as all the integrands are Gaussian,
and the convolution of two Gaussian is again a Gaussian, we recover the result of
(5.1.8) for the probability density of the Wiener process. Hence, we have expressed
the probability density as a Wiener path integral

PW(w,0"), |Wo(0,0"),ty) =
! ! 2
| D[W(r,co,a)/)]exp|:4lD Jar( ) ) ] (5.1.11)

W(t)=W(w,0") to
W(0)=Wo(w,0")

Thus we have expressed the conditional probability density as a Wiener path integral

P(W(awaw/)t|W0(waw/)7t0;51762) =

ID[W(r,w,w’)]G(sup W(r,w,w’);(?l)Q(I W2(T,a),a)/)dr;52> X
! (5.1.12)

to<t<t

t
dW(z,0,0") \*
xexp[%jdr(_ (d’[ )) :|,
to



where the expression inside the integral represents the continuous version of the
integral of (5.1.6), over all required values of the intermediate points {W;(o,»")}.
We revrite now RHS of (5.1.12) of the form

PV (,0), 1 Wo(0,0'),0:51,62) = [ DIz, 0,0')] %

? 2
1 dW(r,0,0") "
xexp|:4D I( I dt +In6( sup W(r,0,0');56: (5.1.13)
to

to<t<t

+1n9<_[ W2(T,a),a)/)dr;52> :|

We introduce now generalized conditional probability density as a
Colombeau-Wiener path integral

(P, 1W0,10:61,62)) oy = (| DIz, 0,0)] %

t ' 2
exp| —L [(P@22) Vo sup W(r.0,01):51
4e dr (5.1.14)

to<t<t
to

t
+1n9<j Wz(r,a),w’)dr;52>:|> .
t €€(0,1]

5.2.The Path Integral for a General double stochastic

Markov Process

We start by writing the discrete version of the Langevin equation given by (5.1.1)
(in order to simplify the notation we adopt g(g,¢) = 1 and f{g,?) to be independent of ¢)

4j+1(0,0") = gj(0,0") = {af(g;+1) + (1 = a)fig)}e + Wi (0,0") - Wi(0,0")], (5.2.1)
where ¢ = t;.1 —t; = (ty—t0)/N, and W; = W(t;) is the Wiener process (just formally,
dW(t,w,0") ~ n(t,o,0")dt). The parameter a(0 < a < 1) is arbitrary,the most usual
choices being a = 0,1/2,1, corresponding to the prepoint, midpoint and endpoint
discretization, respectively. According to the previous results, the random probability
that

W(to,0,0") = 0; Wi(t1,0,0") < Wi(o,0") +dW(0,0');...;

a.s. Wy(ty,0,0") < Wy(o,0") + dWy(ty,0,0"),
. (5.2.2)

=N
Zve(a),w’) <&,

J=1

is given by

P({Wpi(@,0)} ) =

5 dW(o,0 i , , (5.2.3)
H(%)exp[—ﬁ;(ww,w)—W_,--l(w,w»?}

J=1



As our interest is to have the corresponding conditional probability in g-space, we need

to transform the probability given in the last equation (5.2.3). As is well known, to do
this

we need the Jacobian of the transformation connecting both sets of stochastic
variables  {W;(0,0")} - {g;(w,0")}. To find it we write Eq.(5.2.1) as

Wi(o,0") = gj(0,0") - gj-1(0,0") - {aflg/(0,0")) +

/ / (5.2.4)
+(1 - a)flgj-1(0,0))} e + Wi (0,0').
The Jacobian is given by
oW;(o,0") = df(g;(0,0"))
J(o,0') = det(’—,) = 1 —ea———>—2~ ). (5.2.5)
Fore - 0,N - oo, it can be approximated as
df(g;(0,0"))
J(w,0') = exp| —ca L ) (5.2.6)
: p( 2 w0 )

Now, remembering that P({g;}) = JP({W¥;}), and taking into account that the
conditional probability P(q,tq0,t0;01,62) is given as a sum over all the possible paths
such that the inequalities (5.2.2) hold, we get

P(gfw,0"),tqo(0,0"),10;61,62) =

o0 o0 N
1
_j f ( Ny ) AW (0,0")d[Wi(w,0")]...d[Wy1(o,0")]
el 2.
X0(|WN(0)’COI)|’51)9<Z EVV/z(C0,0)/),52> % (5 7)
J=1

N
xS(q,0') ~gu(@,0") exp[—ﬁ 2 W(0.0") = Wyi(0,0))? J
J=1

For the double stochastic Wiener process we have that

PWy(w,0"), )W (0,0"),t1;81,62) =

_ 1 ox |:_(W2(co,a)/)— Wi(o,0'"))>? } (5.2.8)
‘/27TD(Z‘2 —1‘1) 2D(t2 _tl) '

By substituting (5.2.8) into (5.2.6) we get

N ! N
AWi,0)] 0<sup |W_,-(a),a)')|;51> (Z«ng(w o'); 52)

=1 AreD 1<j<N j=1

N
exp[_ e ;(W-’(‘W) = Wi <w,w/))2J

which is the desired probability of following a given path ander conditions (5.2.7).
When ¢ - 0 and N - o, we can write the exponential in (5.2.9) in the continuous
limit as

(5.2.9)




! / 2
exp[%jdr(%) :| (5.2.10)

If we integrate the expression in (5.2.5) over all the intermediate points (which is
equivalent to a sum over all the possible paths), as all the integrands are Gaussian,
and the convolution of two Gaussian is again a Gaussian, we recover the result of
(5.2.8) for the random probability density of the double stochastic Wiener process.
Hence, we have expressed the random probability density as a Wiener path integral

PW(w,0"),lWo(w,0'),t) =

! / 2
N J- D[W(r,w,w’)]exp[%jdr(%) :|, (5.2.11)

W(t,0,0 )=W(o,0')
W(0,0,0")=Wo(w,0")

where the random Feiman measure is defined as

M
D[W(r,0,0")] = lim/w Hd[W(r,-,a),a)’)] (5.2.11")

i=0

where W(z,,0,0"), are the random field configurations at the time z; having sliced

the interval [0, 7] in M finitesimal parts € with 7, = ie, N is an normalizing constant.

Thus we have expressed the conditional random probability density as a Wiener

path integral

PW(w,0"), |1Wo(0,0'"),t0;61,62) =

jD[W(r,w,w’)]e(sup |W(r,a),a)’)|;51>9 jWZ(r,w,a)’)df;(sz x
(5.2.12)

to<t<t
to

4 2
1 dW(r,0,0")
exp|: 4D J.dr( dr ’
to
where the expression inside the integral represents the continuous version of the

integral of (5.2.6), over all required values of the intermediate points {I¥;}.
We revrite now RHS of (5.2.12) of the form

P(W(,0),1Wo(0.0'),10:51.62) = [ DIW(z.0.0')] X

L ! 2
1 dW(r,0,0") ~
xexp|: 25 j(—dT dr+ 16| sup W(t,0,0');6, | + 521
to

to<t<t

t
+1n9<j Wz(r,a),w’)dr;(Sz) }
to

We introduce now generalized conditional probability density as a Colombeau-
Wiener path integral



(PE(W(wawl)at|WO(waw/)at0;61752))66(0,1] = (J-D[W(T,C0,0)/)] x

exp 1 j(dW(r@@)) dr+ln0(sup |W(r,a),a)’)|;61>+
to<tst (5.2.14)

+1n9<j Wz(r,a),a)’)dr;62>:|> .
t €<(0,1]
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