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Abstract

The Riemann hypothesis is proved true by finding two linear combinations of the real and imagi-
nary parts of the Riemann &-function.
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1 Introduction

As an engineer, I do not fully understand the importance of the Riemann hypothesis in pure mathematics
and applied mathematics as well, but I know Riemann is one of the greatest mathematicians in the history
of modern mathematics. It is the problem left unsolved by mathematicians such as Riemann, Hardy and
Littlewood, and Selberg et al. in the last over 150 years that summons engineers’ challenging spirit, as
well. The Riemann hypothesis is about the distribution of zeros of the Riemann {-function which is a
complex function. At zeros of a complex function, both the real part and the imaginary part are zero
simultaneously. Finding the distribution of zeros means to solve the simultaneous equations of the real
part and the imaginary part. Given the Abel-Ruffini theorem which states that there is impossibility to
solve general polynomial equations of degree five or higher, we may conclude that the Riemann hypoth-
esis is unsolvable at least by the simultaneous equations because the Riemann J-function is much much
more complex than polynomial equations. The Riemann hypothesis states that zeros of the Riemann
{-function is located at a specific line. We are lucky that the zero distribution is not contracted in the
linear combination of real and imaginary parts of the Riemann {-function. The proof of the Riemann
hypothesis is then dependent on if we can find linear combinations of real and imaginary parts of the
Riemann {-function that have simutaneoously zeros on the critical line only. In the paper, we find the
linear combinations. The publication of the work is the beginning of a new era in mathematics, however
the proof is elementary without bringing out any mathematical advancement as expected.

2 Linear Combination of Functions

Theorem 2.1 (Variety of Linear Combination of Functions). Let f(x), and f>(x) be functions on the field
x. If functions g,(x) and g,(x) have no poles on variety V(fi(x), f>(x)), then variety V(fi(x), f(x)) is a
subset of variety V(g1(x) f1(x) + g2(x) f>(x)).



Proof. On V(fi(x), f>(x)), because g;(x), and g,(x) have no poles, we have

g1(0)f1(x) + g2(x) f2(x)) = 0, (D

that is
V(fi(x), 2(x)) € V(g1(x)f1(x) + g2(x) f2(x)). ()
O

3 Riemann ¢-Function

The Riemann {-function is originally defined as

{(s)—Z— s eC. 3)
n=1
Now consider the following equation [1]
-s/2 _ T e s dt
7T (s/2) L(s) = — + | ( +2) (=,  teR (4)
s(1 =) | t

which is rewritten as the Riemann &-function
* dt
£(s) = 7T (s/2) s(s = DE(s) = 1+ s(s = 1) f (A2 + t“/2)¢/(r)7
1

- i )
+ [(s _ 1/2)2 _ (1/2)2] f (l(1/2—s)/2 + l,—(l/Z—s)/Z) fl/zl//(f)T’
1

where

(9]

()= Y e, (©)

n=1

The nontrivial zeros of the Riemann {-function {(s) are identical with zeros of the Riemann &-function
&(s) [2]. G. H. Hardy [3] has proved that an infinite number of zeros lie on the critical line s = 1/2.
The Riemann &-function is further rewritten as follows

(s) =1+ [(s _ 1/2) —(1/2) ]foo (t(1/2+1/2—x)/2 + t[1/2—(1/2—s)]/2) w(t)g
1 t
1+ [w? = (172 fl (7 + zwfz)w(r) 0

(o6} d
e (1727] [ [exp - Inonw/2) + exp (nme/ 2] (0 "
1

=1+2[w” - (1/27] f cosh (In(eyw/2) (52 e

1

— 1+ 2[w2 _ (1/2)2]f cos (i In(r)w/2) ‘ﬁ(f)ﬁ’

1

where

w=s—1/2=u+iv, u,veR. (8)



Now let
Z=Iiw=—-v+iu.

Then, we have

£(5) = E() = 1-2( + (1/2)?) f cos(z In(1)/2) w)ﬂ.

! tl/z
Let r = In(¢), r € R, and notice the following indenties

cos(x + iy) =cos xcoshy — isin xsinh y,

sin(x + iy) = sin xcoshy + i cos x sinh y.

Then Z(z) is given as follows

E(2) =1-2(2" +(1/2)?) f " cos /D U dr
0

=1- 2(v2 —u?+(1/2)7 - 2iuv)

f ) [cos (—vr/2) cosh (ur/2) — i sin (—=vr/2) sinh (ur/2)] (e e *dr
0

=1-2 (v2 -+l /2)2) f ) cos (vr/2) cosh (ur/2) y(e e *dr
0
— 2uy f sin (vr/2) sinh (ur/2) y(e"e"*dr
0

+1

0

+2uy foo cos (vr/2) cosh (ur/2) W(e’)e’/zdr] .
0

The real and imaginary parts of Z(z) are given as follows, respectively

R (E(@) =1-2(* -’ +(1/2)?) f " cos (vr/2) cosh (ur/2) w(e)e'2dr
0

—2uy f ) sin (vr/2) sinh (ur/2) y(e")e"dr,
1

I (Ek) =-2(v* -’ +(1/2)) f " sin (vr/2) sinh (ur/2) w(eDe dr
0

+ 2uvy f ) cos (vr/2) cosh (ur/2) y(e e *dr.
0

Z(z) = 0 is equivalent to the following equations,

R (E(2)) =0,
3 (E(2)) =0.

—2(v = u? +(1/2)°) f " sin (vr/2) sinh (ur/2) y(e" e dr

€))

(10)

(11

(12)

(13)

(14)



Now consider the following linear combination of R (Z(z)) and I (E(z))
Ly(u,v) =R (E() + (v - u® + (1/2)?) I (2(2))
—uy — [2 (¥ = +(1/27) + 2(uv)2] f " in (vr/2) sinh (ur/2) wie e 2dr

0

—uy =2 [(v2 —i2+(1/27) + 4u2(v/2)2] f " cos (vr/2) cosh (ur/2) w(e"e dr
0

v [0 - aepy =
=4u? o -2 + (v/2)* f cos (vr/2) cosh (ur/2) y(e")e*dr
0

4y?

+(v/2)°

oy (P —u?+ (1/2)2)2
4y?

{i f‘x’ sin(vr/2)e” 2 2+(1/2)2 rdr — f‘x’ sin (vr/2) sinh (ur/2) lﬁ(er)er/zdr}
2u Jy ;

V2 ( 2)2

_ [(v2 —u?+(1/272) + (uv)z] { fo " sinr/2) [;—ue—
I

) — 2sinh (ur/2) lp(e’)erﬂ] dr}
=[P -+ a2?) + (uv)z] F, (u,v)

(15)
and

Lo(uv) = (v’ =1 + (1/2)*) R (B()) - w3 (2(2))

(2 =+ (1/27) - [2 (2 =+ (1/27) 2(uv)2] f " cos (vr/2) cosh (ur/2) w(e e dr

0

(v —u?+(1/27) -2 [(v2 — i +(1 /2)2)2 + 4u2(v/2)2] f " cos (vr/2) cosh (ur/2) y(e)e'*dr

0
e {m (27 [(v2 -+ (1/27)

4y? 4y?

' (V/Z)ﬂ f " cos (vr/2) cosh (ur/2) l//(er)e’/zd”}
0

|7 121)°
4u?

+(v/ 2)2}

{L DOCOS (vr/2) e gy 2 fo i cos (vr/2) cosh (ur/2) lﬁ(e’)e’/zdr}
[ v =12+ (1/2)%) 4 (uv)z] { fo " cos (vr/2) [%e 525 9 cosh (ur/2) w(er)er/z] dr}
[vz—u +(1/2)? +(uv)2] Fo(u,v),
(16)
where
Fu(uw,v) = fo sin(vr/2) [%e T~ 2sinh (ur/2) W)e’ﬂ] dr (17)



and
Vv —u2+(l/2)2

F.(u,v) = f ) cos (vr/2) [%e T " —2cosh (ur/2) y(ee'* | dr (18)
0

In the above computation, the following antiderivative was used

« b
fo e “sinbxdx = m, a>0

00

- a

e cosbxdx = 05, 4> 0.
0 a +b

and u # 0 is assumed. Because both uv and v* — u?> + (1/2)> have no poles, according to theo-
rem (2.1), V(E(2) € V (Ly(u.v), Le(u,v)). Also beacuse V ((v2 — 1 + (1/2)*)* + (uv)*) = 0. we have
V (Ls(u,v), L.(u,v)) =V (Fy(u,v), F.(u,v)).

Furthermore, F; and F . are written into the Laplace transformation as follows

(19)

F,(u,v) = fo sin (vr/2) [%e S ) sinh (ur/2) w(e’)er/z] dr 00)
=3(L[f(r;u, v)H()] (),
and
Fo(u,v) = f cos (vr/2) [me S ) cosh (ur/2) w(er)erﬂ] dr on
=R(L[fe(r; u, v H(r)] (W),
where H(r) is the Heaviside step function,
,u:ig:/l+iw, (22)
fu(riu,v) = 2|1 e I ) inh (ur/2) w(eh)e (23)
and
Fru,v) = %e S ) cosh (ur/2) w(eNe™, (24)
For F, and F., we have
2 =0,
L (25)
-2

Now, let us show that F; and F'. are not simutaneously zero for u # 0. To do this, further computation
of F; and F. are necessary.

v +(1/2)2

Lf(ryu, HD)] () —L[—e ey ’H(r)] (1) = 2L [sinh (ur/2) y(e"e*H(r)| (1)

2|ul
B v —u? +(1/2)?
=t [ﬁH(r)] ( 21l

+ L{Y(HHD)] (- 1/2+u/2),

(26)

)— L[y(HHIN)] (= 1/2 - u/2)
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and

W2+(1/2)%

LLrsuHO] () L[—e =5 ’H(r)] (1) = 2L[cosh (ur/2) y(e)e*H(n)] (0

2|ul
B v —u? +(1/2)?
=t [ﬁH(”} ( 2lul

= L[yEHHN)] (u—1/2+u/2).

(27)

) — L{Y(HHD)] (= 1/2 - u/2)

To calculate the Lapace transformation of ¥(e”), we expand y(e") into the Taylor series as follows

w(e) = i e = 22]{1 A 22% —n2m)ke. (28)

n=1

Using the freqency shifting of the Laplace transformation, we obtain the following calculation.

1 V- +(1/27) 1 1
L[mH(r)]( 2lul ) B m’u N Vz_uzz—|+u(|1/2)2
1 O+ v2—u22-|+—u(|1/2)2
Sl L P2\ (= . Pl(j2) (29)
2|ul (,u 2|M(|1/2) )(,U + 2|u(ll/z) )
| IR,
e ) e )
and
LIYMHOI W) =L [Z e—"z’fe’Ho»)] W)= L] HE)| @)
n=1 n=1
o0 © SIS
B ZLLZQ (e >kH<r)] () = Z; ; 7 () LI = k)
B R B SRS o I (Ll 2 (30)
_;;k!(u—k)( ) _ZZkV(ﬂ O — k)( nm)
I S Gt _ 1 )
ZZ; tw-na-o """ "“;; He—na-n "
=AA@) = x () — iwA),
where p is the complex conjugate of p,
o 1 XX 1 —n2m)
A(ﬂ) = ( nzﬂ)k = — , (31)
,,Zkzk'w OE -0 ;;w—km—k) K
and
_ SN k ko IR k —I’lzﬂ')k
X(ﬂ)_;;k'w oo "™ _;;(y—k)(ﬁ—k) K (32)



A(u) and y(u) are real valued functions and the exponential generating funtions. In addtion, A(u) is a
monotonically increasing function of pu, which is concluded by comparing with function ™. Let the
two exponential generating funtions be

(o)

| (—n*m)*
E (—nzn;,u) = — , (33)
: kzz(; (u—-ky@—-k k!

and
(=n’m)"
Ex(—n’m;p) =
(=17 1) ; T (34)
From the definition equations (33, 34), we have
dE\(—n’m; p)
2 2 1
) = (- 35
E)(—n"myu) = (—n"m) d(—nn) (35)
Now, the functions A(u) and y(u) are rewritten as follows
A = ) E\(=n"m; ), (36)
n=1
and
dE n;
() = Z Ex(-nmipn = Z( nol 37)
Because
(-n’n) o~ (-nPn)k
E. (- 2. — — N 71,
0<Bomma) ;(u—k)(ﬁ—k) K <; TR 8
we have
0<A@) = Y Ei(-r’mu) < ) ™™ (39)
n=1 n=1
Also
dE\(-n’m; p) (=n’m)! (i A
0 -~ 7 — N 71,
< d(—n*n) kZ:; (u—-k)u—-k) (k-1)! Z (k—1)! (40)
which gives
_ dE\(-n’m; p1) (-w’m) (=’
2\ (-n*7) 2 1 0
(—n"m)e <(-nn)—— A=) Z(,u 0G0 k=D < 0. 41
Summing equation (41) with respect to n gives
D (=rPme™™ < y(u) < 0. 42)
=1



In addition, we have

X(p) < =rAw).

Substituting equations (29) and (30) into equations (26) and (27) gives

Ll = A

ryu, vV)H(r =

SV 2 V=2 +(1/22\ (=, V=ul+(1/2)
il (p + =525) (1 + =502)

—A=1/2=u)Au—1/2 = u/2) — x(u—1/2 = u/2) — iwA(u — 1/2 — u/2)
FA=1/2+u/2)AW =172 +u/2) — x(u = 1/2 + u/2) + iwA(u — 1/2 + u/2),

and
LU ) oy = At
s u, V)Hr = 5 2 24 (1/22\ [— 2 +(1/2)2
2l o+ =) (7 + =5 )
—A=-12-u/D)AW—-1/2 —u/2) — x(u—1/2 —u/2) —iwAu—1/2 —u/2)
—A=12+u/DANWu—-1/2+u/2) = x(u—1/2 +u/2) —iowA(u—-1/2 +u/2).
Therefore
1 1+ v2—u22-|+—(|1/2)2
Fy =R(L[fi(r;u, HIN)] (W) = 5= V—121(1/2)2 _” 12 +(1/2)2
2l (o + =5 ) (1 + =5
—A=1/2-u/2D)Au—-1/2 —u/2) — x(u—1/2 —u/2)
+A=1/2+u/2D)AWw—-1/2 +u/2) — x(u—1/2 + u/2),
and

)

1
FC :S(L [ﬁ(r’ I/l, V)H(r)] (/'l)) = m (’u 4 Vz_uzz_;_(ll/z)Z) (lj 4 v2_u22_;_(|1/2)2)

- wApu—-1/2-u/2) — wAu—-1/2 + u/2).

Because w = v/2 # 0, F. = 0 only if

1 1

2ul Vo2 +(1/22\ (=, P=i2+(1/2)?
||(“+ 20l )(ﬂ+ 2l )

+Au—-1/2-u/2)+ A(u—1/2 +u/2) =0.

Substituting equation (48) into equation (46) for the fraction gives

Fy

2 _ .2 2
_[/1+ - uzr;l(l/z) ][A(ﬂ— 1/2 = u/2) + Alu — 1/2 + u/2)]

—A=1/2-u/2D)AN(u—-1/2 —u/2) — x(u—-1/2 —u/2)
+A=1/2+u/2))AQw—-1/24+u/2) = x(u-1/2+u/2)

2 2 2
—[2/1—1/2—u/2+v ”2;4(1/2) ]A(ﬂ—l/z—u/z)
v —u? +(1/2)?

- [1/2—u/2+ ]A(]J— 1/24u/2) = x(u—1/2 =u/2) = x(u—1/2 + u/2).

2Jul

8

(43)

(44)

(45)

(46)

(47)

(48)

(49)



For F;, A = 0 and u = iv/2. Therefore

) 2
12 42— 2w+ 172 ]A(iv/2—1/2—u/2)

Fy=
2lul

2 2 2
_12+u2-" “2;4(1/2) ]A(iv/Z— 1/2 + u/2)
+x(@v/2-=1/2 —u/2) + x(iv/2 = 1/2 + u/2)

-0,

+

that is

V2 —u? + (1/2)?
2ul
[vz —u* +(1/2)?

—u/2 - 1/2] A@v/2-1/2-u/2)

—u/2+1/2|{AGv/2 =1/2+ u/2)

2|ul
=x(@v/2=1/2 =u/2) + x(v/2 = 1/2 + u/2).

Because y(u) < —mA(u), we have

v —u?+(1/2)?
2|u|
N [vz —u* +(1/2)?

—u/2 - 1/2] A@iv/2 =1/2 -u/2)

—u/2+1/2({AGv/2-1/2+u/2)

2|u|
<=-m[AG@/2-1/2-u/2)+ AGv/2-1/2 +u/2)].

Rearranging equation (51) gives

v —u? +(1/2)?
2|u|

< % [AGv/2 =1/2=u/2) = AGv/2 = 1/2 +u/2)]
—nm[AG@v/2 =1/2 =u/2) + AGv/2 = 1/2 +u/2)]

Therefore, because A(u) > 0, and A(u) is a monotonically increasing function of |u|, we have

v —u? +(1/2)?
—uj2< 2L g
2l W<

that is to say
vV < u? + ulu| + u - 2nlul — (1/2)%

For |u| < 1/2, we have

V<2 +u-2mi®—(1/2% = 2(n— Dil® +u—(1/2)? <

- u/2] [AGv/2=1/2 =u/2) + AG@v/2 - 1/2 +u/2)]

8(7r—1)_(

(50)

5D

(52)

(53)

(54)

(55)

(56)

Equation (56) means that Fy and F. are not simutaneously zero for u # 0. This is the proof of the

Riemann hypothesis.



4 Conclusion

The Riemann hypothesis is proved true by choosing properly linear combinations of the real and imagi-
nary parts of the Riemann &-function.
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