HARMONIC DISTRIBUTION ON RUNS IN A CHAIN
THEOPHILUS AGAMA

ABSTRACT. We prove that a certain class of infinite sequences
whose finite truncation is an addition chain must have a zero log-
arithmic density. This result is generic and can be applied to par-
ticular known infinite sequences with this property.

1. PRELIMINARIES AND SETUP

Let I[(n) be the length of an addition chain leading to n, denoted
E(n), of the form

En):so=1,51=2,...,85m =n

with 2™ < n < 2™*! such that I(n) := 8(m). By adapting the ideas
of the paper [1], we partition the steps in an addition chain into the
following classes of steps

A:={i : s,=2s,.1} (doubling steps)

B:={i : vs;.1 <s;<2s;_1} (large steps)

1+V5

> 1s the golden ratio

where v 1=

C:={i: (1+9)s;1 <8 <78_-1} (medium — sized steps)

where § := §(m) — 0 as m — oo. In particular
1

B logm

d:=46(m)

D:={i : s, <(1+6)s;—1} (small steps).
We denote the cardinality of the sets to be
#A=A #B=B, #C=C, #D=D.
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We call steps in B,C,D as non-doubling steps. We have therefore the
relation

A+ B+C+ D = B(m).

Because each non-doubling step in an addition chain cannot grow faster
than a corresponding step in a Fibonacci sequence, we have (by induc-
tion) the inequality

2" < < 24y BHOTD — 9tm) (1
-0 2

and we deduce from this relation an upper control for the total number
of non-doubling steps in an addition chain of length 5(m) to be

>B+C+D

Lemma 1.1. Put
En):s,=1,51=2,....85m =n

be an addition chain with l(n) := B(m). Let A,B,C,D be steps in an
addition chain of length 5(m) with cardinality A, B, C, D, respectively.
Then we have

p(m) —m

B+C+D< :
1 —logyy

It turns out that the non-doubling steps in an addition chain have
certain structural pattern.

Lemma 1.2. If j € B, then j — 1 € CUD. In particular, each large
step in an addition chain must be preceded by either a small step or a
medium-sized step.

Proof. Let j € B (large step) then we have by definition
YSj-1 < S5 < 25]'_1

where v := %5 is the golden ratio. Write s; = s + s, with k > [.
The inequality s; = s +s; < 5,1 + 5 with s; < 2s,_; implies that

VSj—1 <85 < Sjo1+ S0
which further implies
(’Y — 1)Sj_1 < Sj_2 <= Sj—1 < 7YSj-2

since y = ﬁ This proves j —1 € CUD. O
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2. THE RUN AND RUN LENGTH OF STEP TYPES IN AN ADDITION
CHAIN

We begin this section with the following definition.

Definition 2.1. Let A, B,C, D be steps in an addition chain as in the
setup. We call a maximal consecutive sequence of steps of a given

type

J1<J2<-+<Jg
such that j; — 1, j4+ 1 cannot be a step of the given type a run of the
step type. We call the number of terms in the run the run length.

In the sequel, we develop bounds for the distribution function » Si
on a run of various types in an addition chain leading to n of the form

En):so=1,5=2,....8m =n
with 2™ < n < 2™*1 such that I(n) := B3(m).
Lemma 2.2. Let

En):s,=1<8=2<-- < 530m)

be an addition chain leading to n with 3(m) > m and 2™ < n < 2™+,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A #B = B,#C = C,#D = D. Furthermore, let

J1 <+ <Ja

be a run of a step of type A. Then

d
1 1 1 1
1—— ) <S <1 =
20(0( 2d>_zs - 2d

k=1 "Ik
for some a, = a,(d) > 0.
Proof. Consider a run
1 <-<Ja
be a run of a step of type A. By induction, we can write
2d+6o 2 Sjq = 28jd—1 e = 2d_15j1 Z 2d

for some 5, := f,(d) > 0. Similarly, we can write
2d—1+,31 > Sj1 = 28]@72 R 2d—28j1 > 2d—l
for some f3; := f1(d) > 0. By induction, we write

d—r+8, _ __ od—r—1 d—r
2 Zde_T—Qde_T_l"'—2 Sj122
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for any 0 < r < d—1and S, := $,(d) > 0. Setting max{3,}?=}, we get

d
1 1
23+a S - S
s=1 ‘ 1 Sk

1
2

1 1 1
mt ot =1l

B

+

Lemma 2.3. Let
En):s,=1<85=2<-- < 530m)

be an addition chain leading to n with 3(m) > m and 2™ < n < 2™+,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A #B = B,#C = C,#D = D. Furthermore, let

1< <Ja
be a run of a step of type C. Then

(3 <55 ﬁ)
d:=

for some a, == a,(d) > 0, where

+
)=

o(m) = and 7y =

logm
Proof. Consider a run
1 <-<Ja

of a step of type C. We can write

(1 +0)sj,-1 < 85, < V8j,-1
so that by induction, we deduce further

(140)* < sy, < y*4HFe

for some S, := B,(d) > 0. Similarly, we obtained (by induction) the
inequality

(1 + 5)d_1 < Sj,—1 < ’}/d_H—ﬁl
for By := B1(d) > 0. We get

(1+0)"" < sy <474
for 0 <r <d-—1and g, := f,(d) > 0. We obtain for the upper bound

d
1 1 1 1
— < = (1-—).
Z& _Z(1+5)8 5( (1+5)d)
By setting max{3,}?=} = a,, we get for the lower bound

1 | 1 1
Z_>Z s+aD: o (1_W>

—~sj S v (y —1)
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Lemma 2.4. Let
En):s,=1<5=2<--- <530

be an addition chain leading to n with 3(m) > m and 2™ < n < 2m+1,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A #B = B,#C =C,#D = D. Furthermore, let

J1<-+<Ja

be a run of a step of type BUC. Then

s (13) <=1 (- o)

for some a, == a,(d) >0 and vy := H‘[ and § := §(m) = —=

logm*

Proof. Consider a run
1 <-<Jad
of a step of type BUC. Then we can write

(1+0)sj,-1 < 85, < 285,-1

so that by induction, we get
(14 0)* < s, < 20HF
for some S, := B,(d) > 0. Similarly, by induction, we can write
Y, by

(1 +5)d—1 < 85,1 < 2d—1+51
for some 3y := p1(d) > 0. Thus

(1404 < s, < 20740

for 0 <r <d-—1and g, := ,(d) > 0. Now, we get for the reciprocal

1 1 1 1
Z?§2(1+5)s:5<1_(1+5>d)'

Similarly for the lower bound of the reciprocal sum, we set max{3,}?-4 =
d

a, and get
d
1 1
S Y g ()

1 "Ik s=1
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Lemma 2.5. Let
En):so=1<5=2< -+ <530m

be an addition chain leading to n with 3(m) > m and 2™ < n < 2™+,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A #B = B,#C = C,#D = D. Furthermore, let

J1 < <Ja
be a run of a step of type D UC. Then

oo () <L =i (-

for some a, == a,(d) >0 and v := +T‘/5

Proof. Consider a run
J1<-<Ja
of a step of type D UC. Then we can write
(1 + 5>de—1 < Sjg < VSja—1

if j4 € C. On the other hand, we get

Sjq < (1 + 6)de_1
if j; € D. By induction, we can write

(140)" <55, <A™

for some B, := B,(d) > 0 and where d’ is the number of steps of type C
in the run. Similarly, we obtain (by induction) the inequality

(1 +5)d/,1 < 841 < ’}/d71+61
for some By := f1(d) > 0. Thus
(1+0)4 " < s, <47t

for 0 <r <d —1and g, := 5,(d) > 0. Now, we get for the reciprocal
sum

Y= Xmer s (wee) <5 ()

We set max{ﬁr . 0 = «a, and deduce the lower bound

d d

1 1 1 1
v loy Lo - _) .
s Attt (v=1) < o




HARMONIC DISTRIBUTION ON RUNS IN A CHAIN 7

Lemma 2.6. Let
En):s,=1<5=2<--- <530

be an addition chain leading to n with 3(m) > m and 2™ < n < 2m+1,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A #B = B,#C =C,#D = D. Furthermore, let

1 <-<Ja
be a run of a step of type D. Then

1 1 1
(14 0)%0 (1 11 0) ) <) -<d

k=1

1
logm*

for some a, == a,(d) > 0 and where 6 := 6(m) =

Proof. Consider a run
J1<-<Ja
of a step of type D. Then we write
Sjq < (1 + 5)de—1
so that (by induction), we can write
Siq < (]. + 6)d+60

for some f, := f,(d) > 0. Similarly, we obtain (by induction) the
inequality
Sju—1 < (1 + 5)d_1+/81

for some B := B1(d) > 0. Thus
Sjg-r < (L4 8)T7H
for 0 <r <d-1and g, := f.(d) > 0. We deduce for the reciprocal
sum
1
1 + 5 stao Z — <d

S .
s=1 k=1 "Jk

M:“

where o, = max{3,}Z}. Thus, we deduce

1 1 |
(14 6)ad (1_ (1+6)d) <) -<d

h—1 I
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Theorem 2.7. Let
En):so=1<5=2<---<530m
be an addition chain leading to n with 3(m) > m and 2™ < n < 2™+,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A, #B = B,#C = C,#D = D. Furthermore, let
1 <-<Ja
be a run of a step of type D. Then

d > loglogn.

Proof. This follows from Lemma 2.6 and using 0 := 6(m) = loglm and

the fact that m > logn. O

Lemma 2.8. Let
En):so,=1<5=2<---<530m

be an addition chain leading to n with 3(m) > m and 2™ < n < 2™+,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A, #B = B,#C = C,#D = D. Furthermore, let

1 <-<Jd
be a run of a step of type AU B. Then

d
1 1 Z 1 1 1
2% 2 =~ s, (v—1) ¥

for some a, == a,(d) > 0.

Proof. Consider a run
J1<-<Ja
of a step of type AU B. If j; € A, then we can write
Sj, = 28j,-1
so that (by induction) we obtain the inequality
2d’ < S, < 2d’+50

for some (3, := f3,(d) > 0, where d’ is the number of steps of type A in
the run. Again, if j;,—1 € A, then we get (by induction) the inequality

2d’71 < Siu1 < 2d’71+ﬁ1
for some f3; := B1(d) > 0. On the other hand, if j; € B, then we write

VSja—1 < Sjg < 285,-1



HARMONIC DISTRIBUTION ON RUNS IN A CHAIN 9

so that by induction, we get

,yd// S S]d < 2d//+60

for some f3, := B,(d) > 0, and where d” is the number of steps of type
B in the run. Similarly, if j; — 1 € B, then we write (by induction)

N < g ) < o1
for some f; := B1(d) > 0. Combining both cases, we can write
VT < 5 < Qb
for 0 <r <d-—1and f, ;== f,(d) > 0. We deduce

N ]

N

For the lower bound, we set max{3,}‘_3 = a, and obtain

1
Z_>225+ao 200 (1_@>

S
k=1 “Jk s=1

Lemma 2.9. Let
En):so=1<5=2<---<530m

be an addition chain leading to n with 3(m) > m and 2™ < n < 2™+,
Denote by A, B,C, D the four types of steps as in the set-up, with #A =
A, #B = B,#C = C,#D = D. Furthermore, let

J1 <+ <Jd
be a run of a step of type AUC. Then

L1 <d L1, 1
a0 2d —k:1 Sjk_(s (1+5)d

1
logm

for some a, == a,(d) > 0, where § := §(m) =

and vy 1=

s
=

Proof. Consider a run
J1 < <Ja
of a step of type AUC. If j; € A, then we can write
Sj, = 28j,-1
so that (by induction) we obtain the inequality
o < 5, < 20+
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for some 5, := f,(d) > 0, where d’ is the number of steps of type A in
the run. Again, if j;—1 € A, then we get (by induction) the inequality
2dl71 S defl S 2d,*1+61
for some (31 := B1(d) > 0. On the other hand, if j; € C then
(14 0)s5,-1 < 8 < V84,1
so that (by induction)
(1 + 5)d" S de < ,yd""rﬁo

for some B, := f,(d) > 0 and where d” is the number of steps of type
C in the run. Similarly, if j; — 1 € C then

(140)" 1 <55, <y 1A
for some f3; := f1(d) > 0. Combining both cases, we can write
(14647 <s;,_, < 20740
for 0 <r <d—1and g, := f.(d) > 0. We deduce for the upper bound

| 1 1 1
2?<Z(1+5)s:5(1_m)'

Ik s=1

By setting max{ & 41 = qa,, we deduce for the lower bound

1
Z Z 25+ao 2ao (1 B ﬁ) :

k= 18]k

U

We are now ready to state the main results of the current studies.
It is a general observation that applies to a certain class of infinite
sequences of positive integers L := {T,,}r°_, with T, = 1, T} = 2 and
that each finite truncation of the sequence

{Tn}mo
is an addition chain leading to T, with the property that for each
k > 1 the finite truncation {7, }*_, as an addition chain leading to T}
has length of runs of steps of type D satisfying the upper bound
< (log ;)¢

for a small € > 0. We define the logarithmic density of L := {T,,}5°_,
as the limit
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if the limit exists.

Theorem 2.10. [The run length-density theorem] Let L = {T,,}>°_,
be an infinite sequence of positive integers with T, := 1, T} := 2 and
T, = T; + Ty for each i > 2. If for any r > 2 the length of the runs
of steps of type D in the addition chain {T,,}" _, satisfies the upper
bound

< (logT,)"~
for a small e > 0, then

1 1
li —=0.
Jm s
n<lz
neL
Proof. Let L := {T,,,}°_, be an infinite sequence of positive integers
with T, :== 1, T} := 2 and T; = T + T}, for each ¢ > 2. For a fixed real
number x > 2, we develop upper bounds for the reciprocal sum

1
2
n<x

nel

where T, is the largest term in L no more than x. The finite truncation
{T.,.,};._ is an addition chain leading to 7,. It suffices to analyze the

reciprocal sum
Z :
n

n<x
nelL

on runs of all types in the addition chain {7},,}" _,. For runs of steps
of type A, Lemma 2.2 gives

1
g — < 1.
meA Tm

For runs of steps of type C, Lemma 2.3 gives

1
Z T < loglogT,.

mec =™

For runs of steps of type BUC, Lemma 2.4 gives

1
— log log T,..
Z T < loglog

meBuCc =M

Similarly, for runs of steps of type C U D, Lemma 2.5 gives

1
Z T < loglogT..

mecuD =M
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For those runs of steps of type AU B, Lemma 2.8 gives
> o<
T '
meAUB

For runs of steps of type AUC, Lemma 2.9 gives

1
Z — <K loglogT,.
T
meAUC
Finally, for those runs of steps of type D, Lemma 2.6 and the require-
ment of the statement gives
1
o 1 TT‘ 1—e
> 7 < (logT)
meD
for a small € > 0. Assembling the contributions of the reciprocal sum
on runs of steps of various types gives

1
Y~ < (logx)" .
n<<(ogx)

n<x
neL
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