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Abstract. We prove that a certain class of infinite sequences
whose finite truncation is an addition chain must have a zero log-
arithmic density. This result is generic and can be applied to par-
ticular known infinite sequences with this property.

1. Preliminaries and Setup

Let l(n) be the length of an addition chain leading to n, denoted
E(n), of the form

E(n) : so = 1, s1 = 2, . . . , sl(n) = n

with 2m ≤ n < 2m+1 such that l(n) := β(m). By adapting the ideas
of the paper [1], we partition the steps in an addition chain into the
following classes of steps

A := {i : si = 2si−1} (doubling steps)

B := {i : γsi−1 ≤ si < 2si−1} (large steps)

where γ := 1+
√
5

2
is the golden ratio

C := {i : (1 + δ)si−1 ≤ si < γsi−1} (medium− sized steps)

where δ := δ(m) −→ 0 as m −→∞. In particular

δ := δ(m) =
1

logm

D := {i : si < (1 + δ)si−1} (small steps).

We denote the cardinality of the sets to be

#A := A, #B = B, #C = C, #D = D.
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We call steps in B, C,D as non-doubling steps. We have therefore the
relation

A+B + C +D = β(m).

Because each non-doubling step in an addition chain cannot grow faster
than a corresponding step in a Fibonacci sequence, we have (by induc-
tion) the inequality

2m ≤ n ≤ 2AγB+C+D = 2β(m)
(γ

2

)B+C+D

and we deduce from this relation an upper control for the total number
of non-doubling steps in an addition chain of length β(m) to be

Lemma 1.1. Put

E(n) : so = 1, s1 = 2, . . . , sl(n) = n

be an addition chain with l(n) := β(m). Let A,B, C,D be steps in an
addition chain of length β(m) with cardinality A,B,C,D, respectively.
Then we have

B + C +D ≤ β(m)−m
1− log2 γ

.

It turns out that the non-doubling steps in an addition chain have
certain structural pattern.

Lemma 1.2. If j ∈ B, then j − 1 ∈ C ∪ D. In particular, each large
step in an addition chain must be preceded by either a small step or a
medium-sized step.

Proof. Let j ∈ B (large step) then we have by definition

γsj−1 ≤ sj < 2sj−1

where γ := 1+
√
5

2
is the golden ratio. Write sj = sk + sl with k ≥ l.

The inequality sj = sk + sl ≤ sj−1 + sl with sj < 2sj−1 implies that

γsj−1 ≤ sj ≤ sj−1 + sj−2

which further implies

(γ − 1)sj−1 < sj−2 ⇐⇒ sj−1 < γsj−2

since γ = 1
γ−1 . This proves j − 1 ∈ C ∪ D. �
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2. The run and run length of step types in an addition
chain

We begin this section with the following definition.

Definition 2.1. Let A,B, C,D be steps in an addition chain as in the
setup. We call a maximal consecutive sequence of steps of a given
type

j1 < j2 < · · · < jd

such that j1− 1, jd + 1 cannot be a step of the given type a run of the
step type. We call the number of terms in the run the run length.

In the sequel, we develop bounds for the distribution function
∑

1
si

on a run of various types in an addition chain leading to n of the form

E(n) : so = 1, s1 = 2, . . . , sl(n) = n

with 2m ≤ n < 2m+1 such that l(n) := β(m).

Lemma 2.2. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type A. Then

1

2αo

(
1− 1

2d

)
≤

d∑
k=1

1

sjk
≤ 1− 1

2d

for some αo := αo(d) > 0.

Proof. Consider a run

j1 < · · · < jd

be a run of a step of type A. By induction, we can write

2d+βo ≥ sjd = 2sjd−1 · · · = 2d−1sj1 ≥ 2d

for some βo := βo(d) > 0. Similarly, we can write

2d−1+β1 ≥ sjd−1 = 2sjd−2 · · · = 2d−2sj1 ≥ 2d−1

for some β1 := β1(d) > 0. By induction, we write

2d−r+βr ≥ sjd−r = 2sjd−r−1 · · · = 2d−r−1sj1 ≥ 2d−r
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for any 0 ≤ r ≤ d−1 and βr := βr(d) > 0. Setting max{βr}d−1r=0, we get

d∑
s=1

1

2s+αo
≤

d∑
k=1

1

sjk
≤ 1

2
+

1

22
+ · · ·+ 1

2d
= 1− 1

2d
.

�

Lemma 2.3. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type C. Then

1

γαo(γ − 1)

(
1− 1

γd

)
≤

d∑
k=1

1

sjk
≤ 1

δ

(
1− 1

(1 + δ)d

)
for some αo := αo(d) > 0, where δ := δ(m) = 1

logm
and γ := 1+

√
5

2
.

Proof. Consider a run
j1 < · · · < jd

of a step of type C. We can write

(1 + δ)sjd−1 ≤ sjd < γsjd−1

so that by induction, we deduce further

(1 + δ)d ≤ sjd < γd+βo

for some βo := βo(d) > 0. Similarly, we obtained (by induction) the
inequality

(1 + δ)d−1 ≤ sjd−1 < γd−1+β1

for β1 := β1(d) > 0. We get

(1 + δ)d−r ≤ sjd−r < γd−r+βr

for 0 ≤ r ≤ d− 1 and βr := βr(d) > 0. We obtain for the upper bound

d∑
k=1

1

sjk
≤

d∑
s=1

1

(1 + δ)s
=

1

δ

(
1− 1

(1 + δ)d

)
.

By setting max{βr}d−1r=0 = αo, we get for the lower bound

d∑
k=1

1

sjk
>

d∑
s=1

1

γs+αo
=

1

γαo(γ − 1)

(
1− 1

γd

)
.
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�

Lemma 2.4. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type B ∪ C. Then

1

2αo

(
1− 1

2d

)
≤

d∑
k=1

1

sjk
≤ 1

δ

(
1− 1

(1 + δ)d

)
for some αo := αo(d) > 0 and γ := 1+

√
5

2
and δ := δ(m) = 1

logm
.

Proof. Consider a run

j1 < · · · < jd

of a step of type B ∪ C. Then we can write

(1 + δ)sjd−1 ≤ sjd < 2sjd−1

so that by induction, we get

(1 + δ)d ≤ sjd < 2d+βo

for some βo := βo(d) > 0. Similarly, by induction, we can write

(1 + δ)d−1 ≤ sjd−1 < 2d−1+β1

for some β1 := β1(d) > 0. Thus

(1 + δ)d−r ≤ sjd−r < 2d−r+βr

for 0 ≤ r ≤ d− 1 and βr := βr(d) > 0. Now, we get for the reciprocal

d∑
k=1

1

sjk
≤

d∑
s=1

1

(1 + δ)s
=

1

δ

(
1− 1

(1 + δ)d

)
.

Similarly for the lower bound of the reciprocal sum, we set max{βr}d−1r=0 =
αo and get

d∑
k=1

1

sjk
>

d∑
s=1

1

2s+αo
=

1

2αo

(
1− 1

2d

)
�
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Lemma 2.5. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type D ∪ C. Then

1

γα(γ − 1)

(
1− 1

γd

)
≤

d∑
k=1

1

sjk
≤ 1

δ

(
1− 1

(1 + δ)d

)
for some αo := αo(d) > 0 and γ := 1+

√
5

2
.

Proof. Consider a run
j1 < · · · < jd

of a step of type D ∪ C. Then we can write

(1 + δ)sjd−1 ≤ sjd < γsjd−1

if jd ∈ C. On the other hand, we get

sjd < (1 + δ)sjd−1

if jd ∈ D. By induction, we can write

(1 + δ)d
′ ≤ sjd < γd+βo

for some βo := βo(d) > 0 and where d′ is the number of steps of type C
in the run. Similarly, we obtain (by induction) the inequality

(1 + δ)d
′−1 ≤ sjd−1 < γd−1+β1

for some β1 := β1(d) > 0. Thus

(1 + δ)d
′−r ≤ sjd−r < γd−r+βr

for 0 ≤ r ≤ d′ − 1 and βr := βr(d) > 0. Now, we get for the reciprocal
sum

d∑
k=1

1

sjk
≤

d′∑
s=1

1

(1 + δ)s
=

1

δ

(
1− 1

(1 + δ)d′

)
≤ 1

δ

(
1− 1

(1 + δ)d

)
.

We set max{βr}d−1r=0 = αo and deduce the lower bound

d∑
k=1

1

sjk
>

d∑
s=1

1

γs+αo
=

1

γα(γ − 1)

(
1− 1

γd

)
.

�
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Lemma 2.6. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type D. Then

1

(1 + δ)αoδ

(
1− 1

(1 + δ)d

)
≤

d∑
k=1

1

sjk
≤ d

for some αo := αo(d) > 0 and where δ := δ(m) = 1
logm

.

Proof. Consider a run

j1 < · · · < jd

of a step of type D. Then we write

sjd < (1 + δ)sjd−1

so that (by induction), we can write

sjd < (1 + δ)d+βo

for some βo := βo(d) > 0. Similarly, we obtain (by induction) the
inequality

sjd−1 < (1 + δ)d−1+β1

for some β1 := β1(d) > 0. Thus

sjd−r < (1 + δ)d−r+βr

for 0 ≤ r ≤ d − 1 and βr := βr(d) > 0. We deduce for the reciprocal
sum

d∑
s=1

1

(1 + δ)s+αo
<

d∑
k=1

1

sjk
< d

where αo = max{βr}d−1r=0. Thus, we deduce

1

(1 + δ)αoδ

(
1− 1

(1 + δ)d

)
<

d∑
k=1

1

sjk
< d.

�
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Theorem 2.7. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type D. Then

d� log log n.

Proof. This follows from Lemma 2.6 and using δ := δ(m) = 1
logm

and

the fact that m� log n. �

Lemma 2.8. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type A ∪ B. Then

1

2αo

(
1− 1

2d

)
≤

d∑
k=1

1

sjk
≤ 1

(γ − 1)

(
1− 1

γd

)
for some αo := αo(d) > 0.

Proof. Consider a run

j1 < · · · < jd

of a step of type A ∪ B. If jd ∈ A, then we can write

sjd = 2sjd−1

so that (by induction) we obtain the inequality

2d
′ ≤ sjd ≤ 2d

′+βo

for some βo := βo(d) > 0, where d′ is the number of steps of type A in
the run. Again, if jd−1 ∈ A, then we get (by induction) the inequality

2d
′−1 ≤ sjd−1 ≤ 2d

′−1+β1

for some β1 := β1(d) > 0. On the other hand, if jd ∈ B, then we write

γsjd−1 ≤ sjd < 2sjd−1
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so that by induction, we get

γd
′′ ≤ sjd < 2d

′′+βo

for some βo := βo(d) > 0, and where d′′ is the number of steps of type
B in the run. Similarly, if jd − 1 ∈ B, then we write (by induction)

γd
′′−1 ≤ sjd−1 < 2d

′′−1+β1

for some β1 := β1(d) > 0. Combining both cases, we can write

γd−r ≤ sjd−r < 2d−r+βr

for 0 ≤ r ≤ d− 1 and βr := βr(d) > 0. We deduce

d∑
k=1

1

sjk
≤

d∑
s=1

1

γs
=

1

(γ − 1)

(
1− 1

γd

)
.

For the lower bound, we set max{βr}d−1r=0 = αo and obtain

d∑
k=1

1

sjk
≥

d∑
s=1

1

2s+αo
=

1

2αo

(
1− 1

2d

)
.

�

Lemma 2.9. Let

E(n) : so = 1 < s1 = 2 < · · · < sβ(m)

be an addition chain leading to n with β(m) ≥ m and 2m ≤ n < 2m+1.
Denote by A,B, C,D the four types of steps as in the set-up, with #A =
A,#B = B,#C = C,#D = D. Furthermore, let

j1 < · · · < jd

be a run of a step of type A ∪ C. Then

1

2αo

(
1− 1

2d

)
≤

d∑
k=1

1

sjk
≤ 1

δ

(
1− 1

(1 + δ)d

)
for some αo := αo(d) > 0, where δ := δ(m) = 1

logm
and γ := 1+

√
5

2
.

Proof. Consider a run

j1 < · · · < jd

of a step of type A ∪ C. If jd ∈ A, then we can write

sjd = 2sjd−1

so that (by induction) we obtain the inequality

2d
′ ≤ sjd ≤ 2d

′+βo
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for some βo := βo(d) > 0, where d′ is the number of steps of type A in
the run. Again, if jd−1 ∈ A, then we get (by induction) the inequality

2d
′−1 ≤ sjd−1 ≤ 2d

′−1+β1

for some β1 := β1(d) > 0. On the other hand, if jd ∈ C then

(1 + δ)sjd−1 ≤ sjd < γsjd−1

so that (by induction)

(1 + δ)d
′′ ≤ sjd < γd

′′+βo

for some βo := βo(d) > 0 and where d′′ is the number of steps of type
C in the run. Similarly, if jd − 1 ∈ C then

(1 + δ)d
′′−1 ≤ sjd−1 < γd

′′−1+β1

for some β1 := β1(d) > 0. Combining both cases, we can write

(1 + δ)d−r ≤ sjd−r < 2d−r+βr

for 0 ≤ r ≤ d− 1 and βr := βr(d) > 0. We deduce for the upper bound

d∑
k=1

1

sjk
<

d∑
s=1

1

(1 + δ)s
=

1

δ

(
1− 1

(1 + δ)d

)
.

By setting max{βr}d−1r=0 = αo, we deduce for the lower bound

d∑
k=1

1

sjk
>

d∑
s=1

1

2s+αo
=

1

2αo

(
1− 1

2d

)
.

�

We are now ready to state the main results of the current studies.
It is a general observation that applies to a certain class of infinite
sequences of positive integers L := {Tm}∞m=0 with To = 1, T1 = 2 and
that each finite truncation of the sequence

{Tm}km=0

is an addition chain leading to Tk with the property that for each
k ≥ 1 the finite truncation {Tn}kn=0 as an addition chain leading to Tk
has length of runs of steps of type D satisfying the upper bound

� (log Tk)
1−ε

for a small ε > 0. We define the logarithmic density of L := {Tm}∞m=0

as the limit

Dlog(L) := lim
n−→∞

1

log x

∑
n≤x
n∈L

1

n
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if the limit exists.

Theorem 2.10. [The run length-density theorem] Let L := {Tm}∞m=0

be an infinite sequence of positive integers with To := 1, T1 := 2 and
Ti = Tj + Tk for each i ≥ 2. If for any r ≥ 2 the length of the runs
of steps of type D in the addition chain {Tm}rm=0 satisfies the upper
bound

� (log Tr)
1−ε

for a small ε > 0, then

lim
x−→∞

1

log x

∑
n≤x
n∈L

1

n
= 0.

Proof. Let L := {Tm}∞m=0 be an infinite sequence of positive integers
with To := 1, T1 := 2 and Ti = Tj + Tk for each i ≥ 2. For a fixed real
number x > 2, we develop upper bounds for the reciprocal sum∑

n≤x
n∈L

1

n

where Tr is the largest term in L no more than x. The finite truncation
{Tm}rm=0 is an addition chain leading to Tr. It suffices to analyze the
reciprocal sum ∑

n≤x
n∈L

1

n

on runs of all types in the addition chain {Tm}rm=0. For runs of steps
of type A, Lemma 2.2 gives ∑

m∈A

1

Tm
� 1.

For runs of steps of type C, Lemma 2.3 gives∑
m∈C

1

Tm
� log log Tr.

For runs of steps of type B ∪ C, Lemma 2.4 gives∑
m∈B∪C

1

Tm
� log log Tr.

Similarly, for runs of steps of type C ∪ D, Lemma 2.5 gives∑
m∈C∪D

1

Tm
� log log Tr.
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For those runs of steps of type A ∪ B, Lemma 2.8 gives∑
m∈A∪B

1

Tm
� 1.

For runs of steps of type A ∪ C, Lemma 2.9 gives∑
m∈A∪C

1

Tm
� log log Tr.

Finally, for those runs of steps of type D, Lemma 2.6 and the require-
ment of the statement gives∑

m∈D

1

Tm
� (log Tr)

1−ε

for a small ε > 0. Assembling the contributions of the reciprocal sum
on runs of steps of various types gives∑

n≤x
n∈L

1

n
� (log x)1−ε.

�
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