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Abstract: Pythagorean triples are generated with Euclid’s formula. But how this formula was derived by or before Euclid is a mystery. We
have derived Euclid’s formula directly from Pythagorean equation and classified all Pythagorean triples in a 3D table. The equation

X? + Y/ = Z? is proven to have infinitely many integer solutions. By comparing Pythagorean equation with Fermat’s equation for n=3 we
were able to explain why Fermat’s equation with n=2 has integer solutions while with n > 3 it has not. We propose an algebraic method to
work Fermat’s last theorem.
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1. Introduction

Fermat’s last theorem is one of the most famous problems in mathematics which was conjectured in a
spectacular way by Pierre de Fermat. More than three centuries later Andrew Wiles has finally proven it.
However, being an algebraic problem Fermat’s last theorem should be proved with algebra. Fermat’s last
theorem states that the Fermat’s equation given below :

Xt+yr=27" (1

does not have integer solution when n > 3.

On the other hand, Fermat’s equation with n=2 is the Pythagorean equation shown below :
X2 +Y?2=2% (2)

which has infinitely many integer solutions. What is the reason that makes Fermat’s equation to have integer
solutions when n=2 but none when n > 3? For answering this question, let’s examine the Pythagorean equation
and its integer solutions which are sets of three integers (X, Y, Z) called Pythagorean triples. The integers

X, Y and Z are generated with Euclid’s formula which is the following three equations:

X=a%-b2
Y =2ab 3)
7 =a?*+ b?

where a and b are two positive integers with a > b > 0. See « Euclid's Elements, Book X, Proposition 29 »,
https://mathcs.clarku.edu/~djoyce/java/elements/book X/propX29.html

How this formula was originally derived and how it is related to Pythagorean equation are mysterious. Also,
Pythagorean triples seem to have some order, but this order is not well understood.
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2. Derivation of the Euclid’s formula

For deriving the Euclid’s formula, we make the change of variable below in the Pythagorean equation (2) :
Z=X+L (4

where L is a positive integer.

The square of Z and Z2 — X? are then expressed with X and L.
Z?=(X+1L)?
=xz4+2xL+12 O
7?2 —X? =2XL +12 6)

Combining Pythagorean equation (2) with equation (6) we can express Y2 with X and L; we divide both sides of
equation (7) with L? and obtain:

Y2=22_X2
—oxp+12 D
Y\2 X
-] =2=4+1 (8
(z) =27+ ®

2
By expressing % as the ratio of two coprime integers a and b, % and (%) are expressed with @ and b :

=2
LY Zb a?
() =5 @
By introducing equation (10) into (8) we express % witha and b :
Z—i = 2%( +1 (11)
X a?-b?
L~ 2b? (12)

In equation (12), X equals the numerator and L the denominator :
X =a?-b% (13)
L = 2b? (14)

Using equations (9) and (14) we get the expression of Y:
Y =2ab (15)

Using equations (4), (13) and (14) we derive the expression of Z :
Z=X+1L
=a® — b* + 2b* (16)
=a? + b?

The equations (13), (15) and (16) are derived from the Pythagorean equation (2) and are the Euclid’s formula
(3) . The derivation of the Euclid’s formula may seem not very important, but it gives us a way to classify all
Pythagorean triples in a completely new way.

3. Classification of Pythagorean triples
The parameter L that we used above is the difference between Z and X, see (4):

L=Z-X (17)

This parameter is the key to classify Pythagorean triples. Equation (14) expresses Z-X with the parameter b :
Z—X=2b?* (18)



which allows X and Z to have many values while keeping Z-X constant. The Pythagorean triples that have the
same Z-X make a series in which the value of b is constant. So, Pythagorean triples are classified into series with
increasing b, that is, series of b=1, 2, 3, ... . Because X is positive, we have a > b, see (13). In one series the
Pythagorean triples are classified with increasing a : a = b+1, b+2, b+3... . For showing concrete examples of
these series, the first 5 Pythagorean triples of the first 5 series are shown in Table 1.

b=1 b=2 b=3 b=4 b=5
a=2,3,4,5,6 a=3,4,5,6,7 a=4,5,6,7,8 a=5,6,7,8,9 a=6,7,8,9,10
Z-X=2 Z-X =8 Z-X =18 7-X =32 Z-X =50
3] 4 5| 5| 12 ] 13 71241 251 9] 40| 41| 11| 60| 6l
8| 6] 10|12 | 16| 20| 16 |30 | 34| 20| 48| 52| 24| 70| 74
15] 81 17121 20129 | 27|36| 45|33 | 56| 65| 39| 80| &9
24 1 10 26 132 | 24| 40| 40 | 42| 58 | 48| 64| 80| 56| 90 | 106
351121 37145 28 | 53| 55148 | 731 65| 72| 97| 75100 | 125

Table 1

In addition to classifying Pythagorean triples with constant Z-X, we can also classify them with constant values
of Z-Y. Let’s express Z-Y and X with a and b as follow, see (3):
Z—-Y =a%*+b?-2ab

— (a _ b)z (19)
X =a? — b?
—@+b)a—-b) @0

We see that X and Z-Y are functions of a + b and a - b . So, we pose the variables ¢ and d:
c=a+b (21)

d=a-b (22)
and express a and b with ¢ and d:
c+d
a= (23)
c—d
b= 24
The expressions of Y and Z with ¢ and d are :
Y = 2ab
o+ dc—d
T2 2 (25)
c?—d?
2
Z=d*+Y
C2 _ d2
— A2
=d*+ (26)
_ct+a?
2
Then, the expressions of X, Y and Z with ¢ and d are:
X=cd
CZ _ dZ
Y= 27
7 c?+d?
2
Then Z-Y equals:
Z—-Y =d? (28)
As'Y is positive, we have ¢ > d; as Y is integer, ¢? — d? must be even, see (27):
c=a+b
=a—-b+2b (29)
=d+2b



Pythagorean triples are classified in series of constant Z-Y, with d =1, 2, 3, ... . In each series, Pythagorean
triples are classified with increasing ¢ which are ¢ =d+2-1, d+2-2, d+2-3..., see (29). The first 5 Pythagorean
triples of the first 5 series are shown in Table 2.

d=1 d=2 d=3 d=4 d=5
c=3,5,7,9,11 c=4,6,8,10,12 | ¢=5,7,9,11,13 | ¢=6,8,10,12,14 | ¢=7,9,11,13,15
Z-Y =1 Z-Y =4 Z-Y =9 Z-Y =16 Z-Y =25
3] 4 51 8 610 15| 8] 17|24 | 10| 26| 35| 12| 37
5112113112 ] 16 | 20| 21 |20 29|32 | 24| 40| 45| 28| 353
7124125116 | 30| 34| 2736 | 45|40 | 42| 58 | 55| 48| 73
9140 | 41 |20 | 48 | 52| 33|56 | 65|48 | 64| 80| 65| 72| 97
11]60] 61124 70| 74| 39180 | 8] 56| 90| 106 | 75| 100 | 125

Table 2

Since ¢ and d are functions of a and b, the Pythagorean triples in Table 2 should equal those in Table 1. By
comparing these two tables, we find that the columns of Table 2 equal the lines of Table 1. So, Table 2 is the
transposition of Table 1, which in fact arranges Pythagorean triples with constant Z-X along the columns and
with constant Z-Y along the lines. We relabel the lines of Table 1 with the values of Z-Y to makes Table 3.

k=1 Z-X=2 Z-X=8 Z-X=18 Z-X =132 Z-X =50

Z-Y=1 3 4 5 511213 712425 9140 |41 |11 60 61

Z-Y =4 8 6110|1216 |20 | 16 | 30 |34 |20 |48 | 52 | 24 70 74

Z-Y=9 |15]| 8|17 |21 20|29 |27 |36|45(33|56|65|39| 80 | 89

Z-Y=16 |24 |10 | 26|32 |24 |40 | 40| 42 | 58 | 48 | 64 | 80 | 56 90 | 106

Z-Y=25|35]12|37 45|28 |53 |55 |48 |73|65|72|97|75]|100 ]| 125
Table 3

Table 3 does not contain all possible Pythagorean triples because if (X1, Y1, Z1) is a Pythagorean triple, the
integer triple (k- X1, k- Y1, k:Z1) where k being positive integer, is also a Pythagorean triple. Let’s call

(k-X1, kY1, k'Z1) a multiple Pythagorean triple. Since most multiple Pythagorean triples are not in Table 3, we
create the tables of multiple Pythagorean triples by multiplying Table 3 with k.

The Pythagorean triples in Table 3 are not primitive triples, for example, the triples in the diagonal (12, 16, 20),
(27, 36, 45), (48, 64, 80), (75, 100, 125) are multiples of (3, 4, 5) while being all in Table 3. We find also
multiples of (8, 6, 10) and (5, 12, 13) in Table 3. These multiples show more orders in Pythagorean triples.

So, we call Table 3 the table of basic Pythagorean triples and mark the first cell with k=1 because the multiplier
k equals 1. The table that equals Table 3 multiplied by k is called page k. As example, the page k=2 is given in
Table 4 .

k=2 Z-X=4 Z-X=16 Z-X=36 Z-X= 64 Z-X=100

Z-Y=2 6| 81010 |24 | 26| 14 (48| 50| 18| 80| 82| 22| 120 | 122

Z-Y=28 16 |12 (20|24 32| 40| 32|60| 68| 40| 96| 104 | 48 | 140 | 148

Z-Y=18 |30 | 16 |34 |42 40| 58| 54|72 | 90| 66 | 112 | 130 | 78 | 160 | 178

Z-Y=32 |48 | 20| 52|64 |48 | 80| 80|84 | 116 | 96| 128 | 160 | 112 | 180 | 212

Z-Y=50 |70 |24 | 74|90 | 56| 106 | 110 | 96 | 146 | 130 | 144 | 194 | 150 | 200 | 250
Table 4

Finally, all possible Pythagorean triples are classified in a three-dimensional table. Along the columns, Z-X are
constant, along the lines, Z-Y are constant, in the page k the multiplier k is constant.

For showing the logic of this classification we have plotted in Figure 1 the series of the second column of
Table 1, with 5=2 and a=3,4,5,6,7. This figure shows four functions :

1. Z — X = 2b? is the horizontal line.

2. Y = 2ab is the straight increasing line.

3. X=a?—-b?and Z = a? + b? are the two parabolas.
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4. Extension of Pythagorean equation

Equation (8) is linear with respect to % We take advantage of this linearity to extend Pythagorean equation. Let’s
2
apply the change of variables p = (%) to equation (8) and derive its reverse:

X
p=2z+1 (30)
X p—-1

=5 (31)

Equation (31) implies that the following equation with j =1, 2, 3... has infinitely many integer solutions :
X2+Y =22 (32)

Let’s prove this claim. First, we take Pythagorean equation and multiply the term Y? with a positive integer G:
X?+G-Y*=7% (33)

By using equation (6) we get :
G-Y?=7%-X?

—2xL+12 (Y
We divide both sides of this equation with L?:
Y\Y X
G-(-] =2—+1 (5
@) =2p+1
By introducing % = % into (35) we get :
a? X
G—=—-1=2— (36
B2 T (30
From (36) we derive the expressions of X and L:
2 _ K2
X_Ga b (3
L %bz )
X=Ga"—-b
L = 2b? %)



. Y a .
Since T =, we get the expressions of Y :

Y=L 2
b (39)
= 2ab
Because Z=X+L, we get the expressions of Z:
Z=X+L
= Ga® —b*>+2b*  (40)
= Ga? + b?

Then, the integer solution of (33) are the following X, Y and Z:

X = Ga? — b?
Y = 2ab (1)
Z = Ga? + b?

When G = Y! with i=1, 2, 3... , equation (33) becomes:
X2+Yy¥i =72 (42)

By introducing G = Y' into (41), we get the expressions of X, Y and Z with g and b :
X = (2ab)ta? — b?
Y = 2ab (43)
Z = (2ab)a® + b?

These X, Y and Z are the infinitely many integer solutions of equation (42) .

The equations X2 + Y = Z% and X2 + Y2 = Z? are the equation (32) with j = 1, 2 and have infinitely many
integer solutions. Equation (42) is the equation (32) with j=3, 4, 5... and has infinitely many integer solutions.
So, equation (32) have infinitely many integer solutions withj =1, 2, 3... .

For checking the validity of this claim, we have computed four series of X, Y and Z with j=3 and b=1, 2, 3, 4.
These series are solutions of the equation below:

X2+Y3=27% (44)

and are computed as follow :

Y = 2ab
X=Ya?—b? (45)
Z =Ya? + b?
and shown in Table 5.
b=1 b=2 b=3 b=4
a=2,3,4,5,6 a=3,4,5,6,7 a=4,5,6,7,8 a=5,6,7,8,9
X Y V4 X Y Z X Y Z X Y Z

225 64 289 2809 216 3025 16129 512 16641 62001| 1000 63001

10816 1728 12544 63504| 4096 67600] 246016| 8000 254016| 739600 13824| 753424

140625| 13824| 154449 549081| 27000] 576081 1656369 46656| 1703025| 4198401| 74088| 4272489

968256| 64000] 1032256] 2930944|110592| 3041536] 7441984|175616| 7617600 16646400| 262144| 16908544

4558225|216000] 4774225| 11594025|343000| 11937025]25959025|512000{ 26471025 52780225| 729000| 53509225

Table 5

In addition, since G can be any positive integer, we claim the Theorem 1:
For G(Y) being any positive integer function of Y, the following equation has infinitely many integer solutions :
X*+GY) Y2=7% (46)

Corollary:
With (4, Y" + A, Y"1 + -+ A;Y + A,) being a polynomial of Y with positive integer coefficients, the
following equation has infinitely many integer solutions :

X2+ (A Y+ A, Y+ -+ )Y +ADYE =22 (47)



5. Fermat’s equation with n=3

The study of Pythagorean triples shows that the method with the change of variable Z = X+L is efficient. Let’s
call this method “Z=X+L method” and apply it to the following Fermat’s equation with n=3 and transform it to
express Y3 :

X3+v3=73 (48)
Y3 — Z3 _X3
—x+Lp-x2 ¥

We divide both sides of (49) with L3:

We develop ()L—( + 1)3 and get the expression of (Z)3 :
X X X X
(1) =(F) +3(7) +3(z)+1 @»
N /X X
@) =G+) - ()
X\ X
=3(7) +3(7)+1

Let’s pose the rational variables ¢ and s such that :

—X 53
t—z (53)

2

3—3(6 +3€>+1
S =2\1 L (54)
=3t2+3t+1

If Fermat’s equation with n=3 were true, s should be rational, see (52) and (54):

_Y
S=7 (59)

We transform (54) into the following quadratic equation which we solve :

2 1 o3y —
t +t+3(1 s3) =0 (56)

-1+ /1—%(1—53) 57)

2

The solution of this equation is :

t =

The solution t = % is rational, so the square root must be rational. Let’s denote the square root as r and express ¢

r= %(453 —1) (59)

(59)

with 7 :

The expression of # is:

r? = %(453 —1) (60)



The parentheses is factorized using the formula a® — 1 = (a — 1)(a? + a + 1):
113
453 —1 = (455) -1

1 2 1 (61)
= (455 — 1) (4552 +43s + 1)
which we introduce into equation (60):
1 1 2 1
r? = §(4§s - 1) (4552 + 435 + 1) (62)
Let’s write  as the product 77", with »’= r. So 7* can be written in the form of 4 factorizations :
1
H r=1 = 5(453 -1 (63)
1 !
2) r=3 r'=4s3-1 (64)
1 2 1
3) r= 5(435 - 1) T =435+ 435+ 1 (65)
1,2 1
4 = 4§5 -1 = 5(4352 +43s + 1) (66)

The first factorization gives » = 1. Then, equation (59) gives:
t=0or—1 (67)

As % is bigger than zero, t = % does not equal 0 or -1. So, equation (67) cannot satisfy Fermat’s equation.

. . . 1 :
The second factorization gives r = 3 which makes :

1
§ =453 -1 (68)
1
3= 69
s*=3 (69)
- (70)
S=-=
3
Ass =- 1s rational, see (55), it does not equal the 1rrat10na1 So equation (70) cannot satisfy Fermat’s

equatlon

The third and fourth fact0r1zat10ns equatlons (65) and (66) can be analyzed together. These equations give
r=- (435 - 1) or 435 — 1. Since s = - 1s rational and 43 irrational, the resulting  is irrational in both cases.

So, equations (65) and (66) cannot satlsfy Fermat’s equation.

In summary, equations (63) gives O or -1 to t = i—( , (64), (65) and (66) give irrational values to s = % . So, the

four factorizations are all invalid. Since the expression of 7 in equation (60) can be factorized only in these 4
ways which are all invalid, we conclude that Fermat’s equation with n=3 does not have integer solution and the
Fermat’s last theorem for n=3 is true.

Of course, this is not the first proof of the case n=3, but it shows that the “Z=X+L method” can be used to work
with Fermat’ equation.

6. Why does Fermat’s equation with n=2 have integer solutions ?

Fermat’s last theorem states that Fermat’s equation does not have integer solution for all n except 2. Then,
proving Fermat’s last theorem needs to explain why with n=2 Fermat’s equation has infinitely many integer
solutions. With the knowledge we have acquired in deriving the Euclid’s formula, we now can explain what
makes Pythagorean equation so particular within the group of Fermat’s equation.



2
Let’s introduce the change of variables p = % andt = %into the equation (%) =2 i—( + 1 to obtain (71) and its
reverse :
p2=2t+1 (71)
p*—1
5 (72)

2
Since p? = (%) is a rational number and equation (72) is linear with respect to p?, t = % is rational. Then X, L

and Z=X+L are integer. In summary :

1. Integer Y and L give rational p? .
2_
2. Because the function t = pTl in (72) is linear, rational p? gives rational t = % .

3. Rational t = % gives integer X, L and Z.
In consequence, Pythagorean triples exist because the function 2 % + 1 in (8) is linear with respect to X.

Above, t = % is generated with integer Y. In the reverse direction, to generate Y with integer X, we take the

Y ’X
_ = _ 73
T 2L+1 (73)

The function 2 % + 1 with integer X does not necessarily equal the square of a rational number, in which case, Y

square root of equation (8):

will be irrational. For example, for X=5, L=2, we have :

2X+1—25+1
L 72 (74)

In this case, Y = /6 is irrational.

How should be the integer X to generate integer Y? Let’s introduce p = % into (72) to get the resulting ¢:

3@ oo

Then we introduce this ¢ into (71) and get:

Here, p? equals the square of a rational number because 1 — 1 = 0. So, for an integer X to give integer Y, the
2
value of t = % should contain the square of a rational number (%) in the form of equation (75). I call the
a

2 2
rational number %((%) - 1) solution “by chance” because it gives the square of a rational number (b) while

2
not being the square (% + 1) .

The solution “by chance” for Pythagorean equation is the following , see (3) and (27):
X=cd, Y = 2ab, Z=a?>+b* (77)



This solution has a particular form, that is, the X and Y are products of integers. For n = 3, we have solved
equation (56) which shows that the solution t = % cannot be a product of rational numbers, see (57). This is

3
because G) is nonlinear with respect to X, see (52):

B =) sxer o

So, for whatever integers Y and L, the solution X would be irrational, which implies that solution “by chance”
does not exist for Fermat’s equation with n=3.

In conclusion, Pythagorean triples exist because the function 2 % + 1 is linear with respect to X which allows

solutions “by chance” to exist. Fermat’s equations with n > 3 is nonlinear with respect to X, which exclude
integer solution.

For illustrating the difference between Pythagorean equation and the Fermat’s equation with n=3, we have
plotted the functions Y2 and Z? — X? in Figure 2. These functions are computed with L=2. The blue parabola is
Y2, the green straight line is the function Z2 — X2. We see that Z? — X? is well a linear function. The markers
indicate the points of Z2 — X2 where X are integer and the points of Y2 where Y are integer. The red horizontal
lines indicate where Y? equal Z2 — X? when X and Y are both integers.
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Figure 2 Figure 3

On the other hand, we have plotted in Figure 3 the functions Y3and Z3 — X3 for the Fermat’s equation with n=3.
These functions are also computed with L=2. The blue curve is Y3 and the green curve is Z3 — X3 which is well
nonlinear. The markers indicate the points of Y3 where Y are integer and the points of Z3 — X3 where X are
integer. The horizontal lines hit all blue markers but none of the green markers, meaning that no integer Y3
equals integer Z3 — X3 .

Figure 2 and Figure 3 show well that the linear function Z? — X? makes integers X to correspond integers Y,
while the nonlinear function Z3 — X3 cannot.

Figure 4 is another view of the Fermat’s equation with n = 3. We have plotted the function Z3 — X3 with L=6,
and two examples of Y3: the curves of Y3 = (X + 2)3 and Y3 = (X + 4)3 . These curves intersect with Z3 — X3
roughly at X=18 and X=12 respectively. The points of intersection correspond to solutions of the Fermat’s
equation with n = 3. Figure 5 is a close-up at X=18, which shows that the intersection does not occur at X=18
but at an irrational X. So, the solutions X’s are real numbers but not integers.
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Y=X+2 or X+4, Z=X+6 Close-up on the point X=18
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7. Fermat’s last theorem with algebra

Below are some of my reflections about proving Fermat’s last theorem with the “Z=X+L method”. The

advantage of the “Z=X+L method” is that it downgrades the degree of the Fermat’s equation by one. For

example, the degree of the function Z? — X2 is two, after applying Z=X+L to Z? the function becomes:
X+ L)?—X?2=2XL+1* (79

which is of degree one.

Fermat’s equation withn > 3 is :
Xt+yr=27" (80)

to which we apply the change of variable Z=X+L to express Y" with X and L :
yn = zn — xn
=X+L)"—-X" (1)

We develop (X + L)™ with binomial theorem:

_ yn n—-1 n 272 4 ... n -1, n
(X +L)" = X" +nX L+(2)X" 2 + +(n_ )XL" +I7 (82)

1

Then, the polynomial expression of Z™ — X™ is :
I"—X"=X+L)"-X"
_ n—-1 N yn-272 4 ... n n-1_4 yn (83)
= x4+ ()X 22 e (1 )X 4L

of which the degree is n-1 instead of n.

a) Polynomial analysis

[ ]
For proving Fermat’s last theorem, we have to show that Z™ — X™ equals the ™ power of an integer number.
Let’s take an arbitrary integer and express it as X-+K. The binomial expansion of (X + K)™ is:

n_ yn n—-1 N vn-2p2 4 ... n n—-1 n
X+ K" = X" +nX K+(2)X K%+ +(n_1)XK +K (84)

Comparing this polynomial with the polynomial of Z™ — X™ given in (83), we find that (83) lacks the term X" .
So, Z™ — X™ could not equal (X + K)™. Let Y=X+K, then we have Z™ — X™ # Y™ and then:
Xt+Yr+Z™" (85)

This seems to demonstrate Fermat’s last theorem. However, there still is a possibility that, like with Pythagorean
equation, Z™ — X™ equals (X + K)™ “by chance” for particular values of L and K. For excluding this possibility,
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we use the method of proof by contradiction and suppose that L and K satisfies the following equation “by
chance”:
X+L"=-X"=X+K)" (86)

Because X" >0, we have:
X+L)">X+K)" (87)

Then, L is bigger than K:
L>K (88)

We choose that :
K>0 (89)

So, the integer K must be within the interval [1, L-1]:
1<K<L-1 (90)

Since L > K, L can be expressed as L=K+J which we introduce into (83):
Zr =Xt =nX K 4 D) + () X2+ )2 e () XE DT R O1)

If we develop all (K + J)* and rearrange all the terms, we will get the following equation:

n_ yn — n—-1 n 212 4 ... n -1
7" — X" = F(X,K,],n) + nX K+(2)X” K? + +(n_1)XK" +K* (92)

where F(X, K, ], n) is a very complex expression.

Because we suppose that equation (86) is true, the function in (83) should equal that in (84) and then :
F(X,K,J,n) = X" (93)

Because F(X, K, J,n) is very complex, it is very hard to prove (93) wrong and thus, to exclude solution “by
chance” with polynomial analysis only.

[ ]
Let’s see equation (86) from another angle. The left hand side of (86) is the expression of (X + L)™ — X™ given
in (83). The right hand side is the n' power of Y, Y™. Then equation (86) can be written as:
n—-1 N yn-272 4 ... n -1 _
nXv U+ (G) X2 4 (1 )X = (94)
As Y™ is the n' power of an integer while the left hand side is not, the solution X of this equation is surely

irrational. For example, the third degree Fermat’s equation with L=1 is :
X+1D3-X3=Y3 (95

The function (X + 1)3 — X3 equals:
FX)=3X2+3X+1 (96)

For X=1, 2, 3, 4, 5, the value of f(X) are shown in the second line of the following Table :

X 112 |3 |4 |5

fX) 7119137161091
Table 6

Because none of 7,19,37,61,91 are third power of an integer, the values of Y in the following equations are

irrational :
Y =37
=19
Yy =337 (97
=61
Y = Y91

This indicate that for equation (94), if X is an integer, Y should be irrational and vice versa. This example shows
that proving the solution X is irrational for all # and Y is equivalent to proving Fermat’s last theorem.
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b) Rational number analysis

Fermat’s equation has three variables: X, Y and Z. We can reduce the number of variables to two by dividing
equation (86) with X" :
X+K)" X+L)"-X"

- - (98)
We introduce the following change of variable into (98):
K L
=— == (99
a=+,  B=5 09

and equation (98) becomes :
A+a)"=1+p"—-1 (100)

The binomial expansion of (1 + a)™ is:
Q+a)"=1+na+ (;‘)az + ot (n i 1) a™t+a™ (101)

The binomial expansion of (1 + g)" is:
n n
A+B =1+nB+(3) B2+ +(, = ) B+ 8" (102)

We name the right hand side expression of (100) as the function f(f) :
fA=a+p" -1

:nﬁ+(;)ﬁ2+...+(n21)ﬁn—1 +Bm (103)

Compared with the binomial expansion of (1 + @)™ in (101), the function f'(5) lacks the first term which is 1.
So, f(f) does not equal (1 + a)™ . Since /+« is an arbitrary rational number, f'(5) would not equal any
rational number to the power n, which indicates that equations (98), (86) and (80) could be wrong. However, we
have to exclude the possibility of solution “by chance”. For doing so, we make the change of variable f=y+¢ in
equation (103):

f@® =ny+8)+(3) G+ +-+(, 2 o+t + G+ (104)

If we develop all (y + &)! and rearrange all the terms, we get the following equation:
n

fB) =g, 6n)+ny+ (2) Y4t (n " 1)Y”‘1 +y* (105)

For f(#) to equal a rational number to the power n, that is, f (8) = (1 + y)™, the term g(y, §, n) should equal 1:
gv,6,m) =1 (106)

I think that proving g(y, §, n) = 1 wrong is very hard, even impossible.

¢) Multidimensional space analysis

Let’s introduce the binomial expansions of (1 + @)™ and (1 + )™ into (100) which then becomes:
n

ona (e ot (o0 e v a4 (s () g 0

We gather all the terms on the left hand side and rearrange all the terms as below:

tna@—p)+(5) @ = +-+(, " )@ =) + (@ =) =0 (108)

We write (108) in the form of matrix equation :
1

a—p
RN B R | R BT

n-1 _ pn-1
a B
a™ — ﬁn
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We define the two vectors U and V as follow :

U= [1n(;)(nf 1),1] (110)
1

.
2 _ 2

v=| * 75 (111)
an—l_ﬁn—l
a,n_ﬁn

Then, equation (109) is simply the following dot product :
uv=0 (112)

The vector V is the solution of equation (112). This equation has integer solution because we know a trivial
solution of (112) which correspond to:
1-1D"=0 (113)

We develop (1 — 1)™ with binomial theorem and write it in matrix form:
A=t =140+ (5) D2 ++(, ") O+ (=)

-1
_ n n 1
=t ) - GI) 2 ()
(-
="
=U-V,
where the vector Vo is :
1
-1
vo=| L (115)
(-
="

Because (1 — 1) = 0, the dot product U - V, equals 0:
U-Vy=0 (116)

So, V0 is an integer solution of equation (112).

In fact, the dot product U-Vy = 0 means that the vector V) is orthogonal to U. Let’s compare the components of V'
with those of Vs . Equation (111) shows that the components of V are:
l,a—[)’,az—[)’2,«'«,01"‘1—[)’"‘1,0{"—[)’" (117)

which have all the same sign except the first 1, while those of Vy are alternately positive 1 and negative 1.
Because the signs of the components of Vy and V do not match, V does not equal Vp:
1 1
a—p -1
2 _ p2
A 1 (118)
a1 — ﬁn—l (_1)"_1
a™ — ﬁn (_1)11
V£V, (119)

However, this inequality does not prove that U-V # 0 because there are many vectors that are orthogonal to U.
For showing that equation (109) is wrong we have to show that the vector V is not orthogonal to U.
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The vectors U and V have n+1 components, so they are objects of a space with n+1 dimensions. In this space

there is a subspace that is orthogonal to U. All the vectors that are orthogonal to U belong to this subspace and

are defined by the following equation:
Uw=0 (120)

where W being an arbitrary vector orthogonal to U and member of the subspace .
This subspace has n dimensions, so the vector W can be expressed as a linear combination of a set of n

independent vectors v/, v2, ..., ¥n-1, Vn:
W =b,v, + b,v, +--+ b, 1V, + bV, (121)

We set that all the vectors v; with i=1, 2, 3, 4, ... , n are orthogonal to U such that the dot product U- W equal
Zero:
U-v,=0 (122)

The vectors v; are constructed one by one. Let’s construct the first vector v; as follow:

1 1

| [aror @2 )
v=| 4 [=| " 1 (123)

h :

el 1

We check that v is really orthogonal to U by verifying that U-v1=0, see (110):

1
U-vl:1—n;(1+0+(Tzl)+-~+(nf1)+1)+(;)+~-+(nfl)+1 (124)
=0

Then, we construct the other vectors v; in the same way. The vectors v; are defined with their components e;/:

v,=| % | (129

withi=1,2,3,4, ... ,n.
We write the components of U as follow :

a,=1,a, =n,a, = (121),...(1,1_1 = (nzl)’a" =1 (126)

Then, the i component of the i vector vi equals:

el = LG~ (127)
a

' i
with j=0, 1,2,3,4, ..., n.

The other components of v; equal 1: _
el =1,exceptj=1i (128)

This ways, all the vectors v; are constructed and are expressed as follow :

1 1 1 1
2a—a; 1 1 1
T a 29~ d 1 A
v, = 1 YUy = a, »Un-1 = 30— ayy U = 1 (129)
1 1 T a4, _Xa—ay
1 1 1 an
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By introducing (129) into (121) we get the general expressmn of W-
L Y
a,
a—a
b, —b2L+ vt by_y + by,
W= 2 (130)

Z aj —ap—1
£33 ™m-1 + bn
an-1

Zaj_an

an

O byt by + by

b1 + b2 + et bTL—l

by + by + -+ by_y — b,

If a vector F; is in the subspace orthogonal to U, we can derive the coefficients b; that give the corresponding
W=V by solving the equatlon below:

L Y

a

a
Z’ N
a4 =V, (131)

Za' —Qan-1
]—_|_ bn
an-1

Zaj_an

an

O byt ot by + by

b,

bl + b2 + et bn—l

by+b, + -+ by_y — b,

For example, the coefficients b; for the vector V) defined in (1 15) is the solution of the following equation:

Z 2 by 4ot by + by
a,
Za -1
b, ” 2 e 4by,+b, |
WZ = : i')'n_l (132)
a]' _an_l -
b, + b, +~~—bn_1T+bn (—1)n
a —a
m+@+m+mq—mgi—l
L an

We notice that the first line of equation (130) is not present in (132). This is because equation (130) has n+1
lines while the number of the unknown b; is n. For the coefficients b; to satisfy equation (130), the first element
of the resulting W must equal that of V5, that is :

by +b,++b,_;+b, =1 (133)

For checking the validity of (130), we compute three examples of Vo by solving the equation (132) with
n=3, 4 and 5 . The solutions for these examples are the coefficients b;, i=1, 2, 3, 4, 5, shown in Table 7.

n=3 n=4 n=>5
bi=0.750 bi=0.5 bi=0.313
b=0 b=0 b=0
b3=0.25 b3=0.5 b3=0.625

b+=0 b+=0

b5=0.063
bi+bx+bs=1 bi+bx+bs+bsi=1 bi+bx+bs+bs+bs=
Table 7

The last line of Table 7 shows that the resulting b; respect the equation (133). So, these examples of W equal
well the vector V) for n=3, 4 and 5.
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Now, let’s see if the vectors V defined by (111) can be expressed using equation (121). For doing so, we
compute three examples of Vs by solving the equation (131) with n=3,4 and 5 and a = % , b= % . The
corresponding coefficients b; are solutions of the following equation:

- @ —a _
_blL‘}' b2 + A + le—l + le
a,
Y.a —a, a—p
bl_sza—2+"'+bn_1+bn az—ﬁz
“ee Z = ) .o . (134)
—— 4~ An-1 a = e
b, + b, + b,_, o + b, an — gr
a—a
m+@+m+m4—mgi—l
L an
The resulting b; are shown in Table 8.
n=3 n=4 n=5
Components of V3 bi for W3, Components of Vi bi for Wy | Components of Vs bi for Ws
a—f=-0.143 bi=-0.488 a—pB=-0.143 bi=-0.67 a—f=-0.143 bi=-0.838
a’— B2 =-0.184 | bh»=-0.503 a’?—p%= —0.184 | b=-1.021 | a2 —p%=-0.184 | b=-1.69
a® — B3 =-0.178 | b=-0.167 3—p%=-0.178 | b=-0.679 3—p3=-0.178 | bs=-1.688
a*—B*=-0.154 | b+~-0.168 41— p*=-0.154 | b~=-0.84
a’ — B%=-0.125 | b=-0.167
bi+ b2+ bs=-1.157 b1+ b2+ b3+ bs=-2.539 b1+ b2+ b3+ bs+ bs=-5.223
Table 8

The last line of Table 8 shows that equation (133) is not satisfied by the solutions because the first components
of W3, Wy and Ws are -1.157, -2.539 and -5.223, see the last line of Table 8, while those of V3, V,and Vs are all
l:

r—1.1571 r 1
a—p a—
W3 = az _ﬁz ,V3 = az _ ﬁz = W3 * V3 (135)
_a3 _ ﬁS_ _a3 _ 53-
r—2.5391 1
a—pf a—
w,=|a®=p*|v,= |* —B*|=>w, £V, (136)
ad — ﬁ3 ad — ‘33
la* — B4 la* — g
—5.223 1 17
a—p a-—
a?— ﬁz a? — ﬁz
WS = a3 _ﬁS 'VS = a3 _33 = W5 * V5 (137)
a4- _ ﬁ4 a,4- _ ﬁ4
aS _ ﬁs_ _O.’S _ ﬁs_

Because UW3=0, UW,;=0and UWs=0,but W= V3, Wy V4 and Ws= Vs, then U- V3#0, U- V4= 0 and
U- Vs # 0 and the vectors V3, V4 and Vs are not orthogonal to U.

These examples indicate that the vectors V defined with & and S in (111) could be not orthogonal to U. This is
the first indicator that the vectors ¥ would not satisfy Fermat’s equation.

Secondly, the number 1 to n components of V are all negative because a < f , see (99), while those of W would
have different sign. This is the second indicator that vectors V" would not satisfy Fermat’s equation. If we could
prove either of these two indicators, we would have proven Fermat’s last theorem.

For giving a visual sense of the orthogonality between the vectors W and U, I have drawn the case of a 3D vector

U in Figure 6 . All the components of U are positive. The subspace orthogonal to U is the plane, all vectors
belonging to the plane are vectors W and are orthogonal to U .
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U
X
Plane
orthogonal w
to U
Figure 6

In the 3D space the components of the vector V defined with wand § are 1, — 8, a? — 2 . Suppose that these
aand B do not correspond a solution “by chance”, then the vector W corresponding to @ — 8, @ — 2 has its
first component different than 1 and the vectors V are not orthogonal to U, see the last line of Table 8. Figure 6
is a visualization of the equations (110) and (114) and shows a geometrical sense of Fermat’s equation.

For the general case with n > 3, because W is a linear combination of v/, v2, ..., ¥u1, ¥, | think that proving
equations (112) wrong would be much easier than proving equations (93) and (106) wrong . Because W and U
are in a space with n+1 dimensions, the N-complex number system that I proposed in

« N-complex number, N-dimensional polar coordinate and 4D Klein bottle with 4-complex number »
https://pengkuanonmaths.blogspot.com/2024/06/n-complex-number-n-dimensional-polar.html

could be useful to the demonstration.

In consequence, the proof of Fermat’s last theorem with algebra could be within reach with multidimensional
space analysis. However, I’'m not able to prove it now. So, I hope that someone more competent than me could
carry this proof out or even could take advantage of my analysis to solve other mathematical problems.

d) Where is the condition n=2?

In this chapter we have studied Fermat’s last theorem with n > 3 without the need of the condition n # 2. This
could mean that the above analyses would be valid for n=2, which would contradict Pythagorean equation. How
can we solve this contradiction? Let’s recall that in the section “Why does Fermat’s equation with n=2 have
integer solutions” we have explained that solutions to Pythagorean equation cannot be in the form (X + K)2. In
the same way, we have shown that with n > 3 the function (83) cannot be in the form (X + K)™ . So, the analyses
about binomial expansion apply to Pythagorean equation too.

On the other hand, solutions “by chance” exist for Pythagorean equation because it is linear with respect to X.
But with n > 3, the function (X + L)™ — X™ is nonlinear with respect to X. So, the analysis for the case n > 3
about solutions “by chance” do not apply to Pythagorean equation.

In consequence, the proof of Fermat’s last theorem with algebra contains two parts:
e The function (X + L)™ — X™ cannot be transformed into the form (X + K)", forn=2, 3, 4, 5... . This
part applies to Pythagorean equation.
*  Fermat’s equation for n > 3 does not have solution “by chance” because it is nonlinear with respect to
X, while Pythagorean equation is linear with respect to X. This part concerns only the case for n > 3.

In conclusion, there is no contradiction with Pythagorean equation because the first part is valid for Pythagorean
equation, and the second part does not concern Pythagorean equation.

8. Discussion

In this article we have used the “Z=X+L method” which has allowed us to derive Euclid’s formula directly from
Pythagorean equation. This derivation shows that Euclid’s formula and Pythagorean equation are two equivalent
formulations of the same thing. I do not know if the derivation of Euclid’s formula were known.

We have classified all Pythagorean triples in a 3D table. The lines of this table are series of Pythagorean triples

with the same gap Z-Y, the columns are series with the same gap Z-X and the pages are 2D tables with the same
multiplier k.
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We have extended the Pythagorean equation and proven that the equations X2 + G + Y2 = Z?2 where G being any
positive integer, have infinitely many integer solutions.

We have proven Fermat’s last theorem for n=3 with a new method by solving the Fermat’s equation with n=3
and have shown that all the solutions of this equation contain irrational number.

We have explained why Pythagorean equation has integer solutions although being a Fermat’s equation. So, the
real exception of Pythagorean equation within the group of Fermat’s equations is that Pythagorean equation has
solutions “by chance”. This is a new understanding about Fermat’s equation.

Fermat’s last theorem being an algebraic problem, it would be better to prove it using algebra. We have analyzed

Fermat’s equation with the “Z=X+L method” which is an algebraic method, although we have not proven the
theorem .
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Letter to readers

In this article I have presented several results of my work. For example:
1. Derivation of the Euclid’s formula
2. Classification of Pythagorean triples
3. Why does Fermat’s equation with n=2 have integer solutions ?

These results are presented in logical order, that is, result 2 is derived from result 1, result 3 from results 1 and 2
and so on. But this is not the order in which these ideas came in my mind when I worked on this subject. I think
that the order in which ideas come shows how the mind works in research. Also, I have learned some lessons in
doing this work. I would like to share with you these aspects of my research.

At first, | wanted to prove Fermat’s last theorem with algebra, which I failed. I know that the most brilliant
mathematician in history have tried without success and that taking this challenge makes me looking pretentious.
But I still wanted to give it a try. So, the first idea was this wild intention: to prove Fermat’s last theorem with
algebra.

In 2015, I have already written the article «On Fermat’s last theorem»
https://pengkuanonmaths.blogspot.com/2015/07/on-fermats-last-theorem.html. Although this was a failed try, I
still got a very insightful remark from a reader which was: “where is n=2 ? ”. This remark made me think: “Why
does Fermat’s equation with n=2 have integer solutions ? ”. This remark was the real inspiration for writing this
article. I want to give credit to this reader, but unfortunately, I cannot find out who he is and in which discussion
forum he made his remark.

For searching “Why does Fermat’s equation with n=2 have integer solutions ? ” I have tried many unsuccessful
ideas and produced many formulas. Finally, I stumbled on the following equations for a special case :
X=L({1+2D)
Y =2L1+1?) (138)
Z=2LU+1H)+L=Y+L

I noticed that Z =Y + L means that the gap between Y and Z could be maintained constant while Y and Z having
different values, which made me think that I have touched the inherent order of Pythagorean triples.

For solving Pythagorean equation, I had the idea of the change of variables % = % which seemed at first

2
meaningless, but I nevertheless introduced it into the following equation: (%) =2 % + 1, see (8), which
surprisingly gave the Euclide formula and finally gave the classification of Pythagorean triples.

In summary, the natural order of ideas was:

The wild intention: proving Fermat’s last theorem with algebra.

Asking the question: “Why does Fermat’s equation with n=2 have integer solutions ?
Bumped by accident into the hidden order of Pythagorean triples.

“Derivation of the Euclid’s formula ”

“Classification of Pythagorean triples”

The solution of the question: “Why does Fermat’s equation with n=2 have integer solutions ?

A

The natural order of ideas shows that a work of research never goes in a straight way which would go this way:
result 1, result 2, result 3, ..., final result. But instead, ideas come in a zigzagging order. First, you set your final
objective, then you propose an idea that could possibly prove your final objective. This idea is a feeling rather
than a logical deduction. Then, by need of proving your final objective with this idea and proving that this idea is
itself true, you need to propose other ideas in intermediate steps. It is in this forth and back process that all your
ideas come up and finally ripen into a well-structured demonstration.

In doing this work I have gotten valuable lessons. The first one is to dare taking impossible challenge. Most
people hesitate to take subjects that are deemed impossible by mainstream experts because such subjects may
mean waste of time on something with no hope of success and could make you looking ridiculous. For example,
I have failed to prove Fermat’s last theorem with algebra. However, if I did not try, I would never get the
interesting results “Derivation of the Euclid’s formula ”, “Classification of Pythagorean triples” and the
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explanation of “Why does Fermat’s equation with n=2 have integer solutions ? ” So, making bold objective is a
way to success.

The second lesson is that discoveries are often made by accident. My primary objective was to prove Fermat’s
last theorem. But in pursuing this objective I have stumbled on mathematical laws which are unsuspected. If no
one searched for classifying Pythagorean triples or deriving Euclid’s formula, these laws would never be
discovered except by accident. So, pay attention to the smallest unexpected-outcome and be curious about what
it signifies. Unintended outcome is a way to success.

The third lesson is perseverance. I have spent more than 9 months with trials and errors pursuing Fermat’s last
theorem. The equations (138) came the 4 February 2025, four months after the start of this work. If I had
abandoned before, I would have got nothing. Trial and error method consists of proposing susceptible idea of
solution, check the validity of the idea, if wrong, which is mostly the case, propose another idea, repeat this cycle
again and again. When an idea is proven wrong, it is not a failure but the closing of a wrong way which makes
you one step closer to the correct solution. Also, it is in the process of trial and error that you bump into
unintended outcome. So, the long process of trial and error is not a waste of time, but a way to discoveries that
are not your primary objective.

In the section “Fermat’s last theorem with algebra” I said that the system of N-dimensional complex number that
I proposed in «N-complex number, N-dimensional polar coordinate and 4D Klein bottle with 4-complex
number» https://pengkuanonmaths.blogspot.com/2024/06/n-complex-number-n-dimensional-polar.html

could be used to prove Fermat’s last theorem. This system is an unintended outcome from my work about
Oumuamua: « Trajectory of 'Oumuamua and wandering Sun, alien asteroids and comets detected by SOHO »
https://pengkuanonphysics.blogspot.com/2023/04/trajectory-of-oumuamua-and-wandering.html.

Oumuamua was the first observed interstellar object, which has passed by the Sun in 2017. Its trajectory has
been then theoretically predicted and precisely observed. But the last observed position was 40,000 kilometers
further than the prediction, which sparked many speculations about the cause of this “acceleration”.

In the article I have explained that within the period of observation time has passed, and the Sun has moved
approximately 82,400 kilometers due the gravitational attraction of Jupiter. If this motion of the Sun were
counted in the computation of the trajectory of Oumuamua, the predicted final position of Oumuamua would be
37,000 kilometers further, which would explain most of the 40,000 kilometers unexpected gap.

I talk about Oumuamua because just a few days earlier, on 1 July 2025, a new interstellar object dubbed
3I/ATLAS was discovered. Astronomers will predict its trajectory and observe it like with Oumuamua. If they
do not include the motion of the Sun in their computation they will find a gap between prediction and
observation again. This difference could be an “acceleration” or a “slowing down” because Jupiter and the Sun
are at different positions than at the time of Oumuamua.

Let’s wait the end of the observation of 3[/ATLAS and see what the gap will be. This gap would validate or
invalidate my hypothesis of the influence of the Sun’s motion. It would also validate or invalidate the
speculation of an outgassing of Oumuamua which was not observed and very improbable.

I have not applied for publication to any journal for the present article because I feel that it would be rejected. In
fact, I have been rejected all the time; for example, «Extending complex number to spaces with 3, 4 or any
number of dimensions» was rejected, « Trajectory of Oumuamua and wandering Sun, alien asteroids and comets
detected by SOHO» was also rejected. It would be a pity that interesting ideas such as classification of
Pythagorean triples and derivation of Euclid’s formula would not reach mathematical public. So, I put online my
work by myself and hope that my readers would forward it to those who might be interested or use it for their
work.

Also, I would like to ask a favor to readers who are familiar with writing Wikipedia articles. I would be very
grateful if you could add the derivation of Euclid’s formula and classification of Pythagorean triples to the page
“Pythagorean triple” https://en.wikipedia.org/wiki/Pythagorean_triple because these mathematical knowledges
are new. It would be satisfying to put new knowledge on Wikipedia which will stay forever.
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