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Abstract

The Sieve of Eratosthenes is taken as a definition of primes and is examined in a way that
“opens” it into an array of rows labeled as primes and columns labeled as numbers. Through the
introduced concept of prime candidates, numbers in each row that have the potential of being
declared primes in lower rows, the opened Sieve reveals repeating and inter-related patterns of
these prime candidates as well as other defined entities. These allow development of a number of
relations that prove useful in examining the distribution of primes, with some new theorems and
some extant conjectures being proved. Included are a new and independent proof for Bertrand’s

postulate, proofs for Iim((pn+1 -p,)/ pn)= 0, and proofs of conjectures by Brocard, Legendre,
Andrica, and Oppermann.
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1. INTRODUCTION

In the approach here to investigating the distribution of primes, new concepts,
terminology, notation, and auxiliary functions are introduced, much of which is essential
in allowing development and proof of theorems. The Sieve of Eratosthenes [1, 2] is taken
as a definition of primes and is “opened up” to display patterns and relations. Many of
these patterns are shown to be repetitive and are made expressible in finite closed form
by means of generalizing the concept of repetends. The concept, notations, and theorems
on generalized repetends are introduced in Appendix B. The expository part of this
appendix and first two practical use examples there can be read in isolation of the rest of
the paper, but must be read before continuing with section 4 and beyond where the
notation and relations developed are used. The third practical use example can be read
after the introduction of the function S,(N) in subsection 2.3. Because there are a large

number of new concepts and notations introduced in this paper, Appendix A summarizes
these for quick reference. Not all the notations and relations developed are used towards
the culminating proofs in section 7. None of section 3 is used for this. However, this
avoids having to “re-invent these wheels” for any future use. Appendix D at the end
holds the figures. These are used to assist intuition and provide empirical results. The
overall style here is highly pedantic, in order to increase accessibility for novices in
number theory.

2. THE OPENED SIEVE OF ERATOSTHENES

2.1 First Form of the Opened Sieve of Eratosthenes. For this paper, with the one
exception N, which is non-negative real unless otherwise specified, all variables are
non-negative integers, with ranges specified. To make the inner relations in the opened



Sieve of Eratosthenes overt and clearer visually, and therefore easier to discover, the
display of the first form of the opened Sieve of Eratosthenes in Figure 1 uses a minimum

Place Figure 1 here

number of mutually distinct distinguishing notations/symbols. Location is shown by a
grid pattern of cells in rows and columns. Each column corresponds to a number j,

where j=0,12,.... Each row i is also labeled p,,! where i=0,1,2,..., and shows a dark
cell where the respective prime p, >1 divides j>1.If j=0 or the number j ina row
labeled p; is divisible by a smaller prime, the cell is otherwise blank. The cell with j=1
and p, =1 is also dark. Otherwise, if the number j in the row labeled p, remains a
candidate for being a larger prime, the cell contains a 1. Let such values of j be called
prime candidates, with C, the n" prime candidate in the row labeled p,, where
n=12,.., and C, an arbitrary prime candidate in this row. Therefore, a cell in row i
with p, >1 contains a 1 if and only if the cell is not dark and the cell immediately above
contains a 1.

The algorithm (algorithm step numbers begin with A) that results in the display of the
first form of the opened Sieve of Eratosthenes is as follows:

Al. Start with a matrix array of blank cells M (i, j), where i, j =0,12,..., out to any

practical values desired. Additional labels for each row are to be determined by
the rest of the algorithm following.
A2. In the first row, i =0, darken the cell with j=1, label row i=0 with p, =1, and

place a 1 in each cell in this row from j=2 onward. Therefore,
Con=n+1,Vn>1.

A3. In the next row darken the cell immediately below the first cell in the row above
having an entry 1. Call the value of j for this cell j(next1).? Label this next row
i with p, = j(next1). Row i=1 is therefore labeled p, =2.

A4. In this row, labeled p, = j(next 1), darken every (p,)" =(j(next1))™ cell after

the first dark cell.
A5. Also, in this row labeled p, = j(next1), for any cell that is not dark, insert an

entry 1 if the cell immediately above contains a 1. Otherwise, leave the cell blank.
Therefore, C,, =2n+1, Vn>1.

A6. Repeat steps A3, A4, A5, for 1 =2,3,4,..., out to any practical values i, j desired.

! The value p, will be explained shortly. It is usual to denote primes by p_, but we start with p, to

correspond better with our matrix notation M (i, j) later in algorithm step Al.

2 Using 1 as a symbol in and after algorithm step A2 was not my first choice of symbol, but after
formalizing step A3 this became the most practical and simplest symbol to use.



The p, that are generated by the above algorithm are, by definition, the primes, except
that p, =1, by usual convention, is not considered prime.® Since p,=1 starts the
algorithm, we call it an exceptional prime and the generated other p., regular primes.

This algorithm generates all primes (out to any practical value desired) by use of the
opened Sieve of Eratosthenes and produces a display that allows analysis of the opened
Sieve. From the above, we therefore have C;, = p,,,, Vi=0.

In the remainder of this paper, the words cell, row and column mean, respectively,
cell, row and column in the opened Sieve of Eratosthenes. Row i and the row labeled p,

are the same row. Also, the word Sieve means the Sieve of Eratosthenes.

The depiction in Figure 1, the first form of the opened Sieve of Eratosthenes for
i=01...,16 and j=0,1,...,50, shows explicitly where primes fall through and where

other numbers get held up, and it admits to a number of relations/properties, most of
which follow trivially from the algorithm.

Property 2.1.1. In the row labeled p,,i=12,..., the dark cells are those with j
divisible by p.. O
Property 2.1.2. All C, and (regular) primes greater than p, =2 are odd.

Proof: By A3 and A4 and the construct definition that only column numbers j>2
with a 1 in acell in the row labeled p, can possibly be prime.
Property 2.1.3. No two adjacent cells in row i >1 can both contain a 1.

Proof: By A3 and A4. [

Property 2.1.4. In any row labeled p,, where i>1, cells with entry 1 must have column
numbers j that differ by a multiple of 2.

Proof: By Property 2.1.2. [J

Theorem 2.1.5. Primes p, >3 and prime candidates C, in any row labeled p, >3 are
all of the form 6n=+1, where n>1.

Proof: This is true for p,=5 and all regular prime candidates in the row labeled
p, =3 and therefore for all prime candidates in all lower rows since they inherit the
underlying structure of the regular prime candidates in the row labeled p,. Also, only

% It is usual to not consider p, =1 a prime in order to preserve uniqueness of prime factorization in the
Fundamental Theorem of Arithmetic.



prime candidates can be primes, so primes must exhibit the form of the prime candidates
from which they derive. O

Property 2.1.6. Once a cell is dark in Figure 1, no cell below in the same column can
contain a 1.

Proof: By A5. [

Theorem 2.1.7. For any i=12,3,..., the only cells in a row labeled p, that are dark
when no cells above in the same column are dark are those that have
j=pApha...pfin where n>0 and A,A,,,...,A,, 0.

i i+1 i+n 1

Proof: For any i=12,3,..., the only cells in a row labeled p, that are dark when no
cells above in the same column are dark are those that have j divisible by p, but
relatively prime to each of p,p,,..., p,;. Since all (regular) primes are relatively prime
to each other, the Fundamental Theorem of Arithmetic means such j can only be of the
form stated. (J

Forany i>0, let C,, = p,. Call the C;, special prime candidates and the C; , with
n>1 regular prime candidates. We will have occasion to use C. as a non-specific prime
candidate in row i (also labeled p.). In summary, so far, we have

Co=p, Viz0, (2.1.1)
Cii0=Ci1 =P Viz0, (2.1.2)
Con=n+1 Vn=0, (2.1.3)
C,,=2n+1 Vnx1. (2.1.4)

Theorem 2.1.8. For i,n>1, anumber j>0 is some regular prime candidate C; , if and
only if j#0(modp,), Vk=12,...,i.

Proof: By A3, A4 and A5. [J
As a corollary, we have
Corollary 2.1.9. For any i >0, the product of any two regular C, is a regular C. .

Proof: The statement is trivial for i =0 and holds for i >1 by Theorem 2.1.8. [

2.2 Second Form of the Opened Sieve of Eratosthenes. We now add a step in the
algorithm, as follows:

A7. In such cells as discussed in Theorem 2.1.7 insert an X. These are cells that are



dark and have a cell with content 1 immediately above.
For i =1, all dark cells contain an X. For i>2, there are dark cells with no X as well as

dark cells with an X. For example, for any (i>2; n>1) and j=np._,p,, the cell in row i

is dark and the cell immediately above is also dark. The cell in row i—1 therefore cannot
contain a 1, and so the cell in row i cannot contain an X. In row i>1, the cell with

j=C,,,=C,,=p, is dark and contains an X. Let X, be the value of the n" column
number of a cell in row i (also labeled p,) containing an X, where i,n>1.* Let X, be an
arbitrary X, . Explicit evaluation of the X;  and enumeration in certain intervals of
column numbers will be done later.

We will have occasion to use three general types of intervals, the first two of which
will now be defined. For any i,n>0, let u; be the left-closed, right-open interval

[npi, (n+1) pi). We will also occasionally let u; . represent the cells in these intervals,
depending on context. Let u; be an arbitrary u; , inrow i.Forany (i>0; n>1), let U; |

represent the left-closed, right-open interval {pi +(n—1)H P, P; +nH pk] or the cells
k=0 k=0

in row i in that interval, depending on context.®> Let U, be an arbitrary U, in row i.

Using the standard notation | | for magnitude or length, we have the following property:
Property 2.2.1. |U,,,| = p,,|U;|, Vi=0.0

In the first cell (start) of each U, , for i>1, place an S. If an S and an X coincide in

any cell, place SX in that cell. We do not consider cell content S as part of the algorithm
since it is not used to find primes. It merely denotes the start of a U, ., for convenience.

Figure 2a depicts what we now call the second form of the opened Sieve for
i=0,12,..16 and j=0,1,2,...,50. Figures 2b, 2c, 2d, and 2e depict the second form of

the opened Sieve for the same values of i, but for j=50,51,...,100, j=100,101,...,150,
j =150,151,...,200, and j =200,201,...,250, respectively.

Place Figures 2a-2e here

Figures 2a-2e are used to establish empirical results used for some theorems.

“ We can also define X, =0, Vi >0, although cells corresponding to these do not contain an X. We will
not be using such.

5 The choice of the symbols u,, and U, was dictated by the first being small “unit” intervals and the
latter, large intervals. The symbol u, = should not be confused with u(i,n) that will be defined later in
Property 2.3.18.



Theorem 2.2.2. If j, =],(modp,), Vk=12,...,i, then the cells in the same row i>1
and with column numbers j, > p, and j, > p, are otherwise identical, i.e., they are both
dark or non-dark and are both otherwise blank or have the same contents 1, X, or SX.

Proof: By A2, A3, ..., A7, and by definition of the placement of S. (I

Theorem 2.2.3. For all (i>0; n>1), every U, , other than U,, has at least one regular
C,, so there are an infinite number of C,.

Proof: For i=0, this follows by the definitions of U; and C;. For i>1, this
follows from the definition of U,

i, the infinity of the number of primes [3], and
statement (2.1.2). O

In the above construct, for rows i>1, all cells with an S also contain an X, but the
converse is not true in general (apart from the start of each U, ) for rows i >3, i.e., there

are cells with an X occurring not at the start of such U, . This will be evident later once
we establish the number of X in each U, .

The second form of the opened Sieve more readily admits to interesting and useful
relations than does the first form.

Unlike the U, there are u,,,

interval [13*-13, 13° 1), which is u

be written as Ugc, .. =[2184,2197) and can be found empirically by extending Figures

with i,n>1, that contain no C,. For example, the
61221 = Usesr CONtAINS N0 C; . This interval can also

2a-2e  further, out to at least j=2197. Another such interval is
Ugse =Ugc,, = [1334,1357), found incidentally in the same empirical search. Empirically,

except for u,,, all u; with (0<i<5; n>1) contain a regular C,. It will be shown later
in the comments after Corollary 6.1.3 that, for i>6, at least every u,  before
j=p’+2p, and with n>1 does contain at least one regular C, .°

Theorem 2.2.4. Given any row i>0 and any cell in that row with j> p,, except for

(i=0; j=1), the cell at distance H p, cells to the right has the same appearances, i.e.,
k=0

is also dark or non-dark and has the same contents 1, X, SX, or is otherwise blank, just

as the given cell.

Proof: The statement holds for i =0, empirically. It remains to consider i >1.

¢ Itis the proof of p, < C., <2p,, Vi=1, later that will allow a new proof of Bertrand’s postulate.



i
At distance H p, to the right from the cell with column number j the cell has column
k=0

number j.,, = j+] ] p, . say. Therefore, for i>1, we have
k=0

jnew = (J +H pk)(mOd pr)' vr>1
k=0

= j(mod p,), V(r=12,...,i).
Therefore, by Theorems 2.1.8 and 2.2.2, and by the definition of placement of S, the
statement also holds for i >1. O

Corollary 2.2.5. In any given row i >0, the pattern of any number of consecutive cells
starting with column number j> p., except for (i=0; j=1), is repeated indefinitely at

multiples of distance [ | p, . 07
k=0

Corollary 2.2.6. Excluding the cell with (i =0; j =1), in any number of combinations of
rows from among those labeled p,, p,,..., p;, the pattern in any number of combinations

of columns starting at j > p, is repeated indefinitely at multiples of distance H p, - O
k=0

For any i>1, (H pk}—m is not divisible by any of p, p,,..., p, if [H pkj+m is
k=0

k=0
not, and vice versa. Therefore, Corollary 2.2.5 gives the following corollary:

Corollary 2.2.7. For any (i >0; m>1), there is symmetry of cell patterns in row i

(excluding content S) about N, = %H P, » as long as the left side does not extend left
k=0

beyond column j = p, . Also, any m(H pkjil> p, are always regular C,, and any
k=0

g(n pk]iz > p, for odd m are always regular C,. [
k=0

" This corollary shows there are an infinite number of endlessly repeating finite patterns in the opened
Sieve of Eratosthenes, a fairly startling result for a generator of all primes. Apart from the Prime Number
Theorem and a few other relations, prime numbers up to now have appeared to display what appears
otherwise to be fairly random distribution. This repeating of patterns was the stimulus for development of
the generalization of repetends, of which the notations and theorems are used explicitly or implicitly in the
proofs of many relations in this paper. These notations and theorems also allow explicit evaluation in
closed form of various functions within the opened Sieve of Eratosthenes.



i
The product H p, occurs frequently enough in this paper to make it often convenient
k=0
to use the abbreviation

I, =]]p. vi=028 (2.2.1)
k=0

From now on, whenever we say a cell, u,, U, or any such related grouping of cells

contains or has (a) prime candidate(s) (in words or symbols), we mean the cell(s) under
consideration has/have column number(s) which is/are (a) prime candidate(s). Therefore,
“a cell contains/has a 1”” and “a cell contains/has a regular prime candidate” will mean the
same thing, and these will mean the same as “there is a 1” or “there is a regular prime
candidate” at a location. Similarly for X. Also, in order to avoid overly pedantic
statements, from now on X; ~and C, and the cells they are associated with will be

equated. For example, “there is an X between C; , and C; .~ will then mean that in the

i,n+m

row labeled p;, between the cells whose column numbers are C; , and C, there is a

i,n+m?
cell containing an X.

It is only the cells containing an X that can prevent any cell containing a 1
immediately in the row above from having its column number j prime.® The distribution
of cells containing an X is therefore of paramount importance in determining the
distribution of primes.

Theorem 2.2.8. For any (i>0; nx>1), given any regular C; in any given U,, there
exists an r>0 such that C,  +rII, lies immediately above a cell with an X in the row

Ln -

labeled p,,, and in any given U,,, to the right. Each cell with a regular C; . in the given

i+1

U, is associated in a 1:1 fashion with a cell containing an X in the given U
that is unique (mod p,,,) .

byan r

i+1

Proof: Empirically, the statement holds for i =0. It then remains to consider i >1.
U,, has p,, times as many cells as U, by Property 2.2.1, and the start of any U, does

not have the same column number as the start of any U,,,. Therefore, there are p,,, -1
entire copies of U. within the column numbers of this (or any other) U, ,. For arbitrary
I >1, consider an arbitrary cell with a 1, and therefore column number C; , for some
n>1, in a U, with its column numbers entirely within those of U, ,. For all
r=0212,..,(p,, -1, we have C, +rIl; is one of the column numbers of this or some
other U,,;.

& This suits our purposes better than the standard primorial p_ # = H P, Vn>1.

k=1

®Inrow i>1, X, = p, butnoother X, can bea prime.



In the row labeled p,,,, every (p,.,)" cell from the first in any U

Ad4.
Since p,,, is relatively prime to all other primes, (C, A +rII;)(mod p;,;) formsa complete

onward is dark, by

i+1

residue system (modp,,,) for r=0,12,..,p,,—1. There are also no repeats in this
residue system, since there are p, , terms. Therefore, since every (p,,,)" cell from the
first in any U,,, is darkened, the cell with column number C; A +rII; in the row labeled
p, contains a 1, by Theorem 2.1.8, and finds itself immediately above a dark cell in
some U,,, for exactly one of these values of r. This dark cell therefore contains an X, by

AT7. This holds for each regular C; , in the initial U,. Also, each such X finds itself below

only one such translated C, , because of the uniqueness of each residue.

to the right. [

i,n?

By Corollary 2.2.5, the same holds between any U, and any U

i+1

2.3 Introduction of Some New Notation and Functions. Forany i,n>1, we have X,

is the column number of the cell in row i with the n™ X in that row. By the algorithm,
we then have
Xi;=Cio=p;, Vixl. (2.3.1)

For the other X,, we have the following theorem:

Theorem 2.3.1. X;,; ., = PG, V(i20; n>1).

i+Ln+l

Proof: This follows by Theorems 2.1.7 and 2.1.8. [J

This theorem is more insightful than Theorem 2.2.8. However, Theorem 2.2.8 also
admits to some insight, as will be shown in Theorems 2.3.2 and 3.1.1.

The notation | | can be generalized beyond its standard meaning of magnitude. Let
|U,|, be the number of cells witha 1 inany U,,'%i.e., let |U;| be the number of regular
C, inany U,. More generally, in the row labeled p,, we can use the notation |N|1i for the
number of cells with a 1 or the number of regular C, less than or equal to N . Similarly,
let |U;|, be the number of cells with an X inany U; and N[, the number of X; less

than or equal to N . Later we will also generalize | | and [ | when we define LNJp,

[N, [N, and [N,

10 This notation is not entirely satisfactory since 1 is being used both as a number and a symbol. It might be

better to use |U, |, . , but this is awkward.
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Theorem 2.3.2. U, |, =|U;|,, Vi=>1.
Proof: By Theorem 2.2.8. [J

The third type of general interval we will be considering, and which has already been
alluded to in Corollaries 2.2.5 and 2.2.6, is defined by

iy (ND=[N; + (0, =DIT;, N, +nTI],), forany (i>0; n, 2L, N, > p) .
We have Theorem 2.3.2 and Corollary 2.2.5 give
|i+1,ni+1(Ni+1) Ii,ni (Ni)‘l’ V(I > O’ I’.]i’ni-*—l 21’ Ni 2 p|' Ni+l > pi+1) . (232)

X =
Similar to 0!'=1, define

TT(p - =1.2 (23.3)

We now have the following theorem:

Theorem 2.3.3. Excluding U,,, we have |U,,|, =|U;| =] J(p, 1), Vi=0. (2.3.3.0)
k=1

Proof: By inductionon i:
(a) By inspection of Figure 2a and by Corollary 2.2.5, the statement holds for i =0.
(b) Therefore, at least for r =0 and excluding U,,, we have

|Ur+l|x :|Ur|l:H(pk _1) (b'l)
k=1
(©) |U,,|, = Pra|U,], —|U,.4| - by Properties 2.2.1 and 2.3.16

=P ] TP =D-T (P =D by (0-1)

= H(pk _1) .
k=1
r+1
Therefore, |U,,,|, =|U,..|, =] J(p.—1) . by Theorem 2.3.2.
k=1

Therefore, (2.3.3.0) also holds for i =r+1 and, by induction, forall i>0. O

1 The index i in n_and N, is only needed for comparisons such as in (2.3.2).

12 We might be tempted to use l_l(pj —1) from now on instead of l_l(pJ -1), but

=0 i1

H(pj —-1)=0, Vi>0, and so is not usable.

i=0
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Using (2.3.2) and excluding any overlap with the interval [1,2), we have Theorem 2.3.3
gives

|i+1,ni+1(Ni+1) X :‘Ii,ni (NI)‘l =]i[(pk _1)’ V(I 2 07 If]i’ni#—l 21’ Ni 2 pl’ Ni+1 2 pi+l) '
k=1

We now have the following corollary:

Corollary 2.3.4. In any row i >2 there are cells with an X and no S.
Proof: Since there is only one S inany U, it suffices to prove |U, ,|, 22, Vi>2.

2
This follows from Theorem 2.3.3, since l_l(pk -1)=2.0
k=1

The next theorem gives the main connection between C. and regular primes:

Theorem 2.3.5. For any i >0, all regular C, less than X, ,, are regular primes.

Proof: We have C;, = p,,,, Vi>0, by (2.1.2)
= X, by (2.3.1).
By the algorithm, for any i >0, no other regular C; less than X, ,, is eliminated from

being inherited in lower rows except as a regular prime. [J

Consider real N >0 and let x.(N) be the number of cells with an X in row i>1 and
with column number j < N . Whenever we consider integral values of N, we will
specify so explicitly. The function x,(N) has the following 3 properties:

Property 2.3.6. x,(N)=0, V(i=1 0<N<p,).O
Property 2.3.7. x,(N,)>x(N,), V(i=L N, >N, >0).0

Property 2.3.8. x,(N)=n, V(i,n>1 X, , <N<X,,,,).20O

in— i

Let x(N,,N,)=x(N,)—x(N,), V(i=1 N;,N, >0), where order is important. Let
S,(N) be the number of regular C, in cells in row i >0 and with column number j<N .
Also let S;(N,,N,)=S,;(N,)-S,(N,), V(i=0; N;,N, >0), where order is important. By
the definitions, we have the following 7 properties:

'3 We could subsume Property 2.3.6 into Property 2.3.8 by allowing n>0 and using X =0, Vi>1,

but we will not be using X, in this paper.
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Property 2.3.9. S,(N)>0; V(i>0; N >0).40

Property 2.3.10. S,(N;,N,)>0, ¥(i=0; N, >N, >0. ]

Property 2.3.11. S,(N,)>S,(N,), V(i=0; N, >N, >0).

Property 2.3.12. S;(N)=0, V(i20; 0N <C;, = p_,) .0

Property 2.3.13. S;(N)=n, V(i,n=0; C, <N <C; ).

Property 2.3.14. S,(p,,N)=S,(N), V(i=0; N >0).

Property 2.3.15. S,(N,,N,) =S, (N,,N,)+S.(N,,N,), ¥(i>0; N,,N,,N, >0). ]
By the algorithm, we have the following 2 properties:

Property 2.3.16. S, ;(N)=S,(N)—-x.,(N), V(i=0; N>0).O

Property 2.3.17. S;,;(N;,N,)=S,(N;,N,)—=x (N,,N,), ¥(i=0; N,N, >0).O

The main connection between C, and C,, is given by the following property in which
we define the function u(i,n):

Property 2.3.18. C,;, = Ci 1.uqany Vi,N20, where u(i+1,n)=x,(C,,) .0
As a corollary, we have the following:
Corollary 2.3.19. For any i,n>0, there exists an m>1, such that C,, =C, .
Specifically, m=n+u(i+Ln)=n+x_,(C,, ). 0O
If, forany (i >0; n>1), there is no X immediately below C;  , then
Cin =Ciny, Where v=x,(C; ). (2.3.4)

If, for any (i = 0; n>1), there is an X immediately below C, , then

C:i-¢—1,n—v < Ci,n < Ci+1,n—v+11 Where V= Xi+1(Ci,n) . (235)

Summarizing (2.3.4) and (2.3.5), we have the following:

“4Weuse (i>0; N >0) hereinstead of i, N >0 since i isintegral and N is real.
15 The function u(i,n) simplifies notation when used as a subscript, and should not be confused with u,-
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Property 2.3.20. C
equality holds if and only if there is no X immediately below C, . [

i+1,n—-v S Ci,n < Ci+1,n—v+1’ V(I Z 0! n Z:I-) ’ Where V= Xi+1(Ci,n) and

The difference p,,, — p, occurs frequently enough from now on that, for convenience,
we define
A=p,—p, Vi20. (2.3.6)
We also define
A,=C . -p, Vi,n=0,

which then gives
A, =0, Vi=0,

and
Ai,l = Ci,l - P
= P — Pis by (2-1-2)
=A,, by (2.3.6).

The next theorem connects X, and X, ;:

Theorem 2.3.21. X, 10 = Xinwwinye TACi s Vi,n=1.
Proof: X, .1 = 0;,:Ci,, V(i=0; n>1), by Theorem 2.3.1
= (pi +Ai)Ci,n , by (2.3.6)

= P.Cisnwin TAC, Vi=1, by Property 2.3.18

=X +A,C, ., by Theorem 2.3.1. [J

i,n+u(i,n)+1 i~i,n

The following theorem is the x; -counterpart of Theorem 2.3.1:

Theorem 2.3.22. x,,(N)=1+S§; (ij V(i=0; N>p,,).
i+l
Proof: By Theorem 2.3.1, we have X =P;,:Cinr V(I20; n>1).

i+1,n+1 —

Fori>0and X, ,, =p,; <N <p,C,=X,,,,wehave

1Sl<ci,1 = Pisas
i+l

X.,(N)=1, by Property 2.3.8,

and S, (lj =0, by Property 2.3.12,
i+1

so that
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Xn(N) = 1+s( N

i+1

J V(i 20; X1 SN < X,.1,)- (2.3.22.1)

Forany (i>0; n>1) and X, ., = P.,.Ci, <N <p,,C .= X1, We have
G, £l<C,M,
X, (N)=n+1, g;/ Property 2.3.8,
and S, (ij =n, by Property 2.3.13,
so that "
X, (N)=1+S, (lJ V(iz0n>L X, SN<X,,). (2.3.22.2)
i+1

Combining (2.3.22.1) and (2.3.22.2) gives
Xa(N)=1+5, [ﬁ W(i20;N>p,,).0

i+1
Since
X (N, N) =X (N,) =% (N,), V(i =1 N,,N, >0),
and S,(N;,N,)=S.(N,)-S.(N,), ¥v(i>0; N,,N, >0),
we have Theorem 2.3.22 gives the following corollary:

Corollary 2.3.23. x,,,(N;,N,) =S, [l N—] V(i=0; N,N,>p.,).0

i+1 i+1
3. SOME INFORMATION ON DISTANCES BETWEEN C,

3.1 Maximum Distances Between C,. By Theorem 2.2.3, each U, other than U,

contains at least one regular C, . Also, the U, are finite and repeat indefinitely. Therefore,
for any (i>0; j>1) there exists an n>0 such that there is a maximum distance

Cinii —Cin achieved in each row, with C; in U,,. 1 Forany (i>0; j>1), let the norm
HCI n+] |n (311)
be the maximum such distance in row i. In general, we have
d ; <dI ek V(i>0; j,k=>1). (3.1.2)
By (2.1.3), we have C, , =n+1, vn=>0, so that
do; =[Con; —Co j>1, by (3.1.1)
= J. (3.1.3)

16 We do not consider the possibility of j=0 since C, —C, =0 istoo trivial to be of interest.
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Theorem 3.1.1. d;,, ; =d, ;,,, V(i>0; j=1).
Proof: For given (i>0; j>1), let n>0 be an integer such that
d;=C..;—Ci,. (3.1.1.1)
By Theorem 2.2.8 and Corollary 2.2.5, there is an r>1 such that C, , , +rII; lies
immediately above an X.
Therefore, for such r and by Theorem 2.2.4, we have C, ., , + 111, =C;, ,, for some
t>n.
There is a w>0 such that C,,, ., is the first C,, to lie to the right of column number
Ci,t+j—1'
Therefore, by the algorithm, we have
Ci+1,w+j 2 Ci,t+j )
with equality holding if and only if there are no additional cells With}17 (3.1.12)
an Xinrow i+1between N=C; ,, (excl.)andN=C,, ... (incl.)
Also, since we now have at least one X between C,, , (excl) and C, ., (excl), we
then have
Ciw <Gy (3.1.1.3)
so that
Citwej —Ciaw2Cit,; —Ciiy, by (3.1.1.2) and (3.1.1.3)
>C, ] CIt
:Ci n+j —Cin, by Corollary 2.2.5
d;;, by (3.1.1.1). (3.1.1.4)
But, by definition of d,, ;, we have dI+1J >Ciimij —Ciam VM=1, and in particular for

m=w.
Therefore, we have d,,, ; >d, ;, by (3.1.1.4),and so d by (3.1.2).

Since given i >0 and j>1 were otherwise arbitrary, we then have
diy; 20, V(20 j21).0

i+1, ] 2 Ij+l’

i,j+17
As a result of (3.1.2), we have Theorem 3.1.1 immediately gives the following corollary:

Corollary 3.1.2. d. V(i=0;j=1).0

|+lj Ij’

Lemma3.13. Letd ;=C ,,-C

i,n+]j i,n?

for some i, j>1. Then, n>1.

Proof: It suffices to prove n=0. We do this by contradiction.
Suppose we have
d,;=C,;-C,, forsome i, j>1. (3.1.3.1)

1) 1]

17 We use (excl.) to mean exclusive of or excluding and (incl.) to mean inclusive of or including.
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Then,
=(C; ; +r11) - (C;, +rIT;), Vr>1.
But, there isno C, at (Ci,0 +rI1;), for any r >1, contradicting the definition of d, ; and

Corollary 2.2.5.
Therefore, (3.1.3.1) is not possible.

Therefore, n=0. 0O

Theorem 3.1.4. Forany i, j >1, let n>1be an integer such that d, ; =C; ., —C, . Then,

in+]j
there is at least one X between C; | (excl.)and C; ., (excl.).

in+j

Proof: By contradiction:
Suppose, for some i, j,n>1, we have

d;; =C;,.; —C;, and no X between C, , (excl.)and C; ; (excl.). (3.1.2.1)
Then, there isan m>1 such that
C..,=C,., by Corollary 2.3.19, (3.1.2.2)
and
Cinii =Ciimij» Dy assumption (3.1.2.1) and the algorithm. (3.1.2.3)
Therefore,
di,j :Ci,n+j _Ci n
=Ciymj— I1m,by(3121)and (3.1.2.2). (3.1.2.4)
But, by definition of d,, ;, we have d, ,; >C, ,,,; —C,,,, Vk =1, and in particular for
kK=m.

Therefore, d;,; >d, ;,, by (3.1.2.4), contradicting Corollary 3.1.2.
Therefore, assumption (3.1.2.1) is false. (]

By (3.1.3), we have d,; = j, ¥j >1. The next theorem provides a (lowest possible)

lower bound for d, ;, forall i, j>1.
Theorem 3.15. d, ; =|C, ., - (3.1.5.0)
Proof: By inductionon i:
(@ C,=2C,=3,and C_,,=C, +2]j, Vj,n=>1, by (2.1.4).
Therefore, the statement holds for i =1.
(b) Therefore, at least for k =1, we have
A ; =|Cum; = Cin|Z 20+ j-1), Vj=1. (b-1)
(c) Let
A1 =Cyinnej —Ciorn» fOr some n>1. (c-1)

Then, by Theorem 3.1.4, there is at least one X between C,,, , (excl.)and C
(excl.).

k+1,n+j
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Therefore, by Corollary 2.3.19 and the algorithm, there is an m>1 such that

Ck+1,n = Ck,m and Ck+1.n+j >C (c-2)

K,m+j+1°
Therefore,
dk+1,j =Cy1nrj —Crirns by (c-1)
2Cy mijor— Cims by (c-2)
>2(k+ j+1-1), by (b-1)
=2((k+D+ j-1).
Therefore, (3.1.5.0) also holds for i =k +1 and, by induction, forall i >1.

Theorem 3.1.6. There is no upper bound on p..,—p, as n increases.

—C. . withsucha

i,m+j im?

Proof: Given any i, j >1, there isan m>1 such that d; ; =C
C,, ineach U, .1
In particular, this holds for j=1.
Since there can be no primes between C, = (excl.)and C, ., (excl.), there must be

successive primes p, and p,,,,with p, <C; and C; ., <p,,,,so that

im+l —
pn+l - pn 2 di,l
>2i , by Theorem 3.1.5.
Therefore, as i increases without bound, there must be successive primes p, and p,,,

with p,,, — p, increasing without bound. Also, n increases without bound to allow this,
since p,.,, and therefore p, ., —p,, remains finite otherwise. [

The usual proof that there can be any number of consecutive composite numbers
considers the sequence (NM&2),(NM3),...,(N4+N) for integer N>2. All these are

greater than but divisible by at least one of 2,3,...,N, and so must form a sequence of

N —1 consecutive composite numbers. The path to Theorem 3.1.6 is more involved, but
has at least three advantages. It shows where at least some of the strings of consecutive
composites of ever increasing length are (at least two such strings of fixed length starting
ineach U, for i and k large enough, because of the symmetry in Corollary 2.2.7). It

also adds coherence to the subject of distribution of primes by using the same information
from the analysis of the opened Sieve of Eratosthenes that has been used here to derive
other relations. Thirdly, its method is ultimately transparent, not relying on a "trick"
method having only limited and superficial connection with the relations at hand. There is
also the additional benefit of having another proof for a statement.

'8 Because of the symmetry in Corollary 2.2.6, there are actually at least 2 such C, ineach U, , for k
large enough in comparison with j .
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We will return to the difference between C. later in section 6, specifically between
consecutive C,, once we derive some more useful theorems. From here on, the notation

and theorems in Appendix B concerning generalized repetends will be used. With use,
the notation and basic theorems on generalized repetends quickly feel like a natural
extension of arithmetic. Because of this, no formal referencing to the notation and used
theorems in Appendix B will be made in the rest of this paper.

4. THE FUNCTION t(i,n)

4.1 Slopes of S;(N) and S;(np,) Over Intervals of Length IT.. Excluding
(i=0; n=1 1<N < 2), we have Theorem 2.3.3 and Corollary 2.2.5 give

S,(N+nIT,) =S, (N +(n—-D)IT; _H(p, -1)

I1
! [Te
i=0

ff) (2 (8L} e

Since p,,, > p, +2, Vi>2, the element values in (4.1.1) strictly decrease as a function of

Pl oy vist
P;

,V(i=0;n>L N>p).2®

i forall i>0, since

However,

S (N +nIT;) =S, (N +(n-D)IT, _]:!(p, -D

i-1
Hi—l H P,

j=0

T —

where the element values in (4.1.2) strictly increase as a function of i forall i >2, since
Pi—L
Pi4

, V(i,n=1 N=p,)

—1 >1, Vi>3. In other words, the slope of S,(N) between the ends of the interval

l.,(N)=[N+(n-DIT;, N+nIT,), forany (i>0; n>1; N> p,), (4.1.3)
with respect to the length IT. of the interval is a strictly decreasing function of i for all
i >0, but with respect to the number of u. in the interval this slope is a strictly

increasing function of i for all i>2. This property is one justification for defining the
function t(i,n), which we introduce next.

0
19 In statement (2.3.3), we defined l_[(pj -1)=1, similarto 0!=1.

=
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4.2 Introduction of the Function t(i,n). We have p,=1. Also, (2.1.3) gives
Con =n+1 Vn>0. Therefore,

S (N) 0, VO<EN«<1
ol )_{LN—pOJ,VN 21}

> N-p, |, YN=0.
Empirically,
0, VO<N<1

{ , VN >0,

and S(N)>LN p2+1J vN >0.

Define T.(N), by

si(N){N_—pﬁlJﬂi(N), V(i =1 N >0). 4.2.1)

Therefore,

S, (n+1)p;) = L(””)pé pi+1J+Ti((n+1)pi), v(i >L n>0)

=n+t(i,n), where t(i,n) =T, ((n+1)p,).
We can extend this definition of t(i,n) to include i =0 by defining
S, ((n+1)p;)=n+t(i,n), Vi,n>0. (4.2.2)
Ifany u; , with n>1 contains no regular C,, then t(i,n) decreases by 1 over that u;.

However, because of the properties of the slopes discussed for the intervals in (4.1.3), we
have S, (np,,,) >S;(np,), Vi=2,and t(i+1n)>t(i,n), Vi =2, at least from some value

of n on.%°

Forany (i20; N> p,),
let LNJCi be the greatest C., special or regular, less than or equal to N, (4.2.3)
and
let fN—|Ci be the least C,, special or regular, greater than or equal to N .  (4.2.4)
Since, for any (i,n>0; N > p,) we have Property 2.3.13 gives
S,(N)=nifandonly if C, =[N, (4.2.5)
we then have (4.2.2) gives

20 The value of this n for given i will be determined later in Theorem 5.1.10.
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Cinugnm S+ p;, V(=L n>0), (4.2.6)

and
Cinuima > (M+Dp, V([i2L n=0). (4.2.7)

Although this is analogous to the situation with integral floor functions, there is a
difference. No regular C, is a multiple of p,, for any i >1. Therefore, (4.2.6) and

(4.2.7) give

C <(n+Yp, Vi,n>1, (4.2.8)

i,n+t(i,n)
and
Ciniima > (N+D)p;, Vin=1, (4.2.9)

For any i>1, equality in (4.2.6) then holds if and only if n=0.
Combining (4.2.8) and (4.2.9) gives

Cinninm <(M+)p, <C, vi,n>1. (4.2.10)
Setting n=1in (4.2.10) gives C, 41 <2P; <Ci 5.4y, Vi1,
Since 2p; <C,, = p; is impossible, we must then have t(i,1) > -1, Vi >1. The value

i,n+t(i.n)+1?

t(i,1) = -1 holds if and only if C,, = p,,, does not lie in the open interval (p;,2p,).
Later we will prove t(i,n) >0, Vi,n>0.

We can generalize definition (4.2.1) as follows:

N-C _+1 _
S;(C..N ):{C.—J+T(C,m,N), V(i>1 m>0;, N>0), (4.2.11)
so that |
(i (N+1)C,,1 ) = V””)CE’;C‘NHJJF (C,n (141G, ), V(i 21 mn>0)

=n+t(@i,m,n), where t(i,m,n)=T,(C,,,(n+1C, ,).*  (4.2.12)
The variables m and n in t(i,m,n) are not interchangeable.
We then have

T(Cio,N)=Ti(p;,N), V(i=1 N =0)
=T.(N),
t(i,0,n) =t(i,n), Vi,n>0,
t(i,0)=0, Vi>0, (4.2.13)

and t(i,m,0)=0, Vi,m>0.
Forany (i,n>1 m=>0), if there isno C, between nC,, (excl.)??and (n+1)C, , (incl.)%,
we have T, (C, ,,(n+1)C, ,)=T,(C,

t(i,m,n) =t(i,m,n-1)-1. Also,

Ci»)—1. Insuch a situation we also have

II’T'I’

2L By now it is more evident that the main reason for initially defining t is that it is much less cumbersome
to use than T, especially as part of the second subscript index for C, .

22 The expression “(excl.)” stands for “(exclusive of)” or “(excluding)”.
23 The expression “(incl.)” stands for “(inclusive of)” or “(including)”.



S (Cimi(n+1C; ) =S, ((n+1C, ,)-S,(C, ), Vi,m,n>0
=S, ((n+1)C;,)—m, by Property 2.3.13,

so that (4.2.12) gives
m+n+t@i,mn) =S ((n+1C,,), V(i>L mn>0).

Analogous to (4.2.5), forany (i,m>0; r>m; N >C, ), we have
S(CimsN)=S;(N)-m=r,ifandonly if C, .., =LN.

Therefore, we have

C. <(n+1)C , V(i>1 mn=>0),

i,m+n+t(i,m,n) — im?

and
C.

i,m+n+t(i,m,n)+1

>(+1C, ., V(i=1 mn=0).
Equality in (4.2.15) holds for m>1 whenever (n+1) isaregular C,,say C,,

21

(4.2.14)
(4.2.15)

(4.2.16)

since C, , and C; C, = are then both always regular C, . Strict inequality holds for m>1

in (4.2.15) whenever (n+1) is not a regular C;, since (n+1)C; , can then not be a
C,. For m=0 we already have strict inequality holds in (4.2.15), for all n>1, by

One of the ways the functions t(i,n) and t(i+1,n) are related is given in the
following Theorem:

Theorem 4.2.1. t(i+1, n)zt[i,nﬂ(n +p1)A‘ D{(nﬂ)A‘J—xm((nﬂ) Pui) V
1=0; n>0),

with strict equality holding for all (! n=0) .
i=2L5, m>1 n=mp, 1)

Proof: Si+1((n +1) pi+l) = Si ((n +1) pi+1)_ Xi+1((n +1) pi+l)1 Vi’ n=0,
by Property 2.3.16
S| (n+1)p +(n+1)A ) |+1((n+1) pi+1)

(
s[ (n”)A )pi]—xm((ml)pm)
3 (( (””)A D pi]—xi+l((n+l) PLa).

by Property 2.3.11

regular
(4.2.8).

i,n>0,

= n+{wJ+t(i,HJ{%D_XM(U‘JFD pi+l)'

Pi

by (4.2.2).

For (i20; n=0), we have S, ,(p,,,)=0, S;(p;,;) =S, (Ci,l) =1,and x,(p.,) =1.
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Since A, =1= p,, we have

(n+1)A, {(n +1)A,
B | P
(N+D)A, _{(n +1)A,
S

J, vn=>0.

Forall i >1, we have J v(m>1 n=mp-1).

By (4.2.2), we have
S..((n+1)p,)=n+t(i+Ln), Vi,n>0.
Therefore,

t(i+1n) Zt(i,nJ{(m—l)A‘ D+V”+l)4 J—xi+1((n+l)pi+l), vi,n>0,

pl i

(i=0; n>0), } -

with strict equality holding for all < .
(i=2L m>L n=mp,-1)

For the cases (i>1; m>1 n=mp, —1) in Theorem 4.2.1, we have the following:

Theorem 4.2.2. x.,(mp,p,,,) =m+t(@i,m-1), V(i>0; m>1).

Proof: x..,(N)=1+S, [lj V({i>0; N2>p,,), by Theorem 2.3.22.
i+1
Therefore,
Xi+l(mpi pi+1) =1+ Si (mpi)’ V(i >0; m Z:I-)

=m+t@i,m-1), by (4.2.2). O

As a result of Theorems 4.2.1 and 4.2.2, we have another connection between t(i,n) and
t(i+1,n), given by the following corollary:

Corollary 4.2.3. t(i+1 mp, —1) =m(A, -1)+t(i,mp,,, —1) —t@i,m-1), Vi,m=>1.[

Therefore,
ti+1 p, -1 =t(, p,,, ) +A, -1 Vi=>1,since t(i,0) =0, Vi=>0, by (4.2.13).

Equivalent to the statement of Theorem 4.2.1, we can also write
t(i+1n-1) Zt[i, n —1%“Ai D{”Ai +1J— X .(Np,.0), W(i>0; n>1).
B P
Compartmentalizing n by X, <n, p, <X,

ir — i,r+l1?

N, A n., A +1
ti+1n,,, -1 2t[i, N, —1+{&D+{LJ— r, v(i=0; r>1).
' ' Pi P;

Vi,r >1, then gives
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Later we will prove limM =0.Since A, = p,,, — p;, this will allow considering
I—>0 pi
1<n,,, < p‘A—_l,z“ for which range we have t(i+1,n

-1 >t(i,n,,, —1)—1. There are

i+1,r i+1,r

cases in this range for which we have equality, i.e., t(i+1Ln,,, -1) =t(,n,,, -1)-1.
Empirical examples of this are t(17,1) =12, t(18,1) =11 and t(17,4) =41, t(18,4) =40.
Despite such, we will prove later that t(i,n) >0, Vi,n > 0. But before doing so, we need
to look at some other relations first.

i+1,r

5. MORE NEW NOTATIONS AND RELATIONS
5.1 Relating u(i,n) and u(i+1,n). In Property 2.3.18, we defined

u(i,n) =x(C,,), v(i=1 n=>0). (5.1.1)
Using definitions (4.2.3) and (4.2.4), let
Ciiy, =[ Xiva | V(2L r20), (5.1.2)
and
Ciry = XiriaJg » V(2L r>0). (5.1.3)

The symbols (r), and (), represent variables whose values depend on i and r.
By definition, we have X;, =C,,, Vi>1, so that by (5.1.2) and (5.1.3) we have

0); = (6)| =0, Vi>1. (5.1.4)
Since no regular C, isan X, forany i>1, we also have
(r), =(r), +1, Vi,r>1. (5.1.5)
Lemma®5.1.1. u(i+1n)=u(i,n) =1 V(izL 0<n<(1),), (5.1.1.1)
and u(i+1Ln)<u(i,n), V(i>L n>(1),). (5.1.1.2)
Proof: We have
Xizrs = Xirugna TAC; » Vi,r 21, by Theorem 2.3.21. (5.1.1.3)
Therefore,
Xig < Xip < Xig < Xippp Vi1, (5.1.1.4)
and
Xi,r+2 < Xi,r+u(i,r)+l < Xi+l,r+1’ VI’ r 21' (5115)

Since there are an infinite number of C, for any i >0, and since no regular C; isan X;
for any i>1, we then have

2 Such n,_,, exist whenever A < (p, -1)/2.
2® This is called a lemma instead of a theorem since it doesn’t show that, for all i,n >1, there is a C.

satisfying C, | < X, . This existence is proven later in Corollary 5.1.3.
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forany i,n>1,thereisan r =1 suchthat X; <C, <X, ;. (5.1.1.6)
By definition, we have C,, = p;, Vi=0,and C,, = p,,, = X;,,;, Vi=0.
We also have u(i,0) = x(C,,) =1, Vi>1,
and (1), >0, Vi>1, by (5.1.3).
We now proceed by considering all other possible locations for C., for given i >1:
(i) If there are any C;,, , intherange X, <C., <X,,,,they have
n>1
and u@i+1,n)=1.
Forany (i>1, n>0), we also have u(i,n) >1.
More precisely, if there are any C,, | intherange X;,,, <C
u@i,n)=u(i+Ln)=1.
inthe range X,, <C,,, <X, have

Cinn=Cinu>Ci g,

i+1,n i+1,n

<X, ,, these have

i+1,n
Any Ci+l,n

i+1,n i,n+1

and
u(i,n) >u(i+1Ln).

(if) There is a regular C, above each X, ,, forall i>0, by construct, (5.1.1.7)
andno C, at N=X, ., forany i,r>1.
There may or may not be C; and therefore C,,, between N =X, , ., (excl.) and

N = X1 ri,, 1 (excl) forany given i,r >0 and some ki, >1. But, because of
(5.1.1.6), we may choose k;,,, to be the smallest value that gives at least one
C, and therefore at least one C,,, between N = X

N = X.

4 (excl)and
-+,

i+1,r+k;

., (excl.). For such, we have

RERST
U(i+L(r),)=r+k,, +1. (5.1.1.8)
Therefore,

(i (1) 2u(in(r +kuy, +1) ), ¥r21,by (5.0.0.7) and (5.1.15)
>r+k,,, +2,by(5.1.2)and (5.1.1.7) (5.1.1.9)
>u(i+1(r).,), by (5.1.1.8).

(iii) Now consider any C,_, . inthe range
Xistrkg 1 <Gy <Cran < Kistraky, +20 (5.1.1.10)
should such exist for given i,r >1.
These all have u(i+1,n)=r+Kk,,, +1. (5.1.1.11)

But, u(i,n)>u(i,(r),,), by Property 2.3.7 and definition of u, since n>(r),,,
>u(i+1(r),,)+1, by (5.1.1.5)
>r+k.,, +2,by(5.1.2)

i+1,r
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>u(i+1,n), by (5.1.1.11).
Since i>1 was otherwise arbitrary, this exhausts all possible locations of C,_, .
In summary, for any i >1, we have u(i+1,n)=1=u(i,n), VO<n<(1),,
and u(i+1,n)<u(,n), v(i>L n>(1),). O

Empirically, we have X, <C, <X vn>1. Therefore, straight-forward

1n+1?

induction gives the following two corollaries to Lemma 5.1.1:

Corollary 5.1.2. S, ;(X,1n.1) > S;(X{ 1), Vi,n>1. [0

Corollary 5.1.3. C; , < X vi,n>1.0

i,n+1?
As a result of these last two corollaries, we immediately have the following two:
Corollary 5.1.4. u(i+1,n) <u(i,n-1), Vi,n>1.

Corollary 5.1.5. If, for any i;,n>1 we have C; ,, <X for some m>1, then

C <X
0

i,m-+i—i

ig,n+17
i,n+1? VI 2 i0' O

By (2.1.2), we have C,, =C,,,,, Vi>0. Corollary 5.1.3 now gives the following
corollary:

Corollary 5.1.6. C;, =C,,,;, Vi=0.

Proof: Empirically, we have C,, =3=C,.
For i>1, we have C;,,, =C,,, .4, DY Property 2.3.18
=C,,, by Corollary 5.1.3. J

i+1,n

By Corollary 5.1.5, we can extend Corollary 5.1.6 to give C for larger values

i,n+1
of n as i increases. For example, since C,,, < X, .,, Vn>1, empirically, we then have
Corollary 5.1.5 gives the following:

Corollary 5.1.7. C;,, < X V(i=>2;n>1).0

i,n+1?
By Theorem 2.3.5, all regular C; before X;,,, are regular primes, for all i>0. Also,
Xir < Xi3< X1, Vi1, by (5.1.1.7) in Lemma5.1.1. Therefore, Corollary 5.1.2

gives the following corollary:
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Corollary 5.1.8. The number of (regular) primes before X, , = p? and also before
Xis=P;Pu; and X,,,, = p2, is astrictly monotonically increasing function of i, for all
i>1.0

By Corollary 5.1.2, we have
Si+1(xi+1,n+1) > Si (Xi,n+1)’ VI, n 21’

or S.,(p;,:Ci.)>S;(pC.,) Vi,n=1, by Theorem 2.3.1.

We will strengthen this relation soon by proving
Sia(PiaCin) > Si(PCi ), V(22 n2>0). (5.1.6)

By Property 2.3.18, statement (5.1.6) is the same as
Sia(PiCi) > Si(pici—l,n+u(i,n))’ V(i=2; n=0),

and by Theorem 2.3.1, this gives
Si+1(xi+l,n+l) > Si (Xi,n+u(i,n)+l)' V(I 2 2’ nz 1) '

Empirically, we have u(,n)={. _,,1,2,,..}, so that

Sl(Xl,n+u(l,n)+1) = Sl ( Xl,n+{1n:0 ,.].122’.“}4_1)

=5 ( Xl,{zn:o,él,sz,...})
={1n:0!21142,...}
=2n, vn>1

=S5,(X, 1), Vn=1, empirically.
Statement (5.1.6) therefore does not hold for i =1.
In order to prove (5.1.6), we first review some relations. We have
S.;(N)=S,(N)-x,,(N), V(i=0; N >0), by Property 2.3.16.
Also,
S,((n+1)p;)=n+t(i,n), Vi,n>0, by definition (4.2.2).

Since there may be no regular C, in a given u we then have

i,n+1?

t(i,n+1) >t(i,n)-1, Vi,n>0. (5.1.7)
Empirically, we have t(0,n)=t(@,n)=t(2,n)=0, Vn>0,
and
@) ={0,,0,Lyc, 1:24:24,25,26,27,3;,.- - (5.1.8)
Equivalently, we have
So(Npy) =S,(np,) =S,(np,) =n—-1, vn=1, (5.1.9)
and
S;(nps) ={0,,4,1,,35c, 154,65, 76,87, 95,11;,.. }. (5.1.10)
We also have
C..=p+A;,, Vi,n=0, by definition, (5.1.11)

and



Ciio—Cio =4, Vi=0, by definition.

As a result, we have

A,=0,Vi=0,

A=A, Vi
Empirically,

Agn :{On=ouél,42,é3,...}
and
A, =10..2,,6,,8,,12,,14,,18,,24,,26,,(32),,.. }
>{0, ,.2,,6,,8,,..}.

Since C,,,, = Ciniuinm 2 Cina Vi,n>0, we then have (5.1.16) gives

A, 2{0,,,2,,6,,8,,..}, ¥(i>3, n>0).

We also have
Xi+1( pi+1Ci,n) = Xi+1(xi+1,n+1) =N +1! v'! n Z O '26

We defined u; , as the left-closed, right-open intervals
u,, =[np;, (n+1)p;), Vi,n>0.
As aresult, for any (i >0; n>1), the number of full u; before p,,,C; . is
[(pi +A)(p, +Ai,n)J_{ PP+ A +A) +HAA,
Pi Pi
The last relation we need is the following:
there is no C; above N = p,,,C, ;, for any i > 0, but there is}

a (regular) C, above X = PG, forall (i=0; n>1).

i+1,n+1

Using the above relations, we now have the following theorem:

Theorem 5.1.9. S, (p.,.C;,) >S;(pC;,), V(i=2; n>0),
and equivalently, t(i+1,C, -1)>t(i,C, , -1, V(i=2;, n>0).

Proof: We have

Sia(PiaCin) = Si(Pi.1Cin) = %1 (PisCi ), Vi,n20, by Property 2.3.16

}_ Xi+l(pi+lCi,n) ' by (5119)!

0,n=0

ZSi(pi(Pi +A, +Aiv"))+{1, n>1

JZ(pI +Ai +Ai,n)'

27

(5.1.12)

(5.1.13)
(5.1.14)

(5.1.15)

(5.1.16)

(5.1.17)

(5.1.18)

(5.1.19)

(5.1.20)

Property 2.3.11, and (5.1.20)

Si(P(p+4))-L n=0
S, (P(Cip +4+4,,)+1-(n+1), ¥n=>1

and (5.1.18)

2 The proof of this for n =0 is given in the start of the proof for Theorem 5.1.10.

}, by (5.1.13)
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{(CIo ) +tG1,C,-D)+(A -1, n=0 }
| by (4.2.2)
+A -1 +1(1,C  +A =D +A  —n, Vn>1
{ 1)+t(i,Ci10-—1)+(Ai—l), n=0 } by (5.0.7)
oA =D +t(I,C 1) A +A; , —n, Vn>1

(c:,0 1)+1t(i,C,, 1)+ (A, ~1), n=0

2 14 ;8 yeoofy |:2 ,
C.,—-D+t(i,C,, -1+ {”“:1 283 2 ns1
‘ {2n:1162|83,-..}, VI 23
by (5.1.15) and (5.1.17)

{..2,5,.3i=2
>S,(p; .n)+{(Ai —1)n0,{{.].h_1,42'53w}’ i 23}}, by (4.2.2)

>S5 (pCi,), V(=2 n=0).
Equivalently, t(i+1,C,  -1)>t(i,C;, 1), V(i=2;, n>0). 0
We can strengthen Theorem 5.1.9 by the following theorem:

Theorem 5.1.10. S ,(np,.,) >S;(np;), V(i=2; n>p,),
and equivalently, t(i+1,n)>t(i,n), V(i>2; n> p, -1).

Proof: Forall i >0, we have

|+11 pH—l pl p|+1 p|+1C| 0 < p|+1 |+12 ) (51101)
so that
X,1(P;,1Cip) =1, Vi=0. (5.1.10.2)
Also,
Xiira = PiaCi,, V(i 20; r>1), by Theorem 2.3.1. (5.1.10.3)
Since C;, =C,_; i V(21 r=0), by Property 2.3.18, we also have
XI Jr+u(i,r)+1 T pICI r? V(l 21’ r 2 O) . (51104)

Compartmentalize n by X; <n p, <X
(5.1.10.3) give

Vi,r>1, so that (5.1.10.1), (5.1.10.2), and

i,r+1?

n,={,2,...,(C_, -1} Vix1,
and n,, ={C;, ,,(Ci;, ,+D),....(C,, -D}, V(i=zL r=2).
The listing {n;,;  }o1 ={N.11, My120Niyrsr---+ has no gaps from n,,, =1 onwards.
Since u(i,0) = x,(C, ) =% (X;,) =1, Vi>1, the listing {n;, 1} also starts at
Ny 1 =1. However, this listing {n;, ;. .} does have gaps, say {G(i,r +1)} 27 at

27 G(i,r +1) is a left-closed, right-open interval.
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the values of r at which u(i,r —1) increases when r increases by 1. Whenever r
increases by 1 but u(i,r —1) does not increase, we can say the length of {G(i,r +1)} is 0
and {G(i,r +1)} is empty. Therefore,

{1t ={GA, r+) + ni,r—l+u(i,r—l)}rzl’ (5.1.10.5)
and there are no gaps on either side of this equation from the initial value 1. It is
understood that equality in (5.1.10.5) is on an r -indexed element-by-element basis.
Using (5.1.10.2), (5.1.10.3), Property 2.3.16, and Theorem 5.1.9, we have

Sia( pi+1Ci,r—1) =Si( pi+1Ci,r—1) —r>S( piCi,r—l)’ V(i=2;r=1). (5.1.10.6)

Forall (r>1 n,,, >p,), we have Property 2.3.15 gives

Si+1 ({ni+l,r}r21 pi+l) = Si+1 ({Ci,k=0 | Ci,k:l’ Ci,k=2 1000y Ci,k=rfl}r21 pi+l)
{(Ci,01ci,1)}k:07
{(Ci1.Ci )b 28

+S . (5.1.10.7)

i+1

{(Ci,r’ci,r)}k:r—l r>1
All regular C, in each of the open intervals
( pi+lci,0' pi+lCi,1)'( pi+1Ci,1v pi+lCi,2)’( pi+lCi,2’ pi+lCi,3)""
are inherited as regular C. ., since there are no X. , within these open intervals to

i+1
interfere.
Therefore, forall (r =1, n,,,, > p;), and using k as a dummy variable, we have

(5.1.10.1), (5.1.10.7), and Property 2.3.16 give
Si+l ({ni+1,r}r21 pi+l) = Si ({Ci,k:O J Ci,k:l’ Ci,k:2 1erey Ci,k:r—l}rzl pi+1) _{lk:O J 2k:1’ 3k:2 RERE rk:r—l}rzl
{(Ci,o , ci,l)}k:O J
{(Ci1.Ci )b

i+1?

+S.

Vi>0

i+1 |?
{(Ci,r ) Ci,r)}k:r—l r>1
>SS, ({Ci,k:O’ Cix1sCixezrer s Cicradin pi)

{{(STRET)) oy

+S. {:(Ci,l’ Ci,z)}k:11

P, |, Vi>2, by (5.1.10.6)

{(Ci,r ! Ci,r)}k:r—l r>1
=S, ({Ci,k:O’ Ci,k:l’ Ci,k:Z""’Ci,k:r—l}rzl P; )
+S; ({G (i,r+1)+ ni,r—1+u(i,r—l)}:’21 P ) ,

28 As usual, we use (...,... ) to designate an open interval. The open intervals on the RHS are combined
with the starting values indicated to give the intervals on the LHS.
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YN ey = Pro bY (5.1.10.5), where
{G(I! r +1) + ni,r—l—*—u(i,r—l)}'rzl eXCIUdes {Ci,r—l}rzl ' and It

is understood that comparison of the LHS and RHS of
this equation is made on an element-by-element basis.

=S, ({G (Lr+D+n gyt P )

= Si ({ni+l,r}r21 pi)1 by (5.1.10.5).
Therefore,
Si+1(npi+1) > Si (npi)’ V(l Z 21 n Z p|) 1
and equivalently t(i+1,n)>t(i,n), V(i>2, n>p,-1).

6. THE DISTANCE BETWEEN C,

In section 3 we introduced the maximum
C

im?

6.1 Distance Between C;  and C; ...
distance d, :HCLn+j -C,,

expecting that these have upper bounds that depend in some way on where the C,  and

between C,. We now turn our attention to C

C. .o lieinrelationtothe X, ., for i,r >1. In Theorem 6.1.1, we will show an upper
bound dependence C, ... -C, . <C,, , ,+1for C, .. <X 5, where
(i,n>1, m>0; 1<r <3). Because of Corollary 5.1.3, there always exist (m>0; n>1)

suchthat C, ., < X;,, forany i>1.

I,m+n

Theorem 6.1.1. For all (i,n>1;, m>0; 1<r<3; C
C

i+1,m+n < xi+r—1,3) ! we have
Cium <C, +1 (6.1.1.0)

i+1,m+n i+r-1,n-1 :

Proof: We consider only (m>0; n>1; 1<r <3), and proceed by inductionon i:
(a) Empirically, we have

Cz,l < X1,3 < Cz,z < Cz,s < C2,4 < X2,3 < C2,5 <-e< C2,11 = X3,3 (a'l)
and
{2,.,.2,,4,,2,,...}. 1,
4 _6,6,,..3}
C:2,m+n _Cz,m = { -0 ..1 ? ..}niz.. . (a'2)
{8m:0’81’102’83"“}n:3’
For C, ... < X5, 1.6, r=1, the only possibilities are m=0 and n=1, by (a-1),
which give
Co+1=3 (a-3)
and
C2,1 _Cz,o =2

<C,,+1, by (a-3). (a-4)
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For C, ..., < X,3,l.e, r=2,the only possibilities are 1<m+n<4, by (a-1).

For these, we have
C,..+1={4,,.6,,8,,12,}, empirically, (a-5)

and
{2m:0 ! 21’ 42 ! 23}n:1’
_ {4m=0 ! 61' 62}n=2’
" {8108
{1Om:0}n:4
<C,,.+1, by (a-5). (a-6)
For C, .., < X4;, 1., r =3, the only possibilities are 1<m+n<11, by (a-1).

For these, we have
C31n71+1={6n=1,82,123,144,185,206,247,308,329,3810,4211} , empirically, (a-7)

C,...-C,

2.m+n

and

{2,.6:2,,4,,2,,...,2.} .,
{4, ,.6,,6,,6,...,6,} ,,
{8.,.8,10,,8,,...,8,} .,

S , by (a-2)
{10,0,(12),,(12),,12,,...,12:}, .

2m+n ~ ~2m

{32m:0}n:11
<{4,..6,,10,,12,,16,,18,,22,,24,,28,,30,,,32,,},

by the n-repetend length and difference in (a-2)
<C,,, +1, by (a-7). (a-8)

Combining (a-4), (a-6), and (a-8) gives statement (6.1.1.0) holds for i =1.
(b) Therefore, at least for k =1, we have
C _Ck+l,m < Ck+r—1,n—l +l’ V(m 2 O’ n 21; 1S r< 3’ Ck+l,m+n < Xk+r71,3) . (b'l)

=C C vm,n>0, by Property 2.3.18
= Ck+l,(m+u(k+2,m))+(n+u(k+2,m+n)—u(k+2,m)) -C
< Ck+r—1,n+u(k-¢—2,m+n)—u(k+2,m)—1 +1’ v(m + U(k + 2’ m) 2 0,
(n+u(k+2,m+n)—u(k+2,m))>1;
1<r< 3’ Ck-*—l,m+n+u(k-¢—2,m+n) < Xk+r—l,3) ’ by (b_l)
Kerr—1,n-+U (K--2,m-+n)—u (K+2,m)—L +1 v(m +u(k+2,m) >0;
n+u(k+2,m+n)—u(k+2,m)>1,
1<1<3; C\pmin < Xiurs3 ) » by Property 2.3.18.

k+1,m+n

(C) Ck+2,m+n _Ck+2,m k+1,m+n+u(k+2,m+n) ~ “k+Lm+u(k+2,m)?

k+1,m+u(k+2,m)

=C

A fortiori, we then have

Ck+2,m+n _Ck+2,m S Ck-*—r—l,n+u(k+2,m+n)—u(k-¢—2,m)—1 +1’ V(m 2 O’ n 21’ 1S r S 3’
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Ck-¢—2,m+n < Xk+r—1,3) . (C_l)
For r=1,since X,; = p,p;,, < X,,1,, we then have u(k+2,m+n)=u(k+2,m) =1,
so that (c-1) gives

Ck+2,m+n _Ck+2,m < Ck,n—l +1
<Cy,1n +1, by Property 2.3.18. (c-2)
For r =2, we have
Ck+2.m+n < Xk+1,3

< Xy.22, Dy Theorem 2.3.21,
so that, again, u(k+2,m+n)—u(k+2,m)=0. This and (c-1) give
Cicomin ~Ciiom < Cipna +1. (c-3)
For r=3, we have C,,, .., < X,,55,80that 0<u(k+2,m+n)—u(k+2,m) <1,

Therefore, for r =3, we have (c-1) gives
C _Ck+2,m S Ck+2,n +1

<Ciinizins 1, by Property 2.3.18. (c-4)
Combining (c-2), (c-3), and (c-4) then gives (c-1) can be written as
Ck-¢—2,m+n _Ck+2,m S C(k+1)+r—1,n—1 +1’ V(m Z 01 n 2 1’ 1S r S 3' Ck+2,m+n < X(k+1)+r—1,3) .

Therefore, (6.1.1.0) also holds for i =k +1 and, by induction, for all i >1.

k+2,m+n

Corollary 6.1.2. p,,,—p, < p, -1 Vi>1, with equality holding if and only if i =1,2.

Proof: Empirically, we have
p,—p=1=p -1 (6.1.2.1)

and

p;—p,=2=p,-1. (6.1.2.2)

Setting m=0, n=1,and r =1 in Theorem 6.1.1 gives

Cin1—Ciyo<Co+l Vil
<C.,-1 Vi>2,

i+1,0

ie., P, — PSP, -1 Vix2. (6.1.2.3)

Combining (6.1.2.1), (6.1.2.2), and (6.1.2.3) gives

P— P <p -1 Vixl.

However, in (a) of the proof of Theorem 6.1.1 we had

C,,—C,y <Cyo+1.

Carrying this through the rest of the proof of Theorem 6.1.1 gives

Ci+1,1 _Ci+1,0 < Ci,o +1, vizl
<Ciao-1 Vi22,
ie., P2 = Py < Py —L Vix2.

This completes the proof. [J
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This now allows a proof of Bertrand’s postulate [4], which we postpone until section 7,
for consistency in presentation. Theorem 6.1.1 also gives the following corollary:

Corollary 6.1.3. All u,, with n>2 and all u;, with (i,n>1 u;, < X,,)? contain at
least one regular C, .

Proof: Empirically, all u,  with n>2 contain a regular C,.
Empirically, there is a regular C, inall u,.*° (6.1.3.1)
It remains to consider u; , with (i>2; n>1) and lying before X,,.
By Corollary 6.1.2, there is always a regular C,, namely C;, = p,,,, in u;, =[p;,2p;),

forall i>1. (6.1.3.2)
Therefore, for any i >1, there is always a regular C before X, ,, for some m> 0.3

Theorem 6.1.1 gives
C

an even upper bound.
For i>2 we have the number of cells, p;, inevery u; is odd.

No regular C Is a multiple of p,, forany i>1.

i,m+1

Cn<p+L V(i=22,m>0; C, .. <X,),

im+l i,m+1

i,m+1

Therefore, forany (i,n>=2;, m>0; C, ., <X,,),if G liesin u; ,, we musthave C

i,m+1 i,m+1

liesin u; ., or u;,.Also, if C,  isthegreatest C, inu; ,,then C, ., mustliein u, .

i,m+1

Therefore, including (6.1.3.1) and (6.1.3.2), there is at least one regular C in each

u, with (i,n=4 u; < X;;). O

i,m+1

Because of Corollary 6.1.3, we have that, for i >1, every u; before X, > p’+2p,
contains at least one regular C;. Since X, <X, ,,, Vi>1, by Theorem 2.3.21, all these
regular C, are (regular) primes, by Theorem 2.3.5.

Corollary 6.1.4. t(i,n) >0, Vi,n >0, and equivalently, S.(np,) >n-1, V(i>0; n>1).

Proof: Combining the empirically results t(0,n) =t(1,n) =t(2,n) =0, ¥n>0, along
with Corollary 6.1.3 and t(i+1,n) >t(i,n), V(i>2; n> p. —1), of Corollary 5.1.11, and

using straight-forward induction, gives t(i,n) >0, Vi,n>0. ]

2®By u <X . wemean u _lies before X
i,n i+1,3 i,n

i,+13 "
% In Appendix C, it is shown that there is at least one regular C, inevery u, with (1<i<5; n>1).

31 The number of such is a strictly monotonically increasing function of i, for all i >1, by Corollary
5.1.2.
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7. SOME RELATIONS CONCERNING PRIMES

7.1 Bertrand’s Postulate. We now give a proof of Bertrand’s postulate [4] based on
Corollary 6.1.2, by first proving the following more general theorem:

Theorem 7.1.1. For any real N >g, there is at least one (regular) prime between
N (excl.) and 2N (excl.).

Proof: By Corollary 6.1.2, we have
Pa— P <p -1 Vix1. (7.1.1.1)

For N>2, we may let p,=| N jp be the greatest (regular) prime*? less than or equal to
N, for some n>1. Then,

P, <N, (7.1.1.2)
p,—1<N, (7.1.1.3)

and
Pry >N (7.1.1.4)

But,

Poa— Po < P, -1, by (7.1.1.1)
<N, by (7.1.1.2). (7.1.1.5)
Therefore,

pn+1 < pn + N ’ by (7-1.1.5)

<N+N, by (7.1.1.2)
=2N. (7.1.1.6)
Therefore N < p_,, <2N, by (6.1.4) and (7.1.1.6), so the statement holds for N >2.

Empirically, for §< N<2,wehave N<2=p <2N.O

The form of Bertrand's postulate that states there is at least one prime between N (excl.)
and 2N (incl.), for all integral N >1, therefore holds, a fortiori, by noting that the
statement holds empirically for N =1. This is a new proof, independent of others that
exist, e.g., those by Tchebychef [5], Ramanujan [6], Landau [7], and Erdés [8].

7.2 Brocard’s Conjecture. Brocard’s conjecture [9] is that there are at least 4 (regular)
primes between p’ and p’,,, for any n>2. Empirically, the number of (regular) primes
between p? and p’,, is

{2,.,.2,5,,6,15,,9;,22,,..}, (7.2.1)

which appears to increase non-monotonically as a function of n for n>1. We will prove
the following theorem, which gives a result at least as strong as Brocard’s conjecture:

32 More generally, we can allow |_N Jp to be either an exceptional or regular prime for N >1.
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Theorem 7.2.1. For any n>2, the number of primes between p2 and p?, is at least
2A, > 4.

Proof: Forany n>0, we have
Pra— Pr = (P, +A,)" = p;
=2A,p, +AZ.
Therefore, there are at least 2A, entire u, between p? and p?,.
By Corollary 6.1.3 and Theorem 2.3.5, there are then at least 2A_ >4 (regular) primes

between p? and p?,,forall n>2.0

7.3 Legendre’s Conjecture. Legendre’s conjecture [10] is that there is a (regular) prime
between n® and (n+1)*for all n>1. Empirically, the number of (regular) primes
between n* and (n+1)* for n>1is {2,,,2,,2,,3,,2,,4,...}, which, like (7.2.1), also

appears to increase erratically as a function of n. We will prove Legendre’s conjecture
using the following lemma, whose proof is left to the reader:

Lemma 7.3.1. For any i >0, any 2p, consecutive cells in the opened Sieve span at least
one full u,. O

Proof of Legendre’s Conjecture. For any n>1, there isan i >0 such that
p<n<(n+)<p,,.
For these, we have
p’<n*<(n+1)*=n’+2n+1<p? ,
so that the distance between these n® and (n+1)* is at least
2n+1>2p, +1.
Therefore, by Lemma 7.3.1 and Corollary 6.1.6 there is at least one (regular) prime
between n’ (excl.) and (n+1)> (excl.). O

7.4 The Conjecture that Lim((p,,,—P,)/p,)=0.

. : - _ 2
Proof: For given i >0, let p,, _Lpi Jp.
Then, Corollary 6.1.3 and Theorem 2.3.5 give
B = P < Pagy < P7 < Pogyer <P+ Py, VizL (7.4.1)
Since there are an infinite number of p,, we may consider (I_i)m ((pn(i)+l ~ Paiy) ! pn(i)) .

Changing the variable n(i) to simply n then gives

2 2
lim Pna — Py <lim (p| + pi)_(pi — pl) , by (741)

n—oo pn i—0 n
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<lim 22pip also by (7.4.1)

7.5 Andrica’s Conjecture. Andrica’s conjecture [11] is that

A =/Prs —[P, <1 ¥n=1.

We will prove the following:

Theorem 7.5.1. \/p, ., —\/p_n<1, vn>0.

Proof: For any i>0, there are at least 2 (regular) primes between p’ and pZ,, by

(7.2.1) and Brocard’s conjecture (proved in subsection 7.2).
For any i >0, there is then an n>1 such that

pi2 < pn < pn+1 < p|2+1 =C'2 (7511)
For all i>2, there are at least two u; between p’ and p;p,,,=pC;,=pCi.,=X,;.

Therefore, for all i>2, there are at least 2 (regular) primes in this range, by Corollary
6.1.3 and Theorem 2.3.5. We may then choose
Pt < X3 < X;, =C’, forany i>2.

In this range, we have
P, — P, <C;, +1, by Theorem 6.1.1

=p., +1. (7.5.1.2)
Therefore, for any (i>2; n>1) such that p?<p, <p,,<X;;<X,.,=C%, we have
(N, +N,)(N, —N,)=N?Z—N? gives
pn+l n
Pr
I N e
p|+1 +1

- \/ pn+l \/—
2D
< —, by Corollary 6.1.2
24p,
<1,since p < p,, by (7.5.1.1).

As i increases from i =1, we have p, and pn+1 span all pairs of consecutive primes with

p, = 2. We also have
Vo~ =21
<1

by (7.5.1.2)

and

o - -2
<1
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Therefore, /p, ., —\/p_n <1 holds forall n>0. O

Since, by Theorem 3.1.5, the gap between consecutive primes can be arbitrarily large,
Andrica’s conjecture, as stated, is unintuitive. However, the equivalent statement

Pris = Pn </ Pnys T/ Pns vn>1,
is illuminating. In fact, this equivalent of Andrica’s conjecture allows another proof for
lim Pos = Po .

n—o0 pn
Proof: p,.,— P, <+/Poa +\/p_n, vn =1, gives
P — P \/ Pr +\/p_n

Py
\/_ \/— , by Corollary 6.1.2

_JR(2+D) (f 2+1)
P,
_(2+1)

Jp.

Therefore, lim LT Po.g = Py =0.0

n—oo pn

The two proofs given for lim —/=——" Pos = Py

nN—o pn
6.1.2 to prove Andrica’s conjecture. As a side note, the limit in the first proof converges
to O faster than that in the second proof.

=0 are not independent, since we used Corollary

7.6 Oppermann’s Conjecture. Oppermann’s conjecture [12, 13] is that for any integer
n>2 there is a (regular) prime between n*>—n (excl.) and n”(excl.), as well as between
n® (excl) and n*+n (excl.).

Proof: For any i >0, compartmentalize n by
pi = ni < pi+l'
Forany i>1 and n, = p,, Oppermann’s conjecture concerns the u, immediately before
and immediately after N = X, , = p?. Since X, , > p?+p;, Vi =1, we have Corollary
6.1.3 gives these u; both contain regular C,. Since X, < X,,,,, Vi=1, these regular C;

are (regular) primes, by Theorem 2.3.5.
For p, <n, < p,,;, we must have i>2. For this situation, we have the number of cells in

the row labeled p, between N =n’-n, and N =n?, as well as between N =n? and
N =n?+n,,isatleast p,+1.Since n’+n < p’; =X, < X, 15, setting (n=1; r=2) in
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Theorem 6.1.1 gives there is at least one regular C, in these cells between N =n’ —n,
and N =n?, as well as between N =n’ and N =n’+n.. Again, by Theorem 2.3.5, these
regular C, are (regular) primes.

Since these n. for i >1 exhaust all values n> 2, the proof is complete. [

Comments

The average density of C. inthe u, increases as a function of i >2, by Theorem 5.1.10.

This suggests that the bounds in Theorem 6.1.1 can be tightened as i increases, allowing
more relations between primes to be proved. For example, this should allow proof of the
following generalization of Bertrand’s postulate:

for any r 21, there is an n_>1 such that there are

at least r primes between n and 2n, forall n>n, .

Acknowledgements

I wish to thank my late wife, Gloria, who goaded me into this 24-year-long project,
and some people whom | bothered early during my investigations: Andrew Granville
(University of Montreal,) pointed out an error in some very early work; Marshall Walker
(emeritus, York University) was encouraging and was helpful in introducing me to Allan
Trojan (then also at York University, now deceased); and Hale F. Trotter (emeritus, Yale
University, now deceased). Allan Trojan and Hale F. Trotter were especially patient. |
also wish to thank Robert Dawson (St. Mary’s University) who was unaware of my
investigations into the Sieve of Eratosthenes, but was encouraging about my more recent
work on general repetends.



39

References

[1] Hoche, Richard, ed. (1866), Nicomachi Geraseni Pythagorei Introductionis

arithmeticae libri I, chapter XI1I, 3, Leipzig: B.G. Teubner, p. 30.

[2] Horsley, Rev. Samuel, F. R. S., "Koéokwvov Epatocbévoug or, The Sieve of

Eratosthenes. Being an account of his method of finding all the Prime Numbers,"

Philosophical Transactions (1683-1775), Vol. 62. (1772), pp. 327-347 .

[3] Euclid. Elementa, 1X, 20; Opera (ed. Heiberg), 2, 1994, 338-91.

[4] Bertrand J. Jour. de I'école roy. polyt., cah. 30, tome 17, 1845, 129.

[5] Tchebychef P.L. Mém. Ac. Sc. St. Pétersbourg, 7, 1854 (1850), 17-33, 27; Oeuvres,
1, 49-70, 63. Jour de Math., 17, 1852, 366-390, 381. Cf. Serret, Cours d'algebre
supérieure, ed. 2, 2, 1854, 587; ed. 6, 2, 1910, 226.

[6] S. Ramanujan, A proof of Bertrand’s postulate, J. Indian Math. Soc. 11 (1919) 181-

182.

[7] Landau E. Handbuch der Lehre von der Verteilung der Primzahlen, (2 Bander), I,
Leipzig, Teubner, 1909, 89-92.

[8] P. Erdés: Beweis eines Satzes von Tschebyschef, Acta Sci. Math. (Szeged) 5 (1930-
32), 194-198; Zbl. 4,101.

[9] Weisstein, Eric W. "Brocard's Conjecture.” From MathWorld--A Wolfram Web

Resource. https://mathworld.wolfram.com/BrocardsConjecture.html

[10] Weisstein, Eric W. "Legendre's Conjecture.” From MathWorld--A Wolfram Web

Resource. https://mathworld.wolfram.com/L egendresConjecture.html

[11] Andrica, D. (1986). "Note on a conjecture in prime number theory". Studia Univ.

Babes—Bolyai Math. 31 (4): 44-48. ISSN 0252-1938. Zbl 0623.10030.

[12] Oppermann, L. (1882), "Om vor Kundskab om Primtallenes Mangde mellem givne

Greendser", Oversigt over Det Kongelige Danske Videnskabernes Selskabs Forhandlinger

og Dets Medlemmers Arbejder: 169-179 (unpublished lecture, 1877)

[13] Ribenboim, Paulo (2004), The Little Book of Bigger Primes, Springer, p. 183,

ISBN 9780387201696.

[14] S. Ramanujan, Question 723, J. Indian Math. Soc. 10 (1918), 357-358.



https://en.wikipedia.org/wiki/Richard_Hoche
https://archive.org/stream/nicomachigerasen00nicouoft#page/30/mode/2up
https://archive.org/stream/nicomachigerasen00nicouoft#page/30/mode/2up
https://www.jstor.org/stable/106053
https://mathworld.wolfram.com/about/author.html
https://mathworld.wolfram.com/
https://mathworld.wolfram.com/BrocardsConjecture.html
https://mathworld.wolfram.com/about/author.html
https://mathworld.wolfram.com/
https://mathworld.wolfram.com/LegendresConjecture.html
https://en.wikipedia.org/wiki/International_Standard_Serial_Number
https://www.worldcat.org/issn/0252-1938
https://en.wikipedia.org/wiki/Zentralblatt_MATH
https://zbmath.org/?format=complete&q=an:0623.10030
https://books.google.com/books?id=UQgXAAAAYAAJ&pg=PA169
https://books.google.com/books?id=UQgXAAAAYAAJ&pg=PA169
https://books.google.com/books?id=pBJDA89eOGQC&pg=PA1
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/9780387201696

40

Appendix A: Summary of Notations and Their Definitions

Lower case Roman letters ~ Non-negative integers.

N Non-negative real, unless otherwise indicated.
(excl.) Exclusive of/excluding

(incl.) Inclusive of/including

P, Primes, p,=1 p,=2, p,=3, p,=5, ..., where

p, =1 is an exceptional prime and
all p, with i>1 are regular primes.

I, I1, = H p; , an abbreviated notation used for
j=0
convenience.

[.......) The standard left-closed, right-open interval.

U, U, =[p +(-DIT;, p,+nIL;), V(i =0; n>1).

U, An arbitrary U, .

U, u,, =[np;,(n+1)p;), Vi,n>0.

u, An arbitrary u; .

Ci. The n" prime candidate in row i of the opened Sieve.

Only prime candidates can become primes in rows below.
All C,, are special prime candidates, and

all C,  with n>1 are regular prime candidates.

Cio Cio=p,, forall i >0, by definition.
Ci1=Ci10= P, forall i>0, by the algorithm that
produces the opened Sieve, and by definition.

C, An arbitrary C, .
Ai Ai:pi+1_pi’Vi20
Ai,n Ai,n :Ci,n_ Pis Vi,n=0

X, The n™ value of the column number (where n=1,2,3,...)



Si(N)
S:(N;,N,)
X (N)
% (N;, N,)

u(i, n)

T.(N)

t(i,n)

Uil

1

Uil

X

INJ, + INJg, - [Ny

[NJp [NJe o [N,
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in row i of the opened Sieve where there is an X, showing
that a prime candidate in that column of the Sieve cannot
be inherited below that row.

Xii=p; =C,,, forall i>1, by definition.

We can also define X;, =0, Vi >0, even though there are
no cells with an X at the column values j=0.

An arbitrary X, .

The number of regular C, less than or equal to N .
S.(N;,N,)=S,(N,)-S,(N,).

The number of X, less than or equal to N .

X (N;, N,) =% (N,)—x (N,).

u@i,n)=x(C, ), v(i=1 n=0). This change in notation

facilitates use of x,(C, ) as a subscript.

N-p +1

si(N){ J+Ti(N), V(=L N=p).

np, — p. +1
Si(npi){%
t(i,n)=T(i,(n+1)p;), ¥v(i=1 n>0).
S,(np;) =n-1+t(i,n-1), V(i=0; n>1), is an
easier definition to work with and extends to i =0.

J+t(i,n—1), vi,n>1.

The number of regular C, in U,. The 1 here is a symbol,
not a number.

The number of X in (an arbitrary) U, .

The number of regular C,, special and regular C,

and X,, respectively, less than or equal to N . The
subscript i is not needed if used inside | |, e.g., |U;], .

The greatest prime (exceptional or regular), C., and X,,

respectively, less than or equal to N . |_NJX_ is not used in

this paper.



42

INTP INTE INTS The least p,, C,,and X; respectively, greater than
orequalto N. [N7" and [N}Xi are not used in this paper.

Cim, Cim, =| Xinn |, - forany (i1 n>0).
(o Ci o :(ximﬂq ,forany (i>1, n>0).
{.} A list/listing of values, using ordered indices.
See Appendix B on generalized repetends for
specific definitions, notations, and theorems.
I{.} The element values in the list/listing are monotonically

increasing as a function of their ordered indices.

0
[T, -D=1 This is a definition by fiat, and is similar to 0!=1.
j=1
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Appendix B: Generalizing the Concept of Repetends

In this appendix, we generalize the concept and notation of repetends, develop an algebra
of rules for manipulation, and give three examples of how these can be used in
mathematics.

In 1872, when Dedekind, Cantor, and Heine each gave their formal definitions of real
numbers, it was already well-known that irrational numbers had non-repeating decimal
digits. Two years later, in 1874, the word “repetend” appeared in literature to denote a
repeated word, phrase, or sound®. The word “repetend” also began to be used for
repeated decimal characters.®*

However, there is presently no consistent notation for decimal repetends throughout
the world. Depending on the country, a repetend is represented by parentheses (a...b),

an overlying line (called a vinculum) a...b, an overlying arc a...b, one or two overlying
single dots & or &...b, or an (ambiguous) ellipsis abc... .3

One notation that suits our purposes is the single or one overdot®, as follows:
aa,...a, -bb,...b, =aa,...a,-bb,...o.b.b. ...

and  aa,...a,-bb,...b,...b,, =aa,...a -bb,..b,.. b b..b. b..Db....
This notation can also be applied to strings or lists of characters outside its use with
decimals. To do this, we first introduce the following concepts and notation:

Write A={a_,a,,...} to denote a list or listing of possible expressions*” of A,

as opposed to a set. We will deal here exclusively with lists.
We have/define

a2, Y ={a,.2,..}, (R-1)
a property that is not shared by sets. The list is ordered with respect to its indices.
These indices will usually be non-negative integers, but need not be as long as
they are ordered and we know what the index ordinal value is.*® Unless otherwise
indicated, we will assume the indices are the integral ordinal values. The first
index will usually be shown as n= to establish that we are working with a
list/listing and not a set, as well as to identify the index as n.*° We can also use
{a.,.a,,,...,a,,,...; atany time. This helps avoid confusion, especially with

more than one index variable. Any combination of notations that is not

33 According to the Merriam-Webster English dictionary.

341 have been unable so far to find out whether the literary or mathematical use came first.

% See Wikipedia: Repeating Decimals.

3% We are going to use “overdot” instead of “overlying dot”.

37 We use “expressions” here in a generic sense, not a mathematical one. For precision in meaning, we

could use “list” for the expression {a,_,,a,,...} and the gerundive “listing” for the process of creating it,
but this may be too pedantic.

38 We must always be able to do a change of variables so we can list the elements using integral ordinal
values when applying arithmetic rule (R-7) later. An index may then be negative, zero, or non-integral.

3 This is not necessary and may be dispensed with if there is no ambiguity.
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ambiguous is acceptable. For example,
{anzl’ a‘n:2 1. '}mzl’ {anzl’ a2 1. '}m:1'
{bn:l’ bn:2 1o '}m:Z (T {bnzl’ b2 1ee '}m:Z !

Call the expressions the elements of the list/listing. The elements a,,a,,... here

may be anything, e.g., characters, numerical values, mathematical formulae,
images, etc. Unless otherwise indicated, it is understood that the listing
{a,_n,a.,-.-+ contains all the elements a, with n>m, while

{a,_.,.a,.,---,a,.} isafinite list of r+1 elements.
If f isafunction®®on A={a_;,a,,...}, we define

f ({2 a3 ={(f (@), (F(@ns)), oo} - (R-2)
No matter what the value of f(a,) is, its ordinality in the list on the right is the
same as that of a, in the list on the left.

If f(a,)=a,, then (f(a,)) =(a,),=a,, to agree with (R-2).

Now we can formally introduce our single or one overdot notation. For any r >1, let
{anzl’aZ"“’ar""}:{{a“nzl'aZ""’ar}mzl’{anzl'a2"“’ar}m:2"“}
={@)t (@)1 (@) (B)icair = (B gmopy =+ »
forall m,n>1 such that (a,),_., 1
lies within {a,_,,a,,...,a,,...},
be a finite or infinite listing of a repeated list {a,_,a,,...,a }. This gives

TCHNERRES ST CURCRIIES | CHRERI:S S

In {a,,.a,,....a.} . {a,1.a,....8} ...}, wecall a,a,,...,a the repetend, or more
specifically the n-repetend. We call r the repetend length, or more specifically the
n-repetend length. For r =1, we have

{al’ . } = {{al}mzl’{al}m:Z’ o } :{(a:l.)m:l1 (al)m:21 . } '

From here on, we are concerned with elements that have quantifiable values*'. We
introduce double or two overdot notation in lists to denote the following property:
forany r>1,

A={a _,a,.. }={4,.,....4,,..-},
ifand only if d =a,,, —a, is a constant, for all k >1. (R-3)

For every k >1, unless d =0, it is not the elements a__,,a,,,,...,a,,,, that are repeated
here but their (arithmetic) pattern in a step-wise manner.

40 A function here need not produce numerical values.
4L A function on these values, for our purposes now, must give numerical values, ones that can be used for
numerical arithmetic.
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For either single or double overdot notation the following hold:
(1) the elements may be real or complex;
(2) we will say that A={a,_,a,,...} is arepetend function of n,
or an n-repetend function;
(3) for A={a,,a,,..}, wewillcall a,...,a,,,, foreach k>1a
repetend, or more precisely an n-repetend;
(4) we will call r the repetend length, or more precisely
an n-repetend length; and
(5) we will call d the repetend difference, or more precisely the
n -repetend difference.
Using the terminology “n-repetend” emphasizes which index variable is involved and is
helpful when more than one index variable is involved.

If we write {a,_,,...,4,,....4,,,,.., forany (m>2; r >1), the elements
a,,8,,...,a,, may not satisfy (R-3) . We still have d =4a, —-a,., Isaconstant, for
all k>0, and the first n-repetend may be a_,a,.,,...
double overdots to the right as follows:

m-+K+r m-+k

We may therefore move the

m+r -1°

Proposition 1. {a,,...,&,,. wx={a,, 8 e 8- TOrallmk, r>1. O

However, the converse is not true in general, although there are exceptions®?. If we are
given {a._,,a,,...,4,.,...,4 ...} and the start of the first an n-repetendisat n=m>1,

we may not be able to move the double overdots to the left to get
{a1 aTn o9 m+r' } {al a‘mk’ 1 mk+r’ },fOf&nykZl.

For any n>1,* given a single overdot notation listing, the single overdot notation can
always be converted to the double overdot notation, as follows:
{a,.....a.,..}={&8,4,....4.,,..},withd=a,,, ,—a,,, =0, forallk >0, (R-4)
This allows us to call r in both the single and double overdot notations by the same
name, n-repetend length.
Converting the double overdot notation to a single overdot notation is possible if and only
if d=a,,,,—a., =0, forallk>0.

As with the double overdots, the single overdots may also always be moved any distance
to the right, but not always to the left.

In general,
the smallest repetend length possible is r =1. (R-5)
the smallest absolute repetend difference possible is d =0. (R-6)

42 An obvious exception is one in which the overdots have already been moved to the right before a list is
presented to you, but there are others. One that uses Proposition 4 is given at the end of this appendix.

43 The choice of n >1 here is for convenience only. The indices may be any values that can be assigned
ordinal values relative to each other.
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Along with (R-2), we impose rules for arithmetic with lists. For elements in two lists
with the same ordinal index values we use the following rule:

{a‘nzl’ a2" ° e am""}i{bn:l’bZ" o bm’ . "}:{(an:1 ibnzl)nzl’(aHZZ * n=2 )n:Z !

(b ) ) R
For any ¢, we impose the following two rules:

c+{a,_,a,,...,a,,..3={(c+a,,),4.(c+a,)),,....(c+a,),,--}, (R-8)
cfa . a,...,a,,..3={(ca ), (ca,),,....(ca,) ..} (R-9)
We multiply a list by a list in the same way as we do a matrix by a matrix:
a{b4.b,,..},
{a_.a,,..}{b,,.b,,..}={ab}=1a_,{b,_.b,..}.¢, (R-10)
&y,

where the superscript t indicates transpose: {a,_,,a,,..} =<a_,, ¢

Each element of one list can be treated independently from the other elements of that list
for addition and subtraction with the elements of another list as follows:

P {ai=l +{bj:l’ bz’- . -}}i=1 )
CRICARE R URIDINS S LN s URILIN o {ai:2+{bj:l’bza---}} ;- (R-11)

In (R-7) it is the index ordinal values that determine which elements are added
together or subtracted, not what the indices are labeled as or what the index values are.
If we restrict ourselves to all the elements of the lists here being real, we must then also
have ¢ in (RT-8) and (R-9) being real.

If a repetend element a,, consists of more than one character, it is often convenient to

write & =(a), or &, =(a, ), whichever is appropriate under the circumstances.

When two index variables are involved, each independently associated with repetends,
we can write

AU SN S

{Bn:lﬁ ceey 61+rn 1o }m=1+rm !

44 We will not concern ourselves here with one list containing index ordinal values that do not occur in the
other list. In general, what is done in such situations depends on the context.
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This can be extended to any number of index variables, similar to matrix notation. In
such a case the double overdot relation (R-3) for any variable applies with the other
variables being kept constant. When possible, different index variables can be displayed
in different index rows associated with the elements.

Wesay {a,,....a,+={b,_,...,b,} if and only if the relation a, > b, holds term by
term, where m need not be finite, and similarly for = <,>,<.

With these definitions, we can now start to do manipulations and calculations. If a
proof is not given for any of the following relations, it is left to the reader.

Proposition 2. If f is a linear functionon A={a_,,a,,...}, then
({03 ={ (F@D)n (F@), o (F @) rr| B (P20)

Proof: For some constants B and C, we have
f(a,)=Ba,+C.
By (R-3), we have a,,, —a, =d,, forallk >1, where d, is a constant.
Therefore, for any k >1, we have
(f@a.)... —(f(@)), =(Ba, +C),, —(Ba +C),

=B((@.)er =@ ) by (R-9)
= B(ak+r _ak)
= Bd,, a constant.

Therefore, by (R-2) and (R-3), we have (P2-0) holds. [J

Proposition 3. Ifin {& _,,...,&_,..} and {b_,,...,b_,.. } we have
{a,.....a,}={b,_,,...,b,} and the respective n-repetend differences d, >d,, then

{8,..4,.3>{€,,..0,.3.0

The statements of Proposition 3 for the relations =,<,>,< are left to the reader.
A word of caution in Proposition 3 is needed here. If we have lists with different
repetend lengths, say {&,_,,... - and {b,_.,. bl+r ...}, With r, =, then the

inequality comparison must be shown out to index 1+lcm(r,, r.) “° here, and we must

have 9% > gy (see why in Theorem 9) before we can say
ra b

TCNRC N £ N

4 This is an example in which placing the index values of n outside the parentheses (on the right side of
the equation here) would be completely wrong, since f(a) is undefined.
46 As usual, “lcm” stands for least common multiple.



48

Statements for similar situations for the other relations =,<,>,< are left to the reader.

Proposition 4. If, for a given double overdot notation listing, r is a repetend length and
d the repetend difference for that r, then, for any integral k > 2, we have kr is also a

repetend length, with corresponding repetend difference kd . [J

Proposition 5. If, for a given double overdot notation listing, there are two different
repetend lengths r, and r, with respective corresponding repetend differences d, and

d,, then r,d, =rd,.

Proof: By Proposition 1, we may assume that there is a k >1 such that
{aa . F={a a8, =l 8oy 3
Therefore, by Proposition 4, we also have
{a b y={ag 8L (P5-1)
and {a,_y,. . 8,een oo F={800 0 B B - (P5-2)

Since the RHS* of both listings (P5-1) and (P5-2) are the same, we have the repetend
differences in the RHS of (P5-1) and (P5-2) are the same, i.e.,

r,d, =rd,, by Proposition 4. [J

. - r, d . .
The result in Proposition 5 can also be stated % = —2. As an immediate corollary we
n o q
have the following:

Corollary 6. If, for a given double overdot notation listing, there are two different
repetend lengths r, and r, with respective repetend differences d, <d,, then r, <r,.

Conversely, if r, <r,, then d, <d,. O

We now have the following converse of Proposition 4:

Proposition 7. If, for a given double overdot notation listing, r is a repetend length, then
any lesser repetend length must be a factor®® of r. O

Proof: By reductio ad absurdum:
For a given listing with two different repetends, if the two different first repetends start
with different indices, shift one set of the repetend overdots to the right so the first
elements of the two repetends coincide. Then relabel the indices so the first index of each
repetend is 1. Let A:{z'a'l,az,...,éii+rl,...}={:‘a‘1,a2,...,a'a'1+r2,...} be the resultant listings

starting with index 1, where r,,r, are the respective repetend lengths. Without loss of
generality, we may let

47 “RHS” stands for right hand side.
8 Including the possibility 1.
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nL<r,. (P7-1)
Suppose, to the contrary of the proposition statement, that
L. (P7-2)

Let the respective minimum repetend differences be d,,d,.
By (P7-1) and Corollary 6, we have
d, <d,. (P7-3)
Then, by Proposition 1, we have
{éi’az""'a-1+rl""}:{a.1’a2""'a.1+r1’a2+rl’a3+r1""’a1+r2""}
={a, 8.8 gl
={ai1 Ayeeny a1+r2—r1 ! é:2+r2—r1 tee a2+r2 ! a'3+r2 1ee }

:{awaz""'éi+r2""’é1+rl+r2""}

Qpr, Oy, = d, and i, —A = d,

a2+r2 - a2+l’2—r1 - dl a2+r2 %= d2
a2+r1+r2 - a2+r2 - dl a'2""’1'“’2 - a2+r1 - d2
as well as Ay, —a =0d,—d,

Qur,, A = d,—d,
a2+r2 o a2+r1 = dz _dl

Therefore, there is a third repetend difference d, =d, —d, with its first repetend starting
at a, also and with corresponding repetend length
r=hL—-n
<r,, by (P7-1).
Since we have d, <d,, by (P7-3), Corollary 6 gives
d,<d,. (P7-4)
Suppose d, =bd,, for some integer b>1.
Then ;—Zz 3—2 =b, by Proposition 5, contradicting (P7-1).
1 1
Therefore, we also have
d |d,
d, | d,
nin
and nfr,.
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This now sets up an iteration creating infinitely nested listings, all starting with index 1
and having corresponding repetend lengths r,,r,,r;,... satisfying the condition

r,>r,>r,>r>--->r, an impossibility for finite integers.
Therefore, supposition (P7-2) is false and we can only have r, divides r,.

Proposition 8. For any constants B,C, D, we have

B{4 ,,....4,,,..}+Cn+D={(Ba,_, +C+D), ,,(Ba,+2C +D),,
...(Ba,, +(1+r)C+D),,,..}.O

More general than Proposition 8, we have the following theorem:

Theorem 9. Let f and g each be functions of integral n>1, with n-repetends and with
n-repetend lengths r, and r,, respectively. Then any linear combination of f(n),

g(n), and n has n-repetends and has r =lcm(r,,r,) as an n-repetend length.

frlg
Proof: Consider first case 1 in which the first n-repetends start at n=1, as follows:
f(n)={&...- &y, ..}, with n-repetend difference d; =a,,, —a, (T9-1)
and
g(n) ={By,---, by, .- F, With n-repetend difference d, =by,, —b. (T9-2)
Then, for any constants A,B,C,E, we have
Af (n)+Bg(n)+Cn+E ={(Aa,_, +Bb,_, +C+E),_,,(Aa, + Bb, +2C +E),,...}, (T9-3)

by (R-2) and (R-7).
For any integral k,r>1, let

D., =(Aa,, +Bb_, +(k+r)C+E)-(Aa, +Bb +kC+E)

=A(a,, —a,)+B(,, —b)+rC.
If r=lem(r,r,), we then have
Dk,r = A(ak+lcm(rf - )+ B(karIcm(rf —bk)+C(Icm(rf ' g))
=A£|Cm(rrf; g)j B{ICm(:f’ g)jdg—FC(lcm(l’f, g)) (T9'4)
f g

by (T9-1), (T9-2), and Proposition 4,
is a constant, independent of k . Therefore, by (R-3), we have (T8-3) can be written

Af (n)+Bg(n)+Cn+E ={(Aa,_, +Bb,_, +C+ E')'nzl, (Aa,_, +Bb,_,+2C+E) ,,...,

(Aal+lcm(rf ) + Bbl+|cm(rf rg) + C(Icm(rf ! g)+1) + E)n =L+lem(re,rg) e '}’
i.e., Af(n)+Bg(n)+Cn+E isan n-repetend function and has lem(r;,r;) as an

n-repetend length.
Now consider case 2 in which either of f(n) or g(n) has the first n-repetend starting at

some value n=n; >1 or n=n, >1, respectively. By Proposition 1, we can choose the
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first n-repetends for both f(n) and g(n) to start at the same value of n>max(n,n,),
say n,. Ignoring the terms a8, 8, and bl,bz,...,bno_1 now allows using the same

arguments as in case 1. This completes the proof. [

As aresult of Theorem 9, if min(r;) and min(r,) are the minimum n -repetend
lengths of f(n) and g(n), respectively, then Proposition 7 dictates that the minimum
n-repetend length of any linear combination of f(n), g(n), and n can only be

1 or a proper factor of Icm(min(rf ): min(rg)) . For example, let

f(n)={ _,.1,,3,,..} and g(n)={0,,.1,,0,.. }.

Then min(r;) =min(r,) =2 and f(n)+g(n)={1,,,2,.3,...3={1,,.2,... }, so that the
minimum n-repetend length of f(n)+g(n) here is 1. Such a fortuitous combination for
the right values of n cannot happen if min(r;) and min(r,) are not equal or one is not a
multiple of the other, since otherwise the “corrective/reductionist” combinations can only
occur at n-positions Icm(min(rf ) min(rg)) from each other. In such situations, with or
without “corrective/reductionist” combinations, the minimum n -repetend length of the
linear combination of f(n), g(n), and n is lem(min(r, ), min(r,)).

In Theorem 9 we looked at linear combinations of repetend functions f and g. The
next theorem looks at composition of repetend functions f and g.

Theorem 10. Let f(n) be an n-repetend function, with minimum n -repetend length r,
and corresponding minimum n-repetend difference d, . Let g(n) be an integral

n -repetend function with values within the domain of f , minimum n-repetend length
r,, and corresponding minimum repetend n-difference d, . Then,

@ f (g(n)) is an n-repetend function, with r; , =lcm(r;,r,) as an n-repetend length;

(ii) if d, =0 or d, is not divisible by r, then r; ,, =lecm(r;,r,) is the minimum

f(9)

n-repetend length of f(g(n)); and
(iii) if d, =0, then d,,, =0.

Proof: Without loss of generality, we may assume n,d;,d, >0, since otherwise we

can always reverse directions or change the variable n. For convenience, we may also
assume the n-repetends for f(n) and g(n) start at n=0. Otherwise, we complicate
notation by taking into account the least values of n that can start an n-repetend for each
function, something that does not change the arguments otherwise.

The value r;,, =lcm(r,r,) gives
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d
f(g(n+rf(g)))— f(g(n))=f [g(n)+lcm(rf,rg)r—gj— f(g(n)), vn>0,
g
by Proposition 4.
If d, =0, then f(g(n+rf(g)))— f(g(n))=0,sothat f(g(n)) isan n-repetend
function with d; , =0.
Now consider r; ,, =lecm(r;,r;) and d, >0.

. . . . M () lem(r,,r,)
Since g(n) is an integral function, we have d is an integer, and d, = d,
r r
[¢] g

r

is a positive integer divisible by r,, say —2-d_=mr, , where m>1.
r
[¢]

Therefore, f (g(n+rf(g)))— f(g(n)=f(gn)+mr,)-f(g(n)), vn=0
= f(g(n))+md, — f (g(n)), by Proposition 4
=md,, a constant, independent of n.
Therefore, f(g(n)) is an n-repetend function, by (R-3), with r; ,, =lcm(r;,r;) as an
n -repetend length.

Also, r; ., =lem(r,r,) is the smallest integer giving these results if d; is not divisible

. . () lem(r;,r,)

by r, since an integer smaller than —~d, =———
r r
g g

r, without violating Proposition 4 and r, being the minimum n-repetend length of

f(n).
We have now shown all of (i), (ii), and (iii) hold. (J

d, cannot then be divisible by

By Theorem 10, (R-9), and Proposition 4, we immediately have the following
corollary:

Corollary 11. Let f(n) be an n-repetend function and let a and b be any positive*®
integers. Then, f(an+b) isan n-repetend function with the same minimum n -repetend

lengthas f(n).O

As the first example of the usefulness of our repetend notation and relations, we use
them to prove one of Ramanujan’s [14] problems:
if n is any positive integer, prove that

T

49 There are many exceptions in which this corollary holds for either constant being negative.
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n n+2 n+4

Proof: L—J{—J{—J:{dn1,02,13,14,15,26,27,...}+{<')'n1,02,03,14,15,16,17,...}

3 6 6
H010L, 51,151, L}
={0”:1’12'23’34’35’46’47"'-}-
Similarly,

n n+3 .. . . ..
LEHTJ={on=1,12,13,24,25,36,37,...}+{on=1,02,13,14,15,16.17,...}

={0,.,.1,.2,,3,,3,,4,,4.,..}.0

The above proof does not actually require n to be an integer (although we would need to
use a dummy integral index subscript) or even positive. A bit more involved problem,

with similar proof, is showing that EJ + {%HJ > [nTJrBJ vn>3.

n n+1 "

Proof: [EJ{TJ ={1.1.%,2,..3+{0,,1,,1.,1,,1,,1,.. }

:{in=3’l4’16726’ 27728'39’310’311’412’413’4147515’5167517’618"“}
4_{63’14’15’16’17'18'29’ 210’211’212’213’314’315’316'‘?’17";?;18’“‘}

={in:3’24’25’36’37’38’59’510’511’612’613’714’815’816'817’918’"‘} (A)

>{1 . 1,,%,24,2,,24,34,3,0,3,1 415, 415,414,516, 546, 517,65, .. 3,2

n+3 . ..
and \\TJ:{On=3’l4'15’16’17’18’19'110’“'} (B)
<{1 ,.1,,1,24,2,,24,34,3,5,..}, VN >6.
Comparing (A) and (B) for n=3,4,5 completes the proof. [

The method of proof used in this example shows a general technique for avoiding having
to use the brute force technique of comparing repetends out to at least a least common
multiple index, here of extending (A) and (B) outto n=3+1lcm(3,5,7) =108.

As another example of the usefulness of generalized repetends, we look at a
conjecture involving the opened Sieve of Eratosthenes.>! Suppose we conjecture®? that

Sy((N+1)p, +mC,, ) > S ((n+1)p, )+ m(n +1)—{0’ v(m=0;n :0)}. ©)

1, V(m>0; n>1)
Empirically, we have

%0 This is an example in which the right overdots can be moved to the left, as shown.
51 Generalized repetends were originally developed to help look for and analyze relations in the opened
Sieve, because of Corollary 2.2.5 there.

%2 The example following can be looked at once S, (N) and its properties are introduced in section 2.3.
This is a conjecture that | made, but found to be false, initially by trial and error.
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S,((n+1)p, +mC, ) =S, (5L, 5, 2,,3,.4,,5,,65,7.8;,..}
+m{5, ,,7,,11,,13,,17,,19;,23,,(29), .. })
=S.(5(m+1),_,,(7m+10),, 11m+15),, (13m+ 20),,

(17m+ 25),, (19m+30),, (23m+35),, (29m +40),,...)
{0, 1, 3, 5.6, 7. 8. 9,..} .,
{_,. 4,6, 8,10, 13, 14,,17),,..}. .,
{3., 6,9, 11,13, 17.,21,,(25),,..}. .,
{5, 8,12,15,19,, 22,,27,,(33),...}, .
{6.,. 9, 15,18,,24,, 27,,33,,(40),,..}
{7..,.41),,17,,22,,29,,32.,39,,(48).,.. }
{8, ,.(13),,21,,25,,33,, 38,,46,,(56),...}
and Sy ((N+1)p,)+m(n+1) =S, (5{L, 5, 2,,.. })+m{L, ., 2,,..}, vm =0

=S,({5,_,,(10),,15,, 20, 25,,30;, 35, (40),,..})
+m{l ,.2,,3,,4,,5,,6.,7,,8,,..}
=-{0,.,.1,3,,5,,6,,7.,8;,9,,.. }
+mfl ,.2,,3,,4,,5,,6.,7,,8,,..}
{0, 1, 3,5, 6,7, 8, 9.},
{.,. 3. 6, 9, 11,,13.,15,, 17),,...} .,
{2.,. 5, 9,13,,16,,19.,22,, (25),,..}
3., 7, 12,,17,,21,,25.,29,(33),,..}
{4.,. 9, 15,,21,26,,31,36,(41),,..}. .,
{5,.,.(11),,18,,25,,31,,37,,43,,(49),,.. }

{6.,,(13),,21,,29,,36,,43,,50,,(57).,...}

m=41

m=5"

m=6"

m=2"

m=3?

m=5"

m=6"?

It is relatively quick and easy to see where conjecture (C) is false. The other major
advantage of the above technique is that it reveals all the cases for which the conjecture is
false, not just a single counter-example found by happenstance or arduous trial and error.
Conceivably, this could allow us to see how to alter an opened Sieve conjecture, or any
conjecture amenable to the use of generalized repetends, to make it true.
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Appendix C: Empirical Values of t(i,n) for 0<i<5

To obtain the empirical values of t(i,n) for any i >1, the columns of the opened Sieve of
Eratosthenes must be extended out to at least j = p, +1I1;. The values for i =0,1,2,3,4

are obtained from Figures 2a-2e. The extension of the Sieve for i =5 can be done by
writing a computer program based on the algorithm steps Al to A7 or by using a spread
sheet that allows at least j = p, +I1, =3321 (I used Gnumeric Spreadsheet 1.10.16). In

the following, the relative positions of the X, are shown for i =3,4,5. The symbols
J{..} indicate that the elements in the listing increase monotonically as a function of

their ordered indices.
t(0,n)=t@L,n)=t(2,n)=0, Vn>0;

t3n)={0_,.0,1,,2..2, ,2.,2, ,..};

X31 X32 X33
t(4’n)={0n:0’:l'1’22’23134145’56 ,9,,0g,60, 719 ,8,1,81, 83,9,
Xa1 Xa42 X43 Xaa
105,10, ,10,,,115 ,12,,12,,,13,,,13,, ,14,,15,,
Xa45 Xag X4z
16,,,16,,,17,,,18,, ,1829,(18)30 N
Xag Xa9
t(5,n):{6n:0,21,42,63,74,85,106,117,128,159,1510 ,1611,1712 ,
X521 X5z Xs53
18,5,19,,,21,,22,, ,24,,,24,5 ,24,4,27,,,29,,30,, ,31,,32,,
Xs5.4 Xs55 X5 6
34,.,35,,36,,,38,; ,38,,39,, ,40,,,42,,,43,,,45,,,46,.,48, ,
Xs57 Xsg Xs59
48,.,49,,,52,,,53,, ,54,.55,, ,56,;,58,,,59,,,59,, ,61,,,62,,
X510 X511 X512
63,9,655),675,,675, ,6955,70s,, 7255, 7355, 7457, 7655, 175,184,
X513 X514 X515
79¢,,815,,834;,84¢,,844,864, ,874;,8844,90,91,, ,91,,,93,, ,
X516 X517 X518
9%.,,96,,,97,,98,,100,,,101,, ,102,,104,,,106,,,107,, ,108,,108,,,
X519 X520
110,.,112,,,113,,,114,, ,1154,116,,,118,,,120,,,122,,,123,,,124,.,125,, ,
X521 X522
1264,,128,,1304,,131,,, ,132,,,,133,,, ,133,;,135,,,,137,,,137,,, ,138,,,139,, .
X523 X524 Xs5,25 Xs5,26
140,,,,142,,,,144,,,,145,, ,146,,,,147,,,,148,,.,150,,,,152,,,154,,,,155,,,156,,, .,
X527 X528
157121,158122,160123,162124,162125,163%%6 ,164127,166128,168129,1691)(30 ,170,,,,172,,,,
5,20 5.30

173,,,,174,,,,176,,, 177, ,179,.,,179,,, ,180,,,,182,,,,183,,,184,,, ,186,,,,186

1441
X5,31 X5,32 X5,33
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187,,.,189,,,,191,,,192,,, 193,194, ,196,.,197,,,198,,,200,,,201,.,203

156 !
X5,34 X5,35 X5,36

203,5;,205,55, 207,59, 2084, 209, 211, ,2111,,212,,,214,5,215, , 216,217,
X537 X538 X539

218,,221,,,,222,,,222,,, ,224,,,,225,,,227,,,,228,,,230,;,, 2311;8 ,232,,4, 2321;(30 ,
5,40 541 5,42

234,,,,235,,,236,4,,238,5,,239,5., 240, ,241;,,243 45,246,,,,246,,, 246,248

192
X5,43 X5,44 X5,45

24'91937 2511947 252195 ' 253196 ! 254197 ! 255198 ' 255199 ' 258200’ 259201’ 260202 ' 262203 ! 263204 !

X546 X547

264,266, 268,,,,270,, ,270,05,(270),,0 ...}

X548 X5 49

>[{0, ,,2,,4,,6,,7,,8,,10,,11,,12,,15,,15,, ,17,, ,22,, ,24, ,30,, ,

Xs51 X5 Xs53 Xs54 Xs55 Xs6
38, ,39,, ,48, ,93,, ,95,, ,99, .67, ,76, ,78y, ,86
X571 Xsg Xs9 X520 X511 X512 X513 X514 X515 X516
91, .93, ,101, ,107, ,114, ,125, ,131, ,133,,, ,137,, .

X5,l7 X5,18 X5‘19 XS,ZO X5,21 X5‘22 X5,23 X5,24 X5,25

1395 1145, 156, ,163,5 169, 177, 1794 184, 192, ,

X526 X527 X528 X529 X530 X531 X532 X533 X534

194150 ’203156 ’211162 7215166 ’217168 ’222172 ’23]'178 ’232180 7240186 !

X535 X536 X537 X538 X539 X5 40 X541 X5 42 X543

246,,, ,248,, ,253,. ,255, ,270,, ,(270),, ,285,, ,..}

X544 X545 X546 X547 X5 48 X5 49 X550

=n+{0,, .1.,2,,3,,3,,3;,4,,4,,4;,6,}

X5,r:l

+J|—{5n=10 ! 5n=12 ' 6n=16 ! 6n=18 ' 8n=22 '10n=28’ 9n=30 ’ 12n=36 113n=40 ’13n=42 '
r=2 r=3 r=4 r=5 r=6 r=7 r=8 r=9 r=10 r=11

13n=46 ’15n=52 ' l8n:58 ’18n=60 ’ 2On:66 ’ 2:I'n=70 ' 21n=72 ' 23n:78 ' 25n:82 ’
r=12 r=13 r=14 r=15 r=16 r=17 r=18 r=19 r=20

26n:88 ! 29n:98 ! 31n:100 ' 31n:102 ' 31n:106 ' 31n:108 ! 33n:112 ! 36n:120 !

r=21 r=22 r=23 r=24 r=25 r=26 r=27 r=28

37n=126 ' 39n:130 ! 4':I'n=l36 ' 4':l'n=138 ' 4'2n:142 ' 44n=148 ' 44n=150 ' a7 n=156"
r=29 r=30 r=31 r=32 r=33 r=34 r=35 r=36

49n=162 J 49n=166 ' 49n=168 ) 50n=172 J 53n=178 ’ 52n=180 ' 5A’n=186 ) 56n=190 ’
r=37 r=38 r=39 r=40 r=41 r=42 r=43 r=44

56n:192 ’ 57n:196 ) 57n=198 ' 62n:208 ' 60n:210 J (65)n:220 1o } '
r=45 r=46 r=47 r=48 r=49 r=50

From the above, all u,, with n>2 and all u; , with (1<i<5; n>1) contain at least one

regular C,. Empirically, the earliest (i.e., smallest row and column numbers) empty u,
are:  the last ug before X, ie., uge  =[2184,2197)

(ps =13; with C;  =2183, we have C, ., =C, +18);
and the last u, before X, i.e., Ug = =[1334,1357)

(py =23;with C, =1333, we have C, , =C, +28).
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Figure 1. First form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from j=0 to j=50.
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Figure 2a. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from |
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Figure 2a. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from j=0 to j=50.


columni —p |50 |51 |52 |53 |54 |55 |56 |57 |58 |59 |60 |61 |62 |63 |64 |65 |66 |67 |68 |69 |70 |71 |72 |73 |74 |75 |76 |77 |78 |79 |80 |81 |82 |83 |84 |85 |86 |87 |88 |89 |90 |91 |92 |93 |94 [95 |96 |97 | 98 |99 |100

P7=17
P8=19

P9=23

P10=29
P11=31
P12=37
P13=41
P14=43
P15=47
P16=53

=100.

=501t0]

Figure 2b. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from |
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Figure 2b. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from j=50 to j=100.
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Figure 2c. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from |
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Figure 2c. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from j=100 to j=150.
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Figure 2d. Second form of the opened Sieve of Eratosthenes
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Figure 2d. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from j=150 to j=200.
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Figure 2e. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from |
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Figure 2e. Second form of the opened Sieve of Eratosthenes, from i=0 to i=16 and from j=200 to j=250.


