ERRATUM TO EXERCISE A4.2 IN “AN INTRODUCTION TO
THE THEORY OF THE RIEMANN ZETA FUNCTION” (1988)
BY S. J. PATTERSON

RICHARD J. MATHAR

ABSTRACT. The evaluation of coefficients of the Laurent series of I'(x) on page
135 of Patterson’s book “An introduction to the theory of the Riemann zeta
function” has sign and other errors which are corrected here.

1. LAURENT SERIES OF I'(z)
The Laurent series of Euler’s T-function near the pole at z = 0 (with residuum
1) is
1 2 3
(1) F(z):;—i—ao—l—alz—i—agz +agz’+ -

With the functional equation 2I'(z) = I'(z + 1) [1, 6.1.15] the coefficients resurface
as coeflicients of the Taylor series at z = 1:

(2) F(Z+1) :1+aoz+a122+a223+a3z4+...:Zak_lzk
k>0

and its derivative:

(3) Mz+1)= Z kaj_12"71
k>1

with supporting definition
(4) a_1=1.

We may start the evaluation of the a; with the series of the digamma function [I,
6.3.14]

5) B+ 2) = =7+ Y (=)¢m)e"

n>2
where ¢ is Riemann’s zeta function and [3, A001620]
(6) v =~ 0.577215664 . ..
the Euler-Mascheroni constant.
Remark 1. In numerical practise this is replaced by Chebyshev series [9, 2, 8, 7].
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The digamma function is the derivative of the logarithm of the I'-function [1,
6.3.1]

(7) ()T (2) =T"(2).
Transition z = z + 1
(8) Yz+ D0z +1)=T"(z+1)

and insertion of the three power series shows that a convolution of the coefficients
of ¢ and T gives I, essentially again the coefficients of T":

(9) —y = Z( Y"C(m+ 1)z Zak 12 —Z(k—l—l)akzk,
m>1 k>0 k>0

which is Jensen’s Equation (49’) [4]. Equating coefficients of 2°, z!, 22 etc. on both
sides of the equation yields

(10) —va_1 = lag;
(11) —vyag + C(Q) S 2@1;
(12) —vya1 +((2)ao —¢(3)a_1 = 3as;
(13) —vas + ¢(2)a; — ¢(3)ag + C(4)a 1 = 4das,

so the a; on the right hand sides are recursively computed starting from (4):
Algorithm 1.

1 i+1

(14) b L D () Ck)ai g

Example 1. The first ezamples are

(1659 = —v = —0.5772156649015329;

(16) = %[72 1 ¢(2)] ~ 0.9890559953279726;

(17he = ;'[ 73— 37¢(2) — 2¢(3)] ~ —0.9074790760808863;

(1833 = %[74 +672C(2) + 87C(3) + 3C(2)2 + 6(4)] ~ 0.9817280868344002;
(1905 = 312"~ 107°C(2) — 207%C(3) — (150(2)° +30C(4))

—20¢(2)¢(3) — 24¢(5)] ~ —0.9819950689031452;

The main result: On page 135 of Patterson’s book [(], there is

a sign error in front of ¢(2) in (16),

a sign error in front of 37((2) and a missing factor in front of {(3) in (17),
two sign errors and a wrong factor for v2((2) in (18),

two sign errors and a missing mixed term ¢(2){(3) in (19).
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2. RECIPROCAL I'-FUNCTION

The expansion coefficients ¢ of [1, 6.1.34]
(20)

1 7262167 1 - z
I'(z2) = k %—l—ao—i-alz—i—agz?—i—--- 14+ apz +a12%22z +as23 +azzt +---

are obtained by series reversion [1, 3.6.25], which means comparison of like powers
of z of both sides of

(21) Z cpzF Z a_12'| =z,

k>1 1>0
which yields the recurrence
Algorithm 2.
m—1
(22) Cp = — Z Cklm—_k—1, m>1.
k=1
Algorithm 3. This can be simplified to [5, 5.7.2]
1 m—1

2 = - —)C(1) i .
(23) Cm = 7 | V-1 ;()C(z)cml , m>3
Example 2.
(24) o = 1,
(25) ¢ = v =0.577215664901533;

1
(26) 3 = E[—H + 67%] ~ —0.655878071520254;

1
(27) e = E[4<(3) — 12y + 2% = —0.042002635034095;

1
(28) ¢ = @[71'4 — 607292 + 607" + 480~¢(3)] ~ 0.166538611382291;
_ 1 2,3 4 5

(29) ¢ = 1440 [288¢(5) — 207=y° + 7y + 12
(30) —407%¢(3) + 240¢(3)7?] ~ —0.042197734555544;

Numerical values have been tabulated up to k& = 40 by Wrench [10, Table 5].
Splitting off a factor z 4+ 1 on the right hand side of (20),

1
31 =(1 by, 2"
k>0
defines coeflicients by that have been tabulated up to k£ = 38 by Wrench [10, Table
4].
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