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A previous document laid the foundations for the study of involution in any
three-dimensional spaces, [c]. This exploration continues the exploration of the
topic in focusing now attention on four-dimensional spaces. The repetition of
a deformed Lie product on a given argument carries two concepts with it: (i)
the eventual invariance of this argument and (ii) the existence of an involu-
tion. The work discovers two distinct classes of decomposition without residual
part for each deformed Lie product. It explains why only one of both (the
simplest one) can characterize the involution when the deforming cube is anti-
symmetric and anti-reduced. The document also starts a confrontation between
the simplest representation and the electromagnetic duality in Maxwell's vac-
uum;©Thierry PERIAT: Deformed Lie products and involution - second part:
in four-dimensional spaces.
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1 The mathematical context

1.1 Introduction

This document is the second part of an exploration focusing attention on the
concept of involution when the latter is applied to deformed Lie products.
The discussion concerns elements in a four-dimensional space V4={C⊗E(4,R), A∈⊞−(C)}.
With di�erent words: the diverse Lie products (i) are deformed by anti-symmetric
cubes with knots in C and (ii) involve vectors with four components in C.This
work is looking for patterns and rules characterizing the repeated action of a
given but generic function f(A, (4)a)= [(4)a, (4)...]A.

De�nition 1.1. The function f(A, (4)a).

Let consider a given element (4)a in V4; per de�nition, the function [
(4)a, (4)...]A

is an element in End(V4) such that:

∀ (4)x0 ∈ V4
[a, ...]A−−−−→ (4)x1 = [(4)a,(4) x0]A ∈ V4

Due to the de�nition of deformed Lie products, each of the four components of
(4)x1 is represented in V∗

4, the dual space of V4, by the generic relation:

∀α, β, χ ∈ Ind4 = {0, 1, 2, 3} : xχ1 =
∑
α<β

Aχ
αβ . (a

α . xβ0 − aβ . xα0 )

Remark 1.1. Concerning the components of any deformed Lie product acting
on elements in V4.

Each component is a linear combination of six terms, due to the fact that
one can only form six pairs of indices (α,β) such that α<β when α andβ are
elements in Ind4.

Concretely, the allowed pairs are labeled: (0, 1), (0, 2), (0, 3), (1, 2), (1, 3), (2, 3).
Hence, already at this stage, one can guess the existence of an indirect link
between the components of the deformed Lie product [(4)a, (4)x0]A and the
wedge product (4)a∧ (4)x0. At least at a �rst glance, each component of a given
deformed Lie product looks like a weighted sum of the components of the cor-
responding wedge product. The knots of the deforming cube are responsible for
this weighting action.

...
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1.2 The representations of deformed Lie products

Remark 1.2. Concerning the number of knots in any anti-symmetric deforming
cube A in ⊞−(C).

A cube is a set of mathematical objects (e.g.: scalars) which are disposed
along knots, a little bit like atoms in a crystal with a cubic structure. This
construction can be decomposed in three di�erent manners:

1. from front to back

2. from the left to the right.

3. from the bottom to the top.

Figure 1: A cube as a set of matrices - in three di�erent manners

Any given anti-symmetric cube A in ⊞−(C) contains only at most 4 × 6 =
24 di�erent non-necessarily vanishing complex numbers. Therefore, they can
be regrouped inside an element in M(4 × 6, C) or in M(4 × 6, C) which -
in opposition with what can be done when the discussion is developed with
elements in a three-dimensional space- are no more square matrices.

1.2 The representations of deformed Lie products

Proposition 1.1. There always exists a representation in M(4 × 6,C) and an-
other one in M(6 × 4,C) for any given vector (4)

a in V4. These representations
give the opportunity to respectively represent any classical wedge product (4)

a ∧
(4)
x0 either in M(1× 6, C) or in M(6× 1, C).

Proof. As a matter of mathematical facts, any given vector (4)a in V4 has a
dual representation in the dual space V∗

4 and one can always decide to write:

∀ (4)a ∈ M(1 × 4, C) ≡ V ∗
4 , ∃ [M∗(a)] ∈ M(4 × 6, C) :

< x0|︸ ︷︷ ︸
∈M(1× 4,C)

. [M∗(a)]︸ ︷︷ ︸
∈M(4× 6,C)

=

...
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1 THE MATHEMATICAL CONTEXT

[
x00 x10 x20 x30

]
.


0 0 0 −a3 a2 −a1
0 a3 −a2 0 0 a0

−a3 0 a1 0 −a0 0
a2 −a1 0 a0 0 0


=

[ (a2 . x30 − a3 . x20) (a3 . x10 − a1 . x30) (a1 . x20 − a2 . x10) (a0 . x30 − a3 . x00) −(a0 . x20 − a2 . x00) (a0 . x10 − a1 . x00) ]

=

<(4) a ∧ (4)x0| ∈ M(1 × 6, C) ≡ C6 ≡ C ⊗ E(6.R)
It is evident that one can also make another conventional choice for the repre-
sentation of (4)a; precisely, one can prefer the writing:

∀ (4)a ∈ M(4 × 1, C) ≡ V ∗
4 , ∃ [M(a)] ∈ M(6 × 4, C) :

[M(a)]︸ ︷︷ ︸
∈M(6× 4,C)

. |x0 >︸ ︷︷ ︸
∈M(4× 1,C)

=

0 0 −a3 a2

0 a3 0 −a1
0 −a2 a1 0

−a3 0 0 a0

a2 0 −a0 0
−a1 a0 0 0

 .


x00
x10
x20
x30


=

(a2 . x30 − a3 . x20)
(a3 . x10 − a1 . x30)
(a1 . x20 − a2 . x10)
(a0 . x30 − a3 . x00)
−(a0 . x20 − a2 . x00)
(a0 . x10 − a1 . x00)


=

|(4)a ∧ (4)x0 >∈ M(6 × 1, C) ≡ C6 ≡ C ⊗ E(6.R)
This alternative representation doesn't change the message contained in these
short demonstrations.

De�nition 1.2. The dilatation.

The dilatation is a conventional representation in M(4 × 6,C) for any given
element in V4:

∀a ∈ V4
[⊙]−−→ [⊙(a)] =


0 0 0 −a3 a2 −a1
0 a3 −a2 0 0 a0

−a3 0 a1 0 −a0 0
a2 −a1 0 a0 0 0

 ∈ M(4×6, C)

This function obviously builds an isomorphic representation and:

∀a, x0 ∈ V4 :< x0| . [⊙(a)] =< a ∧ x0| ∈ M(1 × 6, C)

To be noted: if one prefers, the classical wedge product can also be written as:

|(4)a ∧ (4)x0 >= (6× 4)[⊙(a)]t . |(4)x0 >

...
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1.2 The representations of deformed Lie products

Proposition 1.2. Any deformed Lie product is a special kind of deformation
for a wedge product with which it can be related.

Proof. In observing the de�nition 1.1 characterizing any deformed Lie product,
one visually states that the action of the function f(A, (4)a)= [(4)a, (4)...]A on
(4)x0 can be represented with the help of the dual representation of the wedge
product (4)a∧ (4)x0 with the relation:

(4× 1)|(4)x1 >= (4× 6)[A] . (6× 1)|(4)a ∧ (4)x0 >

... which obviously exhibits the fact that the anti-symmetric cube A deforms
the classical wedge product:

(4× 6)[A] =


A0

01 A0
02 A0

03 A0
12 A0

13 A0
23

A1
01 A1

02 A1
03 A1

12 A1
13 A1

23

A2
01 A2

02 A2
03 A2

12 A2
13 A2

23

A3
01 A3

02 A3
03 A3

12 A3
13 A3

23


Indeed, recall that any element in the exterior algebra V∗∧

4 has a representation
in M(6 × 1, C) -see proposition 1.1:

|(4)a ∧ (4)x0 >=



a2 . x30 − a3 . x20
a3 . x10 − a1 . x30
a1 . x20 − a2 . x10
a0 . x30 − a3 . x00
−a0 . x20 + a2 . x00
a0 . x10 − a1 . x00

 ∈ M(6 × 1, R)

Hence, the deforming cube A can e�ectively be represented with the help of the
matrix (4×6)[A] and its main action is to project the elements in V∗∧

4 into V
∗
4,

the dual of V4. The function one is studying here must now be written more
precisely as:

f(A, (4)a) = f((4× 6)[A], (4)a) = [(4)a, (4)...](4× 6)[A]

... to avoid confusions with the writings appearing in others contexts; e.g.: when
the cube A is not anti-symmetric.

Remark 1.3. Concerning the action of f(A, (4)a) when A is an anti-symmetric
cube.

Assembling the results which have been obtained in proposition 1.1 and 1.2,
one is now in a mental position allowing to understand how f(A, (4)a) acts on
any element ... = x0 in V4 when A is an anti-symmetric cube; precisely:

(4× 1)|(4)x1 >= (4× 6)[A] . (6× 4)[⊙(a)]t . |(4)x0 >

Therefore, there is an element [P] in M(4,C) representing this action:

[P ]

...
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=

(4× 6)[A] . (6× 4)[⊙(a)]t

=


A0

01 A0
02 A0

03 A0
12 A0

13 A0
23

A1
01 A1

02 A1
03 A1

12 A1
13 A1

23

A2
01 A2

02 A2
03 A2

12 A2
13 A2

23

A3
01 A3

02 A3
03 A3

12 A3
13 A3

23

 .



0 0 −a3 a2

0 a3 0 −a1
0 −a2 a1 0

−a3 0 0 a0

a2 0 −a0 0
−a1 a0 0 0


=

−A0
23 . a

1 + A0
13 . a

2 − A0
12 . a

3 A0
23 . a

0 − A0
03 . a

2 + A0
02 . a

3 −A0
13 . a

0 + A0
03 . a

1 − A0
01 . a

3 A0
12 . a

0 − A0
02 . a

1 + A0
01 . a

2

−A1
23 . a

1 + A1
13 . a

2 − A1
12 . a

3 A1
23 . a

0 − A1
03 . a

2 + A1
02 . a

3 −A1
13 . a

0 + A1
03 . a

1 − A1
01 . a

3 A1
12 . a

0 − A1
02 . a

1 + A1
01 . a

2

−A2
23 . a

1 + A2
13 . a

2 − A2
12 . a

3 A2
23 . a

0 − A2
03 . a

2 + A2
02 . a

3 −A2
13 . a

0 + A2
03 . a

1 − A2
01 . a

3 A2
12 . a

0 − A2
02 . a

1 + A2
01 . a

2

−A3
23 . a

1
+ A

3
13 . a

2 − A
3
12 . a

3︸ ︷︷ ︸
a0 is absent

A
3
23 . a

0 − A
3
03 . a

2
+ A

3
02 . a

3︸ ︷︷ ︸
a1 is absent

−A3
13 . a

0
+ A

3
03 . a

1 − A
3
01 . a

3︸ ︷︷ ︸
a2 is absent

A
3
12 . a

0 − A
3
02 . a

1
+ A

3
01 . a

2︸ ︷︷ ︸
a3 is absent


Proposition 1.3. Each given deformed Lie product has a dual representation
in V∗

4 ≡ M(4 × 1, R). This dual representation has at least one trivial decom-
position in M(4,R) without residual part.

Proof. Recall that, per de�nition, any given deformed Lie product is the half
of an alternate tensor product deformed by an anti-symmetric cube [a]; in a
four-dimensional space (D = 4), it has four components which are:

A ∈ ⊞−(4, C), ∀χ ∈ Ind4 :

xχ1 = {[a, x0]A}χ =
1

2
.
∑
α, β

Aχ
αβ . (a

α . xβ0 − aβ . xα0 )

They describe the vector x1 in V∗
4. Each of these components is seemingly a

sum of (4 × 4) minus 4 = 12 terms because the anti-symmetry implies that each
knot with a repeated subscript vanishes (Aχ

αα = 0):

2 . xχ1

=

Aχ
01 . (a

0 . x10 − a1 . x00) + Aχ
02 . (a

0 . x20 − a2 . x00) + Aχ
03 . (a

0
0 . x

3 − a3 . x00)

+Aχ
10 . (a

1 . x00 − a0 . x10) + Aχ
12 . (a

1 . x20 − a2 . x10) + Aχ
13 . (a

1 . x30 − a3 . x10)

+Aχ
20 . (a

2 . x00 − a0 . x20) + Aχ
21 . (a

2 . x10 − a1 . x20) + Aχ
23 . (a

2 . x30 − a3 . x20)

+Aχ
30 . (a

2 . x0 − a0 . x2) + Aχ
21 . (a

2 . x1 − a1 . x2) + Aχ
23 . (a

2 . x3 − a3 . x2)

But since the anti-symmetry also implies that:

Aχ
αβ = −Aχ

βα ∀α ̸= β

One must state that each component is a sum of only six terms:

xχ 1

...
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1.2 The representations of deformed Lie products

=

Aχ
01 . (a

0 . x10 − a1 . x00) + Aχ
02 . (a

0 . x20 − a2 . x00) + Aχ
03 . (a

0 . x30 − a3 . x00)

+Aχ
12 . (a

1 . x20 − a2 . x10) + Aχ
13 . (a

1 . x30 − a3 . x10) + Aχ
23 . (a

2 . x30 − a3 . x20)

These six terms can be regrouped inside a linear combination depending on the
components of vector x0:

xχ1

=

(−Aχ
01 . a

1 − Aχ
02 . a

2 − Aχ
03 . a

3) . x00

+(Aχ
01 . a

0 − Aχ
12 . a

2 − Aχ
13 . a

3) . x10

+(Aχ
02 . a

0 − Aχ
12 . a

1 − Aχ
23 . a

3) . x20

+(Aχ
03 . a

0 + Aχ
13 . a

1 + Aχ
23 . a

2) . x30

This fact allows the construction of a (4-4) matrix such that:
x01
x11
x21
x31


=

(−A0
01 . a

1 − A0
02 . a

2 − A0
03 . a

3) (A0
01 . a

0 − A0
12 . a

2 − A0
13 . a

3) (A0
02 . a

0 − A0
12 . a

1 − A0
23 . a

3) (A0
03 . a

0 + A0
13 . a

1 + A0
23 . a

2)

(−A1
01 . a

1 − A1
02 . a

2 − A1
03 . a

3) (A1
01 . a

0 − A1
12 . a

2 − A1
13 . a

3) (A1
02 . a

0 − A1
12 . a

1 − A1
23 . a

3) (A1
03 . a

0 + A1
13 . a

1 + A1
23 . a

2)

(−A2
01 . a

1 − A2
02 . a

2 − A2
03 . a

3) (A2
01 . a

0 − A2
12 . a

2 − A2
13 . a

3) (A2
02 . a

0 − A2
12 . a

1 − A2
23 . a

3) (A2
03 . a

0 + A2
13 . a

1 + A2
23 . a

2)

(−A3
01 . a

1 − A
3
02 . a

2 − A
3
03 . a

3
)︸ ︷︷ ︸

a0 is absent

(A
3
01 . a

0 − A
3
12 . a

2 − A
3
13 . a

3
)︸ ︷︷ ︸

a1 is absent

(A
3
02 . a

0 − A
3
12 . a

1 − A
3
23 . a

3
)︸ ︷︷ ︸

a2 is absent

(A
3
03 . a

0
+ A

3
13 . a

1
+ A

3
23 . a

2
)︸ ︷︷ ︸

a3 is absent


.
x00
x10
x20
x30


Once again, the anti-symmetry of cube A allows to state that one can condense
this writing with: 

x01
x11
x21
x31

 = [
∑
β

Aline
β row . a

β] .


x00
x10
x20
x30


One can condense this relation in writing per convention:

|x1 >︸ ︷︷ ︸
∈V ∗

4

= (4× 6)[A]Φ(a)︸ ︷︷ ︸
∈M(4,C)

. |x0 >︸ ︷︷ ︸
∈V ∗

4

One says that the deformed Lie product at hand has a dual representation in
V∗

4 accepting a trivial representation of its action on the dual representation of
x0 in V∗

4. This trivial representation lies in M(4,C) and it is called the simplest
decomposition of the deformed Lie product at hand because there is no residual
part in this decomposition.

...
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1 THE MATHEMATICAL CONTEXT

Remark 1.4. Introducing the (E) question.

As a matter of facts, there are at least two di�erent trivial representations in
M(4,C) for the action of the dual representation in V∗

4 of any given deformed Lie
product because both matrices exhibit some similarities but they are obviously
di�erent:

[P ] ̸= (4× 6)[A]Φ(a)

... and this is introducing the so-called enigmatic (E) question. Why is it
possible to describe the action of any given deformed Lie product in at least two
di�erent manners?

Remark 1.5. Concerning the conditions of coincidence between both trivial
representations.

Due to the fact that both trivial representations have a similar structure, it
is possible to envisage a coincidence between them. This coincidence can only
exist, whatever the natural value of χ taken in Ind4 is, if:

Aχ
01 = Aχ

23

Aχ
02 = −Aχ

13

Aχ
03 = Aχ

12

The simple fact that the coincidence can eventually occur is equivalent to the
a�rmation that there exists a subset of anti-symmetric cube insuring this coin-
cidence. This subset is represented by the generic matrix:

A0
23 −A0

13 A0
12 A0

12 A0
13 A0

23

A1
23 −A1

13 A1
12 A1

12 A1
13 A1

23

A2
23 −A2

13 A2
12 A2

12 A2
13 A2

23

A3
23 −A3

13 A3
12 A3

12 A3
13 A3

23


One indirectly states that each element in this subset of special anti-symmetric
cube can form an element in M(4,C) containing at most 16 di�erent complex
numbers; it may eventually be written, per convention:

A0
23 −A0

13 A0
12 A0

13

A1
23 −A1

13 A1
12 A1

13

A2
23 −A2

13 A2
12 A2

13

A3
23 −A3

13 A3
12 A3

13


Lemma 1.1. Concerning the di�erence between both trivial representations of
f(A, (4)a) when A is an anti-symmetric cube.

Anyway, there is here no argument insuring the systematic coincidence be-
tween both trivial representations and one can in general admit the existence of
a di�erence:

∃ {[P ] − (4× 6)[A]Φ(a)} ∈ M(4, C)

This di�erence vanishes when the cube A is an element in the special subset of
⊞−(4,C) such that:

∀χ ∈ Ind4 : A
χ
01 = Aχ

23, A
χ
02 = −Aχ

13, A
χ
03 = Aχ

12

...
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1.2 The representations of deformed Lie products

Proposition 1.4. For any deformed Lie product, there is an alternative repre-
sentation involving Pythagorean tables and their respective traces.

Proof. The deforming matrix (4×6)[A] representing the anti-symmetric cube A
is the superposition of four elements which are taken in a six-dimensional space.
Each element contributes to the construction of one component of a deformed
Lie product related to a given wedge product. With this image behind the
head, one can consider that each given deformed product involves �ve classical
wedge products: four of them are indirectly represented by the deforming matrix
(4×6)[A] and the �fth one is for example (4)a∧ (4)x0. Let write per convention:

∃ (4× 6)[A] ⇒ ∃ (1× 6) < wχ| : (Aχ
01, A

χ
02, A

χ
03, A

χ
12, A

χ
13, A

χ
23), ∀χ ∈ Ind4

This situation o�ers the possibility to build four Pythagorean tables:

∀χ ∈ Ind4, ∃T2(⊗)((1× 6)< wχ|, (6× 1)|(4)a ∧ (4)x0 >) ∈ M(6, C)

... and to easily state that:
∀χ ∈ Ind4 :

xχ1 = {[a, x0](4× 6)[A]}
χ = Trace{T2(⊗)((1× 6)< wχ|, (6× 1)|(4)a∧ (4)x0 >)} ∈ C

Remark 1.6. Concerning the anti-symmetric cubes which are also anti-reduced.

The set containing the cubes of which the knots respect simultaneously two
conditions, the one of anti-symmetry and the other one of anti-reduction is not
empty because both conditions are compatible:

∀α, β ∈ Ind4 :

A ∈ ⊞−(4, C) : Aδ
αβ + Aδ

βα = 0

⊞↓(4, C) : Aδ
αβ + Aβ

αδ = 0

⇓

Aχ
αβ = −Aχ

βα = Aα
βχ = −Aα

χβ = Aβ
χα = −Aβ

αχ = Aχ
αβ = etc...

In this case, all knots with repeated indices or subscripts vanish, the total num-
ber of non-vanishing knots is reduced and the deforming matrix (4×6)[A] initially
representing the anti-symmetric cube A must be modi�ed in the following man-
ner:

(4× 6)[A] =


0 0 0 A0

12 A0
13 A0

23

0 A1
02 A1

03 0 0 A1
23

A2
01 0 A2

03 0 A2
13 0

A3
01 A3

02 0 A3
12 0 0


Let now write per convention:

A0 = A3
12

A1 = A2
03

...
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1 THE MATHEMATICAL CONTEXT

A2 = A0
13

A3 = A1
02

... and state that the representation of any anti-symmetric and anti-reduced
cube A can be written as:

(4× 6)[A] =


0 0 0 −A3 A2 −A1

0 A3 −A2 0 0 A0

−A3 0 A1 0 −A0 0
A2 −A1 0 A0 0 0

 = [⊙(A)]

This matrix has exactly the same formalism than the matrix representing the
vector:

(4)A : (A0, A1, A2, A3) ∈ V4

Recall the result of proposition 1.1 and the de�nition 1.2 for con�rmation. This
statement allows the logical sentences:

A ∈ ⊞(4, C) anti−symmetry−−−−−−−−−−→ [A] ∈ M(4 × 6, C) anti−reduction−−−−−−−−−→ (4)A ∈ V4

A → (4)A ≡ (A1
23, A

0
23, A

0
13, A

1
02) = (A0, A1, A2, A3) ∈ V ∗

4

Theorem 1.1. Any anti-symmetric and anti-reduced cube A in ⊞(4,C) is equiv-
alent to the dual representation in V∗

4 of some element (4)
A in V4 and con-

versely.

Corollary 1.1. Concerning the action of [(4)a, (4)...]A when A is equivalent to
a vector (4)

A.

A) Studying this action with the approach which has been proposed in re-
mark 1.3, one gets:

[P ]

=

(4× 6)[⊙(A)] . (6× 4)[⊙(a)]t

=


0 0 0 −A3 A2 −A1

0 A3 −A2 0 0 A0

−A3 0 A1 0 −A0 0
A2 −A1 0 A0 0 0

 .



0 0 −a3 a2

0 a3 0 −a1
0 −a2 a1 0

−a3 0 0 a0

a2 0 −a0 0
−a1 a0 0 0


=[

A1 . a1 + A2 . a2 + A3 . a3 −A1 . a0 −A2 . a0 −A3 . a0

−A0 . a1 A0 . a0 + A2 . a2 + A3 . a3 −A2 . a1 −A3 . a1

−A0 . a2 −A1 . a2 A0 . a0 + A1 . a1 + A3 . a3 −A3 . a2

−A0 . a3 −A1 . a3 −A2 . a3 A0 . a0 + A1 . a1 + A2 . a2

]
=

<(4) A, (4)a >Id4 . Id4 − T2(⊗)((4)A, (4)a)

B) Studying this action with the approach which has been proposed in propo-
sition 1.3, it is useful to introduce the:

...
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1.2 The representations of deformed Lie products

De�nition 1.3. The correspondence AΦ for a given cube A.

The correspondence AΦ is an application with sources in V4 and targets in
M(4,C):

A ∈ ⊞(4, R), ∀a ∈ V4
AΦ−−→ AΦ(a) ∈ M(4, C)

It is such that, per de�nition:

AΦ(a)

=

[

β=3∑
β=0

Aline
β row . a

β]

=[
A0

00 . a
0 + A0

10 . a
1 + A0

20 . a
2 + A0

30 . a
3 A0

01 . a
0 + A0

11 . a
1 + A0

21 . a
2 + A0

31 . a
3 .

A1
00 . a

0 + A1
10 . a

1 + A1
20 . a

2 + A1
30 . a

3 A1
01 . a

0 + A1
11 . a

1 + A1
21 . a

2 + A1
31 . a

3 .

A2
00 . a

0 + A2
10 . a

1 + A2
20 . a

2 + A2
30 . a

3 A2
01 . a

0 + A2
11 . a

1 + A2
21 . a

2 + A2
31 . a

3 .

A3
00 . a

0 + A3
10 . a

1 + A3
20 . a

2 + A3
30 . a

3 A3
01 . a

0 + A3
11 . a

1 + A3
21 . a

2 + A3
31 . a

3 .

]
[

. A0
02 . a

0 + A0
12 . a

1 + A0
22 . a

2 + A0
32 . a

3 A0
03 . a

0 + A0
13 . a

1 + A0
23 . a

2 + A0
33 . a

3

. A1
02 . a

0 + A1
12 . a

1 + A1
22 . a

2 + A1
32 . a

3 A1
03 . a

0 + A1
13 . a

1 + A1
23 . a

2 + A1
33 . a

3

. A2
02 . a

0 + A2
12 . a

1 + A2
22 . a

2 + A2
32 . a

3 A2
03 . a

0 + A2
13 . a

1 + A2
23 . a

2 + A2
33 . a

3

. A3
02 . a

0 + A3
12 . a

1 + A3
22 . a

2 + A3
32 . a

3 A3
03 . a

0 + A3
13 . a

1 + A3
23 . a

2 + A3
33 . a

3

]
Example 1.1. When the cube A is anti-symmetric.

In that case:

A ∈ ⊞−(4, R) ≡ [A] ∈ M(4 × 6, C)

[A] ∈ M(4 × 6, C), ∀a ∈ V4
[A]Φ−−→ [A]Φ(a) ∈ M(4, C)

With:

[A]Φ(a)

=[
−A0

01 . a
1 − A0

02 . a
2 − A0

03 . a
3 A0

01 . a
0 − A0

12 . a
2 − A0

13 . a
3 A0

02 . a
0 + A0

12 . a
1 − A0

23 . a
3 A0

03 . a
0 + A0

13 . a
1 + A0

23 . a
2

−A1
01 . a

1 − A1
02 . a

2 − A1
03 . a

3 A1
01 . a

0 − A1
12 . a

2 − A1
13 . a

3 A1
02 . a

0 + A1
12 . a

1 − A1
23 . a

3 A1
03 . a

0 + A1
13 . a

1 + A1
23 . a

2

−A2
01 . a

1 − A2
02 . a

2 − A2
03 . a

3 A2
01 . a

0 − A2
12 . a

2 − A2
13 . a

3 A2
02 . a

0 + A2
12 . a

1 − A2
23 . a

3 A2
03 . a

0 + A2
13 . a

1 + A2
23 . a

2

−A3
01 . a

1 − A3
02 . a

2 − A3
03 . a

3 A3
01 . a

0 − A3
12 . a

2 − A3
13 . a

3 A3
02 . a

0 + A3
12 . a

1 − A3
23 . a

3 A3
03 . a

0 + A3
13 . a

1 + A3
23 . a

2

]
∈ M(4, C)

One fortunately recovers the result already obtained at the end of proposition
1.3.

Example 1.2. When the cube A is anti-symmetric and anti-reduced.

This case concerns the corollary and one can now verify that:

AΦ(a)

= 0 −A0
12 . a

2 − A0
13 . a

3 A0
12 . a

1 − A0
23 . a

3 A0
13 . a

1 + A0
23 . a

2

−A1
02 . a

2 − A1
03 . a

3 0 A1
02 . a

0 − A1
23 . a

3 A1
03 . a

0 + A1
23 . a

2

−A2
01 . a

1 − A2
03 . a

3 A2
01 . a

0 − A2
13 . a

3 0 A2
03 . a

0 + A2
13 . a

1

−A3
01 . a

1 − A3
02 . a

2 A3
01 . a

0 − A3
12 . a

2 A3
02 . a

0 + A3
12 . a

1 0


...
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1 THE MATHEMATICAL CONTEXT

= 0 −A0
12 . a

2 − A0
13 . a

3 A0
12 . a

1 − A0
23 . a

3 A0
13 . a

1 + A0
23 . a

2

A0
12 . a

2 + A0
13 . a

3 0 −A0
12 . a

0 − A1
23 . a

3 −A0
13 . a

0 + A1
23 . a

2

−A0
12 . a

1 + A0
23 . a

3 A0
12 . a

0 + A1
23 . a

3 0 −A0
23 . a

0 − A1
23 . a

1

−A0
13 . a

1 − A0
23 . a

2 A0
13 . a

0 − A1
23 . a

2 A0
23 . a

0 + A1
23 . a

1 0


This matrix is an element in M−(4,C) which allows the de�nition of six complex
numbers:

Φ01 = −A0
12 . a

2 − A0
13 . a

3

Φ02 = A0
12 . a

1 − A0
23 . a

3

Φ03 = A0
13 . a

1 + A0
23 . a

2

Φ12 = −A0
12 . a

0 − A1
23 . a

3

Φ13 = −A0
13 . a

0 + A1
23 . a

2

Φ23 = −A0
23 . a

0 − A1
23 . a

1

If one now writes per convention:

(4)A ≡ (A0
12, A

0
13, A

0
23, A

1
23) = (−A3, A2, −A1, A0)

One states that:

Φ01 = A3 . a2 − A2 . a3

Φ02 = −A3 . a1 + A1 . a3

Φ03 = A2 . a1 − A1 . a2

Φ12 = A3 . a0 − A0 . a3

Φ13 = −A2 . a0 + A0 . a2

Φ23 = A1 . a0 − A0 . a1

Recall here that:

|(4)a ∧ (4)A >=



a2 . A3 − a3 . A2

a3 . A1 − a1 . A3

a1 . A2 − a2 . A1

a0 . A3 − a3 . A0

−(a0 . A2 − a2 . A0)
a0 . A1 − a1 . A0

 ∈ M(6 × 1, C)

It is now obvious that, within the speci�c context of this example, AΦ represents
a classical wedge product ∧ acting on elements in V4; precisely:

AΦ(a) ≡ a ∧ A

Recall the result which has been obtained in proposition 1.1 for con�rmation.

At this stage, the matrices AΦ(a), [A]Φ(a) and AΦ(a) representing the sim-
plest decomposition for the functions [a, ...]A, [a, ...][A] and [a, ...]A have been

...
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introduced into this discussion. What is meant here, is the fact that one should
be able to write for any given vector x0:

|[a, x0]A >= AΦ(a) . |x0 >

|[a, x0][A] >= [A]Φ(a) . |x0 >

|[a, x0]A >= AΦ(a) . |x0 >

... each speci�c writing depending on the properties of cube A; respectively:
(i) anyone, (ii) anti-symmetric, or (iii) anti-symmetric and anti-reduced. This
having been said, in the latter case, one is forced to observe the existence of a
di�erence:

∃ <(4) A, (4)a >Id4 . Id4 − T2(⊗)((4)A, (4)a) − AΦ(a)

De�nition 1.4. The Perian matrix

Per convention, the formalism of the previous di�erence is a so-called Perian
matrix:

[M((4)A, (4)a)] =<(4) A, (4)a >Id4 . Id4 − T2(⊗)((4)A, (4)a) − AΦ(a)

The corollary 1.1 brings no explanation for the existence of this type of matrices
within the context of this discussion. It only gives the visage of the di�erence
between two approaches proposing a representation in M(4,C) for the action of
f when the cube A is equivalent to a vector A in V4.

One only observes that the approach A) which has been proposed in remark
1.3 realizes a short journey in another set than M(4,C) to obtain a representa-
tion for the action of f. This is not the case for the approach B) which has been
exposed in proposition 1.3.

Is the existence of Perian matrices related to the di�erence of methodology
between both approaches? It is at least legitimate to suspect it.

2 The repeated action of f(A, (4)a)= [(4)a, (4)...]A when
A is an anti-symmetric cube

2.1 Justi�cation

The main purpose of this document is a deepening of the concept of involution
when the latter is represented by the generic function f(A, (4)a)= [(4)a, (4)...]A.
To reach the goal, it is useful to study what happens when the action of this
generic function is reiterated.

De�nition 2.1. Involution based on the function [a, ...]A.

The function [a, ...]A is an involution for ... when:

[a, [a, ...]A]A = ...

...
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2 THE REPEATED ACTION OF F(A, (4)A)= [(4)A, (4)...]A WHEN A IS
AN ANTI-SYMMETRIC CUBE

2.2 Basics when the cube A is anti-symmetric

In this case, one knows (see at the end of proposition 1.2) that A can be repre-
sented with the help of an element [A] in M(4× 6,C):

f(A, (4)a) = f((4× 6)[A], (4)a) = [(4)a, (4)...](4× 6)[A]

Hence, when the action of the generic function is reiterated, one must calculate:

∀x0 ∈ V4 : [a, [a, x0](4× 6)[A]︸ ︷︷ ︸
=x1

](4× 6)[A]

Proposition 2.1. The repetition of the action of the function [a, ...][A] is equiv-
alent to the action of a function [a, ...]B([A],a) where B([A], a) is a cube de-
pending on the characteristics of the generic function.

Proof. Let calculate the components of [a,x1][A]:

∀ ϵ ∈ Ind4 :

{[a,x1](4× 6)[A]}
ϵ

=∑
χ<δ

Aϵ
χδ . (a

χ . xδ1 − aδ . xχ1 )

=∑
χ<δ

Aϵ
χδ . {aχ . {

∑
α<β

Aδ
αβ . (a

α . xβ0 − aβ . xα0 )}− aδ . {
∑
α<β

Aχ
αβ . (a

α . xβ0 − aβ . xα0 )}}

=∑
χ<δ

Aϵ
χδ .

∑
α<β

{(aχ . Aδ
αβ − aδ . Aχ

αβ︸ ︷︷ ︸
=Tχδαβ

) . (aα . xβ0 − aβ . xα0 )}

=∑
χ<δ

Aϵ
χδ .

∑
α<β

Tχδαβ . (a
α . xβ0 − aβ . xα0 )

In a four-dimensional space, the pairs (α, β) such that α < β can only be the
pairs: (0, 1), (0, 2), (0, 3), (1, 2), (1, 3) and (2, 3). One can conventionally
decide to label them with six subscripts in Ind6:

{∀α, β ∈ Ind4 |α < β} ⇒ {∃µ ∈ Ind6 |µ ≡ (α, β)}

Hence, the calculation can be continued with:

{[a,x1](4× 6)[A]}
ϵ

=∑
µ∈ Ind6

Aϵ
µ .

∑
α<β

Tµαβ . (a
α . xβ0 − aβ . xα0 )

...
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2.2 Basics when the cube A is anti-symmetric

=∑
α<β

∑
µ∈ Ind6

Aϵ
µ . Tµαβ︸ ︷︷ ︸
=Bϵαβ

. (aα . xβ0 − aβ . xα0 )

=∑
α<β

Bϵ
αβ . (a

α . xβ0 − aβ . xα0 )

=

{[a,x0]B([A],a)}ϵ

As announced in the proposition, the repetition of the action of the function at
hand is a Lie product which is deformed through some cube B with, precisely:

Bϵ
αβ(A, a) =

∑
χ<δ

Aϵ
χδ . (a

χ . Aδ
αβ − aδ . Aχ

αβ)

Proposition 2.2. The cube B([A],a) which has been obtained in repeating the
action of the function [a, ...][A] is anti-symmetric and can therefore be repre-
sented by an element [B([A],a)] in M(4 × 6, C).

Proof. Because A is an element in ⊞−(4,C), let state without di�culty that:

Bϵ
βα(A, a)

=∑
χ<δ

Aϵ
χδ . (a

χ . Aδ
βα − aδ . Aχ

βα)

=

−
∑
χ<δ

Aϵ
χδ . (a

χ . Aδ
αβ − aδ . Aχ

αβ)

=

−Bϵ
αβ([A], a)

Hence:
B([A], a) ∈ ⊞−(4, C)

Concretely, the cube B can be condensed in an element [B] in M(4 × 6, C) and
one must write:

∀x0 ∈ V4 : [a, [a, x0](4× 6)[A]](4× 6)[A] = [a, x0](4× 6)[B((4× 6)[A], (4)a)]

...
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2 THE REPEATED ACTION OF F(A, (4)A)= [(4)A, (4)...]A WHEN A IS
AN ANTI-SYMMETRIC CUBE

Proposition 2.3. The repetition of the action of the function [a, ...][A] in-
troduces a mathematical object with four subscripts. This object exhibits three
properties mimicking the ones of the components of the Riemann-Christo�el
tensor.

Proof. Let remark that the previous calculations have introduced:

∀χ, δ, α, β = 0, 1, 2, 3, α < β, χ < δ :

Tχδαβ = aχ . Aδ
αβ − aδ . Aχ

αβ

Since each of both pairs (α, β) and (χ, δ) can only be in six di�erent con�gu-
rations because one must have α < β and χ < δ, this object has 6 × 6 = 36
hyper-knots. It might be represented with an element [T] in M(6,C); this is a
(6-6) square matrix.

Because A is an element in ⊞−(4,R), it is easy to remark that:

Tδχαβ = aδ . Aχ
αβ − aχ . Aδ

αβ = −Tχδαβ

Tχδβα = aχ . Aδ
βα − aδ . Aχ

βα = −Tχδαβ
It follows:

Tχδαβ = Tδχβα

These relations are mimicking three properties of the components of the Riemann-
Christo�el curvature tensor. Nevertheless, both objects are in general totally
di�erent, at least due to their respective numbers of hyper-knots: 36 for T and
20 for the latter.

Proposition 2.4. One can build elements in M(4,C) with the help of [A] and
[T].

Proof. This is a simple technical evidence; since:

[A] . [T ]

=


A0

01 A0
02 A0

03 A0
12 A0

13 A0
23

A1
01 A1

02 A1
03 A1

12 A1
13 A1

23

A2
01 A2

02 A2
03 A2

12 A2
13 A2

23

A3
01 A3

02 A3
03 A3

12 A3
13 A3

23

 .



T0101 T0102 T0103 T0112 T0113 T0123
T0201 T0202 T0203 T0212 T0213 T0223
T0301 T0302 T0303 T0312 T0313 T0323
T1201 T1202 T1203 T1212 T1213 T1223
T1301 T1302 T1303 T1312 T1313 T1323
T2301 T2302 T2303 T2312 T2313 T2323


∈ M(4 × 6, C)

One easily gets an element in M(4,C) with the matrices [A] and [T] in calculat-
ing:

[A] . [T ] . [A]t ∈ M(4, C)

...
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2.3 When the cube A is anti-symmetric and anti-reduced

Proposition 2.5. The repetition of the action of [a, ...][A] on x0 can be repre-
sented with an element in M(4 × 6, C) acting on a representation in M(6 × 1,
C) of the classical wedge product a ∧ x0.

Proof. In observing the de�nition of B (proposition 2.1), it is easy to remark
that:

[B] = [A] . [T ] ∈ M(4 × 6, C)

Reconsidering the results previously obtained for any Lie product which is de-
formed through an anti-symmetric cube (proposition 1.2), one can write:

|[a, [a, x0][A]][A]] >= [B] . |a ∧ x0 >

And, recalling the information which is contained in remark 1.3:

|[a, [a, x0][A]][A]] >= [A] . [T ] . [⊙(a)]t︸ ︷︷ ︸
∈M(4,C), see prop. 2.4

. |x0 >

2.3 When the cube A is anti-symmetric and anti-reduced

In this circumstance, one must speak of the repeated action of the function
[a, ...]A on some vector x0 and reformulate it as:

|[a, [a, x]A]A] >= [⊙(A)] . [T ] . [⊙(a)]t . |x0 >

And one must also rewrite the matrix [T] more precisely.

Remark 2.1. Concerning the formalism of the matrix [T] when the deforming
cube is anti-symmetric and anti-reduced.

In a �rst step, one can easily state that its diagonal is null because:

∀α, β : Tαβαβ = aα . Aβ
αβ − aβ . Aα

αβ = 0

In a second step, one is obliged to calculate:

T0101 = a0 . A1
01 − a1 . A0

01 = 0

T0102 = a0 . A1
02 − a1 . A0

02 = −a0 . A1
20 = a0 . A0

21 = −a0 . A0
12 = a0 . A3

T0103 = a0 . A1
03 − a1 . A0

03 = −a0 . A1
30 = a0 . A0

31 = −a0 . A0
13 = −a0 . A2

T0112 = a0 . A1
12 − a1 . A0

12 = a1 . A3

T0113 = a0 . A1
13 − a1 . A0

13 = −a1 . A2

T0123 = a0 . A1
23 − a1 . A0

23 = a0 . A0 + a1 . A1

T0201 = a0 . A2
01 − a2 . A0

01 = a0 . A0
12 = −a0 . A3

T0202 = a0 . A2
02 − a2 . A0

02 = 0

T0203 = a0 . A2
03 − a2 . A0

03 = −a0 . A2
30 = a0 . A0

32 = −a0 . A0
23 = a0 . A1

...
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2 THE REPEATED ACTION OF F(A, (4)A)= [(4)A, (4)...]A WHEN A IS
AN ANTI-SYMMETRIC CUBE

T0212 = a0 . A2
12 − a2 . A0

12 = a2 . A3

T0213 = a0 . A2
13 − a2 . A0

13 = −(a0 . A0 + a2 . A2)

T0223 = a0 . A2
23 − a2 . A0

23 = a2 . A1

T0301 = a0 . A3
01 − a3 . A0

01 = a0 . A0
13 = a0 . A2

T0302 = a0 . A3
02 − a3 . A0

02 = −a0 . A3
20 = a0 . A0

23 = −a0 . A1

T0303 = a0 . A3
03 − a3 . A0

03 = 0

T0312 = a0 . A3
12 − a3 . A0

12 = a0 . A0 + a3 . A3

T0313 = a0 . A3
13 − a3 . A0

13 = −a3 . A2

T0323 = a0 . A3
23 − a3 . A0

23 = a3 . A1

T1201 = a1 . A2
01 − a2 . A1

01 = a1 . A0
12 = −a1 . A3

T1202 = a1 . A2
02 − a2 . A1

02 = a2 . A1
20 = −a2 . A0

21 = a2 . A0
12 = −a2 . A3

T1203 = a1 . A2
03 − a2 . A1

03 = −a1 . A0
23 + a2 . A0

13 = a1 . A1 + a2 . A2

T1212 = a1 . A2
12 − a2 . A1

12 = 0

T1213 = a1 . A2
13 − a2 . A1

13 = −a1 . A2
31 = a1 . A1

32 = −a1 . A1
23 = −a1 . A0

T1223 = a1 . A2
23 − a2 . A1

23 = −a2 . A0

T1301 = a1 . A3
01 − a3 . A1

01 = a1 . A0
13 = a1 . A2

T1302 = a1 . A3
02− a3 . A1

02 = −a1 . A3
20+ a3 . A1

20 = a1 . A0
23+ a3 . A0

12 = −(a1 . A1+ a3 . A3)

T1303 = a1 . A3
03 − a3 . A1

03 = a3 . A1
30 = −a3 . A0

31 = a3 . A0
13 = a3 . A2

T1312 = a1 . A3
12 − a3 . A1

12 = −a1 . A3
21 = a1 . A1

23 = a1 . A0

T1313 = a1 . A3
13 − a3 . A1

13 = 0

T1323 = a1 . A3
23 − a3 . A1

23 = −a3 . A0

T2301 = a2 . A3
01 − a3 . A2

01 = a2 . A0
13 − a3 . A0

12 = a2 . A2 + a3 . A3

T2302 = a2 . A3
02 − a3 . A2

02 = −a2 . A3
20 = a2 . A0

23 = −a2 . A1

T2303 = a2 . A3
03 − a3 . A2

03 = a3 . A2
30 = −a3 . A0

32 = a3 . A0
23 = −a3 . A1

T2312 = a2 . A3
12 − a3 . A2

12 = −a2 . A3
21 = a2 . A1

23 = a2 . A0

T2313 = a2 . A3
13 − a3 . A2

13 = a3 . A1
23 = a3 . A0

T2323 = a2 . A3
23 − a3 . A2

23 = 0

As consequence:
[T ]

=
0 a0 . A3 −a0 . A2 a1 . A3 −a1 . A2 a0 . A0 + a1 . A1

−a0 . A3 0 a0 . A1 a2 . A3 −(a0 . A0 + a2 . A2) a2 . A1

a0 . A2 −a0 . A1 0 a0 . A0 + a3 . A3 −a3 . A2 a3 . A1

−a1 . A3 −a2 . A3 a1 . A1 + a2 . A2 0 −a1 . A0 −a2 . A0

a1 . A2 −(a1 . A1 + a3 . A3) a3 . A2 a1 . A0 0 −a3 . A0

a2 . A2 + a3 . A3 −a2 . A1 −a3 . A1 a2 . A0 a3 . A0 0


...
©Thierry PERIAT, Deformed Lie products and involution in a four-dimensional space; ISBN 978-2-36923-116-5,
EAN 9782369231165, 8 July 2025.

18



2.3 When the cube A is anti-symmetric and anti-reduced

The matrix [T] is the sum of two matrices, the �rst one is anti-diagonal and the
second of them is anti-symmetric.

[T ]

=
0 0 0 0 0 a0 . A0 + a1 . A1

0 0 0 0 −(a0 . A0 + a2 . A2) 0

0 0 0 a0 . A0 + a3 . A3 0 0

0 0 a1 . A1 + a2 . A2 0 0 0

0 −(a1 . A1 + a3 . A3) 0 0 0 0

a2 . A2 + a3 . A3 0 0 0 0 0


︸ ︷︷ ︸

= [T /]

+
0 a0 . A3 −a0 . A2 a1 . A3 −a1 . A2 0

−a0 . A3 0 a0 . A1 a2 . A3 0 a2 . A1

a0 . A2 −a0 . A1 0 0 −a3 . A2 a3 . A1

−a1 . A3 −a2 . A3 0 0 −a1 . A0 −a2 . A0

a1 . A2 0 a3 . A2 a1 . A0 0 −a3 . A0

0 −a2 . A1 −a3 . A1 a2 . A0 a3 . A0 0


︸ ︷︷ ︸

= [T−]

=

[T /] + [T−]

The sum of the entries of the anti-diagonal matrix is the Euclidean scalar prod-
uct between the vectors a and A:

[T /]⊕ =< a, A >Id4

The sum of the entries of the anti-symmetric matrix is null:

[T−]⊕ = 0

Remark 2.2. Concerning the matrix [B] when the deforming cube is anti-
symmetric and anti-reduced.

If one now wants to know what the matrix [B] is, one must yet calculate:

[B]

=

[⊙(A)] . [T ]

=
0 0 0 −A3 A2 −A1

0 A3 −A2 0 0 A0

−A3 0 A1 0 −A0 0
A2 −A1 0 A0 0 0


.

0 a0 . A3 −a0 . A2 a1 . A3 −a1 . A2 a0 . A0 + a1 . A1

−a0 . A3 0 a0 . A1 a2 . A3 −(a0 . A0 + a2 . A2) a2 . A1

a0 . A2 −a0 . A1 0 a0 . A0 + a3 . A3 −a3 . A2 a3 . A1

−a1 . A3 −a2 . A3 a1 . A1 + a2 . A2 0 −a1 . A0 −a2 . A0

a1 . A2 −(a1 . A1 + a3 . A3) a3 . A2 a1 . A0 0 −a3 . A0

a2 . A2 + a3 . A3 −a2 . A1 −a3 . A1 a2 . A0 a3 . A0 0


...
©Thierry PERIAT, Deformed Lie products and involution in a four-dimensional space; ISBN 978-2-36923-116-5,
EAN 9782369231165, 8 July 2025.

19



2 THE REPEATED ACTION OF F(A, (4)A)= [(4)A, (4)...]A WHEN A IS
AN ANTI-SYMMETRIC CUBE

=[
a1 . {(A2)2 + (A3)2} − A1 . (a2 . A2 + a3 . A3) a2 . {(A1)2 + (A3)2} − A2 . (a1 . A1 + a3 . A3) .

−a0 . {(A2)2 + (A3)2} + A0 . (a2 . A2 + a3 . A3) A1 . (a0 . A2 − a2 . A0) .

A2 . (a0 . A1 − a1 . A0) A0 . (a1 . A1 + a3 . A3) − a0 . {(A1)2 + (A3)2} .

A3 . (a0 . A1 − a1 . A0) A3 . (a0 . A2 − a2 . A0) .

]
[

. a3 . {(A1)2 + (A2)2} − A3 . (a1 . A1 + a2 . A2) A0 . (a1 . A2 − a2 . A1) .

. A1 . (a0 . A3 − a3 . A0) a2 . {(A0)2 + (A3)2} − A2 . (a0 . A0 + a3 . A3) .

. A2 . (a0 . A3 − a3 . A0) A1 . (a0 . A0 + a3 . A3) − a1 . {(A0)2 + (A3)2} .

. A0 . (a1 . A1 + a2 . A2) − a0 . {(A1)2 + (A2)2} A3 . (a1 . A2 − a2 . A1) .

]
[

. A0 . (a1 . A3 − a3 . A1) A0 . (a2 . A3 − a3 . A2)

. a3 . {(A0)2 + (A2)2} − A3 . (a0 . A0 + a2 . A2) A1 . (a2 . A3 − a3 . A2)

. A2 . (a1 . A3 − a3 . A1) −A3 . (a0 . A0 + a1 . A1) + a3 . {(A1)2 + (A0)2}

. − a1 . {(A0)2 + (A2)2} + A1 . (a0 . A0 + a2 . A2) A2 . (a0 . A0 + a1 . A1) − a2 . {(A0)2 + (A1)2}

]
At this stage, if one wants to exactly know the result of the repeated action of
[a, ...]A on x0, one must multiply this speci�c matrix [B] on its right side by
the matrix [⊙(a)]t; see its expression in remark 1.3. A brute force calculation
proves that:

[⊙(A)] . [T ] . [⊙(a)]t

=[
0 . . .

A2 . A3 . {(a3)2 − (a2)2} − a2 . a3 . {(A3)2 − (A2)2} − (a0 . A0 + a1 . A1) . (a2 . A3 − a3 . A2) 0 . .

−{A1 . A3 . {(a3)2 − (a1)2} − a1 . a3 . {(A3)2 − (A1)2} − (a0 . A0 + a2 . A2) . (a1 . A3 − a3 . A1)} . 0 .

A1 . A2 . {(a2)2 − (a1)2} − a1 . a2 . {(A2)2 − (A1)2} − (a0 . A0 + a3 . A3) . (a1 . A2 − a2 . A1) . . 0

]
[

0 −{A2 . A3 . {(a3)2 − (a2)2} − a2 . a3 . {(A3)2 − (A2)2} − (a0 . A0 + a1 . A1) . (a2 . A3 − a3 . A2)} . .
. 0 . .

. A0 . A3 . {(a3)2 − (a0)2} − a0 . a3 . {(A3)2 − (A0)2} − (a1 . A1 + a2 . A2) . (a0 . A3 − a3 . A0) 0 .

. −{A0 . A2 . {(a2)2 − (a0)2} − a0 . a2 . {(A2)2 − (A0)2} − (a1 . A1 + a3 . A3) . (a0 . A2 − a2 . A0)} . 0

]
[

0 . A1 . A3 . {(a3)2 − (a1)2} − a1 . a3 . {(A3)2 − (A1)2} − (a0 . A0 + a2 . A2) . (a1 . A3 − a3 . A1) .

. 0 −{A0 . A3 . {(a3)2 − (a0)2} − a0 . a3 . {(A3)2 − (A0)2} − (a1 . A1 + a2 . A2) . (a0 . A3 − a3 . A0)} .

. . 0 .

. . A0 . A1 . {(a1)2 − (a0)2} − a0 . a1 . {(A1)2 − (A0)2} − (a2 . A2 + a3 . A3) . (a0 . A1 − a1 . A0) 0

]
[

0 . . −{A1 . A2 . {(a2)2 − (a1)2} − a1 . a2 . {(A2)2 − (A1)2} − (a0 . A0 + a3 . A3) . (a1 . A2 − a2 . A1)}
. 0 . A0 . A2 . {(a2)2 − (a0)2} − a0 . a2 . {(A2)2 − (A0)2} − (a1 . A1 + a3 . A3) . (a0 . A2 − a2 . A0)

. . 0 −{A0 . A1 . {(a1)2 − (a0)2} − a0 . a1 . {(A1)2 − (A0)2} − (a2 . A2 + a3 . A3) . (a0 . A1 − a1 . A0)}

. . . 0

]
At this stage, one remarks that:

� The diagonal vanishes.

� There is a pattern describing the non-vanishing entries resembling the rela-
tion below, up to a minus sign depending on the position (to be clari�ed):

mχδ
αβ

=

(aα .Aα + aβ . Aβ) . (aχ . Aδ − aδ . Aχ)

+Aχ . Aδ . {(aδ)2 − (aχ)2} − aχ . aδ . {(Aδ)2 − (Aχ)2}

With: α = row, β = column, α ̸= β, χ ̸= δ, χ < δ, χ and δ ̸= α, χ and δ
̸= β.

� The result is an anti-symmetric matrix. Therefore, it can never be identi-
�ed with the identity matrix Id4.

...
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2.4 Another representation for the matrix [B([A],a)]

These statements have very important consequences; for example, it can never
represent an involution. For more details, please see the analysis at the end of
the document.

Example 2.1. When a = k.A, ∀ k ∈ C.

In this case, the matrix [B] vanishes:

[B] = [0]

This is not really a surprise since one knows that (see example 1.2 above):

AΦ(A) = [0]

... because this matrix represents the vanishing wedge product A∧A=0.

2.4 Another representation for the matrix [B([A], a)]

Remark 2.3. Another formulation for the matrix [B([A],a)] when the cube A
is only anti-symmetric.

One is looking for a generalization of results which have been obtained in
treating this topic in a three-dimensional space; this purpose justi�es the:

Proposition 2.6. There exists a set of four matrices λ[D] in M(4 × 6, C) such
that one can write:

η = (01), (02), (03), (12), (13), (23) ≡ 0, 1, 2, 3, 4, 5

[Bϵ
η(

(4× 6)[A], (4)a)] =
∑
λ

aλ . λ[D
ϵ
η]

Proof. Recall that the matrix [B([A],a)] is an element in M(4 × 6, C):

Bϵ
η(

(4× 6)[A], (4)a)

=

Aϵ
01 . (a

0 . A1
αβ − a1 . A0

αβ)+Aϵ
02 . (a

0 . A2
αβ − a2 . A0

αβ)+Aϵ
03 . (a

0 . A3
αβ − a3 . A0

αβ)

+Aϵ
12 . (a

1 . A2
αβ − a2 . A1

αβ)+Aϵ
13 . (a

1 . A3
αβ − a3 . A1

αβ)+Aϵ
23 . (a

2 . A3
αβ − a3 . A2

αβ)

=

(Aϵ
01 . A

1
αβ + Aϵ

02 . A
2
αβ + Aϵ

03 . A
3
αβ) . a

0

+(−Aϵ
01 . A

0
αβ + Aϵ

12 . A
2
αβ + Aϵ

13 . A
3
αβ) . a

1

+(−Aϵ
02 . A

0
αβ − Aϵ

12 . A
1
αβ + Aϵ

23 . A
3
αβ) . a

2

+(−Aϵ
03 . A

0
αβ − Aϵ

13 . A
1
αβ − Aϵ

23 . A
2
αβ) . a

3

Because of the anti-symmetry:
=

(Aϵ
01 . A

1
αβ + Aϵ

02 . A
2
αβ + Aϵ

03 . A
3
αβ) . a

0

...
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2 THE REPEATED ACTION OF F(A, (4)A)= [(4)A, (4)...]A WHEN A IS
AN ANTI-SYMMETRIC CUBE

+(Aϵ
10 . A

0
αβ + Aϵ

12 . A
2
αβ + Aϵ

13 . A
3
αβ) . a

1

+(Aϵ
20 . A

0
αβ + Aϵ

21 . A
1
αβ + Aϵ

23 . A
3
αβ) . a

2

+(Aϵ
30 . A

0
αβ + Aϵ

31 . A
1
αβ + Aϵ

32 . A
2
αβ) . a

3

These relations can be condensed in:

Bϵ
η

=∑
λ

∑
θ

Aϵ
λθ . A

θ
αβ︸︷︷︸

=Aθη︸ ︷︷ ︸
=Dϵ

λη

. aλ

=∑
λ

Dϵ
λη . a

λ

This formalism must be manipulated with precaution because the cube D ap-
pearing here is not an element in ⊞(4,C). Instead of that, it is the superposition
of four elements in M(4 × 6, C). Therefore, to avoid a misinterpretation of this
relation, one must absolutely note that:

[B] ̸= DΦ(a)

... and highly prefer the writing:

[Bϵ
η] =

∑
λ

aλ . λ[D
ϵ
η]

... where the λ[D] for λ = 0, 1, 2, 3, are four elements in M(4 × 6, R).

Proposition 2.7. Each element λ[D] in M(4 × 6, C) is the product of the λth

matrix, [λA] in M(4, C), implicitly contained in the anti-symmetric cube A by
the matrix [A] in M(4 × 6, C) containing all remaining non-vanishing knots of
this cube.

Proof. Let try to write each given element λ[D] precisely:

∀λ, ϵ = 0, 1, 2, 3; ∀ η = 0, 1, 2, 3, 4, 5 :

λ[D
ϵ
η] = [

θ=3∑
θ=0

Aϵ
λθ . A

θ
η]

In general, one must start with:

λ given

λ[D
ϵ
η]

=

...
©Thierry PERIAT, Deformed Lie products and involution in a four-dimensional space; ISBN 978-2-36923-116-5,
EAN 9782369231165, 8 July 2025.

22



2.4 Another representation for the matrix [B([A],a)]

[Dϵ
λη]

=
D0

λ0 D0
λ1 D0

λ2 D0
λ3 D0

λ4 D0
λ5

D1
λ0 D1

λ1 D1
λ2 D1

λ3 D1
λ4 D1

λ5

D2
λ0 D2

λ1 D2
λ2 D2

λ3 D2
λ4 D2

λ5

D3
λ0 D3

λ1 D3
λ2 D3

λ3 D3
λ4 D3

λ5


In a next step, taking care of the de�nition of the entries:

=
∑θ=3

θ=0A
0
λθ . A

θ
0

∑θ=3
θ=0A

0
λθ . A

θ
1

∑θ=3
θ=0A

0
λθ . A

θ
2

∑θ=3
θ=0A

0
λθ . A

θ
3

∑θ=3
θ=0A

0
λθ . A

θ
4

∑θ=3
θ=0A

0
λθ . A

θ
5∑θ=3

θ=0A
1
λθ . A

θ
0

∑θ=3
θ=0A

1
λθ . A

θ
1

∑θ=3
θ=0A

1
λθ . A

θ
2

∑θ=3
θ=0A

1
λθ . A

θ
3

∑θ=3
θ=0A

1
λθ . A

θ
4

∑θ=3
θ=0A

1
λθ . A

θ
5∑θ=3

θ=0A
2
λθ . A

θ
0

∑θ=3
θ=0A

2
λθ . A

θ
1

∑θ=3
θ=0A

2
λθ . A

θ
2

∑θ=3
θ=0A

2
λθ . A

θ
3

∑θ=3
θ=0A

2
λθ . A

θ
4

∑θ=3
θ=0A

2
λθ . A

θ
5∑θ=3

θ=0A
3
λθ . A

θ
0

∑θ=3
θ=0A

3
λθ . A

θ
1

∑θ=3
θ=0A

3
λθ . A

θ
2

∑θ=3
θ=0A

3
λθ . A

θ
3

∑θ=3
θ=0A

3
λθ . A

θ
4

∑θ=3
θ=0A

3
λθ . A

θ
5


With an attentive observation of the diverse sums, one recognize the product
of two matrices. The �rst one is in some way a cut in the cube A when the
former is understood as a superposition of four elements [λA] in M(4, C). The
second is the matrix [A] containing the remaining non-vanishing knots of the
anti-symmetric cube A:

=
A0

λ0 A0
λ1 A0

λ2 A0
λ3

A1
λ0 A1

λ1 A1
λ2 A1

λ3

A2
λ0 A2

λ1 A2
λ2 A2

λ3

A3
λ0 A3

λ1 A3
λ2 A3

λ3


︸ ︷︷ ︸

[λA]

.


A0

0 A0
1 A0

2 A0
3 A0

4 A0
5

A1
0 A1

1 A1
2 A1

3 A1
4 A1

5

A2
0 A2

1 A2
2 A2

3 A2
4 A2

5

A3
0 A3

1 A3
2 A3

3 A3
4 A3

5


︸ ︷︷ ︸

= [A]

=

[λA] . [A]

At the end of the day, one may propose an alternative and easily under-
standable formalism for the matrix:

[Bϵ
η(

(4× 6)[A], (4)a)] = {
λ=3∑
λ=0

aλ . [λA]} . [A]

Remark 2.4. The formalism of the [λA] matrices.

For the completeness of this exploration, let give the precise formulation of
the [λA] matrices when A is an anti-symmetric cube; recall that this kind of
anti-symmetry means:

Aϵ
λη + Aϵ

ηλ = 0

Hence:

...
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3 INVOLUTION AND DEFORMED LIE PRODUCTS IN A FOUR
DIMENSIONAL SPACE

� When λ = 0

[0A] =


0 A0

01 A0
02 A0

03

0 A1
01 A1

02 A1
03

0 A2
01 A2

02 A2
03

0 A3
01 A3

02 A3
03

 =


0 A0

0 A0
1 A0

2

0 A1
0 A1

1 A1
2

0 A2
0 A2

1 A2
2

0 A3
0 A3

1 A3
2


� When λ = 1

[1A] =


A0

10 0 A0
12 A0

13

A1
10 0 A1

12 A1
13

A2
10 0 A2

12 A2
13

A3
10 0 A3

12 A3
13

 =


−A0

0 0 A0
3 A0

4

−A1
0 0 A1

3 A1
4

−A2
0 0 A2

3 A2
4

−A3
0 0 A3

3 A3
4


� When λ = 2

[2A] =


A0

20 A0
21 0 A0

23

A1
20 A1

21 0 A1
23

A2
20 A2

21 0 A2
23

A3
20 A3

21 0 A3
23

 =


−A0

1 −A0
3 0 A0

5

−A1
1 −A1

3 0 A1
5

−A2
1 −A2

3 0 A2
5

−A3
1 −A3

3 0 A3
5


� When λ = 3

[3A] =


A0

30 A0
31 A0

32 0
A1

30 A1
31 A1

32 0
A2

30 A2
31 A2

32 0
A3

30 A3
31 A3

32 0

 =


−A0

2 −A0
4 −A0

5 0
−A1

2 −A1
4 −A1

5 0
−A2

2 −A2
4 −A2

5 0
−A3

2 −A3
4 −A3

5 0



3 Involution and deformed Lie products in a four di-
mensional space

3.1 First representation

Remark 3.1. When the action of f is described with the approach proposed in
remark 1.3.

Let go back to remark 1.3, apply it here and get:

|[a,x1][A] >= {[A]Φ(a)} . |x1 >

And then:

|[a, [a, x0][A]][A] >= {[A]Φ(a)}2 . |x0 >

Therefore, the simplest signature for the existence of an involution is:

{[A]Φ(a)}2 = Id4

...
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3.2 Second representation

3.2 Second representation

Remark 3.2. When the action of f is written with the spirit exposed in propo-
sition 1.3.

If in acting on x0 the function [a, ...][A] is an involution, then one must write:

x2 = [a, x0][B] = x0

In this speci�c case, one spontaneously believe that there exists a representa-
tion of [a, ...][B ] which is equivalent to the identity matrix Id4. Unfortunately,
although the matrix [B] is a linear combination depending on coe�cients in
M(4,C), is is not itself an element in M(4,C); recall:

[B] = {
λ=3∑
λ=0

aλ . [λA]}︸ ︷︷ ︸
∈M(4,C)

. [A]︸︷︷︸
∈M(4× 6,C)

∈ M(4 × 6, C)

Therefore, the intuitive belief lies on a misleading though. On the other hand,
the matrix [A] plays obviously an important role, both (i) as the representation
of the source of the deformation and (ii) in the process of iteration. Let now
look for elements in M(4,C) which are equivalent to the repeated actions of
[a, ...][A] on x0:

� In absence of this action, it is obvious that:

|(4)x0 >= Id4︸︷︷︸
∈M(4,C)

. |(4)x0 >

� The representation of the �rst action on x0 is equivalent to the action of
[A] on |a ∧ ...>. But one can also go a step further and write:

|(4)x1 >= (4× 6)[A] . |(4)a ∧ (4)x0 >= (4× 6)[A] . (6× 4)[⊙(a)]t︸ ︷︷ ︸
∈M(4,C)

. |(4)x0 >

� The representation of the �rst repetition of the action is the matrix [B]
which is proportional to the matrix [A]; but in reintroducing what has
been proved previously:

|(4)x2 >= (4× 6)[A] . (6× 6)[T ] . (6× 4)[⊙(a)]t︸ ︷︷ ︸
∈M(4,C)

. |(4)x0 >

This enumeration starts a list of which one ignores the next terms. What hap-
pens for the next iterations? For now, one has the sensation to have a second
criterion characterizing the involution:

[A] . [T ] . [⊙(a)]t = Id4

But the problematic which has been exposed in remark 1.4 appears here again
(the so-called (E) question) because, at this stage, one is not in a mental position
allowing to decide which approach is the correct one: proposition 1.3 or remark
1.3?

...
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4 The enigmatic question

One is obviously facing a question of representation; but not only.

4.1 Analysis for an anti-symmetric and anti-reduced cube

Let start softly in considering only what happens when the cube A is anti-
symmetric and anti-reduced. As it has already been stated, each deformed Lie
product has many possible representations; e.g: in M(1 × 6, C), M(6 × 1, C),
M(4,C), etc. For example here, in involving the Dirac's convention, it has been
possible to �nd two di�erent representations for the action of f.

A) Following the approach exposed in remark 1.3:

|[a, x0]A >︸ ︷︷ ︸
∈M(4× 1,C)≡V ∗

4

= AΦ(a)︸ ︷︷ ︸
∈M−(4,C)

. |x0 >︸ ︷︷ ︸
∈M(4× 1,C)≡V ∗

4

B) Following the approach exposed in proposition 1.3:

|[a, x0]A >︸ ︷︷ ︸
∈V ∗

4

= [⊙(A)]︸ ︷︷ ︸
∈M(4× 6,C)

. |a ∧ x0 >︸ ︷︷ ︸
∈M(6× 1,C)

=︸︷︷︸
?

[⊙(A)] . [⊙(a)]t︸ ︷︷ ︸
∈M(6× 4,C)︸ ︷︷ ︸

∈M(4,C)

. |x0 >︸ ︷︷ ︸
∈V ∗

4

� The �rst line is a representation of this product with the help of elements in
V∗

4 and M(4,C). The action of f is represented through an element AΦ(a)
in M−(4,C); this is an anti-symmetric matrix. With di�erent words, it
can never be identi�ed with the identity matrix, except when the argu-
ment a vanishes. Therefore, f is unable to leave the vector x0 unchanged.
In opposition, the square of AΦ(a) is a symmetric matrix and one may
sometimes envisage the existence of circumstances characterized by the
relation signing the presence of an involution:

{AΦ(a)}2 = Id4

� The second line is a representation of this product with the intervening of
elements in M(4 × 6, C), M(6 × 4, C), M(6× 1,C) and V∗

4. Multiplying
the dilatation of A which is an element in M(4 × 6, C) on its right side
by the transposed of the dilatation of a yields an element in M(4, C). In
multiplying it on its right side by any element |x0> in V∗

4, one gets a
representation of the deformed Lie product [a,x0]A in V∗

4 as well:

(4× 6)[⊙(A)] . (6× 4)[⊙(a)]t =<(4) A, (4)a >Id4 . Id4 − T2(⊗)((4)A, (4)a)

The case a = A con�rms the di�erence between both approaches:

[⊙(A)] . [⊙(A)]t =<(4) A, (4)A >Id4 . Id4 − T2(⊗)((4)A, (4)A)

AΦ(A) = (4)[0]

...
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4.1 Analysis for an anti-symmetric and anti-reduced cube

Both matrices can only coincide when the deforming vector A vanishes;
but this eventuality is totally meaningless in this theory.

This representation can be anyone; with di�erent words: it is not nec-
essarily anti-symmetric or totally symmetric. Hence, there is perhaps sit-
uations leaving the vector x0 unchanged. Nevertheless and unexpectedly,
the repetition of the action of f on x0 with this representation systemati-
cally yields an anti-symmetric matrix:

[⊙(A)] . [T ] . [⊙(A)]t ∈ M−(4, C)

It can never be identi�ed with the identity matrix. Therefore, the ap-
proach which has been exposed in proposition 1.3 is discarded for a rep-
resentation of the involution.

Remark 4.1. A diagram to visualize both representations.

As a matter of facts, the analysis of this approach introduces this diagram for
any pair (a, ...) on which a deforming vector A acts:

a [⊙(a)]

AΦ(a) ∈ M(4, C) πA([⊙(a)]) = [⊙(A)] . [⊙(a)]t ∈ M(4, C)

[a, ...]A [a, ...]A

[⊙]

AΦ πA

=

.|...> .|...>
?

=

... and suggests to introduce:

De�nition 4.1. The function πA

The function πA is de�ned through the sentence:

πA : ∀ [⊙(a)] ∈ M(4× 6,C) πA−−→ πA([⊙(a)]) = [⊙(A)] . [⊙(a)]t ∈ M(4, C)

The matrix [⊙(A)] is su�cient to describe the action of [a, ...]A on |a ∧ ...>
when the latter is written in M(6 × 1, C). One must multiply this matrix on
its right side by the transposed of the matrix [⊙(a)] to describe the action of
[a, ...]A on |...> when the latter is written in M(4 × 1, C) ≡ V∗

4.

Hence, despite appearances, this multiplication is softly changing the context
and the purpose of calculations whilst the use of the simplest decomposition
induces no complication. This evidence is perhaps the beginning of a reason-
able explanation for the di�erence between the simplest decomposition and the
product [⊙(A)] . [⊙(a)]t: they have not the same role, not the same function.

...
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4 THE ENIGMATIC QUESTION

4.2 Application in physics for an anti-symmetric and anti-reduced
cube

Proposition 4.1. When the cube A is anti-symmetric and anti-reduced, the
product [⊙(A)] . [⊙(a)]t can be related to the simplest decomposition AΦ(a).

Proof. One remarks by the way that:

[⊙(A)] . [⊙(a)]t − {[⊙(A)] . [⊙(a)]t}t

=

T2(⊗)((4)A, (4)a) − T2(⊗)((4)a, (4)A)

=[
0 A0 . a1 − A1 . a0 A0 . a2 − A2 . a0 A0 . a3 − A3 . a0

−(A0 . a1 − A1 . a0) 0 −(A2 . a1 − A1 . a2) (A1 . a3 − A3 . a1)

−(A0 . a2 − A2 . a0) (A2 . a1 − A1 . a2) 0 −(A3 . a2 − A2 . a3)

−(A0 . a3 − A3 . a0) −(A1 . a3 − A3 . a1) (A3 . a2 − A2 . a3) 0

]
Let recall that:

Φ01 = A3 . a2 − A2 . a3

Φ02 = −A3 . a1 + A1 . a3

Φ03 = A2 . a1 − A1 . a2

Φ12 = A3 . a0 − A0 . a3

Φ13 = −A2 . a0 + A0 . a2

Φ23 = A1 . a0 − A0 . a1

Hence, the calculation continues with:

T2(⊗)((4)A, (4)a) − T2(⊗)((4)a, (4)A)

=
0 −Φ23 Φ13 −Φ12

Φ23 0 −Φ03 Φ02

−Φ13 Φ03 0 −Φ01

Φ12 −Φ02 Φ01 0


The goal of this proposition is to preove that this result can be related to:

AΦ(a) =


0 Φ01 Φ02 Φ03

−Φ01 0 Φ12 Φ13

−Φ02 −Φ12 0 Φ23

−Φ03 −Φ13 −Φ23 0


The formalism of these matrices suggests that one is facing a dual representation
of AΦ(a). Therefore, the discovery of at least one matrix [W] insuring the
passage between both representations becomes a legitimate purpose; let envisage
the relation: 

0 −Φ23 Φ13 −Φ12

Φ23 0 −Φ03 Φ02

−Φ13 Φ03 0 −Φ01

Φ12 −Φ02 Φ01 0


...
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4.2 Application in physics for an anti-symmetric and anti-reduced cube

=
w00 w01 w02 w03

w10 w11 w12 w13

w20 w21 w22 w23

w30 w31 w32 w33

 .


0 Φ01 Φ02 Φ03

−Φ01 0 Φ12 Φ13

−Φ02 −Φ12 0 Φ23

−Φ03 −Φ13 −Φ23 0


Because of a very strong analogy with the representations of the electromagnetic
�elds, two three-dimensional vectors will be introduced into this discussion:

1

c
. (3)E : (Φ01, Φ02, Φ03)

(3)B : (Φ23, −Φ13, Φ12)

Although these vectors are actually any ones, this decision will later simplify an
eventual application to the theory of electromagnetism.

To accelerate the calculations, all elements in M(4,C) will also be decoded as a
corner χ in C, a wing |W> on the West side in M(3× 1,C), a wing <N| on the
North side in M(1× 3,C) and a heart [H] in M(3,C). Concretely:

T2(⊗)((4)A, (4)a) − T2(⊗)((4)a, (4)A) = −
[

0 <(3) B|
−|(3)B > −1

c . [J ]Φ(
(3)E)

]

[W ] =

[
χ <(3) N|

−|(3)W > (3)[H]

]

AΦ(a) =

[
0 1

c . <
(3) E|

−1
c . |

(3)E > [J ]Φ(
(3)B)

]
This demonstration will only be completed when the matrix [W] will have re-
ceived a visage. There is neither a di�culty to decode any element in M(D,C)
as already explained nor to prove that:

(D)[M ] . (D)[M ′]

=[
m1 <(D−1) M1|

|(D−1)N1 >
(D−1)[M1]

]
.

[
m2 <(D−1) M2|

|(D−1)N2 >
(D−1)[M2]

]
=[

m1 .m2 + <(D − 1) M1| . |(D − 1)N2 > m1. <
(D−1) M2| + <(D−1) M1|.(D−1)[M2]

m2 . |(D−1)N1 > + (D−1)[M1] . |(D−1)N2 >
(D−1)[M1] .

(D−1)[M2] + T2(⊗)((D−1)N1,
(D−1)M2)

]
This general rule can be applied to the matrices one is studying here:

(4)[W ] .
(4)
A Φ(a)

=[
χ <(3) N|

|(3)W > (3)[H]

]
.

[
0 1

c . <
(3) E|

−1
c . |

(3)E > [J ]Φ(
(3)B)

]
=

...
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[
χ . 0 − 1

c . <
(3) N| . |(3)E > χ

c . <
(3) E| + <(3) N| . [J]Φ((3)B)

0 . |(3)W > − 1
c .

(3)[H] . |(3)E > (3)[H] . [J]Φ(
(3)B) + 1

c . T2(⊗)((3)W, (3)E)

]
=[

− 1
c . <

(3) N| . |(3)E > χ
c . <

(3) E| + <(3) N| . [J]Φ((3)B)
− 1

c .
(3)[H] . |(3)E > (3)[H] . [J]Φ(

(3)B) + 1
c . T2(⊗)((3)W, (3)E)

]
=

−
[

0 <(3) B|
−|(3)B > −1

c . [J ]Φ(
(3)E)

]
As consequence one disposes of four equations with which one must discover
what the matrix [W] is:

<(3) N| . |(3)E >= 0 ⇐⇒ (3)N ⊥ (3)E

χ

c
. <(3) E| + <(3) N| . [J ]Φ((3)B) = − <(3) B|

−1

c
. (3)[H] . |(3)E >= |(3)B >

(3)[H] . [J ]Φ(
(3)B) +

1

c
. T2(⊗)((3)W, (3)E) =

1

c
. [J ]Φ(

(3)E)

Remark 4.2. Concerning an eventual application to the electromagnetic duality
in vacuum.

If this discussion would e�ectively focus attention on electromagnetic �elds,
one immediately would propose to identify the vector in the North wing with the
Poynting vector, usually denoted S in the scienti�c literature [07; p.76, (31.2)].
This choice validates the �rst equation without calculation. It transforms the
second equation into:

χ

c
. (3)E + (3)S ∧ (3)B = −(3)B

Since one can write that:

(3)S =
c

4 . π
. ((3)E ∧ (3)B)

And since:

c

4 . π
. ((3)E ∧ (3)B) ∧ (3)B =

c

4 . π
. {<(3) E, (3)B > . (3)B − ||(3)B||2 . (3)E}

The second equation is coherent when the physical conditions are such that:

<(3) E, (3)B >= −4 . π

c
∼ 0− (3)E ∼⊥ (3)B

... provided one writes that χ is the total energy density of the electromagnetic
�eld:

χ =
c2

4 . π
. ||(3)B||2

The third equation might appear to be a little bit mysterious except if one keeps
in mind the fact that the electromagnetic duality probably concerns electromag-
netic plane waves slightly polarized moving at constant spatial speed in vacuum.

...
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4.2 Application in physics for an anti-symmetric and anti-reduced cube

This underlying hypothesis allows an immediate physical interpretation for the
matrix [H]; precisely:

(3)[H] = −[J ]Φ(
(3)v)

... where v is the constant spatial speed of the wave. Indeed, with this inter-
pretation, the third equation is nothing but [07; �38, p.93, (38.9)]:

1

c
. [J ]Φ(

(3)v) . |(3)E >=
1

c
. ((3)v ∧ (3)E) = (3)B

And the fourth equation can now be managed because it is:

−[J ]Φ(
(3)v) . [J ]Φ(

(3)B) +
1

c
. T2(⊗)((3)W, (3)E) =

1

c
. [J ]Φ(

(3)E)

And because this formulation can be transposed, giving:

−[J ]Φ(
(3)B) . [J ]Φ(

(3)v) +
1

c
. T2(⊗)((3)E, (3)W) = −1

c
. [J ]Φ(

(3)E)

From these two lines (i.e.: line 1 minus line 2) one gets:

{[J ]Φ((3)B) . [J ]Φ(
(3)v) − [J ]Φ(

(3)v) . [J ]Φ(
(3)B)}

+

1

c
. {T2(⊗)((3)W, (3)E) − T2(⊗)((3)E, (3)W)}

=

2

c
. [J ]Φ(

(3)E)

A short travel in the algebra-land proves that:

[J ]Φ(
(3)B) . [J ]Φ(

(3)v) = T2(⊗)((3)B, (3)v)− <(3) B, (3)v > . Id3

T2(⊗)((3)W, (3)E) − T2(⊗)((3)E, (3)W) = [J ]Φ(
(3)W ∧ (3)E)

With these tools, the fourth equation contains the information:

[J ]Φ(
(3)B ∧ (3)v) +

1

c
. [J ]Φ(

(3)W ∧ (3)E) =
2

c
. [J ]Φ(

(3)E)

Since [J ]Φ is an isomorphism, this information is equivalent to:

((3)B ∧ (3)v) +
1

c
. ((3)W ∧ (3)E) =

2

c
. (3)E

It should be su�cient to discover the vector W; for this purpose, let calculate:

((3)B ∧ (3)v) ∧ (3)E +
1

c
. ((3)W ∧ (3)E) ∧ (3)E = 0

At this stage, supposing that the classical rules governing the cross product
apply because one believes that Maxwell's vacuum is related to the spatial Eu-
clidean three-dimensional geometry:

<(3) B, (3)E > . (3)v− <(3) B, (3)v > . (3)E

...
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+

1

c
. {<(3) W, (3)E > . (3)E − ||(3)E)||2 . (3)W}

=

0

Due to the second equation and due to the underlying hypothesis pretending
that one is working with electromagnetic plane waves slightly polarized, one
may write:

<(3) B, (3)E >∼ 0−

<(3) B, (3)v >∼ 0

These conditions yield:

1

c
. {<(3) W, (3)E > . (3)E − ||(3)E)||2 . (3)W} ∼ 0

... suggesting that the vector W is proportional to the electric �eld and that
the matrix one is looking for is:

[W ] ∼

[
c2

4 . π . ||
(3)B||2 ∼ ρem <(3) S|

−ψ . |(3)E > −[J ]Φ(
(3)v)

]

Now, one should look for a matrix [W'] insuring the inverse passage:

[W ′] . {T2(⊗)((4)A, (4)a) − T2(⊗)((4)a, (4)A)} = AΦ(a)

If this second matrix exists, then:

{[W ′] . [W ] − Id4} .AΦ(a) = (4)[0]

Provided the simplest decomposition does not vanish (This is at least the case
when a ̸= A), there exists at least one matrix [W']: it is the inverse of the matrix
[W]. Warning: this eventuality is not the unique possibility but it is the simplest
one: [

χ′ <(3) N′|
|(3)W′ > (3)[H ′]

]
.

[
ρem <(3) S|

−ψ . |(3)E > −[J ]Φ(
(3)v)

]
=[

χ′ . ρem − ψ . <(3) N′| . |(3)E > χ′ . <(3) S| − <(3) N′| . [J]Φ((3)v)
ρem . |(3)W′ > −ψ . (3)[H ′] . |(3)E > −(3)[H ′] . [J]Φ(

(3)v) + T2(⊗)((3)W′, (3)S)

]
=[

1 <(3) 0|
|(3)0 > Id3

]
One gets four equations:

χ′ . ρem − ψ . <(3) N′| . |(3)E >= 1

χ′ . (3)S − (3)N′ ∧ (3)v = (3)0

...
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4.2 Application in physics for an anti-symmetric and anti-reduced cube

ρem . |(3)W′ > −ψ . (3)[H ′] . |(3)E >= |(3)0 >

T2(⊗)((3)W′, (3)S) − (3)[H ′] . [J ]Φ(
(3)v) = Id4

They are not very helpful and it will perhaps be easier to �nd [W'] in following
the same logic than the one which has been used to discover [W].

At this stage, one must also add a supplementary constraint on [W] to be
certain that one is treating the electromagnetic duality.

Maxwell's work on electricity and magnetism in vacuum [14] led to four re-
markably simple equations. They can be written [15; p.264, (7.88)]1:

rotxE = −∂B
∂t
, divx

E

c2
= 0

rotxB =
∂ E
c2

∂t
, divxB = 0

In Planck's units, c = 1 and they can be rewritten as [16; p.12, (1.1)]:

rotxE = −∂B
∂t
, divxE = 0

rotxB =
∂E

∂t
, divxB = 0

As a matter of facts, the transformation (E,B)→ (c.B, -E/c) preserves the for-
malism of these equations. This strange property is called: electromagnetic
duality. Hence, that property is a direct by-product of Maxwell's laws govern-
ing the electromagnetic �elds in vacuum [05; �3.4 and �4.5]. It attracts much
attention in mathematical physics because it is often considered as the simplest
example of a deeper symmetry dispatched in many other domains.

De�nition 4.2. The Hodge's star operator acting on electromagnetic 2-forms
in a four dimensional space.

The Hodge's star operator acting on 2-forms in an oriented four dimensional
smooth manifold E endowed with a metric g, short: in E4 = (E, g), is a linear
function with source and target in Ω2(E4), the vector space of 2-forms on E4; it
is denoted �∗� and is unique.

The electromagnetic �elds are represented by 2-forms and any of them can
be represented by a (4-4) square matrix in M(4, C); see any book explaining
the basics of linear algebra.

Therefore, any representation for that operator when it is acting on electro-
magnetic 2-forms is an application having its source in Ω2(E4) and ful�lling the
three criterion:

1Here, a reference to the coordinates system has been given and the relation [15; annex,
p.450, (8)] has been involved:

ϵ0 . µ0 . c
2 = 1
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4 THE ENIGMATIC QUESTION

1. The representation must be an element in M(4, C), for example denoted
[O]:

F ∈ Ω2(E) ∗ ∗F ∈ Ω2(E)

[O] ∈ M(4,C)

2. The representation of the operator, e.g.: [O], acts on the left side of ele-
ments in M(4, C) in a manner which reproduces the action of the com-
pletely anti-symmetric tensor on 2-forms:

F ∈ Ω2(E) ∗ ∗F ∈ Ω2(E)

[F ] ∈ M(4,C) [O] ∈ M(4,C) [∗F ] = [O] . [F ] ∈ M(4,C)

3. The square of the representation [O] must be minus the identity matrix:

[O]2 = −Id4

Within the context of this example, it can easily be veri�ed that the matrix [W]
is insuring the passage between the (2, 0) version of the electromagnetic tensor
and minus the dual form of the latter:

[Fµν ] =

[
0 1

c . <
(3) E|

−1
c . |

(3)E > Φ[J ](B)

]
[W ]−−→ −[∗Fµν ] =

[
0 − <(3) B|

|(3)B > Φ[J ](E)

]
Therefore, the representation of the dual operator is:

[O] = −[W ]

... and one must yet obligatorily verify that:[
ρem <(3) S|

−ψ . |(3)E > −[J ]Φ(
(3)v)

]
.

[
ρem <(3) S|

−ψ . |(3)E > −[J ]Φ(
(3)v)

]
= ρ2em − ψ . <(3) S| . |(3)E >︸ ︷︷ ︸

= 0

ρem . <(3) S| − (3)S ∧ (3)v|

ψ . ρem . |(3)E > +ψ . |(3)v ∧ (3)E > [J]Φ
2((3)v) + ψ . T2(⊗)((3)E, (3)S)


=[

−1 <(3) 0|
|(3)0 > −Id3

]
This system is yielding four equations:

ρ2em = −1

ρem .
(3)S − ((3)S ∧ (3)v) = (3)0

ρem .
(3)E + ((3)v ∧ (3)E) = (3)0

[J ]Φ
2((3)v) + ψ . T2(⊗)((3)E, (3)S) = −Id3

... and, unfortunately, they introduce really unpleasant technical di�culties:

...
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4.2 Application in physics for an anti-symmetric and anti-reduced cube

1. The electromagnetic densities of energy must be either pure imaginary
complex numbers or any imaginary generator for the quaternions (resp.
for the octonions);

2. Two cross products have a result which is proportional to one of their
arguments. This is impossible in a strictly classical real three-dimensional
space. One can only envisage to go further with vectors having complex
components.

An approximate formalism for the matrix [W] can be obtained within the context
focusing on the representations of wedge products in a four-dimensional space
if one translates the physical objects into their respective twin mathematical
representations. This imposes indirectly to suppose that the spatial speed is
proportional to the Poynting vector :

(4)[W ]

∼ c2

4 . π
. (Φ2

23 + Φ2
13 + Φ2

12)
c2

4.π
. (Φ02 .Φ12 + Φ13 .Φ03)

c2

4.π
. (Φ03 .Φ23 − Φ12 .Φ01) − c2

4.π
. (Φ01 .Φ13 + Φ02 .Φ23)

−ψ .Φ01 0 −Ψ . c2

4.π
. (Φ01 .Φ13 + Φ02 .Φ23) −Ψ . c2

4.π
. (Φ03 .Φ23 − Φ12 .Φ01)

−ψ .Φ02
Ψ . c2

4.π
. (Φ01 .Φ13 + Φ02 .Φ23) 0 Ψ . c2

4.π
. (Φ02 .Φ12 + Φ13 .Φ03)

−ψ .Φ03
Ψ . c2

4.π
. (Φ03 .Φ23 − Φ12 .Φ01) −Ψ . c2

4.π
. (Φ02 .Φ12 + Φ13 .Φ03) 0


It is possible to verify that:

−ψ .Φ01 .
c2

4.π
. (Φ02 .Φ12 + Φ13 .Φ03)

−ψ .Φ02 .
c2

4.π
. (Φ03 .Φ23 − Φ12 .Φ01)

+ψ .Φ03 .
c2

4.π
. (Φ01 .Φ13 + Φ02 .Φ23)

=

−ψ .Φ01 .
c2

4.π
.Φ02 .Φ12 − ψ .Φ01 .

c2

4.π
.Φ13 .Φ03

−ψ .Φ02 .
c2

4.π
.Φ03 .Φ23 + ψ .Φ02 .

c2

4.π
.Φ12 .Φ01

+ψ .Φ03 .
c2

4.π
.Φ01 .Φ13 + ψ .Φ03 .

c2

4.π
.Φ02 .Φ23

=

0

This result is obtained whatever the value of ψ is and it is the image inside this
discussion of the physical relation:

< E, S >= 0

Following the same spirit, one states that:

−Ψ . c2

4.π
. (Φ03 .Φ23 − Φ12 .Φ01) .Φ03 − Ψ . c2

4.π
. (Φ01 .Φ13 + Φ02 .Φ23) .Φ02

...
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4 THE ENIGMATIC QUESTION

=

−Ψ . c2

4.π
. {Φ23 . (Φ

2
01 + Φ2

02 + Φ2
03) + Φ01 . (Φ23 .Φ01 + Φ13 + Φ02 + Φ12 .Φ03)}

If one injects the image E and B of the physical objects, one �nds:

− Ψ

4.π
. ||E||2 . B1 + < B, E >︸ ︷︷ ︸

∼ 0

. E1

If one takes in consideration the second equation associated with the existence
of a matrix [P] realizing the passage:

− Ψ

4.π
. ||E||2 . B1

Anyway, if these calculations would be the image of the physical relation:

1

c
. [J ]Φ(

(3)v) . |(3)E >=
1

c
. ((3)v ∧ (3)E) = (3)B

One should have found:
B1

The coherence of previous mathematical calculations with their eventual appli-
cation in electromagnetism is imposing:

− Ψ

4.π
. ||E||2 = 1 ⇐⇒ Ψ = − 4.π

||E||2
≡ − 1

ρem

Hence, the optimal formalism of [W] for an eventual application in electromag-
netism is:

(4)[W ]

∼[
ρem <(3) E ∧ (3)B|

1
ρem

. |(3)E > 1
ρem

. [J ]Φ(
(3)E ∧ (3)B)

]
At a technical level, with the notations which have been introduces at the begin-
ning of this discussion, an application to the electromagnetic duality in vacuum
imposed to �nd solutions for the following system:

ρ2em = −1

ρem . (
(3)E ∧ (3)B) − 1

ρem
. (((3)E ∧ (3)B) ∧ ((3)E ∧ (3)B)) = (3)0

ρem .
(3)E − 1

ρem
. (((3)E ∧ (3)B) ∧ (3)E) = (3)0

1

ρ2em
. [J ]Φ

2((3)E ∧ (3)B) − 1

ρem
. T2(⊗)((3)E, (3)E ∧ (3)B) = −Id3

This is impossible within a discussion which is restricted to a classical geomet-
rical context. This particular approach seems to be a cul-de-sac. One can also
suspect that the origin of this situation is the incorrect hypothesis which has
been made to interpret the third equation (see above).

...
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4.3 Useful calculations for later

Comments:
The electromagnetic duality in Maxwell's vacuum is only a particular illustration
for a quite more general mathematical topic concerning wedge products in a
four-dimensional space. The matrix [W] exists and, in this document, it realizes
the passage:

AΦ((4)a)
[W ]−−→ T2(⊗)((4)A, (4)a) − T2(⊗)((4)a, (4)A) = [W ] .AΦ(a)

... even if this passage does not (cannot yet because of some approximations?)
report on the electromagnetic duality in vacuum.

Lemma 4.1. On the electromagnetic duality in Maxwell's vacuum.

The hypothesis interpreting the Maxwell's vacuum as bath of slightly polar-
ized electromagnetic plane waves moving at constant spatial speed is compatible
with the existence of matrix [W] insuring the passage:

AΦ((4)a)
[W ]−−→ T2(⊗)((4)A, (4)a) − T2(⊗)((4)a, (4)A) = [W ] .AΦ(a)

(4)[W ] =

[
ρem <(3) E ∧ (3)B|

1
ρem

. |(3)E > 1
ρem

. [J ]Φ(
(3)E ∧ (3)B)

]

ρem =
||E||2

4.π
=

||B||2

4.π

If AΦ(a) would be the (2, 0) representation of some electromagnetic �eld un-
derstood as bi-vector (E, B), then the matrix -[W] would have the same action
than a passage to the dual representation of this electromagnetic �eld.

Unfortunately, within the context of this discussion, this hypothesis and this
matrix can never be involved for a coherent description of the electromagnetic
duality in Maxwell's vacuum and more work is needed.

4.3 Useful calculations for later

Let also note attentively that the following product is no more an element in
M(4,C) but in M(6,C):

[⊙(a)]t . [⊙(A)]

=

0 0 −a3 a2

0 a3 0 −a1
0 −a2 a1 0

−a3 0 0 a0

a2 0 −a0 0
−a1 a0 0 0

 .


0 0 0 −A3 A2 −A1

0 A3 −A2 0 0 A0

−A3 0 A1 0 −A0 0
A2 −A1 0 A0 0 0


=

a2 . A2 + a3 . A3 −a2 . A1 −a3 . A1 a2 . A0 a3 . A0 0

−a1 . A2 a1 . A1 + a3 . A3 −a3 . A2 −a1 . A0 0 a3 . A0

−a1 . A3 −a2 . A3 a1 . A1 + a2 . A2 0 −a1 . A0 −a2 . A0

a0 . A2 −a0 . A1 0 a0 . A0 + a3 . A3 −a3 . A2 a3 . A1

a0 . A3 0 −a0 . A1 −a2 . A3 a0 . A0 + a2 . A2 −a2 . A1

0 a0 . A3 −a0 . A2 a1 . A3 −a1 . A2 a0 . A0 + a1 . A1


...
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4 THE ENIGMATIC QUESTION

It is legitimate to look for a link with the [T] matrix. In a �rst step, one remarks
that:  0 0 0 0 0 1

0 0 0 0 −1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0


.

0 0 0 0 0 a0 . A0 + a1 . A1

0 0 0 0 −(a0 . A0 + a2 . A2) 0

0 0 0 a0 . A0 + a3 . A3 0 0

0 0 a1 . A1 + a2 . A2 0 0 0

0 −(a1 . A1 + a3 . A3) 0 0 0 0

a2 . A2 + a3 . A3 0 0 0 0 0


=

a2 . A2 + a3 . A3 0 0 0 0 0

0 a1 . A1 + a3 . A3 0 0 0 0

0 0 a1 . A1 + a2 . A2 0 0 0

0 0 0 a0 . A0 + a3 . A3 0 0

0 0 0 0 a0 . A0 + a2 . A2 0

0 0 0 0 0 a0 . A0 + a1 . A1


In a second step, let test the action of the newly introduced matrix on [T−]: 0 0 0 0 0 1

0 0 0 0 −1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0


.

0 a0 . A3 −a0 . A2 a1 . A3 −a1 . A2 0

−a0 . A3 0 a0 . A1 a2 . A3 0 a2 . A1

a0 . A2 −a0 . A1 0 0 −a3 . A2 a3 . A1

−a1 . A3 −a2 . A3 0 0 −a1 . A0 −a2 . A0

a1 . A2 0 a3 . A2 a1 . A0 0 −a3 . A0

0 −a2 . A1 −a3 . A1 a2 . A0 a3 . A0 0


=

0 −a2 . A1 −a3 . A1 a2 . A0 a3 . A0 0

−a1 . A2 0 −a3 . A2 −a1 . A0 0 a3 . A0

−a1 . A3 −a2 . A3 0 0 −a1 . A0 −a2 . A0

a0 . A2 −a0 . A1 0 0 −a3 . A2 a3 . A1

a0 . A3 0 −a0 . A1 −a2 . A3 0 −a2 . A1

0 a0 . A3 −a0 . A2 a1 . A3 −a1 . A2 0


Let write:

[∗] =



0 0 0 0 0 1
0 0 0 0 −1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0


These calculations have proved that:

[⊙(a)]t . [⊙(A)] = [∗] . [T ]

...
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4.4 Conclusion

4.4 Conclusion

At the end of the day, one states that the theory of representations sneakily
invited itself in the discussion studying when the deformed Lie products act like
an involution does. There is in general no argument justifying the non-existence
of several and eventually di�erent representations for the same action.

Until now, especially for the part of these explorations which have been devel-
oped in three-dimensional spaces [a] and [b], the multiplicity of the representa-
tions has been represented by the concept of decomposition (synonym: division).
There is no reason forbidding the extrapolation of this way of doing when the
discussion concerns vectors in four-dimensional spaces.

Hence, each matrix [P] resulting from the approach exposed in proposition 1.3
presumably represents an alternative decomposition without residual part. If
the way of thinking which has been explained in [b] is correct, then - when the
cube A is anti-symmetric and anti-reduced- these representations must obliga-
torily verify the constraint:

|M((4)A, (4)a)| = | <(4) A, (4)a >Id4 . Id4 − T2(⊗)((4)A, (4)a) − AΦ(a)| = 0C

Any way, at least for anti-symmetric and anti-reduces cubes, the analysis (sub-
section 4.1) has brought important information and distinctions concerning both
classes of representations.

The repetition of the action of f on a given argument x0 carries two concepts
with it: (i) the eventual invariance of this argument and (ii) the existence of an
involution. The simplest decomposition cannot leave the argument unchanged
but its square is a suitable tool to characterize an involution. The decomposi-
tion without residual part resulting from the approach exposed in proposition
1.3 may eventually leave the argument unchanged whilst it cannot be involved
for the description of situation associated with an involution.
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