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ABSTRACT. For m € Z, let N = 2m > 8 and Gy be a set of goldbach primes, p, of N
defined as Gy = {p: p < % andp { N}. By denoting the cardinality of Gy by |Gy| or g(N),
we show that VN, |G| > 0, and the set of all these cardinalities, {|Gy|}, is equal to the set

of natural numbers i.e {|Gx|} = N={1,2,3,4,5,6,---}. We finally prove the famous binary
|G|

Goldbach conjecture by showing that for all values of |Gy, Z p(b;)A(b;) < 0, whenever

i=1
b = N — p; with p; € Gy,7 € N and 1 < i < |Gy|. In particular we show that every N is a

sum of two distinct primes.

1. INTRODUCTION

The Goldbach Conjecture was first proposed by Christian Goldbach, a Prussian mathe-
matician, in a letter to Leonhard Euler in 1742. Goldbach conjectured that every even integer
greater than 2 can be expressed as the sum of two prime numbers. This became known as
the binary(strong) Goldbach conjecture. Euler, one of the most prolific mathematicians of all
time, believed in the truth of the conjecture Goldbach proposed, but he could not provide
a formal proof. A weaker form of the conjecture, known as ternary Goldbach conjecture,
states: Every odd integer greater than 5 can be expressed as the sum of three prime numbers.
Euler replied that if the strong conjecture were true, it would imply the weak conjecture. He
believed the conjecture to be certainly true but was unable to provide a formal proof. While
the weak conjecture was eventually proven by Harald Helfgott in 2013, the strong conjecture
remained unproven despite extensive efforts. However, numerous computational verifications
have confirmed the conjecture for even numbers up to 4 x 10,

Main Theorem : Fvery even number greater than 2 is a sum of two primes.

We present a new approach in proving the binary Goldbach Conjecture which relies on the
structural properties of special type of primes called Goldbach primes.

2. DEFINITIONS AND NOTATION

Throughout this paper, the following definitions and notations will be used:

e Every even number greater than 6 will be denoted by N.

e The following sets of numbers will be denoted as shown in the table below:

Set Notation First Elements of the Set
Natural Numbers 1,2,3,4,5,6,---
Integers 0,£+1,+£2,4+3,+4,+£5,---
Even Numbers 0,42, +4, 46, £8, +10, £12, - - -
Prime Numbers 2,3,5,7,11,13,17,19, 23,29, - - -
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Pf = Hpk where p; is the k" prime i.e p; = 2,py = 3,p3 =5,ps = 7, ps = 11, - - -
k=1

We use (a, b) to denote the greatest common divisor of two natural numbers a and b.

We write a | b and a 1 b to denote the assertion that a divides b and a does not divide b
respectively.

= stands for "implies that” ; < stands for ”if and only if” or simply ”iff”.

€ and ¢ are statements ”is an element of” and ”is not an element of” respectively.
V is a statement "for all” and J is translated as ”there exists”

< and < stand for "less than” and ”less than or equal to” respectively.

Hy is a set of all primes not exceeding % ie Hy = {p p < %}, where p is a prime.

The cardinality of a set Hy will be denoted by |Hy/|.
The Divisor set, Dy is a set of all positive divisors of N. Hence Dy = {a € N:a | N}.

Goldbach prime: A prime number p such that p € Hy and p { N will be called a
Goldbach prime of N. That is, p is a Goldbach prime if and only if p < % and p 1 N.
The number of Goldbach primes of N will be denoted by g(N).

Gy is a set of Goldbach primes of N i.e. for p prime, we have Gy = {p : % >pt N}.
Hence we shall be using g(/V) and |Gy| interchangeably i.e g(N) = |Gy]|.

We define the set of cardinalities: {g(N)} = {g(V) : N =8,10,12, 14,16, 18,20, - -}

Let a € Hy be prime, b € N and N € E with a +b = N where a < b. We say that a
corresponds to a prime iff b is prime; otherwise a corresponds to a composite. Sometimes
we shall be writing a - bif a+b= N.

We shall also use the following standard notations for Arithmetic functions:
m(n) is the prime counting function i.e the number of primes not exceeding n.

w(n) is the little prime omega function, which represents the number of distinct prime
factors (divisors) of n.

p(n) is the Moebius function of n.
A(n) is the von Mangoldt function of n.

We have introduced a new arithmetic function, g(n), the goldbach-prime counting func-
tion i.e the number of primes not exceeding 7 and relatively prime to n.
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3. RESULTS

Lemma 3.1: Let @ and b be two natural numbers with a < b such that a +b = .
(i) If a|N then alb.

(ii) If a t N then a1 b.

(iii) If a is prime and a t N then (a,b) = (a, N) = (b, N) = 1.

Proof: (i) The proof follows from the linearity property of divisibility i.e
a|N = 3z € Z such that N = ax

=b=N—a=ax—a=a(x—1). Hence alb.

(ii) at N = N = ax + k for some integers x and k with 0 < k < a.
b=N-a=ar+k—a=a(x—1)+k. Since 0 <k < a it follows that a 1 b.

(iii) It is clear from (ii) that (a, N) = (a,b) = 1 since a is prime.
Let (b, N) = k # 1, then 3z,y € Z such that b = kxz and N = ky.
Hence a + kx = ky = a = ky — kx = k(y — x).

Since a is prime then either ¥ = a and y —x = 1l or k =1 and y — z = a. But
k # 1 = k = a, contradicting that a t N. Therefore (b, N) = 1. |

Corollary 3.1(of Lemma 3.1).

(i) Given that a+b = N with a € Dy then a|b hence b is composite. This means that
all divisors of N correspond to composite numbers, to their multiples in particu-
lar(WLOG assume & is always composite for all N).

Example. Consider the number 70 being partitioned as shown in the following
table.

203 |5 | 7T |11|13|17]19]23|29 |31
68 | 67 | 65| 63 | 59 | 57 | 53 | 51 | 47 | 41 | 39

We can observe that all the prime factors of 70 i.e {2,5,7} correspond to their
respective multiples {68, 65,63} and Gro = {3,11, 13,17, 19, 23,29, 31}.

(ii) If a € Gy then a1 b hence b is either prime or composite. If b is composite the it
must have only the Goldbach prime(s) other than a as its prime factor(s).
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Definition 3.1: Consider the following Arithmetic functions:

1. The Moebius function p(n) defined as:

1, forn =1

], Q2 a3

p(n) = (=1)%, for n = pi'py*ps® - -p
0, otherwise.

Fand oy = =a3=---=a, =1 (1)

2. The von Mangoldt function A(n) defined as:

logp, for n = p™ where p is prime and m > 1
A(n) =

0, otherwise.

Lemma 3.2: The product u(n)A(n) <0, Vn € N. In particular,

pu(n)A(n) <0, iff n is prime;
pu(n)A(n) = 0, otherwise.

Proof: (Cases:)

Case (i) If n is prime then;
pu(n) = —1 and A(n) = logn.
cop(n)A(n) = —1 x logn < 0.

It is easy to show that the converse also holds.

Case (ii) If n is composite then;

Either n = pipops - - - pr with & > 2 and p; # p; V1 < 1,5 < k i.e n is square free.
= pu(n) =1or —1 and A(n) = 0.

Sop(n)A(n) = (1or —1) x 0= 0.

Or n = p"py?ps® - - - pp* with k£ > 1 and o; > 2 for some ¢ =1,2,3,--- | k.
= p(n) =0 and A(n) = log p; for some 7 in 1 < i < k.
Sop(n)A(n) =0 xlogp =0 [ |

Lemma 3.3(Bertrand’s postulate): For every n > 1, there is always at least one prime
p such that n < p < 2n.
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Theorem 3.1 (Existence of Goldbach primes): The set Gy of Goldbach primes is non-

empty for all even numbers N > 6.

N N
Proof: Note: |Gy| =7 (—) —w(N); thus |Gy| > 0 iff 7 (5) > w(N).

2

We shall consider three cases:

Case(i): 6 < N < 30.

It can be verified manually that for 6 < N < 30 the set G is non-empty. The following

table summarizes the results.

N 8[10[12[14] 16 [ 18] 20| 22 | 24 26 28
Elements of Gy | 3| 3 | 5 | 3,5 | 3,5,7 | 5,7 | 3,7 | 3,5,7 | 5,7,11 | 3,5,7,11 | 3,5,11,13
Gy 1112 3 [2]2] 3 3 4 4

N
We prove the remaining cases by showing that VN > 30, « (5) > w(N).

Case(ii): N = P¥ for n > 3.

Here the first value of N is 30, the third primorial, PS# , and the proof is based on the

following result.

Lemma 3.4: If N is a primorial greater than 6 then Gy is non-empty.
Proof :(By Mathematical Induction)

For n =3, N = P¥ = 30.

We have (g) o (%) — 7(15) = 6> 3 = w(30) = w(N).

Assuming it holds for some n =k i.e N = P,f , then we have
N P . 4
W(E) :71'(7) :7T<];!pi> >w(N):w(Pk ) = k.

Forn=k+1, N = P,il,onehas

k k
Truly, Hpi > (sz> and 7 (sz> > k [from (3)], so sz > k.

=2

k
The combination of (4) and (5) gives us 7 (pkﬂ sz> > 7 (k- pri1).

1=2
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But 7 (pr+1) = k + 1; and since k > 3, it follows from Bertrand’s postulate(theorem)
that there exists a prime in the open interval (pxi1, k- pry1)-

k
Hence 7 (pg41 - k) > k + 1 and therefore = (pk+1 le> >k+1= w(P,il) =w(N).

=2

N pi k+1 k
Ry (5) =7 (%) =7 (gm) = (pkH izzpi> >k+1= w(P,il) = w(N).

The statement is therefore true for all values of n > 3.

Case (iii): PJ' < N < P},
Since w(Pil) =k + 1, it follows that w(N) < k.

Also w <Pjﬁ> = k and it is now clear from Lemma 3.4 that

N _pf N Py
Now N > Pk# = 5 > 7’“ and it follows that 7 (E) > <_’f> > w(N).

ST (g) > w(N).

N
VN, w (5) > w(N) which implies |Gy| > 0. |

Corollary 3.2 (of Theorem 3.1) Both Gy and Dy, the proper subsets of Hy are
non-empty.

Proposition 3.1 All prime divisors of N are elements of Hy and so are the proper
prime divisors of any arbitrary composite number b < N.

Proof: The smallest prime is 2. Accordingly, the greatest possible prime factor(divisor)
of any composite number n is n/2. b < N = b/2 < N/2. But N/2 € Gy clearly implies
b/2 € Gy. [ ]

Lemma 3.5: The set of all cardinalities {g(N)} = {|Gn|} = N.

Proof: From Section 2, we defined {g(N)} as {g(N)} = {g(N) : N =8,10,12, 14,16, 18,20, - - -

For simplicity, let N = 2p,, where p,, is the n* prime and n > 3.
It is trivial that for 1 <i <n, p;{ N and |Gy| =n — 2.
Hence {|Gy|}={n—-2:neN,n>3}={1,2,3,4,5,6,---} =N. |

}
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Theorem 3.2(Binary Goldbach Conjecture): FEvery even number greater than 2 is a
sum of two primes.

Proof: The conjecture is trivial for even numbers 4 and 6 since 4 =2+ 2 and 6 = 3+ 3.

We shall therefore prove, that every even number greater than 6 is a sum of two distinct
primes. Mathematically, we have:

p+b= N; where p € Gy, N € E~4 and b is a prime number.

We have already shown (from Theorem 3.1) that every even number N > 6 has
Goldbach prime(s). From Corollary 3.2 (ii) we said that if p € Gy then b is either
prime or composite. It is now left to prove that for all N € E. 4, there exists a prime b
such that p+ b= N for some p € Gy.

Therefore the binary Goldbach conjecture is equivalent to the statement:

g(N)
Z p(bi)A(b;) < 0, whenever p; +b; = N with p; € Gy. (%)

=1

This means that there exists b; € P whenever p; +b; = N for 1 <i < g(N) and p; € Gy.

Lemma 3.5 enables us to use mathematical induction to prove the boxed inequality (x).

For g(N) = |Gn| = 1; we have p; + b, = N.

m € Gy, = p1 1 N and from Lemma 3.1 (ii), p; 1 b;. Also for some ¢ € Dy, ¢ 1 by,
because if ¢|b; then (b;, N) = ¢, a contradiction to Lemma 3.1 (iii). Hence b; has no
prime factors in set Hy, thus b; is prime (according to Proposition 3.1).

Alternatively,

If some ¢ € Dy divides b; then dz,y € Z such that by = xq and N = yq. Now
p1=N—b =yq—xq9=q(y—2).
Now if y — 2z < 0; p; < 0, this is unthinkable since p; is prime and from definition of a

prime number, p; > 1. If y — 2 = 1; p; = ¢ which contradicts Theorem 3.1 (existence
of Goldbach primes). If y — x > 1; p; becomes composite, a contradiction.

Hence by must be prime whenever |Gy| = 1.

Since by is prime for |Gy| = 1, it follows from Lemma 3.2 that

1

> b)) Abs) = p(br)A(b) < 0.

=1

Hence the conjecture holds for g(N) = 1.



D. M. ODWAR

Assuming (x) is true for g(IN) = k then;

k
Zu(bm\(bi) <0.

For g(N) =k + 1; Z 1u(bi)A(b;) = Z 1u(bi) A(bi) + 11(brs1) Ags1)-

k
But > p(bi)A(bi) <0 and pu(bri1)A(bria) < 0.
=1

k+1

Hence Zu(bi)A(bi) < 0.
i=1

Therefore for all values of g(IV) there exists a pair of primes (a,b) whose sum is an even
number greater than 6; completing the proof of the binary Goldbach conjecture. |

CONCLUSION

From the proof presented above, we conclude that the binary Goldbach conjecture is true.
These results therefore may be used to further our understanding of the distribution of
primes and the relationships between Arithmetic functions.
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