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Abstract

In Floer theory one has to deal with two-level manifolds like for in-
stance the space of W 2,2 loops and the space of W 1,2 loops. Gradient flow
lines in Floer theory are then trajectories in a two-level manifold. Inspired
by our endeavor to find a general setup to construct Floer homology we
therefore address in this paper the question if the space of paths on a
two-level manifold has itself the structure of a Hilbert manifold. In view
of the two topologies on a two-level manifold it is unclear how to define
the exponential map on a general two-level manifold. We therefore study
a different approach how to define charts on path spaces of two-level man-
ifolds. To make this approach work we need an additional structure on a
two-level manifold which we refer to as tameness. We introduce the no-
tion of tame maps and show that the composition of tame is tame again.
Therefore it makes sense to introduce the notion of a tame two-level man-
ifold. The main result of this paper shows that the path spaces on tame
two-level manifolds have the structure of a Hilbert manifold.
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1 Introduction

Suppose that H2 ⊂ H1 are Hilbert spaces with a dense and compact inclusion
of H2 into H1. The fact that a dense and compact inclusion exists immediately
implies that both Hilbert spaces are separable, see [FW24, Cor. A.5]. It follows
that there are two cases, either H1 = H2 is finite dimensional, or H1 6= H2 and
both Hilbert spaces are infinite dimensional and separable.

By considering C2 diffeomorphisms between open subsets of H1 which re-
strict to C2 diffeomorphisms between the intersection of these subsets with H2

we obtain charts of C2 two-level manifolds X = X1 ⊃ X2.
For two points x− and x+ we consider W 1,2(R, H1) ∩ L2(R, H2)-paths from

x− to x+. By Px−x+
we denote the set of such paths. Over this space of paths

there is a bundle, called the weak tangent bundle, namely

E → P, E = Ex−x+
, P = Px−x+

,

where the fiber over a path x ∈ P consists of L2(R, H1)-vector fields along x.
In this article we are interested in the question whether P and E have the

structure of a C1 Hilbert manifold. We do not require that the tangent bundle
TP is a C1 Hilbert manifold, but only its L2 completion E . We don’t know if
this is true for general two-level manifolds. However, we introduce a condition
for C2 diffeomorphisms called tameness. We then show that the composition
of two tame C2 diffeomorphisms is tame as well (Theorem 2.5). Therefore by
considering atlases all whose transition functions are tame we obtain the notion
of a tame two-level manifold.

Under these assumption we are able to show that the space of paths P and
its L2 completion E of its tangent bundle are C1 Hilbert manifolds. Namely,
the main result of this article is the following theorem.

Theorem A. Let X be a tame two-level manifold. Then for every pair of points
x± ∈ X the space of paths Px−x+ and the L2 completion Ex−x+ of its tangent
bundle have the structure of C1 Hilbert manifolds.

The main technical result to prove Theorem A is the following theorem on
Hilbert space valued Sobolev spaces. We abbreviate

W 1,2
H1

:= W 1,2(R, H1), L2
Hi := L2(R, Hi). (1.1)

Theorem B. Suppose that φ : H1 → H1 is tame. Then the map

TΦ: (W 1,2
H1
∩ L2

H2
)× L2

H1
→ (W 1,2

H1
∩ L2

H2
)× L2

H1

(ξ, η) 7→ (φ ◦ ξ, dφ|ξη)

is well defined and continuously differentiable.

In order to prove Theorem A we also will need a parametrized version of
Theorem B in which φ is additionally allowed to depend on time.

Different from other approaches to manifold structures on mapping spaces
between finite dimensional manifolds, see e.g. [El̆ı67, Sch93], we do not use an
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exponential map in the infinite dimensional case since such seems difficult to
incorporate in the case where one has several levels of manifolds.

Remark 1.1 (Dense inclusion, not necessarily compact).

a) If we only assume that H1 and H2 are Hilbert spaces with a dense inclusion
of H2 into H1, not necessarily compact, then we do not know if Theorem A
holds true.

b) However, for the notion of tameness we do not need that the inclusion is
compact and Theorem B continues to hold in this more general case.

c) For Hilbert manifolds a complementary approach to our proof could prob-
ably be carried out with the help of the exponential map. The exponential
map for C3 Hilbert manifolds is studied in Lang’s book [Lan01, IV §3].

Acknowledgements. UF acknowledges support by DFG grant FR 2637/4-1.

1.1 Outlook

The Hilbert manifold structure of the space of maps P and the bundle E play an
important role in Floer theory. There one considers a functional A on special
types of two-level manifolds X and is interested in the gradient flow equation

F(u) := ∂su+∇A(u) = 0

between critical points x−, x+ ∈ X2. The gradient is unregularized in the sense
of Floer [Flo88]. Namely, if x is in X2, then ∇A(x) lies only in TxX1, not in
TxX2. We can interpret Floer gradient flow lines as the zeroes of the section in
the bundle

E

P
F

If E and P have the structure of C1 manifolds we can look at the differential of
the section at the point u ∈ P, in symbols

dFu : TuP → TF(u)E .

If u is a zero of the section, i.e. a gradient flow line, we have a canonical splitting

TuE = TuP ⊕ Eu.

We denote by πu : TuE → Eu the projection along TuP. Hence we obtain the
vertical differential

DFu := πu ◦ dFu : TuP → Eu.
A crucial property in a Floer theory is that this vertical differential is a Fredholm
operator. In view of our endeavor to construct abstract Floer homologies which
can also be applied to quite general Hamiltonian delay equations, as outlined
in our articles [FW24,FW25], the property that the space of paths and the L2

bundle are both Hilbert manifolds of class C1 seems to be crucial and this is
the reason for the current study.
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1.2 Outline

This text is organized as follows.

In Section 2 we introduce the notion of tame maps. The main result about
tame maps is that the composition is again tame. This the content of Theo-
rem 2.5. Thanks to this result one can introduce the notion of tame manifolds.
Namely, these are manifolds all of whose transitions maps are tame. An example
of a tame manifold is the loop space of a smooth finite dimensional manifold.
We also introduce the notion of parametrized tameness which will be used later
to show that the path spaces of tame manifolds are Hilbert manifolds.

In Section 3 we prove a purely analytical result. Namely, we show in The-
orem 3.1 that composing a class of Hilbert space valued Sobolev maps with a
tame map gives rise to a C1 map. This result, in particular, implies that for
constant paths in a tame manifold the change of chart gives rise to a C1 diffeo-
morphism. To extend this result to non-constant paths we describe as well a
parametrized version of Theorem 3.1, namely Theorem 3.5.
We further show in this section that the weak differentials of the above maps
are themselves C1 maps – which would not hold for the differentials. This then
leads to the proof of Theorem B and its parametrized version Theorem 3.4.

In Section 4 we prove that the space of paths of a tame manifold, as well as
its weak tangent bundle, are Hilbert manifolds. For these purposes we construct
charts for the space of paths of a tame manifold and show that their transition
maps are C1 diffeomorphisms. In case that the path can be covered by one
single chart in the tame manifold the proof of this is a rather straightforward
application of the parametrized version of Theorem B. In the case that the
path cannot be covered by a single chart the argument gets quite subtle and in
particular uses the compact inclusion of H2 into H1. Since it is not clear how
to implement an exponential map on a two-level manifold, our construction is
based on an interpolation procedure. The intricate part is to show that this
interpolation procedure preserves tameness.

In Appendix C we provide the reader with a self-contained construction of
Hilbert space valued Sobolev spaces used in this work. The (automatic) fact that
our Hilbert spaces are separable simplifies various parts of this construction. In
particular, we give a detailed proof of Pettis’ Theorem in the separable case.
We also show how Hilbert space valued Sobolev maps can be approximated by
differentiable Hilbert space valued maps.

In Appendix B we recall a quantitative version of the implicit function the-
orem which plays an important role in the interpolation procedure to produce
our charts.

In Appendix C we recall that for finite dimensional manifolds the spaces
of paths can be endowed with the structure of Hilbert manifolds using the
exponential map. This is to illustrate the difference between exponential map
and our construction based on interpolation.

Notation. We often write ξs instead of ξ(s) and df |x instead of df(x) for better
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readability, avoiding excessive use of parentheses. For Hilbert space norms we
often write |·| for distinction of the norm ‖·‖ in mapping spaces.

2 Tameness

Assume that H2 ⊂ H1 are two separable Hilbert spaces with a dense inclusion
of H2 into H1. To avoid annoying constants we assume that |·|1 ≤ |·|2. We
abbreviate the norms in H1 and H2 by

|·|1 := ‖·‖H1 , |·|2 := ‖·‖H2 , |·|1 ≤ |·|2. (2.2)

2.1 Tameness (unparametrized)

Let U1 be an open subset of H1 and let U2 := U1 ∩H2 be its part in H2.

Definition 2.1. A C2 function φ : U1 → H1 is called tame, or more precisely
(H1,H2)-tame, if if it satisfies two conditions. (i) Its restriction to U2 takes
values in H2 and is C2 as a map φ|U2

: U2 → H2. (ii) For every x ∈ U1 there
exists an H1-open neighborhood Wx ⊂ U1 of x and a constant κ = κ(x) > 0
such that for every y ∈Wx ∩H2 and all ξ, η ∈ H2 we have the estimate∣∣d2φ|y(ξ, η)

∣∣
2
≤ κ

(
|ξ|1|η|2 + |ξ|2|η|1 + |y|2|ξ|1|η|1

)
. (2.3)

Remark 2.2 (Vector space). Assume that φ, ψ : U1 → H1 are both tame. Then
their sum is tame as well. Indeed for x ∈ U1 take the intersection of the two
neighborhoods and the sum of their constants.

Remark 2.3 (Constant scales H2 = H1 =: H are tame). We claim that in this
special case every C2-function φ : U → H is automatically tame. To see this
pick x ∈ U . Since φ is two times continuously differentiable there exists an open
neighborhood Wx of x in U such that for every y ∈Wx the following holds∥∥d2φ|y

∥∥
L(H,H;H)

≤
∥∥d2φ|x

∥∥
L(H,H;H)

+ 1.

For y ∈Wx and ξ, η ∈ H we estimate∣∣d2φ|y(ξ, η)
∣∣ ≤ ∥∥d2φ|y

∥∥
L(H,H;H)

|ξ||η|

≤
(∥∥d2φ|x

∥∥
L(H,H;H)

+ 1
)

︸ ︷︷ ︸
=:κ

|ξ||η|

≤ κ (|ξ||η|+ |ξ||η|+ |y||ξ||η|)

and this confirms the taming condition (2.3).

Remark 2.4. In the definition of tame the condition that the restriction
φ|U2 : U2 → H2 is of class C2 is not used, neither in Theorem 2.5, nor in Theo-
rem B. In both theorems one gets away with C1.
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The next theorem tells that tameness is invariant under coordinate change.

Theorem 2.5. Given open subsets U1, V1 ⊂ H1, consider (H1, H2)-tame maps

φ : U1 → V1, ψ : V1 → H1.

Then the composition ψ ◦ φ : U1 → H1 is (H1, H2)-tame as well.

The proof needs the following two technical lemmas.

Lemma 2.6. Assume that φ : U1 → H1 is tame. Then for every x ∈ U1 there
exists an H1-open neighborhood W ′x ⊂ U1 of x and a constant κ1 > 0 such that
for every y ∈W ′x ∩H2 and every η ∈ H2 it holds the estimate

|dφ|yη|2 ≤ κ1 (|η|2 + |y|2|η|1) .

Proof. For x ∈ U1 let Wx and κ > 0 be such that for every y ∈ Wx ∩ H2 the
estimate (2.3) holds. Since H2 is dense in H1 we can pick x0 in Wx ∩H2 and
δ > 0 such that the radius-δ ball in H1 about x0 is a subset of Wx containing x,
in symbols x ∈ B1

δ (x0) ⊂ Wx. Pick y ∈ B1
δ (x0) ∩H2 and η ∈ H2, then by the

fundamental theorem of calculus and monotonicity of the integral we obtain

|dφ|yη|2

≤
∫ 1

0

∣∣ d
dtdφ|x0+t(y−x0)η

∣∣
2
dt+ |dφ|x0

η|2

=

∫ 1

0

∣∣d2φ|x0+t(y−x0)(y − x0, η)
∣∣
2
dt+ |dφ|x0

η|2

3
≤ κ

∫ 1

0

(
|y − x0|1|η|2 + |y − x0|2|η|1 + |x0 + t(y − x0)|2︸ ︷︷ ︸

≤|x0|2+t|y−x0|2

|y − x0|1|η|1
)
dt

+ ‖dφ|x0
‖L(H2) |η|2

4
≤ κ

(
δ|η|2 + |y − x0|2|η|1 + δ|x0|2|η|1 + 1

2δ|y − x0|2|η|1
)

+ ‖dφ|x0
‖L(H2) |η|2

5
≤ κ

(
δ|η|2 + |y|2|η|1 + |x0|2|η|1 + 3

2δ|x0|2|η|1 + 1
2δ|y|2|η|1

)
+ ‖dφ|x0‖L(H2) |η|2

6
≤ κ

(
δ|η|2 + |y|2|η|1 + |x0|2|η|2 + 3

2δ|x0|2|η|2 + 1
2δ|y|2|η|1

)
+ ‖dφ|x0

‖L(H2) |η|2
7
≤ κ1 (|η|2 + |y|2|η|1) .

Step 3 is by tameness (2.3), step 4 by integration and since y ∈ B1
δ (x0). Step 5

is the triangle inequality and step 6 the constant-avoiding assumption |·|1 ≤ |·|2.
In step 7 we used the constant defined by

κ1 := max
{
κ
(
δ + (1 + 3

2δ)|x0|2
)

+ ‖dφ|x0‖L(H2) , κ
(
1 + 1

2δ
)}
.
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Hence Lemma 2.6 follows with W ′x = B1
δ (x0).

Lemma 2.7. Assume that φ : U1 → H1 is tame. Then for every x ∈ U1 there
exists an H1-open neighborhood W ′′x ⊂ U1 of x and a constant κ0 > 0 such that
for every y ∈W ′′x ∩H2 it holds the estimate

|φ(y)|2 ≤ κ0 (1 + |y|2) .

Proof. For x ∈ U1 let W ′x and κ1 > 0 be as in Lemma 2.6. Since H2 is dense
in H1 we can pick x0 in W ′x ∩H2 and δ > 0 such that the radius-δ ball in H1

about x0 is a subset of W ′x containing x, in symbols x ∈ B1
δ (x0) ⊂ W ′x. Pick

y ∈ B1
δ (x0) ∩H2, then by the fundamental theorem of calculus we calculate

|φ(y)|2

≤ |φ(x0)|2 +

∫ 1

0

∣∣ d
dtφ(x0 + t(y − x0))

∣∣
2
dt

= |φ(x0)|2 +

∫ 1

0

∣∣dφ|x0+t(y−x0)(y − x0)
∣∣
2
dt

3
≤ |φ(x0)|2 + κ1

∫ 1

0

(
|y − x0|2 + |x0 + t(y − x0)|2︸ ︷︷ ︸

≤|x0|2+t|y−x0|2

|y − x0|1
)
dt

4
≤ |φ(x0)|2 + κ1

(
1 + 1

2 |y − x0|1
)
|y − x0|2︸ ︷︷ ︸
≤|y|2+|x0|2

+κ1|x0|2|y − x0|1

5
≤ |φ(x0)|2 + κ1|x0|2

(
1 + 3

2δ
)

+ κ1

(
1 + 1

2δ
)
|y|2.

(2.4)

Step 3 is by Lemma 2.6, step 4 by integration, step 5 by |y − x0|1 ≤ δ. Define

κ0 := max
{
|φ(x0)|2 + κ1|x0|2

(
1 + 3

2δ
)
, κ1

(
1 + 1

2δ
)}
.

Hence Lemma 2.7 follows with W ′′x = B1
δ (x0).

We summarize the two lemmas and (2.3) in the following corollary.

Corollary 2.8. Assume that φ : U1 → H1 is tame. Then for every x ∈ U1 there
exists an H1-open neighborhood Wx ⊂ U1 of x and a constant κ > 0 such that
for every y ∈Wx ∩H2 and all ξ, η ∈ H2 there are the three estimates

|φ(y)|2 ≤ κ (1 + |y|2)

|dφ|yη|2 ≤ κ (|η|2 + |y|2|η|1)∣∣d2φ|y(ξ, η)
∣∣
2
≤ κ

(
|ξ|1|η|2 + |ξ|2|η|1 + |y|2|ξ|1|η|1

)
.

(2.5)

Proof of Theorem 2.5. Assume that x ∈ U1. Concerning φ pick an open neigh-
borhood Wx of x in U1 such that all three estimates in Corollary 2.8 hold true.
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Since φ : U1 → V1 is C2 we can additionally assume that for every y ∈ Wx and
all ξ, η ∈ H1 the following three estimates hold true as well

|φ(y)|1 ≤ κ
|dφ|yη|1 ≤ κ|η|1∣∣d2φ|y(ξ, η)

∣∣
1
≤ κ|ξ|1|η|1.

(2.6)

Concerning ψ : V1 → H1 pick an open neighborhood Wφ(x) of φ(x) in V1 such
that, maybe after enlarging the constant κ, the six estimates hold as well for
φ replaced by ψ. Maybe after shrinking the open neighborhood Wx we can
additionally assume that Wx ⊂ φ−1(Wφ(x)).

Using that d(ψ ◦ φ)|yξ = dψ|φ(y)dφ|yξ we calculate∣∣d2(ψ ◦ φ)|y(ξ, η)
∣∣
2

≤
∣∣d2ψ|φ(y) (dφ|yξ, dφ|yη)

∣∣
2

+
∣∣dψ|φ(y)d

2φ|y(ξ, η)
∣∣
2

2
≤ κ

(
|dφ|yξ|1 |dφ|yη|2 + |dφ|yξ|2 |dφ|yη|1 + |φ(y)|2 |dφ|yξ|1 |dφ|yη|1

)
+ κ

(∣∣d2φ|y(ξ, η)
∣∣
2

+ |φ(y)|2
∣∣d2φ|y(ξ, η)

∣∣
1

)
3
≤ κ

(
κ|ξ|1κ (|η|2 + |y|2|η|1) + κ|η|1κ (|ξ|2 + |y|2|ξ|1)

)
+ κ(1 + |y|2)κ2|ξ|1|η|1 + κ2

(
|ξ|1|η|2 + |ξ|2|η|1 + |y|2|ξ|1|η|1

)
+ κ(1 + |y|2)κ|ξ|1|η|1

= (κ3 + κ2)|ξ|1|η|2 + (κ3 + κ2)|ξ|2|η|1
+ (3κ3 + 2κ2)︸ ︷︷ ︸

=:κ′

|y|2|ξ|1|η|1 + (κ3 + κ2)|ξ|1 |η|1︸︷︷︸
≤|η|2

≤ κ′
(
|ξ|1|η|2 + |ξ|2|η|1 + |y|2|ξ|1|η|1

)
.

In step 2 we used (2.5) for ψ, namely for summand one the third estimate and
for summand two the second estimate. In step 3 we used (2.5) and (2.6) for φ.
This finishes the proof of Theorem 2.5.

For later reference we state the following lemma.

Lemma 2.9 (Differences). Assume that φ : U1 → H1 is tame. Then for every
x ∈ U1 there exists an H1-open neighborhood Wx ⊂ U1 of x and a constant
κ > 0 such that for all y0, y1 ∈Wx ∩H2 and η ∈ H2 there is the estimate

|(dφ|y1
− dφ|y0

) η|2
≤ κ (|y1 − y0|1|η|2 + |y1 − y0|2|η|1) + κ

2 (|y1|2 + |y0|2) |y1 − y0|1|η|1.
(2.7)

Proof. For x ∈ U1 let Wx and κ be as in Definition 2.1. Without loss of gener-
ality we can additionally assume that Wx is convex. Hence we estimate using
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the fundamental theorem of calculus and (2.3) in step 3 to get

|(dφ|y1 − dφ|y0) η|2

=

∣∣∣∣∫ 1

0

d
dtdφ|ty1+(1−t)y0

η dt

∣∣∣∣
2

≤
∫ 1

0

∣∣∣d2φ|ty1+(1−t)y0
(y1 − y0, η)

∣∣∣
2
dt

3
≤ κ

∫ 1

0

(|y1 − y0|1|η|2 + |y1 − y0|2|η|1) + (t|y1|2 + (1− t)|y0|2) |y1 − y0|1|η|1 dt.

Integration then concludes the proof.

2.2 Tame two-level manifolds

Definition 2.10. Let H2 ⊂ H1 be separable Hilbert spaces with a dense inclu-
sion of H2 into H1. Let X = X1 be a C2 Hilbert manifold modeled on H1.

a) A tame two-level structure on X1, more precisely a tame (H1,H2)-
two-level structure on X1, is a C2 atlas A = {ψ : H1 ⊃ U1 → V1 ⊂ X1}
of X1 with the property that all transition maps

φ := ψ̃−1 ◦ ψ : H1 ⊃ ψ−1(V1 ∩ Ṽ1)→ ψ̃−1(V1 ∩ Ṽ1) ⊂ H1

are (H1, H2)-tame. We refer to such an atlas as a tame two-level atlas.

b) For an open subset U1 ⊂ H1 let U2 = U1 ∩H2 be its part in H2. If A is a
tame two-level atlas of X1 we define a subset X2 ⊂ X1 by

X2 :=
⋃
ψ∈A

ψ(U2).

Then X2 is itself a C2 Hilbert manifold with C2 atlas A2 = {ψ|U2 | ψ ∈ A}
and X2 is dense in X1.

c) The pair (X1, X2) is referred to as a tame two-level manifold, more
precisely as a tame (H1,H2)-two-level manifold.

Remark 2.11 (Maximal tame two-level atlas). Two tame two-level atlases are
compatible if their union is itself a tame two-level atlas. Compatibility is an
equivalence relation. That compatibility is reflexive and symmetric is obvious.
That compatibility is transitive follows from Theorem 2.5 which tells us that a
composition of tame maps is tame, together with the fact that tameness is a
local condition (the restriction of a tame map to an open subset of its domain
is itself tame).

Since compatibility is an equivalence relation, for each tame two-level mani-
fold there exists a unique maximal tame two-level atlas obtained by taking the
union of all tame two-level atlases compatible to a given one.
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2.3 Parametrized tameness

Let O1 be an open subset of R×H1 and let O2 be its part in R×H2.

Definition 2.12. A C2 map φ : O1 → H1 is called parametrized tame, if it
satisfies two conditions. Firstly, its restriction to O2 = O1∩(R×H2) takes values
in H2 and is C2 as a map φ|O2

: O2 → H2. Secondly, for every point (s, x) ∈ O1

there exists an open neighborhood Ws,x of (s, x) in O1 and a constant κs,x > 0
such that for every (t, y) ∈Ws,x ∩ (R×H2) it holds the estimate∣∣d2φt|y(ξ, η)

∣∣
2
≤ κs,x

(
|ξ|1|η|2 + |ξ|2|η|1 + |y|2|ξ|1|η|1

)
. (2.8)

Definition 2.13. The s-slices of O1 and O2 are defined by

Us1 := {x ∈ H1 | (s, x) ∈ O1} = O1 ∩ ({s} ×H1),

Us2 := {x ∈ H2 | (s, x) ∈ O2} = O2 ∩ ({s} ×H2) = Us1 ∩H2.

A parametrized tame map is called asymptotically constant if there exists
T > 0 such that, firstly, φs := φ(s, ·) : Us1 → H1 is independent of s and,
secondly, φs(0) = 0, both whenever |s| ≥ T .

2.4 Loop space is a tame two-level manifold

The loop space X = ΛR of M = R has the form of a Hilbert space pair

X1 := H1 := W 1,2(S1,R), X2 := H2 := W 2,2(S1,R).

A C∞ diffeomorphism ϕ : R→ R induces the loop space transition map

φ : U1 := H1 → H1, x 7→ [t 7→ ϕ(x(t))].

Lemma 2.14. The induced loop space transition map φ is tame.

Proof. Condition (i). By assumption ϕ : R→ R is C∞. For x ∈ H1 and y ∈ H2

and abbreviating xt := x(t) we get(
d
dtφ(x)

)
t

= ϕ′(xt)ẋt,
(
d2

dt2φ(y)
)
t

= ϕ′′(yt)ẏtẏt + ϕ′(yt)ÿt

for every t ∈ S1. This shows that φ on H1 takes values in H1 and on H2 it takes
values in H2. For x, ξ, η ∈ H1 we calculate

(dφ|xξ)t :=
(
d
dε

∣∣
ε=0

φ(x+ εξ)
)
t

= d
dε

∣∣
ε=0

φ(xt + εξt) = ϕ′|xtξt

whenever t ∈ S1 and similarly(
d2φ|x(ξ, η)

)
t

= ϕ′′(xt)ξtηt.

At x ∈ H1 and y ∈ H2 the first two derivatives with respect to time t ∈ S1 are

d
dt

(
d2φ|x(ξ, η)

)
= ϕ′′′(x)ẋξη + ϕ′′(x)ξ̇η + ϕ′′(x)ξη̇

d2

dt2

(
d2φ|y(ξ, η)

)
= ϕ′′′′(y)ẏ2ξη + ϕ′′′(y)ÿξη + 2ϕ′′′(y)ẏξ̇η + 2ϕ′′′(y)ẏξη̇

+ 2ϕ′′(y)ξ̇η̇ + ϕ′′(y)ξ̈η + ϕ′′(y)ξη̈.

11



The first identity holds for all ξ, η ∈ H1 and the second for all ξ, η ∈ H2. Using
the Sobolev embedding W 1,2(S1,R) ↪→ C0(S1,R) with constant 1 shows that
both right hand sides are in L2(S1,R). Thus d2φ|x(ξ, η) ∈ H1 and d2φ|y(ξ, η) ∈
H2. Moreover, these formulae show that both maps

d2φ : H1 → L(H1, H1;H1), d2φ : H2 → L(H2, H2;H2),

are continuous.
Condition (ii). By the Sobolev embedding W 1,2(S1,R) ↪→ C0(S1,R) with con-
stant 1 we have for each y ∈ H2 the estimate

‖d2φ|y(ξ, η)‖22,2 = ‖ϕ′′(y)ξη‖22 + ‖ ddtϕ
′′(y)ξη‖22 + ‖ d

2

dt2ϕ
′′(y)ξη‖22

≤ cy
(
‖ξ‖2,2‖η‖1,2 + ‖ξ‖1,2‖η‖2,2 + ‖y‖2,2‖ξ‖1,2‖η‖1,2

)
for some constant cy which depends continuously on |y|1 = ‖y‖1,2.
This proves Lemma 2.14.

Lemma 2.14 shows that the loop space is a tame two-level manifold. Strictly
speaking we only showed this forM = R to simply notation. The same argument
should, however, work for general smooth finite dimensional manifolds M .

12



3 Differentiability in Hilbert space valued
Sobolev spaces

In this section we assume that H1 and H2 are separable Hilbert spaces together
with a dense incusion of H2 in H1. In Section 3 we do not need that the inclusion
is compact. For i = 1, 2 we abbreviate

W 1,2
H1

:= W 1,2(R, H1), L2
Hi := L2(R, Hi).

The intersection
W 1,2
H1
∩ L2

H2

is itself a Hilbert space with inner product

〈〈〈ξ, η〉〉〉 :=

∫ ∞
−∞

〈
ξ̇(s), η̇(s)

〉
H1

ds+

∫ ∞
−∞
〈ξ(s), η(s)〉H2

ds.

For ξ, η ∈ L(W 1,2
H1
∩ L2

H2
) we denote

9 η92
1,2 := ‖η‖2L2

H2

+ ‖η̇‖2L2
H1

, ‖η‖21,2 = ‖η‖2L2
H1

+ ‖η̇‖2L2
H1

. (3.9)

3.1 Theorem B

3.1.1 Base component Φ

Theorem 3.1. Let U1 ⊂ H1 be open and φ : U1 → H1 be tame. Assume in
addition that 0 ∈ U1 and φ(0) = 0. With W 1,2

H1
and L2

Hi
as in (1.1) the map

Φ: W 1,2
H1
∩ L2

H2
⊃ U →W 1,2

H1
∩ L2

H2

ξ 7→ [s 7→ φ ◦ ξs]

is well defined and continuously differentiable where

U := {ξ ∈W 1,2
H1
∩ L2

H2
| ξs ∈ U1, ∀s ∈ R}. (3.10)

Proof. The proof is in four steps. We abbreviate

|·|1 := ‖·‖H1
, |·|2 := ‖·‖H2

, ξs := ξ(s), ξ̇ := d
dsξ. (3.11)

Step 1 (Well defined).

Proof. By (A.27) there is an embedding

W 1,2
H1

:= W 1,2(R, H1) ↪→ C0(R, H1), ‖v‖∞ ≤ ‖v‖1,2 (3.12)

with constant 1 and this implies that U is open in W 1,2
H1
∩L2

H2
. There exists an

H1-open neighborhood W0 of 0 in U1 and a constant κ∞ > 0 such that

|φ(y)|2 ≤ κ∞|y|2 (3.13)
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for every y ∈ W0. To see this observe that, since φ(0) = 0, we can in the proof
of Lemma 2.7 choose x0 = 0 and then the estimate follows from (2.4).

Step A. Let ξ ∈ U , then Φ(ξ) ∈ L2
H2

:= L2(R, H2) ⊂ L2(R, H1).

• Asymptotic part: To see this we claim that there exists T = T (ξ) > 0 such
that ξs ∈ W0 whenever |s| ≥ T . Since W0 is an H1-open neighborhood of 0
there exists a δ > 0 such that the closed δ-ball about 0 is contained in W0.
Since ξ ∈ W 1,2(R, H1) there exists T > 0 such that the restrictions satisfy
‖ξ|(−∞,T )‖1,2 ≤ δ and ‖ξ|(T,∞)‖1,2 ≤ δ. Hence, by Remark A.28, we have
‖ξ|(−∞,T )‖∞ ≤ δ and ‖ξ|(T,∞)‖∞ ≤ δ and therefore ξs ∈W0 whenever |s| ≥ T .
• Compact part [−T, T ]: Since φ is tame, for every s ∈ [−T, T ] there exists,
by Lemma 2.7, an H1-open neighborhood Ws of ξs := ξs in U1 and a constant
κs > 0 such that for every y ∈Ws∩H2 it holds |φ(y)|2 ≤ κs(1+|y|2). The family
{Ws}s∈[−T,T ] is an open cover of the image ξ([−T, T ]). Since ξ is in W 1,2(R, H1)
it is in particular a continuous map ξ : [−T, T ]→ H1 and therefore this image is
compact in H1. Therefore there exist finitely many times s1, . . . , sN ∈ [−T, T ]
such that the image ξ([−T, T ]) already lies in the finite union ∪Nk=1Wsk .
• Let κ := max{κs1 , . . . , κsN , κ∞}. Then we have the estimate

|φ(ξs)|2 ≤ κ(1 + |ξs|2), ∀s ∈ [−T, T ].

In the asymptotic case |s| > T , by (3.13), we have the estimate

|φ(ξs)|2 ≤ κ|ξs|2, ∀|s| > T.

Using these two displayed estimates we obtain

‖Φ(ξ)‖2L2
H2

=

∫ ∞
−∞
|φ(ξs)|22 ds

=

∫ −T
−∞
|φ(ξs)|22 ds+

∫ T

−T
|φ(ξs)|22 ds+

∫ ∞
T

|φ(ξs)|22 ds

≤ κ2

∫ −T
−∞
|ξs|22 ds+ κ2

∫ T

−T
(1 + |ξs|2)2︸ ︷︷ ︸
≤2(1+|ξs|22)

ds+ κ2

∫ ∞
T

|ξs|22 ds

≤ 2κ2

∫ ∞
−∞
|ξs|22 ds+ 4κ2T

= 2κ2‖ξ‖2L2
H2

+ 4κ2T <∞.

This proves Step A.

Step B. Let ξ ∈ U , then d
dsΦ(ξ) = d

ds [s 7→ φ ◦ ξs] ∈ L2
H1

:= L2(R, H1).

• By definition of Φ we have d
ds (Φ(ξ))s = dφ|ξs ddsξs. As explained in Step A

(asymptotic part), in view of Remark A.28 it holds lims→∓∞ ξs = 0 ∈ H1.
Moreover, since ξ ∈ W 1,2

H1
, it is continuous as a map R → H1 and therefore

the image of ξ in H1 is compact. Hence, since φ is continuously differentiable,
there exists a constant κ such that ‖dφ|ξs‖L(H1) ≤ κ for every s ∈ R. Therefore

‖ ddsΦ(ξ)‖L2
H1
≤ κ‖ ddsξ‖L2

H1
. This finishes the proof of Step B and Step 1.
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In the following three steps 2–4 we show that Φ is differentiable.

Step 2 (Candidate). Given ξ ∈ U , a natural candidate for the derivative is(
dΦ|ξ ξ̂

)
(s) = dφ|ξs ξ̂s

whenever s ∈ R and ξ̂ ∈W 1,2
H1
∩ L2

H2
. The map dΦ|ξ lies in L(W 1,2

H1
∩ L2

H2
).

Proof. The proof has two steps A and B.

Step A. We show that dΦ|ξ ξ̂ lies in W 1,2
H1
∩L2

H2
. To see this we first show that

dΦ|ξ ξ̂ ∈ L2
H2

. Since the image of ξ in H1 is compact and φ is tame, by the
second inequality in (2.5), there exists κ > 0 such that

|dφ|ξsη|2 ≤ κ (|η|2 + |ξs|2|η|1)

for all s ∈ R and η ∈ H2. Use this estimate to obtain step 2 in what follows

‖dΦ|ξ ξ̂‖2L2
H2

=

∫
R
|dφ|ξs ξ̂s|22ds

2
≤ κ2

∫
R

(
|ξ̂s|2 + |ξs|2|ξ̂s|1

)2

ds

≤ 2κ2

∫
R

(
|ξ̂s|22 + |ξs|22|ξ̂s|21

)
ds

≤ 2κ2‖ξ̂‖2L2
H2

+ 2κ2‖ξ̂‖2L∞H1

∫
R
|ξs|22 ds

5
≤ κ2‖ξ̂‖2L2

H2

+ 2κ2‖ξ̂‖2
W 1,2
H1

‖ξ‖2L2
H2

≤ κ2
(

1 + 2‖ξ‖2
W 1,2
H1
∩L2

H2

)
‖ξ̂‖2

W 1,2
H1
∩L2

H2

.

(3.14)

In step 5 we used the embedding Theorem A.27.

Step B. Next we show that d
dsdΦξ ξ̂ ∈ L2

H1
. To see this we calculate∫

R
| dds (dφ|ξs ξ̂s)|21ds =

∫
R
|d2φ|ξs(ξ̂s, ξ̇s) + dφ|ξs

˙̂
ξs|21ds. (3.15)

Term 1. As d2φ is continuous and ξs asymptotically converges to zero, there is
a constant c = c(ξ) such that max{‖d2φ|ξs‖L(H1,H1;H1), ‖dφ|ξs‖L(H1)} ≤ c for

every s ∈ R. By (A.82) we have ‖ξ̂‖L∞H1
≤ ‖ξ̂‖W 1,2

H1

. So we get∫
R
|d2φ|ξs(ξ̂s, ξ̇s)|21ds ≤ c2‖ξ̇‖2L2

H1

‖ξ̂‖2
W 1,2
H1

.

Term 2. We have
∫
R|dφ|ξs

˙̂
ξs|21ds ≤ c2‖

˙̂
ξ‖2
L2
H1

≤ c2‖ξ̂‖2
W 1,2
H1

. Together we get

‖ ddsdΦ|ξ ξ̂‖L2
H1
≤ c
√

2

√
1 + ‖ξ̇‖2

L2
H1

‖ξ̂‖W 1,2
H1

. (3.16)
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By (3.14) and (3.16) there is a constant Cξ such that

‖dΦ|ξ ξ̂‖W 1,2
H1
∩L2

H2

≤ Cξ‖ξ̂‖W 1,2
H1
∩L2

H2

.

Hence the operator norm is bounded by

‖dΦ|ξ‖L(W 1,2
H1
∩L2

H2
) ≤ Cξ.

Thus the candidate is well defined and this proves Step 2.

Step 3 (Candidate from Step 2 is derivative of Φ).

Proof. To ξ, η ∈ L(W 1,2
H1
∩ L2

H2
) applies the triple norm 3.9. Note that, in view

of (2.2), we have

‖η‖1,2 ≤ 9η 91,2 . (3.17)

To see that our candidate actually is the derivative we show that the limit

lim
h→0

sup
9η91,2≤1

9Φ(ξ + hη)− Φ(ξ)− h dφ|ξη92
1,2

h2

= lim
h→0

sup
9η91,2≤1

∫
R |φ(ξs + hηs)− φ(ξs)− h dφ|ξsηs|

2
2 ds

h2

+ lim
h→0

sup
9η91,2≤1

∫
R
∣∣ d
ds (φ(ξs + hηs)− φ(ξs)− h dφ|ξsηs)

∣∣2
1
ds

h2

(3.18)

exists and vanishes. We treat each of the two summands separately.

Summand 1. To see that summand 1 vanishes we use the fundamental theorem
of calculus to write it in the form

sup
9η91,2≤1

1
h2

∫
R

∣∣∣∣∫ 1

0

(
d
dtφ(ξs + thηs)︸ ︷︷ ︸
=dφ|ξs+thηshηs

−h dφ|ξsηs
)
dt

∣∣∣∣2
2

ds

= sup
9η91,2≤1

∫
R

∣∣∣∣∫ 1

0

(
dφ|ξs+thηs − dφ|ξs

)
ηsdt

∣∣∣∣2
2

ds

≤ sup
9η91,2≤1

∫
R

(∫ 1

0

|(dφ|ξs+thηs − dφ|ξs) ηs|2 dt
)2

ds.

(3.19)

By Lemma 2.9 for every s ∈ R there exists an H1-open neighborhood Ws of ξs
in H1 and a constant κs > 0 such that for all y0, y1 ∈ Ws estimate (2.7) holds
with κ replaced by κs. Since the image of ξ in H1 is compact we can find a
uniform constant κ independent of s such that estimate (2.7) holds. Since W 1,2

H1

16



embeds in L∞H1
with constant 1, see (A.82), there exists h0 ∈ (0, 1] such that

ξs + hηs is element of Ws for every η with ‖η‖1,2 ≤ h0. We estimate

sup
9η91,2≤1

∫
R

(∫ 1

0

|(dφ|ξs+thηs − dφ|ξs) ηs|2 dt
)2

ds

1
≤ sup

9η91,2≤1

∫
R

(∫ 1

0

2κth|ηs|2|ηs|1 + κ
2 (|ξs + thηs|2 + |ξs|2) th|ηs|21 dt

)2

ds

2
≤ sup

9η91,2≤1

∫
R

(∫ 1

0

2κth|ηs|2|ηs|1 + κth|ξs|2|ηs|21 + κ
2 t

2h2|ηs|2|ηs|21 dt
)2

ds

3
≤ sup

9η91,2≤1

∫
R

(
κh|ηs|2|ηs|1 + κ 1

2h|ξs|2|ηs|
2
1 + κ

6h
2|ηs|2|ηs|21

)2
ds

4
≤ sup

9η91,2≤1

h2κ2 max{‖η‖2L∞H1

, ‖η‖4L∞H1

}
∫
R

(|ηs|2 + |ξs|2 + |ηs|2)
2︸ ︷︷ ︸

≤8|ηs|22+2|ξs|2

ds

5
≤ sup

9η91,2≤1

h2κ2 max{‖η‖21,2, ‖η‖41,2}
(

8‖η‖2L2
H2

+ 2‖ξ‖L2
H2

)
6
≤ h2κ2

(
8 + 2‖ξ‖L2

H2

)
−→ 0, as h→ 0.

Step 1 is by (2.7. Step 2 is by the triangle inequality. Step 3 is by integrating
t. Step 4 pulls out the supremum norm of |ηs|1 and uses that h ≥ 1. Step 5 is
by the Sobolev estimate ‖η‖L∞H1

≤ ‖η‖1,2 from (A.82). Step 6 is by (3.17).

The previous estimate, which starts at (3.19), tells that summand 1 is zero.

Summand 2. To see that summand 2 vanishes, we abbreviate and compute

G(s) : = d
ds (φ(ξs + hηs)− φ(ξs)− h dφ|ξsηs)

= dφ|ξs+hηs(ξ̇s + hη̇s)

− dφ|ξs ξ̇s
− h d2φ|ξs(ξ̇s, ηs)− h dφ|ξs η̇s

= dφ|ξs+hηs ξ̇s − dφ|ξs ξ̇s − h d2φ|ξs(ξ̇s, ηs)
+ dφ|ξs+hηshη̇s − h dφ|ξs η̇s

= h

∫ 1

0

(
d2φ|ξs+thηs − d2φ|ξs

)
(ξ̇s, ηs) dt

+ h (dφ|ξs+hηs − dφ|ξs) η̇s
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for every s ∈ R. Square this identity and integrate to obtain

sup
9η91,2≤1

1
h2

∫
R
|G(s)|21ds

≤ sup
9η91,2≤1

∫
R

4

∣∣∣∣∫ 1

0

(
d2φ|ξs+thηs − d2φ|ξs

)
(ξ̇s, ηs) dt

∣∣∣∣2
1

ds

+ sup
9η91,2≤1

∫
R

4

∣∣∣∣(dφ|ξs+hηs − dφ|ξs) η̇s∣∣∣∣2
1

ds.

There are two terms in the sum.
Term 1. We first claim that for every ε > 0 there exists h0 = h0(ε) > 0 such
that whenever h ∈ [0, h0], then

‖dφ|ξs+thηs − dφ|ξs‖L(H1) < ε,

‖d2φ|ξs+thηs − d2φ|ξs‖L(H1,H1;H1) < ε.
(3.20)

To see this note that by (A.82) and (3.17) we have that

|η(s)|1 ≤ ‖η‖L∞H1
≤ ‖η‖1,2 ≤ 9η91,2 ≤ 1

whenever s ∈ R. Hence the claim follows since φ is C2 on H1, by Definition 2.1
of tameness. Now suppose that h ≤ h0, then we estimate term 1 by

sup
9η91,2≤1

∫
R

4

∣∣∣∣∫ 1

0

(
d2φ|ξs+thηs − d2φ|ξs

)
(ξ̇s, ηs) dt

∣∣∣∣2
1

ds

≤ sup
9η91,2≤1

∫
R

4

(∫ 1

0

∣∣∣(d2φ|ξs+thηs − d2φ|ξs
)

(ξ̇s, ηs)
∣∣∣
1
dt

)2

ds

≤ sup
9η91,2≤1

∫
R

4

(∫ 1

0

‖d2φ|ξs+thηs − d2φ|ξs‖L(H1,H1;H1) · |ξ̇s|1|ηs|1dt
)2

ds

3
≤ 4ε2

∫
R

(∫ 1

0

|ξ̇s|1dt
)2

ds

≤ 4ε2‖ξ‖21,2.

In step 3 we used that |ηs|1 ≤ 1, as shown after (3.20), and we also used estimate
two in (3.20). Since ε > 0 was arbitrary, the limit of term 1, as h→ 0, is zero.
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Term 2. We estimate

sup
9η91,2≤1

∫
R

4 |(dφ|ξs+hηs − dφ|ξs) η̇s|
2
1 ds

≤ 4 sup
9η91,2≤1

∫
R
‖dφ|ξs+hηs − dφ|ξs‖2L(H1)|η̇s|

2
1ds

≤ 4ε2 sup
9η91,2≤1

∫
R
|η̇s|21ds︸ ︷︷ ︸

=‖η̇‖2
L2
H1

≤9η92
1,2≤1

≤ 4ε2.

Since ε > 0 was arbitrary, the limit of term 2, as h→ 0, is zero as well.
We proved that summand 2 vanishes as well. Therefore our candidate is the

derivative and this concludes the proof of Step 3.

Step 4 (Differential is continuous). The differential

dΦ: U → L(W 1,2
H1
∩ L2

H2
), ξ 7→ dΦ|ξ

is continuous.

Proof. Recall 9 · 91,2 in (3.9). For ξ, ξ̃ ∈ U and η ∈W 1,2
H1
∩ L2

H2
we estimate

9 dΦ|ξη − dΦ|ξ̃η9
2
1,2

=

∫
R

∣∣∣(dφ|ξs − dφ|ξ̃s)ηs∣∣∣22 ds+

∫
R

∣∣∣ dds[(dφ|ξs − dφ|ξ̃s)ηs]∣∣∣21 ds
≤
∫
R

∣∣∣(dφ|ξs − dφ|ξ̃s)ηs∣∣∣22 ds
+

∫
R

∣∣∣(d2φ|ξs ξ̇s − d2φ|ξ̃s ξ̇s + d2φ|ξ̃s ξ̇s − d
2φ|ξ̃s

˙̃
ξs
)
ηs

∣∣∣2
1
ds

+

∫
R
|
(
dφ|ξs − dφ|ξ̃s

)
η̇s|21ds

≤
∫
R

∣∣∣(dφ|ξs − dφ|ξ̃s)ηs∣∣∣22 ds
+

∫
R

2
∣∣∣(d2φ|ξs ξ̇s − d2φ|ξ̃s ξ̇s

)
ηs

∣∣∣2
1
ds

+

∫
R

2
∣∣∣d2φ|ξ̃s

(
ξ̇s − ˙̃

ξs, ηs
)∣∣∣2

1
ds

+

∫
R

∣∣∣(dφ|ξs − dφ|ξ̃s)η̇s∣∣∣21 ds.

(3.21)

Term 1. By Lemma 2.9 for every s ∈ R there exists an H1-open neighborhood
Ws of ξs in H1 and a constant κs > 0 such that for all y0, y1 ∈Ws estimate (2.7)

19



holds with κ replaced by κs. Since the image of ξ in H1 is compact we can find
a uniform constant κ independent of s such that estimate (2.7) holds.
If ξ̃ lies in a sufficiently small 9 · 91,2-neighborhood around ξ, we can assume

that ξ̃s ∈Ws for every s ∈ R. We use this in inequality 1 in the estimate∫
R

∣∣∣(dφ|ξs − dφ|ξ̃s)ηs∣∣∣22 ds
1
≤ κ2

∫
R

(
|ξs − ξ̃s|1|ηs|2 + |ξs − ξ̃s|2|ηs|1 + 1

2

(
|ξs|2 + |ξ̃s|2

)︸ ︷︷ ︸
≤2|ξs|2+|ξs−ξ̃s|2

|ξs − ξ̃s|1|ηs|1
)2

ds

2
≤ 4κ2

∫
R

(
|ξs − ξ̃s|21|ηs|22 + |ξs − ξ̃s|22|ηs|21 +

(
|ξs|22 + |ξs − ξ̃s|22

)
|ξs − ξ̃s|21|ηs|21

)
ds

3
≤ 4κ2

(
‖ξ − ξ̃‖2∞‖η‖2L2

H2

+ ‖η‖2∞‖ξ − ξ̃‖2L2
H2

)
+ 4κ2

(
‖ξ‖2L2

H2

+ ‖ξ − ξ̃‖2L2
H2

)
‖ξ − ξ̃‖2∞‖η‖2∞

≤ 4κ2 9 ξ − ξ̃ 92
1,2

(
2 + 9ξ 92

1,2 + 9 ξ − ξ̃92
1,2

)
9 η 92

1,2 .

(3.22)

In step 2 we used the inequality (a + b + c + d)2 ≤ 4(a2 + b2 + c2 + d2). In
step 3 we pulled out L∞ norms which in step 4 we estimated by the 9 · 91,2

norms (3.9) with constant 1.
Term 2. Since tame maps are C2 on level one, the second differential d2φ is
continuous. Hence, given ε > 0, there exists δ > 0 such that

‖ξ̃ − ξ‖1,2 ≤ δ ⇒ ‖d2φ|ξs − d2φ|ξ̃s‖L(H1,H1;H1) ≤ ε.

In particular, for every ξ̃ in the W 1,2 δ-ball around ξ it holds that∫
R

2
∣∣∣(d2φ|ξs ξ̇s − d2φ|ξ̃s ξ̇s

)
ηs

∣∣∣2
1
ds ≤ 2ε2

∥∥∥|ξ̇|1 · |η|1∥∥∥2

L2
H1

≤ 2ε2 9 ξ 92
1,2 9η 92

1,2 .

Term 3. By continuity of d2φ there exists a constant c > 0, only depending on
ξ but not ξ̃, such that

‖ξ̃ − ξ‖1,2 ≤ δ ⇒ ‖d2φ|ξ̃s‖L(H1,H1;H1) ≤ c.

Hence we estimate term 3, similarly as term 2, by∫
R

2|d2φ|ξ̃s
(
ξ̇s − ˙̃

ξs, ηs
)
|21ds ≤ 2c2

∥∥∥|ξ̇ − ˙̃
ξ|1 · |η|1

∥∥∥2

L2
H1

≤ 2c2 9 ξ̇ − ˙̃
ξ 92

1,2 · 9 η 92
1,2 .

Term 4. Given ε > 0, by continuity of the map dφ, there exists δ > 0 with

‖ξ̃ − ξ‖1,2 ≤ δ ⇒ ‖dφ|ξs − dφ|ξ̃s‖L(H1) ≤ ε.
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In particular, for every ξ̃ in the W 1,2 δ-ball around ξ it holds that∫
R
|
(
dφ|ξs − dφ|ξ̃s

)
η̇s|21ds ≤ ε2

∫
R
|η̇s|21 ds ≤ ε2 9 η 92

1,2 .

Conclusion. The term by term analysis above shows that for every ε > 0 there
exists a δ > 0 such that

lim
9ξ̃−ξ91,2→0

‖dΦ|ξ − dΦ|ξ̃‖
2
L(W 1,2

H1
∩L2

H2
)

= lim
9ξ̃−ξ91,2→0

sup
9η91,2≤1

9dΦ|ξη − dΦ|ξ̃η9
2
1,2

= 0.

(3.23)

This proves Step 4.

The proof of Theorem 3.1 is complete.

3.1.2 Weak tangent map TΦ

Theorem 3.2. Let U1 ⊂ H1 be open and φ : U1 → H1 be tame. Assume in
addition that 0 ∈ U1 and φ(0) = 0. With W 1,2

H1
and L2

Hi
as in (1.1) and U as

in (3.10) the weak tangent map

TΦ: U × L2
H1
→ (W 1,2

H1
∩ L2

H2
)× L2

H1

(ξ, η) 7→ (φ ◦ ξ, dφ|ξη) = (Φ(ξ), dΦ|ξη)

is well defined and continuously differentiable.

Proof. The first component map ξ 7→ φ ◦ ξ is of class C1 as we proved in
Theorem 3.1. We use the abbreviations from (3.1). The proof is in four steps.

Step 1 (Well defined).

Proof. In view of Theorem 3.1 it suffices to show that the map s 7→ dφ|ξsηs is

in L2
H1

. Since ξ is in W 1,2
H1

, it is continuous (with embedding constant 1) and
converges asymptotically to zero; see Section A.6. Therefore ‖dφ|ξs‖L(H1) is
uniformly bounded by a constant c1(ξ) depending on ξ. Hence the L2 norm of
dφ|ξsηs can be estimated above by this constant times the L2

H1
norm of ηs.

Step 2 (Candidate). A natural candidate for the derivative of TΦ at (ξ, η) is

d(TΦ)|(ξ,η) :
(
W 1,2
H1
∩ L2

H2

)
× L2

H1
→
(
W 1,2
H1
∩ L2

H2

)
× L2

H1(
d(TΦ)|(ξ,η)(ξ̂, η̂)

)
(s) =

(
dΦ|ξ ξ̂, d (dΦ|ξη) (ξ̂, η̂)

)
(s)

: =
(
dφ|ξs ξ̂s, d2φ|ξs(ξ̂s, ηs) + dφ|ξs η̂s

) (3.24)

for all s ∈ R and (ξ, η) ∈ U ×L2
H1

and where d(dΦ|ξη) means d [(ξ, η) 7→ dΦ|ξη].

The map d(TΦ)|(ξ,η) is in L((W 1,2
H1
∩ L2

H2
)× L2

H1
).
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Proof. Component one is the subject of Theorem 3.1. Concerning component
two, first we show that s 7→ d2φ|ξs(ξ̂s, ηs) is in L2

H1
. As ξ is in W 1,2

H1
, it is

continuous and converges asymptotically to zero. Therefore, since φ is C2,
there is a constant c2(ξ) such that ‖d2φ|ξs‖L(H1,H1;H1) ≤ c2(ξ) for any s ∈ R.
We get

‖d2φ|ξ(ξ̂, η)‖L2
H1
≤ c2(ξ)‖η‖L2(R,Rn)‖ξ̂‖C0(R,Rn)

≤ c2(ξ)‖η‖L2
H1
‖ξ̂‖W 1,2(R,Rn).

As explained in Step 1, we further have that ‖dφ|ξη̂‖L2
H1
≤ c1(ξ)‖η̂‖L2

H1
. These

estimates together with Step 2 from Theorem 3.1 show that d(TΦ)|(ξ,η) is a

bounded linear map on W 1,2
H1
∩ L2

H2
. This proves Step 2.

Remark 3.3. To show that TΦ, as a map

TΦ: U ×W︸ ︷︷ ︸
TUW

→W ×W︸ ︷︷ ︸
TW

, U ⊂ W := (W 1,2
H1
∩ L2

H2
),

is C1 would fail right away in Step 2: It would require that both maps s 7→
d2φ|ξs(ξ̂s, ηs) and s 7→ d

dsd
2φ|ξs(ξ̂s, ηs) are in L2

H1
. But the second one would

require three continuous derivatives of φ.

Step 3 (Candidate from Step 2 is derivative of TΦ).

Proof. Let ξ, ξ̂ ∈ W 1,2
H1

and η, η̂ ∈ L2
H1

. Recall that the norm 9 · 91,2 on

W 1,2
H1
∩L2

H2
is given by (3.9). To see that our candidate actually is the derivative

we show that the limit

lim
h→0

sup
9ξ̂92

1,2+‖η̂‖2
L2
H1

≤1

9TΦ(ξ + hξ̂, η + hη̂)− TΦ(ξ, η)− h dTΦ(ξ, η)(ξ̂, η̂)92
1,2

h2

exists and vanishes. The map TΦ = (Φ, dΦ) has two components. Step 2 in
Theorem 3.1 shows for the first component that the limit exists and vanishes.
Hence it suffices to show this for the second component, namely

lim
h→0

sup
9ξ̂92

1,2+‖η̂‖2
L2
H1

≤1

‖dφ|ξ+hξ̂(η + hη̂)− dφ|ξη − h d2φ|ξ(ξ̂, η)− h dφ|ξη̂‖2L2
H1

h2

≤ lim
h→0

sup
9ξ̂92

1,2+‖η̂‖2
L2
H1

≤1

‖dφ|ξ+hξ̂η − dφ|ξη − h d
2φ|ξ(ξ̂, η)‖2

L2
H1

h2

+ lim
h→0

sup
9ξ̂92

1,2+‖η̂‖2
L2
H1

≤1

h2‖dφ|ξ+hξ̂η̂ − dφ|ξη̂‖
2
L2
H1

h2
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We treat each of the two summands separately.
Summand 1. To see that summand 1 vanishes note the following. Since φ is
tame it is C2. Hence for any given ε > 0 there exists h0 > 0 such that

h ∈ (0, h0) ⇒ ‖d2φ|ξs+thξ̂s − d
2φ|ξs‖L(H1,H1;H1) ≤ ε.

whenever 9ξ̂91,2 ≤ 1, s ∈ R, and t ∈ [0, 1]. Pick h ∈ (0, h0) and use the
fundamental theorem of calculus to estimate

sup
9ξ̂92

1,2+‖η̂‖2
L2
H1

≤1

1
h2

∫
R

∣∣∣∣∫ 1

0

(
d
dtdφ|ξs+thξ̂sηs︸ ︷︷ ︸

hd2φ|ξs+thξ̂s
(ξ̂s,ηs)

−h d2φ|ξs(ξ̂s, ηs)
)
dt

∣∣∣∣2
H1

ds

≤ sup
9ξ̂92

1,2+‖η̂‖2
L2
H1

≤1

∫
R

∫ 1

0

∣∣∣d2φ|ξs+thξ̂s(ξ̂s, ηs)− d
2φ|ξs(ξ̂s, ηs)

∣∣∣2
H1

dt ds︸ ︷︷ ︸
≤ε29ξ̂92

1,2‖η‖2L2
H1

≤ ε2‖η‖2L2
H1

.

Since ε was arbitrary the limit, as h→ 0, vanishes.
Summand 2. To see that summand 2 vanishes note that since φ ∈ C1 for any
given ε > 0 there exists h0 > 0 such that ‖dφ|ξs+hξ̂s−dφ|ξs‖L(H1) ≤ ε whenever

h ∈ (0, h0), 9ξ̂91,2 ≤ 1, and s ∈ R. Thus

sup
9ξ̂92

1,2+‖η̂‖2
L2
H1

≤1

‖dφ|ξ+hξ̂η̂ − dφ|ξη̂‖
2
L2
H1

≤ sup
‖η̂‖

L2
H1

≤1

ε2‖η̂‖2L2
H1

≤ ε2.

Since ε was arbitrary the limit, as h→ 0, vanishes. This proves Step 3.

Step 4 (Differential is continuous). The differential

d(TΦ): U × L2
H1
→ L((W 1,2

H1
∩ L2

H2
)× L2

H1
)

(ξ, η) 7→ d(TΦ)|(ξ,η)

is continuous.

Proof. The map d(TΦ), see (3.24), has two components. Continuity of the first
component is shown in Step 4 in the proof of Theorem 3.1. Hence it suffices to
show continuity of the second component, namely

Pick (ξ, η) ∈ U×L2
H1

. Let (v, w) and (ξ̂, η̂) be elements of (W 1,2
H1
∩L2

H2
)×L2

H1
.

Since φ ∈ C2 the following holds. Given ε > 0, there exists δε > 0, such that
9v91,2 < δε implies

‖dφ|ξs+vs − dφ|ξs‖L(H1), ‖d2φ|ξs+vs − d2φ|ξs‖L(H1,H1;H1) < ε

whenever s ∈ R. Moreover, maybe after shrinking δ > 0, we can assume that
there is a constant cξ such that ‖d2φ|ξs+vs‖L(H1,H1;H1) ≤ cξ. We assume that

9v91,2 ≤ δε, ‖w‖L2
H1

< ε.
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We estimate

‖d2φ|ξ+v(ξ̂, η + w) + dφ|ξ+v η̂ − d2φ|ξ(ξ̂, η)− dφ|ξη̂‖2L2
H1

=

∫
R

∣∣∣d2φ|ξs+vs(ξ̂s, ηs + ws) + dφ|ξs+vs η̂s − d2φ|ξs(ξ̂s, ηs)− dφ|ξs η̂s
∣∣∣2
H1

ds

≤ 2

∫
R

∣∣∣d2φ|ξs+vs(ξ̂s, ηs)− d2φ|ξs(ξ̂s, ηs)
∣∣∣2
H1

ds

+ 2

∫
R

2 |dφ|ξs+vs η̂s − dφ|ξs η̂s|
2
H1

+ 2
∣∣∣d2φ|ξs+vs(ξ̂s, ws)

∣∣∣2
H1

ds

≤ 2ε2 9 ξ̂ 92
1,2 ‖η‖2L2

H1

+ 4ε2‖η̂‖2L2
H1

+ 4c2ξ 9 ξ̂ 92
1,2 ‖w‖2L2

H1

≤ ε2
(

2‖η‖2L2
H1

+ 4c2ξ + 4
)(

9ξ̂ 92
1,2 +‖η̂‖2L2

H1

)
.

This proves continuity of the map d(TΦ). This proves Step 4.

This concludes the proof of Theorem 3.2.

3.2 Theorem B parametrized

Let O1 be an open subset of R×H1 and let O2 be its part in R×H2.

Theorem 3.4. Let φ : O1 → H1 be asymptotically constant parametrized tame.
Let U := {ξ ∈W 1,2

H1
∩ L2

H2
| (s, ξs) ∈ O1, ∀s ∈ R}. Then the weak tangent map

TΦ: U × L2
H1
→ (W 1,2

H1
∩ L2

H2
)× L2

H1

(ξ, η) 7→ (Φ(ξ), dΦ|ξη)
(3.25)

defined by
Φ(ξ)(s) := φs(ξs), (dΦ|ξη) (s) := dφs|ξsηs,

is well defined and continuously differentiable where φs(x) := φ(s, x).

3.2.1 Base component Φ

Theorem 3.5. The base component Φ: U →W 1,2
H1
∩L2

H2
, Φ(ξ)(s) := φs(ξs), of

the map TΦ in Theorem 3.4 is well defined and continuously differentiable.

Proof. The proof follows the same scheme as the proof of Theorem 3.1, just
replace φ by φs. Due to the time dependency of our maps φs, some additional
terms arise which we explain how to treat.
We discuss the four steps of the proof of Theorem 3.1. We use the abbrevia-
tions (3.11).

Step 1 (Well defined).

Proof. The proof consists of two sub-steps A and B. Namely, one has to show
A) that Φ(ξ) lies in L2

H2
⊂ L2

H1
and B) that its derivative d

dsΦ(ξ) lies in L2
H1

.
Step A. This is precisely the same argument as in Theorem 3.1 by using that φ
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is parametrized tame and therefore asymptotically constant, in particular zero
is mapped to zero asymptotically.
Step B. Here in d

ds (Φ(ξ))s = dφs|ξs ddsξs + φ̇s(ξs) a new term arises. But φ̇s ≡ 0

whenever |s| > T , by parametrized tameness. Since ξ is in W 1,2
H1

it is continu-

ous, and therefore the composed map s 7→ φ̇s(ξs) is continuous as well. Since
this map vanishes for |s| ≥ T it has compact image. Therefore there exists
a constant c > 0, independent of s, such that |φ̇s(ξs)|1 ≤ c. Hence we esti-

mate
∫∞
−∞|φ̇s(ξs)|

2
1 ds =

∫ T
−T |φ̇s(ξs)|

2
1 ds ≤ 2Tc2. The first term in the sum is

estimated precisely as in the unparametrized case Theorem 3.1.
This finishes the proof of Step B and Step 1.

Step 2 (Candidate). Given ξ ∈ U , a natural candidate for the derivative is(
dΦ|ξ ξ̂

)
(s) = dφs|ξs ξ̂s

whenever s ∈ R and ξ̂ ∈W 1,2
H1
∩ L2

H2
. The map dΦ|ξ lies in L(W 1,2

H1
∩ L2

H2
).

Proof. The proof consists of two sub-steps A and B. Step A. This is precisely
the same argument as in Theorem 3.1.

Step B. In (3.15) now arises a third term, namely
∫
R
∣∣dφ̇s|ξs ξ̂s∣∣21 ds. Since φs

is asymptotically constant we have dφ̇s ≡ 0 for |s| ≥ T . Since ξ : R → H1 is
continuous there exists a constant c > 0 such that ‖dφ̇s|ξs‖L(H1) ≤ c. Therefore∫
R
∣∣dφ̇s|ξs ξ̂s∣∣21 ds ≤ c2 ∫R|ξ̂s|21 ds ≤ c2‖ξ̂‖2W 1,2

H1
∩L2

H2

. Thus in the parametrized case

the candidate for the derivative dΦ|ξ still lies in L(W 1,2
H1
∩ L2

H2
). This proves

Step 2.

Step 3 (Candidate from Step 2 is derivative of Φ).

Proof. The norm 9 · 91,2 on W 1,2
H1
∩ L2

H2
is given by (3.9).

As in (3.18) there are two summands. In summand 1 there are no s-
derivatives. In summand 2 we get the following additional term in G(s), namely

G2(s) : = φ̇s(ξs + hηs)− φ̇s(ξs)− h dφ̇s|ξsηs

=

∫ 1

0

d
ds φ̇s(ξs + thηs) dt− h dφ̇s|ξsηs

= h

∫ 1

0

(
dφ̇s|ξs+thηs − dφ̇s|ξs

)
ηs dt

where we used the fundamental theorem of calculus. Square this identity and
integrate to get

sup
9η91,2≤1

1
h2

∫
R
|G2(s)|21ds

≤ sup
9η91,2≤1

∫
R

∣∣∣∣(dφ̇s|ξs+hηs − dφ̇s|ξs) ηs∣∣∣∣2
1

ds.
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As in (3.20), for every ε > 0 there exists h0 = h0(ε) > 0 such that

‖dφ̇s|ξs+thηs − dφ̇s|ξs‖L(H1) < ε (3.26)

whenever h ∈ [0, h0]. Therefore, if h ∈ [0, h0], we estimate

sup
9η91,2≤1

∫
R

∣∣∣(dφ̇s|ξs+hηs − dφ̇s|ξs) ηs∣∣∣2
1
ds

≤ sup
9η91,2≤1

∫
R
‖dφ̇s|ξs+hηs − dφ̇s|ξs‖2L(H1)|ηs|

2
1ds

≤ ε2 sup
9η91,2≤1

∫
R
|ηs|21ds

≤ ε2.

Since ε > 0 was arbitrary, the limit of the extra term, as h→ 0, is zero as well.
This proves Step 3.

Step 4 (Differential is continuous). The differential

dΦ: U → L(W 1,2
H1
∩ L2

H2
), ξ 7→ dΦ|ξ

is continuous.

Proof. In (3.21) there arises the new term
∫
R|
(
dφ̇s|ξs − dφ̇s|ξ̃s

)
ηs|21ds which we

call term 5. To estimate term 5 note that by the continuity of the map dφ̇, given
ε > 0 there exists δ > 0 such that

‖ξ̃ − ξ‖1,2 ≤ δ ⇒ ‖dφ̇s|ξs − dφ̇s|ξ̃s‖L(H1) ≤ ε.

In particular, for every ξ̃ in the W 1,2 δ-ball around ξ it holds that∫
R
|
(
dφ̇s|ξs − dφ̇s|ξ̃s

)
ηs|21ds ≤ ε2

∫
R
|ηs|21 ds ≤ ε2 9 η 92

1,2 .

So the conclusion (3.23), hence Step 4, also holds in the parametrized case.

This concludes the proof of Theorem 3.5.

3.2.2 Weak tangent map TΦ

Proof of Theorem 3.4. The first component map ξ 7→ φ ◦ ξ is of class C1 by
Theorem 3.5. The second component is a map U ×L2

H1
→ L2

H1
, (ξ, η) 7→ dΦ|ξη.

Note that the target space L2
H1

does not involve any s-derivative and takes
values in level one H1, and not in the analytically tricky level two H2.

Line-by-line inspection of the proof of Theorem 3.2 shows that no new terms
arise. Thus the proof of Theorem 3.2 also proves Theorem 3.4.
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4 Coordinate charts

Let H2 ⊂ H1 be separable Hilbert spaces with a compact dense inclusion of
H2 in H1. Assume that (X1, X2) is a tame (H1, H2)-two-level manifold; see
Section 2.2. We denote the unique maximal tame two-level atlas by

A = {ψ : H1 ⊃ U1 → V1 ⊂ X1}

see Remark 2.11. Suppose further that x−, x+ are elements of X2. The space
of paths Px−x+ will be defined as a subset of the space of continuous paths

Cx−x+ :=

{
x ∈ C0(R, X1) | lim

s→∓∞
x(s) = x∓

}
. (4.27)

In Section 4.1 we endow the space of paths Px−x+ with the structure of a C1

Hilbert manifold modeled on the Hilbert space W 1,2
H1
∩L2

H2
where we abbreviate

W 1,2
H1

:= W 1,2(R, H1), L2
H2

:= L2(R, H2).

In Subsection 4.1.1 we define local parametrizations for Px−x+
. In Subsec-

tion 4.1.2 we provide an atlas for Px−x+
. In Section 4.1.3 we show that the

transition maps are C1 diffeomorphisms.
In Section 4.2 we define the weak tangent bundle Ex−x+ → Px−x+ and show

that it is a C1 Hilbert manifold.

4.1 Path spaces

4.1.1 Local parametrizations

Basic paths and basic coverings

Definition 4.1. Given x−, x+ ∈ X2, consider a C2 path x : R→ X2 such that

x(s) =

{
x− , s ≤ −T ,

x+ , s ≥ T ,

for some T > 0. Such paths are called basic paths.

We will construct local charts for Px−x+ around basic paths.

Definition 4.2 (Basic covering). Assume that x : R→ X2 from x− to x+ is a
basic path.1 A basic covering of x is an ordered finite collection

{ψi : H1 ⊃ U i → V i ⊂ X1}ki=1 ⊂ A

of a finite number k of local parametrizations (homeomorphisms) ψi : U
i → V i

whose images cover x(R) and such that the following is true.

1 Note that the closure of the path image x(R) ⊂ X2 is compact and that a basic path x
arrives at its endpoints x∓ already in finite time ∓T .

27



1) There are times t1 < t2 < · · · < tk−1 with the following properties, firstly,

(−∞, t1] ⊂ x−1(V 1),

[t1, t2] ⊂ x−1(V 2),

...
...

...

[tk−2, tk−1] ⊂ x−1(V k−1),

[tk−1,∞) ⊂ x−1(V k),

and, secondly, x(tj) 6= x(tj+1) for every j = 1, . . . , k − 2.

2) It holds that

d(ψ−1
i+1 ◦ ψi)|ψi(x(ti)) = Id, i = 1, . . . , k − 1.

Remark 4.3 (Case k = 1). There is just one map ψ1 : U1 → V 1 and, by 1),
we have −∞ =: t0 < t1 :=∞ and x−1(V 1) ⊃ (−∞, t1] ∪ [t0,∞) = R. Thus one
coordinate patch V already covers the entire path x. Part 2) is void.

x−

x+

t1
t2

V 1 V 2

V 3

x
t−1

t−2

Figure 1: Basic covering of x by k = 3 local parametrizations ψi : U
i → V i

Lemma 4.4. For each basic path x a basic covering exists.

Proof. Choose a finite collection of local parametrizations {ψi : H1 ⊃ U i →
V i ⊂ X1}i∈I ⊂ A which satisfies condition 1). If k = 1 we are done. Let k ≥ 2.

To see that condition 2) can be achieved, too, we modify our charts induc-
tively as follows. We replace U2 by Ũ2 defined as

Ũ2 := d(ψ−1
2 ◦ ψ1)|−1

ψ1(x(t1))U
1

and consider the modified chart ψ̃2 : Ũ2 → V 2 defined by

ψ̃2 := ψ2 ◦ d(ψ−1
2 ◦ ψ1)|ψ1(x(t1)).

Note that ψ̃2 is indeed a chart, i.e. ψ̃2 ∈ A. To see this observe that by tameness
the linear map d(ψ−1

2 ◦ψ1)|ψ1(x(t1)) is element of L(H1)∩L(H2). Since this map is
linear its second derivative vanishes, hence condition (2.3) is void. In particular,
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the composed map ψ̃2 is tame since by Theorem 2.5 tameness is preserved under
composition. We compute

d(ψ̃−1
2 ◦ ψ1)|ψ1(x(t1)) = d

(
d(ψ−1

2 ◦ ψ1)|−1
ψ1(x(t1))ψ

−1
2 ◦ ψ1

)
|ψ1(x(t1))

= d(ψ−1
2 ◦ ψ1)|−1

ψ1(x(t1))d(ψ−1
2 ◦ ψ1)|ψ1(x(t1))

= Id.

Then we modify U3 accordingly and so on.

Convexity setup on target manifold X1

Given a basic path x : R → X2 from x− to x+, let {ψi : H1 ⊃ U i → V i ⊂
X1}ki=1 be a basic covering of x. In case k ≥ 2 we construct for every overlap
V j∩V j+1 ⊂ X1 a subset which, under both coordinate charts ψ−1

j and ψ−1
j+1, has

a convex image in H1. Convexity will be needed for convex interpolation (4.38).
In case k = 1 there is no overlap and the following is void.

We use the following abbreviations. For j = 1, . . . , k − 1 we define sets

U j+ := ψ−1
j (V j ∩ V j+1) ⊂ U j , U j+1

− := ψ−1
j+1(V j ∩ V j+1) ⊂ U j+1,

as illustrated by Figure 2.

Cj
+ := ϕ−1

j (Cj+1
− )

ψ
−1
j

(x(tj)) =: u
j
+

ϕj := ψ−1
j+1 ◦ ψj

ψj

x(tj)

x−

x+
X1

V j

V j+1

U j
+ := ψ−1

j (V j ∩ V j+1) U j+1
− := ψ−1

j+1(V
j ∩ V j+1)

ψj+1

Cj+1
−

ψ
−1
j+1

(x(tj)) =: u
j+1
−

H1

x(t
−
j

)

ψ
−1
j

(x(t
−
j

))

ψ
−1
j+1

(x(t
−
j

))

H1

Figure 2: Manifold X1 and convex parametrization domains Cj+, C
j+1
− ⊂ H1

We define basic covering transition maps (these are C2 since X1 is)

ϕj := ψ−1
j+1 ◦ ψj |Uj+ : H1 ⊃ U j+ → U j+1

− ⊂ H1, (4.28)

and points

uj+ := ψ−1
j (x(tj)) ∈ U j+ ∩H2, uj+1

− := ψ−1
j+1(x(tj)) ∈ U j+1

− ∩H2.
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Note that basic paths lie in X2, hence the intersection with H2 above. Note
that by definition of a basic covering we have that

dϕj |uj+ = Id. (4.29)

Lemma 4.5. For each j = 1, . . . , k − 1 there exists an open ball Cj+1
− in

U j+1
− ⊂ H1 centered at uj+1

− satisfying the following conditions

a) the pre-image Cj+ := ϕ−1
j (Cj+1

− ) ⊂ U j+ ⊂ H1 is convex;

b) at every point q of the ball Cj+1
− it holds the estimate

‖d(ϕ−1
j )|q − Id‖L(H1) ≤ 1

2 ; (4.30)

c) for j ≥ 2 the closures of the subsets Cj−, C
j
+ ⊂ U j ⊂ H1 are disjoint;

d) there exists a constant cj > 0 such that for all η ∈ H2 and y ∈ Cj+1
− ∩H2

there holds the inequality

|dϕ−1
j |yη − η|2 ≤ 1

2 |η|2 + cj (|y|2 + 1) |η|1. (4.31)

Proof. By choosing the ball Cj+1
− small enough, condition a) (and c)) can always

be achieved since ϕ−1
j is in C2. Therefore its derivative is in particular locally

Lipschitz and, moreover, since the derivative is invertible at every point, it is in
particular injective. Thus the two conditions in [Pol01, Thm. 2.1] are satisfied
and ϕ−1

j maps a sufficiently small convex set to a convex set. b) Note that
from (4.29) it follows that

d(ϕ−1
j )|uj+1

−
= Id. (4.32)

Hence b) follows by continuity of d(ϕ−1
j ) possibly after shrinking the ball again.

d) This follows from Lemma 2.9 as follows. Since ϕ−1
j : U j+1

− → U j+ is tame

and using (4.32) there exists an open neighborhood W of uj+1
− and a constant

κ = κ(j) > 0 such that for all y ∈W ∩H2 and η ∈ H2 there holds the estimate

|dϕ−1
j |yη − η|2 ≤ κ

(
|y − uj+1

− |1|η|2 + |y − uj+1
− |2|η|1

)
+ κ

2

(
|y|2 + |uj+1

− |2
)
|y − uj+1

− |1|η|1.

Maybe after shrinking the ball Cj+1
− centered at uj+1

− again, we can assume

that Cj+1
− ⊂ W . Denote by ε the radius of the ball Cj+1

− . Then for every

y ∈ Cj+1
− ∩H2, and by the triangle inequality, the above estimate simplifies to

|dϕ−1
j |yη − η|2 ≤ κε|η|2 + κ|y|2|η|1 + κ|uj+1

− |2|η|1 + εκ2

(
|y|2 + |uj+1

− |2
)
|η|1

= εκ|η|2 +
(
κ+ εκ2

)
|y|2|η|1 + κ|uj+1

− |2
(
1 + ε

2

)
|η|1.

Maybe after shrinking the ball Cj+1
− a last time, we can further assume that

εκ < 1/2. Under this assumption the assertion (4.31) follows from the above
inequality for cj = 5

4κmax{1, |uj+1
− |2}.
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Interpolation

Let {ψi : H1 ⊃ U i → V i ⊂ X1}ki=1 be a basic covering of a basic path x from
x− to x+. Our goal is to define, on a small neighborhood U of 0, an injection

Ψ: W 1,2
H1
∩ L2

H2
⊃ U → Cx−x+ , Ψ = Ψx, U = Ux, (4.33)

which takes the zero map to the basic path x. We abbreviate xs := x(s).

Definition 4.6 (Domain Ux). Let {ψi : H1 ⊃ U i → V i ⊂ X1}ki=1 be a basic
covering of a path x from x− to x+. If k = 1 set t0 := −∞ and t−1 := ∞. If
k ≥ 2 choose times t−j for j = 1, . . . , k − 1 (see Figure 2) such that (i) it holds

−∞︸︷︷︸
=:t0

< −T <

interpolate︷ ︸︸ ︷
t−1 < t1 <

interpolate︷ ︸︸ ︷
t−2 < t2 < · · · <

interpolate︷ ︸︸ ︷
t−k−1 < tk−1 < T < +∞︸︷︷︸

=:t−k

and such that (ii) the path x along any interpolation interval [t−j , tj ] is via

the local coordinate chart ψ−1
j taken into the convex set Cj+ ⊂ H1, in symbols

s ∈ [t−j , tj ] ⇒ ψ−1
j (xs) ∈ Cj+,

or equivalently (since by definition Cj+ = ψ−1
j ◦ ψj+1(Cj+1

− ))

s ∈ [t−j , tj ] ⇒ ψ−1
j+1(xs) ∈ Cj+1

− .

(iii) Let BR(y) be the open radius-R ball in H1 centered at y. Fix R > 0 with

s ∈ [t−j , tj ] ⇒ BR(ψ−1
j+1(xs)) ⊂ Cj+1

− , (4.34)

whenever j ∈ {1, . . . , k − 1} and

s ∈ [tj , t
−
j+1] ⇒ BR(ψ−1

j+1(xs)) ⊂ U j+1,

whenever j ∈ {0, . . . , k − 1}. Here use the convention x(±∞) := x±∞. Such
R exists since the time intervals are compact, hence their images in H1 under
ψ−1
j+1 ◦ x are compact, now we use an elementary consideration in set theoretic

topology.2 (Here we profit from our choice to work with basic paths, thus x is
constant outside the compact time interval [−T, T ].)

(iv) Using R from (iii) we define the domain of the local parametrization by

Ux = UxR :=
{
ξ ∈W 1,2

H1
∩ L2

H2
such that |ξs|1 < R ∀s ∈ R

}
. (4.35)

By definition of R for any ξ ∈ Ux the following is true

2 For a compact subset K of an open set U there exists R > 0 such that BR(x) ⊂ U for every
x ∈ K. To see this pick y ∈ U , then by openness there exists Ry > 0 such that BRy (y) ⊂ U .
Hence, by the triangle inequality, z ∈ BRy/2(y) ⇒ BRy/2(z) ⊂ U . By compactness the open

cover {BRy/2(y) | y ∈ K} of K admits a finite subcover, let R be the smallest of these radii.
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1. for s ∈ [t−j , tj ] we have ψ−1
j (xs) + ξs ∈ Cj+ j = 1, . . . , k − 1

2. for s ∈ [t−j , tj ] we have ψ−1
j+1(xs) + ξs ∈ Cj+1

− j = 1, . . . , k − 1

3. for s ∈ [tj , t
−
j+1] we have ψ−1

j+1(xs) + ξs ∈ U j+1 j = 0, . . . , k − 1

tjt−j

βj1

s

Figure 3: Cutoff function βj along interpolation interval [t−j , tj ]

Remark 4.7 (Case k = 1). There is just one map ψ1 : U1 → V 1. Only 3. is
non-void. It yields ψ−1

1 (xs) + ξs ∈ U1 ∀s ∈ (−∞,∞).

Definition 4.8 (Local parametrization Ψx near basic path x). In Definition 4.6
for each j = 1, . . . , k− 1 pick a monotone smooth cutoff function βj : R→ [0, 1]
such that βj ≡ 0 on (−∞, t−j ] and βj ≡ 1 on [tj ,∞); see Figure 3. For ξ ∈ Ux
we define a local parametrization

Ψ: W 1,2
H1
∩ L2

H2
⊃ U → Cx−x+

, Ψ = Ψx, U = Ux, (4.36)

centered at the basic path x from x− to x+ by

(Ψ(ξ)) (s) :=

{
χj(s; ξ) , s ∈ [t−j , tj ], j = 1, . . . , k − 1

ψj+1

(
ψ−1
j+1(xs) + ξs

)
, s ∈ [tj , t

−
j+1], j = 0, . . . , k − 1

(4.37)

for every s ∈ R. Here the map χj(s; ξ), for j = 1, . . . , k−1, is defined by convex

interpolation in the convex sets Cj+ and Cj+1
− and for s ∈ R as follows

χj(s; ξ)

: = ψj

(
(1− βjs)

(
ψ−1
j (xs) + ξs︸ ︷︷ ︸
∈Cj+

)
+ βjs

(4.28)
= ϕ−1

j︷ ︸︸ ︷
ψ−1
j ◦ ψj+1

( ∈Cj+1
−︷ ︸︸ ︷

ψ−1
j+1(xs) + ξs

)
︸ ︷︷ ︸

∈ϕ−1
j (Cj+1

− )⊂Cj+

)

= ψj ◦ Sjs (ξs)

(4.38)

where we abbreviated the map (B.85) for ϕ = ϕ−1
j ∈ C2 and x0 = ψ−1

j+1(xs) by

Sjs (ξs) := Sϕ
−1
j

βjs ,ψ
−1
j+1(xs)

(ξs). (4.39)
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By Remark B.4, cf. Figure 5, the interpolation map

Sjs : H1 ⊃ BR(0) =: BR → H1 (4.40)

is a C2 diffeomorphism onto its image, in particular it is injective.

Remark 4.9 (Case k = 1). There is just one map ψ1 : U1 → V 1 and

(Ψ(ξ)) (s) = ψ1

(
ψ−1

1 (xs) + ξs
)︸ ︷︷ ︸

∈U1

∈ V 1, ∀s ∈ (−∞,∞).

Proposition 4.10. The map Ψ: U → Cx−x+
is injective and Ψ(0) = x repro-

duces the basic path x used in the construction of Ψ.

Proof. We first check that Ψ is injective. Hence assume that there exist ξ and
ξ̃ such that Ψ(ξ) = Ψ(ξ̃). In particular Ψ(ξ)(s) = Ψ(ξ̃)(s) for every s ∈ R. We
show that this implies ξ(s) = ξ̃(s) for every s ∈ R. The only times where this is
not obvious is when s lies in an interpolation interval [t−j , tj ] for j = 1, . . . , k−1.
In this case by (4.38) there are the identities

ψj ◦ Sjs (ξs) = χj(s; ξ) = Ψ(ξ)(s) = Ψ(ξ̃)(s) = χj(s; ξ̃) = ψj ◦ Sjs (ξ̃s).

But ψj is injective, since it is a chart map, and the map Sjs is a diffeomorphism,

as explained in Appendix B.1. Hence ξs = ξ̃s for every s ∈ R, that is ξ = ξ̃.
This finishes the proof that Ψ is injective.

Now we check that Ψ(0) is a basic path. We call I = ∪k−1
j=1 [t−j , tj ] the

interpolation region. If s ∈ R \ I, i.e. s is in the non-interpolation region,
then Ψ(0)(s) = x(s) is immediate from (4.37). If s ∈ I, i.e. there exists a
j ∈ {1, . . . , k − 1} such that s ∈ [t−j , tj ], then by definition of Sjs , see (4.38), we
get

Sjs (0) =

(
(1− βjs)ψ−1

j (xs) + βjsψ
−1
j ◦ ψj+1 ◦ ψ−1

j+1(xs)

)
= ψ−1

j (xs). (4.41)

Therefore the interpolation map for ξs = 0 reproduces the basic path, namely

χj(s; 0) = ψj ◦ Sjs (0) = xs

for every s ∈ R. This proves Proposition 4.10.

4.1.2 Definition of path space

Definition 4.11. Given x−, x+ ∈ X2, we define the path space Px−x+
as

the subset of Cx−x+
consisting of the images of all local parametrizations Ψ

constructed in (4.36) above. We denote the set of all local parametrizations
centered at a basic path x : R→ X2 from x− to x+ by

APx−x+ := {local parametrizations Ψx : W 1,2
H1
∩ L2

H2
⊃ Ux → Cx−x+}. (4.42)
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Then the space of paths in X = X1 from x− to x+ is defined by

Px−x+
:=

⋃
Ψx∈APx−x+

Ψ(U), Ψ = Ψx, U = Ux.

Note that Px−x+ ⊂ Cx−x+ . We define a topology on the set Px−x+ as follows.
A subset V of Px−x+

is open if and only if Ψ−1(V ∩Ψ(U)) is open in U for all
Ψ ∈ APx−x+

.

Theorem 4.12 (C1 atlas). The set of local parametrizations APx−x+
is a C1

atlas for the path space Px−x+
, in particular Px−x+

is a C1 Hilbert manifold

modeled on the Hilbert space W 1,2
H1
∩ L2

H2
with inner product

〈〈〈ξ, η〉〉〉 :=

∫ ∞
−∞

〈
ξ̇(s), η̇(s)

〉
H1

ds+

∫ ∞
−∞
〈ξ(s), η(s)〉H2

ds.

Proof. To prove Theorem 4.12 we need to show that the transition maps are C1

diffeomorphisms. This will be carried out in the next section and Theorem 4.12
follows from Theorem 4.14.

4.1.3 Transition maps

We show that transition maps are C1 diffeomorphisms on the Hilbert space
W 1,2
H1
∩ L2

H2
. Assume that x and x̃ are basic paths from x− to x+. Let

T := max{Tx, Tx̃} > 0

be the maximum of the two times that come with the basic paths x and x̃,
respectively; see Definition 4.1.

Pick a basic covering of x, notation {ψi : H1 ⊃ U i → V i ⊂ X1}ki=1, and a

basic covering of x̃, notation {ψ̃i : H1 ⊃ Ũ i → Ṽ i ⊂ X1}k̃i=1.
For the basic coverings of x and x̃ choose t1, . . . , tk−1, respectively

t̃1, . . . , t̃k̃−1 according to 1) and 2) in Definition 4.2 for the common T . For

j = 1, . . . , k − 1, respectively j̃ = 1, . . . , k̃ − 1, choose open neighborhoods Cj+

of uj+ in U j+, respectively C̃ j̃+ of ũj̃+ in Ũ j̃+, satisfying a) b) c) right after (4.29).
In addition, choose disjoint interpolation intervals [t−1 , t1], . . . , [t−k−1, tk−1], re-

spectively [t̃−1 , t̃1], . . . , [t̃−
k̃−1

, t̃k̃−1], satisfying (i) and (ii) in Definition 4.6. Now

choose open subsets U = UxR, respectively Ũ = U x̃
R̃

, of W 1,2
H1
∩ L2

H2
as in (4.35).

After choosing cutoff functions β1, . . . , βk−1, respectively β̃1, . . . , β̃k̃−1, for
the interpolation intervals, see Figure 3, we define local parametrizations

Ψ = Ψx : U → Px−x+
, Ψ̃ = Ψx̃ : Ũ → Px−x+

, 0 ∈ U , Ũ ⊂W 1,2
H1
∩ L2

H2
,

by formula (4.37) for these choices. In particular, definition (4.37) for Ψx̃ in-
volves χ̃j̃ = χx̃

j̃
defined by (4.38) with ∼ - quantities on the right hand side, e.g.

S̃ j̃s := S
ϕ̃−1

j̃

β̃j̃s ,ψ̃
−1

j̃+1
(x̃s)

, with S as in (B.85). (4.43)
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Definition 4.13 (Path space transition map). We abbreviate V := Ψ(U) and
Ṽ := Ψ̃(Ũ) and U0 := Ψ−1(V ∩ Ṽ) and Ũ0 := Ψ̃−1(V ∩ Ṽ). As illustrated by
Figure 4, we define the corresponding path space transition map by

Φ := Ψ̃−1 ◦Ψ|U0
: U0 → Ũ0, U0, Ũ0 ⊂W 1,2

H1
∩ L2

H2
. (4.44)

In view of Proposition 4.10 the map Φ: U0 → Ũ0 is a bijection with inverse

Φ−1 = Ψ−1 ◦ Ψ̃|U0 : Ũ0 → U0. (4.45)

Ṽ := Ψ̃(Ũ)

V := Ψ(U)

Ψ

Px−x+

x

Ψ̃

ŨU
0 0

Φ := Ψ̃−1 ◦ Ψ|U0

x̃

U0︷ ︸︸ ︷
Ψ
−1

(
V ∩ Ṽ

) Ũ0︷ ︸︸ ︷
Ψ̃
−1

(
V ∩ Ṽ

)
W 1,2

H1
∩ L2

H2

Figure 4: Transition map Φ for path space Px−x+
modeled on W 1,2

H1
∩ L2

H2

Theorem 4.14. The transition map Φ: U0 → Ũ0 is a C1 diffeomorphism.

Proof. The proof has ten steps.
Denote the interpolation region for x, respectively x̃, by

I =

k−1⋃
j=1

[t−j , tj ], Ĩ =

k̃−1⋃
j̃=1

[t̃−
j̃
, t̃j̃ ].

As in Definition 4.6 we use the conventions t0 := −∞ =: t̃0 and t−k :=∞ =: t̃−
k̃

.

Step 1. Pick ξ ∈ U0. Set η := Φ(ξ). By definition of Φ we have the identity

Ψ̃(η)(s) = Ψ(ξ)(s) (4.46)

for every s ∈ R. We solve (4.46) for ηs := η(s) = Φ(ξ)(s) considering four cases.

Proof. To prove Step 1 we consider four cases.

Case 1. Suppose s ∈ R \ (I ∪ Ĩ), that is s is a non-interpolation time for both.
Then there is j ∈ {1, . . . , k} such that s lies in the non-interpolation inter-
val (tj−1, t

−
j ). Moreover, there is j̃ ∈ {1, . . . , k̃} such that s lies in the non-

interpolation interval (t̃j̃−1, t̃
−
j̃

). The two sides of (4.46) take on the form

ψ̃j̃

(
ψ̃−1

j̃
(x̃s) + ηs

)
= ψj

(
ψ−1
j (xs) + ξs

)
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which we resolve for

ηs = ψ̃−1

j̃
◦ ψj

(
ψ−1
j (xs) + ξs

)
− ψ̃−1

j̃
(x̃s).

Case 2. Suppose s ∈ I ∩ (R \ Ĩ).
There is j ∈ {1, . . . , k − 1} such that s is in the interpolation interval [t−j , tj ].

There is j̃ ∈ {1, . . . , k̃} such that s lies in the non-interpolation interval
(t̃j̃−1, t̃

−
j̃

). The two sides of (4.46), using (4.39) in the end, take on the form

ψ̃j̃

(
ψ̃−1

j̃
(x̃s) + ηs

)
= χj(s; ξ)

: = ψj

(
(1− βjs)

(
ψ−1
j (xs) + ξs

)
+ βjsψ

−1
j ◦ ψj+1

(
ψ−1
j+1(xs) + ξs

))
= ψj

(
(1− βjs)

(
ψ−1
j (xs) + ξs

)
+ βjsϕ

−1
j

(
ϕj ◦ ψ−1

j (xs) + ξs

))
= ψj ◦ Sjs (ξs).

Observe that ψ−1
j ψj+1 = ϕ−1

j is the basic covering transition map (4.28). Then

ηs = ψ̃−1

j̃
◦ ψj ◦ Sjs (ξs)− ψ̃−1

j̃
(x̃s).

Case 3. Suppose s ∈ (R \ I) ∩ Ĩ.
There is j ∈ {1, . . . , k} such that s lies in the non-interpolation interval
(tj−1, t

−
j ). There is j̃ ∈ {1, . . . , k̃ − 1} such that s lies in the interpolation

interval [t̃−
j̃
, t̃j̃ ]. The two sides of (4.46) take on the form

ψ̃j̃

(
(1− β̃ j̃s)

(
ψ̃−1

j̃
(x̃s) + ηs

)
+ β̃ j̃sϕ̃

−1

j̃

(
ϕ̃j̃ ◦ ψ̃

−1

j̃
(x̃s) + ηs

))
=: χ̃j̃(s; η)

= ψj
(
ψ−1
j (xs) + ξs

)
where ϕ̃j̃ is the basic covering transition map from (4.28). Equivalently we have

(1− β̃ j̃s)
(
ψ̃−1

j̃
(x̃s) + ηs

)
+ β̃ j̃sϕ̃

−1

j̃

(
ϕ̃j̃ ◦ ψ̃

−1

j̃
(x̃s) + ηs

)
= ψ̃−1

j̃
◦ ψj

(
ψ−1
j (xs) + ξs

)
.

We wish to resolve for ηs. With S̃ j̃s as in (4.43) we obtain the identity

S̃ j̃s (ηs) = ψ̃−1

j̃
◦ ψj

(
ψ−1
j (xs) + ξs

)
.

But S̃ j̃s is invertible, by Remark B.4, and we obtain the formula

ηs = (S̃ j̃s )−1
(
ψ̃−1

j̃
◦ ψj

(
ψ−1
j (xs) + ξs

))
.

Case 4. Suppose s ∈ I ∩ Ĩ.
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There is j ∈ {1, . . . , k − 1} such that s lies in the interpolation interval [t−j , tj ].

There is j̃ ∈ {1, . . . , k̃ − 1} such that s lies in the interpolation interval [t̃−
j̃
, t̃j̃ ].

The two sides of (4.46) take on the form

ψ̃j̃

(
(1− β̃ j̃s)

(
ψ̃−1

j̃
(x̃s) + ηs

)
+ β̃ j̃sϕ̃

−1

j̃

(
ϕ̃j̃ ◦ ψ̃

−1

j̃
(x̃s) + ηs

))
=: χ̃j̃(s; η)

= χj(s; ξ)

: = ψj

(
(1− βjs)

(
ψ−1
j (xs) + ξs

)
+ βjsϕ

−1
j

(
ϕj ◦ ψ−1

j (xs) + ξs

))
.

Similarly as in Case 3 with S̃ j̃s as in (4.43) we resolve for ηs, namely

S̃ j̃s (ηs) = ψ̃−1

j̃
◦ ψj ◦ Sjs (ξs), ηs = (S̃ j̃s )−1 ◦ ψ̃−1

j̃
◦ ψj ◦ Sjs (ξs).

This concludes the proof of Step 1.

Step 2. We find a subset O ⊂ R×H1 and a map ϕ : R×H1 ⊃ O → H1 such
that we can write

(Φ(ξ))(s) = ϕ(s, ξ(s)) =: ϕs(ξ(s)) (4.47)

for all s ∈ R and ξ ∈ U0, see Figure 4.

Proof. To prove Step 2 we first describe the slices Us of O such that

O =
⋃
s∈R

({s} × Us) .

We consider the same four cases as in Step 1. The map Sjs in the composition

H1 ⊃ BR := BR(0)
Sjs−→ U j

ψj−→ V j ⊂ X1

is defined in (4.40).

Case 1. For s ∈ R \ (I ∪ Ĩ) let

Us := ψ−1
j

(
ψj(BR(ujs)) ∩ ψ̃j̃(BR̃(ũj̃s))

)
− ujs, ujs = ψ−1

j (xs).

Case 2. For s ∈ I ∩ (R \ Ĩ) let

Us := (Sjs )−1 ◦ ψ−1
j

((
ψj ◦ Sjs

)
(BR) ∩ ψ̃j̃(BR̃(ũj̃s)

)
.

Case 3. For s ∈ (R \ I) ∩ Ĩ let

Us := ψ−1
j

(
ψj(BR(ujs)) ∩

(
ψ̃j̃ ◦ S̃

j̃
s

)
(BR̃)

)
− ujs.
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Case 4. For s ∈ I ∩ Ĩ let

Us := (Sjs )−1 ◦ ψ−1
j

((
ψj ◦ Sjs

)
(BR) ∩

(
ψ̃j̃ ◦ S̃

j̃
s

)
(BR̃)

)
.

For s ∈ R and v ∈ Us we define (juxtaposition means composition)

ϕ(s, v) :=



ψ̃−1

j̃
ψj
(
ψ−1
j (xs) + v

)
− ψ̃−1

j̃
(x̃s) , s ∈ (tj−1, t

−
j ) ∩ (t̃j̃−1, t̃

−
j̃

),

ψ̃−1

j̃
ψjSjs (v)− ψ̃−1

j̃
(x̃s) , s ∈ [t−j , tj ] ∩ (t̃j̃−1, t̃

−
j̃

),

(S̃ j̃s )−1
(
ψ̃−1

j̃
ψj
(
ψ−1
j (xs) + v

))
, s ∈ (tj−1, t

−
j ) ∩ [t̃−

j̃
, t̃j̃ ],

(S̃ j̃s )−1ψ̃−1

j̃
ψjSjs (v) , s ∈ [t−j , tj ] ∩ [t̃−

j̃
, t̃j̃ ].

(4.48)
For s ≤ −T it holds s ∈ (t0, t

−
1 ) ∩ (t̃0, t̃

−
1 ), so by the first case of (4.48) we get

ϕ(s, v) = ψ̃−1
1 ψ1

(
ψ−1

1 (x−) + v
)
− ψ̃−1

1 (x−), ϕ(s, 0) = 0. (4.49)

Similarly for s ≥ T we get

ϕ(s, v) = ψ̃−1

k̃
ψk
(
ψ−1
k (x+) + v

)
− ψ̃−1

k̃
(x+), ϕ(s, 0) = 0. (4.50)

Figure 5 illustrates the definition of ϕs := ϕ(s, ·) in case 2. The other three
cases are similar, in the figure one just needs to interchange the interpolation
maps Sjs and the translation maps T .

By construction of the map ϕ the identity (4.47) holds. This concludes the
proof of Step 2.

Ṽ j̃

V j

ψj

X1

ψ̃j̃

Ũ j̃Uj

0 0

H1

H1

Sj
s T

ũ
j̃
s

interpolation
translation

u
j
s

ũ
j̃
s

xs x̃s

BR(0) BR̃(0)

ϕs

Us

Figure 5: The map ϕs : H1 ⊃ Us → H1 in (4.48) in case 2
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Outlook on the next few steps. In the next few steps we show that ϕ is
parametrized tame, see Definition 2.12. This then allows us to conclude with
the help of Theorem 3.5 that Φ in (4.44) is C1.

Step 3 (Tameness). The interpolation map Sjs : H1 ⊃ BR → H1, see (4.40)
and Figure 5, is tame and has a tame inverse (Sjs )−1 : Ss(BR)→ BR, ∀j.

Proof. The proof of Step 3 is a rather lengthy undertaking.

Tameness of Sj
s . Since ϕ−1

j is tame, the map Sjs is tame as well, in particular

of class C2 on H1 and on H2; for the definition of Sjs see (4.39) and (B.85).

Tameness of (Sj
s)−1. Let s be in the interpolation interval [t−j , tj ] and let

v ∈ H1 be in the ball BR ⊂ H1 centered at 0.

Lemma 4.15. The restriction to H2 of the linearized interpolation map

T := dSjs |v|H2
: H2 → H2

at v ∈ BR∩H2 is an isomorphism on H2 and there is a constant µ > 0 such that

|(dSjs |v)−1ξ|2 ≤ µ (|ξ|2 + |v|2|ξ|1) (4.51)

for every ξ ∈ H2.

Proof of Lemma 4.15. Pick v ∈ BR∩H2. By (4.34) it follows that v+ψ−1
j+1(xs) ∈

Cj+1
− . By definition (4.40) of Sjs and by identity (B.86) we obtain

dSjs |v − Id = dSϕ
−1
j

βjs ,ψ
−1
j+1(xs)

|v − Id

= βjs

(
dϕ−1

j |ψ−1
j+1(xs)+v

− Id
)
.

(4.52)

• A first consequence of this identity, using (4.30) and βjs ≤ 1, is the estimate

‖dSjs |v − Id‖L(H1) ≤ 1
2 .

By the Neumann series, see e.g. [FW, Rmk. B.5], we get the uniform bound

‖(dSjs |v)−1‖L(H1) ≤
∞∑
k=0

‖Id− dSjs |v‖kL(H1) ≤
∞∑
k=0

1
2k

= 1
1− 1

2

= 2. (4.53)

• A second consequence of (4.52) is the following. Assume that v ∈ BR ∩H2.
Since basic paths are mapped to H2, it follows that ψ−1

j+1(xs) + v ∈ Cj+1
− ∩H2.

Hence, by (4.31) and using that βjs ≤ 1, we obtain for every η ∈ H2 the estimate

|dSjs |vη − η|2 ≤ 1
2 |η|2 + cj

(
|ψ−1
j+1(xs) + v|2 + 1

)
|η|1

≤ 1
2 |η|2 + cj

(
|v|2 + |ψ−1

j+1(xs)|2 + 1
)
|η|1.
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Since the basic path x is continuous as a map to H2, the following maximum

C := max
j=1,...,k−1

max
s∈[t−j ,tj ]

{cj(1 + |ψ−1
j+1(xs)|2)}

is well defined. Therefore we obtain the inequality

|dSjs |vη − η|2 ≤ 1
2 |η|2 + C (|v|2 + 1) |η|1.

With this inequality we estimate

|dSjs |vη|2 = |η + (dSjs |v − Id)η|2 ≥ |η|2 − |(dSjs |v − Id)η|2
≥ |η|2 − 1

2 |η|2 − C (|v|2 + 1) |η|1
= 1

2 |η|2 − C (|v|2 + 1) |η|1.

We rewrite this inequality as

|η|2 ≤ 2|dSjs |vη|2 + 2C (|v|2 + 1) |η|1. (4.54)

Note that since the restriction of the linearized transition map dϕ−1
j |ψ−1

j+1(xs)+v

to H2 takes values in H2, by (4.52) so does the restriction of dSjs |v to H2. The
level map dSjs |v : H2 → H2 is bounded linear again by (4.52). Using that the
inclusion ι : H2 ↪→ H1 is compact, estimate (4.54) implies that the level map

T := dSjs |v|H2 : H2 → H2

is a semi-Fredholm operator; see [MS04, Le. A.1.1] for D = dSjs |v, K = ι,
X = Y = H2, and Z = H1. In the terminology of [Mül07, §16] it is an upper
semi-Fredholm operator.

• Next we compute the semi-Fredholm index of T as an element of Z ∪ {−∞}.
For this purpose we define the bounded linear operator

Tβ := (1− β)Id + βdϕ−1
j |ψ−1

j+1(xs)+v
|H2 : H2 → H2.

for β ∈ R. In view of (4.52) we have Tβjs = T and T0 = Id. If β ∈ [0, 1] the

same arguments which established (4.54) show that

|η|2 ≤ 2|Tβη|2 + 2C (|v|2 + 1) |η|1

for every η ∈ H2. Indeed note that in the derivation of (4.54) we only used
that βjs ≤ 1. In particular Tβ is a semi-Fredholm operator for any β ∈ [0, 1].
Since T0 = Id we have index(T0) = 0. Since the semi-Fredholm index is locally
constant, see [Mül07, §18 Cor. 3], follows that index(Tβ) = 0 for any β ∈ [0, 1].
In particular 0 = index(T ) := dim kerT − dim cokerT . Since dSjs |v : H1 → H1

is an isomorphism, it has trivial kernel, hence its restriction T has trivial kernel
as well. Since the index of T vanishes it follows that its cokernel is trivial as
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well, in particular T is bijective and therefore, by the open mapping theorem,
it is an isomorphism from H2 to H2.

In particular, the operator (dSjs |v)−1 : H1 → H1 restricts to a bounded linear
isomorphism

T−1 = (dSjs |v)−1|H2
: H2

∼=−→ H2. (4.55)

Consequently for any ξ ∈ H2 there exists η ∈ H2 such that ξ = dSjs |vη. Us-
ing (4.54) we compute

|(dSjs |v)−1ξ|2 ≤ 2|ξ|2 + 2C (|v|2 + 1) |(dSjs |v)−1ξ|1
≤ 2|ξ|2 + 2C (|v|2 + 1) ‖(dSjs |v)−1‖L(H1)|ξ|1
≤ 2|ξ|2 + 4C (|v|2 + 1) |ξ|1
≤ µ (|ξ|2 + |v|2|ξ|1) , µ := 2(1 + 2C) > 2

for every ξ ∈ H2. Here step three is by (4.53), the final step by (2.2).
This proves (4.51) and concludes the proof of Lemma 4.15.

We continue the proof of Step 3, more precisely the proof of tameness of the
inverse (Sjs )−1 of the interpolation map.

• Continuity of the second derivative of (Sjs )−1 with respect to the C2 topology.

The map Sjs : BR ∩ H2 → Sjs (BR) ∩ H2 is C2 since it is tame. It follows
from (4.55) by the implicit function theorem, see e.g. [MS04, Thm. A.3.1] that
(Sjs )−1 : Sjs (BR) ∩H2 → BR ∩H2 is C2 as well.

• Recall from (4.40) that Sjs : H1 ⊃ BR → H1 is a C2 diffeomorphism onto its
image. Linearize the identity id = (Sjs )−1 ◦ Sjs at v ∈ BR ⊂ H1 to get

IdH1
= d(Sjs )−1|Sjs(v)dS

j
s |v. (4.56)

Linearizing the displayed identity, we resolve that

d2(Sjs )−1|Sjs(v) (ξ, η) = −
(
dSjs |v

)−1
d2Sjs |v

((
dSjs |v

)−1
ξ,
(
dSjs |v

)−1
η
)

(4.57)

for all ξ, η ∈ H1.

• We show (Sjs )−1 : H1 ⊃ Sjs (BR)→ BR satisfies the tameness estimate (2.3).

By (4.55) and since Sjs maps BR ∩ H2 to H2 it follows that (Sjs )−1|Sjs(BR)∩H2

maps Sjs (BR) ∩H2 onto BR ∩H2. Hence if Sjs (v0) is in Sjs (BR) ∩H2 it follows
that v0 ∈ BR ∩H2. Since Sjs is tame there exists an H1-open neighborhood of
v0 and a constant κ > 0, notation

V ⊂ BR, κ > 0, (4.58)

such that for every v ∈ V ∩H2 and all ξ, η ∈ H2 it holds the estimate∣∣d2Sjs |v(ξ, η)
∣∣
2
≤ κ

(
|ξ|1|η|2 + |ξ|2|η|1 + |v|2|ξ|1|η|1

)
. (4.59)
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Since Sjs is C2 on BR, maybe after shrinking V and enlarging κ, we can addi-
tionally assume that ∣∣d2Sjs |v(ξ, η)

∣∣
1
≤ κ|ξ|1|η|1. (4.60)

Hence for Sjs (v) ∈ Sjs (V ) ∩H2 we estimate∣∣∣d2(Sjs )−1|Sjs(v)(ξ, η)
∣∣∣
2

=
∣∣∣(dSjs |v)−1

d2Sjs |v
((
dSjs |v

)−1
ξ,
(
dSjs |v

)−1
η
)∣∣∣

2

≤ µ
∣∣∣d2Sjs |v

((
dSjs |v

)−1
ξ,
(
dSjs |v

)−1
η
)∣∣∣

2

+ µ|v|2
∣∣∣d2Sjs |v

((
dSjs |v

)−1
ξ,
(
dSjs |v

)−1
η
)∣∣∣

1

≤ µκ
∣∣∣(dSjs |v)−1

ξ
∣∣∣
1

∣∣∣(dSjs |v)−1
η
∣∣∣
2

+ µκ
∣∣∣(dSjs |v)−1

ξ
∣∣∣
2

∣∣∣(dSjs |v)−1
η
∣∣∣
1

+ 2µκ|v|2
∣∣∣(dSjs |v)−1

ξ
∣∣∣
1

∣∣∣(dSjs |v)−1
η
∣∣∣
1

≤ 2µ2κ|ξ|1 (|η|2 + |v|2|η|1) + 2µ2κ|η|1 (|ξ|2 + |v|2|ξ|1) + 8µκ|v|2|ξ|1|η|1
≤ 4µκ(µ+ 2) (|ξ|1|η|2 + |ξ|2|η|1 + |v|2|ξ|1|η|1) .

Here step 1 is by (4.57) and step 2 by (4.51). Step 3 follows by (4.59) and (4.60).
Step 4 is by (4.53) and (4.51) again.
To summarize, with

κ∗ := 4µκ(µ+ 2) > 32κ

and whenever v ∈ V ∩H2 we have∣∣∣d2(Sjs )−1|Sjs(v)(ξ, η)
∣∣∣
2
≤ κ∗ (|ξ|1|η|2 + |ξ|2|η|1 + |v|2|ξ|1|η|1) (4.61)

for all ξ, η ∈ H2. This estimate is not yet the tameness estimate (2.3). The
reason is that in place of |v|2 we need |Sjs (v)|2. To this end we show that,
maybe after shrinking V , there exists a constant C such that

|v|2 ≤ C
(
|Sjs (v)|2 + 1

)
(4.62)

whenever v ∈ V ∩H2. For that purpose we use (4.51) inductively.

Special case. To simplify the computation we first derive (4.62) in the special
case where v0 = 0 and Sjs (0) = 0. Maybe after shrinking V we can assume that
Sjs (V ) is convex and contained in the radius- 1

2µ ball in H1 about the origin. For
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v ∈ V ∩H2 we estimate (juxtaposition means composition)

|v|2 = |(Sjs )−1Sjs (v)|2
2
=
∣∣∣∫ 1

0

d

dt1
(Sjs )−1

(
t1Sjs (v)

)
dt1

∣∣∣
2

3
=
∣∣∣∫ 1

0

d(Sjs )−1|t1Sjs(v)S
j
s (v) dt1

∣∣∣
2

4
=
∣∣∣∫ 1

0

(dSjs |(Sjs)−1(t1Sjs(v)))
−1Sjs (v) dt1

∣∣∣
2

5
≤
∫ 1

0

∣∣∣(dSjs |(Sjs)−1(t1Sjs(v)))
−1Sjs (v)

∣∣∣
2
dt1

6
≤
∫ 1

0

µ
(∣∣Sjs (v)

∣∣
2

+
∣∣(Sjs )−1(t1Sjs (v))

∣∣
2

∣∣Sjs (v)
∣∣
1︸ ︷︷ ︸

≤1/2µ

)
dt1

≤ µ
∣∣Sjs (v)

∣∣
2

+ 1
2

∫ 1

0

∣∣(Sjs )−1(t1Sjs (v))
∣∣
2
dt1.

Step 2 is by the fundamental theorem of calculus. Step 3 is by the chain rule.
Step 4 is by (4.57). Step 5 is by monotonicity of the integral. Step 6 is by (4.51).

The integrand in the second summand we similarly estimate further∣∣(Sjs )−1(t1Sjs (v))
∣∣
2

=
∣∣∣∫ 1

0

d
dt2

(Sjs)−1(t1t2Sjs(v))︷ ︸︸ ︷
d(Sjs )−1|t1t2Sjs(v)t1S

j
s (v)︸ ︷︷ ︸

(dSjs |
(Sjs)−1(t1t2S

j
s(v))

)−1t1Sjs(v)

dt2

∣∣∣
2

2
≤
∫ 1

0

∣∣∣(dSjs |(Sjs)−1(t1t2Sjs(v)))
−1 t1︸︷︷︸

≤1

Sjs (v)
∣∣∣
2
dt2

3
≤
∫ 1

0

µ
(∣∣Sjs (v)

∣∣
2

+
∣∣(Sjs )−1(t1t2Sjs (v))

∣∣
2

∣∣Sjs (v)
∣∣
1︸ ︷︷ ︸

≤1/2µ

)
dt2

≤ µ
∣∣Sjs (v)

∣∣
2

+ 1
2

∫ 1

0

∣∣(Sjs )−1(t1t2Sjs (v))
∣∣
2
dt2.

Step 2 is by monotonicity of the integral. Step 3 is by (4.51).
Insert this latter estimate into the previous estimate to obtain

|v|2 ≤
(
1 + 1

2

)
µ
∣∣Sjs (v)

∣∣
2

+ 1
4

∫ 1

0

∫ 1

0

∣∣(Sjs )−1(t1t2Sjs (v))
∣∣
2
dt2 dt1.

Estimating the integrand in the second term inductively with the help of (4.51)
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we obtain for every n ∈ N the following estimate

|v|2 ≤
(n−1∑
j=0

1

2j

)
µ
∣∣Sjs (v)

∣∣
2

+
1

2n

∫ 1

0

. . .

∫ 1

0

∣∣(Sjs )−1(t1 . . . tnSjs (v))
∣∣
2
dtn . . . dt1.

We consider the limit n → ∞. First note that there exists a constant cV
depending on V , but not on n, such that |(Sjs )−1(tSjs (v))|2 ≤ cV for every
t ∈ [0, 1]. Hence we can estimate the second summand from above by cV /2

n.
Therefore in the limit, as n → ∞, the second summand vanishes. Using that∑n−1
j=0

1
2j = 2 we get (4.62) with C = 2µ, namely

|v|2 ≤ 2µ
∣∣Sjs (v)

∣∣
2
.

General case. Maybe after shrinking V we can assume that Sjs (V ) is convex
and contained in the radius- 1

2µ ball in H1 around Sjs (v0). For v ∈ V ∩ H2 we
estimate by the same techniques as in the special case above

|v|2 = |v0 + v − v0|2
≤ |v0|2 + |(Sjs )−1Sjs (v)− (Sjs )−1Sjs (v0)|2

= |v0|2 +
∣∣∣∫ 1

0

d
dt1

(Sjs)−1(t1Sjs(v)+(1−t1)Sjs(v0))︷ ︸︸ ︷
d(Sjs )−1|t1Sjs(v)+(1−t1)Sjs(v0)

(
Sjs (v)− Sjs (v0)

)︸ ︷︷ ︸
(dSjs |

(Sjs)−1(t1S
j
s(v)+(1−t1)Sjs(v0))

)−1(Sjs(v)−Sjs(v0))

dt1

∣∣∣
2

≤ |v0|2 +

∫ 1

0

∣∣∣(dSjs |(Sjs)−1(t1Sjs(v)+(1−t1)Sjs(v0)))
−1(Sjs (v)− Sjs (v0))

∣∣∣
2
dt1

5
≤ |v0|2 +

∫ 1

0

µ(
∣∣Sjs (v)− Sjs (v0)

∣∣
2
dt1

+

∫ 1

0

µ
∣∣(Sjs )−1(t1Sjs (v) + (1− t1)Sjs (v0))

∣∣
2

∣∣Sjs (v)− Sjs (v0

∣∣
1︸ ︷︷ ︸

≤1/2µ

dt1

≤ |v0|2 + µ
∣∣Sjs (v)− Sjs (v0)

∣∣
2

+ 1
2

∫ 1

0

∣∣(Sjs )−1(t1Sjs (v) + (1− t1)Sjs (v0))
∣∣
2
dt1.
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Step 5 is by (4.51). The integrand in the second summand we estimate further∣∣(Sjs )−1(t1Sjs (v) + (1− t1)Sjs (v0))− v0 + v0

∣∣
2

=
∣∣∣∫ 1

0

d
dt2

(Sjs)−1(t1t2Sjs(v)+(1−t1t2)Sjs(v0)))︷ ︸︸ ︷
d(Sjs )−1|t1t2Sjs(v)+(1−t1t2)Sjs(v0)t1

(
Sjs (v)− Sjs (v0)

)︸ ︷︷ ︸
(dSjs |

(Sjs)−1(t1t2S
j
s(v)+(1−t1t2)Sjs(v0))

)−1t1(Sjs(v)−Sjs(v0))

dt2 + v0

∣∣∣
2

2
≤ |v0|2 +

∫ 1

0

∣∣∣(dSjs |(Sjs)−1(t1t2Sjs(v)+(1−t1t2)Sjs(v0)))
−1 t1︸︷︷︸

≤1

(
Sjs (v)− Sjs (v0)

)∣∣∣
2
dt2

3
≤ |v0|2 +

∫ 1

0

µ

(∣∣Sjs (v)− Sjs (v0)
∣∣
2

+
∣∣(Sjs )−1(t1t2Sjs (v) + (1− t1t2)Sjs (v0))

∣∣
2

∣∣Sjs (v)− Sjs (v0)
∣∣
1︸ ︷︷ ︸

≤1/2µ

)
dt2

≤ |v0|2 + µ
∣∣Sjs (v)− Sjs (v0)

∣∣
2

+ 1
2

∫ 1

0

∣∣(Sjs )−1(t1t2Sjs (v) + (1− t1t2)Sjs (v0))
∣∣
2
dt2.

Step 2 is by the triangle inequality and monotonicity of the integral. Step 3 is
by (4.51). Insert this latter estimate into the previous one to obtain

|v|2 ≤
(
1 + 1

2

)
|v0|2 +

(
1 + 1

2

)
µ
∣∣Sjs (v)− Sjs (v0)

∣∣
2

+ 1
4

∫ 1

0

∫ 1

0

∣∣(Sjs )−1(t1t2Sjs (v) + (1− t1t2)Sjs (v0))
∣∣
2
dt2 dt1.

Estimating the integrand in the second term inductively with the help of (4.51)
we obtain for every n ∈ N the following estimate

|v|2 ≤
(n−1∑
j=0

1

2j

)
|v0|2 +

(n−1∑
j=0

1

2j

)
µ
∣∣Sjs (v)− Sjs (v0)

∣∣
2

+
1

2n

∫ 1

0

. . .

∫ 1

0

∣∣(Sjs )−1(t1 . . . tnSjs (v) + (1− t1 . . . tn)Sjs (v0))
∣∣
2
dtn . . . dt1.

We consider the limit n → ∞. First note that there exists a constant CV
depending on V , but not on n, such that |(Sjs )−1(tSjs (v)+(1− t)Sjs (v0))|2 ≤ CV
for every t ∈ [0, 1]. Hence we can estimate the final (third) summand from
above by cV /2

n. Therefore in the limit, as n→∞, the final summand vanishes.

Using that
∑n−1
j=0

1
2j = 2 we estimate

|v|2 ≤ 2 |v0|2 + 2µ
∣∣Sjs (v)− Sjs (v0)

∣∣
2

≤ 2µ
∣∣Sjs (v)

∣∣
2

+ 2µ
∣∣Sjs (v0)

∣∣
2

+ 2 |v0|2

≤ K
(
|Sjs (v)|2 + 1

)
, K(s) := 2 max{µ, µ|Sjs (v0)|2 + |v|2}.

(4.63)
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This proves the claim (4.62).
Conclusion. We are now in position to prove the tameness estimate (2.3) for
the inverse (Sjs )−1 : H1 ⊃ Sjs (BR)→ BR. Plugging (4.62) into (4.61) leads to∣∣∣d2(Sjs )−1|Sjs(v)(ξ, η)

∣∣∣
2

≤ κ∗
(
|ξ|1|η|2 + |ξ|2|η|1 +K

(
|Sjs (v)|2 + 1

)
|ξ|1|η|1

)
2
≤ κ∗

(
|ξ|1|η|2 + |ξ|2|η|1 +K|Sjs (v)|2|ξ|1|η|1 + K

2 |ξ|2|η|1 + K
2 |ξ|1|η|2

)
= κ∗

(
K
2 + 1

)
|ξ|1|η|2 + κ∗

(
K
2 + 1

)
|ξ|2|η|1 + κ∗K|Sjs (v)|2|ξ|1|η|1

≤ C∗
(
|ξ|1|η|2 + |ξ|2|η|1 + |Sjs (v)|2|ξ|1|η|1

)
(4.64)

where the final step holds for C∗(s) := κ∗max{Ks,
Ks
2 + 1}. Step 2 is by (2.2).

This proves tameness of (Sjs )−1 and completes the proof of Step 3.

Step 4. For any s ∈ R the map ϕs : {s} × Us → H1 defined by (4.48) is tame.

Proof. In (4.48) the maps

ψ̃−1

j̃
◦ ψj : ψ−1

j (Vj ∩ Ṽj̃)→ ψ̃−1

j̃
(Vj ∩ Ṽj̃)

are transition maps of a tame atlas and therefore tame. Because by Theorem 2.5
the composition of tame maps is tame, tameness of ϕs follows by (4.48) in view
of Step 3. This proves Step 4.

Step 5. The interpolation map, see (4.40) and Figure 5,

Sj : [t−j , tj ]×BR → H1, (s, v) 7→ Sjs (v)

is parametrized tame.

Proof. We need to check two conditions. 1) The map Sj is C2 and its restriction,

Sj |[t−j ,tj ]×(BR∩H2) : [t−j , tj ]× (BR ∩H2)→ H2

is C2 as well. Using that Sjs is in (4.39) defined by

Sjs := Sϕ
−1
j

βjs ,ψ
−1
j+1(xs)

together with smoothness of the cutoff function βjs in the s-variable and the fact
that our basic path is a C2-map s 7→ xs to the second manifold level X2, both
C2-claims follow directly from (B.85).
2) The parametrized tameness estimate (2.8) follows from tameness of φ−1

j by

noting that φ−1
j does not depend on s. This proves 2) and Step 5.

Step 6. The inverted interpolation map family

Sj− : {(s, v) ∈ [t−j , tj ]×H1 | v ∈ Sjs (BR)} → BR, (s, v) 7→ (Sjs )−1(v)

is parametrized tame.
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Proof. 1) That Sj− is C2 on level 1 and level 2 follows from the fact that this is
true for Sj by Step 5 and a version of the implicit function theorem as explained
in Proposition B.5 for G = Sj−.
2) The tameness estimate (2.8) follows from the tameness estimate (4.64) by
noting that the only s-dependence of the constant C∗ comes from the constant
K(s) as introduced in (4.63), but this constant can be chosen uniformly in a little
neighborhood of s ∈ R by using that H2-norm of Sjs (v0) depends continuously
on s. This proves Step 6.

Step 7. The map ϕ : R × H1 ⊃ O → H1 defined by (4.48) is asymptotically
constant parametrized tame.

Proof. By Steps 5 and 6 the map ϕ is a composition of parametrized tame
maps. The same argument as in the proof of Theorem 2.5 shows that the
composition of parametrized tame maps is again parametrized tame. The map
ϕ is asymptotically constant by (4.49) and (4.50). This proves Step 7.

Step 8. The map Φ: U0 → Ũ0 defined by (4.44) is C1.

Proof. This follows from Step 7 and Theorem 3.5.

Step 9. The inverse Φ−1 : Ũ0 → U0, see (4.45), is C1.

Proof. In Step 8 interchange the roles of the charts U and Ũ .

Step 10. We prove Theorem 4.14.

Proof. Theorem 4.14 follows by Step 8 and Step 9.

The proof Theorem 4.14 is complete.

Corollary 4.16. The weak tangent map TΦ: U0 × L2
H1
→ Ũ0 × L2

H1
defined

by (3.25) is a C1 diffeomorphism.

Proof. By Step 7 in the proof of Theorem 4.14 the map ϕ is asymptotically
constant parametrized tame. So by Theorem 3.4 the weak tangent map TΦ is
C1. And interchanging the roles of U0 and Ũ0 its inverse is C1 as well. This
proves Corollary 4.16.

4.2 Weak tangent bundles

We are now in position to define precisely what the weak tangent bundle is. For
a local parametrization Ψ ∈ APx−x+

, see (4.42), we denote by UΨ ⊂ W 1,2
H1
∩

L2
H2

the domain of Ψ. Given two local parametrizations Ψ, Ψ̃ ∈ APx−x+ , the
corresponding weak tangent bundle transition map is defined by

ΦΨΨ̃ := Ψ̃
−1 ◦Ψ|UΨΨ̃

: UΨΨ̃ → UΨ̃Ψ
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where UΨΨ̃ and UΨ̃Ψ are open subsets of the Hilbert space
(
W 1,2
H1
∩L2

H2

)
×L2

H1

and, as illustrated by Figure 6, they are defined by

UΨΨ̃ := Ψ−1
(

Ψ(UΨ) ∩ Ψ̃(UΨ̃)
)
, UΨ̃Ψ := Ψ̃−1

(
Ψ(UΨ) ∩ Ψ̃(UΨ̃)

)
.

By definition the total space of the weak tangent bundle is the quotient space

E = Ex−x+
:=

( ⋃
Ψ∈APx−x+

(
UΨ × L2

H1

))
/ ∼

where two points (x, v) ∈ UΨ × L2
H1

and (x̃, ṽ) ∈ UΨ̃ × L2
H1

are equivalent

(x, v) ∼ (x̃, ṽ) :⇔ TΦΨΨ̃(x, v) = (x̃, ṽ).

It follows from Corollary 4.16 that the transition maps are C1. Hence Ex−x+ is
a C1 manifold.

Ṽ := Ψ̃(UΨ̃)

V := Ψ(UΨ)

Ψ

Px−x+

x

Ψ̃
UΨ̃UΨ

0 0

Φ
ΨΨ̃

:= Ψ̃−1 ◦ Ψ|U
ΨΨ̃

x̃

U
ΨΨ̃︷ ︸︸ ︷

Ψ
−1

(
V ∩ Ṽ

) U
Ψ̃Ψ︷ ︸︸ ︷

Ψ̃
−1

(
V ∩ Ṽ

)
W 1,2

H1
∩ L2

H2

Figure 6: Transition map ΦΨΨ̃ for path space Px−x+
modeled on W 1,2

H1
∩ L2

H2

Theorem 4.17. The weak tangent bundle Ex−x+
is a C1 manifold modeled on

the Hilbert space
(
W 1,2
H1
∩ L2

H2

)
× L2

H1
.

Proof. By Corollary 4.16 the transition maps are C1.
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A Hilbert space valued Sobolev spaces

In this appendix we collect and detail some results on Hilbert space valued
Sobolev spaces, scattered throughout the literature, which we used throughout
this paper. As required by the theorem of Pettis we assume that H is a separable
Hilbert space. We denote the induced norm on H by |·|.

A.1 Measurability

Definition A.1. (i) Let X be a topological space and B(X) the Borel σ-
algebra, the smallest σ-algebra that contains the open sets; cf. Definition A.5.
(ii) A measurable space is a pair (A,A) where A is a set and A is a σ-
algebra in A. The elements of a σ-algebra are called measurable sets. A
map f : (A,A) → (X,B(X)) is called a measurable map if pre-images of
measurable sets are measurable.
(iii) Let (A,A) be a measurable space. A map s : A → H is called simple if

it is of the form s =
∑N
k=1 χAkxk with Ak ∈ A and xk ∈ H. Here χAk is the

characteristic function of the set Ak, i.e. χAk ≡ 1 on Ak and χAk ≡ 0 else.

Remark A.2. (i) Simple maps f : A → H are measurable. (ii) By the mini-
mality of the Borel σ-algebra, a map f : (A,A) → (H,B(H)) is measurable iff
f−1(U) ∈ A for all open sets U ⊂ H; see e.g. [Sal16, Thm. 1.20].

Definition A.3. A map f : A → H is strongly measurable if there is a
sequence of simple functions sk : A→ H with limk→∞ sk = f pointwise on A.

Theorem A.4 (Pettis [Pet38]). Let H be a separable Hilbert space and (A,A)
a measurable space. For a Hilbert space valued map f : A → H the following
assertions are equivalent.

(1) Every function 〈f, x〉 : (A,A)→ (R,B(R)), where x ∈ H, is measurable.

(2) The map f : (A,A)→ (H,B(H)) is measurable.

(3) The map f : (A,A)→ (H,B(H)) is strongly measurable.

Proof. We closely follow the arguments of Neerven [Nee07].
Let f : A→ H be a Hilbert space valued map.

(1)⇒(3): As H is separable, so is the unit sphere, hence we can pick a dense
sequence (en)∞n=1 in the unit sphere of H. For any x ∈ H the function

Fx : (A,A)→ ([0,∞),B), t 7→ |f(t)− x| (A.65)

is measurable. To prove this we write

|f(t)− x| = sup
|e|=1

|〈f(t)− x, e〉| = sup
n∈N
|〈f(t)− x, en〉|

= sup
n∈N
|〈f(t), en〉 − 〈x, en〉|.

49



The function t 7→ 〈f(t), en〉 is measurable by (1). Adding to a measurable
function a constant term, here 〈−x, en〉, preserves measurability. Absolute value
|·| : R → [0,∞) is continuous, thus Borel measurable |·| : (R,B) → ([0,∞),B).
Measurability is preserved under composition, hence

(A,A)→ (R,B)
|·|→ ([0,∞),B), t 7→ |〈f(t), en〉 − 〈x, en〉|

is measurable. Taking the supremum of countably many measurable functions
produces a measurable function; see e.g. [Sal16, Thm. 1.24 (ii) and Def. 1.17 (ii)].
This proves that the function (A.65) is measurable.

As H is separable we can pick a dense sequence (xn)∞n=1 in H. Define a
sequence of functions

dn : H → {x1, . . . , xn}, y 7→ dn(y) := xk(n,y)

as follows. For each y ∈ H let k(n, y) be the least integer k ∈ {1, . . . , n} which
minimizes the distance to y, that is

|y − xk| = min
j∈{1,...,n}

|y − xj |, ∀` < k : |y − x`| > |y − xk|.

Observe that
∀y ∈ H : lim

n→∞
|dn(y)− y| = 0 (A.66)

since (xn)∞n=1 is dense in H. Define a sequence of functions

fn : A→ {x1, . . . , xn} ⊂ H
t 7→ dn(f(t)) = xk(n,f(t)).

We show that these functions are a) simple and b) converge pointwise to f . To
prove a) observe that for any k ∈ {1, . . . , n} there is the identity

Ank : = f−1
n (xk)

= {t ∈ A | xk(n,f(t)) = xk}

=

{
t ∈ A

∣∣∣ |f(t)− xk| = min
j∈{1,...,n}

|f(t)− xj |
}

⋂{
t ∈ A

∣∣∣ |f(t)− x`|︸ ︷︷ ︸
=:Fx` (t)

> |f(t)− xk| for ` = 1, . . . , k − 1

}

=

(
Fxk − min

j∈{1,...,n}
Fxj

)−1

(0) ∩
k−1⋂
`=1

(
Fx` − Fxk

)−1

(0,∞).

Note that the sets on the right hand side are in the Lebesgue σ-algebra, in
symbols Ank ∈ A: Indeed functions of the form (A.65) are measurable. Moreover,
minima and differences of measurable functions are measurable, see e.g. [Sal16,
Thm. 1.24], and the complement of {0} as well as (0,∞) are open sets, thus
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Borel measurable sets. This proves that each function fn is simple. To prove
b) note that for each t ∈ A we have

lim
n→∞

|fn(t)− f(t)| = lim
n→∞

|dn(f(t))− f(t)| (A.66)
= 0.

This concludes the proof of assertion (3) in the theorem.

(3)⇒(2): To prove that f−1(B) ∈ A for every B ∈ B(H) it suffices to show
that f−1(U) ∈ A for every open set U in H; see Remark A.2. To this end let
U ⊂ H be open and, by (3), choose a sequence of simple functions sn : A→ H
converging pointwise to f . For r > 0 define Ur := {x ∈ U | dist(x, U c) > r},
where the closed set U c := H \ U is the complement of U . Then s−1

n (Ur) ∈ A
for each n ≥ 1, since Ur is open in H and simple functions are measurable. The
equality

f−1(U) =
⋃
m≥1

⋃
n≥1

⋂
k≥n

s−1
k (U 1

m
)︸ ︷︷ ︸

∈A

,

implies that f−1(U) lies in A since the right hand side does: Indeed σ-algebras
are closed under countable unions and intersections, see e.g. [Sal16, § 1.1]. It
remains to prove the equality of sets.

‘⊂’ Let t ∈ f−1(U). Since U is open and f(t) ∈ U , it holds that d :=
dist(f(t), U c) > 0. Since sk(t) converges to f(t), as k →∞, there exists nt ∈ N
such that dist(f(t), sk(t)) < d

2 for every k ≥ nt. Choose mt such that 1
mt

< d
2 .

We claim that sk(t) ∈ U 1
mt

for every k ≥ nt. To see this pick x ∈ U c and let

k ≥ nt. Then by the triangle inequality

d ≤ dist(f(t), x) ≤ dist(f(t), sk(t)) + dist(sk(t), x) < d
2 + dist(sk(t), x).

Thus dist(sk(t), x) > d
2 . Since x ∈ U c was arbitrary dist(sk(t), U c) ≥ d

2 >
1
mt

.
Hence sk(t) ∈ U 1

mt
for every k ≥ nt. In other words, the element t lies in

t ∈
⋂
k≥nt

s−1
k (U 1

mt
)

for the particular mt and nt, therefore it lies in the union over all m and n, in
symbols

t ∈
⋃
m≥1

⋃
n≥1

⋂
k≥n

s−1
k (U 1

m
)

‘⊃’ Let t be element of the right hand side. Then there exist mt and nt with

t ∈
⋂
k≥nt

s−1
k (U 1

mt
).

This means that dist(sk(t), U c) > 1
mt

whenever k ≥ nt. Since limk→∞ sk(t) =

f(t) it follows that dist(f(t), U c) ≥ 1
mt

. But this means that f(t) ∈ U .

(2)⇒(1): True by two facts in measure theory: (i) Continuous maps are Borel
measurable, here 〈·, x〉 : (H,B)→ (R,B). (ii) The composition of a measurable
map with a measurable map, here with f : (A,A)→ (H,B(H)), is measurable.

The proof of Theorem A.4 is complete.
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A.2 Lebesgue measure and really simple functions

Lebesgue measure

Definition A.5. Let I be the set of all open intervals (a, b) ⊂ R with a < b ∈ R.
The smallest σ-algebra containing I is the Borel σ-algebra B = B(R), in
symbols ΣI = B; see e.g. [AE09, Thm. IX.1.11]. The Lebesgue measure λ on
the Borel σ-algebra B is the unique translation invariant measure that satisfies
λ((a, b)) := b− a whenever a < b are real numbers; see e.g. [Sal16, Thm. 2.1].

Definition A.6. A subset A of R is called Lebesgue measurable if there exist
A− ⊂ A ⊂ A+ where A−, A+ ∈ B such that λ(A+ \ A−) = 0. For a Lebesgue
measurable set A one defines its Lebesgue measure λ(A) := λ(A−) = λ(A+).

The family A which consists of all Lebesgue measurable sets is a σ-algebra on
R which contains the Borel σ-algebra B. It is called the Lebesgue σ-algebra.
The map λ : A → [0,∞] is a measure in the sense that λ(∪∞i=1Ai) =

∑∞
i=1 µ(Ai)

whenever Ai is a sequence of pairwise disjoint Lebesgue measurable sets. One
calls λ the Lebesgue measure on R.

Really simple functions

Let H be a separable Hilbert space with induced norm |·|. A function r : R→ H
is called really simple if it is a finite sum of the form

r(x) =

N∑
k=1

χIkxk, Ik = (ak, bk), xk ∈ H, k = 1, . . . , N.

Note that ν(Ik) = bk − ak is finite. Since intervals are Lebesgue measurable
r is in particular a simple function with respect to Lebesgue measurable space
(R,A). On the other hand, any simple function s : (a, b)→ H (see Definition A.1
for A = (a, b) and A(a,b) := A ∩ (a, b)) can be arbitrarily well approximated in
norm by really simple functions.

Theorem A.7. For every simple function s : (a, b)→ H and every ε > 0 there
exists a really simple function rε : (a, b)→ H such that∫ b

a

|s(t)− rε(t)| dt < ε. (A.67)

Proof. See e.g. [LL01, Thm. 1.18] for real valued functions. There simple func-

tions are of the form
∑N
k=1 χAkxk and the sets Ak are required to be of finite

measure. We choose as total space A = (a, b), and not A = R, so that this
condition is satisfied automatically. Indeed λ(Ak) ≤ λ((a, b)) = b − a < ∞.
Since simple functions take on only finitely many values, the proof for Hilbert
valued functions remains the same.
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A.3 Bochner integral

In this section H is a separable Hilbert space and I = (a, b) a bounded interval.
By A we denote the σ-algebra of Lebesgue measurable subsets of R and A(a,b) :=
A ∩ (a, b). By |·| we denote the norm in H induced by the inner product.

Definition A.8. A map f : R→ H is called Bochner integrable if it has the
following two properties:

(i) ∀x ∈ H the function 〈f, x〉 : (R,A)→ (R,B(R)) is measurable.

(ii) The integral
∫
R|f(t)| dt is finite.

Remark A.9. The map f : (R,A)→ (H,B(H)) is measurable, by property (i)
and Theorem A.4. Since |·| : H → R is continuous, the composition

|f(·)| : (R,A)
f→ (H,B(H))

|·|→ (R,B(R))

is measurable as well. Therefore the usual scalar Lebesgue integral∫ ∞
−∞
|f(t)| dt ∈ [0,∞)

is well defined.

In this section we explain how to define the Bochner integral −
∫

−
∫
I

f dt ∈ H, I = (a, b)

over bounded intervals (a < b ∈ R) and show the estimate |−
∫
I
f dt| ≤

∫
I
|f(t)| dt.

The symbol −
∫

is merely meant to distinguish the Hilbert valued Bochner integral
from the usual real valued integral.

Definition A.10 (Bochner integral of simple functions). Consider a simple

function s =
∑N
k=1 χAkxk : R → H where Ak ∈ A and xk ∈ H. Its Bochner

integral over a bounded interval I = (a, b) is defined by

−
∫
I

s dt := −
∫
R
χIs dt :=

N∑
k=1

λ(Ak ∩ I)xk ∈ H. (A.68)

Here λ is the Lebesgue measure on R and µ(Ak ∩ I) ≤ µ(I) = b− a is finite. It
is routine to show that the Bochner integral of simple functions

a) is independent of the representation of the simple function s;

b) is linear on the real vector space of simple functions;

c) satisfies the inequality
∣∣−∫
I
s dt
∣∣ ≤ ∫

I
|s(t)| dt.

Proofs are given e.g. in [AE09, p. 81 Rmk. X.2.1 (b,c,e)].
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Definition A.11 (Bochner integral). Let f : R → H be Bochner integrable.
Given a bounded interval I = (a, b), by Theorem A.4 (1)⇔(3) for A = (a, b),
there is a sequence of simple functions sn : (a, b)→ H such that limn→∞ sn = f
pointwise. By Proposition A.12 below the limit

−
∫ b

a

f dt = −
∫
I

f dt := lim
n→∞

−
∫
I

sn dt ∈ H (A.69)

exists in H and is independent of the approximating simple function sequence
for f . It is the Bochner integral of f with respect to Lebesgue measure.

Proposition A.12. The limit (A.69) exists in H and it is independent of the
approximating sequence (sn) for f .

Remark A.13. As a consequence of Theorem A.7 the Bochner integral of a
Bochner integrable function f : R→ H over bounded intervals I, is given as the
limit of Bochner integrals of really simple functions rn, in symbols

−
∫ T

−T
f dt = lim

n→∞
−
∫ T

−T
rn dt ∈ H. (A.70)

The proof of Proposition A.12 is based on the following proposition.

Proposition A.14. In the presence of the strong measurability property

(i) f : (a, b) → H is a map and sn : (a, b) → H is a sequence of simple func-
tions such that limn→∞ sn = f pointwise

the following two properties are equivalent

(ii)

∫ b

a

|f(t)| dt <∞ ⇐⇒ (iii) lim
n→∞

∫ b

a

|sn(t)− f(t)| dt = 0

and in either case ∣∣∣∣−∫ b

a

f dt

∣∣∣∣ ≤ ∫ b

a

|f(t)| dt. (A.71)

Proof. (i,iii)⇒(ii): Add zero and use the triangle inequality and (iii) to obtain∫ b

a

|f(t)| dt ≤
∫ b

a

|f(t)− sn(t)| dt+

∫ b

a

|sn(t)|︸ ︷︷ ︸
≤1

dt
n→∞−→ b− a <∞.

(i,ii)⇒(iii): The function defined by

σn := χ{|sn|≤2|f |}sn

is simple. Given t, for large n one has σn(t) = sn(t). Consequently σn → f
pointwise. Furthermore, there is the pointwise inequality

Fn(t) := |σn(t)| ≤ 2|f(t)| =: G(t)
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between integrable (here (ii) enters) scalar functions. Continuity of the norm
yields that Fn(t) → F (t) := |f(t)| pointwise, as n → ∞. Thus the Lebesgue
dominated convergence theorem, see e.g. [AE09, Thm. X.3.12], applies and
yields (iii) as well as the following identity to be used right below

lim
n→∞

∫ b

a

|σn(t)| dt =

∫ b

a

|f(t)| dt.

Final estimate: Suppose (i,ii). Step one in what follows is by (A.69), step two
is by continuity of the norm, for the final inequality see Definition A.10 c)∣∣∣∣−∫ b

a

f dt

∣∣∣∣ =

∣∣∣∣ lim
n→∞

−
∫ b

a

σn dt

∣∣∣∣
= lim
n→∞

∣∣∣∣−∫ b

a

σn dt

∣∣∣∣
3
≤ lim
n→∞

∫ b

a

|σn(t)| dt.

The previous displayed identity proves the estimate and Proposition A.14.

Proof of Proposition A.12. The proof has two steps.

Step 1. The elements ysn := −
∫ b
a
sn dt form a Cauchy sequence in H.

To see this observe that

|ysk − ys` | =
∣∣∣∣−∫ b

a

(sk − s`) dt
∣∣∣∣

c)

≤
∫ b

a

|sk(t)− s`(t)| dt

∆
≤
∫ b

a

|sk(t)− f(t)| dt+

∫ b

a

|f(t)− s`(t)| dt

The assertion of Step 1 now follows by part (iii) of Proposition A.14.

Step 2. Let sn and σn be sequences of simple functions both converging point-
wise to f . Then both sequences of Bochner integrals ysn and zσn converge in H
and have the same limit.

By Step 1 there are elements y and z of H such that ysn → y and zσn → z, as
n→∞. Observe that by continuity of the norm we get inequality one

|y − z| ≤ lim
n→∞

∣∣∣∣−∫ b

a

sn dt−−
∫ b

a

σn dt

∣∣∣∣
c)

≤ lim
n→∞

∫ b

a

|sn(t)− σn(t)| dt

∆
≤ lim
n→∞

∫ b

a

|sn(t)− f(t)| dt+ lim
n→∞

∫ b

a

|f(t)− σn(t)| dt

(iii)
= 0.
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The penultimate step is by the triangle inequality after adding zero and by
linearity of the real-valued integral. The ultimate step is by Proposition A.14.
This proves Step 2 and Proposition A.12.

Lemma A.15. Let f : R → H be Bochner integrable, x ∈ H, and a < b ∈ R.
Then 〈

−
∫ b

a

f dt, x

〉
=

∫ b

a

〈f(t), x〉 dt.

Proof. By linearity of the inner product this is true for simple functions, hence
the Lemma follows by approximating f by simple functions in view of the con-
tinuity of the inner product.

A.4 Hilbert space valued Lebesgue and Sobolev spaces

Definition A.16. Let p ∈ [1,∞). The space Lp = Lp(R, H) consists of equiva-
lence classes [f ] of functions f : R→ H satisfying the following two conditions.

(i) Every function 〈f, x〉 : (R,A)→ (R,B), where x ∈ H, is measurable.

(ii) The Lp-norm ‖f‖p := ‖f‖Lp(R,H) :=
(∫

R|f(t)|pdt
)1/p

<∞ is finite.

Two functions f and g satisfying (i) and (ii) are called equivalent if they
coincide outside a set of Lebesgue measure zero. To simplify notation we write
the equivalence class [f ] still as f . On L2(R, H) there is the inner product

〈f, g〉L2(R,H) :=

∫
R
〈f(t), g(t)〉 dt.

The vector space L2(R, H) endowed with this inner product becomes a Hilbert
space and the (Lp, ‖·‖p) are Banach spaces; see e.g. [FW21, App. A.2].

Lemma A.17. For p ∈ [1,∞) every f ∈ Lp(R, H) restricted to a bounded
interval I = (a, b) is Bochner integrable along (a, b).

Proof. By Hölder
∫
R|f(t)χ(a,b)(t)| dt =

∫ b
a
|f(t)| dt ≤ (b− a)1− 1

p ‖f‖p <∞.

Definition A.18 (Sobolev space). Let W 1,2(R, H) be the vector space of all
f ∈ L2(R, H) for which there exists an element v ∈ L2(R, H) such that∫

R
〈f(t), ϕ̇(t)〉 dt = −

∫
R
〈v(t), ϕ(t)〉 dt (A.72)

for every ϕ ∈ C∞c (R, H). If such a map v exists, then it is unique and called
the weak derivative of f . We denote v by the symbol ḟ or f ′.
The vector space W 1,2(R, H) is endowed with the W 1,2-inner product

〈f, g〉W 1,2(R,H) := 〈f, g〉L2(R,H) + 〈ḟ, ġ〉L2(R,H). (A.73)

and the induced W 1,2-norm, notation ‖f‖W 1,2(R,H) := (〈f, g〉W 1,2(R,H))
1
2 .

The vector space W 1,2(R, H) endowed with this inner product is a Hilbert space;
see e.g. [FW21, Prop. A.8].
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The Banach space L∞(R,H)

Definition A.19 (Essentially bounded functions). Let L∞(R, H) be the set of
all functions f : R→ H which have the following two properties:

(a) ∀x ∈ H the function 〈f, x〉 : (R,A)→ (R,B(R)) is measurable.

(b) There exists r ∈ [0,∞) such that {‖f‖ > r} is of Lebesgue measure zero.

The functions f ∈ L∞(R, H) are called essentially bounded.

Proposition A.20. The space L∞(R, H) is linear and complete with respect to
the semi-norm ‖f‖∞ = ‖f‖L∞(R,H) defined as the infimum of essential bounds

‖f‖∞ := inf
{
r ≥ 0 | the set {‖f‖ > r} has Lebesgue measure zero

}
.

Proof. To see that L∞(R, H) is a real vector space note that property (a) follows
from the fact that the space of measurable functions 〈f, x〉 : (R,A)→ (R,B) is a
vector space. Concerning property (b), given α ∈ R and f, g ∈ L∞(R, H), then
‖αf+g‖∞ ≤ |α| ‖f‖∞+‖g‖∞; see e.g. [AE09, Rmk. X.4.1 (c)]. For a proof that
L∞(R, H) is complete see e.g. [AE09, Thm. X.4.6].

On L∞(R, H) consider the equivalence relation where f ∼ g if the two maps
are equal outside a set of Lebesgue measure zero. On the quotient space

L∞(R, H) := L∞(R, H)/ ∼

the semi-norm ‖·‖∞ is a norm. Hence L∞(R, H) is a Banach space by Proposi-
tion A.20. To ease notation we still denote the elements of L∞(R, H) by f .

A.5 Differentiable compactly supported approximation

Convolution

Fix a smooth function ρ : R→ [0,∞) which is supported in [−1, 1], is symmetric
ρ(·) = ρ(−·), and satisfies

∫
R ρ(t) dt = 1; see e.g. [AE09, Ex. X.7.12 b)]. Define

ρµ(t) := 1
µρ( sµ )

for µ > 0. This function is supported in [−µ, µ] and has the properties that∫
R
ρµ(t) dt = ‖ρµ‖L1(R) = ‖ρ‖L1(R) = 1 (A.74)

and that
∫
R\(−r,r) ρµ(t) dt→ 0, as µ→ 0, for any given r > 0.

Definition A.21. Let f : R → H be a function which is Bochner integrable.
The convolution of f by ρµ at time t ∈ R is the Bochner integral

fµ(t) := (f ∗ ρµ)(t) := −
∫ µ

−µ
f(t− s)ρµ(s) ds = −

∫ t+µ

t−µ
f(s)ρµ(t− s) ds. (A.75)
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Lemma A.22. The Bochner integral (A.75), thus convolution, is well defined.

Proof. (i) The integrand is measurable. Indeed, given t ∈ R and x ∈ H, then
the map (R,A) → (R,B), s 7→ 〈ρµ(s)f(t− s), x〉 = ρµ(s) 〈f(t− s), x〉, is mea-
surable since ρµ is continuous, and therefore measurable, the second term is
measurable by assumption that f is Bochner integrable, see Definition A.8, and
the product of measurable functions is measurable. (ii) By Young’s inequal-
ity for the convolution of real valued functions the norm ‖ρµ ∗ f‖L1(R,H) ≤
‖ρµ‖L1(R,H)‖f‖L1(R,H) = ‖f‖L1(R,H) is finite.

Lemma A.23. For f ∈ L2(R, H) the convolution fµ := f ∗ρµ lies in C1(R, H)
and the derivative is d

dt (f ∗ ρµ) = f ∗ d
dtρµ whenever µ > 0.

Proof. To see this let µ > 0. Since ρ, and therefore ρµ, is C1 and compactly
supported its derivative ρ̇µ is uniformly continuous, so the following is true:
Given ε > 0, there exists δε > 0 such that if |σ − σ̃| < δε, then

|ρ̇µ(σ)− ρ̇µ(σ̃)| < ε. (A.76)

Choose a nonzero number h ∈ (−δε, δε). For t ∈ R we calculate∣∣∣ρµ(t+h)−ρµ(t)
h − ρ̇µ(t)

∣∣∣ =

∣∣∣∣ 1h
∫ 1

0

d
dτ ρµ(t+ τh)︸ ︷︷ ︸
ρ̇µ(t+τh)·h

dτ − ρ̇µ(t)

∣∣∣∣
≤
∫ 1

0

|ρ̇µ(t+ τh)− ρ̇µ(t)|︸ ︷︷ ︸
< ε by (A.76)

dτ

< ε.

Use first estimate (A.71) and then the previous estimate to obtain∣∣∣ fµ(t+h)−fµ(t)
h − f ∗ ρ̇µ(t)

∣∣∣
=

∣∣∣∣∣−
∫ t+µ+δ

t−µ−δ
f(s)

(
ρµ(t+h−s)−ρµ(t−s)

h − ρ̇µ(t− s)
)
ds

∣∣∣∣∣
≤
∫ t+µ+δ

t−µ−δ
|f(s)|

∣∣∣ρµ(t+h−s)−ρµ(t−s)
h − ρ̇µ(t− s)

∣∣∣︸ ︷︷ ︸
<ε

ds

< ε
√

2(µ+ δ)‖f‖L2(R,H).

In the last step we used Hölder’s inequality for the product integrand 1 · |f(s)|.
This proves that the derivative of fµ is given by f ∗ ρ̇µ.

It remains to show continuity of the derivative. Given t ∈ R and h ∈ (−δε, δε)
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as above, we calculate∣∣∣ḟµ(t+ h)− ḟµ(t)
∣∣∣

=

∣∣∣∣∣−
∫ t+µ+δ

t−µ−δ
f(s)

(
ρ̇µ(t+ h− s)− ρ̇µ(t− s)

)
ds

∣∣∣∣∣
≤
∫ t+µ+δ

t−µ−δ
|f(s)| |ρ̇µ(t+ h− s)− ρ̇µ(t− s)|︸ ︷︷ ︸

< ε by (A.76)

ds

< ε
√

2(µ+ δ)‖f‖L2(R,H).

This proves continuity of ḟµ and concludes the proof of Claim 1.

Lebesgue space

Theorem A.24 (C1
c approximation of L2). For any f ∈ L2(R, H) it holds that

lim
µ→0
‖fµ − f‖L2(R,H) = 0, fµ

(A.75)
:= f ∗ ρµ ∈ C1(R, H). (A.77)

More is true, namely C1
c (R, H) is a dense subset of L2(R, H).

One can replace C1
c (R, H) by C∞c (R, H) with some more work, but for our

purposes this is not needed.

Proof. The proof has six steps. For I ⊂ R we often abbreviate L1
I := L1(I,H).

Step 1 (Reduction to L1). It suffices to prove approximation (A.77) in L1.

To see this pick f ∈ L2(R, H) and ε > 0. Then there exists h = hε > 0 such
that ‖f‖L2({|f |>h}) <

ε
4 . For the truncated function fh := χ‖f‖<hf we get

‖fh − f‖L2
R

=

(∫
{|f |>h}

f2(t) dt

)1/2

<
ε

4
.

By assumption approximation holds in L1, so there exists µ = µε > 0 such that

‖(fh)µ − fh‖1 <
ε2

8h
.

Note that ‖fh‖∞ ≤ h. Now use this estimate to get for every t ∈ R the estimate
|(ρµ ∗ fh)(t)| ≤

∫ µ
−µ ρµ(s)|fh(t− s)| ds ≤ h‖ρµ‖1 = h. With this we get

‖(fh)µ − fh‖22 =

∫
R
|(fh)µ(t)− fh(t)|2 dt

≤
(
‖(fh)µ‖∞ + ‖fh‖∞

) ∫
R
|(fh)µ(t)− fh(t)| dt

≤ 2h‖(fh)µ − fh‖1.
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Using the above three displayed inequalities we estimate

‖fµ − f‖2 ≤ ‖ρµ ∗ (f − fh)‖2 + ‖(fh)µ − fh‖2 + ‖fh − f‖2

≤ ‖ρµ‖1‖f − fh‖2 +
√

2h‖(fh)µ − fh‖1 + ‖fh − f‖2

≤ ε
2 +

√
ε2

4

= ε.

In step two we used Young’s inequality ‖gh‖r ≤ ‖g‖p‖h‖q where 1 + 1
r = 1

p + 1
q

for r = q = 2 and p = 1. In step three we used (A.74).

Step 2 (C1 approximation near ∞). Pick f ∈ L2(R, H) and ε > 0. There
exists T = T (ε) > 1 such that ‖fµ − f‖L1

R\[−T,T ]
< ε

2 whenever µ ∈ (0, 1].

Since f ∈ L1 there exists T > 1 such that the integral near infinity is small

‖f‖L1
R\[−T+1,T−1]

< ε
4 . (A.78)

We estimate

‖fµ‖L1
R\[−T,T ]

= ‖ρµ ∗ f‖L1
R\[−T,T ]

= ‖ρµ ∗ fχR\[−T+1,T−1]‖L1
R\[−T,T ]

≤ ‖ρµ ∗ fχR\[−T+1,T−1]‖L1
R

≤ ‖ρµ‖L1
R
‖fχR\[−T+1,T−1]‖L1

R

= ‖f‖L1
R\[−T+1,T−1]

< ε
4 .

Step two uses that µ ≤ 1 and we multiplied by a characteristic function which
is identically 1 on that domain. Step three is by monotonicity of the integral.
Step four is by Young’s inequality. Step five uses that ‖ρµ‖L1(R) = 1. The final
step six is by (A.78).

To conclude the proof of Step 2 we estimate

‖fµ − f‖L1
R\[−T,T ]

≤ ‖fµ‖L1
R\[−T,T ]

+ ‖f‖L1
R\[−T,T ]

< ε
4 + ε

4 = ε
2 .

Here we used (A.78) and the subsequent estimate

Step 3 (Approximate f by really simple function r). There is a really
simple function r : [−T − 1, T + 1]→ H such that ‖f − r‖L1([−T−1,T+1],H) <

ε
6 .

By Proposition A.14 (iii) we approximate f by a simple function s which,
by (A.67), we approximate by a really simple function r.

Step 4 (C1 approximation of r). There exists a constant µε ∈ (0, 1] such
that ‖rµ − r‖L1(R,H) <

ε
6 whenever µ ∈ (0, µε].

A really simple function r : [−T, T ] → H is of the form r =
∑N
k=1 χIkxk

where each Ik is an interval. Note that |(ρµ ∗ χIk) − χIk | ≤ 1 and that for
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every t outside of the intervals (ak −µ, ak +µ) and (bk −µ, bk +µ) the function
|(ρµ ∗χIk)(t)−χIk(t)| = 0 vanishes. Consequently

∫∞
−∞|(ρµ ∗χIk)−χIk | dt ≤ 4µ

and therefore ‖rµ − r‖L1(R,H) ≤ 4µNκ where κ := max{‖x1‖, . . . , ‖xk‖. Hence
Step 4 follows by choosing µε < ε/(24Nκ).

Step 5 (C1 approximation of f). Given µ ∈ (0, µε] ⊂ (0, 1], then we have
‖fµ − f‖L1(R,H) < ε. Equivalently, this proves (A.77).

To prove this we estimate

‖fµ − rµ‖L1
[−T,T ]

= ‖ρµ ∗ (f − r)‖L1
[−T,T ]

= ‖ρµ ∗ (f − r)χ[−T−1,T+1]‖L1
[−T,T ]

≤ ‖ρµ ∗ (f − r)χ[−T−1,T+1]‖L1
R

≤ ‖ρµ‖1‖(f − r)χ[−T−1,T+1]‖L1
R

= ‖f − r‖L1
[−T−1,T+1]

< ε
6 .

(A.79)

Step two uses that supp ρµ ⊂ [−µ, µ] ⊂ [−1, 1] and we multiplied by a charac-
teristic function which is identically 1 on that domain. Step four is by Young’s
inequality. Step five uses that ‖ρµ‖1 = ‖ρ‖1 = 1. The final step six is by Step 3.

Now we decompose R = R \ [−T, T ] ∪ [−T, T ] and use Step 2 to obtain

‖fµ − f‖L1(R,H) = ‖fµ − f‖L1
R\[−T,T ]

+ ‖fµ − f‖L1
[−T,T ]

≤ ε
2 + ‖fµ − rµ‖L1

[−T,T ]
+ ‖rµ − r‖L1

[−T,T ]
+ ‖r − f‖L1

[−T,T ]

< ε
2 + ε

6 + ε
6 + ε

6 = ε.

The final inequality is by (A.79) and Steps three and four.

Since ε > 0 was arbitrary we get limµ→0‖fµ − f‖L1(R,H) = 0. This also proves
L2 convergence by Step 1. The proof of Step 5 is complete.

Step 6 (Compact support). For any f ∈ L1,2(R, H) the sequence Fk ∈
C1

0 (R, H) defined prior to (A.81) converges to f in L2.

In (A.81) replace the W 1,2 norm by the L2 norm.

This concludes the proof of Theorem A.24.

Sobolev space

Theorem A.25 (C1 approximation of W 1,2). The set C1
c (R, H) of smooth

compactly supported maps is a dense subset of the Hilbert space W 1,2(R, H).

The proof of the theorem uses the following lemma.

Lemma A.26. For f ∈W 1,2(R, H) it holds (f ∗ρµ)′ = f ′ ∗ρµ whenever µ > 0.
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Proof. Pick ϕ ∈ C∞c (R, H). Fix T > 0 such that suppϕ ⊂ [−T, T ]. Abbreviate
I := [−T − µ, T + µ]. We compute by definition (A.75) of convolution∫

Rt
〈(f ′ ∗ ρµ)(t), ϕ(t)〉 dt 1

=

∫
It

∫
Is

〈f ′(s)ρµ(t− s), ϕ(t)〉 dsdt

2
=

∫
Is

∫
It

〈f ′(s), ρµ(t− s)ϕ(t)〉 dtds

3
=

∫
Is

〈f ′(s), (ρµ ∗ ϕ)(s)〉 ds

4
= −

∫
Is

〈
f(s), (ρµ ∗ ϕ)′(s)︸ ︷︷ ︸

(ρµ∗ϕ̇)(s)

〉
ds

5
= −

∫
Is

∫
It

〈f(s), ρµ(s− t)ϕ̇(t)〉︸ ︷︷ ︸
〈f(s)ρµ(s−t),ϕ̇(t)〉

dtds

6
= −

∫
Rt
〈(f ∗ ρµ)(t), ϕ̇(t)〉 dt.

Steps 1, 3, 5, and 6 are by Lemma A.15. Step 2 is by the Theorem of Fubini,
see e.g. [AE09, Thm. X.6.16], which applies since the integrand is absolutely
integrable: Indeed the integral∫

It

∫
Is

|〈f ′(s)ρµ(t− s), ϕ(t)〉| dsdt ≤ 2(T + µ) 1
µ‖ϕ‖∞

∫
Is

|f ′(s)| ds

≤ (2T + 2µ)
3
2 1
µ‖ϕ‖∞‖f

′‖2

is finite. Step 3 also uses that ρ(t) = ρ(−t) has been chosen symmetric. Step
4 is by definition (A.72) of weak derivative. We then used Lemma A.23 for
H = R. Since ϕ was an arbitrary test function this proves Lemma A.26.

Proof of Theorem A.25. The proof has two steps.

Step 1 (C1 approximation). C1(R, H)∩W 1,2(R, H) is dense in W 1,2(R, H).

To prove this pick f ∈ W 1,2(R, H). In particular f and its weak derivative f ′

are in L2(R, H). Hence, applying twice Theorem A.24, we have convergence

fµ
L2

−→ f, (f ′)µ
L2

−→ f ′, as µ→ 0.

Since (f ′)µ = (fµ)′, by Lemma A.26, this shows that

lim
µ→0
‖fµ − f‖W 1,2(R,H) = 0, fµ

(A.75)
:= f ∗ ρµ ∈ C1(R, H). (A.80)

Step 2 (C1 approximation with compact support). For any f ∈
W 1,2(R, H) there is a sequence Fk ∈ C1

0 (R, H) which converges to f in W 1,2.
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To see this pick φ ∈ C∞c (R, [0, 1]) supported in [−2, 2] and with φ ≡ 1 on
[−1, 1]. For k ∈ N set φk(t) := φ( tk ) and gk := φkf . We claim that gk → f in
W 1,2(R, H). Indeed since φk ≡ 1 on {|t| ≤ k} the integral domain reduces to

‖f − gk‖22 =

∫
|t|>k

(1− φk(t))︸ ︷︷ ︸
≤1

(1− φk(t)) · |f(t)|2dt

≤
∫
|t|>k
|f(t)|2dt→ 0, as k → 0,

and since ġk(t) = φk(t)ḟ(t) + kφ̇(kt)f(t) we get

‖ḟ − ġk‖22 =

∫
R
|(1− φ( tk ))ḟ(t)− 1

k φ̇( tk )f(t)|2dt

≤ 2

∫
|t|>k
|ḟ(t)|2dt+

2

k2
‖φ̇‖∞‖f‖22 → 0, as k →∞.

The sequence of compactly supported smooth functions Fk := φk(f ∗ ρk) ap-
proximates f in W 1,2, indeed

‖f − Fk‖1,2 = ‖f − φkf + φk(f − f ∗ ρk)‖1,2
≤ ‖f − gk‖1,2︸ ︷︷ ︸
→0 shown above

+ ‖f − f ∗ ρk‖1,2︸ ︷︷ ︸
→0 by (A.80)

. (A.81)

In step 1 we added zero and step 2 uses the triangle inequality and that φk ≤ 1.
This proves Step 2 and concludes the proof of Theorem A.25.

A.6 Sobolev embedding

Theorem A.27. Any element v ∈W 1,2(R, H) satisfies the estimate

‖v‖∞ ≤ ‖v‖1,2. (A.82)

Proof. By Theorem A.25 we can assume without loss of generality that v ∈
C1

c (R, H). By the fundamental theorem of calculus in combination with compact
support at any time t ∈ R we estimate

|v(t)|2 =

∫ t

−∞

d
dσ |v(σ)|2︸ ︷︷ ︸

=2〈v′(σ),v(σ)〉

dσ

2
≤
∫ t

−∞

(
|v′(σ)|2 + |v(σ)|2

)
dσ

3
≤
∫ ∞
−∞

(
|v′(σ)|2 + |v(σ)|2

)
dσ

= ‖v‖2W 1,2(R,H).

In step 2 we used Cauchy-Schwarz and then Young’s inequality ab ≤ a2/2+b2/2
whenever a, b ≥ 0. Since t ∈ R was arbitrary, estimate (A.27) follows.
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Remark A.28. The proof shows that if τ ∈ R and v ∈W 1,2((−∞, τ), H), then
instead of estimate (A.27) we have

‖v‖L∞((−∞,τ),H) ≤ ‖v‖W 1,2((−∞,τ),H).

To see this in step 3 of the estimate just replace
∫∞
−∞ by

∫ τ
−∞ Similarly, if

v ∈W 1,2((τ,∞), H), then we obtain

‖v‖L∞((τ,∞),H) ≤ ‖v‖W 1,2((τ,∞),H).

B Implicit Function Theorem

B.1 Quantitative

We denote by Br(x;X) the open ball of radius r centered at x in a Banach
space X. We often abbreviate Br(x) := Br(x;X) and Br := Br(0;X).

Lemma B.1 ([MS04, Le. A.3.2]). Let γ < 1 and R be positive real numbers.
Let X be a Banach space, x0 ∈ X, and ϕ : BR(x0) → X be a continuously
differentiable map such that

‖Id− dϕ(x)‖ ≤ γ

for every x ∈ BR(x0). Then the following holds. The map ϕ is injective and ϕ
maps BR(x0) into an open set in X such that

BR(1−γ)(ϕ(x0)) ⊂ ϕ(BR(x0)) ⊂ BR(1+γ)(x0). (B.83)

The inverse ϕ−1 : ϕ(BR(x0))→ BR(x0) is continuously differentiable and

d(ϕ−1)|y = (dϕ|ϕ−1(y))
−1. (B.84)

Corollary B.2 (Higher differentiability Ck). Under the assumption of
Lemma B.1 assume in addition that ϕ is Ck. Then the inverse is Ck as well.

Proof. This follows inductively by the chain rule from (B.84).

Lemma B.3 (Family version). Let γ < 1 and R be positive real numbers.
Let X be a Banach space and x0 ∈ X. Assume that there exist ε > 0 and
a Ck map ϕ : (−ε, ε) × BR(x0) → X such that for every s ∈ (−ε, ε) the map
ϕs := ϕ(s, ·) : BR(x0)→ X satisfies the estimate

‖Id− dϕs(x)‖ ≤ γ

at every point x ∈ BR(x0). Then the following holds. The Ck map defined by

Φ: (−ε, ε)×BR(x0)→ (−ε, ε)×X, (s, x) 7→ (s, ϕs(x))

has an inverse and Φ−1 is of class Ck as well.
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Proof. For fixed s ∈ (−ε, ε) the map ϕs := ϕ(s, ·) is invertible by Lemma B.1.
The inverse of Φ is then given by

Φ−1 : Im(Φ)→ (−ε, ε)×BR(x0), (s, y) 7→ (s, ϕs
−1(y))

and its derivative by

dΦ−1|(s,y)

[
ŝ
ŷ

]
=

[
1 0

−
(
dϕs|ϕ−1

s (y)

)−1
ϕ̇s|ϕ−1

s (y) d(ϕs)
−1|y

] [
ŝ
ŷ

]
where ϕ̇ := ∂1ϕ(·, ·) is the s-derivative. If ϕ, hence Φ, is Ck, then using induc-
tively the chain rule on the above formula shows that Φ−1 is Ck as well.

Remark B.4 (Corollary to Lemma B.1). Let γ < 1 and R be positive real
numbers. Let X be a Banach space, x0 ∈ X, and ϕ : BR(x0)→ X be a Ck map
with

‖dϕ|x − Id‖ ≤ γ
for every x ∈ BR(x0). In particular, by Corollary B.2, the map ϕ is a Ck

diffeomorphism onto its image. For β ∈ [0, 1] we define a map

Sϕβ,x0
: X ⊃ BR → X, η 7→ (1− β)(ϕ(x0) + η) + βϕ(x0 + η). (B.85)

The derivative at η ∈ BR is given by

dSϕβ,x0
|η : X → X, η̂ 7→ (1− β)η̂ + βdϕ|x0+η η̂.

Hence
dSϕβ,x0

|η − Id = β (dϕ|x0+η − Id) : X → X. (B.86)

Since β ≤ 1 we obtain for the operator norm

‖dSϕβ,x0
|η − Id‖ ≤ γ

whenever η ∈ BR. Therefore, by Lemma B.1, all maps

Sϕβ,x0
: X ⊃ BR → X

are Ck diffeomorphisms onto the image.

B.2 Qualitative – family inversion

Proposition B.5. Let H be a Hilbert space. Consider a family of maps F : R×
H → H of class C2 such that for each s ∈ R the map

Fs := F(s, ·) : H → H

is a C2-diffeomorphism. Then the map defined by

G : R×H → H, (s, y) 7→ Fs−1(y) (B.87)

is of class C2 as well.
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Proof. The idea is to apply the Implicit Function Theorem, see e.g. the book
by Lang [Lan01, Thm. 5.9], to the following map

f : R×H ×H → H, (s, x, y) 7→ F(s, y)− x.

This map is of class C2 by our assumptions. Abbreviate z = (s, x), then in the
notation of [Lan01, Thm. 5.9] it holds that

D2f(z, y) = dFs(y) : H → H

and since according to our assumptions Fs is a C2-diffeomorphism it follows,
that D2f(z, y) is an isomorphism.

According to the Implicit Function Theorem [Lan01, Thm. 5.9], there then
exists a C2 map g : R×H → H such that

f(z, g(z)) = 0 (1) (B.88)

for every z ∈ R×H. Substituting now z = (s, x) in the definition of f we obtain

f(z, g(z)) = f(s, x, g(s, x)) = F (s, g(s, x))− x. (B.89)

By (B.88) and (B.89) it follows x = F(s, g(s, x)) = Fs(g(s, x)) and therefore

g(s, x) = Fs−1(x).

Since g is of class C2 this proves Proposition B.5.

Lemma B.6. The first two derivatives of G in (B.87) are (B.90) and (B.95).

Proof. The proof has two steps.

Step 1. The first derivative of G for s, ŝ ∈ R and y, ŷ ∈ R×H is given by

dG|(s,y)(ŝ, ŷ) = −(dFs|Fs−1(y))
−1Ḟs|Fs−1(y)ŝ+ (dFs|Fs−1(y))

−1ŷ

=
[
−(dFs|Fs−1(y))

−1Ḟs|Fs−1(y) (dFs|Fs−1(y))
−1
] [ŝ
ŷ

]
(B.90)

in any direction (ŝ, ŷ) ∈ R×H
Observe that

Gs = Fs−1 : H → H, Gs ◦ Fs = Fs−1 ◦ Fs = idH . (B.91)

Hence we get

dG|(s,y)(0, ŷ) = d(Fs)−1|y ŷ = (dFs|Fs−1(y))
−1ŷ (B.92)

for every ŷ ∈ H. Abbreviating

Ḟs(·) := ∂sF(s, ·),

66



then at (s, x) ∈ R×H we get

dF|(s,x)(ŝ, 0) = Ḟs(x) ŝ

for every ŝ ∈ R. We take the s-derivative of Fs ◦ Fs−1(y) = y to obtain

Ḟs|Fs−1(y) + dFs|Fs−1(y)
˙(Fs−1)|y = 0 (B.93)

for every y ∈ H and thus

˙(Fs−1)(y) = −(dFs|Fs−1(y))
−1Ḟs|Fs−1(y). (B.94)

Therefore we obtain

dG|(s,y)(ŝ, 0) = Ġs|y ŝ
2
= ˙(Fs−1)|y ŝ
3
= −(dFs|Fs−1(y))

−1Ḟs|Fs−1(y)ŝ

where step 2 is by (B.91) and step 3 by (B.94). Together with (B.92) this
proves (B.90).

Step 2. We calculate the second derivative of G at a point (s, y) ∈ R×H.

The second derivative of G at a point (s, y) ∈ R×H is of the form

d2G|(s,y)(ŝ1, ŷ1; ŝ2, ŷ2) =

([
A B
B D

] [
ŝ1

ŷ1

])t [
ŝ2

ŷ2

]
(B.95)

whenever y1, ŷ2 ∈ H and ŝ1, ŝ2 ∈ R. The terms A, B, and D are as follows.

Term A. Take the s-derivative of (B.93) to obtain

0 = ∂s

(
Ḟs|Fs−1(y)

)
+ ∂s

(
dFs|Fs−1(y)

˙(Fs−1)|y
)

= F̈s|Fs−1(y) + dḞs|Fs−1(y)
˙(Fs−1)|y + dḞs|Fs−1(y)

˙(Fs−1)|y

+ d2Fs|Fs−1(y)

(
˙(Fs−1)|y, ˙(Fs−1)|y

)
+ dFs|Fs−1(y)

¨(Fs−1)|y.

We use this identity in step 3 of the following calculation

d2G|(s,y)(ŝ1, 0; ŝ2, 0)

= G̈s|y ŝ2ŝ2

2
= ¨(Fs−1)|y ŝ2ŝ2

3
= −ŝ2ŝ2(dFs|Fs−1(y))

−1

(
F̈s|Fs−1(y) + 2dḞs|Fs−1(y)

˙(Fs−1)|y

+ d2Fs|Fs−1(y)

(
˙(Fs−1)|y, ˙(Fs−1)|y

))
4
= −ŝ2ŝ2(dFs|Fs−1(y))

−1

(
F̈s|Fs−1(y) − 2dḞs|Fs−1(y)(dFs|Fs−1(y))

−1Ḟs|Fs−1(y)

+ d2Fs|Fs−1(y)

(
(dFs|Fs−1(y))

−1Ḟs|Fs−1(y), (dFs|Fs−1(y))
−1Ḟs|Fs−1(y)

))
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where step 2 is by (B.91) and step 4 by (B.94).

Term D. Let s ∈ R and y, ŷ1, ŷ2 ∈ H. Set x := Fs−1(y). Then we have

d2G|(s,y)(0, ŷ1; 0, ŷ2)
1
= d2(Fs)−1|y(ŷ1, ŷ2)

2
= −(dFs|x)−1d2Fs|x

(
(dFs|x)−1ŷ1, (dFs|x)−1ŷ2

)
Step 1 is by (B.92). Step 2 is analogous to (4.57).

Term B. Let s, ŝ ∈ R and y, ŷ ∈ H. Set x := Fs−1(y). Then we have

d2G|(s,y)(0, ŷ; ŝ, 0)
1
= ∂s

(
(dFs|x)−1ŷ

)
ŝ

2
= −(dFs|x)−1dḞs|x(dFs|x)−1ŷŝ

where step 1 is by (B.92) and step 2 by the following consideration. For x, ξ ∈ H
take the s-derivative of ξ = (dFs|x)−1dFs|xξ to obtain

0 =
(
∂s(dFs|x)−1

)
dFs|xξ + (dFs|x)−1∂s(dFs|x)

=
(
∂s(dFs|x)−1

)
dFs|x + (dFs|x)−1dḞs|x

where we used that derivatives commute by the Theorem of Schwarz. Hence

∂s(dFs|x)−1 = −(dFs|x)−1dḞs|x(dFs|x)−1

for all x, ξ ∈ H. This concludes the proof of Step 2 and Lemma B.6.
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C Hilbert manifold structure for the path space
of finite dimensional manifolds with the help
of the exponential map

Finite dimensional manifolds are automatically tame and therefore Theorem A
in particular implies that the space of W 1,2 paths on a finite dimensional man-
ifold is a C1 Hilbert manifold. In this appendix we show how this can as well
be deduced more traditionally with the help of the exponential map.
If one uses the exponential map on a C2 manifold, the finite dimensional version
of the parametrized version of Theorem B is not quite sufficient since in general
one will not have two continuous derivatives in both the parameter s and the
space variable. We therefore establish as a technical tool Theorem C.2 which
allows us to deal with this complication.

Let M be a C2 manifold of finite dimension n. Pick two points x−, x+ ∈M .
Manifolds of maps N → M between manifolds have been constructed with
the use of an exponential map on the target side. While El̆ıasson [El̆ı67] as-
sumes compactness of the domain N but allows infinite dimension of the target,
Schwarz [Sch93] deals with maps R → M and uses smooth maps x : R → M
which reach x∓ only asymptotically, i.e. in infinite time ∓∞, as the fundamental
paths around which coordinate charts are being built.

As in the construction of Theorem A in §4, but in contrast to Schwarz [Sch93]
we build our charts around basic paths, i.e. paths which reach x∓ already in finite
time ∓T . In Subsection C.2 we recall the elegant construction of coordinate
charts of path space using the exponential map associated to the choice of a
Riemannian metric on M . Here we already use finite time basic paths.

Definition C.1. Consider a C2 path x : R→M with the property that

x(s) =

{
x− , s ≤ −T ,

x+ , s ≥ T ,

for some x−, x+ ∈M and some T > 0. Such paths are called basic paths.

We call two Hilbert spaces equivalent if they coincide as vector spaces and
their inner products are equivalent. When we refer to an equivalence class
of Hilbert spaces we mean equivalence with respect to this equivalence relation.
For a basic path x we consider the equivalence class of Hilbert spaces

H1
x := W 1,2(R, x∗TM). (C.96)

In fact, to choose an inner product in H1
x we have to choose a trivialization T x

of the bundle x∗TM → R. As we will explain below, Proposition C.7, choosing
different trivializations gives rise to equivalent inner products on H1

x.

C.1 Technical Tool

The following theorem will be the base to prove Theorem C.5 (transition maps
are C1 diffeomorphisms).
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Theorem C.2. Let ϕ : R×Rn → Rn be a C1 map with the following properties.

(i) For each s ∈ R the map ϕs := ϕ(s, ·) : Rn → Rn is C2.

(ii) The map ϕ̇s : Rn → Rn is C1 where ϕ̇ := ∂1ϕ(·, ·) is the s-derivative.

(iii) The map R× Rn → L(Rn,Rn;Rn), (s, x) 7→ d2ϕs|x, is continuous.

(iv) The map R× Rn 7→ L(Rn), (s, x) 7→ dϕ̇s|x, is continuous.

(v) There exist T > 0 such that ϕs = ϕ± whenever ±s > T and ϕ± : Rn → Rn
is of class C2 and maps 0 to 0.

Then the map

Φ: W 1,2(R,Rn)→W 1,2(R,Rn)

ξ 7→ [s 7→ (Φ(ξ))(s) := ϕ(s, ξ(s))]
(C.97)

is well defined and C1.

Corollary C.3. Let ϕ : R×Rn → Rn be a C1 map linear in the second variable,
i.e. ϕs := ϕ(s, ·) ∈ L(Rn) for any s ∈ R, and such that there exists T > 0 with
ϕs = idRn whenever |s| > T . Then Φ in (C.97) is a bounded linear map.

Proof. We check that ϕ satisfies the conditions of Theorem C.2. Since ϕs and
ϕ̇s are linear maps they are in particular arbitrarily often differentiable. In
particular (i) and (ii) hold. Too see that condition (iii) holds consider the map

R× Rn → L(Rn,Rn;Rn), (s, x) 7→ d2ϕs|x.

Observe that (v, w) 7→ d2ϕs|x(v, w) = ϕsw is independent of v and linear in w.
Hence (iii) holds. Observe that dϕ̇s|xw = ϕ̇sw and therefore condition (iv) holds
as well. Since ϕs = idRn whenever s > T condition (v) is also satisfied. Thus,
by Theorem C.2, the map Φ is a well defined bounded linear map on W 1,2.

Proof of Theorem C.2. The proof is in three steps. Hypothesis (i) and (ii) serve
to formulate (iii) and (iv). We abbreviate ξs := ξ(s) and ξ̇s := d

dsξs.

Step 1. Φ takes values in W 1,2 (well defined).

Proof. Pick ξ ∈W 1,2(R,Rn).
a) We show that Φ(ξ) ∈ L2(R,Rn). To see this note that since ξ ∈ W 1,2 it is
continuous and has to decay asymptotically. Therefore there exists a constant
c such that |ξs| ≤ c for every s ∈ R. By continuity of ϕ, there is a constant
κ = κ(c) > 0 such that ‖ϕ|[−T,T ]×Bc‖∞ ≤ κ where Bc ⊂ Rn is the radius c ball
about the origin. Hence |(Φ(ξ))(s)| ≤ κ for every s ∈ [−T, T ].

Let ϕ± be the maps provided by (v). We next show that there exists a
constant C(c) such that

‖ϕ±(v)‖ ≤ C|v| (C.98)

whenever |v| ≤ c. Indeed, since dϕ± is C1, there is a constant C such that

‖dϕ±(x)‖ ≤ C
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whenever |x| ≤ c. Now use ϕ±(0) = 0 to estimate

|ϕ±(v)| =
∣∣∣∫ 1

0

d
dtϕ±(tv) dt

∣∣∣
≤
∫ 1

0

‖dϕ±(tv)‖ · |v| dt

≤ C|v|.

This proves (C.98). Using (C.98) in equality 3, we can estimate

‖ϕ(·, ξ(·))‖2L2(R,Rn)

= ‖Φ(ξ)‖2L2(R,Rn)

= ‖Φ(ξ)‖2L2((−∞,−T ),Rn) + ‖Φ(ξ)‖2L2([−T,T ],Rn) + ‖Φ(ξ)‖2L2((T,∞),Rn)

3
= C2‖ξ‖2L2((−∞,−T ),Rn) + ‖Φ(ξ)‖2L2([−T,T ],Rn) + C2‖ξ‖2L2((T,∞),Rn)

≤ C2‖ξ‖2W 1,2(R,Rn) + 2Tκ2 <∞.

b) We show that Φ(ξ) ∈W 1,2(R,Rn). So see this we calculate

∂s(Φ(ξ))(s) = ϕ̇(s, ξs)︸ ︷︷ ︸
= 0, |s| > T

+ dϕs|ξs︸ ︷︷ ︸
(v)
= dϕ±|ξs , |s| > T

ξ̇s.

We show that both summands are in L2(R,Rn).
Summand one: Let the constant c be as in a). Since ϕ is C1 it follows that
ϕ̇ is continuous. Thus there is a constant κ2 = κ2(c) > 0 such that it holds
‖ϕ̇|[−T,T ]×Bc‖∞ ≤ κ2. Hence |ϕ̇(s, ξ(s))| ≤ κ2 for any s ∈ [−T, T ]. We estimate

‖ϕ̇(·, ξ(·))‖L2(R,Rn) = ‖ϕ̇(·, ξ(·))‖L2([−T,T ],Rn)

≤ κ2

√
2T <∞

where we used in the identity that ϕ̇(s, ·) = 0 whenever |s| > T .
Summand two: Since ξ is in W 1,2 it is in particular continuous and decays
asymptotically. So the operator norm of dϕs|ξs is uniformly bounded when s
lies in compact set [−T, T ]. Since outside of [−T, T ] we have dϕs|ξs = dϕ±|ξs
by (v), the operator norm is actually uniformly bounded on the whole of R, say
by a constant κ3. Hence

‖dϕ·|ξ(·)ξ̇s‖L2(R,Rn) ≤ κ3‖ξ̇s‖L2(R,Rn) <∞.

This proves b) and Step 1.

Step 2. Φ is differentiable with derivative at ξ ∈W 1,2(R,Rn) given by

(dΦ|ξη) (s) = dϕs|ξsηs

for every η ∈W 1,2(R,Rn) and every s ∈ R.
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Proof. We need to show that our candidate for the derivative of Φ at ξ in
direction η, namely the map s 7→ dϕs|ξsηs, lies in W 1,2. That this map lies in
L2 follows by the argument in the proof of Step 1 b) for the second summand
by using continuity of dϕs. It remains to show that the s-derivative lies in L2.
This s-derivative is given by

∂s (dΦ|ξη) (s) = dϕ̇s|ξsηs + d2ϕs|ξs
(
ξ̇s, ηs

)
+ dϕs|ξs η̇s.

That the third summand is in L2 is the argument in Step 1 b) for summand
two. That the first summand is in L2 follows by the same argument, but now
using continuity of dϕ̇s, which holds by hypothesis (iv), and since dϕ̇s = 0 for
|s| > T . It remains to discuss the second term. Observe that d2ϕs(·) = d2ϕ±(·)
whenever |s| > T . By compactness of [−T, T ] and by continuity of the map
d2ϕ, by (iii), as well as continuity and asymptotic decay in s of the maps ξs and
ηs, the operator norm

‖v 7→ d2ϕs|ξs (v, ηs)‖L(Rn) ≤ c2‖η‖∞ ≤ c3‖η‖W 1,2(R,Rn)

is bounded uniformly by a constant c2 = c2(T ) > 0 for every s ∈ R. Here c3 is
the constant of the embedding W 1,2 ↪→ C0. We obtain

‖d2ϕ·|ξ(ξ̇, η)‖L2(R,Rn) ≤ c3‖η‖W 1,2(R,Rn)‖ξ̇‖L2(R,Rn) <∞.

This proves that our derivative candidate dϕ·|ξ(·)η(·) is element of L(W 1,2).

Let us abbreviate ‖·‖2 := ‖·‖L2(R,Rn) and ‖·‖1,2 := ‖·‖W 1,2(R,Rn). To see that
our candidate actually is the derivative we show that the limit

lim
h→0

sup
‖η‖1,2≤1

‖Φ(ξ + hη)− Φ(ξ)− h dϕ·|ξη‖2W 1,2

h2

= lim
h→0

sup
‖η‖1,2≤1

∫
R |ϕs(ξs + hηs)− ϕs(ξs)− h dϕs|ξsηs|

2
ds

h2

+ lim
h→0

sup
‖η‖1,2≤1

∫
R
∣∣ d
ds (ϕs(ξs + hηs)− ϕs(ξs)− h dϕs|ξsηs)

∣∣2 ds
h2

exists and vanishes. To see that summand one vanishes we use the fundamental
theorem of calculus to write it in the form

lim
h→0

sup
‖η‖1,2≤1

1
h2

∫
R

∣∣∣∣∫ 1

0

(
d
dtϕs(ξs + thηs)︸ ︷︷ ︸
=dϕs|ξs+thηshηs

−h dϕs|ξsηs
)
dt

∣∣∣∣2
Rn
ds

= lim
h→0

sup
‖η‖1,2≤1

∫
R

∣∣∣∣∫ 1

0

(
dϕs|ξs+thηs − dϕs|ξs

)
ηsdt

∣∣∣∣2
Rn
ds︸ ︷︷ ︸

=:F (h,η)

.

(C.99)

There exists a constant c4 such that |ηs| ≤ c4 for all η in the unit W 1,2 ball and
s ∈ R. Since dϕ is continuous and ϕs = ϕ± is independent of s for |s| > T , it is
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in particular uniformly continuous on compact sets, and therefore for any ε > 0
there exists an h0 > 0 such that for every h ∈ [0, h0] there is the estimate

‖dϕs|ξs+thηs − dϕs|ξs‖L(Rn) ≤ ε

whenever s ∈ R and ‖η‖1,2 ≤ 1 and t ∈ [0, 1]. Hence F (h, η) ≤ ε2‖η‖22 ≤ ε2 and
therefore summand one limh→0 sup‖η‖1,2≤1 F (h, η) = 0 vanishes.

To see that summand two vanishes as well, we abbreviate and compute

G(s) : = d
ds (ϕs(ξs + hηs)− ϕs(ξs)− h dϕs|ξsηs)

1
= ϕ̇s|ξs+hηs + dϕs|ξs+hηs(ξ̇s + hη̇s)

− ϕ̇s|ξs − dϕs|ξs ξ̇s
− h dϕ̇s|ξsηs − h d2ϕs|ξs(ξ̇s, ηs)− h dϕs|ξs η̇s

2
= ϕ̇s|ξs+hηs − ϕ̇s|ξs︸ ︷︷ ︸

=
∫ 1
0

d
dt ϕ̇s|ξs+thηsdt

−h dϕ̇s|ξsηs

+ dϕs|ξs+hηs ξ̇s − dϕs|ξs ξ̇s − h d2ϕs|ξs(ξ̇s, ηs)
+ dϕs|ξs+hηshη̇s − h dϕs|ξs η̇s

3
= h

∫ 1

0

(dϕ̇s|ξs+thηs − dϕ̇s|ξs) ηs dt

+ h

∫ 1

0

(
d2ϕs|ξs+thηs − d2ϕs|ξs

)
(ξ̇s, ηs) dt

+ h (dϕs|ξs+hηs − dϕs|ξs) η̇s

for every s ∈ R. Square this identity and integrate to obtain

sup
‖η‖1,2≤1

1
h2

∫
R
|G(s)|2Rnds

≤ sup
‖η‖1,2≤1

∫ T

−T
3

∣∣∣∣∫ 1

0

(dϕ̇s|ξs+thηs − dϕ̇s|ξs) ηs dt
∣∣∣∣2
Rn
ds

+ sup
‖η‖1,2≤1

∫
R

3

∣∣∣∣∫ 1

0

(
d2ϕs|ξs+thηs − d2ϕs|ξs

)
(ξ̇s, ηs) dt

∣∣∣∣2
Rn
ds︸ ︷︷ ︸

=:F2(h,η,ξ̇)

+ sup
‖η‖1,2≤1

∫
R

3

∣∣∣∣(dϕs|ξs+hηs − dϕs|ξs) η̇s∣∣∣∣2
Rn
ds.

Term 1. The limit, as h→ 0, of the first of the three terms vanishes by exactly
the same argument as in (C.99) by using continuity of dϕ̇ by (iv).
Term 2. For the second term note that as in (C.99) by continuity (iii) and (v)
for every ε > 0 there is h0 > 0 such that for any h ∈ [0, h0] there is the estimate

‖d2ϕs|ξs+thηs − d2ϕs|ξs‖L(Rn) ≤ ε
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whenever s ∈ R and ‖η‖1,2 ≤ 1 and t ∈ [0, 1]. There exists a constant κ > 0
such that ‖η‖∞ ≤ κT ‖η‖W 1,2 . So, for h ∈ [0, h0], we have

F2(h, η, ξ̇) ≤ 3ε2‖|ξ̇| · |η|‖22
≤ 3ε2‖η‖2∞‖ξ̇‖22
≤ 3ε2κ2‖η‖21,2‖ξ‖21,2.

(C.100)

Therefore sup‖η‖1,2≤1 F2(h, η, ξ̇) ≤ 3ε2κ2‖ξ‖21,2. Consequently the limit vanishes

limh→0 sup‖η‖1,2≤1 F2(h, η, ξ̇) = 0.
Term 3. This follows as in (C.99) by noticing that ‖η‖L2(R,Rn) ≤ ‖η‖W 1,2(R,Rn).

This concludes the proof of Step 2 (Φ differentiable).

Step 3. The differential dΦ: W 1,2 → L(W 1,2) is a continuous map.

Proof. For ξ, ξ̃, η ∈W 1,2 = W 1,2(R,Rn) we estimate the difference

‖dΦ|ξη − dΦ|ξ̃η‖
2
1,2

=

∫
R
|
(
dϕs|ξs − dϕs|ξ̃s

)
ηs|2ds+

∫
R
| dds
[(
dϕs|ξs − dϕs|ξ̃s

)
ηs
]
|2ds

≤
∫
R
|
(
dϕs|ξs − dϕs|ξ̃s

)
ηs|2ds

+

∫ T

−T
|
(
dϕ̇s|ξs − dϕ̇s|ξ̃s

)
ηs|2ds

+

∫
R
|
(
d2ϕs|ξs ξ̇s − d2ϕs|ξ̃s ξ̇s + d2ϕs|ξ̃s ξ̇s − d

2ϕs|ξ̃s
˙̃
ξs
)
ηs|2ds

+

∫
R
|
(
dϕs|ξs − dϕs|ξ̃s

)
η̇s|2ds

≤
∫
R
|
(
dϕs|ξs − dϕs|ξ̃s

)
ηs|2ds

+

∫ T

−T
|
(
dϕ̇s|ξs − dϕ̇s|ξ̃s

)
ηs|2ds

+

∫
R

2|
(
d2ϕs|ξs ξ̇s − d2ϕs|ξ̃s ξ̇s

)
ηs|2ds

+

∫
R

2|d2ϕs|ξ̃s
(
ξ̇s − ˙̃

ξs, ηs
)
|2ds

+

∫
R
|
(
dϕs|ξs − dϕs|ξ̃s

)
η̇s|2ds.

Term 1. Since the W 1,2 norm can be estimated by the C0 norm, the continuity
of dϕ, together with the fact that ϕs is independent of s for |s| > T , implies the
following: For every ε > 0 there exists δ = δ(ε) > 0 such that

‖ξ̃ − ξ‖1,2 ≤ δ ⇒ ‖dϕs|ξs − dϕs|ξ̃s‖L(Rn) ≤ ε.
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In particular, for every ξ̃ in the W 1,2 δ-ball around ξ it holds that

sup
‖η‖1,2≤1

∫
R
|
(
dϕs|ξs − dϕs|ξ̃s

)
ηs|2ds ≤ ε2.

Term 2. Maybe after shrinking δ > 0 the continuity (iv) of dϕ̇ implies (same
argument as for Term1) the estimate

sup
‖η‖1,2≤1

∫ T

−T
|
(
dϕ̇s|ξs − dϕ̇s|ξ̃s

)
ηs|2ds ≤ ε2.

Term 3. Maybe after shrinking δ > 0 again, by continuity (iii) of the bi-linear
valued map d2ϕ and by (v), we have the implication

‖ξ̃ − ξ‖1,2 ≤ δ ⇒ ‖d2ϕs|ξs − d2ϕs|ξ̃s‖L(Rn,Rn;Rn) ≤ ε.

In particular, for every ξ̃ in the W 1,2 δ-ball around ξ it holds that∫
R

2|
(
d2ϕs|ξs ξ̇s − d2ϕs|ξ̃s ξ̇s

)
ηs|2ds

≤ 2ε2‖|ξ̇| · |η|‖22
≤ 2ε2κ2‖η‖21,2‖ξ‖21,2

where in the last inequality we used estimate (C.100). Therefore we get

sup
‖η‖1,2≤1

∫
R

2|
(
d2ϕs|ξs − d2ϕs|ξ̃s

)(
ξ̇s, ηs

)
|2ds ≤ 2ε2κ2‖ξ‖21,2.

Term 4. By continuity (iii) of d2ϕ and finite dimension of Rn, and by (v) there
exists a constant c > 0, only depending on ξ but not ξ̃, such that

‖ξ̃ − ξ‖1,2 ≤ δ ⇒ ‖d2ϕs|ξ̃s‖L(Rn,Rn;Rn) ≤ c.

Hence we estimate term 4 by∫
R

2|d2ϕs|ξ̃s
(
ξ̇s − ˙̃

ξs, ηs
)
|2ds

≤ 2c2‖|ξ̇ − ˙̃
ξ| · |η|‖22

≤ 2c2κ2‖ξ̇ − ˙̃
ξ‖21,2‖η‖21,2

where in the last inequality we used estimate (C.100). Maybe after shrinking
δ > 0 we can assume that δ < ε. Taking the supremum we obtain the estimate

sup
‖η‖1,2≤1

∫
R

2|d2ϕs|ξ̃s
(
ξ̇s − ˙̃

ξs, ηs
)
|2ds ≤ 2c2κ2ε2.
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Term 5. By the argument from term 1 using that ‖η̇‖22 ≤ ‖η‖21,2 ≤ 1 we get

sup
‖η‖1,2≤1

∫
R
|
(
dϕs|ξs − dϕs|ξ̃s

)
η̇s|2ds ≤ ε2.

The term by term analysis above shows that for every ε > 0 there exists a
δ > 0 such that

‖dΦ|ξ − dΦ|ξ̃‖
2
L(W 1,2) = sup

‖η‖1,2≤1

‖dΦ|ξη − dΦ|ξ̃η‖
2
1,2

≤ ε2
(

3 + 2κ2‖ξ‖2W 1,2(R,Rn) + 2c2κ2
)
.

This concludes the proof of Step 3.

This proves Theorem C.2.

C.2 Hilbert manifold structure via exponential map

Let M be a C2 manifold of finite dimension n and let x−, x+ ∈ M . We define
the space Px−x+ of W 1,2-paths x : R → M from x− to x+ and endow it with
the structure of a C1 Hilbert manifold; see [El̆ı67, Sch93]. To define charts we
pick a C2 Riemannian metric g on M . Let ιx0

> 0 be the injectivity radius at
x0 ∈M of the exponential map exp: Tx0

M →M .
For convenience of the reader we repeat the construction of coordinate charts

of path space using the exponential map, but using already finite time basic
paths as coordinate centers. Given a manifold M of finite dimension n, pick a
Riemannian metric g on M . The associated exponential map

exp = expg : TM →M ×M, (q, v) 7→ (q, expq v)

when defined on a sufficiently small neighborhood of the zero section is a diffeo-
morphism onto its image. One defines expq v := γv(1) where γv : [0, 1] → M is
the unique geodesic (∇tγ̇v ≡ 0) with γv(0) = q and γ̇v(0) = v.

C.2.1 Local parametrizations

Definition C.4 (Local parametrizations). Let x be a basic path connecting two
points x∓ ∈ M . Consider the open neighborhood Ux of the zero section in the
space of W 1,2 vector fields ξ along x that consists of all ξ such that |ξ(s)|g < ιx(s)

for every s ∈ R. We define a local chart of Px−x+
about x as the inverse of the

local parametrization Ψx given by utilizing the exponential map of (M, g)
pointwise for every s ∈ R, in symbols

Ψx = expx : H1
x ⊃ Ux → expx Ux =: Vx ⊂ Px−x+

ξ 7→ expx ξ := [s 7→ expx(s) ξ(s)].

These local parametrizations endow Px−x+ with the structure of a topological
Hilbert manifold modelled on W 1,2(R,Rn).
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expy Uy
expx Ux

Uxy Uyx

Ψx = expx expy = Ψy

Φxy
Uy ⊂ H1

yH1
x ⊃ Ux

Px−x+

0
0

x
y

Figure 7: Exponential transition map Φxy : Uxy → Uyx, H1
x := W 1,2(S1, x∗TM)

C.2.2 Transition maps and basic trivializations

Theorem C.5 (Exponential parametrization transition maps). Assume that x
and y are two basic paths in M connecting x− to x+. Consider the open Hilbert
space subsets defined by

Uxy := expx
−1
(
expx Ux ∩ expy Uy

)
⊂ H1

x,

Uyx := expy
−1
(
expx Ux ∩ expy Uy

)
⊂ H1

y .

Then the chart transition map

Φxy := Ψy
−1 ◦Ψx|Uxy = expy

−1 ◦ expx |Uxy : Uxy → Uyx

is a C1 diffeomorphism.

Definition C.6 (Basic trivialization). Suppose that x is a basic path such that
x(s) = x− for s ≤ −T and x(s) = x+ for s ≥ T . To define an inner product on
H1
x we choose a trivialization

T : x∗TM → R× Rn, (s, v) 7→ (s, Tsv)

depending continuously differentiable on s, i.e. being of class C1 in s, and with
the property that there are linear isomorphisms

T± : Tx±M → Rn

such that
Ts = T±, whenever ±s ≥ T .

We refer to T as a basic trivialization.

Given a basic trivialization T , we define the inner product of ξ, η ∈ H1
x by

〈ξ, η〉 := 〈T (ξ), T (η)〉W 1,2(R,Rn) .

If we choose a different basic trivialization, then we get an equivalent inner
product on H1

x as the following proposition shows.
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Proposition C.7. Assume that T and T̃ are two basic trivializations for a
basic path x, then

T̃ ◦ T −1 : W 1,2(R,Rn)→W 1,2(R,Rn)

is a linear isomorphism.

Proof. By Corollary C.3 the map T̃ ◦ T −1 is a well defined linear map from
W 1,2(R,Rn) to W 1,2(R,Rn). By the same corollary the inverse

(T̃ ◦ T −1)−1 = T ◦ T̃ −1

is as well a well defined linear map from W 1,2(R,Rn) to W 1,2(R,Rn). Therefore
T̃ ◦ T −1 is a linear isomorphism.

Proof of Theorem C.5. Let x and y be basic paths in the n-dimensional man-
ifold M . In order to apply Theorem C.2 to prove Theorem C.5 we use basic
trivializations T x and T y of the vector bundles x∗TM → R and y∗TM → R,
respectively. The trivialized transition map

Φ := T y ◦ Φxy ◦ (T x)−1 : W 1,2(R,Rn)→W 1,2(R,Rn) (C.101)

gives rise to a map ϕ as in Theorem C.2. Indeed for s ∈ R we define

ϕs := ϕ(s, ·) : Rn

linear︷︸︸︷
T xs
−1

−→ Tx(s)M

=:Φxys ∈C
2︷ ︸︸ ︷

expx(s)−→ Ux(s) ∩ Uy(s)

expy(s)−1

−→ Ty(s)M

linear︷︸︸︷
T ys−→ Rn.

The map ϕ : R×Rn → Rn is a composition of the three C1 maps T x : x∗TM →
R×Rn, T y, and exp: TM →M on a neighborhood of the zero section. There-
fore ϕ is C1. We verify hypotheses (i–v) in Theorem C.2.
(i) As illustrated in the displayed diagram the map ϕs : Rn → Rn is C2.
(ii) The s-derivative of ϕs := ϕ(s, ·) is of the form

ϕ̇s = ∂sT xs
−1 ◦ Φxys︸︷︷︸

∈C2

◦T ys + T xs
−1 ◦ ∂sΦxys︸ ︷︷ ︸

∈C1

◦T ys + T xs
−1 ◦ Φxys︸︷︷︸

∈C2

◦∂sT ys

where each summand starts and ends with a linear map. Thus ϕ̇s = ∂sϕs ∈ C1.
(iii) and (iv) follow from the last two displayed diagrams, respectively, since the
linear maps T xs

−1 and T ys depend continuously on s.
(v) This follows since x and y are basic paths and T x and T y are basic trivial-
izations and therefore constant whenever |s| is large enough.

It follows from Theorem C.2 that Φ defined by (C.101) is C1. Interchanging
the roles of x and y we get that the inverse map Φ−1 = T x ◦Φyx ◦ (T y)−1 is C1

as well. Hence Φ is a diffeomorphism from W 1,2(R,Rn) to W 1,2(R,Rn).

This proves Theorem C.5 in view of Proposition C.7.
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C.2.3 Independence of choice of Riemannian metric

As a consequence of Theorem C.5 the space Px−x+
carries the structure of a C1

Hilbert manifold. The atlas A = A(g) we constructed depends on the choice of
a C2 Riemannian metric g on M . However, the C1 Hilbert manifold structure
of Px−x+ does not depend on the choice of C2 metric as the next theorem shows.

Theorem C.8. If g and g̃ are two C2 Riemannian metrics on a C2 manifold M ,
then the atlases A(g) and A(g̃) are compatible.

Ṽx := expg̃x Ũx
Vx := expx Ux

expgx

Px−x+

x

expg̃x

(exp
g
x)−1

(
Vx ∩ Ṽx

)

Ũx ⊂ H1
x

H1
x ⊃ Ux

0
0

(exp
g̃
x)−1

(
Vx ∩ Ṽx

)
(exp

g̃
x)−1 ◦ exp

g
x

Figure 8: Charts about a basic path x in the atlases A(g) and A(g̃)

Proof. First note that the notions of basic path and basic trivialization do not
depend on the Riemannian metric. Suppose that x is a basic path. Let Ux
and Ũx be the open neighborhoods from Definition C.4 of the zero section with
respect to g and g̃, respectively. Define the open image sets in Px−x+

by

Vx := expgx Ux, Ṽx := expg̃x Ũx.

By the argument in the proof of Theorem C.5 it is a C1 diffeomorphism the map

(expg̃x)−1 ◦ expgx : (expgx)−1
(
Vx ∩ Ṽx

)
→ (expg̃x)−1

(
Vx ∩ Ṽx

)
.

As the set C2
0 (R,Rn) of compactly supported C2 maps is dense in W 1,2(R,Rn),

basic paths are dense in Px−x+
and Theorem C.8 follows.
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