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Abstract

In Floer theory one has to deal with two-level manifolds like for in-
stance the space of W22 loops and the space of W2 loops. Gradient flow
lines in Floer theory are then trajectories in a two-level manifold. Inspired
by our endeavor to find a general setup to construct Floer homology we
therefore address in this paper the question if the space of paths on a
two-level manifold has itself the structure of a Hilbert manifold. In view
of the two topologies on a two-level manifold it is unclear how to define
the exponential map on a general two-level manifold. We therefore study
a different approach how to define charts on path spaces of two-level man-
ifolds. To make this approach work we need an additional structure on a
two-level manifold which we refer to as tameness. We introduce the no-
tion of tame maps and show that the composition of tame is tame again.
Therefore it makes sense to introduce the notion of a tame two-level man-
ifold. The main result of this paper shows that the path spaces on tame
two-level manifolds have the structure of a Hilbert manifold.
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1 Introduction

Suppose that Ho C H; are Hilbert spaces with a dense and compact inclusion
of Hs into Hy. The fact that a dense and compact inclusion exists immediately
implies that both Hilbert spaces are separable, see [FW24, Cor. A.5]. It follows
that there are two cases, either Hy; = Hj is finite dimensional, or H; # Hs and
both Hilbert spaces are infinite dimensional and separable.

By considering C? diffeomorphisms between open subsets of H; which re-
strict to C? diffeomorphisms between the intersection of these subsets with Ho
we obtain charts of C? two-level manifolds X = X; D Xo.

For two points z_ and 2, we consider W?(R, Hy) N L*(R, Hy)-paths from
z_ to 4. By P,_,, we denote the set of such paths. Over this space of paths
there is a bundle, called the weak tangent bundle, namely

E—=P, E=E 2oy, P=Pr_ay,

where the fiber over a path @ € P consists of L?(R, Hy)-vector fields along .

In this article we are interested in the question whether P and &£ have the
structure of a C! Hilbert manifold. We do not require that the tangent bundle
TP is a C' Hilbert manifold, but only its L? completion £. We don’t know if
this is true for general two-level manifolds. However, we introduce a condition
for C? diffeomorphisms called tameness. We then show that the composition
of two tame C? diffeomorphisms is tame as well (Theorem 2.5). Therefore by
considering atlases all whose transition functions are tame we obtain the notion
of a tame two-level manifold.

Under these assumption we are able to show that the space of paths P and
its L? completion £ of its tangent bundle are C'' Hilbert manifolds. Namely,
the main result of this article is the following theorem.

Theorem A. Let X be a tame two-level manifold. Then for every pair of points
z4 € X the space of paths Py_,. and the L? completion Ev_z, of its tangent
bundle have the structure of C1 Hilbert manifolds.

The main technical result to prove Theorem A is the following theorem on
Hilbert space valued Sobolev spaces. We abbreviate

Wy =W5"A(R,Hy), L%, = L*R,H;). (1.1)
Theorem B. Suppose that ¢: Hy — H; is tame. Then the map
TO: (Wy?NL3,) x LY, — (Wy>nLY,) x L3,
(&m) = (¢ o, dolen)
1s well defined and continuously differentiable.

In order to prove Theorem A we also will need a parametrized version of
Theorem B in which ¢ is additionally allowed to depend on time.

Different from other approaches to manifold structures on mapping spaces
between finite dimensional manifolds, see e.g. [Eli67,Sch93], we do not use an



exponential map in the infinite dimensional case since such seems difficult to
incorporate in the case where one has several levels of manifolds.

Remark 1.1 (Dense inclusion, not necessarily compact).

a) If we only assume that Hy and Hs are Hilbert spaces with a dense inclusion
of Hs into H1, not necessarily compact, then we do not know if Theorem A
holds true.

b) However, for the notion of tameness we do not need that the inclusion is
compact and Theorem B continues to hold in this more general case.

¢) For Hilbert manifolds a complementary approach to our proof could prob-
ably be carried out with the help of the exponential map. The exponential
map for C2 Hilbert manifolds is studied in Lang’s book [Lan01, IV §3].

Acknowledgements. UF acknowledges support by DFG grant FR 2637/4-1.

1.1 Outlook

The Hilbert manifold structure of the space of maps P and the bundle £ play an
important role in Floer theory. There one considers a functional A on special
types of two-level manifolds X and is interested in the gradient flow equation

F(u) := dsu+ VA(u) =0

between critical points x_,z € X5. The gradient is unregularized in the sense
of Floer [Flo88]. Namely, if z is in Xo, then VA(z) lies only in T, X7, not in
T, X5. We can interpret Floer gradient flow lines as the zeroes of the section in
the bundle

| )7

P

If £ and P have the structure of C'!' manifolds we can look at the differential of
the section at the point u € P, in symbols

dFy: TP = Tru)€.
If u is a zero of the section, i.e. a gradient flow line, we have a canonical splitting
T.E =T, P®E&,.

We denote by m,: T, — &, the projection along T, P. Hence we obtain the
vertical differential
DF, :=m,0dF,: T,P — &,.

A crucial property in a Floer theory is that this vertical differential is a Fredholm
operator. In view of our endeavor to construct abstract Floer homologies which
can also be applied to quite general Hamiltonian delay equations, as outlined
in our articles [FW24, FW25], the property that the space of paths and the L2
bundle are both Hilbert manifolds of class C!' seems to be crucial and this is
the reason for the current study.



1.2 Outline

This text is organized as follows.

In Section 2 we introduce the notion of tame maps. The main result about
tame maps is that the composition is again tame. This the content of Theo-
rem 2.5. Thanks to this result one can introduce the notion of tame manifolds.
Namely, these are manifolds all of whose transitions maps are tame. An example
of a tame manifold is the loop space of a smooth finite dimensional manifold.
We also introduce the notion of parametrized tameness which will be used later
to show that the path spaces of tame manifolds are Hilbert manifolds.

In Section 3 we prove a purely analytical result. Namely, we show in The-
orem 3.1 that composing a class of Hilbert space valued Sobolev maps with a
tame map gives rise to a C' map. This result, in particular, implies that for
constant paths in a tame manifold the change of chart gives rise to a C*! diffeo-
morphism. To extend this result to non-constant paths we describe as well a
parametrized version of Theorem 3.1, namely Theorem 3.5.

We further show in this section that the weak differentials of the above maps
are themselves C' maps — which would not hold for the differentials. This then
leads to the proof of Theorem B and its parametrized version Theorem 3.4.

In Section 4 we prove that the space of paths of a tame manifold, as well as
its weak tangent bundle, are Hilbert manifolds. For these purposes we construct
charts for the space of paths of a tame manifold and show that their transition
maps are C! diffeomorphisms. In case that the path can be covered by one
single chart in the tame manifold the proof of this is a rather straightforward
application of the parametrized version of Theorem B. In the case that the
path cannot be covered by a single chart the argument gets quite subtle and in
particular uses the compact inclusion of Hs into H;. Since it is not clear how
to implement an exponential map on a two-level manifold, our construction is
based on an interpolation procedure. The intricate part is to show that this
interpolation procedure preserves tameness.

In Appendix C we provide the reader with a self-contained construction of
Hilbert space valued Sobolev spaces used in this work. The (automatic) fact that
our Hilbert spaces are separable simplifies various parts of this construction. In
particular, we give a detailed proof of Pettis’ Theorem in the separable case.
We also show how Hilbert space valued Sobolev maps can be approximated by
differentiable Hilbert space valued maps.

In Appendix B we recall a quantitative version of the implicit function the-
orem which plays an important role in the interpolation procedure to produce
our charts.

In Appendix C we recall that for finite dimensional manifolds the spaces
of paths can be endowed with the structure of Hilbert manifolds using the
exponential map. This is to illustrate the difference between exponential map
and our construction based on interpolation.

Notation. We often write &, instead of £(s) and df|, instead of df (x) for better



readability, avoiding excessive use of parentheses. For Hilbert space norms we
often write |-| for distinction of the norm ||-|| in mapping spaces.

2 Tameness

Assume that Ho C H; are two separable Hilbert spaces with a dense inclusion
of Hy into Hy. To avoid annoying constants we assume that |-[; < [-]2. We
abbreviate the norms in Hy and Hs by

Fho= s Fe= o lm, < e (2.2)

2.1 Tameness (unparametrized)

Let U; be an open subset of Hy and let Uy := Uy N Hy be its part in Ho.

Definition 2.1. A C? function ¢: U; — H, is called tame, or more precisely
(H1, Hz)-tame, if if it satisfies two conditions. (i) Its restriction to Us takes
values in Hy and is C? as a map ¢|y,: Uz — Ha. (ii) For every x € U; there
exists an Hp-open neighborhood W, C U of  and a constant k = k(z) > 0
such that for every y € W, N Hy and all £, € Hs we have the estimate

¢l (&,m)|, < w(I€hnl2 + 1El2ml + [yl21ln])- (2.3)

Remark 2.2 (Vector space). Assume that ¢,1: Uy — H; are both tame. Then
their sum is tame as well. Indeed for x € U; take the intersection of the two
neighborhoods and the sum of their constants.

Remark 2.3 (Constant scales Hy = H; =: H are tame). We claim that in this
special case every C2-function ¢: U — H is automatically tame. To see this
pick « € U. Since ¢ is two times continuously differentiable there exists an open
neighborhood W, of x in U such that for every y € W, the following holds

Hd2¢|y||£(H,H;H) < ||d2¢|1’H£(H,H;H) +1
For y € W, and &,n € H we estimate
|l (& < Nl £ g g1,z €111

< (Hdz(b‘mHL(H,H;H) + 1) €]

< & ([€llnl + IEllnl + [yllglnl)

and this confirms the taming condition (2.3).

Remark 2.4. In the definition of tame the condition that the restriction
élu,: Us — Hy is of class C? is not used, neither in Theorem 2.5, nor in Theo-
rem B. In both theorems one gets away with C!.



The next theorem tells that tameness is invariant under coordinate change.
Theorem 2.5. Given open subsets Uy, Vi C Hy, consider (Hy, Ha)-tame maps
¢: Uy — Vi, ¥v: Vi — Hi.

Then the composition ¥ o ¢: Uy — Hy is (Hy, H2)-tame as well.
The proof needs the following two technical lemmas.

Lemma 2.6. Assume that ¢: Uy — Hy is tame. Then for every x € Uy there
exists an Hy-open neighborhood W, C Uy of x and a constant k1 > 0 such that
for every y € W, N Hy and every n € Ho it holds the estimate

|dolynly < k1 (Inl2 + [yl2lnl) -

Proof. For x € Uy let W, and k > 0 be such that for every y € W, N Hy the
estimate (2.3) holds. Since Hj is dense in Hy we can pick z¢ in W, N Hy and
¢ > 0 such that the radius-§ ball in H; about z is a subset of W, containing =z,
in symbols x € Bj(zg) C W,. Pick y € B}(xg) N Hy and n € Hs, then by the
fundamental theorem of calculus and monotonicity of the integral we obtain

|dolyml,

1
< /() |%d¢‘$0+t(y—(ﬂg)7]|2 dt + |d¢‘x0n|2
1
= /0 ’d2¢|xg+t(yfa:0)(y — Zo, 77)’2 dt + |d¢|w077|2

3 1
< [ (1v=aolalnla + ly = olalals + foo + ¢y = 20)laly — ol )t
0 N e

<|zolz+tly—=zol2

+ 14 ao | £ (11, 112

< w(Blnl> + ly — wolalnls + dlzolabnls + 6ly — wola )
+ ”d(b‘onﬁ(HQ) nl2

< (Bl + llabals + leolalnls + 38lzolalal + Salulaboh
+ 14 lao | £ (11, 112

< s (Blnl> + lylalaly +Izolabalz + 38lzolalnl> + 36lylalnl )
+ 1dolao | £ 11y ) 172

7
< w1 (Inl2 + [yla(nl) -

Step 3 is by tameness (2.3), step 4 by integration and since y € B}(zg). Step 5
is the triangle inequality and step 6 the constant-avoiding assumption |-|; < ||2.
In step 7 we used the constant defined by

pi= max{r (0 + (14 30)[wol2) + d6lao sty -5 (1 + 30) }.



Hence Lemma 2.6 follows with W, = B} (o). O

Lemma 2.7. Assume that ¢: Uy — Hy is tame. Then for every x € Uy there
exists an Hy-open neighborhood W) C Uy of x and a constant kg > 0 such that
for every y € W2 N Hy it holds the estimate

|p(y)|2 < Ko (1+ |yl2) -
Proof. For x € Uy let W/ and k1 > 0 be as in Lemma 2.6. Since Hs is dense
in Hy; we can pick xg in W, N Hy and § > 0 such that the radius- ball in H;

about z is a subset of W, containing z, in symbols z € B}(zo) C W,.. Pick
y€EB (} (zp) N Ho, then by the fundamental theorem of calculus we calculate

16(1)]
< |$(zo)la + / 14 b + tly — o)), dt

1
= |(zo)ls + / (Al 40—y (¥ — 20)], dt

[N\

1
oo+ [ (Iy=aola + 20+ ty — )laly - zo )t (2
0 _/_/

<l|zol2+tly—xol2

A

|p(0)]2 + K1 (1 + 3y — 3?0\1) ly — zol2 +K1|xol2|y — 2ol
———

<|yl2+|zol2

[\

|¢(x0)|2 + Ki|mol2 (1 + 36) + k1 (1 + 36) [ylo.

Step 3 is by Lemma 2.6, step 4 by integration, step 5 by |y — xg|1 < d. Define
Ko 1= maX{Id)(mo)\z +#izol2 (1+30) k1 (1+ %5)}

Hence Lemma 2.7 follows with W/ = B} (zy). O
We summarize the two lemmas and (2.3) in the following corollary.

Corollary 2.8. Assume that ¢: Uy — H; is tame. Then for every x € U; there
exists an Hy-open neighborhood W, C Uy of x and a constant k > 0 such that
for every y € W, N Hy and all £, € Hy there are the three estimates

lo(W)]y < k(1 +yl2)

ldolynly < & (Inl2 + |yl2|nl1) (2.5)
|d*¢ly(&.m)|, < w(I€lxlnl2 + IEl2lnl1 + lyl2|€l1lnl).

Proof of Theorem 2.5. Assume that = € U;. Concerning ¢ pick an open neigh-
borhood W,, of x in Uy such that all three estimates in Corollary 2.8 hold true.



Since ¢: U; — Vi is C? we can additionally assume that for every y € W, and
all £,n € H; the following three estimates hold true as well

lo)l, <
|dolynl; < klnh (2.6)
‘d2¢|y(fa77){1 < /f|f|1|77‘1
Concerning ¢: Vi — H; pick an open neighborhood Wy (,) of ¢(z) in V; such
that, maybe after enlarging the constant s, the six estimates hold as well for
¢ replaced by ¥. Maybe after shrinking the open neighborhood W, we can

additionally assume that W, C ¢~ (Wy(,)).
Using that d(1) o ¢)|,& = dvp|s(,)dol,§ we calculate

|d(v 0 9)1y(€,m)],

< |d*Plogy) ([AdlyS, dblyn)|, + |dibl sy d®dly (€ )],

i K (|d¢‘yf| |d¢|y77|2 + ‘d¢|yf|2 |d¢|yn‘1 +1o(y)2 |d¢|y£|1 |d¢|y77|1)
+ 5 (|01, (&, m)], + 10(y)]2 |d*0ly (€ )] )

< n(wleluw (ke + lylalola) + slnlae (€l + Iyl Iel))

+ (L + [yl2)a? €l Il + K2 (1€l [l + [€l2lnls + yl21€] Inl1)
+ k(1 4+ |yl2)Kl€]1 0]
= (5% + 52l lnl2 + (5° + £2)[€]2]n]y

+ (367 + 267 [yl2 ¢l lnh + (57 + £)gN [nly
! <Inl
=ik =inl2

<K' ([Ehnl2 + [El2nl + lyl21€l1In)-

In step 2 we used (2.5) for ¢, namely for summand one the third estimate and
for summand two the second estimate. In step 3 we used (2.5) and (2.6) for ¢.
This finishes the proof of Theorem 2.5.

For later reference we state the following lemma.

Lemma 2.9 (Differences). Assume that ¢: Uy — Hy is tame. Then for every
x € U there exists an Hi-open neighborhood W, C Uy of x and a constant
k > 0 such that for all yo,y1 € W, N Ho and 1 € Hy there is the estimate

|(d¢|y1 - d(b‘yo) 77|2

2.7)
< & (lyr = yol1[nl2 + ly1 — yol2nl1) + 5 (Jy1l2 + [yol2) [y1 — vol1|nl:-

Proof. For x € Uy let W, and k be as in Definition 2.1. Without loss of gener-
ality we can additionally assume that W, is convex. Hence we estimate using



the fundamental theorem of calculus and (2.3) in step 3 to get
|(doly, — doly,)nl,

1
/0 %d¢|ty1+(1—t)yon dt

2

1
S N K
0

3 1
< :‘i/ (lyr — wol1|nl2 + ly1 — wol2Inl1) + (tlyile + (1 = )|yol2) ly1 — yol1 |0l dt.
0

Integration then concludes the proof. O

2.2 Tame two-level manifolds

Definition 2.10. Let Hy C H; be separable Hilbert spaces with a dense inclu-
sion of Hy into Hy. Let X = X; be a C? Hilbert manifold modeled on Hj.

a) A tame two-level structure on X;, more precisely a tame (Hy, Hz)-
two-level structure on X, isa C? atlas A = {¢p: H; D U; — V3 C X1}
of X7 with the property that all transition maps

p:=t9 oy HH Oy ' (VinWVy) =~ (VinW) C Hy

are (Hy, Ha)-tame. We refer to such an atlas as a tame two-level atlas.

b) For an open subset Uy C H; let Uy = Uy N Hs be its part in Hy. If Ais a
tame two-level atlas of X; we define a subset Xo C X; by

Xy = | J w(U).

heA

Then X5 is itself a C? Hilbert manifold with C? atlas Ay = {¢|v, | ¢ € A}
and X5 is dense in X;.

¢) The pair (X1, X5) is referred to as a tame two-level manifold, more
precisely as a tame (Hy, Hz)-two-level manifold.

Remark 2.11 (Maximal tame two-level atlas). Two tame two-level atlases are
compatible if their union is itself a tame two-level atlas. Compatibility is an
equivalence relation. That compatibility is reflexive and symmetric is obvious.
That compatibility is transitive follows from Theorem 2.5 which tells us that a
composition of tame maps is tame, together with the fact that tameness is a
local condition (the restriction of a tame map to an open subset of its domain
is itself tame).

Since compatibility is an equivalence relation, for each tame two-level mani-
fold there exists a unique maximal tame two-level atlas obtained by taking the
union of all tame two-level atlases compatible to a given one.

10



2.3 Parametrized tameness
Let O; be an open subset of R x H; and let Os be its part in R x Hs.

Definition 2.12. A C? map ¢: O; — H; is called parametrized tame, if it
satisfies two conditions. Firstly, its restriction to Oz = O1N(Rx Hy) takes values
in Hy and is C? as a map ¢|o,: Oz — Ha. Secondly, for every point (s,z) € Oy
there exists an open neighborhood W , of (s,z) in O; and a constant k, , > 0
such that for every (¢,y) € W, , N (R x Hy) it holds the estimate

|d*ely(€:m)|, < Ksa(IEl1lnl2 + IEl2Inl1 + lyl2|€]1Inl1). (2.8)
Definition 2.13. The s-slices of O; and O, are defined by

Ul :={xe€eH | (s,x) €01} =01 N({s} x Hy),
U; = {.’L‘ € Hy | (8,.13) S 02} =0 ﬂ({s} X Hg) = Uf N Ho.

A parametrized tame map is called asymptotically constant if there exists
T > 0 such that, firstly, ¢s = ¢(s,+): Uy — H; is independent of s and,
secondly, ¢4(0) = 0, both whenever |s| > T.
2.4 Loop space is a tame two-level manifold
The loop space X = AR of M = R has the form of a Hilbert space pair

X, := Hy := WH(SYR), Xy := Hy := W*2(SYR).
A C* diffeomorphism ¢: R — R induces the loop space transition map

¢:Uri=Hy — Hy, x> [t o(x(t))].

Lemma 2.14. The induced loop space transition map ¢ is tame.
Proof. Condition (i). By assumption ¢p: R — R is C*°. For x € H; and y € Hy
and abbreviating x; := xz(t) we get

(59(@)), = ¢ (x4)ir, (%My))t =" o) e + &' (ye)ije

for every t € S'. This shows that ¢ on H; takes values in H; and on Hs it takes
values in Hs. For z,&,m € Hi we calculate

(@01:€), := (G| O(x +€€)), = elomg Floe +26) = & luis
whenever ¢ € S! and similarly
(d2¢|$(€vn))t = " ()&
At x € H, and y € Hy the first two derivatives with respect to time t € S are
& (P0lo(&,m)) = ¢ (2)in + " (x)én + ¢ (@)
& (Poly(&m) = " W)ien + 9" (v)ijen + 20" ()50 + 20" (4) i

+ 20" (W)én + ¢ (v)én + " (y)&ii.

11



The first identity holds for all £, € H; and the second for all £, € Hy. Using
the Sobolev embedding W12(S!,R) — CO(S!,R) with constant 1 shows that
both right hand sides are in L?(S',R). Thus d?¢|.(£,n) € Hy and d?¢|,(&,n) €
H,. Moreover, these formulae show that both maps

d*¢: Hy — L(Hy, Hy; Hy), d*¢: Hy — L(Hs, Ha; Hy),
are continuous.

Condition (ii). By the Sobolev embedding W12(S!,R) — C%(S!, R) with con-
stant 1 we have for each y € Hy the estimate

la6l, (& m32 = " W)Enl + 1 5#" W)Enl3 + =" W)8nll3

< ey (€l2allnli2 + gl 2lmllaz + Iyl €l 2 nl.2)
for some constant ¢, which depends continuously on |y|1 = ||y|l1,2-
This proves Lemma 2.14. U

Lemma 2.14 shows that the loop space is a tame two-level manifold. Strictly
speaking we only showed this for M = R to simply notation. The same argument
should, however, work for general smooth finite dimensional manifolds M.

12



3 Differentiability in Hilbert space valued
Sobolev spaces

In this section we assume that H; and H, are separable Hilbert spaces together
with a dense incusion of Hy in H7. In Section 3 we do not need that the inclusion
is compact. For ¢ = 1,2 we abbreviate

Wllf,lz = Wl72(Ra Hl)a L?ﬂ = L2(R’ Hl)

The intersection
1,2 2
WH1 N Ly,

is itself a Hilbert space with inner product

Wemi= [ (éenite)), ds+ [ (s)n(s) s
For &,n € E(Wﬁh2 N L3;,) we denote
Wil o o= s, + %, o Il =l + 0%, - (39)

3.1 Theorem B

3.1.1 Base component ¢

Theorem 3.1. Let Uy C Hy be open and ¢: Uy — Hy be tame. Assume in
addition that 0 € Uy and ¢(0) = 0. With W;Ilz and L as in (1.1) the map

O WyPnLy, DU — Wy NLY,
£ [s— ok
1s well defined and continuously differentiable where
U={EeW nLY, | & €U, Vs € R} (3.10)
Proof. The proof is in four steps. We abbreviate
o= ellens o=l &=E(s), €= £&¢& (3.11)
Step 1 (Well defined).
Proof. By (A.27) there is an embedding
W2 = WHA(R, Hy) — C°(R, Hy), [0]loe < llvll1.2 (3.12)

with constant 1 and this implies that U/ is open in W}If N L%,z. There exists an
Hi-open neighborhood Wy of 0 in U; and a constant ko, > 0 such that

lp(Y)]2 < Foolyl2 (3.13)

13



for every y € Wy. To see this observe that, since ¢(0) = 0, we can in the proof
of Lemma 2.7 choose ¢ = 0 and then the estimate follows from (2.4).

STEP A. Let £ € U, then ®(¢) € L%Ig = L*(R, Hy) C L*(R, Hy).

e Asymptotic part: To see this we claim that there exists T = T(£) > 0 such
that & € Wy whenever |s| > T. Since Wy is an Hj-open neighborhood of 0
there exists a & > 0 such that the closed d-ball about 0 is contained in Wj.
Since ¢ € WY2(R, Hy) there exists T > 0 such that the restrictions satisfy
1€l(—so,myll12 < 0 and [|€|(7,00)][1,2 < . Hence, by Remark A.28, we have
1€l (=00, 1) loo < 0 and [[€](7,00)lloc < & and therefore {; € Wy whenever |s| > T'.
e Compact part [—T,T]: Since ¢ is tame, for every s € [—T,T] there exists,
by Lemma 2.7, an Hj-open neighborhood Wy of &, := &, in U; and a constant
ks > 0 such that for every y € WsNHy it holds |¢(y)|2 < ks(1+|y|2). The family
{W}se[—r,m) is an open cover of the image £([—T,T1). Since £ is in W2 (R, Hy)
it is in particular a continuous map ¢: [-T,T] — H; and therefore this image is

compact in Hy. Therefore there exist finitely many times si,...,sy € [-T,T]
such that the image ([T, T]) already lies in the finite union UY_, Wy, .
e Let k:= max{Ks,,...,Ksy, Koo} Then we have the estimate

682 < K1+ [€sl2), Vs € [-T,T].

In the asymptotic case |s| > T, by (3.13), we have the estimate

|p(&s)|2 < Klésl2,  V|s| > T.

Using these two displayed estimates we obtain

oo

12, = [ I6(€)Bds

—0o0

T T %)
- / |B(E) 3 ds + / IOl ds + / 1663 ds

Lo T

T T [e'e]
s~2/ |£S|§ds+n2/ (1+|§s|2>2ds+ﬁ2/ €2 ds
—_——

—00 -T T
<2(1+[&513)

gzﬁ/ €63 ds + 4K*T

— 00

= 2/{2”5\@%{ + 4k*T < 0.
2

This proves Step A.

STEP B. Let £ €U, then £®(&) = L[s— ¢o&,] € L3, = L*(R, Hy).

e By definition of ® we have <L (®(£)), = dd|e, %&,. As explained in Step A
(asymptotic part), in view of Remark A.28 it holds lim,,+o & = 0 € Hi.
Moreover, since ¢ € W}{f, it is continuous as a map R — H; and therefore
the image of £ in H; is compact. Hence, since ¢ is continuously differentiable,
there exists a constant s such that ||d¢|e,||z(#,) < & for every s € R. Therefore
||d%<I>(§)||Lz;I < ’f”d%f”L% . This finishes the proof of Step B and Step 1. O

1 1

14



In the following three steps 2—4 we show that ® is differentiable.
Step 2 (Candidate). Given ¢ € U, a natural candidate for the derivative is

(d21c€) (5) = dole.,

whenever s € R and € € Wy;? N L3;,. The map d®|¢ lies in £(Wy* N L3,).

1

Proof. The proof has two steps A and B.
STEP A. We show that d®|c£ lies in W;Ilz N L%, To see this we first show that

d<I>|5§C € L%@' Since the image of ¢ in H; is compact and ¢ is tame, by the
second inequality in (2.5), there exists £ > 0 such that

|d¢le.n
for all s € R and nn € Hy. Use this estimate to obtain step 2 in what follows

2 <k (Inl2 + &l2lnl)

la®eél, = [ ldole.&uls
2 ~ ~ 2
< [ (Jla + 6 bléulr) ds
R
2 F12 2112
<26 [ (16B+ IGBIER) ds
R
(3.14)
< 262l + 2%, [ Iecds

5 ~ ~
< W28, + 207 EI1 2 3,
1

<R (12002 e V€200, -
1 2 1 2

In step 5 we used the embedding Theorem A.27.
STEP B. Next we show that £Ld®.£ € L% . To see this we calculate

[

Term 1. As d?¢ is continuous and ¢, asymptotically converges to zero, there is
a constant ¢ = ¢(&) such that max{||d®d|e, || z(ry,m1:0m0), 1dDle, | c(rry} < ¢ for
every s € R. By (A.82) we have ||§CHL§:1 < EHWEZ' So we get

1

L

e.Golids < PJIEl7 < PlIEN7 1.2 Together we get
1

1,2
WHl

e (€0, €) + dole. £ 2ds. (3.15)

As 2d _ d2
e £2)2ds /R| 6

& (&, &) [1ds < @€1Ts, ||€H§V;I,Iz~

Term 2. We have [,|d¢

I d®ledll s, < V2 1+ 12, 1€ (3.16)

15



By (3.14) and (3.16) there is a constant C¢ such that
||d(I)|E§||WI§’me§{2 < C§”§”W;{12“L%12'
Hence the operator norm is bounded by
qu’kHc(W;’megz) < Ce.
Thus the candidate is well defined and this proves Step 2. O

Step 3 (Candidate from Step 2 is derivative of ®).

Proof. To &,n € E(W}{f N L3;,) applies the triple norm 3.9. Note that, in view
of (2.2), we have

[inlz < il - (3.17)

To see that our candidate actually is the derivative we show that the limit

I1®(§ + hn) = @(§) — hdglenll 5

lim  sup
h=0 |p[ll1 2 <1 h?
S h s) s) hd S 2d

~lim sup Jg 10(&s + hns) ¢(2£ ) Ple.msly ds (3.18)

h=0 |jn]1,2<1 h

2
+lim  sup f]R ’% (¢(€s +hns) — o(&s) — hd¢|§s77s)|1 ds
h=0jiglll1,2<1 h?

exists and vanishes. We treat each of the two summands separately.

Summand 1. To see that summand 1 vanishes we use the fundamental theorem
of calculus to write it in the form

1 2
sup #// ($¢(£S+thns)—hd¢gsns>dt ds
linll,2<1 RlJo \— ———— 5
=dole,+thnshns
1 2
= Sup // <d¢ €ytthn, — Ao §S>nsdt ds (3.19)
linll =<1 J=[Jo ,

2
€.) Msly dt> ds.

Es+thns — d¢

1
< d
B |n|S|le<1/R </o e

By Lemma 2.9 for every s € R there exists an Hi-open neighborhood W of &
in H; and a constant ks > 0 such that for all yo,y1 € Wy estimate (2.7) holds
with k replaced by k. Since the image of ¢ in Hy is compact we can find a
uniform constant x independent of s such that estimate (2.7) holds. Since Wéhz
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embeds in L3 with constant 1, see (A.82), there exists ho € (0, 1] such that
&s + hns is element of Wy for every n with ||n]|1,2 < ho. We estimate

1
o [ ( R I—
Mnlli,2<1JR 0

2
55) 775|2 dt) ds

1 1 2
< swp / ( / 2mh|ns|z|ns|1+;<|5s+thns2+|ss|2>th|ns|%dt) ds
nlll1,2<1JR 0
1 2
2 2 K121.2 2
< sup 2th|ns|2lns| + Kth|Es|2(ns|T + 5t h*nslalns|idt | ds
[lnlll1,2<1JR 0
3 2
S swp / (khlelalsy + R2RIE D2 nal? + 12 lalnsl2)? ds
Mmlll1,2<1JR
4 2
$ swp Retmax{llnl3s Il ) / (elz + €xl2 + [nal2)? ds
il <1 ' e 2
§8|"75‘2+2|55‘2
5
& sup w2 max{lnl? o Inli o) (Sl + 20l )
[lImlll1,2<1 2 2
6
< B2g? (8+2||§||L% ) 50,88 h 0.
2

Step 1 is by (2.7. Step 2 is by the triangle inequality. Step 3 is by integrating
t. Step 4 pulls out the supremum norm of |ns|; and uses that h > 1. Step 5 is
by the Sobolev estimate ||77HL‘;,°1 < |Inll1,2 from (A.82). Step 6 is by (3.17).

The previous estimate, which starts at (3.19), tells that summand 1 is zero.

Summand 2. To see that summand 2 vanishes, we abbreviate and compute

G(s) = L ((& + hns) — d(&) — hdg
= dle, 1, (£ + i)
— dgle &,
— hd*@le, (€s,m5) — hdle,ns
= dole, +hn.&s — dole. & — hd®¢
+ dle, 4, s — hdple s

1 .
= h/ (d2¢|§s+t}”7s - d2¢|fs) (gsa 7]6) dt
0
+ h(d¢

Esns)

&s (ésv 778)

Es+hns — d¢ 55) 7;]5

17



for every s € R. Square this identity and integrate to obtain

sup [ 16(s) s
R

7lll,2<1

< sup /4
lnlly,2<1JR

+ sup /4
lnlll2<1JR

There are two terms in the sum.
Term 1. We first claim that for every € > 0 there exists hy = ho(e) > 0 such
that whenever h € [0, ko], then

dole.+thn., — dle,
I Ble, +tnn. — d*le. |l ooy, a1,y < €

2
ds
1

1
/0 (6le.vnn, — d2Ble.) (Evrrre) dt

2

ds.
1

(do

Eothn. — ABle,) s

<e,
£(H) (3.20)

To see this note that by (A.82) and (3.17) we have that

()l < lnllzg, < lnllve < llnlllze <1

whenever s € R. Hence the claim follows since ¢ is C? on Hi, by Definition 2.1
of tameness. Now suppose that h < hg, then we estimate term 1 by

1 2
sup /4/ (e tthn, — d°0le,) (Es,ms) dt| ds
nll,2<1JR 1Jo 1
1 2
S sup /4</ ’(d2¢5s+thﬂs_d2¢£5>(§s,ns) dt) ds
Mnllly,2<1JR 0 1

2
L(Hy,Hy;Hy) |£s1|ns1dt) ds

totthn, — A29le,

1
< s [a( [
il 2<1/r - \Jo
3 1. 2
§452/ </ |£S|1dt> ds
R 0

< 4e?[ig] -

In step 3 we used that |ns|; < 1, as shown after (3.20), and we also used estimate
two in (3.20). Since € > 0 was arbitrary, the limit of term 1, as h — 0, is zero.
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Term 2. We estimate

sup / 1)(do

inlll1,2<1

.2
€athn, — dPle,) Nsl7 ds

sup )\ﬁsﬁds

Hln\lh 2<1

< 4¢? / 1 2ds
H|77m1 2<1

—Hnll <linlli3,
Hl

< 42,
Since € > 0 was arbitrary, the limit of term 2, as h — 0, is zero as well.

We proved that summand 2 vanishes as well. Therefore our candidate is the
derivative and this concludes the proof of Step 3. O

Step 4 (Differential is continuous). The differential
dd: U — LOWy° N LY,), &~ do|e

is continuous.

Proof. Recall ||| - [[|1.2 in (3.9). For £, € and 7 € W;If N L}, we estimate
Il d®len — d®|enll? 5
2
= /I;‘( &s T d¢|és)7]€ 9
2
< / ‘(d(b\ss —dolz )ns ,ds
R
+/ (¢
R
+/R|(d¢lss — dolg, )ns|ids (3.21)
< / ‘(dfb\ss
R
+ [ 2](@oleé — ol
. L 2
+ / 2 ‘dQ(blés (é-s - fsvns)
R 1

+/R‘(

Term 1. By Lemma 2.9 for every s € R there exists an Hj-open neighborhood
W, of & in Hy and a constant s > 0 such that for all yg,y; € W estimate (2.7)

ds

2
L [(dole, — dolz.)ns] )

ds +
R

2

5558)775

. o )
&8s td “‘L& —d

fsés — d%*¢

ds

2
55)778 9

2

ds

e, — dolg )ns
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holds with k replaced by k4. Since the image of £ in H; is compact we can find
a uniform constant » independent of s such that estimate (2.7) holds.

If € lies in a sufficiently small ||| - [[[1,2-neighborhood around ¢, we can assume
that &, € W, for every s € R. We use this in inequality 1 in the estimate

J e

2
S H2/1R<|§S - §~s|1|ns|2 + |§€ - §~s|2|n5|1 + % (|§9|2 + |£9|2) |£g - g§|1|77§|1) ds

§2‘55‘2+|ES_55|2

2 ~ ~ ~ ~
42 [ (16 ERIE +1e: — EBm + (16 + 16 — &) I ~ & ) s

2
ds
2

& d¢|gs)775

3 ~ ~
< 462 (Ilg = &% InliZs, +InliZle - 135, )
2 2
+an? (g2, + €~ €35, ) NlE = €Nl
2 2

<ar? €= ENRa (24 NE Mo+ 1€ —EN32) n I,

(3.22)

In step 2 we used the inequality (a + b+ ¢+ d)? < 4(a® +b% + 2 + d?). In
step 3 we pulled out L* norms which in step 4 we estimated by the ||| - ||/1,2
norms (3.9) with constant 1.

Term 2. Since tame maps are C? on level one, the second differential d%¢ is
continuous. Hence, given € > 0, there exists § > 0 such that

[

In particular, for every & in the W12 §-ball around ¢ it holds that

/2‘(612@5
R
<22 [ NF2 m I 2 -

Term 3. By continuity of d?¢ there exists a constant ¢ > 0, only depending on
& but not &, such that

I€—¢ha<d = |d%

& leH oyl S €

. . 2 .
&€ — d0le E)ns| ds < 2221l - ol

2
L

E NL(H1,HisHy) <c

Hence we estimate term 3, similarly as term 2, by

| 210l (6= Eniias < 262 € = -1l

2
L%,l
<22 €= EN3o- IR
Term 4. Given ¢ > 0, by continuity of the map d¢, there exists § > 0 with
I€—¢Eha<d = |do

¢, —dolg e < e
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In particular, for every & in the W12 §-ball around ¢ it holds that

[

Conclusion. The term by term analysis above shows that for every € > 0 there
exists a § > 0 such that

e, — dg|z )is[2ds < ¢ / al2ds < €2 |12, -

lim d®|, — dd|:||? 1

H|§~—§H\1,2—>0H € ez,

— lim sup  [[[d®|en — d®|sn|lf3 (3.23)
ME=¢lllL,2=0 [lImlll1 2<1

=0.

This proves Step 4.

The proof of Theorem 3.1 is complete.

3.1.2 Weak tangent map T'®

Theorem 3.2. Let Uy C Hy be open and ¢: Uy — Hy be tame. Assume in
addition that 0 € Uy and ¢(0) = 0. With W;Ilz and L3 as in (1.1) and U as
in (3.10) the weak tangent map

TO: U x LY, — (WyPnL3,) x LY,
(& n) = (@0 & dolen) = (D(£), dP[en)
1s well defined and continuously differentiable.

Proof. The first component map ¢ +— ¢ o £ is of class C! as we proved in
Theorem 3.1. We use the abbreviations from (3.1). The proof is in four steps.

Step 1 (Well defined).

Proof. In view of Theorem 3.1 it suffices to show that the map s — d¢|¢, 75 is
in L%,l. Since € is in Wéf, it is continuous (with embedding constant 1) and
converges asymptotically to zero; see Section A.6. Therefore ||dd|e, |z(a,) is
uniformly bounded by a constant ¢;(£) depending on &. Hence the L? norm of
d¢le,ns can be estimated above by this constant times the L%h norm of n,. [

Step 2 (Candidate). A natural candidate for the derivative of T® at (&, n) is
AT ey (Wi N L,) x Liy, = (Wi? 113, ) x Ly,
(AT®) |0y (&) (5) = (d@Icé,d (d@len) (€,7)) () (3.24)
P= (d¢|§s§s, P Ple, (€s,s) + dp 55775)

for all s € R and (&,7) € U x L}, and where d(d®|¢n) means d[(§,1) — d®|en)].
The map d(T®)| ¢, is in L(Wy> N L3,) x LY).
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Proof. Component one is the subject of Theorem 3.1. Concerning component
two, first we show that s — d?¢l¢, (€,7s) is in L3 . As £ is in W;If, it is
continuous and converges asymptotically to zero. Therefore, since ¢ is C?,
there is a constant cy(€) such that ||[d?le, || zoay, 1150,y < c2(€) for any s € R.
We get

€20le(E,m) 1z, < cal€)lnllaqeen €l ooz
< 02(5)||77||L2;,1 ”é”leQ(R,R")-
As explained in Step 1, we further have that ||d¢leq L2, < c1(€)[9][z2, - These
1 1

estimates together with Step 2 from Theorem 3.1 show that d(T'®)(,) is a
bounded linear map on W}{f N L3;,. This proves Step 2. O

Remark 3.3. To show that T®, as a map
TO: UxW S WxW, UCW:= Wy nLy,),
—— —— 1
TuW T™W

is C* would fail right away in S‘Eep 2: It would require that both maps s —
d*@le, (s,ms) and s %dszks (&,ms) are in L7 . But the second one would
require three continuous derivatives of ¢.

Step 3 (Candidate from Step 2 is derivative of T'®).

Proof. Let £, € W}{f and 7,7 € L} . Recall that the norm || - |

W}{f OL%,2 is given by (3.9). To see that our candidate actually is the derivative
we show that the limit

|12 on

I T®(& + hé,n + hij) — TO(E,n) — hdT®(&,n)(E D)3
h2

lim sup

h—0 2 o
NENT 2 +N7l12, <1
Hy

exists and vanishes. The map T® = (®,d®) has two components. Step 2 in
Theorem 3.1 shows for the first component that the limit exists and vanishes.
Hence it suffices to show this for the second component, namely

|4l ne(n + hit) = dglen — hd?@le(€,m) — hdlenl7;
h2

lim sup

h—0 2 -
WEN3 o +1A112, <1
Hy

|49l nen — dolen — hdle(€,m1Z;
h2

< lim sup

T h—0 ¢ R
NEMZ o +1A2, <1
Hy

h2||d¢|§+h§ﬁ - d¢|€ﬁH%§{l
h2

+ lim sup

h—0 ¢ N
NENE 2 +Nal2 5 <1
Hy
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We treat each of the two summands separately.
Summand 1. To see that summand 1 vanishes note the following. Since ¢ is
tame it is C2. Hence for any given ¢ > 0 there exists hg > 0 such that

he(0ho) = 6] e —d

(H1,Hy1;Hy) Se.

whenever [[€]l12 < 1, s € R, and ¢ € [0,1]. Pick h € (0,hg) and use the
fundamental theorem of calculus to estimate
2

3 ( 199, e, M 3 (Es,ns)>dt ds
ez 2+|In|\ g .
hd? ¢|E;+fh59(5 Ms)
2

= é // ’d2¢|§ +thé, (593773) d ¢|E (58777‘;) dtdS

liems 2+Hn\|2 <1

<e2|I€NI3 QHnH

2 2

< i,

Since ¢ was arbitrary the limit, as A — 0, vanishes.
Summand 2. To see that summand 2 vanishes note that since ¢ € C! for any
given € > 0 there exists ko > 0 such that ||d¢|[, ¢ — )y < € whenever

h e (0,ho), I€]l1.2 <1, and s € R. Thus

~ 112 2115112 2
. sup Hd¢|g+hé77_d¢|577”[,§{1 < sup ¢ ||77||L§I1 <
IENE 2190, <1 I7llg, <t
Since ¢ was arbitrary the limit, as A — 0, vanishes. This proves Step 3. O

Step 4 (Differential is continuous). The differential
d(T®): U x LY, — L(Wy” N LE,) x L)
(& m) = d(TP)] (e,

is continuous.

Proof. The map d(T'®), see (3.24), has two components. Continuity of the first
component is shown in Step 4 in the proof of Theorem 3.1. Hence it suffices to
show continuity of the second component, namely

Pick (¢,1) € Ux L3, . Let (v,w) and (€,7) be elements of (WH NL%,)x L3, .
Since ¢ € C? the follovvlng holds. Given € > 0, there exists d. > 0, such that
llv][l1,2 < 6. implies

1d@le, v, — dPle, N ooy 12 Dle,4v. — P Dle, N oiry mysm) < €

whenever s € R. Moreover, maybe after shrinking § > 0, we can assume that
L(Hy Hy;Hy) < Ce. We assume that

ol <de, fwliez, <e.
1
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We estimate

|82 6le (€0 + w) + dblesuit — Al (€, m) — doleillZs
= [ |0le o om0+
<2 [ |d?

<2 [ |

+ Q/RQ Ao, +o.11s — ddle, sl 7y, +2 )d%;

<22 || €|

2
ds
H;

e, (&s,ms) — do

£s+’usﬁs - d2¢ Ssﬁs

ds

R 2
¢, (&ssms)

Hy

toto. (Es,1s) — d26

ds

1

R 2
Estvs (fm wy) o

2 2 2014112 211 £ 1112 2
A e 1 A
2 2 2 £ 2 112
<22 (2l +4c2 +4) (€135 +1al2s, ) -
This proves continuity of the map d(T'®). This proves Step 4.

This concludes the proof of Theorem 3.2.

3.2 Theorem B parametrized
Let O1 be an open subset of R x Hy and let Oy be its part in R x Hs.

Theorem 3.4. Let ¢: O1 — Hy be asymptotically constant parametrized tame.
LetU :={¢ € W;If NL3, | (s,&) € O1, Vs € R}Y. Then the weak tangent map

TO: U x LYy — (Wg?nL3,) x L,

(3.25)
(&,m) = (2(€),dP|en)

defined by
D(&)(s) :=9s(&s),  (d®[¢n) (5) := dsle,ns,

is well defined and continuously differentiable where ¢s(x) := ¢(s,x).

3.2.1 Base component ®

Theorem 3.5. The base component ®: U — W}{f NLY,, ®()(s) == ¢s(&), of
the map T® in Theorem 3.4 is well defined and continuously differentiable.

Proof. The proof follows the same scheme as the proof of Theorem 3.1, just
replace ¢ by ¢s. Due to the time dependency of our maps ¢, some additional
terms arise which we explain how to treat.

We discuss the four steps of the proof of Theorem 3.1. We use the abbrevia-
tions (3.11).

Step 1 (Well defined).

Proof. The proof consists of two sub-steps A and B. Namely, one has to show
A) that ®(£) lies in L%, C L%, and B) that its derivative -£®(¢) lies in L%, .
Step A. This is precisely the same argument as in Theorem 3.1 by using that ¢
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is parametrized tame and therefore asymptotically constant, in particular zero
is mapped to zero asymptotically. ) )
Step B. Here in £ (®(€))s = dosle, & + ¢s(€;) a new term arises. But ¢, =0

. . .. 1.2 ., . .
whenever |s| > T, by parametrized tameness. Since ¢ is in Wy it is continu-

ous, and therefore the composed map s — gf)s (&) is continuous as well. Since
this map vanishes for |s| > T it has compact image. Therefore there exists
a constant ¢ > 0, independent of s, such that |$s(&,)|; < ¢. Hence we esti-
mate ffooo|¢s(§s)|%ds = fTT|¢S(§S)|f ds < 2Tc?. The first term in the sum is
estimated precisely as in the unparametrized case Theorem 3.1.

This finishes the proof of Step B and Step 1. O

Step 2 (Candidate). Given £ € U, a natural candidate for the derivative is
(421c€) (5) = dole. &,

whenever s € R and € € W}{f N L3, . The map d®|¢ lies in £(W£112 NL3,).

Proof. The proof consists of two sub-steps A and B. Step A. This is precisely
the same argument as in Theorem 3.1.

Step B. In (3.15) now arises a third term, namely fR|dq53

Esésﬁds. Since ¢

is asymptotically constant we have d(ﬁs = 0 for |5 > T. Since §: R — Hy is
continuous there exists a constant ¢ > 0 such that ||d¢s|e, || (z,) < ¢. Therefore

Julds

the candidate for the derivative d®|¢ still lies in E(W}{l2 N L%,). This proves
Step 2. O

: 2 : s . :
e.&slyds <2 [pléslFds < 02H§||%}V11{7120L?{2. Thus in the parametrized case

Step 3 (Candidate from Step 2 is derivative of ®).

Proof. The norm || - [[|1,2 on Wj;* N L2 is given by (3.9).
As in (3.18) there are two summands. In summand 1 there are no s-
derivatives. In summand 2 we get the following additional term in G(s), namely

G2(s) = QBS(gs + h775) - ¢S(£S) - hdq55|§s775
1
= /O C%¢s(§s + thns) dt — hd¢s|£s775

:h/01<dq55

where we used the fundamental theorem of calculus. Square this identity and
integrate to get

€. +thn, — dos

Es) ns di

sup #/|G2(s)ﬁds

lnlll1,2<1 R

2

< sup /
Minlll,2<1JR

ds.
1

Es+hns — dos

(a6

§s> Ns
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As in (3.20), for every € > 0 there exists hg = ho(¢) > 0 such that

L(Hy) <€ (3.26)

||d(;-55 {s+thns — d(lgs

&s

whenever h € [0, hg]. Therefore, if h € [0, hg], we estimate

/‘ dbsle,+hn, — dos)e. )m ds

Hln\l\l 2<1

< swp /W%@mbd%& i ls 2
llnlll,2<1

o[l
\Hnl\ll 2<1

<e

Since £ > 0 was arbitrary, the limit of the extra term, as h — 0, is zero as well.
This proves Step 3. O

Step 4 (Differential is continuous). The differential
d: U — LWP N LY,), €+ doe
is continuous.

Proof. In (3.21) there arises the new term [p| (d(jﬁs & — dos

call term 5. To estimate term 5 note that by the continuity of the map dq'S, given
€ > 0 there exists § > 0 such that

55)773 |2ds which we

I€—€lha<d = [lddsle,

— dosl¢,

y <e.

In particular, for every & in the W12 §-ball around ¢ it holds that

/R |(dsle,

So the conclusion (3.23), hence Step 4, also holds in the parametrized case. O

ﬂm@MJmséémﬁ@sémmﬁm

This concludes the proof of Theorem 3.5. O

3.2.2 Weak tangent map T®

Proof of Theorem 8.4. The first component map & + ¢ o & is of class C' by
Theorem 3.5. The second component is a map U x L%h — L%,l, (&, m) — dP|en.
Note that the target space L%Il does not involve any s-derivative and takes
values in level one Hy, and not in the analytically tricky level two Ho.
Line-by-line inspection of the proof of Theorem 3.2 shows that no new terms
arise. Thus the proof of Theorem 3.2 also proves Theorem 3.4. O
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4 Coordinate charts

Let Ho C H; be separable Hilbert spaces with a compact dense inclusion of
Hy in Hy. Assume that (X7, X5) is a tame (Hj, Ha)-two-level manifold; see
Section 2.2. We denote the unique maximal tame two-level atlas by

A:{wZHlDUl—)ViCXl}

see Remark 2.11. Suppose further that x_,x, are elements of X,. The space
of paths P,_,, will be defined as a subset of the space of continuous paths

Co_a, = {x € C'(R,X1)| lim a(s) = m:F}. (4.27)

s—Foo

In Section 4.1 we endow the space of paths P,_,, with the structure of a ct
Hilbert manifold modeled on the Hilbert space W;IIZ N quz where we abbreviate

W11{’12 = W172(R’ Hl)’ L%b = LZ(R’ Hz)'

In Subsection 4.1.1 we define local parametrizations for P,_,,. In Subsec-
tion 4.1.2 we provide an atlas for P,_;,. In Section 4.1.3 we show that the
transition maps are C! diffeomorphisms.

In Section 4.2 we define the weak tangent bundle &,_,, — P,_,, and show
that it is a C'' Hilbert manifold.

4.1 Path spaces
4.1.1 Local parametrizations
Basic paths and basic coverings
Definition 4.1. Given z_, 2, € X5, consider a C? path z: R — X, such that
_ <-T
z(s) = o=
Ty 5 S > Ta
for some T > 0. Such paths are called basic paths.
We will construct local charts for P,_,, around basic paths.

Definition 4.2 (Basic covering). Assume that z: R — X3 from x_ to z; is a
basic path.! A basic covering of « is an ordered finite collection

(Vi Hy DU - ViC X}, Cc A

of a finite number k of local parametrizations (homeomorphisms) ;: U? — V¢
whose images cover z(R) and such that the following is true.

1 Note that the closure of the path image z(R) C X» is compact and that a basic path x
arrives at its endpoints zx already in finite time F7'.
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1) There are times t; < ta < - -+ < t;—1 with the following properties, firstly,

(—o0,t1] C x~H(V1),
[tl,tg] C xil(Vz),

th_o,tr_1] C x H(VFTL),
[tk—1,00) C x_l(V’“),

and, secondly, z(t;) # x(tj41) for every j =1,...,k — 2.
2) It holds that

d(¢;+11 o ;)

Wila(ts)) =Id, i=1,...;k—1.

Remark 4.3 (Case k = 1). There is just one map ¢;: U — V! and, by 1),
we have —oo =: tg < t; := oo and 71 (V1) D (—o0,t1] U [tg,00) = R. Thus one
coordinate patch V already covers the entire path z. Part 2) is void.

Figure 1: Basic covering of = by k = 3 local parametrizations v;: U? — V*

Lemma 4.4. For each basic path x a basic covering exists.

Proof. Choose a finite collection of local parametrizations {¢;: Hy D U’ —
V% C X1}ier C A which satisfies condition 1). If & = 1 we are done. Let k > 2.

To see that condition 2) can be achieved, too, we modify our charts induc-
tively as follows. We replace U2 by U? defined as

02 = d(¥3" 0 ¥1)[5 ) e U
and consider the modified chart 1[12: U? — V2 defined by
b2 =2 0 d(y " 0 U1) |y (a(t))-
Note that 5 is indeed a chart, i.e. 1» € A. To see this observe that by tameness

the linear map d(vy "oty ) oy ((#1)) 18 element of L(H1)NL(H2). Since this map is
linear its second derivative vanishes, hence condition (2.3) is void. In particular,
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the composed map 152 is tame since by Theorem 2.5 tameness is preserved under
composition. We compute

APy " 0 1)y (a(r)) = d (d(wil oY1) g e ¥z © 1/J1) | 2(t2))

= d(Wy ! o V)5 ey dW3 ' 0 Y1)y i)
=1d.

Then we modify U2 accordingly and so on. O

Convexity setup on target manifold X

Given a basic path z: R — X, from z_ to x4, let {¢;: Hy D U* — V¢ C
X1} | be a basic covering of z. In case k > 2 we construct for every overlap
VIiNVI*tt € X asubset which, under both coordinate charts zﬁ;l and 1/1;&1, has
a convex image in Hy. Convexity will be needed for convex interpolation (4.38).
In case k =1 there is no overlap and the following is void.

We use the following abbreviations. For j =1,...,k — 1 we define sets

Ul :=¢; ' (Vnvity cud, U=y (VI n vt c ot

as illustrated by Figure 2.

, , ) Pj =i 0 ; . . ,
UL = L (VI NV AR UIt = gk (VI Qv

Figure 2: Manifold X; and convex parametrization domains C’i, it c Hy

We define basic covering transition maps (these are C? since X is)
5 = Yy o Wylys : Hi O Ul - U C Hy, (4.28)
and points

’U,i_ = ¢;1($(tj)) S U_ji_ N Ho, uj_'H = ¢j_j1(1‘(f])) S UZ+1 N H,.
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Note that basic paths lie in X5, hence the intersection with H, above. Note
that by definition of a basic covering we have that

d(pj‘ui =1Id. (4.29)

Lemma 4.5. For each j = 1,...,k — 1 there exists an open ball Citin
Ut ¢ Hy centered at v satisfying the following conditions

a) the pre-image C’i = gpj_l(CfH) C Uer C Hy is convex;
b) at every point q of the ball Cot it holds the estimate

ld(e5 D)lq =1l £em) < 33 (4.30)

¢) for j > 2 the closures of the subsets c’, Ci c U’ C H; are disjoint;

d) there exists a constant c¢; > 0 such that for alln € Hy and y € 't i,
there holds the inequality

o5 yn —nl2 < Snl2 + ¢ (Jyl2 + 1) )1 (4.31)

Proof. By choosing the ball C? small enough, condition a) (and c)) can always
be achieved since goj_l is in C2. Therefore its derivative is in particular locally
Lipschitz and, moreover, since the derivative is invertible at every point, it is in
particular injective. Thus the two conditions in [Pol01, Thm. 2.1] are satisfied
and w;l maps a sufficiently small convex set to a convex set. b) Note that
from (4.29) it follows that

d(tp]-_l)‘ugdrl = Id. (4.32)

Hence b) follows by continuity of d(gajfl) possibly after shrinking the ball again.
d) This follows from Lemma 2.9 as follows. Since <pj_1: LR Ui is tame

and using (4.32) there exists an open neighborhood W of '™ and a constant

k = k(j) > 0 such that for all y € W N Hy and n € Hy there holds the estimate
- j+1 j+1
d5 ™y = nlz < & (Jy =« ol + ly = alnk )
+ 5 (gl + 1072 [y = .

Maybe after shrinking the ball C* centered at w/ Tt again, we can assume
that C?T' c W. Denote by e the radius of the ball C?"'. Then for every
ye O’ 1N H,, and by the triangle inequality, the above estimate simplifies to

s yn — nle < el + slylelnly + sl ool + <% (lole + w7+ ]e) Il
= elnls + (k+e%) lylalnl + £lu” 2 (1+5) )1

Maybe after shrinking the ball CZ*! a last time, we can further assume that
ek < 1/2. Under this assumption the assertion (4.31) follows from the above

inequality for ¢; = 2xmax{1, lu/t1)5}. O
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Interpolation

Let {v;: Hi D U* — V' C X;}¥ | be a basic covering of a basic path = from
x_ to x4. Our goal is to define, on a small neighborhood U of 0, an injection

U Wg2NLy, DU = Co_ay U =0% U =U", (4.33)
which takes the zero map to the basic path . We abbreviate x4 := x(s).

Definition 4.6 (Domain U%). Let {¢;: Hy D U' — V¢ C X;}¥_; be a basic
covering of a path = from x_ to ;. If £ = 1 set ¢y := —oo0 and t] := oco. If
k > 2 choose times t; for j =1,...,k — 1 (see Figure 2) such that (i) it holds

interpolate interpolate interpolate

—0 < T <ty <t1 <ty <tg <<ty <tp—1 <T < +00
~—~ ~—~—

=:tg ::t;

and such that (ii) the path z along any interpolation interval [t} ;] is via

the local coordinate chart 1,/1;1 taken into the convex set C’j_ C H,, in symbols

selty t] = ¢7(xs) €O,
or equivalently (since by definition 7 = z_*;l oh;1(CTTY)
s € [t ,t)] = ik () € CTF

(iii) Let Br(y) be the open radius-R ball in H; centered at y. Fix R > 0 with
seltyty] = Brj(w) c o (4.34)
whenever j € {1,...,k—1} and
s € [tj,t534] = Br(¥; Y (z,) c U,

whenever j € {0,...,k — 1}. Here use the convention x(+00) := z1. Such
R exists since the time intervals are compact, hence their images in H; under
%‘111 o x are compact, now we use an elementary consideration in set theoretic
topology.? (Here we profit from our choice to work with basic paths, thus z is
constant outside the compact time interval [T, T).)

(iv) Using R from (iii) we define the domain of the local parametrization by

U = U = {g € Wh2 N L3, such that €], < R Vs € R} . (4.35)

By definition of R for any £ € U” the following is true

2 For a compact subset K of an open set U there exists R > 0 such that Br (z) C U for every
x € K. To see this pick y € U, then by openness there exists Ry > 0 such that Br, (y) C U.
Hence, by the triangle inequality, z € BRy/Q(y) = BRy/g(z) C U. By compactness the open
cover {Br, /2(y) |y € K} of K admits a finite subcover, let R be the smallest of these radii.
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L. for s € [t} , ;] we have w;l(xs) +& € C’i i=1,..., k—1

2. for s € [t;,t;] we have 7,/};_:1 (z5) + & € CIH? j=1,..., k—1
3. for s € [tj, 1, ] we have wjjrll(xs) +& €U j=0,...,k—1
/3]'
iy t s

Figure 3: Cutoff function 37 along interpolation interval [t; 5]

Remark 4.7 (Case k = 1). There is just one map v;: U — V1. Only 3. is
non-void. Tt yields 17 (zs) + & € U' Vs € (—o0,00).

Definition 4.8 (Local parametrization U% near basic path z). In Definition 4.6
for each j = 1,...,k — 1 pick a monotone smooth cutoff function 37: R — [0, 1]
such that 57 =0 on (—o0,t;] and B7 =1 on [t;,00); see Figure 3. For £ € U”
we define a local parametrization

VW LY, DU Coyy, U=UTU=UT, (4.36)

centered at the basic path x from z_ to x4 by

_ Ixi(s9) ysEft =1 k-1
(W)= {%‘H(%fl(xs) +&) L sEtytql,i=0. k-1 (4.37)

for every s € R. Here the map x;(s;§), for j =1,...,k—1, is defined by convex
interpolation in the convex sets C and C7- 1 and for s € R as follows

X5 (556)
(4.28) _q
= ¥

L= ((1 =B (07 @) + &) + BLUT 0y (Vi () + 5)) (4.38)
€y eyt (CTcc

Ecj+1

= ¢j ° Sg(gs)

where we abbreviated the map (B.85) for ¢ = w;l € C? and zp = wjj}l(xs) by

SHE) =87 1 ) (60 (4.39)

—1
g7'¢’j+1(zs
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By Remark B.4, cf. Figure 5, the interpolation map
SJ Hy DBR(O) =: Br — H; (440)
is a C? diffeomorphism onto its image, in particular it is injective.

Remark 4.9 (Case k = 1). There is just one map v;: U — V! and

(&) (5) =1 (¥7 ' (2s) + &) €V, Vs € (—o0,00).
—_—

eut

Proposition 4.10. The map ¥: U — C,_,, is injective and V(0) = x repro-
duces the basic path x used in the construction of V.

Proof. We first check that U is injective. Hence assume that there exist £ and
€ such that (&) = U(€). In particular U(€)(s) = ¥(£)(s) for every s € R. We
show that this implies £(s) = g(s) for every s € R. The only times where this is
not obvious is when s lies in an interpolation interval [t;, tilforj=1,...,k—1.
In this case by (4.38) there are the identities

;0 81(&s) = xj(5:6) = W(E)(s) = V() (s) = x;(5:€) = ¥ 0 SL(&).
But ); is injective, since it is a chart map, and the map &7 is a dlffeomorphlsm

as explained in Appendix B.1. Hence £; = fs for every s € R, that is £ = f
This finishes the proof that V¥ is injective.

Now we check that ¥(0) is a basic path. We call I = U;’?;ll [t;.t;] the
interpolation region. If s € R\ I, i.e. s is in the non-interpolation region,
then U(0)(s) = =z(s) is immediate from (4.37). If s € I, i.e. there exists a
j €{1,...,k — 1} such that s € [t;,¢;], then by definition of S, see (4.38), we
get

$10) = (1= 805 (0 + 807 0wy b (0 ) = 05w, (44D
Therefore the interpolation map for £ = 0 reproduces the basic path, namely

X;j(8:0) = 1; 0 81(0) = z,

for every s € R. This proves Proposition 4.10. U

4.1.2 Definition of path space

Definition 4.11. Given z_,z; € X, we define the path space P,_,, as
the subset of C,_,, consisting of the images of all local parametrizations ¥
constructed in (4.36) above. We denote the set of all local parametrizations
centered at a basic path : R — X3 from 2_ to 24 by

AP,;_, := {local parametrizations U*: W}{f NLY, DU* = Cy_yp, }. (4.42)
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Then the space of paths in X = X; from z_ to x4 is defined by

Powo= | @@, w=uu-u
VeEAP, s,

Note that P,_,, C Ci_z,. We define a topology on the set P,_., as follows.
A subset V of P,_,_ is open if and only if ¥~ (V N ¥(U)) is open in U for all
VeAP, ...

Theorem 4.12 (C! atlas). The set of local parametrizations APy o, isa ct
atlas for the path space Py_,_, in particular Py_,. is a C' Hilbert manifold

modeled on the Hilbert space W;If N L%Iz with inner product

e = [

— 00

oo e}

(é00ite)), dst [ €s)n(s) s

1 —0o0

Proof. To prove Theorem 4.12 we need to show that the transition maps are C'!
diffeomorphisms. This will be carried out in the next section and Theorem 4.12
follows from Theorem 4.14. O

4.1.3 Transition maps

We show that transition maps are C! diffeomorphisms on the Hilbert space
W}Ilz N L3, . Assume that x and Z are basic paths from z_ to x. Let

T := max{T,, Tz} >0

be the maximum of the two times that come with the basic paths x and Z,
respectively; see Definition 4.1.

Pick a basic covering of x, notation {¢;: H; D U* — Vi C Xl}le, and a
basic covering of &, notation {1[% H, DU = Vic Xl}g“:l.
) F0r~the basic coverings of x and Z choose t1,...,tx_1, respectively
t1,...,t;_, according to 1) and 2) in Definition 4.2 for the common 7. For
j=1,....,k—1, respectively j = 1,...,k — 1, choose open neighborhoods C’i
of ui in Uer, respectively C‘i of ai in Ui, satisfying a) b) c) right after (4.29).
In addition, choose disjoint interpolation intervals [t , 1], ... , [t,_y,tk—1], re-
spectively [f,#1], ... , [f;_ . #;_,], satisfying (i) and (ii) in Definition 4.6. Now
choose open subsets U = U, respectively U= L{g, of W;If N L%,z as in (4.35).

After choosing cutoff functions 8%,..., %1, respectively 3, ... 78’;_17 for
the interpolation intervals, see Figure 3, we define local parametrizations

. T Wi 7 - 12 ~ 72

V=0 U—P, ., V=0 USP, ., 0€UUCWENLY,
by formula (4.37) for these choices. In particular, definition (4.37) for U? in-
volves Y5 = Xf defined by (4.38) with ~ - quantities on the right hand side, e.g.

S =87 . with S as in (B.85). (4.43)

S 2 T—=1 /=
1951, @)
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Definition 4.13 (Path space transition map). We abbreviate V := ¥(U) and
V= UU) and Uy := U1 (VN V) and Uy := (VN V). As illustrated by
Figure 4, we define the corresponding path space transition map by

=Tt oWy,: Uy — Uy, Uo, Uy C W N LY, . (4.44)

In view of Proposition 4.10 the map ®: Uy — Uy is a bijection with inverse

L =0t oWy, Uy — Up. (4.45)

Figure 4: Transition map ® for path space P,_,, modeled on WH NLY,

T4

Theorem 4.14. The transition map ®: Uy — Uy is a C1 diffeomorphism.

Proof. The proof has ten steps.
Denote the interpolation region for x, respectively Z, by

:Ot_t I=JI5 .4l

j=1
As in Definition 4.6 we use the conventions ¢y := —oo =: ty and t, =00 =: f]g.
Step 1. Pick £ € Uy. Set n := ®(&). By definition of ® we have the identity
U(n)(s) = W(E)(s) (4.46)

for every s € R. We solve (4.46) for n, := n(s) = ®(£)(s) considering four cases.

Proof. To prove Step 1 we consider four cases.

Case 1. Suppose s € R\ (IUT), that is s is a non-interpolation time for both.
Then there is j € {1,...,k} such that s lies in the non-interpolation inter-
val (tj—1,t; ). Moreover, there is j € {1,...,k} such that s lies in the non-

interpolation interval ( 15t ) The two SldeS of (4.46) take on the form

G5 (01 @) + ) = 5 (657 () + &)

J

35



which we resolve for
s =95 0wy (7 (ws) + &) — 7 (&s).

Case 2. Suppose s € I N (R\ 1).

There is j € {1,...,k — 1} such that s is in the interpolation interval [t;,;].
There is j € {1,...7127} such that s lies in the non-interpolation interval
(t5_1s t;) The two sides of (4.46), using (4.39) in the end, take on the form

95 (951 (@) + o)
= x;(5€)
L= ((1 = B (457 () + &) + By o vy (v () +ss))

= vy (47 @0 + &) + Bl (w00 ) +€))
= ;0 8I(E.).
Observe that z/lez/JjH = %71 is the basic covering transition map (4.28). Then
ns =05 oty 0 SI(E) — 9 (%),
Case 3. Suppose s € (R\ I) N 1.
There is j € {1,.. . k} such that s lies in the non-interpolation interval
(tj—1,t;). There is j € {1,...,k — 1} such that s lies in the interpolation
interval [f;, t}]. The two sides of (4.46) take on the form
¥ ((1 = B (971 @0) + o) + Blgy (#5007 () + n)) = % (sim)
= ¢j (%_1(3?3) + gs)

where @5 is the basic covering transition map from (4.28). Equivalently we have

(L= B (5 (@) + s ) + 8187 (25 0071 @) + ) = 05 o0y (47 () + &)
We wish to resolve for n;. With S’gj as in (4.43) we obtain the identity
S(ns) = s oy (5 H(ws) + &) -
But Sé is invertible, by Remark B.4, and we obtain the formula
ne = (87 (6 0wy (07 (@) +&))

Case 4. Suppose s € I N 1.
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There is j € {1,...,k — 1} such that s lies in the interpolation interval [t;,;].
There is j € {1,...,k — 1} such that s lies in the interpolation interval [t?, 5.
The two sides of (4.46) take on the form

o ((1 = B (951 @0) + o) + By (5067 () + ns))
=: X;(s;m)
= Xi(s:€)
F= ((1 = ) (w5 (we) + &) + Bl (05 0 0 M) + g))
Similarly as in Case 3 with Sg as in (4.43) we resolve for 7,, namely
Sin) =95 0wy 08IE), o= (8 oyt 09y 0 SI(EL).
This concludes the proof of Step 1. O

Step 2. We find a subset O C R x H; and a map ¢: R x H; D O — H; such
that we can write

[(@(€)(5) = 0(5,£(5)) = ws(£(5)) ] (4.47)

for all s € R and £ € Uy, see Figure 4.

Proof. To prove Step 2 we first describe the slices U® of O such that

O=J{s}xU?).

seR

We consider the same four cases as in Step 1. The map &7 in the composition

Hy, > Br = Bp(0) 25 v Y vi ¢ x,

is defined in (4.40).
Case 1. For s e R\ (JUI) let

U= 7 (05 (Br(ul) N (Bp(l)) —wly | ud = (a,).

Case 2. For s IN(R\ I) let
U= (S o (85 087) (Br) N (B(a))

Case 3. For s € (R\ 1) N1 let

U = 07t (05 (Brlul)) 0 (40 81)(Bg)) - ul.
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Case 4. For s I N1 let
U= (S0 ow (w50 82) (Br) 0 (350 81) (Bp))

For s € R and v € U® we define (juxtaposition means composition)

I CORRY —%«’1@5) € )0 G ),
S ) = 97 (&) el LIn G- 5),
oo v) = (SO (5w (wﬂws)“)) € i 15) A 1551
()07 S e
(4.48)

For s < —T' it holds s € (to,t; ) N (0,1 ), so by the first case of (4.48) we get

o(s,v) = Pt (Y7 (o) +v) — o Hao), ©(s,0) = 0. (4.49)

Similarly for s > T we get
p(s,0) = O g (U Heg) +0) =97 (z1),  @(s,0) = 0. (4.50)

Figure 5 illustrates the definition of s := ¢(s,-) in case 2. The other three
cases are similar, in the figure one just needs to interchange the interpolation
maps S and the translation maps 7.

By construction of the map ¢ the identity (4.47) holds. This concludes the
proof of Step 2. O

interpolation ng TJ-T translation
Us

B— 0
Br(0) B(0)

Figure 5: The map ¢s: Hy D U® — H; in (4.48) in case 2
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Outlook on the next few steps. In the next few steps we show that ¢ is
parametrized tame, see Definition 2.12. This then allows us to conclude with
the help of Theorem 3.5 that ® in (4.44) is C*.

Step 3 (Tameness). The interpolation map S?: H; D Br — Hj, see (4.40)
and Figure 5, is tame and has a tame inverse (S?)~': Ss(Br) — Bg, Vj.

Proof. The proof of Step 3 is a rather lengthy undertaking.

Tameness of Sg. Since <pj_1 is tame, the map &7 is tame as well, in particular
of class C? on H; and on Ha; for the definition of S7 see (4.39) and (B.85).

Tameness of (S7)~!. Let s be in the interpolation interval [t;,t;] and let
v € Hq be in the ball B C H; centered at 0.

Lemma 4.15. The restriction to Hy of the linearized interpolation map
T :=dS?|y|p,: Hy — Hy
atv € BRNHy is an isomorphism on Hs and there is a constant p > 0 such that
[(dS2]0) " €l2 < (|2 + [vl2l€l) (4.51)

for every € € Ho.
Proof of Lemma 4.15. Pick v € BRNHs. By (4.34) it follows that v—l—wjjrll(xs) €
C’*'. By definition (4.40) of 87 and by identity (B.86) we obtain

dSi|, —1d = dS*7 Jo—1d

L5 (s
— A3 -1
=B} (d@j ‘w;ﬁl(ms)-s-v - Id) :

e A first consequence of this identity, using (4.30) and 3/ < 1, is the estimate

(4.52)

1dS2]o = 1d]lz ) < 5

By the Neumann series, see e.g. [FW, Rmk. B.5], we get the uniform bound

NS ey < DOIMd = dSilb gy < S & = tLp =2 (453)
k=0 k=0

e A second consequence of (4.52) is the following. Assume that v € Br N Ho.
Since basic paths are mapped to Hs, it follows that w]-jrll(xs) +ve N,
Hence, by (4.31) and using that 57 < 1, we obtain for every € Hs the estimate
1dSI|on —nl2 < Snl2 + ¢; (Wﬂll(ﬂ?s) +vla + 1) |0
< 3lnl2 + ¢ (Jvl2 + 1950 (@) |2 + 1) [l
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Since the basic path x is continuous as a map to Hs, the following maximum

C:= max max {c;(1+ [v L (zs
j=1 ...,k*lse[t;,tj]{ i W}]—H( JI2)}

is well defined. Therefore we obtain the inequality
|dSI[on —nl2 < 3lnlz + C (Jo]2 + 1) |71
With this inequality we estimate

|dS2onl2 = |n + (dS|y = 1d)nl2 > [nl2 — |(dS, — Id)n|2
> [n]2 = 3lnl2 = C (Jvl2 + 1) 0y
= zlnlz = C (Jul2 + 1) [n]s.

We rewrite this inequality as
2 < 2|dSZ|unl2 +2C (Jv]z + 1) 1)1 (4.54)

Note that since the restriction of the linearized transition map dg0j_1| WL ()40
! j+1(Ts

to Hy takes values in Ha, by (4.52) so does the restriction of dS?|, to Hy. The

level map dS?|,: Hy — Hs is bounded linear again by (4.52). Using that the

inclusion ¢: Hy < Hj is compact, estimate (4.54) implies that the level map
T :=dS?|y|p,: Hy — Hy

is a semi-Fredholm operator; see [MS04, Le.A.1.1] for D = dS!|,, K = ,
X =Y = Hy, and Z = H;. In the terminology of [Miil07, §16] it is an upper
semi-Fredholm operator.

e Next we compute the semi-Fredholm index of T as an element of Z U {—oc}.

For this purpose we define the bounded linear operator
Ts:=(1—-p)Id+ ﬁd(p}llwf_&l(ws)JrJHz : Hy — Hs.

for 5 € R. In view of (4.52) we have Tj; = T"and Tp = Id. If 8 € [0,1] the
same arguments which established (4.54) show that

Inl2 < 2[Tgnls +2C (Jv]2 + 1) ||

for every n € Hs. Indeed note that in the derivation of (4.54) we only used
that 8 < 1. In particular Tj is a semi-Fredholm operator for any 3 € [0, 1].
Since Ty = Id we have index(7p) = 0. Since the semi-Fredholm index is locally
constant, see [Miil07, §18 Cor. 3], follows that index(T;z) = 0 for any S € [0, 1].
In particular 0 = index(7T') := dimker T' — dim coker T". Since dS?|,: H; — H;
is an isomorphism, it has trivial kernel, hence its restriction T has trivial kernel
as well. Since the index of T' vanishes it follows that its cokernel is trivial as
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well, in particular T is bijective and therefore, by the open mapping theorem,
it is an isomorphism from Hy to Hs.

In particular, the operator (dS?|,)~': Hy — Hj restricts to a bounded linear
isomorphism

T~ = (dSI|,) |1y : Ho —> Ho. (4.55)
Consequently for any & € Hy there exists n € Hy such that ¢ = dS’|,n. Us-
ing (4.54) we compute
|(dS2].) 7 €]z < 2/€]z +2C (Jof2 + 1) |(dSI],) " €R
< 2[¢l2 +2C (Jvl2 + 1) [(dS2]0) " £y €D
< 28l2 +4C (vf2 + 1) €1
< p(ela +olalel),  [pi=2(1+2C) > 2]

for every £ € Hy. Here step three is by (4.53), the final step by (2.2).
This proves (4.51) and concludes the proof of Lemma 4.15. O

We continue the proof of Step 3, more precisely the proof of tameness of the
inverse (87)~! of the interpolation map.
e Continuity of the second derivative of (S7)~! with respect to the C? topology.
The map SJ: Bg N Hy — SI(Bg) N Hy is C? since it is tame. It follows
from (4.55_) by the implicit function theorem, see e.g. [MS04, Thm. A.3.1] that
(82)71: SI(Br) N Hy — Br N Hy is C? as well.
® Recall from (4.40) that SJ: Hy D Br — H; is a C? diffeomorphism onto its
image. Linearize the identity id = (S)~! 0 SJ at v € Bg C H; to get

Idm, = d(8) g1 (1) dS2o- (4.56)

Linearizing the displayed identity, we resolve that
. . 1 . . —1 . 1
(81 Vsi (€m) = — (aSi1) " 281, ((asil) €, () ) (457)

for all &, € H;.

e We show (S87)~!: H; D SI(Br) — Bg satisfies the tameness estimate (2.3).
By (4.55) and since S maps Br N Ha to Hj it follows that (Sg)_1|8g(BR)mH2
maps SJ(Bgr) N Hy onto Br N Hay. Hence if S¥(vg) is in SI(Bg) N Hy it follows
that vg € Bg N Ha. Since 87 is tame there exists an Hj-open neighborhood of
vo and a constant x > 0, notation

V C Bg, k>0, (4.58)

such that for every v € V N Hy and all £, € H it holds the estimate

|d*S11(&,m)|, < w(1Elxlnl2 + [El2lnl + [v]2l€lilnh). (4.59)
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Since &7 is C? on Bg, maybe after shrinking V' and enlarging x, we can addi-
tionally assume that

| 2821, (€. m)], < KlEllnls. (4.60)
Hence for 87 (v) € SI(V) N Hy we estimate
(8D sy €]
= |(@s2].) ™" a1 ((ds2l.) € (ds2l.) )]
< u|il ((asih) "¢ (@sil) "),
+ ulolz a2, ((d521.,) ™" ¢ (ds21.) ") |
< o (as31,) 7] | (@s21.) ™" ], + e | (a21,)
+ 2ol | (ds21,) ™ €] | (@sih) M,
< 2u%k€]1 (Inl2 + vl2lnlh) + 20kInly ([€l2 + [vl2l€lr) 4 8uslvla|lInl:
< dpr(p+2) (1€l nlz + [El20nl + [v]21€l1Inl1) -
Here step 1 is by (4.57) and step 2 by (4.51). Step 3 follows by (4.59) and (4.60).

Step 4 is by (4.53) and (4.51) again.
To summarize, with

—1 —1

¢ [(@sit) ),

‘ K = 4dpr(p +2) > 32&‘

and whenever v € V N Hy we have
P(SI) sy (&), < o (Elnls +I€elnh + olaleilal)  (4.61)

for all £,n € H,. This estimate is not yet the tameness estimate (2.3). The
reason is that in place of |v|2 we need |S(v)|2. To this end we show that,
maybe after shrinking V', there exists a constant C' such that

vz < C (ISI(v)]2 + 1) (4.62)

whenever v € V N Hy. For that purpose we use (4.51) inductively.

Special case. To simplify the computation we first derive (4.62) in the special
case where vg = 0 and 87(0) = 0. Maybe after shrinking V' we can assume that
SJ(V) is convex and contained in the radius—ﬁ ball in H; about the origin. For
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v € V N Hy we estimate (juxtaposition means composition)

ol = ()" 0)

2| M d 4

[ o o)
1

| ) oSt

Ileo

[

1
/ (831511 (tr53 ()~ SE(© )dtl‘z
5 . j
§/0 ‘(dsﬁ|<sz)*1(tlsz(v)))_15§(“)‘2dtl

6 1
g/ u([SI@), + (S L SI), [SI(w)], ) dta
0 ——

<1/2p
1
§u|$£(v)|2+%/0 1(82) 7 (0287 (0), d.

Step 2 is by the fundamental theorem of calculus. Step 3 is by the chain rule.
Step 4 is by (4.57). Step 5 is by monotonicity of the integral. Step 6 is by (4.51).
The integrand in the second summand we similarly estimate further

()~ (taSY(v
PGB CYCHO)

[ 8D o),

(dS?|

Dl

1 J
(sh-1tertasiy) 155 ()

2 . j

S/ ’(ng|(5§)*1(t1t28£(v)))_1&Sg(ﬂ)‘zdtz
0 <1

3 1

2 [ a8, + 1) st i) ) e
0

<1/2u
1
< u|Si(w)], + 1 / 1(82) (111282 (v))], dis.

Step 2 is by monotonicity of the integral. Step 3 is by (4.51).
Insert this latter estimate into the previous estimate to obtain

1 1
ol < U+ D ulsi@+ 3 [ [ 1) eI, deadir
0 0

Estimating the integrand in the second term inductively with the help of (4.51)
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we obtain for every n € N the following estimate

n—1

1 ' 1 ! Ly _
|v|2g(_z§)u|sg(v)|2+27/o - (S5 ™M (b1 - 1S3 (0))], . dt.

We consider the limit n — oo. First note that there exists a constant cy
depending on V, but not on n, such that |(§7)71(tS!(v))]a < cy for every
t € [0,1]. Hence we can estimate the second summand from above by ¢y /2".
Therefore in the limit, as n — oo, the second summand vanishes. Using that
Z;’;Ol % =2 we get (4.62) with C' = 2y, namely

vl < 20]SI()],

General case. Maybe after shrinking V' we can assume that S7(V) is convex
and contained in the radius-z- ball in Hy around S (vg). For v € V N Hy we
estimate by the same techniques as in the special case above

|’U|2 = |’U0 +v— 1}0|2
< Jvolz +[(82) 181 (v) = (87) 7SI (wo)l2

2 (ST (8187 () +(1—41)52 (v0))

1
= |vo|2 + ‘/0 d(sg)_l|t18§(u)+(1—t1)s§(vo) (Sg(v) - & (UO)) dtl‘z
(

ds?|

. . ] —-1(gJ _gJ
(sH=1(tr sl +a-t1)siwey) (55 (¥) =83 (v0)

1
|vol2 +/0 ‘(dsﬁ|(sgj)71(t15g‘(u)+(1—t1)sg(yo)))_1(5§(”) —Sﬁ(vo))‘zdtl

IN

A

1
ool + / (|82 (v) — 82 (o), dty
0

+/ p|(SHTHEBSI () + (1 = 1)L (vo))], [SI(v) — Si(vol, dty
0 N——

<1/2p

1
< |vola + |81 (v) — SL(vo)|, + %/O (S ™H(t1SL(v) + (1 = 1) (vo)) |, dis.
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Step 5 is by (4.51). The integrand in the second summand we estimate further

(82710182 (v) + (1 = 11)87(v0)) — vo + vol,

(8D (114287 () + (1-112)52 (v0)))

B — . :
= ’/ 1287 () +-(1—t212)82 (00 F1 (S3(V) = S2(wo)) dtz +vo‘2

(dsi]|

. . —1 J Qi
(83) =1 (11288 (0) 4 (1— 11 12)8% (v0)) t1(82(v)=S (v0))

IAw

1
, . A .
[vol2 +/O ’(ng|(sg')—l(tltzsﬁ(v)+(1—t1t2)8§(vo))) ill (Si(v) —Si (UO))Ldt?

3 1 ) )
gvm+/u0ﬁw—&wwg
0

-H@f%mﬁm+a4mwwwu%@—ﬁme%

<1/2p

< Juols + 1 |SE(v) — 3 (v0)], + /\ 11189 (0) + (1 — t1£2)S7 (w0), o

Step 2 is by the triangle inequality and monotonicity of the integral. Step 3 is
by (4.51). Insert this latter estimate into the previous one to obtain

vz < (14 3) |Uo|2+(1+1)H|5§(U)*Ssj(vo)|2

/ / | t1t2$]( ) (1 - tth)Sg ('UO))|2 dtQ dtl.

Estimating the integrand in the second term inductively with the help of (4.51)
we obtain for every n € N the following estimate

n—1 n—1

|v|2<(z )\1}0|2+(Z o5 )l w) - i),

/ / (S ™Mt tnSI(v) + (1= t1 .. tn)S (v0))], dbn ... dty

We consider the limit n — oo. First note that there exists a constant CYy
depending on V, but not on n, such that |(87)~1(tS?(v) + (1 —1)SI(vo))]2 < Cy
for every t € [0,1]. Hence we can estimate the final (third) summand from
above by ¢y /2™. Therefore in the limit, as n — oo, the final summand vanishes.
Using that Z;L:_Ol 77 = 2 we estimate

|U‘2 §2|U0|2+2M’Sg( 8] UO ’2
< 2u|SI ()], + 20 |8 (vo) |, + 2 Jvol, (4.63)

<K (IS{(0)l2 +1) . | K(s) == 2max{ss, ulS](wo)]2 + [v]2}. |
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This proves the claim (4.62).
ConcLusiON. We are now in position to prove the tameness estimate (2.3) for
the inverse (S?)~!: Hy; D S8!(Bgr) — Bgr. Plugging (4.62) into (4.61) leads to

|2(SD s (&)
< /@*(\5|1|77|2 +&l2lnl + K (|S§(v)\2 + 1) |§|1|77\1)
% Fox (|§|1|77|2 + [€l2|nl1 + KISI(0)|21€l1nl1 + & [€l2lnl: + %|€|1‘77|2) (4.64)

= ke (5 + 1) [Ehlnl2 + 5 (5 +1) [El2lnh + 5 KISI(0)[21€ 0]
< Co([€lilnl2 + [€l2Inly + 1S2(v)|21€]11n]1)

where the final step holds for C,(s) 1= k. max{K,, &= + 1}. Step 2 is by (2.2).
This proves tameness of (S§7)~1 and completes the proof of Step 3. O

Step 4. For any s € R the map ¢,: {s} x U® — H; defined by (4.48) is tame.
Proof. In (4.48) the maps

Pt oyy: g (VN V) = 61 (V; 0 )

J

are transition maps of a tame atlas and therefore tame. Because by Theorem 2.5
the composition of tame maps is tame, tameness of @, follows by (4.48) in view
of Step 3. This proves Step 4. O

Step 5. The interpolation map, see (4.40) and Figure 5,
S [tj_,tj} x Bp — Hy, (s,v)— S(v)
is parametrized tame.
Proof. We need to check two conditions. 1) The map &7 is C? and its restriction,
SJ‘[t;,tj]x(BRﬂHZ): [tj_,tj] X (BR N Hg) — Hy

is C? as well. Using that &7 is in (4.39) defined by

-1
L
Sli=8%

é,¢j+1(15)

together with smoothness of the cutoff function 37 in the s-variable and the fact
that our basic path is a C%-map s — z, to the second manifold level X5, both
C?-claims follow directly from (B.85).

2) The parametrized tameness estimate (2.8) follows from tameness of qi);l by

noting that d)j_l does not depend on s. This proves 2) and Step 5. O
Step 6. The inverted interpolation map family
S’ {(s,v) € [t;,tj] x Hy |veSI(Br)} = Br, (s,v) (S (v)

is parametrized tame.
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Proof. 1) That 87 is C? on level 1 and level 2 follows from the fact that this is
true for S7 by Step 5 and a version of the implicit function theorem as explained
in Proposition B.5 for G = &7 .

2) The tameness estimate (2.8) follows from the tameness estimate (4.64) by
noting that the only s-dependence of the constant C, comes from the constant
K (s) as introduced in (4.63), but this constant can be chosen uniformly in a little
neighborhood of s € R by using that Ha-norm of &7 (vg) depends continuously
on s. This proves Step 6. O

Step 7. The map ¢: R x Hy D O — H; defined by (4.48) is asymptotically
constant parametrized tame.

Proof. By Steps 5 and 6 the map ¢ is a composition of parametrized tame
maps. The same argument as in the proof of Theorem 2.5 shows that the
composition of parametrized tame maps is again parametrized tame. The map
© is asymptotically constant by (4.49) and (4.50). This proves Step 7. O

Step 8. The map ®: Uy — Uy defined by (4.44) is C*.

Proof. This follows from Step 7 and Theorem 3.5. O

Step 9. The inverse ®~': Uy — Uy, see (4.45), is C.

Proof. In Step 8 interchange the roles of the charts & and . O

Step 10. We prove Theorem 4.14.

Proof. Theorem 4.14 follows by Step 8 and Step 9. O
The proof Theorem 4.14 is complete. O

Corollary 4.16. The weak tangent map T®: Uy X L%,l — Uy x L%Il defined
by (3.25) is a C diffeomorphism.

Proof. By Step 7 in the proof of Theorem 4.14 the map ¢ is asymptotically
constant parametrized tame. So by Theorem 3.4 the weak tangent map T'® is
C'. And interchanging the roles of Uy and U its inverse is C' as well. This
proves Corollary 4.16. O

4.2 Weak tangent bundles

We are now in position to define precisely what the weak tangent bundle is. For
a local parametrization ¥ € AP, ., see (4.42), we denote by Uy C W;If N

the

T4
L%{Z the domain of ¥. Given two local parametrizations ¥, ¥ € AP, _
corresponding weak tangent bundle transition map is defined by

Ty

~—1
(I)\I/\i/ =V o \I/‘uq”i’ : U,I,\i, — U\j,‘l,
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where Uy, g and Uz, are open subsets of the Hilbert space (W;If N L%{Q) X L%,l
and, as illustrated by Figure 6, they are defined by

Uyg =T (\If(u@) n xif(u@)) L Ugy =07 (\If(u@) n xif(uﬁ,)) .

By definition the total space of the weak tangent bundle is the quotient space

E=Ep uy = ( U (@ x L%,J)/N

VEAP, .,
where two points (z,v) € Uy x L and (Z,7) € Uy x L3;, are equivalent

(x,0) ~(2,0) & TOyg(x,v)=(Z,0).

It follows from Corollary 4.16 that the transition maps are C'. Hence &, L s
a C! manifold.

Uy

Figure 6: Transition map ®4 for path space P,_,, modeled on W;If N L%,Z

Ty

Theorem 4.17. The weak tangent bundle £,_,, is a C! manifold modeled on
the Hilbert space (W}{f NL%) x LY.

Proof. By Corollary 4.16 the transition maps are C. O
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A Hilbert space valued Sobolev spaces

In this appendix we collect and detail some results on Hilbert space valued
Sobolev spaces, scattered throughout the literature, which we used throughout
this paper. As required by the theorem of Pettis we assume that H is a separable
Hilbert space. We denote the induced norm on H by |-|.

A.1 Measurability

Definition A.1. (i) Let X be a topological space and B(X) the Borel o-
algebra, the smallest o-algebra that contains the open sets; cf. Definition A.5.
(ii) A measurable space is a pair (4,.A) where A is a set and A is a o-
algebra in A. The elements of a c-algebra are called measurable sets. A
map f: (A, A) — (X,B(X)) is called a measurable map if pre-images of
measurable sets are measurable.

(iii) Let (A, A) be a measurable space. A map s: A — H is called simple if
it is of the form s = Z,iv:l XA,k with Ay € A and z, € H. Here x4, is the
characteristic function of the set Ay, i.e. x4, =1 on Ay and x4, =0 else.

Remark A.2. (i) Simple maps f: A — H are measurable. (ii) By the mini-
mality of the Borel o-algebra, a map f: (4, A) — (H,B(H)) is measurable iff
f7HU) € A for all open sets U C H; see e.g. [Sall6, Thm. 1.20].

Definition A.3. A map f: A — H is strongly measurable if there is a
sequence of simple functions si: A — H with limy_,o, s = f pointwise on A.

Theorem A.4 (Pettis [Pet38]). Let H be a separable Hilbert space and (A, A)
a measurable space. For a Hilbert space valued map f : A — H the following
assertions are equivalent.

(1) Ewvery function (f,z): (A, A) — (R, B(R)), where x € H, is measurable.
(2) The map f: (A, A) — (H,B(H)) is measurable.
(8) The map f: (A, A) — (H,B(H)) is strongly measurable.

Proof. We closely follow the arguments of Neerven [Nee07].
Let f: A — H be a Hilbert space valued map.

(1)=(3): As H is separable, so is the unit sphere, hence we can pick a dense
sequence (e,)5; in the unit sphere of H. For any x € H the function

Fp: (A, A) = ([0,00),B), ¢ [f(t) — (A.65)
is measurable. To prove this we write

|f(t) — 2| = sup [(f(t) — =, )| = sup|(f(t) — 2, en)]

le|=1 neN

= sup|(f(t), en) — (z,€n)|.

neN
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The function ¢t — (f(t),e,) is measurable by (1). Adding to a measurable
function a constant term, here (—z, e,,), preserves measurability. Absolute value
||: R — [0,00) is continuous, thus Borel measurable |-|: (R,B) — ([0, c0), B).
Measurability is preserved under composition, hence

(A, A) = (R,B) L ([0,00),B), ¢ [(f(£), en) — (@, €0)]

is measurable. Taking the supremum of countably many measurable functions
produces a measurable function; see e.g. [Sall6, Thm. 1.24 (ii) and Def. 1.17 (ii)].
This proves that the function (A.65) is measurable.

As H is separable we can pick a dense sequence (z,,)22; in H. Define a
sequence of functions

dp: H — {xlw"vmn}a den(y) = Tk(n,y)

as follows. For each y € H let k(n,y) be the least integer k € {1,...,n} which
minimizes the distance to y, that is

ly —xk| = min |y — ], Vl<k:ly— x| > |y — zi|
je{1,...,n}

Observe that
Vye H: lim |d,(y) —y| =0 (A.66)
n—oo

since (z,,)22, is dense in H. Define a sequence of functions

fn: A*){I’l,...,.’ﬂn} CH
t dn(f(t) = Th(n,p(1))-

We show that these functions are a) simple and b) converge pointwise to f. To
prove a) observe that for any k € {1,...,n} there is the identity

Ap o= f ()
={t € A| 2y, re)) = Tk}

- {t ANOEEN = _min_|f(t) —mj|}

1,...,n
ﬂ{teA‘ [f(t) —xg| > |f(t) — x| for £ = 1,...,k—1}
———
::sz(t)
—1 k—1 —1
=|(Fy, — min F,, 0 N F,, — Fy, 0, c0).
( ) je{l,...,n} J) ( ) Q( ) ) ( )

Note that the sets on the right hand side are in the Lebesgue o-algebra, in
symbols A} € A: Indeed functions of the form (A.65) are measurable. Moreover,
minima and differences of measurable functions are measurable, see e.g. [Sall6,
Thm. 1.24], and the complement of {0} as well as (0,00) are open sets, thus
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Borel measurable sets. This proves that each function f, is simple. To prove
b) note that for each t € A we have

Jim | £ () = f(8)] = lim |dn(f(2)) — f(2)]

This concludes the proof of assertion (3) in the theorem.

(3)=(2): To prove that f~1(B) € A for every B € B(H) it suffices to show
that f~1(U) € A for every open set U in H; see Remark A.2. To this end let
U C H be open and, by (3), choose a sequence of simple functions s,: A — H
converging pointwise to f. For r > 0 define U, := {z € U | dist(z,U°) > r},
where the closed set U¢ := H \ U is the complement of U. Then s, (U,) € A
for each n > 1, since U, is open in H and simple functions are measurable. The

equality
o=U U N stw,

m>1n>1 k>n ~——~—"
€A

A.
(A56) .

implies that f~1(U) lies in A since the right hand side does: Indeed o-algebras
are closed under countable unions and intersections, see e.g. [Sall6, §1.1]. It
remains to prove the equality of sets.

‘C’ Let t € f~Y(U). Since U is open and f(t) € U, it holds that d :=
dist(f(¢),U°) > 0. Since si(t) converges to f(t), as k — oo, there exists ny € N
such that dist(f(t),sy(t)) < 4 for every k > n;. Choose m; such that mit <4
We claim that si(t) € U v for every k > n;. To see this pick 2 € U® and let
k > n;. Then by the trianéle inequality

d < dist(f(t),z) < dist(f(t), sk (t)) + dist(s(t), 2) < £ + dist(sx(t), z).

Thus dist(sx(t),z) > 4. Since x € U° was arbitrary dist(sx(t),U¢) > 4 > rr%
Hence si(t) € U for every k > n;. In other words, the element ¢ lies in
my

te () s (UL)
k>ny !

for the particular m; and n;, therefore it lies in the union over all m and n, in

symbols
re U U Nty

m>1n>1k>n
‘D’ Let t be element of the right hand side. Then there exist m; and n; with
te m SEI(UL).
anf, !
This means that dist(s(t),U°) > n% whenever k > n;. Since limg_ o0 si(t) =
f(t) it follows that dist(f(t), U¢) > ;i-. But this means that f(¢) € U.

(2)=-(1): True by two facts in measure theory: (i) Continuous maps are Borel
measurable, here (-, z) : (H,B) — (R, B). (ii) The composition of a measurable
map with a measurable map, here with f : (4, 4) — (H,B(H)), is measurable.

The proof of Theorem A.4 is complete. O
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A.2 Lebesgue measure and really simple functions
Lebesgue measure

Definition A.5. Let Z be the set of all open intervals (a,b) C R witha < b € R.
The smallest o-algebra containing Z is the Borel o-algebra B = B(R), in
symbols Y7 = B; see e.g. [AE09, Thm.IX.1.11]. The Lebesgue measure A\ on
the Borel o-algebra B is the unique translation invariant measure that satisfies
A((a, b)) := b — a whenever a < b are real numbers; see e.g. [Sall6, Thm. 2.1].

Definition A.6. A subset A of R is called Lebesgue measurable if there exist
A_ C AC Ay where A_, A, € B such that A(A4 \ A_) = 0. For a Lebesgue
measurable set A one defines its Lebesgue measure A(A) := A(A_) = \(A ).

The family A which consists of all Lebesgue measurable sets is a g-algebra on
R which contains the Borel o-algebra B. It is called the Lebesgue o-algebra.
The map A: A — [0, 00] is a measure in the sense that A(U2, A;) = > o0 u(A;)
whenever A; is a sequence of pairwise disjoint Lebesgue measurable sets. One
calls A the Lebesgue measure on R.

Really simple functions

Let H be a separable Hilbert space with induced norm |-|. A function r: R - H
is called really simple if it is a finite sum of the form

N
T(:L’):ZX[k.’Ek, Ik:(ak,bk), kaH, k:].,...,N.
k=1

Note that v(I)) = by — ay, is finite. Since intervals are Lebesgue measurable
r is in particular a simple function with respect to Lebesgue measurable space
(R,.A). On the other hand, any simple function s: (a,b) — H (see Definition A.1
for A = (a,b) and A, := AN (a,b)) can be arbitrarily well approximated in
norm by really simple functions.

Theorem A.7. For every simple function s: (a,b) — H and every ¢ > 0 there
exists a really simple function re: (a,b) — H such that

/bls(t) —re(t)]dt <e. (A.67)

Proof. See e.g. [LLO1, Thm. 1.18] for real valued functions. There simple func-
tions are of the form ZkN:1 Xa,Zr and the sets Ay are required to be of finite
measure. We choose as total space A = (a,b), and not A = R, so that this
condition is satisfied automatically. Indeed A(Ax) < A((a,b)) = b—a < oo.
Since simple functions take on only finitely many values, the proof for Hilbert
valued functions remains the same. O
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A.3 Bochner integral

In this section H is a separable Hilbert space and I = (a,b) a bounded interval.
By A we denote the o-algebra of Lebesgue measurable subsets of R and A, p) :=
AN (a,b). By |-| we denote the norm in H induced by the inner product.

Definition A.8. A map f: R — H is called Bochner integrable if it has the
following two properties:

(i) V& € H the function (f,z): (R, A) = (R, B(R)) is measurable.
(ii) The integral [p|f(t)|dt is finite.

Remark A.9. The map f: (R, A) — (H,B(H)) is measurable, by property (i)
and Theorem A.4. Since |-|: H — R is continuous, the composition

£ (R, A) L (H,B(H)) L (R, BR))

is measurable as well. Therefore the usual scalar Lebesgue integral

| rwlaen.s)

is well defined.

In this section we explain how to define the Bochner integral f

][fdteH, I = (a,b)
I

over bounded intervals (a < b € R) and show the estimate |f, f dt| < [;|f(t)] dt.
The symbol f is merely meant to distinguish the Hilbert valued Bochner integral
from the usual real valued integral.

Definition A.10 (Bochner integral of simple functions). Consider a simple
function s = Eszl Xa,Tk: R — H where Ay € A and x, € H. Its Bochner
integral over a bounded interval I = (a,b) is defined by

N
][sdt ::][Xlsdt ::ZA(AkOI)xkEH. (A.68)
I R Pt

Here X is the Lebesgue measure on R and u(Ax NI) < p(I) = b — a is finite. It
is routine to show that the Bochner integral of simple functions

a) is independent of the representation of the simple function s;
b) is linear on the real vector space of simple functions;

c) satisfies the inequality |, sdt| < [}]s(t)| dt.

Proofs are given e.g. in [AE09, p.81 Rmk. X.2.1 (b,c,e)].
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Definition A.11 (Bochner integral). Let f: R — H be Bochner integrable.
Given a bounded interval I = (a,b), by Theorem A.4 (1)&(3) for A = (a,b),
there is a sequence of simple functions s, : (a,b) — H such that lim, . s, = f
pointwise. By Proposition A.12 below the limit

b
][fdt:][fdt:: lim][snthH (A.69)
a I n— oo I

exists in H and is independent of the approximating simple function sequence
for f. It is the Bochner integral of f with respect to Lebesgue measure.

Proposition A.12. The limit (A.69) exists in H and it is independent of the
approzimating sequence (sy,) for f.

Remark A.13. As a consequence of Theorem A.7 the Bochner integral of a
Bochner integrable function f: R — H over bounded intervals I, is given as the
limit of Bochner integrals of really simple functions 7, in symbols

T T
][ fdt = lim rpdt € H. (A.70)
7 n—oo | _p

The proof of Proposition A.12 is based on the following proposition.
Proposition A.14. In the presence of the strong measurability property

(i) f: (a,b) = H is a map and s,: (a,b) — H is a sequence of simple func-
tions such that lim,_, s, = f pointwise

the following two properties are equivalent

(i) /\f )dt <o = (iii) hm/\sn —f@)|dt=0

n—oo

]{bfdt‘ < /ab|f(t)|dt. (A.71)

Proof. (i,iii)=(ii): Add zero and use the triangle inequality and (iii) to obtain

b b b
/|f(t)|dt§/ |f(t)—sn(t)|dt+/ sn ()] dt "= b a < oo
a a a ?’1_/

(i,il)=-(iii): The function defined by

and in either case

Tn "= X{lsn|<2/f1}5n

is simple. Given ¢, for large n one has o0,(t) = s,(t). Consequently o, — f
pointwise. Furthermore, there is the pointwise inequality

Fn(t> = ‘O"n(t” < 2|f(t)| = G(t)
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between integrable (here (ii) enters) scalar functions. Continuity of the norm
yields that F,(t) — F(t) := |f(t)| pointwise, as n — oo. Thus the Lebesgue
dominated convergence theorem, see e.g. [AE09, Thm. X.3.12], applies and
yields (iii) as well as the following identity to be used right below

b b
Jim [loulde= [ 170

Final estimate: Suppose (i,ii). Step one in what follows is by (A.69), step two
is by continuity of the norm, for the final inequality see Definition A.10 c)

b b
][ fdt‘ lim][ andt‘
a n—oo a
b
= lim ‘][ O'ndt‘
n—roo a

b
7nlirgo/cl |on (t)] dt.

The previous displayed identity proves the estimate and Proposition A.14. [

A\ w

Proof of Proposition A.12. The proof has two steps.
Step 1. The elements y,, = f[f sp dt form a Cauchy sequence in H.

]{b (sk —Sé)dt’

o b
< [ lswtty = suto

b b
/ lsi(t) — F(8)|dt + / () — se(t)] dt

The assertion of Step 1 now follows by part (iii) of Proposition A.14.

To see this observe that

|y8k - ys@‘ =

IAND

Step 2. Let s, and o, be sequences of simple functions both converging point-
wise to f. Then both sequences of Bochner integrals ys and z,, converge in H
and have the same limit.

By Step 1 there are elements y and z of H such that y, — y and z,, — z, as
n — 0o. Observe that by continuity of the norm we get inequality one

b b
ly — z] < lim ‘][ sndt—][ andt‘
n— o0 a a

c) b

< li —
7}grolo |sn(t) — on(t)] dt

g hm/|sn — f@®)|dt+ hm/|f —on(t)] dt
n—oo

(iii) 0.
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The penultimate step is by the triangle inequality after adding zero and by
linearity of the real-valued integral. The ultimate step is by Proposition A.14.
This proves Step 2 and Proposition A.12. U

Lemma A.15. Let f: R — H be Bochner integrable, x € H, and a < b € R.

Then , ,
<]£ fdt,x>:/a (f(t),z)dt.

Proof. By linearity of the inner product this is true for simple functions, hence
the Lemma follows by approximating f by simple functions in view of the con-
tinuity of the inner product. O

A.4 Hilbert space valued Lebesgue and Sobolev spaces

Definition A.16. Let p € [1,00). The space LP = LP(R, H) consists of equiva-
lence classes [f] of functions f: R — H satisfying the following two conditions.

(i) Every function (f,z): (R, A) — (R, B), where x € H, is measurable.
(i) The LP-norm [|fll, := | fllure.m = (fol F0)Pdt)? < oo is finite

Two functions f and g satisfying (i) and (ii) are called equivalent if they
coincide outside a set of Lebesgue measure zero. To simplify notation we write
the equivalence class [f] still as f. On L?(R, H) there is the inner product

Fohgsgem = [ (F0.0(0)
The vector space L?(R, H) endowed with this inner product becomes a Hilbert
space and the (L”, |-||,) are Banach spaces; see e.g. [FW21, App. A.2].

Lemma A.17. For p € [1,00) every f € LP(R,H) restricted to a bounded
interval I = (a,b) is Bochner integrable along (a,b).

" _1
Proof. By Holder [|f(t)X(ap) ()| dt = f lf@®)]dt < —a)" 7 ||fll, <oo. O

Definition A.18 (Sobolev space). Let W12(R, H) be the vector space of all
f € L*(R, H) for which there exists an element v € L?(R, H) such that

l/mmﬂmﬁz—/wwwwMt (A7
R R

for every ¢ € C(R, H). If such a map v exists, then it is unique and called
the weak derivative of f. We denote v by the symbol f or f’.
The vector space W2(R, H) is endowed with the W1 2-inner product

(fs D2 (R,H) ‘= (f,9)L2m,m) + <fa 9)12(R,H)- (A.73)

and the induced W12-norm, notation || f| w12 m) :== ((f, g>W1,2(R’H))%.

The vector space W2(R, H) endowed with this inner product is a Hilbert space;
see e.g. [FW21, Prop. A.8].
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The Banach space L*°(R, H)

Definition A.19 (Essentially bounded functions). Let £°(R, H) be the set of
all functions f: R — H which have the following two properties:

(a) Va € H the function (f,z): (R, A) = (R, B(R)) is measurable.
(b) There exists r € [0, 00) such that {||f|| > r} is of Lebesgue measure zero.

The functions f € L>*(R, H) are called essentially bounded.

Proposition A.20. The space L>(R, H) is linear and complete with respect to
the semi-norm || flloo = [|fllcoo v, rr) defined as the infimum of essential bounds

| flloo := inf{r > 0| the set {|| f|| > r} has Lebesgue measure zero}.

Proof. To see that L>°(R, H) is a real vector space note that property (a) follows
from the fact that the space of measurable functions (f, z): (R, A) = (R,B) is a
vector space. Concerning property (b), given € R and f,g € L*(R, H), then
laf +glloo < || || flloo +119lloo; see e.g. [AE09, Rmk. X.4.1 (¢)]. For a proof that
L>(R, H) is complete see e.g. [AE09, Thm. X.4.6]. O

On L>(R, H) consider the equivalence relation where f ~ g if the two maps
are equal outside a set of Lebesgue measure zero. On the quotient space

L>®(R,H):= LR, H)/ ~

the semi-norm ||| is @ norm. Hence L*°(R, H) is a Banach space by Proposi-
tion A.20. To ease notation we still denote the elements of L>°(R, H) by f.

A.5 Differentiable compactly supported approximation
Convolution

Fix a smooth function p: R — [0 o0) which is supported in [—1, 1], is symmetric
p(-) = p(—), and satisfies [, p(t) dt = 1; see e.g. [AE09, Ex.X.7.12b)]. Define

pult) = Lp(2)

for > 0. This function is supported in [—pu, u] and has the properties that

Ammﬁﬂmmwzmmwzl (A74)

and that fR\(_T ” pu(t)dt — 0, as p — 0, for any given r > 0.

Definition A.21. Let f: R — H be a function which is Bochner integrable.
The convolution of f by p, at time ¢t € R is the Bochner integral

t+u
fu(@) = (f xpu)(t ][ ft—s)pu(s)ds —][_ f(s)pu(t —s)ds. (A.75)
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Lemma A.22. The Bochner integral (A.75), thus convolution, is well defined.

Proof. (i) The integrand is measurable. Indeed, given ¢t € R and « € H, then
the map (R, A) = (R,B), s = (pu(s)f(t —s),z) = pu(s) {(f(t —s),z), is mea-
surable since p, is continuous, and therefore measurable, the second term is
measurable by assumption that f is Bochner integrable, see Definition A.8, and
the product of measurable functions is measurable. (ii) By Young’s inequal-
ity for the convolution of real valued functions the norm |p, * fllL1m,m) <

lpullor eyl fllorm,my = 1 £l 22,1y is finite. O

Lemma A.23. For f € L*(R, H) the convolution f, := fxp, lies in C*(R, H)
and the derivative is %(f *pp) = f* %Pu whenever > 0.

Proof. To see this let u > 0. Since p, and therefore p,,, is C* and compactly
supported its derivative p, is uniformly continuous, so the following is true:
Given € > 0, there exists d. > 0 such that if |0 — &| < d., then

15u(0) = pu(3)] <. (A76)
Choose a nonzero number h € (—d;,d.). For t € R we calculate
(L4~ pu (1) L
e o) = |5 [ g tesomyar = g,
—_————
pu(t+rh)-h

1
< / Pt 7h) — pu()] dr
< € by (A.76)

<E.

Use first estimate (A.71) and then the previous estimate to obtain

h)— .
LR )

t+p+o
ft 5 f(S) (p#(t""h_slz_pu(t_s) _ py,(t _ S)) ds
—p—

t+p+0
< / 1£(5)]

—pu—0

Pu(t""h_siz_Pu(t_s) _ p,u,(t _ S)‘ ds

<e
< e 2+ ) fll 2w, m)-

In the last step we used Holder’s inequality for the product integrand 1 - |f(s)].
This proves that the derivative of f, is given by f * p,,.
It remains to show continuity of the derivative. Givent € R and h € (—d., d¢)
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as above, we calculate
[Fult+m) = £u()]

t+u+o
]{ f(S)(p'u(t-i-h—s)—pu(t—s))ds

—pu—5
t+p+o
<[ Ot =) = pult = s)ds
e < e by (A.76)
< ev/2u ) fl2cem.
This proves continuity of fu and concludes the proof of Claim 1. O

Lebesgue space
Theorem A.24 (C! approximation of L?). For any f € L*(R, H) it holds that

. (A.75)
}ng})ufu - fHLZ(R,H) =0, fu =" fxpu€ Cl(R,H). (A.TT)

More is true, namely C1(R, H) is a dense subset of L*>(R, H).

One can replace CL(R, H) by C>(R, H) with some more work, but for our
purposes this is not needed.

Proof. The proof has six steps. For I C R we often abbreviate L} := L'(I, H).
Step 1 (Reduction to L'). It suffices to prove approximation (A.77) in L.

To see this pick f € L?(R, H) and € > 0. Then there exists h = h. > 0 such
that [|f||z2(f/>h}) < §. For the truncated function f" := x| s<nf we get

1/2
||fh—f||L§:</ fz(t)dt> <
{IfI>h}

By assumption approximation holds in L!, so there exists p = . > 0 such that

I

2
1M = £ < o

Note that ||f"||sc < h. Now use this estimate to get for every ¢ € R the estimate
(o % Y] < I, pu()|F(E — )| ds < hllpylly = h. With this we get

1), — S22 = / (F)ult) — £ (0) e
R

< (Il + 17"11) [ 107900 = (0
< 2 — F.
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Using the above three displayed inequalities we estimate

£ = Fllz < llpwx (F = £z + NG = S N2+ 1" = fll2
< lpullallf = f*ll2 + \/2h\|(fh)u =+ 1 = £l

2
£ 1
<s5+VT

=E.

A

In step two we used Young’s inequality || gk, < ||g||p|||lq where 1+ L =
for r = ¢ =2 and p = 1. In step three we used (A.74).

Step 2 (C! approximation near oo). Pick f € L?(R, H) and ¢ > 0. There
exists T' = T'(¢) > 1 such that ||f, — f||z: < 5 whenever p € (0,1].

R\[-T,T]

1,1
» T

Since f € L! there exists T' > 1 such that the integral near infinity is small

g
1Flles, s < 5 (A.78)
We estimate
Hflt”Lrﬁ\[_T’T] = Hp” * f”L]}R\[—T,T]

= [lpu * fXR\[=T+1,7-1] ”LD%\[_T‘T]
< lpu * fxe\[-T+1,7-11ll L2
< lpulle[lfxr\~T+1,7-11ll L1

= I1£llee,

<

—T+41,T—1]

o

Step two uses that p < 1 and we multiplied by a characteristic function which
is identically 1 on that domain. Step three is by monotonicity of the integral.
Step four is by Young’s inequality. Step five uses that ||p,||z1(r) = 1. The final
step six is by (A.78).

To conclude the proof of Step 2 we estimate

1= Fllas,

—7,7] < Hf'u”Lrl\a\[_T)T] + Hf”Lule\[_T,T] < % + % — %

Here we used (A.78) and the subsequent estimate

Step 3 (Approximate f by really simple function r). There is a really
simple function r: [T —1,T 4 1] — H such that ||f — 7| 1 (—r—1,741],8) < §-

By Proposition A.14 (iii) we approximate f by a simple function s which,
by (A.67), we approximate by a really simple function r.

Step 4 (C! approximation of 7). There exists a constant p. € (0,1] such
that |7, — rl|L1 e m) < § whenever u € (0, ).

A really simple function r: [-T,T] — H is of the form r = Zszl XI, Tk
where each Ij, is an interval. Note that [(p, * xr,) — x7,] < 1 and that for
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every t outside of the intervals (ay — p, ar + ) and (bg — p, by, + 1) the function

|(pp * X1, ) (t) = X1, (t)| = O vanishes. Consequently [~ |(p,*x1,) — X1, | dt < 4p
and therefore ||r, — r||p1r ) < 4uNk where k := max{||z1]],...,[|zx|. Hence
Step 4 follows by choosing p. < €/(24Nk).

Step 5 (C' approximation of f). Given p € (0,u.] C (0,1], then we have
Ilfu = fllr .oy < €. Equivalently, this proves (A.77).

To prove this we estimate

[ fu 7T'U'HL[1—T,T r

= lox (s
= llpu* (f
< Alpw* (f —7)x
< llpullaliCf = T)X[fol,TJrl]HL%{
=If =7l

[-T—1,T+1]

=)l
= T)X[~T—1,T+1] ||L[1_T‘T]
— [—-T—1,T+1] ||Ll§ (A.79)

<.

Step two uses that supp p, C [—u,p] C [-1,1] and we multiplied by a charac-

teristic function which is identically 1 on that domain. Step four is by Young’s

inequality. Step five uses that ||p,||1 = ||pll1 = 1. The final step six is by Step 3.
Now we decompose R =R\ [-T,T] U [T, T] and use Step 2 to obtain

1= Pl = 1= Py, gy + 1= Pl
<s5+Ifu— THHL[I—T,T] + I — T”LII—T,T] +lir = fHL[I‘T'T]

€ € € e _
<§+6+g+€—6.

The final inequality is by (A.79) and Steps three and four.

Since € > 0 was arbitrary we get lim, .ol f, — fllz1®,z#) = 0. This also proves
L? convergence by Step 1. The proof of Step 5 is complete.

Step 6 (Compact support). For any f € LY“?(R, H) the sequence F} €
C}(R, H) defined prior to (A.81) converges to f in L?.

In (A.81) replace the W2 norm by the L? norm.

This concludes the proof of Theorem A.24. O

Sobolev space

Theorem A.25 (C' approximation of W'2). The set CL(R,H) of smooth
compactly supported maps is a dense subset of the Hilbert space W12(R, H).

The proof of the theorem uses the following lemma.

Lemma A.26. For f € WY2(R, H) it holds (f*p,) = f'*p, whenever u > 0.
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Proof. Pick p € C(R, H). Fix T > 0 such that supp ¢ C [T, T]. Abbreviate
I:=[-T — u, T+ p]. We compute by definition (A.75) of convolution

[ < maosrart [ [ 0. e0) s
/ /1 t ), pu(t — s)p(t)) dtds

=/ (5, (p % 0)(5)) ds

I
i / <f<s> (o0 w)’(s)>ds
(pux@)(s)

IIU‘

// (), puls — D)p(1)) dids

(f(8)pu(s—1),p(¢))

s / (0.9

Steps 1, 3, 5, and 6 are by Lemma A.15. Step 2 is by the Theorem of Fubini,
see e.g. [AE09, Thm.X.6.16], which applies since the integrand is absolutely
integrable: Indeed the integral

S 1 @ute = o), 0] dsae <20+ kgl [ 1765 ds
I;
< (27 + 20) 2ol £

is finite. Step 3 also uses that p(t) = p(—t) has been chosen symmetric. Step
4 is by definition (A.72) of weak derivative. We then used Lemma A.23 for
H =R. Since ¢ was an arbitrary test function this proves Lemma A.26. O

Proof of Theorem A.25. The proof has two steps.
Step 1 (C*! approximation). C'(R, H)NW12(R, H) is dense in W*(R, H).
To prove this pick f € W12(R, H). In particular f and its weak derivative f’
are in L?(R, H). Hence, applying twice Theorem A.24, we have convergence
L? , L
fu—f, () — 1, as u — 0.
Since (f'),, = (fu)’, by Lemma A.26, this shows that

. (A.75)
}}L%Hfu - f||W1=2(]R,H) =0, Ju ="[xpu€ Cl(R,H). (A.80)

Step 2 (C! approximation with compact support). For any f €
WLH2(R, H) there is a sequence F), € C¢(R, H) which converges to f in W12,
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To see this pick ¢ € C®(R,[0
[-1,1]. For k € N set ¢ (t) :=
W172(]R, H). Indeed since ¢, =

f—gM?=LbJ1—MﬁDU—¢Mm~U®Fﬁ

1]) supported in [—2,2] and with ¢ = 1 on
(i) and g := ¢rf. We claim that g — f in
on {|t| < k} the integral domain reduces to

0
1

< / F(O)2dE — 0, as k — 0,
[t|>k

and since g (t) = ¢ (t) ( )+ k‘¢>(kt)f( ) we get
IF = el = [ 10 = 010  totp) 0
2 .
<2 [ 1FOPd+ GGl F1E 0,k = o

The sequence of compactly supported smooth functions Fj := ¢p(f * px) ap-
proximates f in W2, indeed
1f = Frlli2 = If — éuf + ou(f — fxpi)l2
1f = gklliz +]If = f*prllz- (A.81)

—0 shown above —0 by (A.80)

In step 1 we added zero and step 2 uses the triangle inequality and that ¢ < 1.
This proves Step 2 and concludes the proof of Theorem A.25. O

A.6 Sobolev embedding
Theorem A.27. Any element v € WH2(R, H) satisfies the estimate
[l < [[v]]1,2- (A.82)

Proof. By Theorem A.25 we can assume without loss of generality that v €
Cl(R, H). By the fundamental theorem of calculus in combination with compact
support at any time ¢t € R we estimate

t
|mwF:/ (o) do
Co0 N —
=2(v'(0),v(0))

<[ WP+ @) do

—0Q0

$ [ W @R + o)) do

—o00
= ”v”%/VLZ(R,H)'

In step 2 we used Cauchy-Schwarz and then Young’s inequality ab < a?/2+b%/2
whenever a,b > 0. Since t € R was arbitrary, estimate (A.27) follows. O
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Remark A.28. The proof shows that if 7 € R and v € W2((—o0, 7), H), then
instead of estimate (A.27) we have

0] Loo ((=00,7), 1) < [Vl Wwr2((=00,r), H)-

To see this in step 3 of the estimate just replace ffooo by f_TOO Similarly, if
v € WH2((r,00), H), then we obtain

01| oo (00, ) < NV llwr2((r,00), 1)

B Implicit Function Theorem

B.1 Quantitative

We denote by B,.(x; X) the open ball of radius r centered at z in a Banach
space X. We often abbreviate B, (x) := B,(z; X) and B, := B,(0; X).

Lemma B.1 ([MS04, Le. A.3.2]). Let v < 1 and R be positive real numbers.
Let X be a Banach space, xg € X, and ¢: Br(xg) — X be a continuously
differentiable map such that

[1d — de(z)|| < v

for every x € Br(xo). Then the following holds. The map ¢ is injective and ¢
maps Br(zo) into an open set in X such that

Bpra—y)(¢(z0)) C @(Br(0)) C Br(14~)(T0)- (B.83)

L o(Bgr(z0)) = Br(wo) is continuously differentiable and

d(‘:p_l)|y = (d@|¢*1(y))_1' (B-84)

Corollary B.2 (Higher differentiability C*). Under the assumption of
Lemma B.1 assume in addition that ¢ is C*. Then the inverse is C* as well.

The inverse @~

Proof. This follows inductively by the chain rule from (B.84). O

Lemma B.3 (Family version). Let v < 1 and R be positive real numbers.
Let X be a Banach space and xog € X. Assume that there exist € > 0 and
a C* map p: (—¢e,e) x Br(xg) — X such that for every s € (—¢,€) the map
s = @(s,-): Br(zo) — X satisfies the estimate
[1d — des(z)|| <~
at every point x € Br(xo). Then the following holds. The C* map defined by
®: (—e,e) X Br(zg) = (—g,e) x X, (s,2) = (s, p5(x))

has an inverse and ®1 is of class C* as well.
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Proof. For fixed s € (—e,¢) the map ¢, := ¢(s,-) is invertible by Lemma B.1.
The inverse of ® is then given by

&1 Im(®) - (—e,¢) X Br(wo), (s,y) = (5,05 (1))

and its derivative by

@l [5] = ) vl
CO g T | deslyrr) T Balprry ) M| 19

where ¢ := 01(-, ) is the s-derivative. If o, hence ®, is C*, then using induc-
tively the chain rule on the above formula shows that ®~! is C* as well. O

Remark B.4 (Corollary to Lemma B.1). Let v < 1 and R be positive real
numbers. Let X be a Banach space, o € X, and ¢: Br(zo) — X be a C* map
with

ldeple —Id]| <

for every x € Br(xg). In particular, by Corollary B.2, the map ¢ is a C*
diffeomorphism onto its image. For 8 € [0, 1] we define a map

Sf oy XD Br— X, ne (1-8)(p(xo) +n) + Be(zo +n). (B.85)
The derivative at n € Bp is given by
dSE o ln: X = X, = (L= B+ Bdplag g

Hence
ng’IOL, —Id=p (d<p|l.0+,7 —1d): X — X. (B.86)

Since 8 < 1 we obtain for the operator norm
4S5 o ln = 1d][ <
whenever 17 € Bg. Therefore, by Lemma B.1, all maps

8%, XDBr— X

are C* diffeomorphisms onto the image.

B.2 Qualitative — family inversion

Proposition B.5. Let H be a Hilbert space. Consider a family of maps F: R x
H — H of class C? such that for each s € R the map

Fs:=F(s,): H—>H
is a C?-diffeomorphism. Then the map defined by
G:RxH—=H (s,9)—F ‘(v (B.87)

is of class C? as well.
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Proof. The idea is to apply the Implicit Function Theorem, see e.g. the book
by Lang [Lan01, Thm.5.9], to the following map

fiRxHxH—=H, (sy)— F(s,y)—z.

This map is of class C? by our assumptions. Abbreviate z = (s, ), then in the
notation of [Lan01, Thm. 5.9] it holds that

sz(27y) = d]:s(y): H—H

and since according to our assumptions F, is a C2-diffeomorphism it follows,
that Do f(z,y) is an isomorphism.

According to the Implicit Function Theorem [Lan01, Thm.5.9], there then
exists a C? map ¢ : R x H — H such that

f(z,9(2)) =0 (1) (B.883)
for every z € R x H. Substituting now z = (s,z) in the definition of f we obtain
f(z.9(2)) = f(s,2,9(s,2)) = F(s,9(s,x)) — x. (B.89)

By (B.88) and (B.89) it follows = F(s, g(s,z)) = Fs(g(s,z)) and therefore
g(s.2) = Fs 7' (2).

Since ¢ is of class C? this proves Proposition B.5. O

Lemma B.6. The first two derivatives of G in (B.87) are (B.90) and (B.95).

Proof. The proof has two steps.
Step 1. The first derivative of G for 5,5 € R and y,y € R x H is given by

G (5,5 (3.9) = —(dFs| £, -1()) " Felmo-100)8 + (dFs| 5, -10)) 0

iy 3 (B.90)
= [F@Flr ) el (@Flzw) 7 |
in any direction (5,9) € R x H
Observe that
Go=F,"H—H, GioF,=F "'oF =idu. (B.91)
Hence we get
dg‘(s,y) (073}) = d(fS)_1|yy = (df5|fs_1(y))_lg (B92)

for every §y € H. Abbreviating

.7-"3() = 0sF(s,),
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then at (s,x) € R x H we get

df|(s,¢)(‘§7 0) = Fs(‘r) s
for every 5 € R. We take the s-derivative of F, o F, *(y) = y to obtain

-2 + AFsl 5,1y (Fo Tl =0 (B.93)

for every y € H and thus
(}-871)(2/) = _(d]:s|}‘s‘1(y))71j:s|}'s—1(y). (B.94)

Therefore we obtain
dg'(sg) (§7 O) == gs|y§

2 (FY,8

—(dFs|7, 1) T Flmr ()

where step 2 is by (B.91) and step 3 by (B.94). Together with (B.92) this
proves (B.90).

Step 2. We calculate the second derivative of G at a point (s,y) € R x H.

[[eo

The second derivative of G at a point (s,y) € R x H is of the form

soainon=( HEDE]

whenever y;, 92 € H and §1,52 € R. The terms A, B, and D are as follows.
TERM A. Take the s-derivative of (B.93) to obtain

0=0, (Flr-) + 05 (47l 5,10y (Fe M)y

= -'7':5‘.7-‘;1(7;) + dj:5|]-'.;1(y)(]'—sil)|y + d~7.'—5|fs*1(y)(-7:571)|y
Fs1(y) <(‘F571)|y7 (-7:571)|y) +d“7:.s|]:s*1(y)(‘/—'.ﬁil)‘y'
We use this identity in step 3 of the following calculation
d2g|(s,y)(§170;§250)

= gs|y§2§2

2 (F7Y) 803

+ d*F,

3 a A _ .. . -
= —3252(df5‘]:5—1(y)) 1 <.Fs|fs—1(y) + 2dfs|}—5_1(y)M

0 (Bl (B0L))

4 o _ .. . s
:—SQSQ(d.Fs‘]:S—l(y)) 1<]:S|]:s1(y)_2df8|fsl(y)(df8|]:s1(y)) 1]:S|]:571(y)

fsl(y))>

+ PF 5, (@Fr ) " Folr 1) [@Flr )~ F
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where step 2 is by (B.91) and step 4 by (B.94).
TERM D. Let s € R and y, 41,92 € H. Set z := F, ' (y). Then we have

d2G (4.4 (0, 9130, 92) = d*(Fs) 1y (1, G2)
2 (dFu|e) T P e (AFsl2) ™ 01, (dFsl2) " 52)

Step 1 is by (B.92). Step 2 is analogous to (4.57).
TERM B. Let 5,5 € R and 3, € H. Set z := F, '(y). Then we have

d*G|(4.)(0,9:5,0) = 8, ((dF,|.)"'5) 3
2 (dFs|e) dF o (dFs]) " g8

where step 1 is by (B.92) and step 2 by the following consideration. For z,{ € H
take the s-derivative of & = (dF|,) " tdFs|.£ to obtain

0= (95(dFs|o) ") dFs|oé + (dFs|e) " 05 (dFs0)
= (0s(dFs|2) 1) dFsle + (dFs|e) " dFs|s

where we used that derivatives commute by the Theorem of Schwarz. Hence
aS(d}—SLL’)_l = _(d'FS|x)_1dj:8‘r(d—7:S|x)_l

for all =, & € H. This concludes the proof of Step 2 and Lemma B.6. O
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C Hilbert manifold structure for the path space
of finite dimensional manifolds with the help
of the exponential map

Finite dimensional manifolds are automatically tame and therefore Theorem A
in particular implies that the space of W12 paths on a finite dimensional man-
ifold is a C' Hilbert manifold. In this appendix we show how this can as well
be deduced more traditionally with the help of the exponential map.

If one uses the exponential map on a C? manifold, the finite dimensional version
of the parametrized version of Theorem B is not quite sufficient since in general
one will not have two continuous derivatives in both the parameter s and the
space variable. We therefore establish as a technical tool Theorem C.2 which
allows us to deal with this complication.

Let M be a C? manifold of finite dimension n. Pick two points z_,z, € M.
Manifolds of maps N — M between manifolds have been constructed with
the use of an exponential map on the target side. While Eliasson [Eli67] as-
sumes compactness of the domain N but allows infinite dimension of the target,
Schwarz [Sch93] deals with maps R — M and uses smooth maps z: R — M
which reach z+ only asymptotically, i.e. in infinite time Foo, as the fundamental
paths around which coordinate charts are being built.

As in the construction of Theorem A in §4, but in contrast to Schwarz [Sch93]
we build our charts around basic paths, i.e. paths which reach x4 already in finite
time F7'. In Subsection C.2 we recall the elegant construction of coordinate
charts of path space using the exponential map associated to the choice of a
Riemannian metric on M. Here we already use finite time basic paths.

Definition C.1. Consider a C? path 2: R — M with the property that
_ <-T
z(s) = s
zy ,s52>1T),
for some x_, x4 € M and some T > 0. Such paths are called basic paths.

We call two Hilbert spaces equivalent if they coincide as vector spaces and
their inner products are equivalent. When we refer to an equivalence class
of Hilbert spaces we mean equivalence with respect to this equivalence relation.
For a basic path x we consider the equivalence class of Hilbert spaces

H} = WY (R, 2*TM). (C.96)

In fact, to choose an inner product in H! we have to choose a trivialization 72
of the bundle 2*T'M — R. As we will explain below, Proposition C.7, choosing
different trivializations gives rise to equivalent inner products on H}.

C.1 Technical Tool

The following theorem will be the base to prove Theorem C.5 (transition maps
are C'! diffeomorphisms).
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Theorem C.2. Let o: RxR"™ — R" be a C' map with the following properties.

(i) For each s € R the map ¢s := ¢(s,-): R* — R" is C2.

)
(ii) The map ¢s: R® — R™ is Ct where ¢ := 1p(-, ) is the s-derivative.
(iii) The map R x R™ — L(R™, R™R"), (s,2) — d%ps|., is continuous.
(iv)

)

(v

The map R x R™ — L(R™), (s,2) > dps|e, is continuous.

There exist T > 0 such that s = @1 whenever £s > T and p4: R* — R"”
is of class C? and maps 0 to 0.

Then the map
®: WH(R,R") — WH2(R,R"™)

= [s = (R(9))(s) = w(s,€(5))] (C.97)

is well defined and C*.

Corollary C.3. Let ¢: RxR" — R™ be a C'! map linear in the second variable,
i.e. ps = p(s,:) € LR™) for any s € R, and such that there exists T > 0 with
ps = idgn whenever |s| > T. Then ® in (C.97) is a bounded linear map.

Proof. We check that ¢ satisfies the conditions of Theorem C.2. Since p, and
s are linear maps they are in particular arbitrarily often differentiable. In
particular (i) and (ii) hold. Too see that condition (iii) holds consider the map

R x R"® = L(R™,R™;R"), (s,2) — d?pgs.

Observe that (v, w) — d?p,|.(v,w) = psw is independent of v and linear in w.
Hence (iii) holds. Observe that dpg|,w = ¢sw and therefore condition (iv) holds
as well. Since ¢ = idg» whenever s > T condition (v) is also satisfied. Thus,
by Theorem C.2, the map ® is a well defined bounded linear map on Wh2. O

Proof of Theorem C.2. The proof is in three steps. Hypothesis (i) and (ii) serve
to formulate (iii) and (iv). We abbreviate &; := £(s) and & := %fs.

Step 1. ® takes values in W12 (well defined).

Proof. Pick £ € WH2(R,R™).
a) We show that ®(¢) € L?(R,R™). To see this note that since £ € W12 it is
continuous and has to decay asymptotically. Therefore there exists a constant
¢ such that |£| < ¢ for every s € R. By continuity of ¢, there is a constant
# = (c) > 0 such that [|¢|_7,7x B, ||cc < K where B, C R" is the radius ¢ ball
about the origin. Hence [(®(£))(s)| < & for every s € [-T,T].

Let ¢+ be the maps provided by (v). We next show that there exists a
constant C(c) such that

e+ (@) < Clo] (C.98)

whenever |v| < ¢. Indeed, since dp+ is C!, there is a constant C' such that

lde+ ()|l < C
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whenever |z| < ¢. Now use ¢4 (0) =0 to estimate
1

lox(v)] = ‘/ 4y (tv) dt
0

1
< [ags (e plar
< Cv|.
This proves (C.98). Using (C.98) in equality 3, we can estimate

(o ECD 122 @ mm
= ||‘I)(f)||2L2(R,Rn)
= 1®(N72((—oo,—1)n) + 1RENF2 (77 R0y + 1PEF2((7,00) ")

3
= C*IENLa (—o0r-1y ey T NP L2y mmy + CEIENT2 (7,00) R)
S 02H£||‘2/V1,2(]R7]Rn) +2Tk? < .

b) We show that ®(¢) € WH2(R,R"). So see this we calculate

8S(¢)(£))(S): @(3,63) + d¢s|fs £s~

=0,ls|>T @ dosle,, |s| > T

We show that both summands are in L?(R,R").

Summand one: Let the constant ¢ be as in a). Since ¢ is C! it follows that
¢ is continuous. Thus there is a constant ks = ka(c) > 0 such that it holds
l@l—1.1x B.lloo < k2. Hence [¢(s,€(s))| < ko for any s € [T, T]. We estimate

I, ECND 2@ rny = 100 EC L2 ((—1,17,8)
< HQ\/ﬁ < 00

where we used in the identity that ¢(s,-) = 0 whenever |s| > T

Summand two: Since ¢ is in W12 it is in particular continuous and decays
asymptotically. So the operator norm of dy,|¢, is uniformly bounded when s
lies in compact set [T, T]. Since outside of [T, T] we have dysle, = dp4]e,
by (v), the operator norm is actually uniformly bounded on the whole of R, say
by a constant k3. Hence

||d¢~|g(.)5s||L2(R,Rn) < HSHésHL?(R,Rn) < 0.
This proves b) and Step 1. O
Step 2. ® is differentiable with derivative at £ € W12(R,R") given by
(dDlen) (5) = deps

for every n € W12(R,R") and every s € R.

&sTs
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Proof. We need to show that our candidate for the derivative of & at £ in
direction 7, namely the map s — dps|e,ns, lies in W12, That this map lies in
L? follows by the argument in the proof of Step 1 b) for the second summand
by using continuity of dy,. It remains to show that the s-derivative lies in L2.
This s-derivative is given by

0, (d®ler) () = dsle,ns + Ay, (€.ms) + dops

EsﬁS'

That the third summand is in L? is the argument in Step 1 b) for summand
two. That the first summand is in L? follows by the same argument, but now
using continuity of d¢,, which holds by hypothesis (iv), and since dps = 0 for
|s| > T. It remains to discuss the second term. Observe that d?p,(-) = d?>p4(-)
whenever |s| > T. By compactness of [T, 7] and by continuity of the map
d?p, by (iii), as well as continuity and asymptotic decay in s of the maps &, and
7s, the operator norm

|v +— d2<,0S

g, (Vs ns)llc@ny < e2lnlloo < eslnllwrzgrny

is bounded uniformly by a constant co = c2(T") > 0 for every s € R. Here c3 is
the constant of the embedding W2 < C°. We obtain

é”Lz(R,R") < 00.

d2.1e (€ m)llL2@rn) < cslnllwre@wrn)

This proves that our derivative candidate dy.|¢()n(:) is element of L(W2).

Let us abbreviate ||-||2 := ||-||z2®,z») and [|-[1,2 := [|[[w1.2(m,rn). To see that
our candidate actually is the derivative we show that the limit

D& + hn) — ®(&) — hdp.|enl|F.

lim sup
h=0 gy o<1 h?
= lm sup fR |<Ps(§s + h%) - ‘Ps(gs) - hd‘/’8|§s7h|2 ds
=0 n]ly.2<1 h?
d 2
+lim  sup fR |E (ps(&s + hns) — ps(&s) — hd‘PS|Es778)| ds
h=0 |injl, o<1 h?

exists and vanishes. To see that summand one vanishes we use the fundamental
theorem of calculus to write it in the form

1 2
}llirr%) sup %// (jtgos(fs+thns)—hd<ps|£sns>dt ds
Y nll,2<1 RIJO \Neeoe—~————~ Rm
:d‘Pslgs«#thnshns
1 2 (099)
= lim sup // (d<p5|§s+th75—dgos|5s>nsdt ds.
n=0 )1y <1 Jz o ’ Rn

=:F(h,n)

There exists a constant ¢4 such that |ns| < ¢4 for all 7 in the unit W12 ball and
s € R. Since dy is continuous and ¢s = ¢+ is independent of s for |s| > T, it is
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in particular uniformly continuous on compact sets,

and therefore for any ¢ > 0

there exists an hg > 0 such that for every h € [0, hg] there is the estimate

ldpsle.+thn, — dpsle, |l o)

<e

whenever s € R and [|n]|1,2 < 1 and ¢ € [0,1]. Hence F(h,n) < &?||n||3 < ? and
therefore summand one limp, o sup,, ,<1 £'(h,7) = 0 vanishes.
To see that summand two vanishes as well, we abbreviate and compute

G(s) :

— Ps & T dps 5555
— hdpsle,ns — thSos

2 . . .
= Qslesthn, — Psle, —hddse s

1d .
=Jo T Pslestinn,dt

L (ps(Es + hms) — s(Es) — hdps

¢8|£s+hns + d@5|£s+hns (fs + hﬁs)

s (ésﬂ?s) - hd@s

55775)

s 7s

+ d¢5|£s+hns£s - d‘PSlﬁsés - hd2§08|£s (ésa ns)

+ dpsle, +nn, his — hdps|e, s

1
3 . '
= h/o (ds|e,+thn, — dps

1
+h/ (d2ap5
0

+ h (deps

Es+thns — d? Ps

€athm, — dpsle, ) 1s

for every s € R. Square this identity and integrate

# [ 16 ads
R

3

gs) 773 dt

L) (Esums) dt

to obtain

sup
lInll,2<1
T 1 2
< sup / 3/ (dsle.+thn, — dpsle, ) ms dt|  ds
Ill1,2<1J =T 0 R™
1 . 2
+ Sup / 3 / (d2(ps|£s+thns - d2(ps gs) (587”3) dt dS
nl,2<1J/R [J0 Rn
=:F3(h.n,€)
2
+ sup / 3[(dpsle.+hn, — dpsle,) ns|  ds.
Inll1,2<1JR R~

Term 1. The limit, as h — 0, of the first of the three terms vanishes by exactly
the same argument as in (C.99) by using continuity of d¢ by (iv).

Term 2. For the second term note that as in (C.99) by continuity (iii) and (v)
for every e > 0 there is hg > 0 such that for any h € [0, ko] there is the estimate

|d*@sle,+thn. — d*@sle, |l crn
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whenever s € R and ||n]12 < 1 and ¢ € [0,1]. There exists a constant £ > 0
such that |9l < &7 [|7]ly1.2- So, for h € [0, ho], we have

Fo(h,n, &) < 3¢2||€] - n||2
< 3¢2||n||1% II€113 (C.100)
< 3¢’k

Therefore supy,,, ,<1 F2(h, 7, €) < 3%k2||¢[|2.,. Consequently the limit vanishes

Hmp 0 SUP| ), ,<1 F2(hy 1, ) = 0.

Term 3. This follows as in (C.99) by noticing that ||1(|z2® rr) < [7]lwi2@zr)-
This concludes the proof of Step 2 (& differentiable). O

Step 3. The differential d®: W12 — £(W'2) is a continuous map.

Proof. For £,&,n e W12 =Wt 2(R,R"™) we estimate the difference
|d®|en — d®|zn]7
/‘(d@s d@s‘gs)ns‘2d3+4|%[(d¢s

| (depsle,

T

& d%lgs)ns] |2d5

daps\és)ns\zds

d@s d¢s|gs)n5‘2d5

\%

§£~ - d2<,05|5§£s)775|2d5

+ [ I d2<Ps|£s§s — dpslg & + s

%

| d@s‘és d@s|gs)ﬁs‘2ds

%

< ‘ (d@s ‘{S deps
R

/.
J

R

gs)ns\QdS

T

d@s d¢s|§5)775‘2d5

+ | d <Ps|§sfs — d?p, gsés)ns|2d3

+ [ 2Aoule (6 € P

+/|(d90s €
R

Term 1. Since the W12 norm can be estimated by the CY norm, the continuity
of dp, together with the fact that o, is independent of s for |s| > T', implies the
following: For every € > 0 there exists 6 = d(¢) > 0 such that

— dps és)ﬁs 2ds.

1€ = €ll2 < 6= |ldosle, — depale, )< e
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In particular, for every & in the W12 §-ball around ¢ it holds that

sup /|(d<,0S
[Inll1,2<1JR

Term 2. Maybe after shrinking ¢ > 0 the continuity (iv) of d¢ implies (same
argument as for Term1) the estimate

e, — dps 55)775\2618 < €2

T
sup / |(d9bs & — d¢5|és)775|2d5 <&’

Imll1,2<1J =T

Term 3. Maybe after shrinking 6 > 0 again, by continuity (iii) of the bi-linear
valued map d?¢ and by (v), we have the implication

1€ = Elli2 <6 = ||d%ps

& T dz@s

és L(R",R™;R") S E.

In particular, for every & in the W12 §-ball around ¢ it holds that
/R?|(d2<Ps &és - d2§05|5555)775|2d5

<21 - Inlll3
< 226|013 L lI€117 2

where in the last inequality we used estimate (C.100). Therefore we get

sup /R2\(d2905|§5 - d2%|gs) (557775)|2d3 < 25252”5”%,2-

[Imll1,2<1

Term 4. By continuity (iii) of d®¢ and finite dimension of R™, and by (v) there
exists a constant ¢ > 0, only depending on & but not &, such that

1€ —¢

Hence we estimate term 4 by

12 <38 = || d*ps

ES L(R" ,R™;R™) S C.
[ 2o (6~ EnPas

< 2E|€ — €] - nlll3

< 2762)1€ — €|IF 2lInll3

where in the last inequality we used estimate (C.100). Maybe after shrinking
6 > 0 we can assume that § < . Taking the supremum we obtain the estimate

sup / 2/dp, | (€ — €, me) Pds < 2257,
R

[Imll1,2<1
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Term 5. By the argument from term 1 using that [|7]|3 < [|n]|7 5 <1 we get

sup /I(dws
Inlli 2<1 /R

The term by term analysis above shows that for every € > 0 there exists a
& > 0 such that

ld®le — Pl Z w12y = sup[[d®|en — d®|gn|? ,

[Inll1,2<1

<& (34 273 gn) + 26K2)

& — daps|§s)7'73\2ds < €2

This concludes the proof of Step 3. O
This proves Theorem C.2. O

C.2 Hilbert manifold structure via exponential map

Let M be a C? manifold of finite dimension n and let z_, 2, € M. We define
the space Py_,, of Wh2.paths 2: R — M from z_ to z, and endow it with
the structure of a C* Hilbert manifold; see [EIi67,Sch93]. To define charts we
pick a C? Riemannian metric g on M. Let t,, > 0 be the injectivity radius at
20 € M of the exponential map exp: T, ,M — M.

For convenience of the reader we repeat the construction of coordinate charts
of path space using the exponential map, but using already finite time basic
paths as coordinate centers. Given a manifold M of finite dimension n, pick a
Riemannian metric g on M. The associated exponential map

exp=exp’: TM — M x M, (q,v)+ (q,exp,v)

when defined on a sufficiently small neighborhood of the zero section is a diffeo-
morphism onto its image. One defines exp, v := 7, (1) where v, : [0,1] — M is
the unique geodesic (V;¥, = 0) with v, (0) = ¢ and 4,(0) = v.

C.2.1 Local parametrizations

Definition C.4 (Local parametrizations). Let = be a basic path connecting two
points x+ € M. Consider the open neighborhood U, of the zero section in the
space of W2 vector fields ¢ along x that consists of all £ such that [£(s)]g < ta(s)
for every s € R. We define a local chart of P,_,, about z as the inverse of the
local parametrization ¥, given by utilizing the exponential map of (M, g)
pointwise for every s € R, in symbols

U, =exp,: H; DUy — exp, Uy =: Ve CPy_o,
§ — eXDP, 5 = [S = expz(s) 5(8)}

These local parametrizations endow P,_,, with the structure of a topological

Hilbert manifold modelled on W12(R, R").
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Figure 7: Exponential transition map ®*: Uy, — Uy, H! == WH2(S' 2*T M)

C.2.2 Transition maps and basic trivializations

Theorem C.5 (Exponential parametrization transition maps). Assume that
and y are two basic paths in M connecting x_ to x. Consider the open Hilbert
space subsets defined by

Uy, = exp, (expy Uy Nexp, U,) C H!,
Uyy = expy*1 (expx U, Nexp, L{y) C H;

Then the chart transition map

Ty . —1 _ —1 .
O =W, oW, ly,, =exp,  oexp, |u,,: Uy — Uy

is a C diffeomorphism.

Definition C.6 (Basic trivialization). Suppose that x is a basic path such that
x(s) =a_ for s < —T and z(s) = x4 for s > T. To define an inner product on
H! we choose a trivialization

T:2"'TM - RXR", (s,v)— (s,T50)

depending continuously differentiable on s, i.e. being of class C' in s, and with
the property that there are linear isomorphisms

Te: Ty, M — R®

such that
Ts = T+, whenever s > T.

We refer to T as a basic trivialization.

Given a basic trivialization 7', we define the inner product of £,7 € H} by

<£7 77> = <T<£)’ T<,’7)>W1*2(R,]R") .

If we choose a different basic trivialization, then we get an equivalent inner
product on H} as the following proposition shows.

7



Proposition C.7. Assume that T and T are two basic trivializations for a
basic path x, then

ToT ' WH(R,RY) — WH2(R,R")
s a linear isomorphism.

Proof. By Corollary C.3 the map T o T-1 is a well defined linear map from
WL2(R,R") to WH2(R,R™). By the same corollary the inverse

(ToT H L =ToT!

is as well a well defined linear map from W*'2(R,R") to W*2(R,R"). Therefore
T oT~!is a linear isomorphism. O

Proof of Theorem C.5. Let x and y be basic paths in the n-dimensional man-
ifold M. In order to apply Theorem C.2 to prove Theorem C.5 we use basic
trivializations 7% and 7Y of the vector bundles x*TM — R and y*T'M — R,
respectively. The trivialized transition map

O :=TYodWo (TH) L WH(R,R") — WH2(R,R") (C.101)
gives rise to a map ¢ as in Theorem C.2. Indeed for s € R we define
linear =:1p*¥eC? linear

TEL XDy (s)

ps = p(s,:): R" = Tm(s) Uz(s) n Uy(s) expyig_l Ty(S)M E} R™.
The map ¢: R x R” — R" is a composition of the three C* maps 7%: 2*TM —
R xR™ TY and exp: TM — M on a neighborhood of the zero section. There-
fore ¢ is Ct. We verify hypotheses (i-v) in Theorem C.2.

(i) As illustrated in the displayed diagram the map ¢s: R® — R™ is C?.

(ii) The s-derivative of ¢, := (s, -) is of the form

Py = 837?71 o O oTY + 7;9”71 0 05DV oTY + 7;9”71 o &Y 00, TY
—— —_ ——

eC? ect eC?

where each summand starts and ends with a linear map. Thus ¢, = 9,p, € C'.
(iii) and (iv) follow from the last two displayed diagrams, respectively, since the
linear maps 7;””71 and 7Y depend continuously on s.

(v) This follows since = and y are basic paths and 7% and 7Y are basic trivial-
izations and therefore constant whenever |s| is large enough.

It follows from Theorem C.2 that ® defined by (C.101) is C!. Interchanging
the roles of x and y we get that the inverse map ® =1 = T% o ®¥% o (T¥)~! is C!
as well. Hence ® is a diffeomorphism from W12(R,R") to W12(R,R").

This proves Theorem C.5 in view of Proposition C.7. O
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C.2.3 Independence of choice of Riemannian metric

As a consequence of Theorem C.5 the space P,_,, carries the structure of a C 1
Hilbert manifold. The atlas A = A(g) we constructed depends on the choice of
a C? Riemannian metric g on M. However, the C' Hilbert manifold structure
of Py_z, does not depend on the choice of C? metric as the next theorem shows.

Theorem C.8. Ifg and § are two C? Riemannian metrics on a C? manifold M,
then the atlases A(g) and A(g) are compatible.

Pm_z+

U
w/ (expz)71 o exp /7‘\
\ (exp:c)71 (VJ; N Vg; (expz) Vz n VI

Figure 8: Charts about a basic path z in the atlases A(g) and A(g)

Proof. First note that the notions of basic path and basic trivialization do not
depend on the Riemannian metric. Suppose that x is a basic path. Let U,
and U, be the open neighborhoods from Definition C.4 of the zero section with
respect to g and g, respectively. Define the open image sets in P,_,, by

V. = expl U, V, = expg U,.
By the argument in the proof of Theorem C.5 it is a C' diffeomorphism the map
(exp?) ™! oexp?: (exp?)~? (Vm ﬂf)z) — (exp?)~! (Vz ﬂf/x> .

As the set C2(R,R™) of compactly supported C? maps is dense in W12(R,R"),

basic paths are dense in P,_;, and Theorem C.8 follows. O
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