THE GAP PARTITION LAW IN ADDITION CHAINS
THEOPHILUS AGAMA

ABSTRACT. We prove that the spacing between consecutive terms
in an addition chain with non-decreasing 7-track can be generated
by adding two previous terms in the chain.

1. INTRODUCTION

Let s, =1,s1 = 2,...,s, =n be an addition chain leading to n with
8; = So(i) + Sr(i) such that ¢ > o (i) > 7(7) for each 1 <1 < h. We say
that a chain is a closed addition chain if for each 1 < ¢ < h there exists
some j € [0, h] such that

Si = Si—-1 = Sj
and for s,(;y — S4(;—1) # 0 there exists some j € [0, h] such that
So(i) = So(i—1) = Sj-

Additionally, for each s; = s,y with s,y # so) for all k € [0, h] there
exist some s,(;) such that s,y < s,(;) is consecutive.
We call a number for which a closed addition chain is optimal a com-
plete number. In [1], it has been shown that the numbers for which
closed addition chains are optimal (complete numbers) satisfy the in-
equality

02" = 1) <n—14{(n)

where /(-) denotes the length of an optimal addition chain leading to
-. In [1], we conjectured

Conjecture 1.1. Let s, = 1,51 = 2,...,5s, = n be an optimal addition
chain leading to n with h = u(n) such that s; = sou) + s-) for i >
o(i) > 7(i) > 0 for 1 < i < h. Then for each 1 < i < h with
So(i) — Se(i—1) 7 0, there exists some j € [0, h] such that

So(i) = So(i-1) = Sj-
In general, all optimal addition chains are closed.
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In the spirit of conjecture 1.1, we prove the gap partition law, an
assertion that the gap between consecutive terms in addition chains
with a non-decreasing 7-track must be a term in the chain or expressible
as a sum of two terms in the chain.

2. MAIN RESULT
Theorem 2.1 (The gap partition law). Let
En):sp,=1,51=2,...,8,=n
be an addition chain leading to n. Wrile s; = Sg(;) + Sr;) such that
S0(i) = 873y = 0. Define
A; =i — 51
Furthermore, assume that s;;)y < sr41) for each 1 < i < h—1. Then
there exists j > k such that with s; # 2s;_1, we have the form
Ai = Sj -+ Sk-
Else A; € E(n).
Proof. We argue by induction on addition chains. Consider an addition
chain leading to 3 of the form s, = 1,81 = 2,5 = 3. It is clear that
A; € {So, 51,892} for each 1 < ¢ < 2. Similarly, consider an addition
chain leading to 4 of the form s, = 1,s; = 2,s9 = 4. Here, it is also
clear that A; € {s,, s1,s2} for each 1 < i < 2. The claim therefore
holds for the base case. Let us assume that the claim is true for a fixed
index ¢ with 1 < ¢ < h. Then we can write
Ai = 5j + Sg
for s;, s, € E(n). Now, we consider A; = 5,41 — s;. We may assume
that s;41 # 2s;, since in that case we have trivially A; = s; € E(n).
We now write
Si41 = So(i+1) + Sr@it1) and ;= Sy + Sr()
for o(i+1),7(i + 1) € [0,4] and o (i), 7(i) € [0,7 — 1] with 7(i + 1) <
o(i+ 1) and 7(i) < o(i). We can write
Ajyr = (Sa(i—i-l) - 50(i)> + (ST(’H—l) - Sr(z‘))~
We may assume that s; # s,(i41), because in the case s; = s, 41), We
will have
Aiy1 = S:64+1) € E(n)
or that the gap A, is the sum of two previous terms in the chain E(n)
in the case s.;+1) # 1. We observe that s,y < s,(;41) is consecutive
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provided that 2s,;) # So@41)- If Soi) < Se(i41) is consecutive, then
Sr(i) < Sr(i41) 18 consecutive provided

230(1’) 7é So(i+1) OF 257(1') 7é Sr(it+1)-
To justify the first part of our assertion, suppose that s,y < sy(i41)

is consecutive with 25,4 = s,(11). We may therefore assume that
Sa(i) < Sg(i+1) Since with sy = Se(i1), we get

S6(i) = So(i+1) = 280(i)
which is absurd. Now, we write
So(i) < So(i) T Sr@i) < So(i) T So(i) = So(i+1)
since s; # Sy(i+1). It implies that
So(i) < Si < Sg(i+1)

violating the assumption that s, < s(41) is consecutive. We now
justify the second assertion. Suppose s, < s741) is consecutive with
25-(i) = Sr(i+1) and 284() = So(i+1). We may assume that s.;) < Sr(@41),
since with s-;) = s-(i41), We get

S7(i) = Sr(i41) = 28+(i)-
We may also assume that s,y # s,(;); otherwise, we obtain
Si = S7(i) T So(i) = 25:(i) = Sr(i+1)-

Since we have assumed that s; # s,(i11), it implies that for s;;; =
So(i+1) t Sr(i+1), we have

So(i+1) < Si = Sr(i+1)
violating the inequality s;(i+1) < So(i+1). Furthermore, the inequality
Sa(i) < 25r(i)
must hold. If we suppose the contrary that s,y > 2s;(;), then

1 3
Sr(iy < 55at) = Sa(i) + Sy < 5 5a(i):
Thus, we deduce
3
So(i) < Si = So(i) t Sr(4) < 550(1') < 280(2-) = So(i+1)

violating the requirement that s, < s,(i11) is consecutive. Piecing
this information together, we obtain the inequality
Sri) < So(i) < 287(i) = Sr(i+1)

contradicting the claim that s;;) < s;(41) is consecutive with 2s.;) =
Sr@i+1) and 25, = Ss(i+1). This proves the observation. We now
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complete the induction argument on the addition chain. In the case
So(i+1) = 284(i) and Sr(i41) = 25.(;), we can simply write

Aiy1 = So(i) T Sr(3)

and the claim is valid since s4(;), $7(;) € E(n). In the case So(i+1) = 250())
and S;(i41) # 2573), then s;;) < s;(;41) must be consecutive. By the
inductive hypothesis, there exists some k£ > 0 such that

Sr(i+1) — Sr(i) = Sk € E(n)
and we can write for the gap
Aip1 = Soi) + Sk

in this case. Else, Aj11 = s, € E(n). In the case 25,;) # So(i+1) and
25-(i) = Sr(i+1), then necessarily sq(;) < 55(;41) must be consecutive. By
the inductive hypothesis, there exists some 7 > 0 such that

So(i+1) — So(i) = 55 € E(n)
and we can write for the gap
Ajpr =85+ S73)
in this case. Else, A;11 = s;4) € E(n). Finally, in the case
25q(i) 7 So(i+1) and 284y # Sr(it1)

then s,(;) < S5(i41) and s7(;) < sr(i41) are consecutive. By the inductive
hypothesis, there exist some j, k > 0 such that

So(i+1) — So(i) = Sj  and  Sr(i41) — Sr(i) = Sk
and we can write for the gap
Aip1 = s5+ si

in this case. This completes the inductive proof that the gap between
consecutive terms in an addition chain can be written as a sum of two
previous terms in the chain or Else, it must itself be a term in the
chain. 0

3. ILLUSTRATIVE EXAMPLES OF THE GAP-PARTITION LAwW

Below are some examples showing how each non-trivial gap A; > 1
splits as a sum of two previous terms in the chain.
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{ Decomposition:

Ait1 = (S(3i41) — So(s))

% + (87(i+1) = Sr(5)) = 85 + Sk -

F1GURE 1. Splitting the new gap A;11 = s;41 — s; into
two arcs. The red arc peels off the o-track gap s;, the
blue arc the 7-track gap si, and the curly brace marks
the full gap.

TABLE 1. n = 12, chain 1,2, 4,8, 12

1 ‘ S; ‘ A; =8 — Si_1 ‘ Decomposition A; = s; + s,

|
1|2 1 (trivial)
2| 4 2 1+1=s,4+ 5,
3 8 4 2+2281+81
4 12 4 2+2281+81

TABLE 2. n = 15, chain 1,2,3,5,10,15

‘ 7 ‘ S; ‘ A ‘ Decomposition A; = s; + s, ‘

1| 2] 1| (trivial)

2| 3| 1 | (trivial)

319 | 2 |1+1=s,+5,

4 10 5 3 + 2 = So + S1

5 15 5 3 ‘I‘ 2 = So + S1
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