EXPLICIT BOUNDS ON GAPS BETWEEN
CONSECUTIVE TERMS IN AN ADDITION CHAIN

THEOPHILUS AGAMA

ABSTRACT. We develop explicit bounds for the gap between con-
secutive terms in an addition chain leading to a fixed target n €
[2m, 2m+1),

1. INTRODUCTION AND MOTIVATION

A classical problem asks whether the Ulam sequences have zero as-
ymptotic density. In our earlier work, we showed the following equiva-
lence:

Theorem 1.1 (The second Ulam density criterion). Let {U,,}m>1 de-

note the sequence of all Ulam numbers. Then the following assertions
hold:

(i) If lim inf(Uyy1—Uy) = 00, then the sequence {U,, }m>1 have
m—>00

zero density.
(i) If the sequence {Up, }m>1 has zero density, then lim sup(Uy,41—

m—r00
Un) = 0.
Since any finite truncation of the Ulam sequence can be viewed as
an addition chain leading to that Ulam number, the explicit run-gap

inequalities developed here offer a new toolkit for probing whether these
gaps must grow with or without bound.

2. PRELIMINARIES AND SETUP

Let I(n) be the length of an addition chain leading to n, denoted
E(n), of the form
En):so=1,51=2,....8m =n

with 2™ < n < 2™*! such that I(n) := 8(m). By adapting the ideas
of the paper [1], we partition the steps in an addition chain into the
following classes of steps
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A:={i : s, =2s;1} (doubling steps)

B:={i : vs;.1 <s;<2s;_1} (large steps)

where v 1= %5 is the golden ratio

C:={i : (1+9)si—1 <s <7vsi—1} (medium — sized steps)
where ¢ := §(m) — 0 as m — oo. In particular
1
B logm

d:=46(m)

D:={i: s <(1+0)s;_1} (small steps).
We denote the cardinality of the sets to be
#A=A, #B=B, #C=C, #D=D.

We call steps in B,C,D as non-doubling steps. We have therefore the
relation

A+ B+ C+ D = p(m).
Because each non-doubling step in an addition chain cannot grow faster
than a corresponding step in a Fibonacci sequence, we have (by induc-
tion) the inequality

2m<<nm<2AyB+C+D:ZQMm)<Z
- 2

and we deduce from this relation an upper control for the total number
of non-doubling steps in an addition chain of length 5(m) to be

> B+C+D

Lemma 2.1. Put
En):so=1,5=2,....8m =n
be an addition chain with [(n) :== B(m). Let A, B,C,D be steps in an
addition chain of length 5(m) with cardinality A, B, C, D, respectively.
Then we have
p(m) —m

B+C+D< )
1 —logyy

It turns out that the non-doubling steps in an addition chain have
certain structural pattern.

Lemma 2.2. If j € B, then j —1 € CUD. In particular, each large
step in an addition chain must be preceded by either a small step or a
medium-sized step.
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Proof. Let j € B (large step) then we have by definition
VSji—1 <85 < 2851
where v := %5 is the golden ratio. Write s; = s, + s, with k > [.
The inequality s; = s +s; < 5,1 + 5 with s; < 2s,_; implies that
VSj—1 <85 < Sj-1 + 82
which further implies
(v —1)sj_1 < 8j_2 <= Sj_1 < YSj_2

since vy = ﬁ This proves j —1 € CUD. O

3. THE RUN AND GAP BETWEEN TERMS IN AN ADDITION CHAIN
We begin this section with the following definition.

Definition 3.1. Let A, B,C, D be steps in an addition chain as in the
setup. We call a maximal consecutive sequence of steps of a given

type

J1<Jg2<-+<Jd
such that j; — 1, j4 + 1 cannot be a step of the given type a run of the
step type. We call the number of terms in the run the run length.

Lemma 2.2 hints at the core idea that a run of step type C U B or
DUB will always appear among the non-doubling steps in any addition
chain, whether or not optimal. More likely it is for chains that are not
optimal to have many run of types CUB. We begin with the following
Lemmas

Lemma 3.2. Let
En):s,=1<8=2<"<5g4m) =n

be an addition chain leading to n € [2™,2™*1). Denote by A, B,C,D
the four step types as in the setup, with

4A.=A, #B=DB, #C=C, #D=D.

Furthermore, let

1 <-<Ja
be a run os a step of type B, then
1
§7d72 < sjd o defl < 2d72+a0

for some a, == a,(d) > 0.
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Proof. Consider a run of type B of the form
Ji<-- <Ja

Then YSj,—1 < Sja < 28,7}1*1 < (’)/ — 1)8jd,1 < Sjg — Sja—1 < Sj4—1-
We obtain (by induction)

(7 . 1)7d72 < de o defl < 2d72+a0

for some «a, := a,(d) > 0. The inequality follows immediately since
y—1> % U

Lemma 3.3. Let
En):so,=1<8=2<--- <534 =n

be an addition chain leading to n € [2™,2™*1). Denote by A,B,C,D
the four step types as in the setup, with

#A:=A #B=B, #C=C, #D=D.

Furthermore, let
J1 <+ <Ja
be a run of a step of type C, then

S(14+6)72 < 55, — 55,01 <P 12%
for some a, = a,(d) > 0.
Proof. Consider a run of type C of the form
< <Ja

Then (1 +6)s,-1 < 55, < VSj,-1 <= 08j,-1 < 8, — Sju—1 < (v —
1)s;j,—1. By induction, we deduce

5(1 + 5)d72 < Sjy = Sja-1 < 7d712a0

for some o := a,(d) > 0. O

Lemma 3.4. Let
En):so=1<8=2<---<5g4m) =n

be an addition chain leading to n € [2™,2™F1). Denote by A, B,C,D
the four step types as in the setup, with

#A:=A, #B=B, #C=C, #D=D.

Furthermore, let
J1 <+ <Jd
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be a run of a step of type D, then
85, — Sjg_1 < (14 §)3722%
for some a, = a,(d) > 0.
Proof. Consider a run of type D of the form
1< <Ja

Then s;, < (14 6)sj,-1 <> sj, — Sj,—1 < 0s;,-1. By induction, we
deduce

Sjy — Sjg—1 < (5(1 + 5)d—22a0
for some «, := a,(d) > 0. O

Lemma 3.5. Let
En):so=1<8=2<--<5g4m) =n
be an addition chain leading to n € [2™,2™*1). Denote by A,B,C,D
the four step types as in the setup, with
H#A=A, #B=B, #C=C, #D=D.
Furthermore, let
1 <-<Ja
be a run of a step of type BUC such that there are d and d' steps of
type B and C, respectively, in this run with d +d' = d. If j, € B, then
1 "o ’
§<1 4 6)d ,yd -1 < de o defl < 2d *1+ao,yd
for some v, := a,(d) > 0. On the other hand, if j; € C, then

v

S(1+ 5)‘1//_17‘[, < 8j, = Sju—1 < yd/l2d/+a"
for some a, = a,(d) > 0.
Proof. Consider a run of type BUC of the form
J1 <+ < Ja
In the case jq € B, then vs;,_; < s, < 2sj,1 <= (v —1)sj,-1 <

85, — Sj;—1 < Sj,—1. By induction, we deduce

1 "o ’ ”
U+ )T AT < sy = sj,m1 < 20T

for some «, := a,(d) > 0. On the other hand, if j; € C, we have

(140)8j,-1 < 85, <V8ju1 = 085,01 < 85, — 8j,1 < (v — 1)8j,1.
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By induction, we deduce
5(1 +6)d —17(1 < de _ de—l < ,yd 2d +ao

for some a, = a,(d) > 0. O

Lemma 3.6. Let
En):so=1<8=2<---<5g4m) =n

be an addition chain leading to n € [2™,2™*1). Denote by A, B,C,D
the four step types as in the setup, with

#A=A #B=B, #C=C, #D=D.
Furthermore, let
jl < e <& jd
be a run of a step of type B U D such that there are d and d' steps

of type B and C, respectively, in this run with d +d =d. If j, € B,

then )
§7d <y s < 2014 9)

for some v, := a,(d) > 0. On the other hand, if j, € D, then
Sjy — Sju—1 < O(1+ 5)d”’1fyd/2a°
for some a, = a,(d) > 0.
Proof. Consider a run of type B U D of the form
J1 <+ < Ja
In the case j; € B, then
V81 < 85, < 28j,-1 <= (v —1)sj,-1 < 85, < Sj,-1-

By induction, we deduce
%’lel <= s < 20T (14 g)T
for some «, := a,(d) > 0. On the other hand, if j; € D, then
Siy < (1+9)sj,1 <= sj, — 8j,—1 < 0Sj,—1.
By induction, we deduce
Sj; — Sj—1 < 0(1+ 5)‘1//_17‘1,2“"

for some «, := a,(d) > 0. O
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Lemma 3.7. Let
En):so=1<8=2<---<5g4m) =n

be an addition chain leading to n € [2™,2™*1). Denote by A,B,C,D
the four step types as in the setup, with

#A=A #B=B, #C=C, #D=D.
Furthermore, let
1 <-<Ja
be a run of a step of type C U D such that there are d and d steps
of type C and D, respectively, in this run with d +d =d. If j, € C,
then ) ) ,
5<1 + 5)d < Sjg = Sja—1 < '7d (1 + 6>d 2%
for some a, := a,(d) > 0. On the other hand, if j; € D then
Sjg — Sjg—1 < (5(1 —+ (S)dllil"}/d/an
for some a, := a,(d) > 0.
Proof. Consider a run of type C U D of the form
< <Ja
If j4 € C, then
(1+0)sj,-1 < 85, <V8jg—1 == 085,01 < 85, = 85,1 < (¥ = 1)sj,1.
By induction, we deduce
O(1+8)" < 55— 550 < 7T (L+0)7 2%
for some «, := a,(d) > 0. On the other hand, if j; € D, then
Sig < (1 —|—5)de,1 < Sy Sjg—1 < (5de,1.
By induction, we deduce
Sja — Sjum1 < O(1 4 0)7 Lyt 20
for some a, := a,(d) > 0. O

Remark 3.8. From now on, we fix
#A=A #B=B, #C=C, #D=D
for an addition chain
En):so=1<8=2<--<58g4m) =n

leading to n € [2™,2™*1). Consequently, the numbers ¢, ¢, ¢’ > 0
appearing in the theorems are absolute constants, because once the
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proportion of each step type is fixed, these do not vary with m. We
establish explicit bounds for the gap between consecutive terms in a
run of any type. In contrast, each appearance of «, in the lemmas
depended only on d, while each «, in the theorem depends only on m.

Theorem 3.9. Let
En):so=1<8=2<--<58g4m) =n
be an addition chain leading to n € [2™,2™*1). Denote by A,B,C,D
the four types of steps as in the setup and fix
#A=A #B=B, #C=C, #D=D.
Furthermore, let
J1 <+ <Jd
be a run of a step of type CUD. If jq € D then

/!

Sjq = Sjg—1 < €Xp ((1 + 'logy)B(m) + a, log 2 — log log m)

ogm

for some fized ", > 0 and a, := a,(m) > 0. On the other hand, if
Ja € C then

C/
exp <2logmﬁ<m) — log logm) < 8j,—Sj,—1 < €xXp ((1

/!

+ ' log ) B(m) 4+ a, log 2)
ogm

for some fized ¢, " >0 and a, = a,(m) > 0.
Proof. Consider a run of type C U D of the form

J1<-++ < Ja.
In the case j; € D, then Lemma 3.7 gives

Sja = Sjum1 < O(L+ 0)7 Ly 20
for some a, = a,(d) > 0. Since #A4 = A, #B = B, #C =
C, #D = D are each fixed and each term in this run is distributed
in the step type C U D, there exist fixed constants ¢/, ¢’ > 0 such that
d" = "B(m) and d' = ¢S(m). We can now write
Sj; — Sj;—1 < exp(logd + d"log(1 + &) + d'logy + a,(d)log2)
< exp(logd + d"d + d'logy + a,(d) log 2)

= exp (lozmﬁ(m) + d(log7y)B(m) + a,(m)log2 — log log m)

with & := d(m) = -, which furnishes the upper bound in this case.

logm?

In the case j; € C, Lemma 3.7 gives

(140)8j,-1 < 85, <V8ju1 = 085,01 < 85, — 8j,1 < (v — 1)8j,-1.
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We deduce for the lower bound
Sj, — Sj,—1 > exp(logd + d'log(1 + 9))

U

> exp(%é + log )

C/
= — log1 .
exp (2 og mﬁ(m) og log m)

Similarly, we deduce for the upper bound
Sjy — Sju—1 < exp(d'logy + d"log(1 + &) + a,(d) log 2)
< exp(d'logy + d"0 + a,(d) log 2)

= exp <c’(log v)B(m) + B(m) + a,(m)log 2)

for some fix ¢, ¢” > 0 and a,(m) > 0. O

/!

logm

Theorem 3.10. Let
En):s,=1<8=2<"<5g4m) =n
be an addition chain leading to n € [2™,2™%1). Denote by A, B,C,D
the four types of steps as in the setup and fix
#A=A #B=B, #C=C, #D=D.
Furthermore, let
1 <-<Jad
be a run of a step of type BUD. If j4 € B then

/!

exple/ 1o ) 3(m)—10g27) < 535,01 < xp (- + (log 2)3(m) + i m) o2 )

ogm

for some ¢, " > 0. On the other hand, if jq € D then

/!

c
Sj, — 8j,—1 < €xp ((10 —

+ ' log ) B(m) + a,(m) log 2 — loglog m>

Proof. Consider a run of type B U D of the form
J1 < <Ja

In the case j; € B, Lemma 3.6 gives

%’lel < s, = s < 2014 g)T

for some a, = a,(d) > 0. Since #A4 = A, #B = B, #C =

C, #D = D are each fixed and each term in this run is distributed
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in the step type B U D, there exist fixed constants ¢, ¢’ > 0 such that
d" = "B(m) and d' = ¢/S(m). We obtain for the lower bound

Sjy — Sju—1 > exp(d'logy — log 27)
= exp(c(logy)B(m) — log 27).
Similarly for the upper bound, we obtain
Siy — Sju—1 < 2d/’1+°“’(1 + 5)"[”
< exp (d'log2 + d"log(1 + &) + a,(d) log2)
<exp (d'log2+ d"d + a,(d)log 2)

= exp <<102m + ' log 2)5(m) + a,(m) log 2>

for some fix ¢/, ¢’ > 0. In the case j; € D, Lemma 3.6 gives
Sja = Sjgm < (14 8)7 Ty g
for some «, := a,(d) > 0. We deduce
Sjy — Sju—1 < exp (logd + d"log(1 + &) + d'logy + a,(d) log 2)
= exp (logd + d"6 + d'log v + a,(d) log 2)

/!
= exp ((lo;m + d'logv)B(m) + a,(m)log 2 — log log m)

which establishes the upper bound in this case. 0

Theorem 3.11. Let
En):so,=1<8=2<---<5g4m) =n
be an addition chain leading to n € [2™,2™+1). Denote by A,B,C,D
the four types of steps as in the setup and fix
#A=A, #B=B, #C=C, #D=D.
Furthermore, let
J1<-<Ja
be a run of a step of type BUC. If j4 € B, then

7z

Sjg — Sjg—1 > €xXp <( + ' logy)B(m) — log 27)

2logm

and

Siy — Sj—1 < exp((c'log2 + "logv)B(m) + a,(m)log 2)



EXPLICIT BOUNDS ON GAPS BETWEEN CONSECUTIVE TERMS IN AN ADDITION CHAIN

for some fixed ¢, > 0. On the other hand, if j; € C then

/!

+ dlogv)B(m) — — log log m)

%ia T Sja=1l = OXD ((210gm 2logm

and
Si, — Sj,—1 < exp (("logvy + 'log 2)3(m) + a,(m) log 2)
for some ', " > 0.
Proof. Consider a run of type B U C of the form
g1 <--<Ja

In the case j; € B, Lemma 3.5 gives

1 "o o o /
S+ <y — i < 2071y
for some a, = a,(d) > 0. Since #A = A, #B = B, #C =
C, #D = D are each fixed and each term in this run is distributed
in the step type B U D, there exist fixed constants ¢/, ¢” > 0 such that

d" = 'B6(m) and d' = ¢ 5(m). For the lower bound, we can write

/

Sja — Sju—1 = exp(d”log(1 + ) + (d' — 1) logy — log 2)

> exp(d"g + d'logy — log 27)

/!
= exp ((QIOCgm + d'logy)B(m) — log 27)
for a fixed ¢, ¢’ > 0. We have for the upper bound

Sjy — Sju—1 < exp(d'log2 + d"log vy + a,(d)log 2)

— exp (¢ log2 + ¢ log 7)B(m) + ap(m) log 2)
for fixed ¢, ¢” > 0. In the case j; € C Lemma 3.5 gives
51+ 6) Tyt < sy — sy, <ot 20
for some «a, = a,(d) > 0. We can write for the lower bound
Sy — Sj,—1 > exp((d” — 1)log(1 4 0) + log d + d’'log~)

) )
> exp(d"§ +logd — 3 + d'log )

C// , 1
_ 1 _ —log1
exp ((21Ogm + ' logv)B(m) Sogm 18 ogm)
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for fixed ¢, ¢ > 0. Similarly, we have for the upper bound
iy — Sju—1 < exp(d”logy + d'log 2 + a,(d) log 2)
= exp ((¢"logy + ' log 2)3(m) + ao(m) log 2)
which establishes the upper in this case. 0

Theorem 3.12. Let
En):so=1<8=2<---<5g4m) =n
be an addition chain leading to n € [2™,2™%1). Denote by A,B,C,D
the four types of steps as in the setup and fix
#A=A #B=B, #C=C, #D=D.
Furthermore, let
1 <-<Ja
be a run of a step of type C. Then

p(m)

8j, — Sj—d—1 > €Xp ( — loglog m)

2logm B logm

and
Sja — Sja—1 < exp(c(logv)B(m) + ao(m) log 2)
for some fixed ¢ > 0.
Proof. Consider a run of type C of the form
g1 <--<Ja
Lemma 3.3 gives
5<1 + 5)d_2 < Sjg T Sja—1 < ’Vd_12%
for some a, = a,(d) > 0. Since #A = A, #B = B, #C =
C, #D = D are each fixed and each term in this run is distributed in

the step type C, there exist fixed constants ¢ > 0 such that d = ¢5(m).
For the lower bound, we can write

Sjy — Sju—1 > exp(logd + (d — 2) log(1 + 6))

> exp(logé + (d — 2)%)

— exp [ (5-5—B(m) — —— — loglogm)
( )

2logm B logm

for a fixed constant ¢ > 0. We have for the upper bound
Sj, — Sju—1 < exp(dlogy + a,(d)log2)
— exp(c(log 7)(m) + ay(m) log 2)
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for a fixed constant ¢ > 0. This establishes the inequality. U

Theorem 3.13. Let
En):so=1<8=2<-- <584 =n

be an addition chain leading to n € [2™,2™%1). Denote by A,B,C,D
the four types of steps as in the setup and fix

#A=A, #B=B, #C=C, #D=D.
Furthermore, let
1 <-<Ja
be a run of a step of type D. Then

Sj; — Sj,—1 < €xp (@B(m) —loglogm + a,(m) log 2)
for a fixed constant ¢ > 0.
Proof. Consider a run of type C of the form

1 <--<Ja
Lemma 3.4 gives
85, — Sjg_1 < O0(1 4 6)3722%

for some a, = a,(d) > 0. We can now write

sj, — 8j,—1 < exp(log § + dlog(1l + ) + a,(d) log 2)

= exp(log d + dd + a,(d) log 2)

= exp ¢ B(m) — loglogm + a,(m) log 2
logm

which is the form of the upper bound. O
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