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Abstract: In this paper, we show how the finite formulation of quantum field theory
based on Langevin equations can be generalized to the case of nonrenormalizable

theories.The 5th-time stochastic-quantization approach to field theory proposed

by Parisi and Wu, is put in a path-integral form in [6]. The procedure of taking the

limit 7 - oo is analyzed and based on new grounds through the introduction of the

vacuum-vacuum generating functional. In this paper non perturbative aprouch
related

to Parisi and Wu stochastic-quantization of the 193", n > 2,d > 4 model quantum
field

theory is considered.
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1.Introduction

Parisi and Wu’ proposed the following alternative method to get the quantum

averages [1]:

(i) Introduce a 5-th time 7, in addition to the usual four space-time ¢, and postulate
the

following Langevin equation for the dynamics of the field ¢(z,x) in this extra time ¢

Op(z,x) _ __65[¢]

ot ~ So(1,x)
<n(Tax) >77 = 09
(n(T,x)n(r',x") )y =20(r - ') (x - x"),
where the angular brackets denote connected average with respect to the random

variable n.
(if) Evaluate the stochastic average of fields ¢,(z,x) satisfying Eq. (1.1), that means

+1n(z,x),
(1.1)

<¢n(71axl)¢n(f2=x2)~~~¢n(7maxm)>,,- (1.2)
(i) Put z; = 72 =...= 7, = 7in (1.2) and take the limit
lim <q§,,(1',)61)(;5,7(1',)@)...(]5,7(T,xm)>17 = G(X1,X2,...,Xm) (1.3)

T—00

It is possible to prove, at least perturbatively, that [6]



ID[co](fp(xl J@(x2)... p(xm)) exp{-S[e];
[ Dlp)exp=STo]) | (1.4)

G(xX1,X2,...,Xm) =

To understand this relation see ref.[6].
In this paper in particular we deal with double stochastic relaxation equations of
the form:

WD LU (o) + €N(50),
(n(z,x) )y = 0,(7(7,x) )7, =0 (1.5)

(n(@.x)n(r',x"))y =20(r - ') (x - x"),
<ﬁ(’[,)€) ﬁ(Tlaxl) >ﬁ = 25(T - T,)(X - x,)-

Here n(z,x) = n(z,x;w) is a space-time white noice on probability space X =(Q2, S, P)
and 7, ,(z,x) = 7(z,x; @) are space-time white noices on probability space

T =(Q,S,P).
(if) Evaluate the stochastic average of fields ¢,(z,x) satisfying Eq. (1.5), that means
(P (71,X1:€)Pn7(72,X2,€)... oy (T, X3 €)), 1. (1.6)
(i) Putz, = 7, =...= 1, = 7in (1.2) and take the limit

lim;oo limﬁo(d)n,ﬁ(r,xl;e)¢n,,~7(r,xz;e)...¢n,ﬁ(r,xm;e))w = G(x1,X2,...,xm;€) (1.7)

To understand this relation we have to introduce the notion of probability (density)

P(¢y,7), that is, the probability (density) of having the system in the configuration

¢n(7,x) at time 7. There exists for P(¢,,7) an equation that describes its evolution

in the time 7.1t is called the Stochastic Fokker-Planck (SFP) ) equation and it has
been

derived in [8]:

oPlp(z.x),t] [ 4§ 5S*[p] 4. 0°S*[o]
ot J gy L P01 3y | [ 5070 (18

S*[p] = Slp] - [[p(r.0m(z,)]d"x.

It is possible to rewrite this equation in a Schrodinger-type form:

a?[wgrr,x%ﬂ = 2H¥[p(,x),1], (1.9)

Y=Plo(r,x),r]exp[S*[o(7,x)]/2],

where



182 1[88*e]l 1P 1 8°S*[e]
T2 507 +8[ 5o 5 opr (1.10)

It is a positive semi-definite operator HY, = E,¥, whis a ground state Ey is
Wolo(r,x),7] = exp[S*[p(r,x)]/2]. The solution of Eq.(1.9) is

Y(o(t,x),7] ch 2lo(1,x),T]exp(—2E,7), (1.11)

where {c,} _, are normalizing constants. The probability density P[¢(z,x),7] can
be written as

Plo(t,x),7] = exp[S*[o(z,x)]/2] ch [p(7,x),T]exp(-2E,T). (1.12)

n=0

In the limit ¢ - o« the only term that does not disappear in this expression is
Yolp(r,x),7],s0 finally we have

lim Plo(t,x),7] = coexp[-S*[o(r,x)]/2] exp[-S*[p(z,x)]/2] =
m— (1.13)
= coexp[-S*[p(z,x)]].

This is the formal reason why Eq.(1.4) holds.

2.Non perturbative approach to Stochastic Quantization
Ap?" model Quantum Field Theory

2.1.The generating functional

In this paper we deal with a system of the double stochastic relaxation equations of
the form:



091c(t,x) _ _ 6S[91,92]
ot 0p1(1,x)

+1(7,x) + €7, (7,x),
P1=01,6,P2=P2.¢

01(0,x) = 0,x € R* 7 € R,,

092c(t,x) __ 6S[@1,92]
ot 0p1(1,x)

—n(7,x) + €7,(7,x),
P1=01,6,92=P2.¢

02.(0,x) = 0,x € R* 7 € Ry,
Sle1, 2] = 2.1.1)
I d4x[%(a“‘”1(f’x)aufpl(@x) +m?@1(7,x)) +P(q01(r,x))} +

R4
J. d4x|:%(8yg02(r,x)ﬁygoz(r,x) +m?y(z,x)) +P(g02(r,x)):| +
R4
+ [ dhly x 1@, 0)pa(5,1)]y > 0.
R4
where 0 < € < 1, P(+) is a polinomial degree 2k, k > 2
P(@12) = [ dxly x 91(z.0)p2(z. )]y > 0.y = 0. (2.1.2)
R4
and where n(z,x;0),7,(7,x; @),
1, (r,x;w) are Gaussian random variables such that
(n(z,x) )y =0,
(7,(7,x) )7, = 0(7,(z,x) )y, = O,
and for the two-point correlation function associated with the random noises fields
<77(Tax) T](T/,x/) >77 = 25(T - T/)()C - x/)a
(T @) T, (2 = 28(r -7 - x), (2.1.4)
(T, (1,07, (7', x") )q = 20(r - 7")(x - x').

Remark 2.1.1. Here n(z,x) = n(z,x; ) is a space-time white noice on probability
space £ =(Q2,S,P) and 7 ,(z,x) = 7 ,(z,x; @) are space-time white noices on

(2.1.3)

probability space ¥ z(’fi, S, P). The angular brackets denote connected average with
respect to the random variables 1,7 ,.

We want to build a generating functional Z.[J;,J,] from which the correlations



(P1a(T1,x150) X .. xQ1(T1,X50)Q2,(T1,X1;0) X... ><<p2,,7(rl,xy;co)>17

5§01,n(r,x) _ 6S[§019(p2]

_ +n(r,x),
ot 091(7,x) P1=Q1,:92=02, e
O0pan(7,x) _ 6S[@2,02]
ot  8¢a(1,x) )

P1=01,,P2=P2,
can be derived by the following fashion:

(@La(T1LX150) X X1y (Tx50)Q2,(T1,X15,0) X XQ2y(T1X30)), =

lim (@1, (T1,X150,@) X...XQ 1 pe7, (T1, X150, @) P2y, (T1,X1;0,T) X....
-0

...><<p2,,7,€ﬁ2(r;,x,ﬂ;co,w)>17 =

:llm 5IZ€ [J19J2;w]
€0 5.]1 (T],X1). . .5]1 (‘L’],X})5J2(T1,x1). . .5J2(T,,x,) J1=0,7,=0

(2.1.5)

By canonical definition [6] one obtains
ZelJ,J0] =
N[ Din'x;0))({] Plor (7',:0)1Dlpa(',:0) 1D, (' @) 1D, (7 ;) ]
3(91(0,x;0))5(02(0,x;0))5(@1(z',X;0) = Q1pen, em, )0 (@2(T',X;0) = Q2pem, em,) X
[ I " 4. 31 1 [ =200 . 4 g1
xexp|: Io IW Ji(t',x)p1 (7', x;0)d xdr :|exp|: 7] Io IW it x; @)d xde :| X 2.1.6)

xexp[—j; IW Jo(t!,x)pa (1, x; 0)d*xdt’ :| exp[—% j; IW ﬁ%(r/,x;w)d“xdr/}} X

1 200l 4o 7.
exp|: ) -'.o IR4 n-(t',x;w)d*xdr :D,

where ¢ 12,7 = 012(7',x; 0, w) that appears in Eq.(2.1.1)-Eq.(2.1.2) is the solution
of the double stochastic Langevin equations (2.1.1), solved with zero initial
condidion:  ¢12,5(0,x;0,) = 0 and N is a normalizing constant and

. M
Dlg1z;0] =lim [ [ Dlo12s(xo)] 2.1.7)
M- =

where ¢1,,(x;®), are the field configurations at the time z;, having sliced the
interval 0 to 7 in M infinitesimal parts ¢ with 7; = ie and D[¢ .., (x;®)] is Feinman
random measure, that is a product of the usual four-dimensional Feinman random

measures, see Apendix 4 for rigorous definitions. Formally such random measure
defined by



Dlp12e(0)] = | | dlo12n(x0)]. 2.1.7)

xeR*
We sort of define it in the following way

[ dl01200:0)] 2 limsao [ [dl@1ar (o)), 2.1.7")

xeR# X
where the points x; belong to a lattice of size §. Integration over random measure
dlpi2:,(xi;0)] see Apendix 4. One will first consider a finite volume for this lattice,
then take the limit of infinite volume.
Abbreviation 2.1.1. D¢ ;0] £ D[gol;a)]D[(pz;a)],D[ﬁlgz(r’,x;a)):| 2 D[7,(t, x;0)] x
DI, (', x;0)1,6 (@12 = @ranem,,) £ 6(@1 = @1yen, )5(P2 = P2nen,),
Ji2(t', )12t x;0) = J1(7,x) (7, x;0) + J2(t,x)pa (7, x; ), etc.
The delta function §(¢ 12 — @12.5) in EqQ.(2.1.6) we can write as

8#7126 52? ol :igfzizlil
6 — ~) = 5 = + - ,
(@12 =@ om7) |: or 3012 | g €M 09 12¢

. (2.1.8)

where S = § - IW((PLZ x )d*x and where ||57,,/5¢12 || is the Jacobian matrix

of the transformation 77, , > @1, that is

H 5<€ﬁ1,2> H Y H 5<ﬁ1,2> H

5@12@ 5@12£
:|5(T— r’)} (2.1.9)
P12=P1,2,¢

LGIE) H = N! det|:[8,+ 6°3

det

0P12,e 8¢ 12(1)0¢12(z")

o0
Ne =[]xixi =¢€i=1,2,...
Pl

From Eq.(2.1.9) by canonical calculation we get

2|

det
OP12e

= N lexp| trin| | 0, + 0’8 o(r—1' = 2.1.10
p[ H TGN I 110

= N;! exp|:trln61|:5(r—r/)+8;1< 02S >:|:|,
Q1270 12€

0p12()0p12(7")
where 0;! indicate the Geen’s function G(z — ') that satisfies

0.G(r—-1')=8(r-1). (2.1.11)
The solutions of the Eq.(2.1.11) are: (i) if we choose propagation forward in time




Gr-17)=0(z-1") (2.1.12)
(ii) if we choose propagation backward in time

Gr-1)=-00r-1") (2.1.13)
In case, propagation forward in time, we get

2|

det
© 0P 12e

o
Nlexp<tr| Ino, +1In| 6(r—1')+0(r -7’ 6%
P{ [ [( . )5<P1,2(T)5<p1,2(r/)

:|:|} (2.1.14)
P127P12€
_ -l . . 528
N¢'iexp(trind;)exp| trin| 6(r—7)+0(r—1') - .
5(/)1’2(7:)5([)1’2(7:) P12=P12,¢

The term exp(trind;) can be dropped, as it cancels with the same term in the
denominator of (2.1.6), once we normalize Z.[Ji2; 0] = Zc[J1.2;©]/Z:[0,0; ®].
Abbreviation 2.1.2.Z.[J ;0] £ ZJ[J1,J2; 0]

Soin Eq.(2.1.14) we are left with

S(7
det % H -
1,2,
(2.1.15)
N¢! eXP|:trln|:5(T —7)+0-1) 691 2(T5)25§Pl 2(7') :| :|
s 5 P12=P12.¢

By using the canonical expansion for the In, we obtain

5(7,)

6(,0 1,2,€

N! exp|:tr|:6(r—r/) 628

det

+
P12=P1,2,¢

P12=012¢ (2.1.16)
+
P127P12¢

8¢ 12(1)0¢12(z")

27 2T
0 T— T/ 6 T/ -7 5 S 5 S
T = D S @)0012(7) 501209 12(7)

~
= Nlexp| [dr[ , d*x0(0)—2-5
D I 51,7

P12=P1,2,¢

27 25
dr' |  d*x0(t -1)0(t' -1 05 08
I Iu@ﬂ ( )6 )5(P1,2(T)5(P1,2(T/) 5¢12(7')0p12(7)




The second term in this expression is zero because 0(r — 7')0(r

'—1)=0and the

same for all the subsequent terins. The only one left is the first term and choosing

0(0) = 1/2 we get

we get

Z€[J15J2;a)]

= N[ Dlp12(t',x:0)1D[n(z',x;0)18(912(0,%;0)) x

det

5(M2)

OP12c

—

ol 1]

1| 0917, x;0) 58
| 4€? ot 5p1(t',x;0)
1 | 9p2(t,x;0) 58
4¢? or 002(t',x;0)

_ Al 1
H = N exp|: > jdr

Inserting Eq.(2.1.17) and Eq.(2.1.8) into Eq.(2.1.6) and performing the 7] integration,

2
_1
=
2
_1
|-

_8%S

5@%,2,6 :|

528

Spi(t',x; )

528

6p3(t',x; )

(2.1.17)

d4xdr’}
d4xdr’}

X exp —rj Ji2(@,x)@12(t!,x; 0)d*xdr’ exp[—ljfj‘ nz(r’,x;a))d4xdr/:|.
07 R 4 JoJge

From Eq.(2.1.18) finally we obtain

ZG[JI,Z;

ool [}, 35

SRR

0. (', x; ) S
or' 6¢1(t',x; a))
I .
09> (t ,/x,a)) N 5/5 B 77
ot 0p2(t',x;0)

19
25

0] = N [ Dlp12(',x;@)1D[(z'x;0)15(91.2(0, ;) %

2
77:| - %—S :|d4xd1'/

o
o
:|d4xdf -

—J.TJ. J1,z(r/,x)<p1,z(r/,x;w)d“xdr’}xexp[—ljI nz(r/,x;a))d4xdr’:|.
0 IR 4 JoJge

If we want also to specify that we are interested only in the correlations at the
same 5-th time 7, we have just to choose J1»(x,7") of the form
Ji2(x,7") = Jx)o(' — 1), 71 < r and Eq.(2.1.19) then becomes

Zel:Jl,2;

0.1 (', x; 0)

(1], 3

or'

09, (t',x;0)

SNeEE|

or'

0] = N[ Dlp1a(t'x:0) ID[N(r',x:0)18(912(0,x;0)) x

|
€2

53 T_L 523
5p1 (7, x;0) 2 5031, x;0)
- 2 -
53 } 1 §%%
S5¢2(7,x;0) 2 §oi(r',x;0)

J. Ji2(T1,x)@12(T1,x;0)d*x }XCXP[ th TJ. 4n2(r/,x;w)d4xdr’:|.

:|d4xdr’
:|d4xdr/ -

(2.1.18)

(2.1.19)

(2.1.20)



Remark 2.1.2. In all this we have to remember, of course, that once we set 7; - «©
we

have also to extend the interval of integration from [0,7] to [0,].

From Eq.(2.1.21) with € < 1 for two-point correlation function (¢(z1,x1)@(72,x2))

defined by

1 5ZZ€[J1,J2;a)] :| !
(1(t1,x1)92(72,%2)) _1:?0] |: 5 (0310 (20) (2.1.21")

for mutually two-point correlation function (¢ (z1,x1)¢2(72,x2)), we get

A

(@1(T1,x0)02(72,x2)), = (@1(71,X1)92(72,x2);€)
2 N JD[n(r’,x;a))] exp[—% I; IW nz(r/,x;a))d4xdr’:| X

([ P12 3:0) )01 (1,51:0)02(72,32:0)) %
6(912(0,x;0)) x

! 2
1| dp(r,x;0) 5S o B
Xexp{ 4e? [IO IR[ o ey ’x"")J (2.1.22)
1__ &S d*xdr’
2 Spi(t',x;0)
2
_L T 5(0(‘[”)(;60) 5S _ / ) 3
Xexp{ 462 -[0 J‘IR“[ 81" + 5§02(T,,X;CO) 77(7 ,x,CO)

028 4 /
—2 2 \d*xd .
503(c ,x,0) J ar D

Performing the ¢, ,(z',x; w) integration in Eq.(2.1.22) by using saddle point
approximation we get

l\)|»~



(@a(T1,x1)02,(72,%2)), =
de tH S(p1) H de tH S(p2)

s
Xexp{ jo[ 2 5937 v:0)

e
o { Io[ 2 593 v.0)

exp|: 411 n?(t',x;0)d*xdr’' :|

P12=01.2:n _|

P12=012,n _]

d4xdr’} x

[ DI x:0) )11 0150)020 (2123 0) exp| — [ (e o) e | -

d*xdr

={Q1a(T1,x150)024(T1,x2;0)),

[ DI %5 0)1(@1(21,3150)920 (22,323 0)) x

(2.1.23)

®12,(t1,x1;0) that appears in Eq.(2.1.23) is the solution of the Langevin equation

(2.1.26), solved with zero initial condition. From Eq.(2.1.22)-Eq.(2.1.23) we get

(P1(z1,x1;0)p2(12,X2;0)), =

N [ Dlp12(7' % 0)18(912(0,%:0))

GD [n(r',x; a))](§01(11,x1,a))(l)z(rz,xz,w))eXP[

B T 1 6@1(7 aX;w) oS
Xexp{ 10[462[ T Ry

(1| Ot ,xs0) 58
xexp{ jo|: 4¢? |: or' " 6¢2(7',x;0)

From Eq.(2.1.24) finally we get

I n?(t',x;w)d*xdr’' :D

2

- n(r/,x;co):| :|d4xdr/}
2

- n(r/,x;co):| :|d4xdr/}.

(2.1.24)



<(01,17(Tlax1;w)¢2,n(729x2;w)>,} ~{p1(t1,x1)P2(12,x2);€) =

2 N¢! ID[@l,z(T'QX;w)]<§01(Tl,xl;w)(oz(fzam;w)),, X

2
__1 o a(Pl(T,aX;a)) oS _ I 4 /
xexp{ 4¢? IO JR4|: or' + So1(t x5, 0) n(t',x;o) | d*xdr

2
1 72 6(02(‘[/’)(;60) 5S / ’ / (2.1.25)
- - ; d*xd

462 .[0 J.IR“[ a,l_/ + 6(P2(Tl,x;a)) n(T ,x,a)) xXart

X exp

where

(1T, x150)92(12,x2;0)), =
[ P w1 vsoea( o) exs| - [T @ woyddr |

Proposition 2.1.1. It follows from Eq.(2.1.22)-Eq.(2.1.23) that in Eq.(2.1.22) we can
interchange integration on variable n(z',x; ) and integration on variables

P12t x;0)
in Eq.(1.24)-Eq.(2.1.25)
Remark 2.1.3.Note that for any fixed values of parameters 7,,x;,72,x, and y ~ 0 we
get
([p1(z1,x130) — allp2(t2,x2;0) + ali€), = (@1(T1,x1;0)P2(12,22;0)€), —a®,  (2.1.26)
where by translation invariance
(p1(T1,x1;0)p2(12,x2;0);€), —-a’>=0=a=a(r),72,X1 — X2). (2.1.27)

From Eq.(2.1.25) by the replacement

(pl(Ta-x;a)) - Q(T)a = V_(T,X;CO),
P2(7,x;0) +0(1)a = vi(r,x;0),

p1(t,x;0) = v (1,x;0) +0(7)a,

P2(1,x,0) = vi(t,x;0) — 0(7)a, (2.1.28)
0p1(t,x;0) _ Ov_(1,x;0)
pe = pe +0(7)a,
0p2(t,x;0)  ovi(T,x;0)
or B ot o(z)a,

we obtain



Q(t1,7T2,X1 —X2,a;€) =

N [ Dlp1a (@ x:0) 1091 (71,3150) = allpa(ra,x2;0) +al),

/ 2
1 (¢ 0p1(7,x; ) oS o 4y 3!
I + - o) | d*xd
xexp{ 4¢? .[o jR4|: or' Sp1(t',x;0) n(@,x; ):| Xar e x

2
U 0p2 (7', x; @) 58 P s |
Xexp{ 4e? JO J.[Ri“|: or' + 502(t',x;0) n(t',x;w) | d*xdt' » =

= N [ DIy (' 5:0) 1DV (22 0) Jv-(z1,30)v+ (21,31)),, % (2.1.29)

e [ vt x0) 5
xexp{ 4e2 IO JR4 or' to(@at 5p1(7',x;0)

p1=v-(t' x;0)+a-

—n(r/,x;a))d“xdr’]z} X

1 (™ [ v (1 x;0) _ 88
Xexp{ 4¢? J.o J.[R“ or' o(r)a+ Sp2(t', x;0)

-n(t',x;0)d*xdr'}.

P2=v+(T1,X1;0)—a

Remark 2.1.4.Note that
limgqu(Tl,Tz,xl —xz,a;e) =0= lime_,()((pl(T],X1)¢2(T2,X2);€> —az = 0. (2 130)

Definition 2.1.1. Let v+(7,x; ) be the solution of the Langevin equations (2.1.31)

ov_(r,x;0) _ __0S[ei.] .
e O S oy | ey TIEGO)
Qr=v+(11,x];0)-a
v (t,x;,0) _ __6S8[pia] . (2.1.31)
ot =0 0Q2(T,x; @) | 91=v-(r' x:0)+a- *Emx0),
P2=v.(T1,X1;0)-a
V;(O,X;CO) = 09
Linear stochastic differental master equation corresponding to the Langevin
equations
(2.1.31) reads
ov_(t,x,a,0) oS[p12]
SY) _ _S(r)a— £ =22 +n(r,x,0),
aT ( ) {5(!)1(7,',)(:;@) ¢1:V7(T',x;w)+a7 T’( )
. (2.1.32)
v (T, x,a;0) _ 5()a L 0S[@12] 1t x;0),
ot 54)2(7:’)(:;(0) ©2=v+(T1,X1;0)—a

Vi(oaxa a, CO) = 05

where



L< 0S[@12]/001(T,x;0)] (2.1.33)

p1=v-(t' x;0)+a-

P2=v+(T1,X1;0)—a

is a linear part of variational derivative

68[@121601(T.x;0)|, _, (0 cyia (2.1.34)
©2=v+(T1.X1;0)-a
and where
L4 685[0121602(T,5,0)|, _, ' coyra (2.1.35)
©2=vi(T1.X1;0)-a
is a linear part of variational derivative
68[9121/602(T.x;0)| , _, (1 cyia (2.1.36)

P2=v+(T1,X1;0)—a

2.2. Transcendental master equation corresponding to

two-point Green function G(x;,x2,1).

Definition 2.2.1.Let v+(7,x,a; ) be the solution of the stochastic differental master
equations (2.1.32). Transcendental master equation corresponding to the
stochastic Langevin equation (2.1.31) reads

(v_(rl,xl,a;oo)er(rz,xz,a;co))r7 = 0. (2.2.1)

Theorem 2.2.1.Let a,»(7,x) be an solution of the equation (2.2.1) at fixed point
(T1,%1;72,%2) € (R, x |R4) x (Ry x [R4) ie.,

<V_(T1,)_Cl,a(f1,)_C1;Tz,fz);CO)V+(T’2,)_Cz,a(f1,)_C1;Tz,fz);&)»n = 0. (2.2.2)
Let A(71,X1;72,X2) be a set such that

a(f1,)_cl;‘f'2,)_62) IS A(T’l,)_cl;‘fg,)_Cz) =

- T (2.2.3)
= <v_(‘['1,x1,a(T1,X1;Tz,xz);O))V+(72,X2aa(71,xl2729x2);a))>n =0,
and let 5(?1,f2,)‘c1 —X»2,a(T1,X1;72,%2)) be a set such that
a(T1,X1;72,%2) € Q(T1,72,%1 — X2,a(T1,%1572,%2)) © 024

< lim,  Q(71,72,X1 — X2,a(T1,%1;72,%2);€) = 0,
where the quantity Q(71,72,%1 — X2,a(T1,X1;72,X2); €) defined by Eq.(2.1.29). Then

5(7’1,?2,3_61 —X2,a(T1,X1;72,X2)) € A(T1,X1;72,X2). (2.2.5)

2.3. Double Stochastic Quantization the Free Scalar



Fields

For a scalar field theory governed by the action in terms of the Euclidean spacetime
is
given by
Se=Jdx | L (0p()? + L (mp(x))? | (2.3.1)

differental master equations corresponding to the Langevin equations (2.1.31)
reads

ov_(x,7,0,m)

= (82 - mz)v—(x’ T;CO,?D') + n(xo T;a))o

ot
PALBOT) (@2 ). (5, 1:0,0) + (3, T 0), (2:3.:2)
vi(x,0,0,@w) = 0.
Fourier transformed stochastic differential equations (2.3.2) in £ and 7 given as
05 -
P Vv_(k,7)
—(k* + m®)V_(k,7) — 2r)*ad(2)5% (k) — 2r)*m?as* (k) + f(k, 7; 0), (2.3.3)
o _ .3.
81' V+(ka T)
(k2 + m2)v.(k,7) — @n)*ad(2)84 (k) + 2n) ' m2ad* (k) + Ak, T; 0).
Let us consider ODE
x (1,A) + Ax(1, 1) = g(z,1),x(0) = 0. (2.3.4)
The corresponding solution x(z,1) is
x(z,A) = e‘“j‘e“'g(rl,}t)dﬁ. (2.3.5)

0

From Eq.(2.3.3)-Eq.(2.3.5) one obtains



v_(k,t,a) =

e~ +m?)T j e@rmn[ —(2r)*ad(z1)84 (k) — (2m)*m2ad* (k) + Ak, 71; 0) |dr) =
0

—(27[)46154 (k)ef(szrmz)r _ (27[)417’126154 (k)ef(kzwnz)r J. e(k2+m2)rld,[1 +
0

T

_,_ef(szrmZ)fJ.e(k2+mz)rlfﬁ(k’fl;a))dT1 —
0

—(27[)46154 (k)ef(szrmz)r _ (27[)417’126154 (k)ef(kzwnz)r J. e(k2+m2)rld,[1 +

0
+J. ef(k2+m2)(rfr1)’ﬁ(kaz-l;a))d,[l _
0
—2n)*as*(k)e~®+m*r _ (2.3.6)
4 —(K24m2)r (k2+m?)t 1
(2r) m2a54(k)e () |: 22 + m? B k2 + m? :|+

+Ie—(k2+m2)(r—r1)ﬁ(k,7;1;a))dT1 =
0
2,54
_(2ﬂ)4a54(k)e_(k2+m2)r _ (271_)4% [1 — e_(k2+mz)‘l.'] +
+J' ef(k2+m2)(rffl)’ﬁ(k,'[1;a))d’[] =
0
2

~Qr) ag? (k)| e 4 I

sl U
T

+J‘ ef(k2+m2)(rfﬂ)ﬁ(k, T1;0)dr).
0

and



/‘7+(k9 T, a) =

e~ +m)T j e@Wrmni[—2r)*ad(r1)8* (k) + (2n)*m?ad* (k) + f(k, 71; 0) |dr1 =
0

—(27[)4a54(k)€7(k2+m2)7 _ (27[)4m2a54(k)e*(k2+m2)7 I e(k2+m2)rld,[1 +
0

T

+e*(k2+m2)r J. e(k2+m2)‘[1 ’ﬁ(k, T1; a))dT] —

0
T

—@2r)*as*(k)e=® 7 1 2r)*m2ad* (k)e k+mir j eWHmDTigr, 4

0
+I ef(k2+m2)(1'711)’ﬁ(k’ T 0)dr =
0
—(2n)*as* (k)e~®+m?r _ (2.3.7)
4 —(24+m)r e(k2+m2)r 1
(27) m*ad*(k)e (e |: k* + m? B k* + m? :|+

N f e WHmIETOR(k 71 0)dT) =
0
2,54
_(2”)4a54(k)e_(k2+m2)r _ (2”)4% |:1 - e_(k2+m2)‘l':| +
m

T

+I e*(k2+m2)(‘rf‘r1 )ﬁ(k, T1; a))dﬁ _
0

~(@r)ast () e Ko 4

2

R |:1 _ e—(k2+mz)r:|:| +
T

+J‘ ei(k2+m2)(‘[71'l)’ﬁ(k’ T1; a))d’n .
0

From Eq.(2.3.6)-Eq.(2.3.7) one obtains



_(k1,7, a)v+(k2,r a) =

{ ) 054(k1)|: —(k2+m2)‘[ k2+m2 |:1 —(k|+m2)T]:| I

+J' ~(k3+m?)(z— Tl)r](lﬂ Tlaw)drl}

0 (2.3.8)
{(277)4(1,54(](2)[ ~(B+m?y! + k |:1 — e_(k2+m2)f/ :| :| +
2+
+J. e R 0R(ky, 115 0)dr
0
From Eq.(3.2.11) one obtains
<V—(k1,r,a)?+(k2,r’,a/)) =
4 ~(k}+m?)z —(k3+m?)T
{—(2n) 6154(k1)|:e (ki+m?) #[1_6 (k3+m?) ﬂ} "
4 —(k2+m? 1_/ _ % m2)r!
{(27’[) 0/54(k2)|:e (k3 +m*) k +m2 |:1 (k3+m*=) :|:| +
+ (J e(k%””z)(’”)’ﬁ(kl,rl;w)dﬂ> _fe’("g*’”z""’”)ﬁ(kz,rz;w)drz =
0 0 : (2.3.9)

k¥ +m

|:e(k%+m2)r' + #[1 —e (k2+m2)r :|:| +
+m

—@2n)aa'8*(k1)6% (k>) |:e("%*m2)f

—2[1 —e (k1+m2)7:|:| X

!
T

T
+J'e—(k§+n12)(r/_12) je_(k%J“mz)(T_T‘)(ﬁ(khT1;a))ﬁ(k2,l'2;a))>ndT1dT2
0

We set now 7’ = 7,a’ = a. Note that



—(271)8aa’54 (k] )54 (k2)|:e_(k%+m2)‘t + kz’:/l_—zz |: 1= e—(k%+m2)r :| :| >
1 tm

!

o (2.3.10)

—(27r)8a254(k1)54(k2)[e-<k%+m2>f + kz’f—22[1 _ o Umde ﬂ «
1 tm

y+m

e—(k%+m2)r + m2 |:1 _ e—(k%+mz)f:|
k3 + m?
and

!
T

T
je—(k§+m2)(r’_rz) Ie—(k%+m2)(f—rl)<ﬁ(k1,Tl;a))ﬁ(kz,‘[z;a)»ndrldrz
0 0

!
T=T

T T
S(ky + kz)'[e,(kgmz)(f,,z) J'ef(k%wnz)(rfn)g(f1 —12)drdry =
0 0

202m)* (k1 + k2) J e~ gy | =
0 (2.3.11)

T
2(27-[)45(k1 + kz)e*(k%irk%ﬂmz)r J. e(k%%%ﬁmz)ﬂdﬁ _
0

2027m)*8(k: + k —(k%+k%+2m2>r[ 1 (3+3+m>)r _ 1 J _
(2z)" 0k + k2)e iR+ 2md) ¢ 112+ 2m2)

_ 2Q2n)*S(ki + ka)
k% + k3 + 2m?

From Eq.(2.3.9)-Eq.(2.3.11) we get

e—(k%+k§+2m2)r

—2Q2n)*s(ki + k
Cr)y ot + ) T i3+ 2m)

. v v 4
lime..(9 (1, 7,007 (ka,7,0)), = Q) '@ (00)8 ko) B -
2Q2n)*6(k1 + k2) (2.3.12)

k? + k3 + 2m?

Therefore



lime,(T/\(xl,T,a)?(xz,r,a))]7 =

xa? Q)™ x [ ke [ dtaei6 (k)54 (k) m’ -

(k3 + m?) x (k3 + m?)
22m)* S (ki + k) _
k? + k3 + 2m?

J _ a2 — o) [ ak

_(27[)_8 X jd4kleik1xl Id4kzeik2x2

eik(xlfxg)
k* + m?

eik(xlfxg)
k* + m?

- [—3’2”142 +@r)* [ a*k
m= Xm

(2.3.13)

Two point function G(x,x2) of euclidean QFT corresponding to the action (2.3.1) is

G(x1,x2) = limeo{@(x1, 7;0)@(x2, T3 0)),
Master equation corresponding to two-point function G(x,x,) reads
limeo{@(x1, T;0)0(x2,T;0)) — a® = limeoe(V(k1,7,0)V(k2,7,0)), = 0.
From (2.3.15) we get
iMool (x1,7;0) (X2, 7;0) ), = a’.
From Eq.(2.3.13)-Eq.(2.3.16) we get

lime.o(9(k1,7,0)0 (. 7,0)), = 0 = a> = @m) ™ [ d'k elftnx)

k% +m? =0

and therefore

—4 ik(x1-x2)
a> = m)* [ah

From Eq.(2.3.16) and Eq.(2.3.21) finally we get desired result

Gr(x1,x2) = iMeo(@(x1, 7, 0)@(x2,7;0)), =

4 ik(x1—x2) )
(2m) Jd4k 22 P (2r) ({ZZ—|)K1(m 1 —x2)),

(2.3.14)

(2.3.15)

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)

where K is the modified Bessel functions of the second kind, integer order 1, and

where we used formula 6.566.2 of [12].



1.5 \_ \ \K2
® \ oo
KO .
0.5 \\_jx h
0 0.5 1 1.5 2 3.5 3

*

Figure 2.3.1.Plot of the modified Bessel functions of the
second kind,integer order 1.

2.4.Double stochastic quantization the 1¢% theory.

In this section we consider a neutral scalar field with a %qﬁﬁ ,d > 4,self-interaction,

defined in a d-dimensional Minkowski spacetime. The vacuum persistence functional
is

the generating functional of all vacuum expectation value of time-ordered products
of the

theory. The Euclidean field theory can be obtained by analytic continuation to
imaginary

time supported by the positive energy condition for the relativistic field theory. In the

Euclidean field theory, we have the Euclidean counterpart for the vacuum
persistence

functional, that is, the generating functional of complete Schwinger functions.
Actually,

the (1¢p*), Euclidean theory is defined by these Euclidean Green'’s functions. The

Euclidean generating functional Z[ 4] is formally defined by the following functional

integral:

Z[h] = [[dp] exp(=So — S+ [dixh(x)p(x) ), 2.4.1)
where the action that usually describes a free scalar field is
Solp] = [d%x (@92 + Lmio>@), (2.4.2)
and the interacting part, defined by the non-Gaussian contribution, is
Sile] = | ddx%go“(x). (2.4.3)

In Eq.(2.4.1), [do] is a translational invariant measure, formally given by
[do] = H p do(x). The terms A and m} are respectively the bare coupling constant



and the squared mass of the model. Finally, /(x) is a smooth function that we
introduce

to generate the Schwinger functions of the theory by functional derivatives. In the

weak-coupling perturbative expansion, which is the conventional procedure, we

perform a formal perturbative expansion with respect to the non-Gaussian terms of

the action. As a consequence of this formal expansion, all the n-point
unrenormalized

Schwinger functions are expressed in a powers series of the bare coupling constant
A

The aim of this section is to discuss the double stochastic quantization of a free
scalar

field. It can be shown that it is equivalent to the usual path integral quantization. The

starting point of the stochastic quantization to obtain the Euclidean field theory is a

Markovian Langevin equation. Assume an Euclidean d-dimensional manifold, where

we are choosing periodic boundary conditions for a scalar field and also a random

noise. In other words, they are defined in a d-torus Q = T“. To implement the

stochastic quantization we supplement the scalar field ¢(x) and the random noises

n(x) and 7j(z,x) with an extra coordinate z, the Markov parameter, such that

@(x) - ¢(r,x) and n(x) - n(z,x).

Therefore, the fields and the random noises n(z,x) and 7j(z,x) are defined in a
domain:

T¢x R®, Let us consider that this dynamical system is out of equilibrium, being

described by the following equation of evolution:

0 0So[e] ~
—-—0o(t,x) = ———— +n(r,x) + €7j(z,x), 2.4.4
SO0 == | e ey (2.4.4)

where 7 is a Markov parameter, n(z,x) is a random noise field and Sy is the usual
free

action defined in Eq.(2.4.2). For a free scalar field, the double stochastic Langevin

equation reads

a_af‘/)(fax) = —(=A + m§)p(t,x) + 1(7,x) + €7(1,x), (2.4.5)

where A is the d-dimensional Laplace operator. The Eq.(2.4.5) describes a
Ornstein-Uhlenbeck process and we are assuming the Einstein relations, that is:

<77(T,X) >T] = 0;

N (2.4.6)
(M1(z,x))n = 0,
and for the two-point correlation function associated with the random noise fields
(n(@)n(@",x") )y =20(r - ) (x—x), (2.4.7)

(M(@,) 7', X))y = 20(r —7')(x - x'),



where (...), means stochastic averages. In a generic way, the stochastic average
for
any functional of ¢ given by Fl¢] is defined by

(FLpD)as =
| pimpimiFtgexp| 4 [dix [den?Goxo) Jexp| - [atx [arP@rd) | .a8)

(ID[n] exp[—% J.ddxj.drnz(r,x,a))}) (ID[ﬁ] exp[—% Iddxj.drﬁz(r,x,'&)')}) .

Let us define the retarded Green function for the diffusion problem that we call
G(r — 7',x —x'). The retarded Green function satisfies G(r —',x—x') = 0ifr -7/ < 0
and also

[8—51 + (<As + m3) }G(r ~rhx—x') = 8 —x)§(z — 7). (2.4.9)

Using the retarded Green function and the initial condition ¢(z,x)|.—0 = 0, the
solution for Eq.(3.5.5) reads

o(1,x) = _[(T) dr' _[Q dx' G(r —t',x —x")[n(@',x") + en(z',x)]. (2.4.10)
In the following we are interested in calculating the quantity (¢ (z,x)@(z',x") ), 7. Using
Eq.(2.4.6), Eq.(2.4.7) and Eq.(2.4.10), we have
(p(r1,x1)Q(T2,X2) Ypj =

2J-0mm(rl.rz) dT/J‘Q dix'G(ty — 7', x1 —x") G(r2 — 7', — X'),

(2.4.11)

where min(z;,7,) means the minimum of r; and z,. Using a Fourier representation,
the two-point correlation function {¢(z,x)e(z',x") ), = D(z,x;7',x") is given by
AN 1 d. e Pex) —(p2m3) (")
D(t,x;7,x") = ) I d p—(p2 ) e . (2.4.12)
It is not difficult to show that Eq.(2.4.12) can be written as:
LIy 1 © (_1)11 _\n Mo %*”*1

D(t,x;t',x') = Q)@ -0 O (r—1") ( - ) K%M_l(mo r). (2.4.13)
where r =| x—x' | and K, is the modified Bessel function of order v.
We can use the Fourier analysis to show that when the Markov parameters r and ¢’
go to infinity we recover the standard Euclidean free field theory. Therefore let us
define the Fourier transforms for the field and the noises given by ¢(z,k) and n(z, k).
We have respectively

o(z,k) = ﬁjd"xe‘i’“(p(r,x), (2.4.14)

and



A,k = —1— | e p(z,x),
@m)™ I (2.4.15)

= _ 1 —ikx ~
n(z,k) = W J e ™7 (z,x)
Substituting Eq.(2.4.14) in Eq.(2.4.2), the free action for the scalar field in the
(d + 1)-dimensional space writing in terms of the Fourier coefficients reads
Solo] lowr-pwi = 5 | dko(@, R + mi)o(, k). (2.4.16)

Substituting Eq.(2.4.14) and Eq.(2.4.15) in Eq.(2.4.5) we have that each Fourier
coefficient satisfies a Langevin equation given by

%q)(r,k) = (k2 + md)o(r,k) + n(z,k) + €i(z, k). (2.4.17)
The solution for this equation reads

o(t,k) =

exp(—(k2 + m%)f)(P(O,k) + J; dr' eXp(—(k2 + m(z))(‘[ — T/))[T’(T,’k) + Eﬁ(‘[’,k)]_ (2.4.18)

Using the Einstein relation, we get that the Fourier coefficients for the random noise
satisfies

(n(z,k))y =0, (2.4.19)
(T(z,k) )y = 0
and
Y _ dsd( _ ! !
(@, BN K))y = 20m) 8% — 1)k + k), (2.4.20)

(AT k) )y = 2Qr)%6%(x -k + k)

Before investigate the interacting field theory, let us calculate the Fourier
representation for the two-point correlation function, i.e., (¢(z,k)p(z’,k') ),. Using
Eq.(2.4.18), we obtain three contributions to the scalar two-point correlation function.
The first one is given by

exp(—(k2 + m3)t + (K? + m3) t)p(0,k)p(0,k"), (2.4.21)

and decay to zero at long time. Let us assume that ¢(z,%)|.-0 = 0. There are also two
crossed terms, each first order in the noise Fourier component given by

20(0,k) exp(—(k* + m3)7) j 0 ds exp(=(k? + m})(z' - 5))[ n(s,K) + €Ti(o. k) | (2.4.22)

Since we are assuming the Einstein relations, i.e., (n(r,x) ), = 0,(7(z,x)), = 0 on
averaging on noise, these cross terms vanish. The final term is second-order in the
noise Fourier component. Again, the solution subject to the initial condition
o(1,k)|=0 = 0 can be used to give



{ [ ds exp(-(k2 + md)(@ — ) ns.b) + e%(s,k)]} x
5 . (2.4.23)
{ | doexp(-(k? + mB)(c' ~0))[n(0.k) + €fi(o. k) }}.

Again averaging on noises and using the Einstein relation given by Eq.(2.4.20) we
have
that this term becomes

min(z,7’)
269k + ky) I dsexp(—(k*> + mo)(t + 7' = 25)). (2.4.24)
0
Assuming that r = 7' and using {¢(z,k)e(z k') )y|.—r = D(k,k';7,7") we have
Dk;t,7) = Qr)*89(k + k') 51— (1 — exp(-2z(k* + m3))). (2.4.25)
(k* + mg)

In the following, we are redefining the two-point correlation function as

D(k;t,7) - 2n)?D(k;t,7). In the limit when © - o« we recover the standard two-point

function of the Euclidean free field theory. Before going to the next section, we
would

like to mention the existence of more general Markovian Langevin equations. We
can

introduce a kernel defined in the d-torus. The kerneled Langevin equation reads:

oS N
%(ﬂ(r,x) = —J.ddyK(x,y)—&p((;) lot)=o(z.y) + N(T,X) + €7(z,x). (2.4.26)
The second moment of the noise fields will be modified to:

(n(z,x)n(r",x"))y = 26(z — ) K(x,x'),
(A(@.x) (', x"))y = 20(r - 7') K(x,x").

Choosing an appropriate kernel, it can be shown that all the above conclusions
remain

unchanged.

The double stochastic Langevin equation reads

0
ot

By the replacements

(2.4.27)

0c(2,x) = (A —m3)pe(r,x) — %qoé(r,x) + (%) + €(r,x).  (2.4.28)

¢€(xa T;CO,ZD') = ng(x,T;a),’(D') + O(T)aa

(pG(xa T; CO, ZD-) = V€+(x77'-;a)a W) - Q(T)aa

(2.4.29)

o(r) 0 ifr<l

T =
1 ifr>1

we obtain from Eqgs.(2.4.28)



ove(x,1;0,@) +0(r)a]  Ove (x,7;0,@)
or B or

= (0% - m)[ve(x,7;0,@) + 0(1)a] - %[ve_(x,r;w,w) +al®+

+n(xa T, 60) + Eﬁ(xa T, w) =

+ad(t) =

@ —m)[ve(x,1;0,m) +0(r)a] — %(VE_ +3avZ +3a’ve +a’) +

+n(x,7;0) + €7(x,7; @) (2.4.30)
and
8[ve+(x,f;agrw) —0(®)a] _ Gvﬁ(xéz; 0, @) _as(z) =
(02 = m)[ver(x,1;0,0) — 0()a] = 4-(v2, = 3avE + 3aPve —a®) +
+n(x,7;0) + €7(x, 7; @)
Differential master equations corresponding to double stochastic Langevin
equations (2.4.30) reads
W = —ad(t) +[0* — (m?* +0.51a*)) v_(x,T;0) —
—%cﬁ —-m?a+n(x,1;0) =
—-ad(t) + [0? - miv_(x,7;0) — (%cﬁ + mza) +n(x, 7;0)
and (2.4.31)
W =ad(t) + [0> — (m?> +0.51a*)) vi(x,T;0) +
+%a3 +m?a+n(x,t,0) =

ad(z) + [0* —m?]vi(x,1;0) + (%cﬁ + mza) +n(x, 7;0)

m? = m* +0.51a>.

Consider the Fourier transformed stochastic differential equation (2.4.31) in kand
given as



05 _
()

(K2 + m)_(k,7) — (27) ad(1)64 (k) — (27[)4(m2a + %@)54(1«) + 7k, 73 0)

and
5 (2.4.32)
2 k1) =
“(k2 + mD)T_(k,7) + (27) ad ()84 (k) + (27[)4(m2a + %@)54(1«) + 7k, 0)
Let us consider ODE

x (1,A) + Ax(1, 1) = g(z,1),x(0) = 0. (2.4.33)

The corresponding solution x(z,1) reads
X(1,A) = et j eMig(zy, M)dr. (2.4.34)

0
From Eq.(2.4.32)-Eq.(2.4.34) one obtains



V_(k,7,a) = e~ ®mDT x
xfe<k2+m1>ﬂ[ Q2r)*ad(z1)8* (k) - 2n) (m a+ 2 )54(k) +7(k, n,w)}drl =

0
T

—2n)*as (k)e-®mdT 4 (27) (m at+ ’1 )54(k)e‘("2+’”l)f j eWsmbrigr, 4

0
T

+e—(k2+m%)r J. e(k2+ml)rl Tl(k 71, a))dfl N

0
T

—(21)*as* (k)e-®@mdr _ (27t)4a(m2 + %a2)54(k)e—<k2+m%>f j eWsminigr, 4

0
+Ie—(k2+m])(r—rl)ﬁ(k T1,a))d11 _
0
—(21)*ad* (k)e **+mi
oo (02 o A2\ 54y -Gemtye| e®IT ] (2.4.35)
en) a(m T >5 (D [k2+m? k2 + m? ’

T

+J‘e_(k2+m1)(f Tl)’ﬁ(k T1,0)dry =
0
(m a+ —a )54(/‘)
k2

_(277)4(154 (k)e—(k2+m%)r _ (277) |: _ ok :| +

T

+I e~ WD) R(k, 713 0)dT) =
0

l
_|_

—(2m)*ad (k)| e ®midr 4 (mk2+ >[1 e @bl |+
m

T

N J‘ e~ @Dtk 115 0)dr1,
0

and



Vi(k,1,a) = e WD x
x [ e[ 2r)tas(z1)64 (k) - @x)* (-mPa - 40> )54 (k) £ Ak 130 Jdr1 =

0
T

(2ﬂ)4a54(k)e—(k2+m%)r _ (277:)4 (_mza _ %a3>54(k)e—(k2+m%)r J. e(k2+m%)rldz.l +

0
T

tek +m,>fJ’e(k2+m%)nﬁ(k,ﬁ;w)dn =

0
T

+2r) ast (e @ DT 4 (27)* a(m + A l )54(k)e‘(k2+m1 fe<k2+m?>ﬂdn+

0
T

+J. e~ WD TRk, 71 0)dr) =

0
) 54k —(k*+m?})t
+(2m)"ad* (ke (k+ ) (2.4.35")
4 2 L A 254 —@emdyr| e®rmT 1
+(21) a(m + o )5 (ke |:k2+m% e :|+

T

+J'e_(k2+m1)(f Rk, T1;0)dT) =
0
2, A st
(m +%a )5 (k)[
k2 +m}

+(21)*as* (ke mir 4 2m)* 1 — e ®mdr] 4

T

+j e ®rmDETOR(k 11;0)dr) =
0

(2+/l)
H2m)tadt )| et 2 [T ]
m

T

+J‘ ef(k2+m%)(rfﬂ)ﬁ(k, T1;0)dr).
0

From Eq.(2.4.35)-Eq.(2.4.35') one obtains



v_(kl,r,a)m(kz,r/ a/) =
LAy

—(2n)*as* (k1) ef<k%+m%>f+kz+—[1 e Wimde] | 4
””1

T
+J e(k%””%)(’”)’ﬁ(kl,rl;a))dr]} X

0 (2.4.36)
2r)*a's4 (k)| e ®rmDT 4 mZJr—%a/z[l e~ (katmi)T :| +
k3 + m?
+. e WD TR (ky, 115 0)dr
0
From Eq.(2.4.36) one obtains
(T/‘_(kl,r,a)%r(kz,r/,a’))
—@2n)*as* (k)| e kirmdr 4 e ia [1— e timir] x
k2 +m?
m2 + A /1
@2m)*a'84(ky)| e tkimix TKRaem [1 e~ ] -
_ (Ie("f*m%)(f“)ﬁ(kl,rl;a))dn) Jef(k%+m%)(r’frz)ﬁ(k2,72;a))dfz _
0 0 o (2437)
—27)%aa' 8% (k)0 (ko) | e Kirmhr 4 2; 5 [1-eGomdr] |
k? +m?
m? + ia’2
o Wamdr kZT[l —e WD ] | -

!
T

—Ie‘“‘ﬁmﬂ(f T2) je (etm)(e @k, T 0)7 (k2,725 0)), dTdT
0 0

Note that



. m2+%a2 .
_(27'[)8aa/54(k1)54(k2) e~ (ki+m)T | —2[1 _ e—(k]+m])‘c:| %

m2 4 A /1
e~ (katm™)r' 1 — g~ W+mbye
k2 + ml |: :|
Fonaa (2.4.38)

l a2
+
—(277:)8aa/54 (k: )54 (k2) |:e(k%+m%)r |: 1 — e~ Gki+tmbz :| :| v

k2 +m1

L L mP+ %a/z L
x| e~Gi+m*r 4 ﬁ[l _ e_(k1+m1)7:|
k2 + mj

and note that

/
T

J. _(k2+m2)(‘[ TZ)J. _(k1+m2)(T—T])</ﬁ(k1’T1;w)ﬁ(kz,fz;a))>nd‘[1d‘[2 =

0 O ! !
T'=t,a =a

T T
5(k1 + k2) Ief(k%er%)(T*TZ) J‘ef(szrml)(T 71)5(‘[1 — TZ)dT]dTZ =
0

202m)* (k1 + k2) I e~ (FHBR2m) 1) gy | =
0

(2.4.39)
20270)45 (k1 + ky ez 2mde J oW 2mde gr | =
0
202148kt + k —(k%+k§+2m1)f|: 1 (+3+m?)r _ 1 :| _
@r)y ok +ka)e B3 +2md) (& + 13 + 2m3)
2(271')45(](1 + kz) 4 e—(k%+k2+2ml)r
= -2Q2n)"o(k1 + k
RiReam Cem e k) e
From Eq.(2.4.38)-Eq.(2.4.39) we get
N st ET)
hmpw(v,(k],T,a)v+(k2,r,a))n = (2r)%a*0%(k1)o*(k2) BT —
(2.4.40)

_2Qn)*S(k + ka)
k? + k3 +2m?

m? = m* + 0.51a>

Therefore



limew(V_(x1,7,a)Vi(x2,7,a) >n =

2
2 -8 47 ik 47 ikoxs S4 4 (m2+ %aZ)
—a2@m) ™ x [ d ke [ dtkoe™st (k)54 (k) FamD % (B emD)

2Q2m) 50k +k2) _
k? + k3 +2m?

2

a2(m? + 242 o 2.4.41

_ ( . 62 ) _(27[),4 d4kezk(| 22) . ( )
mlxml ¢ k +m1

r) x [d*ket [ d*haet

2
2,2 A2
a (m +_a) . ik(x1—x2)
2 62 - @m)™ | d*k elz N x22
mq Xml v k +m1

m?} = m? +0.5a>

Transcendental master equation corresponding to two-point Eucledian Green
function
Gu(x1,x2,m,A) in Euclidean space E4 with dimE, = 4 reads
2
[a(xi —xz)z:|(m2 + %a(xl —xz)z) B
<m2 +0.5%a(x, —x2)2>2

(2.4.41)

_ ik(x1—x2)
~Q2r)™ J‘d“k Os(x1 — x| )e™ ™ _ =
k2 +m? +0.5%a(x; —x2)
Transcendental master equation corresponding to two-point Eucledian Green
function

Go)(x1,x2,m, ) in Euclidean space Ep with dimEp = D reads

2

[a(x _x2)2:|(m2 + %a(xl _x2)2)
<m2 +0.51a(x; —x2)2>2
(2.4.42)

e—nk+ik(x 1 —xz)

—27) Pw-lim, o, j dPk = 0.

2+ m?+0.5a(x1 —x2)®

n >0,

where weak limit taken in £'(R?), see Apendix 1.
Note that



J'd4k elk(x1—x2) _
[k +m?+0.50a(x _x2)2:|2

(4”)_2( 7 )Ko(ml\xl—xz\)

ber —x2|

(2.4.43)

my = Jm2 +0.50a(x; —x2)?%,
Ko(l’l’l1|)€1 —X2|) = —IH(M) — 7y as m1|x1 —xz| -0

see Apendix 1. In order to derive Eq.(2.4.43) we applied Eq.(2.4.44) (see formula
13.6 (2) from [13]).

= YY"y (by)dy btp*H
= KV— b
o 2 +pH)*t 2MT(u+1) «(op) (2.4.44)

-1 < Rev <2Reu+1.5.

2.5.Double stochastic quantization of the 1¢§ theory.

In this section we consider a neutral scalar field with a %qag ,d > 4,self-interaction,

defined in a 4-dimensional Minkowski spacetime. It well known that all these
theories is

nonrenormalizable [14]. The vacuum persistence functional is the generating
functional

of all vacuum expectation value of time-ordered products of the theory. Thus we
deal

now with simple nonrenormalizable theory with the Lagrangian

L = Solo] + Sile], (2.5.1)
where the action that usually describes a free scalar field is
Solp) = Jd'x (5 @up0"0) + Tm3o*(x)). (2.5.2)
and the interacting part, defined by the non-Gaussian contribution, is
Sile] = | d“x%w(x). (2.5.3)

The double stochastic Langevin equation reads
Lp(r.x) = (A= m))pc(r.x) - ZroiEx) + (@) + @) (2.5.4)

By the replacements



Pc(x,7;0,@) = v (x,7;0,@) + 0(7)a,

(X, 7;0,@) = Ve (X, T;0,@) — 0(7)a,

. (2.5.5)

o) 0 ifr<l

T) =
1 ift>1

we obtain from Eq.(2.5.4)
Olve-(x,t;0,@) + 0(1)a]l _ Ove(x,7;0,@)
ot B ot

= (0> —m?)[ve(x,1;0,@) + 0(t)a] — 5’1' Ve (x,7;0,@) +a]’ +

+n(x,7;0) + €f(x, 7, @) =
(0% —m)[Ve-(x,1;0,@) + 0(1)a] -

A5 4 3.2 2.,3 4 5
—?(a +5a" Ve + 10a°vi_ + 10a” vy + Savi_ +v)) +

+ao(t) =

n(x,7;0) + €7(x, 7 @) (2.5.6)
and
OVer (x,T;0,@) — 0(7)a OVer (X, T;0, @
[ ( aT ) ( ) ] — +( al_ ) —05(‘[) —
0% —m) [V (x,1;0,@) — 0(1)a] -
—%(—aS 4 5a%ves — 10a3v2, +10a2v3, — Sav, +v3,) +
+n(x, 7, 0) + €7(x, 7; @)
Differential master equations corresponding to double stochastic Langevin
equations (2.5.6) reads
v-nto) (2; O _ _us(r) + (2= (m*+ 20 ) |v-(om0) -
S/I'a5—m a+n(x,z; a))
—ad(t) + [0? —miv_(x,7;0) — (%cﬁ + mza) +n(x,7;0)
and
. (2.5.7)
W ad(t) + [82 (m + L= ))}w(x T, 0) +
S’I'a +m?a +n(x,t; a))
ad(z) + [0% —m?vi(x,T;0) + (%cﬁ + mza) +n(x,7;0)
m} = m? + %!a“.

Consider the Fourier transformed stochastic differential equation (2.5.7) in & given



as

ai?_(k, 7) =

(k2 + m)V_(k,7) — (27)*ad ()84 (k) — (27) (m a+ L )54(k) LAk, T 0)

d
an (2.4.32)

05 -
P Vi(k, 1)

(k2 + mD)T_(k,7) + (27) a8 ()84 (k) + (27) (m a+ L )54(k) + Ak, 7 0)

Let us consider ODE
x (1,A) + Ax(1,1) = g(z,1),x(0) = 0. (2.5.8)
The corresponding solution x(z,1) reads

T

X(1,A) = et j eMig(ry, A)dr. (2.5.9)
0

From Eq.(2.4.32)-Eq.(2.4.34) one obtains



V_(k,7,a) = e ®mDT x

xj.e(szrml)“[ —@r)*as(r1)8* (k) — ) (m a+ L )54(k)+n(k rl,co)}drl -

0
T

_2n)*as* (k)e-®mdT 4 (21) (m a+ L )54(k)e‘(k2+’”l)f j eWsmirigr, 4

0
T

+€_(k2+m%)rIe(k2+m%)“ﬁ(k,f1;a))df1 —

0
T

_2n)*ad (k)e-®mdT _ (21) a(m + A )54(k)e‘(k2+’”l)f j eWsmirigr, 4

0
T

+J. RO R (k7 0)dr) =
0

—@2r)*as* (k)e~®+mbr

2.2 (K*+m?)t 1
_ 4 W2m2y| € _ (2.5.10)
(2r) a(m + 2 )5 (k)e |: am e :| +

T

N J‘ e~ WHmDETDR(k, 71 0)dT) =
0
Lat)stm)

—2n)*as* (k)e ®+mdr — 27)* (m " sr pa—

|: e—(k2+m])r :| +

T

+J.e—(k2+m%)(fffl)’ﬁ(k”[1;(D)dT1 =

0
(m2+ ’la

k2+m

—(2m)*ad* (k)| e ®+mr 4 [1—e WD) |4

T

+J. ~(k2+m?)(z- Tl)ﬁ(k Tlaw)drl’
0

A at,

m? = m? + 47

and



~ ()22
V+(k,T,a) =e (kK*+m7)T

xje<k2+m1>ﬂ[(2n) ad(1)54(k) — (27)* ( mq — !a5)54(k)+ﬁ(k,n;w)]dn -

0
T

2r)*as (k)e-®mDr _ (27)* ( mq — ,a5)54(k)e-<k2+ml>f j eWsmiTigr, 4

0
+€_(k2+m%)rIe(k2+m%)“ﬁ(k,1'1;a))d1'1 —
0
+21)*ad (k)e-®mdT 4 (21) a(m + A )54(k)e-<k2+m e j eWsmiTigr, 4
0
+J. ~EmDEOR(k, 115 0)dry =
0
+(27r) *a84 (k)ekmhr 4
40N o (em2yr| e®rmDT 1 (2.5.11")
+(2m) a(m + L= )5 (ke |:k2 P e . +

T

+J. ~EmDEOR(k, 115 0)dry =
0

54k
+2r)*ad* (ke W mDr 4 (2)* UG 5' ) ©

L (1]

T

+J.e—(k2+m%)(fffl)’ﬁ(k”[1;(D)dT1 =

0
(m2+ ’la

+(2r)*as* (k)| e ®rmdr 4 k2+m

|:1 e(kzﬂ”l] +

T

N I e~ WmDE)R(k, 71; 0)dr ).
0

m? = m? + %a‘l

From Eq.(2.5.10)-Eq.(2.5.11) one obtains



V_(ki,7,a)V 4 (k2, 7', a/) =
2, A /1

m
_(277:)4(154 (kl ) e_(k%+m%)r |: 1 - —(k%+m%)‘r :| +
ki + ml

T
+J‘e—(k2+m1)(f Tl)n(kl,Tlaw)drl}

0 (2.5.12)
2, A4
(272')461/54(/{2) e~ (k3+m])1’ i[l e~ (k3+m])’ :| +
k3 +m?
+I _(k2+m])(7 Tl)ﬁ(kzjfl,a))drl
0
From Eq.(2.5.12) one obtains
</‘7—(k19‘[9a)/‘7+(k29T/aal)>n =
2, A 4
_(2ﬂ)4a54(k1) e~ (+m)r | m+—5!a|:1 e~ (ki+mi)r :| x
k? +m?
2, A 4
(27T)4a/64(k2) e ~(k3+m})7’ nH—S'a[l e ~(kK3+m?})t :| _
k3 +m?
- J.ef(k%er%)(T*Tl)/ﬁ(kbﬁ;a))d‘n Jef(k%er%)(TL”)ﬁ(kz,Tz;a))d’Ez =
0 0 ) (2.5.13)
m2 4+ /1
~m)ad 84 ()54 o) | ¢ K S [1-etmin] |5
ml
m?+ A
o-(3mhr | k2—5 [1 _ o Wmh :| _
2+

!
T

_Ie—(k2+m1)(1 n)j D)@ (k1 0) ko, T2 0)),dT1dT
0

Note that



m2 4+ /”L at
—Om)ad $Y kS )| e @ ¢ SU T [ o] |
(2m) (k1)o" (k2) k1+m1 |: :|
2+ ﬂ, /4
o-W+md’ T[l o~ (Bmd)r :| _
m
L mry (2.5.14)
—(277)8aa/54(k1)54(k2) e~ U+mDT 4 k%+—?n|:l —(k +ml)r:| %
2, A /1
x| eirmHr 4 k2 [1 —(k%+m%)1:|
+m
m? = m* + %!a“

and note that

/
T

je—(k2+m1)(r rz)J. ~(k3+m?)(z— Tl)(’](klafl,w)n(kz,‘[z w)> dr.dt) _

0 I_ 1_
T'=t,a =a

S(k1 + k2) j e~ U3m- fz>f D) §(7, — 1,)dr1dry =

2027)* (ks + k2) j e~ BHI D) gr | =
' (2.5.15)

T

2(272’)45(](1 +k2)e (k%+k2+2m|)rJ. (k%+k2+2m1)r1d,[1 _
0

202m)* 8k + ko )e-kiti3+2mi) 1 ek H3+mDT _ 1 :|
Gryot e |: (k%-i—k2+2m1) (ki + k3 +2m?)

_ 2Q2n)*6(ki + k2)
k% + k% + 2m%

e —(kK3+k3+2m?)z

-20n)*8(k, + k
@r) otk + k) g v amd)

A a*
a4

Transcendental master equation corresponding to two-point Eucledian Green
function

G (x1,x2,m,A) in Euclidean space E4 with dimE, = 4 reads

mi =m? + 2=



[a(xi —x2)2:|(m2 + %a(xl —x2)4)2

(mz + %a()ﬂ —X2)4)2 (2-5. 16)

~@n)* [ % e”‘j““) ~ 0.

41
Transcendental master equation corresponding to two-point Eucledian Green
function
Go)(x1,x2,m, ) in Euclidean space Ep with dimEp = D reads

K +m?+ La(x; —x2)*

[ax: —x2)2:|(m2 + %a(xl —x2)4)2

(m2 + %a(xl —x2)4)2

e —nk+ik(x 1—X2)

(2.5.17)
= 0.

—@r) Pw-limy o, [ dPk
! ‘[ k2+m2+%a(x1 —x2)*

n >0,

where a weak limit taken in £'(R?), see Apendix 1.
Note that

Id4k elk(x1=x2) _
|:k2 +m? + La(ey —x )4:|2

- m
(“4m) 2( o - >K°(m1|xl —x2) (2.5.18)

m, = ‘/mz + %a(m —x2)*,

Ko(m1|x1 —le) = —ll’l(mxlz;xﬂ-) — 7y as m1|x1 —)C2| -0

see Apendix 1. In order to derive Eq.(2.5.18) we applied Eq.(2.5.19) (see formula
13.6 (2) from [13]).

+1 —
= Yy Jy(by)dy brp™*
= K, (b
0 (yz +p2)““ 240 (n+ 1) u(bp) (2.5.19)

-1 <Rev <2Reu+1.5.

3.Weak coupling. Nonperturbative result.



3.1.Weak coupling.The A¢% theory

We assume now that

2
. xes(\xDa(;cl—xz) <1 (3.1.1)
m

where 95(|x|) = 95(|X1 —x2|) = 9(|X1 —XQ| —5),x = |X1 —XQ|.
From Eq.(2.4.41) and Eq.(3.1.1) we get

(1 ) )2
6m2 -4 d4k€ikx95(|x|)
0(x)a(x) —~— —(2m) .
(1+ 0.5,;512 (x)) (m2+k2)[1+ }nzig) } (3.1.2)
and
4 [ d*ke™0 0.51a> 0.51a> 2
0s(p)a*(e) = @my* [ LRGN 0 (060 ) -
41, ,ikx 4 1., ikx
Qn)™ % —0.5027) a2 (x) j % + (3.1.3)
_ d*ke™0s(|x|)
+02512(27T) 4(14()(7) I (m2+—]i2)3 +...
Therefore under condition (3.1.41) we get
47, ikx 47, ,ikx 3.1.4
az(x)|:1 +0.5A2m)™ %J = Q)™ % +0(2), (3-1.4)

where constant in symbol O(1?) depend on m? and 4.

Remark 3.1.1. Note that for a given values of the parameters m? and 5 we can
choose value of the parameter 4 such that the inequality (3.1.1) is satisfied.
Thus finally for two-point for ¢4 theory in the Euclidean QFT we obtain non
perturbative

result



05(jx1 —x2|)G(x1 —x2) = 05(]x1 —x2)a*(x1 —x2) =

) d4keik(x1—x2)95(’)C1 _XZD
27) 4
(2m) (m? + k?) "
| -1
1+0.5027)7 d*ke™ 205 (|x1 — x21) =
(m? + kz)z
. (277:)_4 d4keik(x1*x2)95(|XI _x2|) _
(m* +k?)
) d* ke x1—=x2)9 (x —X )
~0.520m)" | 2
(m* + k*)
d4keik(xlfx2)05(|x1 —X2|)
0 (m? + k%) e

Remark 3.1.2. To first order in 1,and in coordinate space, the two point function

(3.1.5)

G(4)()C1 —XQ;5) = 05(|)C1 —XQ|)G(4)()C1 —XQ) bounded on region R4\[—5,5]4 in Euclidean

space with dim = 4 is
d4keik(xlfx2)95(|X1 —xz|) _
Q) (m? + k?)
_ij d4keik(x1—x2)95(|xl —)Cz|) XJ. d4k€ik(xl_x2)05(|xl _x2|) _
2 Qr)*(m? + k2)? r)*(m? + k?)

I d4keik(xrxz)05(|x1 —xz|) {1 A G(4)F(X1 —X2;5)
Q) (m? + k?) 2 (m? + k?) ’

Gay(x1 —x2;0) = I

where G(4)F(X1 —X2;0) = 05(|)C1 —X2|)G(4)F(X1 —xz).For A < 1 we get

27 M2+ k)

_ m? + k?
m? + 0.5/1G(4)F(X1 —XZ;6) + k2 '

From Eq.(3.1.6) and Eq.(3.1.7) we get

(m? + k%)

{1 _ i G(4)F()C1 —X2;5) } ~ {1 " 0.51G(4)F()C1 —X2;5) }_1

d4k ik(xl—xz)g _
Guay(x1 —x2;0) = 1 I € s(per —x2])

@n)*
From Eq.(3.1.8) finally we get
d4k€ik(x17x2)95(|xl —X2|)

N
Gay(x1 —x2;6) = (2n)4j

This expression leads us to define uZ., by

I’l’l2 + 0.51G(4)F()C1 —X2;5) + k2 .

m? +0.5AG@)r(3;0) + k2

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)



Uien = m? + 0.54G 4)r(5;6) = m? + Sm?. (3.1.10)

Note that in contrast with canonical perturbative calculation (see Apendix 2,eq.2.28)

om? = 0.5/1G(4)F(5;5) is finite.

Remark 3.1.3.To first order in /,and in coordinate space, the two point function

Gop)(x1 —x2;0) | RD\[—5,5]D =0s5(]x1 —x2])G@)(x1 —x2) bounded on region
RP\[-8,5]"

in Euclidean space Ep with dimEp = D is
dPke™1=205(x1 —x2])

Qn)P(m? + k?)

2 j deeik(m—xz)QS(’xl _XZD XJ. deeik(xl—xz)gs(lxl _X2|) _

Gp)(x1 —x2;0) = I

2T v ey @m)(m + 1) G110
J' dee"k(xl‘:)Ha(lxl —x2]) {1 _ A Goyrlx —x2;6) }’
Q)" (m? + k?) 2 (m? + k?)
where Gpyr(x1 —x2;0) = 05(]x1 —x2|)Gpyr(x1 —x2).For A < 1 we get
{1 _ % G(DE;(;C:L—k;C)z;cS) } N {1 N O.SAG((Z)ZFEFxILZ—)xz;& }_1
" g (3.1.12)
m? + 0.5AG pyr(x1 — x2;8) + k%
From Eq.(3.1.11) and Eq.(3.1.12) we get
Gl =x2;0) = (271)0 J m? fl())kgfc;(,;;(zjcf|x—1x_2x§)|)+ e G L)
From Eq.(3.1.13) finally we get
Gy (x1 —x236) ~ (2;)0 | nf?éfi;?(ij%ig)lezz. (3.1.14)
This expression leads us to define uZ., by
Uken = m? + 0.54G pyr(5;6) = m? + dm?. (3.1.15)

Note that in contrast with canonical perturbative calculation (see Apendix 2,eq.2.28)
om? = O.S)VG(D)F((S;(S) is finite.

3.2.Weak coupling.The 1¢% theory.Exact nonperturbative

solution.
Trancendental master equation corresponding to ¢4 theory [see Eq.(3.1.2)] reads



(1 L A’ () )2
6m? 4 d*ke™0s(|x|)
0s(fx|)a’(x) - (27) :
(1 + M)2 (m? +k2)|: 0. 5/1@2(96) :| (3.2.1)

m? + k?

Assuming now for simplisity that /m? < 1, then from Eq.(3.2.1) we obtain
d*ke™0s(|x|)

05(x)a> () = @)™ |

0.51a?
(m2+k2)[1 #k(;c)} (3.2.2)
Note that
I _q_ 234 4 0 1Y\non
T3 =l-z+22 -2+ -1+ (-1)"z (3.2.3)
z>0,z<1.
From Eq.(3.2.3) by setting
0.51a?
z = mz+]§f) (3.2.4)
we obtain
0.5Aa2(x) \ 0.51a%(x) 0.50a%(x) \?
222 ) —1- + —=
m? + k? m? + k? m? + k? (3.2.5)
" . 0.51a2(x) o
L O
From Eq.(3.2.2) using Eq.(3.2.5) we obtain
4 [ d*ke™05(x|) 0.51a2(x) (o.sva(x) )2
) 2(y) = 4 BCAAN LIV B T -
Os5(xa*(x) = (2m) 4 k) 1 L + L +...
4 [ d*hke™05(|x)) i d4ke”“95(]x|)
om) 4| 2 AR 21m) Ya(x) | 20
N e e S L RO e ey
o (3.2.6)
0.25022m) a (x )j—d ke™05(x])
kz)
4 [ d*ke™05(|x|) _ d ke”“Qg(|x|)
. 4 [ 4 n_2n 17
- @[S e Z( 1"(A2)"a ()j Swrcald

Let R! be metric space equipped with distance p[xi,y:1] = |x1 —y1],x1,¥1 € R.
Define now a map F(x,a(x)) : R!' - R' by



F(x,a*(x)) =

4 thkx 41, ikx
(my [ LD ("n‘; fj{(z")“') + o) {Z( 1) (A2)"a¥ (x )I—d ke iig'ﬂ)}
d*ke™0s(lx]) 3.2.7)
(m? +k2)”2

d*ke™0s(|x|)
(m* + k%)

+(2”>“‘{Z( D"(2)"a(x) [ LZ;‘;'X'R}
=2

Qr)™ —Q@r)*2 j

We rewrite now Eq.(3.2.7) of the form
Fx,bx)) =

ikx
go(x)+(27f)_4{2( 1" (12)"b"(x )I‘”‘e—ijg’jﬂ?}
(3.2.8)
g0(x) ~ Agi()b() +

+2m) {Z( D"(a/2)"b"x) | M}

— kz)n+l
where we let for a shortness
b(x) = a*(x),

go(x) = (27) ) (3.2.9)

_ 4
§i) = CGm) T )

In Eq.(3.2.8) - Eq.(3.2.9) we set for simplisity but without loss of generality m? = 1.
We define now infinite sequence by

gn(x) = Fx,qn1(x)),n = 1,2,...

3.2.11
go(x) = go(x). ( :
From Eq.(3.2.8) and Eq.(3.2.9) we obtain
q1(x) = F(x,go(x)) =
« 47, ikx
go(x)+(27r)4{2(—l)"(/1/2) B(x )f dhe Ziq,ﬁ'l) }
i (3.2.12)

go(x) — Ag1(x)go(x) +
4 1., tkx
+(2n)-“{2( D"(22)"gi(x) | ‘”‘6—95("6‘)}

2\ h+l
n=2 k)n



From Eq.(3.2.12) we obtain

plg1(x),go(x)] = p[F (x,g0(x)),g0(x)] = |g1(x) — go(x)| =
d ke”"‘Qg(|x|)

(2m)™ Z( D"(A/2)"gh(x )j e
‘—Agl(x>go<x> +2n) {Z( D"(/2)"gh) | wﬁ;‘;"c'ﬂ}‘ <
Jg (o) + ) Z( D"G/2)" i) | w]‘iig"“?
Ag1(x)go(x) + (27[)4(;(/1/2) o(x )I d4kelkxij(|f+|1)> <

4 < .- 4
2g1(x)go(x) + (27) (nz_;wz) 2h)0s() | ﬁ)

From Eq.(3.2.8) we obtain

q2(x) = F(x,q1(x)) =

ikx
go(x) + 2m)™ {Z( D"(A2)" ¢ (x )j‘”‘e—(;g',ﬂ)}

= go(x) = Ag1(x)q1(x) +
+<2n>—4{2< D2 g @) | w}

21+l
n=2 k)

From Eq.(3.2.12) and Eq.(3.2.14) we obtain

(3.2.13)

(3.2.14)



pla2(x),q1(x)] = p[F (x,q1(x)),F (x,q0(x))] =
p[F (x,q1(x)),q1(x)] = |F(x,q1(x)) —q1(x)| =

~ 4 1 ikx
<g°(x)_Agl(x)qﬂxﬂ<2n>‘4{2<—1>"<m> Ol Qa(w})

k2 n+l1

ikx
_<go(x)—lg1(x)%(x)+(27r)_ {Z( 1)"(A2)"qb(x ).[MQ—W})‘ _

[Ag1(x)(qo(x) = q1(x)) +

41, ,ikx
+2m) {Z( D" 2) g1 - b)) | ””‘e—Z;‘;""RH
g1 (0 (go) — 1)) -
~2m)2go®) — 1))

{Z(_l)n(l/z)nl[qg_l(x)"‘qg_z(x)éh(x) +o4qo(x)gt 2 (x) + ¢ (x)] x (3.2.15)
n=2
I d*ke™05(|x|) ‘
(m? + k2)"™!
A (go(x) = g1 )|| [ VAgi1(x) = @) A %
{Z(—l)”(m)“ (967" () + g6 (x)q1(x) +...+qo(x)gi > (x) + g1 (x)] x
n=2
I d*ke™05(|x|) J B
(m? + k2)™! -
JZ1(qox) = 1N (VEg1(x) = @) VA ) D (1) (M2)" ' (n - Dg ' (x) | <
n=2
A |(go(x) = q1(x))|0O(X),0) < 1.
In the last lines we applied formulas
—b" = (a—b)(a"' +a"?b+a"3b> +... +ab"?+b"),
> (m? +r2)"+1 2n—1)(m? + /)" 2n(m* +11)" )| (3.2.16)

| I | 11
2(1’1 _ 1)m2(n—1) 2nm2(n—1) 2m2(n—l) (l’l _ 1) n )

and Euler—Maclaurin sum formula



Zf(n) jf(x)dxw 5fla) — Z bi Difin(a) - jMdz

where b; is Bernoulli’'s numbers and {x} is the fractional part of x. Note that
@m) " (W2) g5 (x)
1= (42)go(x)

lg1()| = |F(x,80(x))| < go(x) + Ag1(x)go(x) +
From Eq.(3.2.8) we obtain
|F (x,b(x))| =

ikx
go(x)+(27r)—4{2( ) (42)"b" (x )Idke—igg\xlg}‘ .

go(x) + Ag1(x)b(x) +

x )J‘ d ke”“Qg(|x|) <

+Qn)™ kz)n+1

go(x) + Ag1 (x)b(x) + 7)™ Z(/I/Z) b"(x) I MPC—'% <

go(x) + Ag1 (x)b(x) + 2m) ™ Z(m)"bn(x) -

n=2

2o(x) + Ag1(x)b(x) + 27) *(A/2)?b2 (x) i(l/Z)”b”(x) -
n=0
Qr)(A2)* b2 (x)
1-(A2)bkx)

= go(x) + Ag1(x)b(x) +

From Eq.(3.2.8) and Eq.(3.2.14) we obtain

(3.2.17)

(3.2.18)

(3.2.19)



plgs(x),q2(x)] = p[F (x,q2(x)), F (x,q1(x))] =
|‘(F(x9q2(x)) - ‘(}:(x:ql(x))l =

~ 4 1 ikx
<g°(x)_Agl(x)%(xﬂ<2n>‘4{2<—1>"<m> s <% Qa(w})

k2 n+l1

ikx
_<go(x)—lg1(x)fh(x)+(27r)_ {Z( 1D)"(A2)" g (x ).[MQ—W})‘ _

[Ag1(x)(q2(x) = q1(x)) +

41, ,ikx
+2m) {Z( D" (2) g3 - 1)) | ””‘e—Z;‘;""RH

1Ag1(x)(q2(x) — q1(x)) —
—(27) " Mg2(x) = q1(x)) x

{Z(—l)”(l/Z)”l[q’f‘l(X) + g1 (0)q2(x) +...+q1(x)g5 2 (x) + g5 (x)]
n=2

I d*ke™05(|x|) ‘
(m? + k)"

A (q2(0) = 1 )| [ VA g1 (x) = @) A %

(3.2.20)

{Z(—l)”(/w)”1 (¢ () + g1 (0)q2(x) +...+q1(x)g5 2 (x) + g5~ (x)]
n=2

<

Id4kelkx95(|x|) J
(m +k2)n+1 -
V@) = @211 = @0 VA ) | 2D (2) (1= Dai ()| <
n=2
J2|(q1(x) = ¢2(x))|0(X),0(L) < 1.

Processing inductively we get




Plgn1(x),gn ()] = pF (x, qne1 (), F (x, g (x))] =
[F (6, qne1 () = F (x,qa(x))| =

Oo 4 1., ikx
(go(ﬂ—igl(x)qm(x)+(h)“‘{Z(—l)"(z/z)"an( T })

kz n+l1

41 ,ikx
_<g0(x) — Ag1(0)qa(x) + 2m) ™ {Z( 1" (A2) qy(x )j e Z‘j('ﬁ'l) })

n=2
1Ag1(x)(gns1(x) = g (x)) +

= . e ) d*ke™05(|x|) B
+(2m) 4{;(—1) (A12)"[q (x) —Qn(x)]jm}—‘ =
|Ag1(x)(gn+1(x) — qn(x)) —

—2m) " AGne1 (x) — gu(x)) %

{Z(—n"(z/z)“ () + 2 g () 4 AR + gl @] x O FED
n=2
I d*ke™05(1x|) ‘
(m +kz)n+1
A|(@n1 () = ga )| [VA g1 () — @) VA %
{Z(—l)”(m)“ (g7 () + @2 () g1 (%) +.. . 4+gu () g7 (x) + @i (x)] %
n=2
J d*ke™05([x|) J B
(m? + k)" B
JZ|(Gn1 &) = gaG) (VA1 (x) = @) *V2) | D (=D)"(2)" (n = D' () | <
n=2
V2@ (%) = g4 (x))|O(A),0(1) < 1.
Theorem 3.2.1.Infinite sequence defined by
gn(x) = Fx,qn1(x)),n = 1,2,... (3.2.22)

qo(x) = go(x)
for any x,|x| > § has a limit: lim,- g,(x) = b(x) such that F(x,b(x)) = b(x),where



Fx,bx)) =
go(x) + (27r)‘4{2(—1)"(/1/2)"bn(x) [ w} _
n=1

(m?+42)"" (3.2.23)
go(x) — Ag1(x)b(x) + o

+(27T)_4{i(—l)”(l/Z)”b”(x) [ w},

= (m? + k)"
and where
b(x) = a*(x),

4 1., ikx
go(x) = (27t)74'[—d (knjz f(;((zl))d) ,

d*ke™0s(|x|)
2m? + k)’

x| > 6.

(3.2.24)
g1 = @0 |

Proof. Immediate from (3.2.21) by Generalized Banach fixed-point theorem,
see Apendix3 Theorem 3.2..

3.3.Weak coupling.The 1¢3",n > 2 theory.Exact

nonperturbative solution.

Transcendental master equation (2.5.16) corresponding to two-point Eucledian
Green
function G)(x1,x2,m,2) in Euclidean space E4 with dimE4 = 4 reads

[a(x —x2)2:|(m2 - %a(xl —x2)4)2

(mz + %!a(m —x2)4)2 (3.3.1)

~@n)" [ el ~ 0.
k* + m? + ?a(xl —x2)*

Assuming now for simplisity that /m? < 1, then from Eq.(3.3.1) we obtain
d*ke™0s(|x|)

- .
(m2+k2)|:1+4“(/}%a2—$)k2):| (3.3.2)

0s(x)a> () = @)™ |

Note that



1 2 3 4 o non

=1l—-z+z" -z +z"—-... 1+ -1)"z
l+z 2 D) (3.3.3)
z>0,z<1.

From Eq.(3.3.3) by setting
_ i)
4!1(m?* + k?)

1+M _1_1_ Aat(x) N Aa*(x) 2_ B
Mm>+k2) ) M@k \ APk ) T

- 1+Zn_1(—1)"4“(nfz—(+x)k2).

(3.3.4)

we obtain

(3.3.5)

From Eq.(3.3.2) using Eq.(3.3.5) we obtain
0s(jx)a*(x) =
L dRem0s(x) [ adt) ratx) -
Nl 2+ k%) [1 4!(m2+k2)+(4'(m2+k2)> +"}_
4 [ d*ke™0s(x]) 4 d4ke’k"9b(|x])
(1) I 41(m* + k*) Man) a4(x)j 41(m? + k*)? (3.3.6)

_ d*ke™0s(|x|) B
_22(27) 4a8(x)j o 25+k2)3 b=

47, ikx 41, ,ikx
_ (27_[)—4 d kez 95(|)C|) + (271')_4 Z( 1) (;L/4|)na4n( )j d ke 65(|)i|1) .
(m* + &) + k)"
Let R! be metric space equipped with distance p[xi,y1] = |x1 —y1],x1,¥1 € R.
Define now a map F(x,a(x)) : R - R' by

F(ea(x)) =
4 ikx 4 thkx
ey [ o+ omy {Z( et [ 4 e Zig'ii'?}
ke’ ’“95(|x|) d4ke”‘x05(|x|) (3.3.7)
( 2 ) kz)nZ

+(27T)—4{Z( 1" (l/4|)"a4n( )J‘wzgg[ﬂ])}

(2m)™ - @m) (v |

We rewrite now Eq.(3.3.7) of the form



F(x,b(x)) =

SIS pyreanypin e [ 4R 00D | _
go(x) + (2m) 4{;(—1) (W/41)"b (x)jﬁ} -

go(x) — (A/4)g1 (x)b(x) +
+(27T)_4{Z(—l)"(/l/z)”bZ"(x) j w}
n=2

(m? + k>)""!

(3.2.8)

where we let for a shortness
b(x) = a*(x),

gox) = (27) J 4 k) (3.3.9)
_ ry4 [ dHhe™0s(x])
g = @m)* [ O E

In Eq.(3.3.8) - Eq.(3.3.9) we set for simplisity but without loss of generality m? = 1.
We define now infinite sequence by

gn(x) = F,qn1(x)),n = 1,2,...
go(x) = go(x).
From Eq.(3.3.8) and Eq.(3.3.9) we obtain

q1(x) = Fx,go(x)) =
go(x) + 2m)™ {Z(—l)"(mn"ggn(x)j'w} _
n=1

(3.3.11)

(m? + k)"
go(x) — (A/4)g1 (x)g5 (x) +

« 47, ikx
+(2n)—4{2(_1)n(/1/4!)ng%n(x)I%}.
n=2

(3.3.12)

From Eq.(3.3.12) we obtain



Plg1(x),g0(x)] = p[F (x,g0(x)),g0(¥)] = |g1(x) = qo(x)| = Ig1(x) —go(X)| =

41 ikx
Z( 1)"(A/41)" g3 (x) j —d ke Zi;'ﬁi'l)

d4ke’k‘95(|x|) }

@m)™

k2 n+l

‘—(M4!)g1<x>gé(x)+(zn> {Z( g o) [

47, ikx 3.3.13
(W) + 2r) | D) A g o )] ”e—ii'x'? o
n=2
471, ikx
(W41 ()gh(x) + 2x)~* (Z(l/“')"gz"( )] Me—ziW) -
(Mg (x)gd(x) + 2n) ™ (Z(mv)”g%"(x)%(lxl) f %)
n=2
From Eq.(3.3.8) we obtain
g2(x) = Flx,q1(x) =
41, ,ikx
go(x)+(zn>-“{2( D" (W2)" g3 (x )j—d ke zjg'ji'}}
(3.3.14)

= go(x) — Ag1(¥)¢7(x) +
+(2m)™ {Z( 1)"(A2)"g3" (x) jw}

21+
n=2 k)

From Eq.(3.3.12) and Eq.(3.3.14) we obtain



plg2(x),q1(x)] = p[F (x,q1(x)),F (x,q0(x))] =
= plF(r,q1(x)),q1(0)] = |[F (x,q1(x)) —q1(x)| =

*® 4 1. ,tkx
(go(x)—zg1<x)q%(x>+(2n)‘4{2(—1)"w2>" P [ 43 Zi“ﬁ?})

ikx
—<go(X)—/1g1(X)q%(x)+(27r)‘ {Z( 1)"(A/2)" 3" (x )IMQ—(IM}N _
Ag1(¥)(g5(x) — g1 (x)) +

0 41 ikx
+(zn)-4{2(—1)"w2)[ P - a0 | %%WHZ
n=2

1Ag1(x)(g5(x) — qi(x)) —
—27) *Mgo(x) — g1 (x)) x (3.3.15)

{Z(—l)”(/m)"_l[Q%”‘I(X) +45" 2 ()q1(x) +...+qo(x)qi" 2 (x) + g7" (x)] X
n=2

J‘d4ke”“95(|x|) ‘
(m? + k)"
JA(go(x) = 1) I(gox) + g1 )| [ VA g1 (x) — @r) VA x
{Z(—l)”(mv-l (g3 (x) + g2 (0)q1 (%) +...+qo(x)g T2 (x) + ¢} (x)] x
n=2

J‘d4ke”"‘05(|x|) J
(m? + k)"

In the last lines we applied formula
a? —b* = (a—-b)(a* " +a* b+ a*3b> +... +ab* 2 +b*") (3.3.16)

< VA |(q1(x) = go(x))| x c1,

c1 < 1.

and Euler—Maclaurin sum formula

Zﬂn) _ jf(x)dx+o 5fa) — Z i (a) - jMdt (3.3.17)
where b; is Bernoulli's numbers and {x} is the fractlonal part of x. Note that
@m)*(A2)° g5 (x)

L= D) (3.3.18)

j71()| = |F (r,g0(0))] < go(x) + Ag1(x)g5(x) +

From Eq.(3.3.8) we obtain



|F (x,b(x))| =
gO(X) + (27T)_4{Z(—l)"(l/Z)nbzn(X) j W} ‘ <
n=1

(m? + k)"

go(x) + Ag1(x)b*(x) +

S ] d*ke™05(|x|)
_1\n b2n
N el e swers

+(277:)_4 <

v _ 0s(lxd*k
20(x) + Ag1 (\)b2(x) + (27) 4;(,1/2) b2 (@I# < (3.3.19)

go(x) + Ag1 (x)b2(x) + 2n)™* Z(/I/Z)"bzn(x) =

n=2

go(x) + Ag1(x)b(x) + 2m) " (1/2)b>(x) D (A/2)"b*(x) =
n=0
Q) (A2)* b2 (x)
1 — (A/2)b(x)

= go(x) + Ag1(x)b*(x) +

Processing inductively we get



Plgne1(x),qn ()] = pIF (x, qur1 (), F (x,qu(x))] =
|F (%, qni1 () = F (x,qu(x))] =

OO 41 ,ikx
(gO(x) g1 () + 2x) {ZLU"(m)"q%ﬁl( ) ey D
n=2

k2 n+1

@ ikx
(gom 281 ()q30) + (2m)° {Z(—l)"wz)" o[ Lk Zﬁ“ﬁ'?})

n=2
Ag1(0) (g1 (X) = g0 (X)) (gni1 (x) + qn(X)) +

0 4 1., ikx
+(27r)4{2(—1)"()«/2)n[qn+1(x) )] | WH -
n=2

Ag10)(gns1(x) = gn(¥))(gni1(x) + ga(x)) —
~27) Mgt (¥) = gn(x)) x

{Z(—l)”(/w)”1 (g7 () + @2 () gt (x) +...+gn () g (x) + g7 (x) ] x
n=2

(3.3.21)
I d*ke™05(|x|) ‘
(m? + k%)™
VI (@n1 () = @@ I(gne1 (¥) + g ()| [VA 1) = 2m) * V2 %
{Z(—l)”(m)”1 (g7 () + 2" 2 () g (¥) +...4ga ()17 (x) + g7 (0)] %
n=2
I d*ke™05(|x]) J B
(m +k2)n+1 -
VNG (0) = gn(0))] % (g1 (x) + g ()| %
(V2gi(x) - (2m) n-1)g¥ ' (x)] <
\/7|(qn+1(x) = qn(x))cn,
cp, < 1.
Theorem 3.3.1.Infinite sequence defined by
gn(x) = Fx,qn1(x)),n =1,2,... (3.3.22)

qo(x) = go(x)
for any x,|x| > § has a limit: lim,- g,(x) = b(x) such that F(x,b(x)) = b(x),where



F(x,b(x)) =
go(x) + (271)_4{Z(—l)"(/l/Z)"b2"(x) j W} _
n=1

O+ k2)" (3.3.23)
go(x) — Ag1(x)b2(x) + -
L= i n o d*ke™05(|x|)
+(2n) 4{§<—1> (12)"(x) | W}
and where
b(x) = a>(x),
4 [ d*ke™0
B 4 [ d*ke™05(|x|) o
g1 = @0 | ETRT

x| > 6.

Proof. Immediate from (3.3.21) by Generalized Banach fixed-point theorem,
see Apendix3 Theorem 3.2.

4.1.Double stochastic quantization of Abelian gauge
fields.

In this section we consider the simplest case of Abelian gauge fields, for which the

double stochastic Langevin equation (which we will call double stochastic Parisi -
Wu

equations henceforth) reads

—aA#a(tx’ 0 _ (B0 = 3u0)Av(x, 1) + Nu(x, 0, 0") + €7 (x,; @, @) (4.1.1)
The presence of the % term for the fields 4 explicitly breaks the gauge invariance

of
the theory, meaning that one doesn’t need to worry about fixing the gauge at all. In
principle, one expects this explicit breaking of the gauge freedom to let us quantize
the
system without having to worry about fixing the gauge or the problems like Gribov
Ambiguity that come with it, but this is not the case as we can see below.
Consider the Langevin equation for the gauge fields in the Fourier space,
0A (k. 1)
ot
We can split the above equation into transverse and longitudinal parts, with

= (O wk?* — kuky)A,(k,t) + nu(k, t;0,0") + €t (k, Lo, o) (4.1.2)



AL = (% B k;lzc )AV - 0%4,

k[kv

A;Lt - ;(2
kuky
Ny = (5/w - %)n = Oy
kuky,

i = Zz

4, = 0L A,
(4.1.3)

Ny = O;Lwnv

This splits the Parisi-Wu equation as

% = kAT (k,0) + [n" (k1) + e (k,0)]
oAt (k1)

ot

4.1.4)
= nt(k,t) + efr(k,1).

This equation has solutions

AT(k,t) = exp(=k*t)AL + exp(—k?1) _[; exp(K2t)[n"(k,7) + €7’ (k,7)]dr
4.1.5
AL (k,t) = AL + j; exp(K2(t — 1)) [n*(k,7) + €t (k, 1) ]dr. ( :

From this, we observe that the initial distribution in the transverse modes get
dissipated

at infinite time due to the presence of the damping term, while in the case of

longitudinal mode, there is no damping term and hence the initial distribution
persists

even in equilibrium, i.e. there exists no stationary distribution in the transverse
modes.

This is directly the consequence of the gauge invariance. To see how this affects

calculations, let us look at the propagator for the gauge fields.

Dk, dk',t") = (A (k)L A, (K, 1)L =

= S*(k+ k/)#OZ[v(exp(kz(t—t/z(Hf/))) + (4.1.6)

121 84k + k/)% + A (k,0)14, (K, 0)

The translational invariance of the propagator requires that the propagator be
proportional to §*(k + k'), which is broken by the last term in the above-derived
propagator. One way to circumvent the problem would be to select the initial
configuration of the longitudinal mode to be 4,(k,0) = 0. But such a distribution is
exceptional and therefore we consider a more general distribution that is symmetric
around k£ = 0 as



AL = %qb(k) 4.1.7)

and for the propagator, we take another average over the distributions ¢(k). Knowing
($UOP(K)), = —ad* (k+ ) (4.1.8)

where a is the width of ¢(k), we get the limit of the propagator as

lim,_, ., D (k, tk,t)) = 5*(k + k') {% (5,N —(1-a) k“fv ) 4 o Kukv } (4.1.9)

k k?

which is nothing but the usual gauge fixed propagator, with a diverging term

proportional to z. Therefore one can see that the stochastic quantization prescription

allows one to quantize gauge fields and get the propagator of the theory without
having

to resort to gauge fixing explicitly, but as seen from the above calculations, the
gauge

freedom is reflected as a choice in the initial distribution for the longitudinal mode of
the

gauge fields, the width of the distribution a playing the role of the gauge fixing

parameter. Another subtlety worth mentioning is that for gauge-invariant quantities,
the

term proportional to ¢ in the equilibrium limit goes to zero. But the gauge-variant

quantities diverge in the limit # — 0. This is mainly due to the absence of drift force in

the transverse part of Langevin’s equation, meaning that the stationary distribution
for

the transverse part doesn'’t exist, and a particle undergoing Brownian motion in the

configuration space will drift forever in this direction. Speaking in terms of forces, the

action provides a force that constrains a particle to a gauge orbit in the configuration

space, but the particle is free to move along the gauge orbit indefinitely. It is this free

motion along the gauge orbits that causes the gauge-variant quantities to diverge in
the

equilibrium limit. Therefore, for gauge-invariant quantities, the perturbative
stochastic

quantization prescription gives the same results as the regular perturbative
quantization

without having to resort to explicit gauge fixing procedures, but in the case of gauge-

invariant observables, the theory again leads to divergences.

We set now

A”(x’ t) - a,ue(t) = Ay(x’ taaﬂ)a

(4.1.10)
Au(x,t) = 4,(x,t,au) +au0(t).



Substitution Eq.(4.1.10)-Eq.(4.3.13) into Eq.(4.1.1) gives

oAy, tau) +abd()
ot - (4.1.11)
(8,00 — 8,181/)45(?6,%%) +ni(xLo,0") + eﬁﬁ(X,t;w,w/)

and thus

8AZ(xataall) _
ot (4.1.12)
~au (1) + (6,0% = 0,00)4,,(x,t,a) + Mj(x,5;0,0") + €7, (v, t, @, @)
Performing a Fourier transformation to momentum space, we get

84‘5(](9 t,a‘u) _

ot
~(27)* a4 (k)S(t) — K Twdl(k,t,ay) + nl(k,t;0,0") + eﬁﬁ(k, two,o@), (4.1.13)
kuky

where we introduced the transverse projection operator 7,,.In order to solve
Eqg. (4.1.13) one studies, the Green function G,, which satisfies Eq. (4.1.14)

(8L + Tk® ) G ) = 6,06(0). 4.1.14)
This equation is immediately solved, and solution reads
Gu(k,t) = O(t)(exp(—tsz))#v = 0(¢) Ty exp(—tk?). (4.1.15)

The general solution for A7(k, ) follows:

ALk, t,a,) = exp(—k20)AT — a8 (k) exp(—k20) | ; 5(z) exp(k2t)dr +

exp(—k*1) | ; exp(k21)| nfi(k,7,0,0) + €L (k,7,m,@) |dr 4.1.16)
10,0 = (3 - 255 Yk 7,0,0).

4.2 .Double stochastic quantization of massive scalar
QED

We now consider scalar QED with the Euclidean action given by



S = jd4x[(Dy¢)*(Dy¢) - Lwrpr— Lurg+ LF, Py ], 4.2.1)
where F,, = 0,4, — 0,4, is the electromagnetic field strength, D,p = (0, —ied,)p
is the covariant derivative of the field ¢ and D,¢o* = (0, — ied,)p* is the covariant
derivative of the field ¢*. Associated double stochastic Langevin equations reads

0 4 _
atA“

OvF = ie[@*0up — (0up™)p — 2ied o 9] + nu(x,t;0,,0") + €7 (x,;m,0") =

(4.2.2)
= (00% — 0u0v)Av(x,1) — ie[@*0up — (0up* )@ — 2ied ,p* @] +
N, o,0") + €7, Lo,0')
8 _ 1 2 . i~ . N _
—=—¢ =D, Do —m-@p +nx,7;0) + €fj(x,t,m,@ ) =
5% = DuDle @ +n( ) + €7( ) 4.2.3)

= 0°¢ — ied ,0,up — 10 (A ) — A udwp — m*@ + N(x,1,0,0") + €7(x, @, @),

Lt = (DuDIg)" = 9" + 1" (1, 50,0') + €T (5, 1;0, ) =

= 02" + ied,0up* + ie0u(A,up*) — 24, A " —m* @™ + 1 (x, Lo, 0') + (4.2.4)
+€T " (x, t, @, @)
with the noise correlations

Mux,t0,0")) = (nix,o,0")) = (*(x,to,0")) =0,

<ﬁu(x,t;w,w’)> =@ to,0)) =7 (v to,a')) =0, (#.2:3)
MuCe, N’ 1)) = 28w (x —x")o(t = 1), 4.2.6)
(7,07 (1)) = 28, (x —x")o(t 1), -
(G, ON*(x,1)) = 26(x —x")o(t - 1), 4.2.7)
MO, OT"(x,1)) = 26(x —x")(t —1"). o
We set now
Au(x,t) —au0(t) = 4,(x,t,ay), (4.2.8)
@(x,t) —ad(t) = o(x,t,a), (4.2.9)

o*(x,1) —a*0(t) = p*(x,t,a*). (4.2.10)



Thus

Au(x,0) = 4,(x,t,au) +au0(), (4.2.11)
o(x,t) = p(x,t,a) + ab(t), (4.2.12)
o*(x,1) = *(x,t,a*) +a*0(1). (4.2.13)

Substitution Eq.(4.2.11)-Eq.(4.2.13) into Eq.(4.2.2) gives
0 0
E[Ay(xa ta aﬂ) + aﬂg(t)] = Edy(xa ta aﬂ) + aﬂé(t) =

(B0 — 0,0)[4,(x,0) + au] —ie[ (¢* +a*)0u(p+a) -
(@(9* +a*>><9(x,t,a) +a> - (4.2.14)
—2ie<4y(x, tau) + a#> ((_p*(x, t,a*) + a*) <Q(x, t,a) + a) :| +
+u(x, 1 0) + €7 (x, 1, @)

From Eq.(4.2.14) we get

O A, (%, tau) +aud(t) =

ot
(6,w0* — 0,0,)4,(x,1) — ie[ <9* + a*)@@ _
(@9*) (Q(x, t,a) + a) -
—2ie<Au(x, ta,) + ay> (9*(x, t,a*) + a*) (Q(x, t,a) + a) :| +
Hu(x, o) + €7 (x5 @) = (4.2.15)

(B0 — 04014, (x,1) — ie[ (¢*0up + a*0up) —
(8;19*)9(3@ t,a) +adu,@*(x,t,a*) —
—2ie<AH(x,t,a#)Q*(x,t,a*) +a*d,(x,tay) +aup*(x,t,a*) + aa#> X
x(g(x, t,a) + a) 1+ nux,w) + €n ,(x,t; @).

From Eq.(4.2.15) finally we get

%A‘u(xa taa,u) =

~a,8(1) + (6w 0” = 0404, (v, 1,a,) — e[ (9" (x,1,a")0up(x.1,a) + a*0up(x,1,0) ) =
—<au9*(x’ t,a*))@(x, t,a)+ad,p*(x,t,a*) — (4.2.16)

“2ie(4,(x,t,a0)@" (x,1,a*)p(x, 1,a) + a*4,(x, 1,a,)Q(x, 1,a) + a,@* (x,1,a*)p(x, 1,a) +

+aaup(x,t,a) + ad ,(x, t,a,)* (x,t,a*) + aa*4,,(x,t,a,) + aa@* (x,t,a*) + a2ay> 1+

+u(x, 5 0) + €7, (x, 6, @).

From Eq.(4.2.16) we obtain differential master equation corresponding to



A‘u(xo t,a‘u) :

d _
Eéy(xataall) -
~a,8(t) + (8 w0? — 04014, (x,t,a,) — ie[ (a*0u0(x,t,a) + adup* (x,t,a*)) —  (4.2.17)

—2ie<aa,l@(x, ta) +aa*d,(x,t,a,) + aa,@*(x,t,a*) + azau> :| + Nu(x, t; ®)
Substitution Eq.(4.2.11)-Eq.(4.2.13) into Eq.(4.2.3) gives

%(g(x,t,a) +ab(t)) =
= 0° <(_p(x,t,a) + a) - ie(AH(x,t,a,,) + a#>6# (g(x,t,a) + a) -
—ieay<<4#(x, tau) + a,l> <Q(x, t,a) + a>> —e? <A#(x, ta,) + au>2<9(x, t,a) + a)
—m2<9(x, t,a) + a) +n(x, ;o) + €7f(x, ;@) =
O?o(x,t,a) —m?(x,t,a) — am? — ie(Aﬂ(x, t,au)0,0(x,t,a) + a,,p(x, t,a)) -
—ied, <Aﬂ(x, tay)p(x,t,a) +ad, (x,t,ay) + au(x,t,a) + aa,l> — (4.2.18)
—e? <Au(x, tawd, (x,t,au) +2a,d ,(x,t,a,) + a,laﬂ> <Q(x, t,a) + a) +
+n(x, t;0) + €f(x, ;@) =
o*o(x,t,a) —m*o(x,t,a) — am?* — ie(Au(x, t,au)0up(x,t,a) + a,d,.p(x, t,a)) —
—ied, (A#(x, t,au)e(x, t,a)) —ieadud , (x,t,ay) — ieay0,@(x,t,a) —
—e? <4H(x, tawd, (x,t,a,)Q(x,t,a) + 2a,d ,(x,t,a,)Q(x,t,a) + aua,p(x, t,a)) —
—e? (aﬁﬂ(x, tawd,(x,t,ay) +2aa,d ,(x,t,a,) + aa,,aﬂ> +nlx, t,w) + €7(x, t; @).

From Eq.(4.3.18) we obtain differential master equation corresponding to ¢(x,z,a)

%Q(x, t,a) = —ad(t) + ?o(x,t,a) — m*(x,t,a) — am* —
—ie(ayaug(x, t,a)) —ieadud, (x,t,ay) — ieay0,9(x,t,a) — (4.3.19)
—e? (ayaug(x, t,a) +2aaud, (x,t,a,) + aayau> +n(x, t,w) + €7(x, t; @).

Similarly we obtain differential master equation corresponding to ¢*(x,t,a)

%9*@, ta*) = —a*8(t) + 02" (x,t,a*) — m*@* (x,t,a*) — a*m? —
+ie<aﬂ8,l@*(x, t,a*)) +iea*0ud, (x,t,a,) — iea,0,9* (x,t,a*) — (4.2.20)
—e? <a,4a”@*(x, t,a*)+2a*aud, (x,t,a,) + a*a,,a,l> +n*(x, t,0) + €7 (x, 1, @).
Note that

4,k ta,) = j d*kexp(ike)d, (x,1,a,.), (4.2.21)



ok t,a) = [ d*kexp(-ike)p(x,t,a),

ok ta*) = [ d*kexp(ikx)p”(x,t,a).

Performing in differential master equations (4.2.22),(4.2.23) a Fourier
transformation (4.2.22)-(4.2.23) to momentum space, we get

%A’u(kbtaa,u) =
—a,5(1)5* (k) — (8 whk? + kyuky)A, (k,t,ay) — e[ (a*kup(k,t,a) + akup* (k,t,a*))
—2ie<aaug(x, t,a) +aa*4,(x,t,ay) + aa,@*(x,t,a*) + azau54(k)> :| +

+1u(x, ;0,0").

%Q(k, t,a) = —ad(t)5*(k) — (k2 + m2)@(k, t,a) — am5 (k) —
—ie(a#k,,g(k, t,a)) +ieakyd, (x,t,a,) —ieauk,p(x,t,a) —
—e? (a,,aﬂg(k, t,a)+2aa,d,(kta,) + aa,,aﬂ54(k)> +nk, t;0,0").

%@*(k, t,a*) = —a*3(t)5* (k) — (k2 + m*)p* (k,t,a*) — a*m>3* (k) —
tie(aukup* (k,t,a*)) +iea*kud, (k,t,a,) — ieauk,p* (k,t,a*) —
—e?(auanp*(k,t,a*) +2a*aud  (k,t,a,) + a*aua,5*(k)) + n*(k,t;o,0').

From (4.2.25),(4.2.26) we get
4,(k,t,a,) = exp(—k*?) jdrexp(kzt){—aHS(t)54(k)
0

—ie[ (a*kup(k,t,a) + ak@*(k,t,a*))
—2ie<aaﬂ@(x, t,a) +aa*4,(x,t,a,) + aa,@*(x,t,a*) + a2au54(k)> ]} +

+exp(—k*t) I; exp(k*7) (5yv - %)nv(k,r;w,w’)dr.

(4.2.22)

(4.2.23)

(4.2.24)

(4.2.25)

(4.2.26)

(4.2.27)



o(k,t,a) = —a6*(k) exp[-(k* + m*)1] j5(‘[) exp[(k* + m?)t]dr +
0

+exp[—(k2 + m2)¢] j drexp[ (k2 + m2)r]{—am?6* (k) —
0

(4.2.28)

—ie(auk,l@(k, t,a)) +ieakyd, (x,t,a,) —ieauk,9(x,t,a) —

—e?(apaup(k,t,a) + 2aa,d, (k,t,a,) + aauaﬂ54(k)>} +
+exp[—(k* + m?)t] Jdr exp[(k* + m*)t]nk,1;0,0")
0
o*(k,t,a) = —(2m)*ad* (k) exp[-(k> + m?)t] Ié(r) exp[(k* + m?)t]dr +
0

+exp[—(k2 + m2)t] j drexp[(k? + m?)T]{~(2r)*am?5* (k) -

0 (4.2.29)

—ie(aukug*(k, t,a)) +ieakud, (x,t,a,) — ieay k@ (x,t,a) —
—e*(apang*(k,t,a) + 2aa,d (k. t,a,) + aa,a,(2m) 54 (k) ) } +

t
+exp[=(k +m2)1] [ drexp[(k> +m*)tIn* (k,1;0,0')
0

Treating the coupling constant ¢ as a small parameter we can solve the equations
Eq.(4.2.27)-Eq.(4.2.29) by iteration. We rewrite now Eq.(4.2.27)-Eq.(4.2.29) of the
following form

4,k taye) = E,(44,(kt,ape)})_ ok ta.e), 0" (kta*,e))

(4.2.30)
E.({4, b tawe)}, 0k tae), 0" (kt,a*,e)) =
k,t,a,e) = ©({4,(k t,a,,e 4 ok, t,a,e),p*(k,t,a*, e
0" (t,a,0) = 0" (b aw o)) ol ba g htate))

We define now countable sequences



{4Pktane)}y” oW (ktane)}” {o* @ (ktaune)}” . (4.2.33)
by reqursions
AP (kt,ae) = E,,({Agﬂ—”(k, tawe)} otk tae),o N (k, z,a*,e)),
A0 (ktay.e) = AV (k. tag,e = 0) = 49 (k.1);
oM (ktae) = O({AV(k ta.e)} 0" Dk tae), 0" Dk ta,e)),
e O(k,t,a,e) = O (k,t,a,e = 0) = 9O (k,1); (4.2.34)

9"k ta*e) = o ({40 (k. tay.e)}. .o Dk t.ae).9 " (k. t,a"e) ),

0Ok, t,a*,e) = p*O(k,t,a*,e = 0) = p*O(k,1).

In order to obtain 4 (k, 1), (k,1),p*© (k1) we set e = 0 in Eq.(4.2.27)-Eq.(4.2.29)
%A”(k, 1) = KT ()4, + 0. f0,0"), (4.2.35)

%Q(k, ta) = —(2m)*ad ()6 (k) -p*o(k,t,a) — m*o(k,t,a)

—Q2r) am?84 (k) + n(k, t,0,0') = (4.2.36 )
—ad ()54 (k) — (0 + m*)p(k, t,a) — (2r) *am?5* (k) + n(k, t;w,0"),

Lo (kta) =
—2n)*a*5(t)o* (k) — p*o(k,t,a*) — m*@* (k,t,a*)
—Qn)*am?8* (k) + n(k, t,0,0'") =
~a*8(t)54 (k) — (p* + m*)o(k,t,a*) — (2r)*am>5* (k) + n(k, t; 0, 0"),

(4.2.37)

This equations is immediately solved, and solutions reads

4,(k1,0) = j dt[ Ty exp[—k2(t — 7)1y (k, T) (4.2.38)
0



t
p(k,t,a) = —(2r)*ad* (k)e~*+m>r j drel-®+m)tl§(r) —
0

t
_(2ﬂ)4am254(k)e—(k2+m2)tIdre[—(k2+m2)r] _
0

t
—ieqe~(&+m*) I drel=(k+m*)] {kyA,,(k,T, 0) + n(k, r;a))} =
0

t
—(272')46154 (k)e—(k2+m2)t _ (2n)4am254 (k)e—(k2+m2)z I drel-+m>)r] _
0

(4.2.)

t
—ieqe~(&+m*)t I drel=(k+m*)] {kyA,,(k,T, 0) + n(k, r;a))} =
0
t
—(272')46154 (k)e—(k2+m2)t _ (2n)4am254 (k)e—(k2+m2)z I drel-+m>)r] _
0

t
—ieae~K+m®)t J drel-+m*)] {k,udu(k, T, 0)}
0

t
—jeae~K+m®) I drel-E Tk 1) =
0

4.3. Stochastic quantization of scalar QED by canonical

perturbation approach.
We now consider scalar QED with the Euclidean action given by

S = [a] (Do) (Du9) - Lo - Lm2p? + LF,F ), (4.3.1)

where F,, = 0,4, — 0,4, is the electromagnetic field strength,
D¢ = (0, —ied,)p is the covariant derivative of the field ¢. Associated Langevin
equations reads



%A

OvE w — ie[@*0up — (0™ )9 — 2ied 9™ @] + nu(x, f;0) =

(Ou0? — 0,0v)Av(x,1) — ie[@*0up — (040* )@ — 2ied p* ]
+1u(x, t; @)

0
ot

= 0% — iedu 0, — €0y (A ) — €Ay A9 — m*@ + 1n(x, 1, ).

< ¢ =D,D"p —m?p +n(x,7;,0) =

gt(p = (DuD*@)" —m*@* +n*(x,t;0) =
= 02" +iedu0up* + i€, (4,9") — 2 A, A 9™ —m?@* + 1" (x,1;0)
with the noise correlations
<77y(x,l)> = 0
MuCe, OV (x, 1)) = 28,00(x —x")8(t - 1),
nex, 1) =M x1)=0
M, n*(x', ')y = 20(x —x")o(t - 1').

Note that

Aullt) = @)™ j d*kexp(ik) A, (x, 1)
Going to Fourier space, with the additional conventions

pk.t,a) = @m)™ [ d*kexp(-ikx)p(x.t.a),

p(kt.a*) = 2m)™ [ d*kexp(ikx)p* (x.1).

from Eq.(4.3.2)-Eq.(4.3.8) we obtain the following set of integral equations:

Ak ) = j (T oxp[=(8 +m?)(t = 7)) + Ly 4y 7) -
dpdiq
@)’

jd4[()j §d4 'k +p—q+r4,(p,7)p*(q,7)0(,1)

—— 0", 1)e(q,T)(qu +pu) —

(4.3.2)

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)



pk.1) = [ drexpl-(k* + m)(t - 7)] x
0

><{[n(k, ] - ef fp—‘?f54(k—p — @) Au(p,t) (4.3.10)
dod*ad*r
xp(q,T)(ku +qu) —e 1%54(/« p—q—1)4up,0)4(q.)p(r, r)}

0*(k,t) = jdrexp[—(kz +m2)(t—1)] %

{[n (k,0)] - jdpd)qa“( ~k—p+q)A4u(p,t) (4.3.11)
xgo*(q,r)(kﬂ+qu)_e2j% Yhk—p-q+1r)4,(p,0)A(q, )" (7, T)}

We note that with conventions as in Eq.(4.3.7)-Eq.(4.3.8), the two-point correlations
of
the scalar fields read

mk,On*(k 1)) = 26k — k)@t — 1. (4.3.12)

For the assignment of momenta in diagrams, let us explicitly draw the vertices, and

indicate the flow of momenta by arrows as in figs. 4.3.1 to 4.3.6.

Let us now calculating the one-loop correction to the scalar propagator
(p(k,)p*(K',1)).

To do so we list first all contributing diagrams in fig. 4.4.1(a)-(g). For the sake of

demonstration, we choose this gauge variant quantity on purpose so that we are
facing

divergences linear in t when performing the equilibrium limit. We would like to split
the

calculations into two parts, and first obtain the well-converging expression with just

transverse gauge field contributions. Subsequently, we will extract the linearly
diverging

contribution and at the end of this calculation take the limits lim... lim.., ¢(x,)@(y,?)

upon which the diverging terms disappear explicitly, as generally expected from
gauge

invariant quantities. Thus we have already acquired all the knowledge to obtain the

large ¢ contribution of the diagrams (a) to (e) immediately, avoiding any lengthy

calculation. Starting by considering the gauge field as purely transverse, the large ¢

contribution is given by multiplying together vertex factors and projection operators
from



gauge field lines (at the moment just transverse projection operators); dividing by

crossed-line contributions (i.e. the momentum? of the corresponding line);
multiplying

with the fictitious time integration factors (which are identical to the ones discussed
in

the scalar-field case, as the transverse gauge field has the same exponential
fictitious

time dependence).

Pic.4.3.2.Vertices in stochastic perturbation theory of scalar QED.

A"lp,tl A,lq.T)

olk,t) > >y OIr.T)
-@

Pic.4.3.3.Vertices in stochastic perturbation theory of scalar QED.



Au{p T) lll|:|,"r1'

" (k,t) e x®r,T)

Pic.4.3.4 . Vertices in stochastic perturbation theory of scalar QED.

tb*lp,ri

®{g,1)

Pic.4.3.5.Vertices in stochastic perturbation theory of scalar QED.

®(r,T) ¢*(g,7)

A k) «A,p,T)

-2¢?

Pic.4.3.6.Vertices in stochastic perturbation theory of scalar QED.
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Stochastic diagrams contributing to the one-loop correction to
the ¢*¢ propagator in scalar QED.

Diagram (a) has two different time orderings. The diagram being completely
symmetric,

it suffices to take twice the contribution of one of these, say when 7, < 7,.

Apart from the overall [ [d*pd*qé(k — p — q)5(k — k') we then get

ky+q)Tw(ky +qy) 1 1

— _2p2 (ky pu)dp

(a) € p2q2 p2 + qz + k2 2k%°
(ky +qu)Tw(ky +qy) 1 1

(a) = (b) = —e* =+ “pz‘;z FyEETE (4.3.13)
ky+qu)Tuw(ky+qv) 1 1

d) = - _ 2 (ku+qu) Ty

(d) (e) € pzqz p2+q2+k2 242

and (not unexpectedly, in fact) the sum gives the conventional result in Landau
gauge

w ky+qu)Tuw(ky +qv
—2¢2 [ [d*pdiqs(k - p - )3(k - k') (K q‘;;pgq(z av) (4.3.14)
The remaining two diagrams can easily be evaluated in a similar way (note that the
loop momentum does not contribute in the fictitious time integrations, as its line is
connected to just identical fictitious times),

Tr(Tw)
k4p2
Generalizing the results of this little exercise, one concludes that the equivalence

proof
for scalar fields carries over directly to scalar QED with transverse gauge bosons,
having identical fictitious time dependence. It therefore follows that the sum of
stochastic diagrams with transverse gauge field contributions sum up to the
corresponding Feynman diagram in Landau gauge.

In scalar QED a general vertex involves always at least one scalar field line which

—2¢2 [d*p (4.3.15)



carries exponential time dependence. Given some fixed time ordering, fictitious time
integrations have the general structure

:[ dri(t?exp(O_p3t?)) = (4.3.16)
0

5.Double stochastic quantization QFT with massive
fermions.

5.1.Basic notions.

Remin that originally developed for bosonic models, it it well known many years that

stochastic quantization of fermions received a physically consistent treatment, see

ref. [16],[17]. The starting point is a generalization of the original Langevin equation
by

means of the introduction of a kernel k;;(x,y)

09i(T,x) (T x) _ Id ki (6,) ,([ i) p—— (5.1.1)

where S[¢] = S[ {(pl-}H] is the Euclidean action, and {n:(z,x)}Y, a distributional

noise
field, with correlations

IANCEY = Oa
(m(nx)) =0, , (5.1.2)
Mi(z,x)n;(7,x7)) = 65kii(x,x )o(r - 7').
In the case of free fermions with the classical Euclidean action S[w(x)y(x)],is given
by
STy ()] = —i [ dg ) Oetim)y (x), (5.1.3)

the kernel is given by [1]-[2]:

ki(x,y) = 8;(Bx+m)5*(x — )

b=y"d,,pn=0123 G-1.4)
and the Langevin equation reads
W = (0* + m®)y(r,x) + 9. (5.1.5)
The Green function in momentum space reads [1]:
Gaplh, 7 —7') = Sape ®E Gk, 7 - 1'). (5.1.6)

where



<§(k,r)§(k’,1/)> — (K +m)S(k+K)S(r 1), 5

(7,07, K, 7)) =* 5wk +k)S(x 7).

Notice that 2-point function (w(x,7)w(x',7")) corresponding to Euclidean action

(5.1.3)
reads

(y(x,n)y(x',7)) = J.dtl Idtz J. d*xi I d*x,G(x —x1,7 —11)G(x' —x2,7' — 12) x
0 0 me g (5.1.8)
><<19(x1,t1)9(XQ,t2)>.

Using the stochastic expectation values (4.1.7) and the momentum-space
representation (4.1.6) of the Green function, this immediately leads to the
momentum-space propagator

Wl T, T)) = -m)*a* - K K= )

xexp{—(k* + m?)(t + ')} x [exp{2(k* + m*)T} — 1],

(5.1.9)

where 7 = min(z,,7,). For practical purposes the ‘time ordered’ propagator 7 < 7’ is
useful:
Ak 7,7 =—(—K—m )x
kz.7) K +m?
xexp{—(K*> + m2)(r — ')} x [1 —exp{2(k* + m?)7'}].

(5.1.10)

Note that for equal times this simply reduces to the standard Euclidean fermion
propagator:

gio AK;7,7') = kf;zz. (5.1.11)
The four-dimensional action for Euclidean QCD is given by
St 7] = [d] L7’ - 7@ @+imp (o) | (5.1.12)
where we should use modified covariant kernels
kap(x,y) = (Bytim) 50 (x = y) (5.1.13)
Thus, the corresponding Langevin equations hold,

%y/a(x,r) = —[(B ~im)(D +im)] .5y (x,7) + G, 7),
(5.1.14)

a—arwa(x,r) = —Wﬁ(x,r)[(]Z)/_im)T(]z)f_im)T]aﬂ + 94(x,7),



where

D, =0, —ied,,
A (5.1.15)
D, = -0, —iedy,
and for the gauge fields
= —0vFu + eWy w (5.1.16)
The Langevin equations for the general non-Abelian case reads
L A5(07) = DyFi(n7) +J5(n7) + 0i(x,7)
(5.1.17)

A7) = —ev/ (6, 7)Y A5 (L D)W a(x,T)
This corresponds to the Euclidean action
S[A, v, 7 jd4 [ L(Fe)? - pe)p —m)t//(x):| (5.1.18)
with the standard notation

G (6, T) = 02A45(x,T) — By A (x,7) — f*A3 (x, T) A5 (%, T),

5.1.19
D = b —ieA. ( )
The stochastic expectation values for the n4(x,7) fields are given by
e (x, )N, t )) =26%85,;,6%(x —x")o(r — 1'). (5.1.20)
5.2. Double stochastic quantization of the Euklidean
QED with massive photon.
The Euklidean action for QED with massive photon reads
S = J.d“x[%F“VF#V + 5 mp A" A, — i (0 — ied + im)l//} (5.2.1)
where F,,, = a#Av — 0vA,. The Langevin equations reads
L~ [d'yK e p) B+ im)y + 01100 + 12(5,0),
X - j 4R (x,) T +im)7 +7,]00) + 77, (v, 0), 5.22)
0A
8;1 = OvF vy = Mgy + €FY ui + Ny,

Dy, =0, —ied,,D,, = -0, — ied,,

where T means matrix transposition and 1, = diag{ni0,n1.1,712,1713},
n2 = diag{n20,121,n22,1m23} are diagonal matrix and where 7,,7, its Dirac adjoint is
defined as 7, = n}70,7, = n37o0.



(M x,0) = (M,(x,0) = 0
i, O, (1)) = 2654 (x —x")8(t — 1)
i=1,2k=1,2

From Eq.(5.2.2) one obtains

WD (@ im) (D + i)y (e, ) + 1B — i)y (1) + 726, 0)

ot
aw((;; 1) —D —im) WD +im) F(x,t) +i(D - im)TT]z(x, 1) +1,(x,1)
04,,(x, 1)

3 = OvFvu = miggdu(x,0) + g6 0y (4,0 + nu(x,1)
The Fourier transform is defined as
FIONK) = [fo)e™xd*x = g(K),
Fe0))(x) = 2m)™ [ gk)e ™ d'k.

After standard computations, one finds the following set of integral equations,
corresponding to (5.2.4) in momentum space, as:

w(k,7) = j dre= ()0 L0k + m)n (k,7) + 02 (K, 7) +

4 X
(2 X jd qé(k-p-q)
x[(BA(p,7) ~2q,Av(p, 7))y (q.7) + A(p,7)1n1(q,7)] —

s Jdip]diafairstk—p—a-DA.@.DA@Ur r)}

(27f)

- j dre= 00 L0k + m)n (k,7) + 02 (K, 7) +

(2) p x [(pA(p,7) — 2(ky —p,)AV(p, 7))y (k—p,7) + A(p,7)n1(K—p,7)]

(272') J.d4 J.d4qA Pp,0)AV(q,T)w(k—p— q,T)}

(5.2.3)

(5.2.4)

(5.2.4")

(5.2.5)



w(k, 1) = Idre’(kzﬂ”Z)(H){(k )1 (K, 7) + 02 (K, 7) +
0

" (27(?)4 jd4p g (5.2.5")
x[(pA(p,7) —2(k —p AP, 7))y (k—p,7) + A(p, 7)1 (k- p,7)]

- [d'p [ d'aA, . 0AV @ Dy (k-p—q, r)}

(27:)

(k.1) = [ dre (DD (K + myna(k, o) + 77, (k. 7) +
0

d*qé(k — X
(2) pj qé(k—p—q)

x[¥(q,7)(—A(p,7)p — 29.4,(p,7)) + N,(K, 7)A(p,7)] -
j d*p j 4t j d*rs(—k — p — q + )4, (p, 7) A (q, 7)F(r, ) =

(2”) (5.2.6)

jdre‘<k2+m2>("’){(k +m)n2(k,7) +ni(k,7) +
0

—+ (2;)4 Id4p[l/7(k - p,T)(—A(p,‘L’)[S -2k, - pv)Av(p,T)) + ﬁz(k,T)A(p,T)] _

o ) p[d*qd,(p.0)4u(q. )7 (k +p+ g, r)}

Plk.t) = [dre (2D (0t myna(h,r) + 7, (k,7) +
0

+(27er)4 pl7(k - p,7)(-A(p.0)p — 2(k, — p,)A,(p.7)) + N, (k, T)A(p,7)] - (5.2.6")

__e dqA,(p,7)4,(q, 7T (K
0 pf qdv(p,7)4v(q, 7))y (K+p +q,7) ¢



t
Aﬂ(k, l) _ J‘dr[ef<k2+m%eg>(tf‘r)7”uv +L'uv:|{nv(k’~[) +
0

+—2 [ a'p [d*qs(k+p - QT (P07 uv(a.0) =

(2n)’*
t (5.2.7)
[ dr[e-Oemidens 1 1] {nv(km o [ 7.0y e+ p,r>},
0
k.k k,k
Trevg:5v_ uy ,Lr[ef/g: uky .
! S o Mg f K* + mb,
A[-l(kot) =
t
—(K2+m,) (t-1) reg reg e 4
{dr[e (+mig) (=) T7E8 4 T 7 {nv(k,r)+ 2n)’ Id pl//(p,t)?’ul//(k+p,r)}, (5.2.7")
. k,k k,k
%gzgv_ uBy ,Lrevg: uky .
! K Mg ! K + Mg

We derive Fourier transformed differential master equations directly from
the Eq.(5.2.5')-Eq.(5.2.7") By the replacement



y(,0) —0@y™ = y-(x,0),¥(x,1) - 0O)F* =¥ _(x,1),
v(x,t) =y, (x0) + 0@y y(x1) =¥, (x0) - 007",
y(p,1) = Flyxnlp.1) = Fly-@01p,0) +0()2r)*6(p)y* =
= y-(p,)) +0(1)2m)*S(p)y*,

v(p.0) = FFx01Pp.0) = F7,(,0](p.1) - 0()27)*3(p)7* =
= 7,(p.0) - 0()2n)*5(p)y*,

81//29;, nH _ 81//—8(;6, n ., 5w

WL _ WD | 500yt

ow(x,t)  OF_(x,0)
ot ot

I
WO _ T 500y 2m) 507",

Au(x,0) =0()ay = Ap-(x,1),
Au(x,t) = Au-(x,t) + 0()ay,
Au(p.1) = FlAu (x,0)](p,1) = F[A,-(x,0)1(p, 1) + 0(t) 21)*6(p)ay =
= A, (p,1) +6(1)27) *ay,
Au(x,t) +0()ay = Aue(x,1),
Au(x,t) = Ape(x, 1) — 0(t)ay,
0Au(x,t)  O0A, (x,1)
o ot
AR SO () 2m) 6 (p)an
0Au(x,t)  OAu(x,1)
o ot

aA“zgf 0 aA”B(tp’t) - 8()@2n)*6(p)ay.

+o6(0)y,

(5.2.8)

+0(0)ay,

—o(0)ay,

from Eq.(5.2.4) one obtains



oy _(x,t)
ot B

-0y * — B —im)(D + im)[y-(x,1) + y*] +i(B — im)n:(x,1) + n2(x, 1)
oy _(x,1)
or
—5(y* =B —im) B +im) [F_(x,0) + §*] +i(® - im) 7, (x,1) + 7, (x,1) (5.2.9)
o4, (x,1)
TR =
—6(t)ay — OvFvu- — Migg[A - (x,8) + ay] +

e[ _(,0) + ¥ lyuly-(x,0) + ]+ nu(x, )
D, =0, —ie(4,- +a#),]_)u = —0y—ie(Adu-+ayu),

From Eq.(5.2.9) and Eq.(5.2.5') one obtains

v-(k,1) = —@m) 5y [ drs(z)e (e o
0

+ j dre (0D LK+ myn, (k,7) + 12K, 7) +

(2) p[ (B(A_(p.7) + (2m)*8(p)dy) —2(ky — p,) (Av-(p,7) + (2m)*8(P)ay) ) x

x[w-(k—p,7) + Qr)*s(k - p)y* ]+ (A(p,7) + @m)*S(p)d ) m(k—p,7) | -

B (2(;2)8 Jd4pjd4q "

(Av-(p,7) + 2n)*s(p)a,) (Av-(q,7) + @m)*S(p)ay ) [w-(k—p—q,7) + Qn)*6(k—p - qQy™* |}

= —2r)*s(K)e &HmDry* 4 j dre=m)ED LK+ m)n (K, 7) + n2(k, T) +

px [ (BA_(p.7) + @n)*S(p)Pety. — 2(ky — p,)Av-(p,7) — 227)*(ky — p, )5 (P)ay)

x[v- (k p.7) + 27) sk —p)y* ] + (A-(p.7) + Q) *3(p)du )i (k= p.7) ] -
p [ @*q(Av(p.7) + 21)*6(p)av) (Av(a,7) + 27) 3(q)ar)

x(y-(k—p-q,7) + 21)*3(k - p- Qy*)}

(2)

(2)

Note that



(BA_(p,7) + 2m)*5(p)pdy — 2(ky — p,)Av-(p,7) — 2(27)*(ky — p,)5(p)ay)
x[y-(k—p,7) + 2m)*s(k —p)y* ] + (A-(p.7) + 27)*5(p)dty )i (k — p.7) =
= (BA_(p.7) + @m)*3(p)pe, ) [v-(k—p,7) + 2m)*S(k - p)y*] -
~Q2(ky = p)AV-(p.7) +2027) (kv — p,)(P)av ) [w-(k —p,7) + Q1) '3k —p)y* ] =
BA_(p,7)y_(k—p,7) +
+(2m)*8(p)Pdy -(k —p,7) + 2m)*S(k — p)PA_(p, )y * — (5.2.11)
—2(ky —p A (p,)y-(k—p,7) -
-227)*(ky - p,)8(P)avy-(k — p,7) —227)* (kv — p, ) A, (P, 7)5(k — p)y* —
—2(27)*(ky = p,)8(p)a,S(k — p)y* + (27)*6(p)Pe Sk — p)y* +
+A-(p, 7)1 (k — p,7) + 2m)*5(p)d i (k — p, 7)

Ai(k,p,7,e) = pA_(p,0)y-(k—p,7) — 2(ky = p A, (P, D)v-(k—p,T)
Ar(k,p,7,e) = 27)*6(p)Pd,y - (k—p,7) + 27)*5(k — p)pA_(p,7)y* —
-2(27)* (kv = p,)5(p)arS(k — p)y* + (1) *6(p)pduS(k — p)y* +
+A-(p, 7)1 (k- p,7) + 2m)*S(p)d,mi (k — p,7)

(5.2.12)

Note that

(A (p.7) + 2m)*5(p)av) (Av(g,7) + 2n) S(Q)ay ) x
x(y-(k-p-q,7)+Q2n)*o(k-p-qQy*) =
= [Av(p,7)AV(q,7) + (21)*5(p)avA,(q,7) + 21)*5(q)avA,(p,T) + 27)*5(p)5(q)a? | x
x[y (k-p-q,7)+Qr)'s(k-p-qy*] =
AP, DAV, )y-(k—p—q,7) + 27)*5(p)avAv(q.T)y (K—p —q,7) +
+2n)*8(@)avAv(p, D)y -(k—p - q,7) + (5.2.13)
#+(2m)°5(p)s(q)aly-(k—p—q,7) +
+[ 2n)*5(p)avA,(q,7) + 2m)*5(q)avAy(p,7) + 21) 8 (p)s(q)a? |2n) sk —p - q)y* =

= (27)*5(p)3(q)aly-(k—p—q,7) +
+(2m)*3(p)3(k — p — Qv *avA,(q,7) + (27)°5(q)5(k — p — @)y *a A (p,7) +
+(21)?6(p)s(q)d(k — p — q)y *a?



A3 (ka P, T’e) = AV(paT)AV(qar)l//—(k -Pp- q’T) +
+2m)*5(p)avAv(q. )y -k - p—q,7) + 21)*5(q)avAv(p,T)y-(k—p—q,7) +

. (5.2.14)
Ay(k,p,7,e) = 27)°6(p)d(q)ajy (k—p—q,7) +

+(27)*5(p)3(k — p -~ )y *avAv(q,7) + 27)°3(q)5(k — p — Q)Y *avAy(p,T) +
+(27) ?6(p)d(q)5(k — p — q)y*al.
We rewrite Eq.(2.5.10) of the short form

y-(k,7) =

~2r)* 60y ek [dre (DD (e (k,7) + ma(k,7) +
0

(5.2.15)
+

oo [@*plaik.p.z.e) + As(kp.z.e)] -

. (2(;2)8 f d*p f d'q[As(k.p.7.¢) + Au(k.p, T’e)]}

From Eq.(5.2.6") by the Eq.(5.2.8) we obtain

¥ (01) = [ dee D0 (@ mym, (1) +7, (i 7) +
0
Fan [ap[ (7= p,7) + 27)*5(k - p)) x
<<‘A(P,T)15 —(271)45(1’)!5) ~2(ky — p,)Av(p,7) —2(27)* (k, — Pv)5(p)> 5.2.16)
Mk +p.0) (A 0) + (2m)6(p) ] -

— (267;)8 J.d4pJ.d4q<Av(p, T) + (27[)45(p)> <Av(qu) + (277:)45((1)) %

x(F(k+p+q,7) ++Q2m)*'S(k+p+q)) }.
Note that



(~A_(p,0)p + 27)*8(p)pdy — 2(ky - P,)Av-(p,7) — 2(27)* (k- P, )5(P)ay )
x[y-(k-p,7) + @m)*6(k - p)y* ]+ (A-(p,7) + 21)*5(p)dty )ni(k — p,7) =
= (BA_(p.7) + @n)*3(p)pey ) [v-(k—p,7) + 2m)*S(k - p)y* ] -
-2k, —p)A,(p,7) +227)  (ky — p,)3(p)ay ) [w-(k—p,7) + 2n)*S(k—p)y* ] =
BA_(p,0)y—(k—p,7) +
+(2m)*8(p)Pdy -(k — p,7) + 2m)*5(k — p)pA_(p,T)y* — (5.2.11)
—2(ky —p A (p,)y-(k—p,7) -
-227)* (kv - p,)8(P)avy-(k — p,7) —227)* (kv — P, )Av-(p, 7)5(k — p)y* —
-221)*(ky - p,)5(P)ad(k — p)y* + (27)*S(p)pet,S(k — p)y* +
+A_(p, 7)1 (k - p,7) + 2m)*3(p)d 1 (k — p, 7)

Note that

(A (p.7) + 2m)*5(p)av) (Av(g,7) + 2m) S(q)ay ) x
x(y-(k-p-q,7)+Q2n)*o(k-p-qQy*) =
= [Av(p,7)AV(q,7) + (21)*5(p)avA,(q,7) + 21)*5(q)avA,(p,T) + 27)*5(p)5(q)a? | x
x[y-(k-p-q,7)+Qr)'s(k-p-qy* ] =
AP, DAV, D)y (K—p—q,7) + 2m)*5(p)avAv(q.T)y (K—p—q,7) +
+2n)*8(@)avAv(p, D)y -(k—p — q,7) + (5.2.13)
#+(2m)°5(p)s(q)aly-(k—p—q,7) +
+[ 2n)*5(p)avA,(q,7) + 2m)*5(q)avAy(p,7) + 21) 8 (p)d(q)a? |2n) sk —p - q)y* =

= (27)*5(p)3(q)aly-(k—p—q,7) +
+2m)*3(p)d(k — p — )y *avA,(q,7) + (27)°5(q)5(k — p — @)y *a A (p,7) +
+(21)?5(p)s(q)s(k — p — q)y*a?

We rewrite Eq.(2.5.16) of the short form



v_(k1) =

—@ry* sy e () 4 [ dre (5D (K + m), (k,7) + 7, (K, 7) +
° (5.2.17)

e [ d*plai(k.p.7.0) + Aa(kep.7.0)] -

) (267;)8 Jan[dtamatopz.e)+ A“(k’p’r’e)]}

where

Az(k, p> T, 6) =

(5.2.18)
A4(k7 P, T,e) =

Therefore Fourier transformed differential master equations corresponding to
Eq.(5.2.10) and Eq.(5.2.12) reads

v_(k, 1) = —2r)*s(k)y e Wmii 4

+ [ dre (D L+ my (K, 7) + 2k, 7) +

) (5.2.19)

2
+(27er)4 J.d“pAz(k,P,r,e)— (2671_)8 jd4pfd4qA4(k,p,r,e)}

and

W_(k,l‘) = (27[)45(k)l/—/*e—<k2+m2>t n

+ j dre” (S ED (K + m)7, (K, 7) + 7, (K, 7) + (5.2.20)
0

2
+ (2;)4 jd4péz(k,P,r,6)— (267[)8 jd4pjd4qé4(k,p,l',€)}

correspondingly.
By the replacement (5.2.8) from (5.2.7') one obtains



AH—(ka t) =

t t
—(27r)4a,15(k) v Ig(r)e_(k2+m%eg)(z—r)dr — mZpa,6(K) J'e_(k2+m%eg)(z—r)df n
0 0

+ [e‘<k2+m»2-eg)(f—f)Tuv+L,w]{nv(k,r)+ o [a'p[7_(p.0) + Cn)*s(p)7* ] %
0

xyuv-(k+p,7) + 2m)*S(k +p)y* | pdr =

t
_(2”)4‘1#67(](2“”2)’5(1{) j 5(T)€7<k2+m2)(tfr)dl' —
0
’ (5.2.21)
~m2ya,0(k) j o~ (K2 ) (0 gy 4
0

t
+ J dr[ e (WO T 1 11 |, (K, 7) +
0

e
2n)*
+2m) 'y _(p,7)5(k + p)y* + 21)*5(p)S(k + p)y*y* ]
KKe e Kk

Ly =
P T H 2
K* + my,, K” + my,,

+— [a'p[7 (0. 0)yuy-(k+p.7) + Qn) 57y (k+p.7) +

e _
uvo 5‘uv_

Therefore Fourier transformed linear differential master equation corresponding to
Eq.(5.2.10) and Eq.(5.2.12) reads

A (k1) = —(2n)4aue‘(k2+m2)t5(k) J'g(r)e—(k%mz)(z_f)dr B
0

t t
Mg 6 (K) J e (i) Oz + Jdt[((khm%@g)(H)Tuv + Ly ] {mv(k,7) +
0 0 (5.2.22)

" (2;)4 Id4p[(2”)45(P)W*w_(k+ p.7) +

+27)*7_(p. )5k + p)y* + (27)°8(p)S(k + p)y*y ]

By the replacement (5.2.8) from (5.2.7') one obtains



Au+(k9 t) =

t t
2r)*a,d(k) x j 5(2)e W) O gt 4+ m2, a,6(K) j e (K mie )0 g
0 0

+ [e‘<k2+m»2-eg)(f—f)Tuv+L,w]{nv(k,r)+ o [a'p[7_(p.0) + Cn)*s(p)7* ] %
0

xyuv-(k+p,7) + 2m)*S(k +p)y* | pdr =

t
@2n)*a,eCmis(K) j 5(2)e (D gr 4
0
t
+1m 2y, 0(K) j o~ (K2 ) (0 gy 4
0

t
+ J dr[ e (WO T 1 11 |, (K, 7) +
0

e
2n)*
+2m) 'y _(p,7)5(k + p)y* + 21)*5(p)S(k + p)y*y* ]
KKe e Kk

Ly =
P T H 2
K* + my,, K” + my,,

+

[@'p[7 .07y +p,0)+ 1) *6(@)7*y-(k+p,7) +

e _
uvo 5‘uv_

We define now countable sequences {y " (k,t,e)} . .{w"(kte)} _ .,
{A " (K, t,e)}neN, {A,‘ﬁ’ (K, t,e)}neN by

yO (K te) = Py Dk 1e), 7Kk te). 45" (k. te) | =
—2r)*s(K)y e mii 4

t
+I dre~ )0 Lk + m)n (K, 7) + n2(K, T) +
0

n— 2 =
+(27e[)4 jd4pA§ 1)(k,P,T,€)_ (22_)8 J‘d4pJ‘d4qA4(1 1)(k,p,T,€)}

(5.2.16)

(5.2.17)



7Ok te) = Py Dk te), 7" V(K te), 41" (K te) | =
_(2ﬂ)45(k)w*e—<k2+m2>t +

+ [ dre D LK+, (K, 7) + 77, (k. T) + (5.2.17")

pAY " (k,p, 7,

4 A (n-1)
(2 ) pfd qA; (k,p,r,e)}

where

AYV (K, p.z.e) =
= 2m)*s(p)pey "V (k - p,7) + 2r)*S(k— p)pA" D (p, 1)y * -
—2027)*(ky = p,)5(p)avS(k — p)y* + (2m)*5(p)Pe,S(k — p)y* +
+A D (p,)m (k- p,7) + Q) 5(p)duni (k- p,7)

(5.2.12)

ALV (K p.ze) =
(27r)85(p)5(q)avw(_” Dk-p-q,7)+
Qr)*5(p)d(k —p — qQy*a, AV (q,7) + (5.2.14)
(27)*6(q)5(k —p — )y *a, Al (p,7) +
+(27)"25(p)6(q)5(k —p — q)y *a?.

ATV (K, p,1,e) =

1 (5.2.14)
<" 'k, p.7.e) =
yD(k,te) = y_(k t,e =0) =

! t
~r)*3y* [ ded(@)e (D iy [ dre (a0 4
(5.2.18)

+ j dre= ()0 LK + m)n (K, 7) + 2 (k, 7)) =

(K, t, e e-D(K,t,e), 7"V (k, t,e), A" (K, e
VO te) = Py Dk te) 70Dk te), 45 (kte) | = 5.2.19)



vk te) =7, (kt,e =0) =

t t
m)* 6K [ dese)e ®mDE0 e [ dre (e
0 0

t (5.2.20)
+ [ dre (D LK+ myna(k, 1) + 77, (K, 7)) =
0
APk t,e) = Au-[ WD (K1), 7D (K, 1 0), 45 (K, te), | =
Dk, te) = Ay [y D (k,1,e), 70D (K, 1e), A (K te), | 5.2.21)
AL (k,t,e = 0) =
t t
_ —(271')40#5(1() x J.5(T)e—<k2+m;2~eg>(t—f)dl- _ m}%egau5(k) j e‘<k2+m;2~eg>(t—‘r)d1- 4
0 t 0 (5.2.23)
+J[e—<k2+m§eg>(t—r) Tuv + L,uv
0
A (k,t,e = 0) =
t t
_ —(27'[)4&“5(1() % jg(r)e—<k2+mzeg)(t—f)dr _ miz'ega,ué(k) je—<k2+mzeg>(t—f)dr +
0 0 (5.2.24)

t
+J'|:e—(k2+mgeg)(z-r) TS 4+ LSS
0

AP te) = A [wr (K t,e), 7" D(k,t,e), ANV (k t,e), | =
ik te) = Ay [y (K 1e). 7 V(K te), A (K te), | 5.2.25)



AV t,e = 0) =

t t
_ (2%)4au5(k) % J.(s(l_)e—<k2+m,2~eg>(t—r)dl. + m%ega#(s(k) I e—<k2+m,2~eg>(t—1‘)d1- +
0 0

(5.2.26)
t
+[[e(mmiadeoryis 1 i ],
0
From Egs.(5.2.19 ) we find directly
t t
[ dre= 0D [ ar's(z - 2 )e O, (k)7 (K e = 0)) =
0 0 t / (5.2.27)
t
= (M0, (K1) = 2r)* [ dre 600 [ ar's(z - ¢)e 65k + k)
0 0
and
t 4
[ dre 00 [ar's(z — o' )e m D (k, 0y (K. t.e = 007, (K.1)) =
0 0
= (m(k, )1, (K',1)) = (5.2.28)
t ¢
2r)* jdre{kz*’”z)(’*’) jdr’5(r — ')~ (Hm ) 5(k + k)
0 0
Therefore
t ¢
[ dre (o) gl (et 0 1,0y (K, 0)) =
0 0
t ¢
_ 4 ki ~(K2+m?) (t-1) 1 —(k2m?) (' -1") "y _
Q) {dze (i2+m?) _([dr e () §) (k) (5.2.29)

!

t t
—@r)* jdre*<k2+m2>(’*f) I dt'8(z — v")e DD (K 4 m)S(k + k).
0 0

Then we easily find Fourier transcendental master equation to lowest order iteration
n=1



YO LOTOK,,0)) = [d'k [d*K Gk Ok, 1,0)7 (K7, 0)) =

!

t t
— m4l//*l7* Id4kIdT€_<k2+m2>(l_T) Idrle—<k2+m2>(t'—r') J.d4k’eiﬂ:<xk+xk’>5(k)5(k’) _
0 0

t , (5.2.30)
—-2n)* jdre{kz*mz)(ﬂ) _[dr/5(r — 7)e- () (=)
0 0

x j d*Kk j d*K e R (f L m)§(k +K') = 0

t t t t
IdT€_<k2+m2>([_T) JdT/e—<k2+m2>(t’—r’) — e—2<k2+m2>(t+t’) J.d,z.e<k2+m2>‘c I d,[/e<k2+m2>‘[' —
0 0 0 0

—2(K2m?) (¢+") 2,02Y; Zm?)t
- [ (et -] -

e 2P m? ) (e+t')

(5.2.31)

[ez(k2+m2)(t+t’) _ e(k2+m2)t _ e(k2+m2>t/ + 1:| -
(k2 + mz) t—00,1' >+
S KE+m?)”

t—>0,t'>+00

t!

t
[ dre 0o [ ars(z - 1)e (om0
0 0

t t
J' dre-(Km> ) (=0) = (K2+m> ) (=) _ J' dre—(Km?) (@+)-20) _
0 0

! , 5.2.32
_ e—(k2+m2)(t+z’) JdT€2<k2+m2>T _ e—(k2+m2)(t+t) [82<k2+m2>[ B 1:| _ ( )
. 2(k* + m?)

T 1 5 |:e—<k2+m2)(t+t’)e2<k2+m2>t 1 :| _
+m
1 &2+m?) (') _ = (k*+m?) (t+) 1
— e e - ——
2(k? + m?) [ ] v 2(K* +m?)

From Eq.(5.2.30)-Eq.(5.2.32) we find directly transcendental master equation to
lowest order iteration n = 1



lim (yO(x,0)y"(x,7,0)) =

t=t'>+00

yy* - Qn)™ Id4kexp[(x -x') - k]klgfnqu = 0. (5.2.33)

Thus transcendental master equation corresponding to fermion propagator to
lowest order iteration n = 1 gives the standard Euclidean fermion propagator:
Ax—x') = (2n)*4jd4kexp[(x—x’) k] K=m (5.2.34)
k* +m?
From Eq.(5.2.24) and Eq.(5.2.26) we find directly transcendental master equation
corresponding to photon propagator to lowest order iteration n = 1

lim {42 (x,1,0)4)(x',¢,0)) =

t=t'>+0

_ exp[(x —x') -k kk,
audy — (27'[,') 4 ~|‘d4k pE{(2 " mz) :| [5!” _ m J =0. (5235)
reg reg

Thus transcendental master equation corresponding to photon propagator to
lowest order iteration n = 1 gives the standard Euclidean massive photon
propagator:

(5.2.36)

6.Double stochastic quantization of non-Abelian massive
gauge field and Faddeev-Popov ghost effects.

A non-Abelian massive gauge field in the 4-dimensional Euclidean space is
characterized by the action integral

Sl4] = 4+ [ @ (Fo0F ) - Lm(ag@))’ ] -
~ [t (Fa0F t00) + Tmde(4500)* ), (6.1.1)
F i () = 0uA8(x) = 0uA3(x) — g x AL )G (),

where a, b and ¢ stand for the color indices. From (6.1.1) we get the double
stochastic
Langevin equation



L A5 (k1) = ~((K> + m)3 o — k) AS (k) + i (@0, 1) + € (@, k1) + Yi(k,1)

Y (k1) =
+(2g)2 jd4k1d4k254(k—k1—k2) V80 ey =k, —ka )AL (1, £) A9 (o, £) +
T
+(2g . j d* k1 d*ead ka8 (k- Ky — ko — ks YW g 4B (er, ) AE (o, £) A (s, ),
/A

where the Fourier transform ]A‘(k) and it inverse]‘(k) is defined as [21]-[22]:
7 = @) [ fwyeivdt,
Jk) = @) [ foyetnay,
and where
Vi ki ko) = (=4 )7 x
[(k— ki) 8w + (k1 — k2) Sz + (k2 — k) Oz ]
Wi = =g L/ @i = ) +

+fl]ce de(5uv5lc/1 - 5,1115v1<) +
+‘](l7d€f2b€(5‘u’<5vl - 5#\/5’(},).

From Eq.(6.1.2) we get
—A“(k t) = —6()0* (k) x i —
_((k2 + m2)5HV - k[—lkV)Av(kat) + n#(wak’ t) + Gn}l(w’ka t) + YZ(ka t))
YZ(k’t) =

+—E [ a5 (e, ~(k = k)AL (1, DAS (= ) +

(ﬂ)

( v j d* 1 d W g Ab (K, ) AS (Ko, )AL (k — k1 — Ko, 8),
T

V}f:;(kaklgk_kl) = (_%>fabc x
X[(k_kl)lgﬂl( + (k] - (k_kl))‘uSKZ + (_kl)K6’uA:|

We define now the replacement

(6.1.2)

(6.1.3)

(6.1.4)

(6.1.5)



A, 1) =0 xp = Ap-(x, 1),
A%(x,1) = A% (x, 1) + 0(0) 1%,
A%k, t) = FLALL D]k t) = FLL(x, 0]k t) +0()(2m) 54 (k) x4 =
= A5 (p,1) +0(1)(2m)* x4,
A%, 1) +0(0) 18 = A%, (x,1),
Afi(x, 1) = A, (x,1) — 0(0) x s (6.1.6)

0AL(x,1)  BAY (x,1) .
ot B ot +0() 25

oAa(k,t)  04% (k,t)
o = S (02 S (0 2

8AZ(x,t) B 8AZ+(x,t) .
or ot — 00

A% (k) 04 (k,t)
ot B ot

Eq.(6.1.5) by the replacement (6.1.6) we get

—8(t)(2r) 54 (k) .

%Aﬁ_(k, 1) = =534 (k) x4 — (k2 + m2)3 y — ke )[ AL (ko 1) + (27)>m254 (k) 2 ] +

+u(0,k 1) + eny(@, k, 1) + Yy (k,1),

Ye (k,t) = ip [ @kt e~k = k) Vi () +

2
2

+(2gT)4 [ @t m s vi® ) -

(6.1.7)

(zi)2 [ vl Gk, Gk = k) [ Ab-Gkr,0) + 2m)264 Gk ) b ]

<[5 (k= ki0)+ 2m) 4 k= k)5 ] +
2
' (2gn)4 [ @ttt w s [ ah a0 + @n) 60kt ] %
<[ A (k2 1) + 21) 8 (k) & | x [A9_(k — ki — ko, £) + 2) 20k — k1 — k) |-

where



Vil (k1) =
[AL_(ki,t) + r)2 84k ) g2 ] x [A5_(k — ki, t) + 2m) 64 (k— k1) x5 ]

YO 1y — (6.1.8)
[ A5 (k1) + Qr)26%4 (k1) x b ] x [Ag (ka,t) + Q1) 284 (k) & ] %
x[A9_(k— ki —ka,t) + 2m) 64k — k1 — k2) x4 .
Note that
Yl (k1) =
= [A4b_(k1,0) + @r)2 8% (k1) x2 ] x [A45_(k— ki, 0) + (2m) 8% (k— k1) ] = (6.1.9)

AR ki, DA§ (k= k1, ) + 2m)*8* (ki) g2 A5 (k= ki, 1) + ) 84 (k — ki) x54%- (k1 0) +
+(2m) 84 (k1)&* (k — ki) g2 x5

Yl (k) =
= [Ab_(ki,0) + (2m) 8% (k1) b ] x [Ag_ (ko t) + (2m) 84 (k) 6 ] x
x[ A4 (k— ki — ko, t) + 2n)* 0%k — k1 —k2) x4 ] =
[Ab_(ky, )45 (ka,t) + (2m) 2% (k1) ybAS (ko t) +
(27)?6(k2) yeAb_(kr, 1) + (27) 6% (k1 )6* (ko) b x5 ]
x[AY_(k— ki — ko, t) + 2Qn)* 0%k — k1 —k2) x4 ] =
[Ab_(ky, )45 (ka,t) + (2m)? 6% (k1) xbAS (ko t) +
(21)*6% (ko) g eAb_ (v, 1) + 2m) 64 (ki )8 (ko) by A4 (k — kv = ko, 1) +
[ 45 (k1,048 (ka,t) + (2m)* 5k ) ybAS (koo t) + (6.1.10)
(2m)28% (k) yedb_(kr, 1) + Q) 6* (k)6 (ko) x by ] x (2m)?6%(k— ki —ka) x4 =
Ab_(ky ,0)AS_ (ko )ALk — ky — ko, t) + (2m) 284 (k1) y LAS_ (ko )AL (k — ki — ko, 8) +
Qr)28% (ko) yeAb_(ky, )ALk — ki — ko, 1) + Q) * 84 (k1 )84 (ko) y by e Ad_(k — ki — ko, ) +
Qr)26%(k — ki — ka) y 448 (ky,0)A5_(ka, 1) +
Qr)*64 (k)64 (k — ki — ko) ydycAe (ki t) +
+2m) 54 (k2 )84 (k — kv — k) xxeAb_(k1, 1) +
+(27m) 84 (k1) 5% (k2 )64 (k — ki — k) x4 x s




Yo (k1) =

=74V )
P [k Gt~k = k) Vi () +
* (25;: X [a*tiaio s Vi (k. 1),
v =
(2i % [ @iVt e —ter, ~Ck = k) Vi )
7, (k1) =

2
T

From Eq.(6.1.9) we get

6.1.11)



7O

- (2;;) Id4k1 ;:i(k —k1,—(k— k1) YiD (k1) =

jd“kl Vo ey —her,—C = k1 ) ) AL_(ka, 0) A5 (k= k1) +

(27r)

(ﬂ) - [ v e~k == ) %

x[ 2r)254 (k1) y 2 AS_(k — k1, t) + (2m) 6% (k — kv ) y 548 (k1)
+2m) 54k )S* k— k)b x5 ] =
jd“kl V oos (s, —(k — k1)) AL_(ky, A5 (k — ki, £) +

(27t)

+g [[ @V il U —ler,~( = k)3 ey ) 25 (k= ki ) + 6.1.12)
‘g j Ay V2% (e, —hey —(k — 1 )0 (e — k) AL (k1. 0) +

+(2n>2g [ a5 ek~ — k)% ()% e — ke s, =

jd“kl Ve =k, —(k — k1)) AL (ke ) AS (k= k1, 0) +

o
4] Vs (e 0,K) 25 (e 1) + V5 (k. 0) 2542 (1) | +

+(21) gV ooy ey —k, 0)5* (k) L.

Vs (6,0,k) = (=5 ) x had e — kb ]
Vi (b, 0) = (=4 )feve
From Eq.(6.1.10) we get



Yo (k) =

jd‘*k Al W Vi) (ke ko, 1) =

e n)
j d*rd W g [ Ab_ (1, A5 (o, )AL (k — ki — ko, t) +

(27r)

+(27) 204 (k1) yoAS_(kp, ) AY_(k — ki — ko, t) +
+(21) 284 (ko) g cAL_ (k1 , ) AS_(k — by — Koy t) +
Q)84 (k- k1 — k2) y AL _(k1,0)AS_(ka, t) +
(2m)*5* (k — k1 — ko) x4 AL (ki 0)AS (ka,t) ]+

(6.1.13)

2
+W j d*lrd* W g [ Qr) 64 (k1 )% (k) x b x e Ak — ki — ka, t) +
T
+(2m) 8% (k)8 (k — kv — k) xd e (r, 1) +
+(2m) 8% (k2 )6* (k — ky — ko) xd el (ko 1) +
+(27) 64 (k1)8* (k2 )S* (k — kv — k2 ) {0 ]
From Eq.(6.11)-Eq.(6.13) we obtain linear differential master equations

corresponding to 4¢_(k,t) :

g (k,t) = =554 (k) % — (k2 + m2)S = ke )[ A (h, 1) + 2r) m28* (k)8 ] +
7 (6.1.14)

(. k ) + 7o Pl + 7D k1),
where
{L}a(l) (1) —
= gV (k, 0,—k) x 2AS5_(k, 1) + (27)* 64 (k — k) x5 4B (1) + 6115)

+(27) gV s (e, —k, 0)5* (k) x 2 5.
Vs 6,0,) = (=4 )7 x (ka6 e — kuba]

and



T gy =

2
(g - [ dd i W[ @m) 5% ()6 U)o (= oy — ko) +
21)

+Q2m) 84 (k1 )04 (k — kv — ko) x gy eAS_ (k1) +
+27) 54 (k2 )04 (k — by — ko) g S AL (K1, 0) +
+(2m) 54 (k1 )8* (k)54 (k- kv — k) x4 xbxe | =
W Lo eAL (k1) + yd el (ki 1)) + g2 Q) Wi 8 () xS b .
From Eq.(6.1.5) by the replacement (6.1.6) we get

EAG*(k 1) = 884 (k) gy — (K2 + m*)Sy — kuk ) [ A8, (k1) = 2m)*m?S* (k) 8 ] +

+ni(w,k,t) + enj(w,k,t) + Yi.(k 1),
v, (k1) = (g [ @i v it e —er,~Ck = k) Vi ) +

(,,) jd4k AW YD (k,£) =

(2::) —E a5 G~k ~C = T ) [ AR 1, ) = 2m) 28 (k1 )k ] %

<[5, (k= ki,0) = @r)* 34 (k= k) ]+

e [ ad o BT AL 1) - 064 )2t ]
71'

<[ A¢, (o, ) = 21)28* (o) e ] x [Ad Gk — by — kaut) — @m)?8% Gk — by — k)],

where

YO () =
[ Ak, 0) — Qr)?64 (k) g2 ] x [AS5. (k= ki 1) — Qm) 8% (k— k) x5 ],

¥ (k1) =
[ A8, (k1,0) = @r)*84 (k) b ] x [Ae(ha, 0) = 2m) 8% (ko) 6 ] x
[ A4, (k =k — ko, 1) = Q) 254k — ki — k2) x4 ].

Note that

(6.1.16)

6.1.17)

(6.1.18)



Yo (k,t) =
= [A% Gt = Qu)?8* (k) ] x [ A (k= ki,t) - 2m)*8* (k= k) x5 ] =
A (1,045, (k= ki, 1) = 21) 8% (k1) 2AS, (k= k1) = 2m) 6% (k = k) g5A4% (ki t) +
+(2m) 6% (k1 )8* (k = ko) s

(2)(k f) =
= [Abi(ki,t) = Qr)?6% (ki) b ] x [Ag(ka,t) = 21)*6% (ko) ]
<[ A9,k — ki —ka,t) — 2n)°8%(k— k1 —k2)xd ] =
[ 48, k1, )45, ko, 1) — 27)?6* (k) b A% (kay 1) —
—(2m)28(ka) g Al (k1) + (21) 6% (k1 )6% (ka) by ]
x[ A, (k= ki —ka,t) — Q)% k— ki —k2) x| =
[ A8, (k1,0 AE, (ka, 1) — R7) 2% (k1) b A g, (o, ) —
—(27)?8% (ka) e Ab. (v, 1) + 2r) 64 (k1 )5 (k2 ) e ] x Ay (k= ki — ko, 1) +
[ 48, (1,048, (ka, ) — 27) Sk ) b Ag, (Ko, 1) =

~(27)?8(k2) s A, (k1 1) + (1) 84 (k1 )o* (k2) b xs ] x (2m)?6%(k — kv — k2) § =

= A%, (k1,0 Ag, (k2, AT, (k= k1 — ko, t) —

—(21)° 54 (k) x 2 A8, ko, )AS, (k= ki — kayt) —
—(21)*6 (k) xeAb. (ki, ) AY, (k— ki — ko, 1) +

+(2m)* S (k1) (ka) by AL (k — ki — ko, t) +

+2m) 25k — ky — ko) 344, (k1,0 A (Ko, 1) —
—(2r) 64 (k1 )8* (k — k1 — k) x4y eAg, (k1) —
—(21)*6* (k2 )5* (k — kn — ko) xS el (k1) +
+(27) 0% (k1 )64 (k)54 (k — ky — ko) xS b x &

(6.1.19)

(6.1.20)



YZ+(kat) =
= Vi + Vol (k) =
= [ ey G ke~ = k) Vi (k) +

(m
(n>ffhwhwﬁf(Wk0
?a(l) (6.1.21)
@m fth%w —k1,—(k = k1)) YIS (k, )
~a(2
Vio (k1) =
2
& [ dtad WY )

(27)
From Eq.(6.1.19) we get



7O _

ut

(2n) —E [ ¥ s G~k ~Ck = k) Vi (k) =

= [ v e~k ~C = ) ARG, D48, (k= k) +

(2ﬂ)

(ﬂ) - [ v 5 e~k == ) %

><|:(27T)254(k1)x Solk—ki,0) + 2n)* 84 (k)8* (k — k) 2 ] =
= | vty e~k = ) ARGk, DA, = 1) +

=
~g [ a5 O~k = (k= ) [80k0) A (k= e, 0) +
484 (k= k)AL k1, 0)] +
+(2n)2gjd4k1 Vs Gt = = k)6 (k1 )84 e = k) s =

(6.1.22)

oy [ Vi G~ k)AL G045 (k) -
T

gV ol (e, 0,~k) [ 12 A5, (k1) + 2540, (k, )] +
+27) gV s (e, ~k, 0)5* (k) 2 25,

Vs (6,0,k) = (=5 )1 x lhad e — b ]

From Eq.(6.1.20) we get



Vi (k) =

jd‘*k Al W Vi) (ke ko, 1) =

(ﬂ)

2
(2 v jd4k1d4k2W“f,fj[A b (ky,0)AS, (ka, DAL, (k — ky — ka,t) +
T

+(2m)*54 (k1) g b A g, ko, DAY, (k= ky — K, 1) +
+2m) 8% (ko) xeAb. k1, 0)AS, (k — ki — ko, 1) +
> (6.1.23)
(2m)?6* (k — kv — ko) y§Ab. (k1,0 AL (ka, 1) +
Qr)*8%(k — ki — ko) 448, (k1,0 A%, (ka, 1) | +

2
+—(2 ) jd4k1d4k2Wajlfj|:(2n) SUk))S(k2) xbycAd, (k—ky —ka,t) +
V

—(2m) 8% (k2)6* (k — kv — k) xd e Ghr, ) —
—(21)* 6% (k2 )% (k — ky — ka) x § yeAb, (ki 1) +
+(27) 64 (k1)8* (k2 )S(k — b — ko) x4 bk ]
From Eq.(6.21)-Eq.(6.23) we obtain linear differential master equations
corresponding to 4, (k,¢) :

EA‘H(k 1) = 88 (k) gy — (K2 + m*)oy — kuky ) [ A8, (k1) = (2m)°mS* (k) 8 ] +

~AL}a(1) FLre® (6.1.24)
4o,k 1) + Vo k) + Vo (1),
where
<L>a(1)(k /) -
gV o (e, 0,~k) [ A5, (k1) + 540, (k1)) +
(6.1.25)

+271) gV s (k,—k, 0)5 (k) x 2 x5,
Vs (6,0,) = (=4 )7 x (k26 e — kub )

and



~{L}a(2)
th+}a (ko t) =

2
( > % [ @ttt s [ @r)*6% k)8 (ka) b eAd (k= ko — ko) -
T

—2r)* 64 (k1 )04 (k= kv — ko) y e AS, (ko t) —
—Q2r)* 64 (k2)5* (k — ky — ko) x§ el (k1) + (6.1.26)
+(2m) 54 (k1 )8* (k)54 (k- ky — k) x4 xbxe | =
~ W S e AS. (yt) + g sdb, (k,1)] +
+@2 1) Wanen5* () b

From Eq.(6.14)-Eq.(6.16) we obtain linear differential master equations
corresponding
to A_(k,¢) :

%AZ_(k, t) = —5(1)5(k);(z — ((k2 + m2)5,w — kﬂkv)[A“_(k, t) + (27[)264(k)m2)(‘v’:| +
(6.1.27)
wni(w.k,t) + T Y o) + TP k),
where
Y”{L}“(l)(k 0 =
u- v
= gV o (k, 0, k) [ 2 A5_(k, 1) + 2545 (k,1)] +
+271) gV ooy ey —k, 0)5* (k) L.
7@ gy —
u- v
W by edd (ko) + ydxedb (ki,0)] + g2 Q2r)* W5 (k) x4 xbas-
abc ] abe
Vs (6,0, = (= ) x [kad e = kb

(6.1.28)

From Eq.(6.27-6.28) we obtain linear integral master equation



t t
A4 (k1) = —5 | Gebhst,t . m)S(e )6 ()t + ) *m? . | Gia ks, m)S (k) +
0 0
t
+[ Gt myns(o, k)t +
0

¢ t
+[ G st t,m) VS O ety + [ G2 (et ,m) TP ) =
0 0

t (6.1.29)
—mé“(k)Gz’;(k; t,0,m) + (27r)2m2)($ _[ G;’f;(k; t,t',m)o(k)dt +
0
¢ t
[ G st VT Pkt e + [ G et YTE P eyt
0 0
LG OORS Faa 01
T = TN )
where
GZI\)/(ka tatlam) = 6abG,uV(k; tat,:!m)a
/ k kv . 2+m2 4 (6.1.29/)
Guw(k;t,t',m) = {(5w_ k2u+m2 )e (kK2+m?) (¢ t)},

where G% (k;t,t') = G (k;t,1") is the zeroth order Green function, see Apendix 7.
From Eq.(6.24)-Eq.(6.26) we obtain the linear integral master equation



t t
A5 (k1) = [ Gat(hit,t)3()8* (kyde' — @r)m? gt [ Gath )5 ()t +
0 0
t
+[ Geb ks, m(an k) +
0

¢ t
#[ G e T O rdr + [ G s YT D) -
0 0

t
= 28 ()G (K 1,0) — Qr)m2y [ Gat kst )5* ()t + (6.1.30)
0

t t

+I G (s, YT (et Y + j G (ks 1, YT (),

0 0
~h{L a(l ~b{L}a(l
Y‘b,/{+ }O{( )(k’tl) — YZi }O{( )(k’tl)

V) = Vi O )

!

=y

pev'

The linear equations (6.1.29) and (6.1.30) admit exact solutions denoted by

Af (ke b ek {0 ), Afi (15 b, {xi})- (6.1.31)
Therefore the system of the transcendental master equations reads

(LA Co, s {mia b ) 1A G 65 3> Ay ), = 0. (6.1.32)

where

A e, s iy xiy) = F ALkt i, L )]s
Al ety iy Axty) = F ALkt sy, {x i )]

For a sufficiently small g < 1,equations (6.1.29) and (6.1.30) can be solved
iteratively
as an expansion in g,see Apendix 3, Theorem 3.2.We define now corresponding

countable sequences {4i" (k,; {n}, {xﬁ})}neN and {4 (k.1 {n}, {xﬁ})}neN of
the
iterations by recursions

(6.1.33)



A eyt {2y, (%)) =

t
44 (k)G (k;£,0) + (2m)*m 5, j G, (ks t,£ )5 (k)dr' +
0

t
+[ G (s, Yt (0, K )t +
0

! t
[ 6o e YT ot myde + [ G2 ot YT D k'),
0 0

oD e t'n) =
= gV (e, 0, k) [ 2 A5 (ks t; {05 3> {053 ) + 2540 (e, 15 {0y, {22 3)] +

+(2m) gV 4 (ke =k, 0)5(k) L 5.

v

(6.1.34)

TPk, 1n) =
W Lo e AL (k1) + ydxcdb_(ki,0)] + g2 Q) W84 () xd b s
Ve (k,0,—k) = (-é) £ x [k2 e — kuSin].
We set now

A eyt {9y, {24 )) =
t

— xS G (ks t,0,m) + (27)*m? x5, j G (ks 1, ,m)S(k)dt' +
0
t

"‘I GZ@/ (ks t,t' ,m)n® (w,k,t)dt'.

) (6.1.35)

b . / _
G, (ks t,t' ,m) =

Ginlkst,t',m) = 8apG (ks t,t',m),
Gu(k;t,t',m) = {(5“" L 2 )e‘(k2+m2)(,_t’)},

kK +m

and



A eyt {0y, {x,&) =

— 448 (k)G %MMQ%M)m%JG”%ttmy@W+

jGab (ks t, 1, m)n% (o, k, )dt' +

¢ t
~b{L}a(l 8%
_|_.[ GZ?/, (k’ t, t/,nfl)Y‘b/r{+ ro )(k, t/;}’l)dt/ + J. GZ?,/ (k, t, t/,m)Ylb/'{f}a(Z)(ko t/;i’l),
0 0

~b{L}a(l
VO t'sn) =

&V i (e, 0, k) [ b A5 s 15 5, i) + 254K (ot {mld, {2) | +

+210)2gV P (e —k, 0)54 (k) L x5,

VKA

Vi 6.0,k = (=L ) x ady = kS

{L}ra(2)

YOk, tm) =

abed ¢ ¢ . fanC c c n
= g Wins | xiaedd Gt ney,Axed) + 2 xedvl Gt 4nly, {xh3) | +

+g2r)* Wl S ) b
abcd
Wv’vrd = %[fabedee(gv’KSV/l - 6‘,%5‘,,() +

+fzzce de(5v,v5,d — 5‘///16‘,,() +
"i'fua’efkbe(5\//K5V7L - 5\//\/(SK)L)'

We set now

(6.1.36)



A (Rt {0y, {28y =

t
(27)2 2864 ()G, (k; 1,0,m) — (27)*m2 1, j G, (s, ,m)S(k)dr' +
0

t
4 j G, (ks 1, Y (@, k, 1)d .
0

GZ?// (k, t, t/,m) = 5abG#v/ (ka t) tlam)a

kﬂk’ 12 Y7
G#V’(k;t,t,,M) = (5/4\/’ — k2 +,‘;12 )e (k™+m*)(tt")

From Eq.(6.1.29)-Eq.(6.1.29") we get

a k kv/ —
Au(—”(k,t;{nz},{xﬁ})=—(2ﬂ)zxz54(k)5ab(5,wf— " ) @i

k> +m

Kk,
k* +m?

t
+(21)2m254 (k) S an ) j (5W - )e—<k2+mz><f—f>dﬂ +
0

t
+J. GZI",, (ks t,8)n% (@, k,t)dt" =
0

k2 24 02
= —<2n>2xz54(k>(1— e )e“" o
m

2 k2 242
+(2m)? x5 (k) kzlﬁ 2 (1 T2 +um2 )(1 —e @) +

t
+ j G, (ks 1,6 ) (@, k1)l .
0

From Eq.(6.1.37) and Eq.(6.1.29") we get

(6.1.37)

(6.1.38)



ARD (1 {nay, {x8)) =

(27‘[)2%254(]()5(12, (5“‘// — %)e—(k2+m2)l _
m

t

—Q2m)*m? ¢, J. G, (k;t,t',m)S*(k)dt' +

uv
0
jG (s, 0% (@0, k, )dt'.

From Eq.(6.1.39)-Eq.(6.1.29') we get

a ik N\
AD et sy Axiy) = —2n) 1054(k)5ab(5uv, _ “—2)6 oy _

kK +m

kﬂkv’
k* + m?

t
_(277,')2m254(k)5a;,){3, J.((s/'“’/ — )e—(k2+m2)(t—[’)dt/ n
0

+[ G (st (0, k)t =
0

kz
- —(2n)2xz54(k>(1— S )e‘("z“”z)f—
m

k2 2 2
’ (1_ k2+m ><1_ ) +

jG (s, )% (o, k, 1)t
0

~Qr) 7484 ()72

From Eq.(6.1.38) by using inverse Fourier transform we get

(6.1.39)

(6.1.40)



A Gty iy iy = FA (et iy i) [t =
2

. k
= - j elkxa(k)(l - +“m2 )e("2+’”2)’d4k+
“ ; 2 —(k2+m?
i [ €5 (k) kzlﬁmz( k2+m )(1 Wm0 g +

t (6.1.41)
+F ! [I G (st £y (@, k, t)dt! ](x, 1) =

0

= —xhe 4+ ya(1—e™t) + F- IDG (ks t, 8 )% (o, k, t)dt’ ](x,t).

From Eq.(6.1.40) by using inverse Fourier transform we get

A Gt gy Axiy) = F AR Gt ik i) J6e) =
2

. k
_ ij.ezkxg(k)(l _ B +ﬂm2 )e(k2+m2)td4k_

. 2
-x4 J. elkx5(k) 21’}’1 — ( k2 s )(1 7(k2+m2)t>d4k+

(6.1.42)
DGGZ’ (k:t,£)n° (wkt)dt:|(x,t)
= yiem = yi(l—e™) + F- 1[[6 (ks t, 8 )% (@, k,t)dt' ](x,t).
From Eq.(6.1.41)-Eq.(6.1.42) in the limit # - c© we get
lim (A5 Gt (i (DAY G i Axih) | =
=00
(6.1.43)
— _(~a 2 47, ,ik(x—x") 1 _ k,uk"
(xi) +Idke k? + m? (5”v k2+m2)'

The system of the transcendental master equations corresponding to correlations
<[Aa (x, 1 {77#})]14 v (. 1 {nv}» reads

(M- G & gy ) 143 (6 60 1 {20 1), = 0. (6.1.44)

where



Af-Get gy Axiy) = F AL (s y, {xi )],
A9-(et ngy Axdy) = FAL s ngy i), 6.1.45)
A O m 3, {xiir) = F A (k6 ik {3
Ay G, vy, v y) = F AV (6 {nvy {xv k) 1
For a sufficiently small g < 1,Eqgs.(6.1.44)-(6.1.45) can be solved iteratively as an
expansion in g,see Apendix 3, Theorem 3.2.
From Eq.(6.1.34) and Eq.(6.1.38) we get

a(n k kv’ —(2+m
ALt (g (i) = ~2n) xﬂa“(k)(sab(awf— SR Yoty

2
+(2m)’ 40 (k) kz”jmz( k2+m )(1 e ) +

t
+.[ GZI;’ (ks 1,8 )% (o, k, t)dt' +
0

+gjdz’Gab (ks t, £V 2 (k, 0,k)
c(n) oo (6.1.46)
X[ x2ASY (et {05 {5 + 254 (et iy, L) | +

+(27)%g j di' G, (ks 1,8 YV (% (k, =k, 0)S (k) 22§ +
0

uv'kd

t
+g? [dr' G (o, YW i { [ 2 e () + Al Gty ] +
0

+2r) S k) s}

From Eq.(6.1.36) and Eq.(6.1.38) we get



a(n k kv’ a2
A s gy i) = @) xaé‘*(k)aab(awf e A

+m
— ( k2+m )(1 7(k2+m2)t> +

jGab(ktz)n (. k,0)dt' +

—(27)* 6% (k) 2’”

+gjdt G (k1,6 )V i (K, 0,~k) %
C(n) k, Ab(n) k.t {n® b
( X {77/1} {%l})-’_%l ( ) a{nK}a{%K}) +
+(2n)2gjdz'(;ab (ks 1,0 )V 22 (k,—k, 0)5 (k) 12§ +
t
+g? [di' G (s, YW { [ st ) + Al G,y ] +
0

+Q2r) st () xdab ey

From Eq.(6.1.46) by using iverse Fourier transform we obtain

(6.1.47)



At i i) = LA s i (i) ] =

. klk‘/, —(k*+m
= x4 jd4keth54(k)5ab (5ﬂv/ - m)e Ramy

. k2 2 2
+xzjd4ke”‘x54(k) 2m2m2 (1— e )(1— Wy 4

j d* ke j G (ks 1,1 ) (@, k, 1)t +

g j d*ket j di' G, (ks 1,6 YV 52, (k, 0,~k)
X[ x2AL (et {053 A5 + 254 (et 3 {2 | +
tg j d* ket j di' G, (ks 1,1 YV 505 (k,—k, 0)3* (k) x5 +
0
t
+g? j d* ke j dr G (s, 0 YW 10 { [ o e () + el ) ] +
0

+2m)* [ d*ke™5* (k). x}

From Eq.(6.1.47) by using iverse Fourier transform we obtain

(6.1.48)



ALV i ) = T AR W gy b ] -

i ! / k/k ! 24m
= %Zj.amk e X' 54 (k )5ab<5#v, - e +m2> (k + );

o [ i oinsegym® (1 _Ki _ (e
i [d*e 5(k)k,2+m2<1 —— ) o (Em)) 4

j A e j G, (K5 1,0 ) (@, k', )t +

ik'x a I, abe cq
+gjd4kek jerb(k L)V (K,0,-k) x (6.1.49)
x| kA (Kt 0y s ) + 2548 (K nk b {xkh) | +

+g [ di et fdz G (K51, YV (25 (K K, 0)S* (K ) s +

+ g2 j A e j dr G, (k51,0 YW 0 { [l oS o) + el ] +

+Qn)? [ e S ) rdxtns b

From Eq.(6.1.48)-Eq.(6.1.49) we obtain



(AR Gt i DAV @ ik i) ), = 0Cem™) = ()’ +

t
+<< j d* ke j G, (ks 1,0 )7 (o, k, t)dt’) x
0

t
X ( j dK e f G, (K3 1,0 % (@, K, t)dﬂ) > 4
0 n

g2<<jd4keka j dr' G, (ks 2,2 ) V.52 (k' ,0,~k) x (6.1.50)
[ b5 et sy x5 ) + 254% Gt Anl b A2k 1) ])
( j A ek j di' G, (K, YV 505 (k' ,0,k)

[R5 K nS Axsy) + A Kl i) ), + 0.

By using Eq.(6.1.43) we obtain

(A3 et Aty DA iy ) =
. ! k kv
_ O(e_m2’> _ (){Z)z n J.d4ke:k(x—x) k2 1 > (5#\, — ‘u—2> +

+m k* +m

<< j d* ke j di' G, (ks 1,6 YV (2 (K, 0,k)

[ 12452 (et {ns b Axs ) + 254 G ts 0y k1) ])

(6.1.51)
( j A e j di' G, (K5 1,0 YV (2 (K, 0,k)
X[ hASD K5y ) + A Kl k) ])) |+ 0Ggh).

Therefore the system of the transcendental master equations (6.1.44) corresponding
to correlations ([A4{_(x, £ {n%}) 145 (x, {173}))’7 in the limit - o reads

(LA Ce &5 {3 ) ] (e, {9 1)), = 0. (6.1.51")

Thus we get



a2 ik(e—x' 1 k kv
—(i) +Id4ke e k* +m? (5W - kzl—:-m2 ) "
g2<<jd4kekajdr G, (ks 1Y V525, (K, 0, k) x
[R5 Gt sy Axsy) + 25 Gt m2y (k) ]) (6.1.52)

(j A4k e j di' G, (K3, YV 505 (K',0,k)

X[ aed5D K5y ) + 25 A Kl k) ]) )+ 0Gg*) = 0.

For a sufficiently small g < 1,equations (6.1.52) can be solved iteratively
as an expansion in g,see Apendix 3, Theorem 3.2. We define now corresponding

countable sequences {ZZ("’}%NU{O} 2 {ZZ(”)(g)}nENU{O},%Z(O) 2 y4(g = 0) of the

iterations by the recursions:

(ZZ(n+l,n+l)(g)>2 _
= j d* ke =) B imz (&W - —kaik;;Z ) +
g2<<jd4kekajdr G (ks 1, YV 505 (K, 0,k)
b(n)Ac(n)<kl‘ {nl} {%C(Vl)}> +ZC(V!)Ab(n) (kl‘ {T’K} {)&(n)}) ) (6.1.53)
(j A ek j di' G, (K, YV 505 (k' ,0,k)

b(n)AC(n)<k/ £ {ns}, {ZC(H)}> +){c(n)Ab(n)<k' t: {T’K} {%Q(n)}> >> +
+0(g*) = 0.

Where we set

(ZZ(O)>2 _ (ZZ(O)(O)>2 _ J‘d4keik(xfx’) 2 imz (6”‘, — %) (6.1.54)




A0 (oot g A0} ) = [0 (ot s {220} )

a a klkv’ —(k2+m
A0 (et mud, {2V} ) = =(27)* 2484 (k)Sas ((m/ - m)e (Wemt 4

1712 k2 —(k2+m? 6.1.55
mz(l_k2+m (1= + ( )
t

+ j G, (ks 1,0 ), (k. 1)t
0

+Qm) 185400 -

A (ots iy {2} ) = [ (lots i {2} ) |

” i k kv’ —(K2am?
a(0) (kt UM {x,,<0>}> (2r) ;(fl54(k)50b(5w/ - kzﬁ; o )e Km?)r _

2 k2 2 2
_(277)2%Z§4(k) kzn-f- — (1 )(1 _ o WPm )z) n (6.1.56)

k? +m?

t
4 j G, (ks 1, Y (h, K, 1)l

Apendix1.Two point function of the free scalar fields.
Main properties.

Gyt —xzim) = @) * [ dPh-E5"2
o M)

where d”k = dkodk: « « «dkp1, k| = (220 1)

In spherical coordinate system with » = |k| = (Zizo k?) l/z,gol- angle between vector
x1 —x2 and vector k£ we obtain



Geayrlri —xasm) = @m) ™ [ dk-e2 —
k> + m?

2

(2n) 4_”_[_[ el xj:rcosm x ridrsin?@, sin@adg de,dos =
0000 rt+m @)

\xl—xz\erOS(p]

X r3drsin>Q1do,.
7r(27r)3/2F(3/2) ” 4 1o

Note that

T

J e singud, = 2 wrm LU =L, &)
2
0
where J(z) is the Bessel function of the first kind, integer order 1, (see Definition 1)
and

0

2
j LG = x| )dr = mK (= xa]), (4)

where K (z) is the modified Bessel function of the second kind, integer order 1, (see
Definition 2) and where we used formula 6.566.2 of [12]. Thus finally we get

Gayr(x1 —x2) = limew(@p(x1,7;0)9(x2, T;0)) =

l X1—X2 5
Q2r)>2 jd‘*k ) (2n)—2( " )Kl(m 1 —x2)). )
where K is the modified Bessel functions of the second kind, integer order 1.
Definition 1. The Bessel function of the first kind J,(z), integer order 1 is defined by
the power series:
( 1) 2\ 21
i) = Zk'(k+1)'<2> : ()
where z € C.For z - 0 we have:
Ji(z) = z/2. (7)
Definition 2.The modified Bessel functions of the first kind /,(z) with v € R and
z € C are defined by the power series
i 1 2k+v
L) = Z T+ DEGi+v+1) (3) ®)

The modified Bessel functions of the second kind K, (z) are defined by



7[ 1,(z)-1, (z) )

Ky (Z) sinvr

Remark 1. Note that

1.K,(m|x|) = —1n(m7) y as mlx| - 0,v = 0,
2.K,(mlx|) = ( 2 ) as mlx| - 0,v > 0,
3.Kimp)) = L as mix| - 0, o

For z - o with |arg(z)|< 7/2 and for any v we have :

K,(z) = ‘/21% e,
1

e—m\x|

Ki(mlx|) =
m|x|

where v is the Euler—Mascheroni constant. From Eq.(5) and Eq.(10) we get

Gur(x1 —x2) = liMexo(@(x1, 7, 0)9(x2,7;0) ) =
lk(X] —x7)

11
@r)? [ = @y (2 )Ry =2 = ) 2 b

Figure 3.2.1.Plot of the modified Bessel functions of the
second kind,integer order 0,1,2.

Definition3.
Gyr(x1 = x2) = limew(p(x1,7; 0)P(x2,7;0)) =

- ik(x1-x2) (12)
= 2n)? | dPk< :
(2m) I k* + m?

The integrand in Eq.(12) is not radial but one can choose a frame where



kuxt = —krcos®, k= |kukH= /Zf; k2, = x| = /Zle x2,u=1,2,...,D and the

angular integral
reads

v[dle e i = Qp J‘”de(sine)p—zeikrcosg
O 51 (13)
) QD_lﬁF(DT_IX%) C Jo k),

where Qp = 27P2/T'(D/2) is the volume of the unit D-ball. In the last line we used
formula 3.915.5 of [12] Then,

Gtkm) = T(2)(2)* [ 7 arrt 10206015 ). (14)

Now we take the massive propagator in momentum space:

) — r(%) 2\T m T
Golkm =-55(3) (%)
()
o 2 15
xjg drrK%_l(mr)J%_l(kr) == —m‘zF(%,l;%;—#) = (15)
___ 1
k> +m?
where we used formula 6.576.3 and formula 9.121.1 of [12] with D = 4, and F'is the
hypergeometric function
o Ila+m)I'(b+n) T(c) g

Flabiess) = 3 T(@I(®) T(c+n) n- (16)

Remark 2.Note that when D = 4, we exactly obtain massive propagator G4)(k;m) in
momentum space, see Eqgs.(1-5).

Remark 3. If D > 5 Definition 3 no longer holds, since integral in RHS of Eq.(12)
diverges as [¥'| ',k - o since the estimate (17) holds

D eik(xl_XZ) N ® D_»
[a K jo k| 52k, (17)
Remark 4. In order to avoid these difficultness mentioned above, we replace Eq.(12)

in
def.3 by the weak limit taiken in space £'(R?),D > 5

e—n‘k|+ik(x 1 —xz)

Gyr(x1 —x2) = w-limyo, Gy (k;m,n) = w-limyo, Ide 21 m2 (18)

n>0

Notice the definition by Eq.(18) is correct since in space £'(R?) :

w-limy.o, e ™2 +m?) ™ = (k2 + m*) ™", (19)



and [(k? + m?) ™ dPk < oo,

Apendix 2.Correlation functions for the (1¢*), scalar
theory in canonical Parisi and Wu stochastic

quantization.

In this section we will analyze the canonical stochastic quantization for the (1¢p*),
self-interaction scalar theory in comparison with double stochastic quantization for
the (1¢*), scalar theory. In this case the Langevin equation reads

20(r.x) = ~(A+md)p(r.x) — 7 (@.3) + n(T.). 2.1)

The two-point correlation function associated with the random field is given by the
Einstein relation, while the other connected correlation functions vanish, i.e.,
The two-point correlation function associated with the random field is given by the
Einstein relation, while the other connected correlation functions vanish, i.e.,

(n(r1,x0)n(r2,x2).. . N(T2%-1,%2%1) )y = 0, (2.2)
and also

M(T1,x1).. (T2 o = 22 M(@1,x0N0(2,%2) Yl (T, XN (@1, %1) V- - - (2.3)
where the sum is to be taken over all the different ways in which the 2k labels can be
divided into k parts, i.e., into & pairs. Performing Gaussian averages over the white
random noise, it is possible to prove that perturbatively [6]

ID[¢]¢(XI)¢(X2). o 0(xy) =S5

| Dlg1es®

where S(¢) = So(p) + Si(p) is the d-dimensional action. This result leads us to
consider

the Euclidean path integral measure a stationary distribution of a stochastic process.

Note that the solution of the Langevin equation needs a given initial condition. As for

example

iMoo @(T1,X1)Q0(72,X2). .. @(T1,Xn) )y = , (2.4)

@(7,x)[=0 = @o(x). (2.5)
Let us use the Langevin equation to perturbatively solve the interacting field theory.
One way to handle the Eq.(2.1) is with the method of Green’s functions. We defined
the retarded Green function for the diffusion problem in the Eq.(2.1). Let us assume
that the coupling constant is a small quantity. Therefore to solve the Langevin
equation
in the case of a interacting theory we use a perturbative series in 1. Therefore we
can
write



o(1,x) = 0O(z7,x) + LoV (7,x) + 120D (1,x) +... (2.6)

Substituting the Eq.(2.6) in the Eq.(2.1), and if we equate terms of equal power in 4,
the resulting equations are

[+ Cacemd) o0 = ne. e.7)
[ s et md) o) =~ (000, e.8)
|:8_a7,' + (_AX + m%):|<P(1)(T,x) = _%((p(O)(Tax))S’ (29)

and so on. Using the retarded Green function and assuming that ¢ (z,x)|,— = 0,
V g, the solution to the first equation given by Eq.(2.7) can be written formally as

0O (r,x) = j; dr' jQ dx' G(r —t',x —x")n(t',x"). (2.10)

The second equation given by Eq.(2.8) can also be solved using the above result.
We obtain

eWD(r,x) = —% J.T dr, J. dix1G(t —t1,x —x1) +
ShoTe 2.11)
+(J‘T1 dr’j d‘x' G(r, — ', x —x’)n(r’,x/))3.
0 Q

We have seen that we can generate all the tree diagrams with the noise field

contributions. We can also consider the n-point correlation function

(o(t1,x1)0(T2,X2)...90(TH,x4) )n. Substituting the above results in the n-point
correlation

function, and taking the random averages over the white noise field using the

Wick-decomposition property defined by Eq.(2.3) we generate the stochastic
diagrams.

Each of these stochastic diagrams has the form of a Feynman diagram, apart from
the

fact that we have to take into account that we are joining together two white random

noise fields many times.

As simple examples let us show how to derive the two-point function in the zeroth
order

(go(rl,xl)(p(rz,xz))%o), and also the first order correction to the scalar
two-point-function

given by (o(z1,x1)(12,x2))4". Using the Eq.(2.10) and the Einstein relations we
have

(p(r1,x1)p(12,x2))} =

min(71,7 »12
ZJ-O (71, z)jdrl IQ déx' G(T1 —T/,xl —x’) G(Tz —f’,X2 —x’), ( )



which is just Eq.(2.13). For the first order correction we get:

(p(X1)(X2))) = —E-( [ axs [ axa(Go - XG0 - x3) +

(2.13)
3
G = X3)G X - X)) ([ s GXa = Xsm(xs) ) )y
where, for simplicity, we have introduced a compact notation:
[“dar| dx = | dx, (2.14)
0 Q

and also ¢(7,x) = ¢(X) and finally n(z,x) = n(X).

The process can be repeated and therefore the stochastic quantization can be used

as an alternative approach to describe scalar quantum fields. We stress here that
the

stochastic quantization is based in the fact that although one starts with the system

out of equilibrium, the Markovian Langevin equation forces it into equilibrium.

Moreover, when the thermodynamic equilibrium is reached, the stochastic
expectation

values will coincide with the Schwinger functions of the Euclidean field theory.

X
ek

Figure1:Perturbative expansion for the scalar field
where crosses denote noise fields.

) (/%\;
(o= ——— + *
T1 L 1 T2

1 T2

(a) (b) (c)

Figure2:The corrections up to one-loop to the
two-point correlation function.



We can represent Eq.(6) graphically as figure (1) (the random noise field is
represented by a cross). Using this diagrammatical expansion, it is possible to show
that the two-point correlation function up to one-loop level is given by figure (2), where
we represent the retarded Green function by a line and the free two-point function by a
crossed line. The rules to obtain the algebraic values of the stochastic diagrams are
similar to the usual Feynman rules. For instance the two-point function at one-loop
level is given by

b) = —% 34k, + k2) [ dk f " dr Gl ) — 1)DUk: 7. 7) DUk T, 7). 2.15)
0

(c) = —% 5k, + kz)f al“’kJ‘T2 dt G(ky;t2 —1)D(kyt,7)D(k1;71,7T). (2.16)
0

A simple computation shows that we recover the correct equilibrium result at equal
asymptotic Markov parameters (t1 = 72 > o):
d
Blmes =~ 890k1 + I ! k. 2.17
Olere ) Gy R T | e @17
Obtaining the Schwinger functions in the asymptotic limit does not guarantee that
we
gain a finite physical theory. The next step is to implement a suitable regularization
scheme. A crucial point to find a satisfactory regularization scheme is to use one that
preserves the symmetries of the original model. In the stochastic regularization
method the symmetries of the physical theory is maintained. There are in general two
different ways to implement the stochastic regularization. The first one is to start from
a Langevin equation with a memory kernel. It is known from the literature [9] that this
method can at best only remove two degrees of divergence. Another possibility is to
smear only the noise field in the probability functional [10]-[11]:

[ DInFle exp[——jd [dr j.dr/n(r,x)K,’\ln(r/,x)}

VLol = J'D [n exp[—z Iddxjdrjdr’ n(r,x)K,‘\ln(r’,x)} ’ @19
where K, is a memory kernel. In this case we change the Einstein relations of the
noise
field to:
(n(z,x)n(@',x") )y = 2Ka(z,7"%(x — x"). (2.19)
The smearing function should be chosen such that, when A - oo:
}\ingA(T—T/) =6(t-1'), (2.20)

recovering the usual theory.
Since the Langevin equation is unaffected by the stochastic regularization, the

physical field is the same as in the regularized case. However, the zeroth-order
two-point correlation function is given by:



D(k;t,7') = 269k + k) [“ds [* ds' Gz = 5) Gk 7' — 'YK (s — 5') =
Srone (2.21)
25d(k+k/)f;dsj(: ds'exp[-(t+ 17 —s—s? +m})]Kp(s — 5).

It is possible to prove that a necessary condition that the regularization function K
should satisfy in order to render the divergent loops finite is Ko(z) |-0 = 0. The
following series of kernels obeying this condition were proposed:

K@) = 50 A2 A2 | 7 [)rexp[-A% | 7 ], (2.22)
For the case n = 0 we obtain, for the free two-point correlation function:
: 0k + k') A2
limD(k;7,7) = . 2.23
ImDIT.T) = o ) (N v k% % mid) (2.23)

Since the stochastic diagrams contains crossed lines in its loops, we have that the

ultraviolet divergences can be regularized choosing an appropriate n. Note that it is

possible to use a different regulator of the type K,(7) = % ot .

We now return to ¢3 theory. To first order in 4, and in momentum space, the two
point

function in Euclidean space is

L =A 1
Gp,—p) = T O @n) i )(p2+m2>+0(,12). (2.24)

Let us define now by p2., the effective or renormalized mass (squared) such that

1 1 A 1 1
p +Mren p + m? {1_ (-[ (277;) p + m?2 )(p2+m2)+0(12)}. (225)

Again, to first order in 1, we can write the equivalent equation

G(p,—p) = 1 1 + O(12). (2.26)
p>+m +_-[ (27T)p + m?

This equation leads us to define p2., by

_ A 1 — 2 2 22
Wien = m? + -“(27r)p ) = m* +om-, (2.27)

and the quantity p,.n represents the physical (or renormalized) mass of the particle.
Thus, the interaction changes the mass of the particle. However ém? = « since that

J‘(27r)p +m? j q ‘] ZJ:qdq:oo. (2.28)

This is an example of a typical “ultraviolet” dlvergence in canonical perturbative
expansion in quantum field theory.

Apendix. 3.Generalized Banach fixed-point theorem.



Theorem 3.1. [15] Let (X,d) be a complete metric spaceand T : X - X be a
contraction

mapping with the Lipschitz constant a € [0,1). Then:

(1) T has a unique fixed point x in .X.

(2) For an arbitrary point xo € X, the sequence (x,)..generated by the Picard

iteration
process (defined by x,.1 = T(x,),n € NU {0}) converges to x.
(3) d(xs, %) < 101"a d(xo,x) forall n e N,
Definition 3.1. [15] We say that x € X is a contractive fixed point (abbr. CFP) of T if
x = T(x) and the Picard iterates 7,(x) converge to x as n - oo for all x € X.
The operator T from Definition 3.1 became known as a Picard operator (shortly PO),
Definition 3.2. We say that ¥ € X is a quasy contractive fixed point (abbr. QCFP) of

if x = T(x) and there is an xo € X such that the Picard iterates 7, (xo) converge to

xXasn — oo,

Definition 3.3.The operator 7 from Definition 3.2 became known as a quasy Picard

operator (abbr. QPO)

Theorem 3.2.(Generalized Banach fixed-point theorem). Let (X, d) be a complete
metric

space and T : X - Xis continuous.Assume that there is an y, € X such that the

inequalities are satisfied

d(y1,y0) = d(T(yo),y0) < a x const,
dy2,y1) = d(T(1),T(ro)) < ad(y1,»0),
d(ys,y2) = d(T(y2), T(y1)) < ad(y2,y1),

G.1)

where a < 1, y, = T(y»,—1). Ten there is a quasy contractive fixed point x of 7, such
that the Picard iterates 7,(yo) convergetoy € Xas n - «.
Proof. From inequalities (3.1) we obtain

dy1,y0) = d(T(»0),y0) < a x const,
dy2,y1) = d(T(1),T(vo)) < ad(y1,y0),
d(ys,y2) = d(T(r2),T(y1)) < ad(y2,y1) < a?d(y1,y0),

(3.2)



From inequalities (3.2) by using triangle inequality we obtain for some ¢ <« 1

d(yn,yn+m) < d(yn,yrH—I) + d(yn+l ,yn+2) +.. ~+d(yn+m—1,yn+m) <

< (a" +a™! +... 4™ Nd(y1,y0) = an%d(yl,yo) < (3.3)

a}’l

< I —a di,y0) < €.

Thus a sequence {y,}, < X is a fundamental sequence in X and there is exists
lim,-»y, =y € X. We assume now that 7(y) = y, by using triangle inequality we
obtain

d@,y) <d@,yn) +dWn,yne1) + dQne1,y)- (3.4)
For any ¢ > 0 we can choose N = N(g) such that forany n > N
() d3,yn) < €/3,since thatis y = lim,e 5
(i) dWn,yns1) < €/3,since that {y,}~, < Xis a fundamental sequence;
(iii) dWns1,7) = d(T(vn), T(®)) < €/3,since that is lim,.. T(y,) = T(lim,.0y,) = T(F).
Therefore for any € such that 0 < € < ¢ : d(7,y) < € it follows that d(3,¥) = 0 and
consequently y = .

Apendix. 4.1.Integration over random interval.

Definition 4.1.1.Let g, (w) and ¢,(w) are R- valued random variables defined on a

probability space X = (Q,F,P),i.e., g12(w) : @ - R.Assume that

a.s.—» < ¢1(w) < g2(®) < .

Let Z(Z,R) be a set of the all R- valued random variables defined on a probability
space

¥ = (Q,F,P).Closed random interval [¢,(w),g2(®)] that is a subset

[q1(®),q2(w)] < E(Z,R) such that - < ¢1(®) < g2(®w) < o and

Vg(@){q9(w) € [q1(0),92(0)] = {g9(0) € EE,R)|a.5.(q1(0) < g(0) < q2(0))}} (4.1.1)
Definition 4.1.2. The lengths I([¢:(®w),g2(®)]) of the random interval [¢:(®),q2(®)]
is defined by

I(Iq1(w),g2(®)]) = esssupgs(w), (4.1.2)
where g3(0) = ¢q2(0) — g1(®).
Notation 4.1.2. Assume that a.s.q(w) < ¢2(®). Then we will write: g, (@) < ¢2(®).
Assume that a.s.q1(w) < g2(w). Then we will write: ¢, (0) < ¢2(w).
Definition 4.1.3. A partition P of a closed random interval [¢:(®),¢2(®)] is a finite
system of random variables xy(®),...,x,(®) such that
g1(®) =xo(w) < x1(@) <...xp-1(®) <x,(®) = g2(®).
The closed random intervals [x,-1(®w),x:(®)], (i = 1,...,n) are called the intervals of
the partition P.
Definition 4.1.4.The largest of the lengths of the intervals of the partition P, denoted
A(P), is called the mesh of the partition.



Definition 4.1.5. We speak of a partition with distinguished points (P, &) on

the closed random interval [¢:1(®),q2(w)] if we have a partition P of [¢1(®w),g2(®)]

and a point &, (o) € [x-1(w),x;(w)] has been chosen in each of the intervals of the

partition [x,_1 (®),x:(®)], (i = 1,...,n).

We denote the set of points (&;(®),...,&.(@)) by the single letter £(w).

Definition 4.1.6. In the set P of partitions with distinguished points on a given
random

interval [¢1(w),q2(w)], we consider the following base

B = {B;}. The element B,;,d > 0, of the base B consists of all partitions

with distinguished points (P,¢&) on [¢:1(®),q2(w)] for which A(P) < d.

Proposition 4.1.1. Let us verify that {B,},d > 0 is actually a base in P.

Proof.First B, + &. In fact, for any number d > 0, it is obvious that there exists

a partition P of [¢1(w),g2(®)] with mesh A(P) < d (for example, a partition into n

congruent closed random intervals). But then there also exists a partition (P,&(w))
with

distinguished points for which A(P) < d.

Second, if d; > 0,d>» > 0, and d = min{d,,d>}, it is obvious that B;, N By,

= B, € B.Hence B = {B,} is indeed a base in P.

Definition 4.1.7. (Random Riemann Sums) (i) If a function /: E(Z,R) - E(Z,R) is

defined on the closed random interval [¢1(®),q2(®)] and (P,&(w)) is a partition with

distinguished points on this closed random interval, the sum

olf,P.é@)] = D flE@)Axi(@), (4.1.3)
where Ax;(w) = x;(®) — x-1 (), is the random Riemann sum of the function
f: E(CZ,R) > E(Z,R) corresponding to the partition (P, &(w)) with distinguished
points on [¢1(®w),q2(®w)]. Thus, when the function f'is fixed, the random Riemann sum
olf,P,&(w)] is a function ®(p) = o[f, P] on the set P of all partitions p = (P,&(w)) with
distinguished points on the closed interval [¢:(®),¢2(®)].
Since there is a base B in ﬁ, one can ask about the limit of the function
®d(p(w)) over that base.
(i) If a function f': Q x E(Z,R) - E(Z,R) is defined on the closed random interval

[q1(®),q2(w)] and (P,&(w)) is a partition with distinguished points on this closed
random interval, the sum

olf,P.E@)] =D flo,&(@))Axi(), (4.1.3")
where Ax;(w) = x;(w) — x-1 (), is the random Riemann sum of the function
f: QxE(EZ,R) > E(XZ,R) corresponding to the partition (P, &(w)) with distinguished
points on [¢1(®w),q2(@w)]. Thus, when the function /' : Q x [¢1(w),q2(0)] - E(Z,R) is

fixed, the random Riemann sum o[f,P,&(w)] is a function ®(p) = o[f, P] on the set P
of



all partitions p = (P,&(w)) with distinguished points on the closed interval
[q1(®),q2(0)].

Definition 4.1.8. ( Riemann Integral on a random interval)

(i) Let/: E(Z,R) - E(Z,R) be a function restricted on a closed random interval

[q1(®),q2(0)].

The random variable /(w) is the Riemann integral of the function

f:E(E,R) > E(Z,R) on the closed random interval [¢1(w),q2(w)] if for every ¢ > 0

there exists 6 > 0 such that

as.: |I(a)) —Zizlﬂéi(w))Ax[(a))| <e (4.1.4)
for any partition (P,&(w)) with distinguished points on [¢1(®),¢2(@)] whose mesh
A(P)
is less than 6.

(i) Let f: Qx E(EZ,R) - E(Z,R) be a function restricted on a closed random interval

[¢1(@),q2(@)] such that /- Q x [g1(@),q2(®)] - E(E,R).

The random variable I(w) is the Riemann integral of the function

f: QxE(E,R) > E(Z,R) on the closed random interval [¢1(w),q2(®)] if for every
e>0

there exists 6 > 0 such that

as.: |I(w) —Z;ﬂw,ﬁi(a)))mi(a))| <e. (4.1.4"

Since the partitions p = (P,&(w)) for which A(P) < ¢ form the element B;

of the base B introduced above in the set P of partitions with distinguished
points, Definition 4.1.8 is equivalent to the statement

a.s.: (o) =lim ®(p(w)). (4.1.5)
B
that is, the integral /() is the limit over B of the Riemann sums of the function
fcorresponding to partitions with distinguished points on [¢:(®),¢2(®)].
It is natural to denote the base B by A(P) — 0, and then the definition of the

Riemann
integral on a random interval can be rewritten as

a.s.: () = lim Zzlf(éi(a)))Axi(w),
AP)-0 n' (4.1.6)
a.s.: (@) zl%;r)rio Z,-zl Ao, E(w)Axi(w).

Notation 4.1.2.The integral of f{x(®)) (lw,x(w))) over [q1(®w),qg2(®w)] is denoted



q2(@)

[ fxt@)an)),
q1(@)

4.1.7)

92(®)

[ flo.x@)dlx@)],

q1(@)

in which the random variables ¢ (®) and ¢.(w) are called respectively the lower and
upper limits of integration. The function f'is called the integrand, f{x(®))d[x(®)]
(lo,x(w))d[x(w)]) is called the differential form, and x(®) is the random variable of
integration. Thus

q2(@)

as: | fx(o)dlx(@)] = lim > fEi@)Axi(e),
q1(®) (4.1.8)

92(w)
asi | flox@)dx@)] = lim 3" flo.é()Ax(@)

q1(®)
Definition 4.1.9. A function f: Q x E(Z,R) - E(Z,R) is Riemann integrable on the
closed interval [¢1(®),q2(®)] if the limit of the Riemann sums in (3.1.8) exists a.s.as
A(P) - 0 (that is, the Riemann integral of f'is defined).
Notation 4.1.3.The set of Riemann-integrable functions on a closed random interval
[q1(®),q2(w)] will be denoted R[q(®),g2(®)]
By the definition of the integral (Definition 4.1.8) and its reformulation in the forms
(4.1.5) and (4.1.8), an integral is the limit of a certain special function
d(p(w)) = o[f,P,&(w)] the random Riemann sum, defined on the set P of partitions
p(w) = (P,&(w)) with distinguished points on [¢1(®),¢2(®)]. This limit is taken with
respect to the base B in P that we have denoted A(P) - 0.
Thus the integrability or nonintegrability of a function fon [¢:(®),q2(®)] depends
on the existence of this limit. By the Cauchy criterion, this limit exists a.s., if and only
if for every ¢ > 0 there exists an element B;s € B in the base such that

a.s.. | (@' (0)) -o@"(0))| < ¢ (4.1.9)

for any two points p'(w),p" (@) in Bs. In more detailed notation, what has just been
said means that for any ¢ > 0 there exists 6 > 0 such that

a.s.: [o[f,P,E&(w)] - olf,P,E(@)]| < € (4.1.10)

or, what is the same,
n' / nll / /
as.: |2 fo.@)axi@) - 37 flo.gl@)Ax @) <o (4.1.11)
for any partitions (P',&'(w)) and (P",&"(w)) with distinguished points on the random



interval [¢(w),q2(w)] with A(P") < § and A(P") < §.
Proposition 4.1.2. A necessary condition for a function f{w,x(®)) defined on
Q x [¢q1(w),q2(w)] to be Riemann integrable on [¢,(®),g2(®)] is that f be bounded
a.s.onQ x[gi(w),q2(w)].
Proof. If fis not bounded a.s. on [¢1(®w),¢2(®w)], then for any partition (P, &) of
[q1(®),q92(w)] the function fis unbounded on at least one of the intervals
[xi-1(w),x;(w)] of (P,&). This means that, by choosing the point
Si(w) € [xim1(w),xi(w)]
in different ways, we can make the quantity |f{w,&;(®))Ax:(w)| a.s. as large as
desired.
But then the Riemann sum Zj_lj(a),i;i(a)))Axi(a)) can also be made as large as

desired in absolute value by changing only the point &;(w) in this interval.
We agree that when a partition P
g1(®) = xp(w) < x1(@) <...xp-1(®) < xp(0) = g2().

is given on the closed random interval [¢;(®),q2(®)], we shall use the symbol A;(w)
to

denote the interval [x.; (®),x;(w)] along with Ax;(®) as a notation for the difference

xi(w) —xi-1 (o).

If a partition P* of the closed random interval [¢:(w),¢2(w)] is obtained from the

partition P by the adjunction of new points to P, we call P* a refinement of P.

When a refinement P* of a partition P is constructed, some (perhaps all)

of the closed random intervals A;(w) = [xi1(®),x;(w)] of the partition P themselves

undergo partitioning: x;-1 (@) = x,(®) <...< x;, (@) = xi(®). In that connection, it will
be

useful for us to label the points of P* by double indices. In the notation x; () the

first index means that x; (w) € Ai(w), and the second index is the ordinal number of

the point on the closed random interval A;(w). It is now natural to set Ax; (w)
=X T X

and Al-j.(a)). Thus Ax,(a)) = Ax,-l(a)) +.. .+A)Cl'"]_ (60)

As an example of a partition that is a refinement of both the partition P’

and P" one can take P* = P' U P", obtained as the union of the points of the

two partitions P' and P".

We recall finally that Q(f{w,x(w)),E,®") denotes the oscillation of the function flw,x)
on

the random set E(w), that is

Qflw,x(w)),E(w)) = sup fo,x1(0)) — Aw,x2(0))|. (4.1.12)
a.s.: x1,(@)x2(0)eE(w)
In particular, Q(flw,x(w)),A;(w)) is the oscillation of f{w,x(w)) on the closed random
interval  [xi1(®),x;(®)].



This oscillation is necessarily a.s. finite if f{w,x) is a.s. bounded function of variable
X

Proposition 4.1.3. A sufficient condition for a.s. bounded function f{w,x) to be

integrable on a closed random interval [¢:(®),¢2(®)] is that for every & > 0 there
exist a

number 6 > 0 such that

D Q(0.x(®), A(@)Axi(w) < & (4.1.13)

for any partition P of [¢:(®),q2(®)] with mesh A(P) < o.

Proof Let P be a partition of [¢,(®),g2(w)] and P* a refinement of P. Let us
estimate

the difference between the random Riemann sums o(f, P*,E*) — o(f, P, £). Using the
notation introduced above, we can write

o(f,P*,EX(0)) - o(f,P,E())| =
DD .8y (0)Ax () - Y flo,éi(w)Axi(o)
i=1

=l j=1

n n;

DD .8 (@)Ax () - Y flo,éi(w))Ax (o)
i=1

=1 j=1

DD fw.é (@) - flo,&i())]Ax; (o)

<
Pl (4.1.14)
DD If,&,(@)) —flo,&i(@))]|Ax, (@) <
=1 j=1
22 Qf0,x(0)), Ai(@))Ax; (@) =
=1 j=1
2 2(fl0,x(0)), Ai(@))Axi(@).
i=1
In this computation we have used the relation Ax;(0) = ZJ’.’:"I Ax;(w) and the
inequality
a.s.: flo,éi(0)) - flo,&i(w))| < Qflo,x(w)),Ai(w)), (4.1.15)

which holds because a.s.: & (w) € Aj(0) < Aj(w) and a.s.: &i(w) € Aj(w).

It follows from the estimate for the difference of the random Riemann sums that
if the function satisfies the sufficient condition given in the statement of
Proposition 4.1.3, then for any ¢ > 0 we can find 6 > 0 such that

a.s.: lo(f,P*,E*()) — o(f,P,E(w))| < &2 (4.1.16)



for any partition P of [¢,(®),q2(w)] with mesh A(P) < &, any refinement P* of P,

and any choice of the sets of distinguished points £(w) and E*(w).

Now if (P',&") and (P",&") are arbitrary partitions with distinguished

points on [¢1(®),q2(w)] whose meshes satisfy A(P') < § and A(P") < §, then, by
what

has just been proved, the partition P* = P’ U P", which is a refinement of both of
them,

must satisfy

a.s.: |o(f,P*,E%(w)) - o(f,P, & (@))] < &/2,

(4.1.17)
a.s.: lo(f, P*,E*(w)) —o(f,P",E" (w))| < /2.
It follows that
lo(,P', & (@) —o(f,P".&"(0))| < &, (4.1.18)
provided A(P') < 6§ and A(P") < &. Therefore, by the Cauchy criterion, the
limit of the random Riemann sums exists a.s.:
as.: 3 lim D flo,&())Ax(w), (4.1.19)

AP0 “=

thatis f e R[gi1(®),q:2(w)].

Definition 4.1.10. (i) A function flo,x(®)) : Q x E(Z,R) - E(Z,R) is a.s. continuous

at point xo(@) € [q1(w),g2(w)] if

1.fw,x0(w)) is defined, so that xo(w) is in the domain of flw,x(w)).

2. liMy()oxo(0) Lo, x(@) ) a.s. exists for x(w) in the domain of flw,x(®)).

3. a.s.: limy(g)ox, () 0, x(®)) = lo,x0(®)).

(ii) A function flo,x(w)) : Q x E(Z,R) - E(Z,R) is a.s. continuouson on the closed

random interval [¢1(®),q2(®)] if {w,x(w)) is a.s. continuous at any point

x(@) € [q1(®),92(0)]

Notation 4.1.4.The set of a.s. continuous functions on a closed random interval

[q1(®),q2(w)] will be denoted C,;5[q1(®),q2(®)]

Definition 4.1.11.

Corollary 411, flo,x(w)) € Cus[q1(®),q2(®)] = flo,x(®)) € R[q:1(®),q2(®)], that
is,

every a.s. continuous function flo,x(w)) on a

closed random interval [¢1(®w),q2(®)] is integrable on that closed random interval.

Proof. If a function is continuous on a closed random interval, it is a.s. bounded
there,

so that the necessary condition for integrability is satisfied in this case. But

a.s. continuous function on a closed random interval [¢:(®),g2(®)] is uniformly a.s.

continuous on that interval. Therefore, for every € > 0 there exists 6 > 0 such that



a.s.: Qflo,x(0)),A(w)) <

Alw) < [q1(®),q2(0)]
of length less than 6. Then for any partition P with mesh A(P) < 6§ we have that

& on any closed interval
7(@) — 1 () Y

' n ‘ g - . =
a.s.: ;Q(f(a),X(CO)),Az(CO)) < Q2(a)) —ql(a)) ;A,(CO) (4. 1.20)
_ el -q1(@)] _ e

q2(®) — q1(®) '

By Proposition 3.1.3, we can now conclude that ' € R[q1(®),q2(®)].

Corollary 4.1.2. If a.s. bounded function fon a closed random interval [¢:(®),g2(®)]
is a.s. continuous everywhere except at a finite set of random points x;(w),i = 1,....k
then /e Rgi(w),92(0)].

Proof. Let a.s.: Q(f(w,x(®)),[q1(®),q2(®)]) < C < oo, and suppose f has k points of
discontinuity on [¢:(®),¢2(®)]. We shall verify that the sufficient condition for
integrability of the function f'is satisfied.

For a given & > 0 we choose the number 6, = ﬁ and construct the

o1-neighborhood of each of the & points of a.s. discontinuity of fon [¢:(®),g2(®)].
The

complement of the union of these neighborhoods in [¢:(®),g2(®w)] consists of a finite

number of closed random intervals, on each of which f'is a.s. continuous and hence

a.s. uniformly continuous. Since the number of these intervals is finite, given ¢ > 0

there exists 0, > 0 such that on each interval A;(0) = [x;(®),xi-1(@)],i = 2,...,k
whose

length /[[A;/(®)] = xi(w) —xi-1(w) a.s. is less than 6, and which is entirely contained in

one of the closed random intervals just mentioned, on which f'is a.s. continuous, we

have

' | g
a.s.: Qflo,x(w)),Ai(w)) < 2[q2(®) — q1(®)]

We now choose 6§ = min{d;,0, }.Let P be an arbitrary partition of (¢, (), g2(w)] for
which A(P) < 6. We break the sum Z;’:l Q(flow,x(w)),A(w)) corresponding to the

partition P into two parts:
> Qflo,x(0)), Al(0)Axi(@) = 3 Q(flo,x(@)),Ai(0))Axi(0) +
> Q(fl,x(0)), Ai(@))Axi(w).
The sum Z' contains the terms corresponding to random intervals A;(o) of the

partition having no points in common with any of the §,-neighborhoods of the points
of discontinuity. For these random intervals A;(w) we have

' | £
a.s.: Qflo,x(w)),Ai(w)) < 2(q2(0) — q1(w))

(4.1.21)




and so

/ !
a.s.: Qfo,x(®)),Ai(®))Axi(®) < & Axi(w) <
X Qf(,(0)), Ai(@)Axi(0) < 5 sEes 3 Avi(@) .
c ) e 1.
22@) — 31 (@) (¢2(@) —q1(@)) = 5

The sum of the lengths of the remaining intervals of the partition P, as
one can easily see, is at most (6 + 20, +0) < ﬁk = ¢/2C, and therefore

a.s.: Y Qflw,x(®)),Ai(0))Axi(0) < Co= = 5. (4.1.23)

Thus we find that for A(P) < 6 :
a.s.: ). Qflw,x(@)),Ai(w))Axi(0) < s. (4.1.24)

that is, the sufficient condition for integrability holds, and so f € R[g:1(®),q2(®)].
Corollary 4.1.3. Any a.s. monotonic function on a closed random interval
[¢1(w),q2(w)] is integrable on that random interval.

Proof. It follows from the a.s. monotonicity of f{w,x(w)) on [¢1(®w),g2(®)] that

a.s.: 27 Qfleo,x(@)),[q1(0),q2(0)]) = [lw,q2(0)) - fl®,q1(®))|. Suppose ¢ > 0 is
iven. We set §(w) = & We assume

9 ©) = o ga@) - flora1 @)

that a.s.: flo,q2(w)) — flw,q1(®)) + 0, since otherwise fa.s. is constant, and there is

no doubt as to its integrability. Let P be an arbitrary partition of [¢:(®),g2(®)] with
mesh a.s.: A(P) < §(w). Then, taking account of the a.s.monotonicity of f, we have

(3.1.25)

Thus / satisfies the sufficient condition for integrability, and therefore

/€ Rlg1(®),q2(0)].

Remark 4.1.1. A monotonic function may have a (countably) infinite set of
discontinu ities on a closed random [¢(®),¢2(®)Jinterval. For example, the function
defined by the relations

Apendix 4.2.Integration over generalized random interval.
Definition 4.2.1.Letforany w € Q : ¢:(0,0") and g2(w,0') are Q'= Z(Z,R)- valued
random variables defined on a generalized probability space X = (Q,f,ﬁ),i.e.,
Volo € Q = g12(0,0") : Q-Q'= B(E,R)].

Let E(Q, 2,R) be a set of the all Z(X,R)- valued random variables
defined on a probability space ¥ = (Q,é}f,'l;),thus gi12(w,0") € i(Q,Z,R).
Definition 4.2.2.Let ¢, (w,»') and ¢.(w,0') are Z(Z,R)- valued random variables



defined on a generalized probability space ~ = (Q, ?,F),i.e.,

gi2(w,0") : Q- E(Z,R).Assume that a.s.;:—o < g (0,0") < g2(0,0") < .

Let g(Q, >,R) be a set of the all Z(Z,R)- valued random variables defined on a
generalized probability space = = (Q, f,i;)CIosed generalized random interval

[q1(0,0'),q:(0,0')] that is a subset [¢1(w,0'), g2 (0,0')] = E(Q,X,R) such that
a.s..—o < g1(0,0") < g2(0,0") < o and

V(0,0 ){g(0,0") € [qi1(0,0"),9:(0,0")] =

(4.2.1)
{9(0,0") € EE,R)|a.s.(g1(0,0") < g(0,0") < g2(0,0"))}}.

Notation 4.2.1. Assume that a.s.:q1(w,0') < ¢g2(w,»"). Then we will write:

g1(0,0") < g2(0,0").
Assume that a.s.qi(w,0') < ¢2(w,»"). Then we will write:

q1(0,0") < g2(0,0").

Definition 4.2.3.Let E be a separable complete metric space and let X be its Borel
o-algebra. Generalized random measure it is a function u : ¥ - E(X,R), that
satisfies:
(1) |fE1 c Ej, then a.S.Z,Lt(El) < ,Lt(Ez).
(R IfE, €S n=12,..and E;NE; = D (i # ), thena.s..u(U, E,) = 2. u(En).
If we further impose a condition u(Q) = 1, then the generalized random measure
so defined is called the generalized random probability measure and is usually
denoted by P.
Definition 4.2.4.The tuple (Q, S,'f") is then called the generalized probability space.
Suppose (£2,S) and (Q’,S/) are two measurable spaces. The function X : Q - Q'
is called a generalized random element, if for every 4 € S', X-1(4) € S. If the first

measurable space is equipped with a generalized random probability measure '13',
then

the generalized random element X : Q -~ Q' induces a generalized random
probability

measure on the second space (Q',S') and given by P = Pox, called the

generalized random distribution of X.

Definition 4.2.5.If the second measurable space (Q’,S/) is taken to be

(E(Z,R),B=xr)), Where Bz is the Borel g-algebra on Z(Z,R) the function

X() : Q- Q' = (E(Z,R),B=xr)) is called a generalized random variable. For this

case, the generalized random distribution of X is completely determined by the
random

distribution function defined as

Fe)(x(0,0")) = P(X(0) < x(0,0')) (4.2.2)



Definition 4.2.6. The lengths [([¢:(®w),g2(®)]) of the random interval [¢;(®),q2(®)]
is defined by

I([q1(w,0"),q2(0,0")]) = esssupg3(w, o), (4.2.2)

where g;(0,0") = g2(0,0") - g1(0,").
Notation 4.2.2. Assume that a.s.q(w,0') < g2(w,»"). Then we will write:

g1(w,0") < g2(0,0").
Assume that a.s.qi(w,0') < ¢2(w,»"). Then we will write:
71(0,0") < ¢2(0,0").

Definition 4.2.7. A partition P of a closed random interval [¢1(w,0"),q2(0,0')] is a
finite system of random variables x(w,®"),...,x,(w,»") such that

g1(0,0") = xo(0,0") < x1(w,0'") <...x,1(0,0") < x,(0,0") = g2(0,0").

The closed random intervals [x,-1(®w),x:(®)], (i = 1,...,n) are called the intervals of

the partition P.

Definition 4.2.8.The largest of the lengths of the intervals of the partition P, denoted

A(P), is called the mesh of the partition.

Definition 4.2.9. We speak of a partition with distinguished points (P,¢) on

the closed random interval [¢,(w,0"),q.(w,®")] if we have a partition P of

[q1(0,0"),q:(0,0")]and a point & (w,0") € [x1(w,0"),x:(w,»")] has been chosen in

each of the intervals of the partition [x._ (0, 0"),x:(0,0")], (i = 1,...,n).

We denote the set of points (& (w,®"),....E(w,0")) by the single letter (o, 0").

Definition 4.2.10. In the set P of partitions with distinguished points on a given
random

interval [¢(w,0'),92(0w,0")], we consider the following base

B = {B;}. The element B,,d > 0, of the base B consists of all partitions

with distinguished points (P, &) on [¢:1(w,0'),92(w,»")] for which A(P) < d.

Proposition 4.2.1. Let us verify that {B,},d > 0 is actually a base in P.

Proof.First B, + &. In fact, for any number d > 0, it is obvious that there exists

a partition P of [¢1(w,0'),g2(w,®")] with mesh A(P) < d (for example, a partition into

congruent closed random intervals). But then there also exists a partition (P, &(w,0"))
with distinguished points for which A(P) < d.

Second, if d; > 0,d> > 0, and d = min{d,,d,}, it is obvious that B;, N By,

= B, € B.Hence B = {B,} is indeed a base in P.

Definition 4.2.11. (Random Riemann Sums) (i) If a function 1': E(Z,IR) - i(z,ﬂ%) is
defined on the closed random interval [¢1(@,0"),q2(w,»')] and (P,&(w)) is a partition
with distinguished points on this closed random interval, the sum

olf,P,&(w,0")] = Z:;lﬂfi(a),a)’))Ax,-(a),a)/), (4.2.3)



where Ax;(0,0") = x/(0,0") — x-1(0,0"), is the random Riemann sum of the function

f: i(Z,[R%) - §(2,IR§) corresponding to the partition (P, &(w, ')) with distinguished

points on [¢1(w,0"),q2(w,»")]. Thus, when the function fis fixed, the random
Riemann

sum o[f,P,&(w,w")] is a function ®(p) = o[f, P] on the set P of all partitions

p = (P,é(w,0")) with distinguished points on the closed interval [¢1(w,0"),q2(0,0")].

Since there is a base B in P, one can ask about the limit of the function

O(p(w, ")) over that base.

(ii) If a function f: Q x E(Z,R) - E(Z,[R%) is defined on the closed random interval

[g1(w,0"),q2(0,0")] and (P,E(w, ")) is a partition with distinguished points on this

closed random interval, the sum

olf,P.é(w,0")] = Z;f(a”éfi(w,w’))Axi(w,w’), (4.2.3")

where Ax;(w,0') = x/(0,0") —x;-1(0,0"), is the random Riemann sum of the function
f: QxZ(E,R) » Z(Z,R) corresponding to the partition (P,&(w, ")) with
distinguished
points on [¢1(w,®"),q2(w,»")]. Thus, when the function
£ Q% [q1(0),¢:(@,0)] » Z(Q,Z,R)
is fixed, the random Riemann sum c[f, P,&(w, @')] is a function ®(p) = o[f, P] on the
set P of all partitions p = (P,&(w, ")) with distinguished points on the closed interval
[q1(0,0"),q2(0,0")].
Definition 4.2.12. ( Riemann Integral on a generalized random interval)
(i) Let /: E(Z,R) - E(Z,R) be a function restricted on a closed random interval
[91(0,0"),q2(0,0")].
The random variable I(w,®") is the Riemann integral of the function
f: E2(E,R) > Z(Z,R) on the closed random interval [¢1(w,0"),q2(»,0")] if for every
€ > 0 there exists 6 > 0 such that
as.: |I(a),a)’) —Z?Zlf(@(a),a)’))Axi(w,w’)| <ée (4.2.4)
for any partition (P,&(w, ")) with distinguished points on [¢1(w,0'),92(®,®")] whose
mesh A(P) is less than 6.
(i) Let f: Qx E(E,R) - E(Z,R) be a function restricted on a closed random interval
[q1(®),g2(w)] such that /: Q x [¢1(w,0'),q2(0,0")] > ECE,R).
The random variable I(w,®') is the Riemann integral of the function
f: QxZ(Z,R) » Z(Z,R) on the closed random interval [¢1(w,0"),q2(w,0")] if for
every
g > 0 there exists § > 0 such that

as.: |I(a),a)’) —Zilf(a),éi(a),a)’))Axi(a),a)’)| <e (4.2.4")
Since the partitions p = (P,&(w, ")) for which A(P) < & form the element B;



of the base B introduced above in the set P of partitions with distinguished
points, Definition 3.2.12 is equivalent to the statement

a.s.: l(o,0") =lim ®(p(w,0")). (4.2.5)
B

that is, the integral I(w,®") is the limit over B of the Riemann sums of the function

fcorresponding to partitions with distinguished points on [¢1(w,0"),q2(0,0")].

It is natural to denote the base B by A(P) - 0, and then the definition of the
Riemann

integral on a random interval can be rewritten as

a.s.: l(o,0'") = lim Z;]’(éi(a),w'))mi(&w,),

2(P)-0

. (4.2.6)
a.s.: (0 =lim )" flo,é&(0,0))A(0,0").
A(P)~0 =1
Notation 4.2.2.The integral of fix(w,®")) over [¢i(w,0"),q2(w,»")] is denoted
q2(@)
[ fxo,0))dix@,0))],
q1(w)
() (4.2.7)
[ fo.x@.0")dx@.0")].
q1(®)
in which the random variables ¢ (w,®') and ¢.(w,®") are called respectively the
lower and upper limits of integration. The function fis called the integrand,
fx(w,0"))dx(0,0")] is called the differential form, and x(w,®") is the random
variable
of integration. Thus
q2(0,0")
a.s.: J. fx(w,0"))dx(w,0")] = lim Zn fléi(w,0")Axi(0,0"),
o) A(P)=0 i=1
q1(0,0
4.2.8
72(0,0") ( )
as: | flox@oNdxe.o)] =lin 3" fo.é(o0)Ax o).
o) A(P)-0 i=1
q1(0,0

Definition 4.2.13. A function f: Q x E(Z,R) - Z(Z,R) is Riemann integrable on the
closed interval [¢(w,0'),g2(w,»")] if the limit of the Riemann sums in (4.2.8) exists

a.s.as A(P) - 0 (that is, the Riemann integral of f'is defined).

Notation 4.2.3.The set of Riemann-integrable functions on a closed random interval
[q1(w,0"),q2(w,0")] will be denoted R[q1 (0, 0"),g2(w,0")]

By the definition of the integral (Definition 4.2.8) and its reformulation in the forms



(4.2.5) and (4.2.8), an integral is the limit of a certain special function

d(p(w,0')) = o[f.P,&(w,w')] the random Riemann sum, defined on the set P of

partitions p(w,0') = (P,&{(w,")) with distinguished points on [¢;(w,0'),g2(0,®")].

This limit is taken with respect to the base B in P that we have denoted A(P) - 0.

Thus the integrability or nonintegrability of a function fon [¢1(@,®"),q2(®,»")]
depends

on the existence of this limit. By the Cauchy criterion, this limit exists a.s., if and only

if for every ¢ > 0 there exists an element B;s € B in the base such that

a.s.. | (@' (0,0") - 0@"(0,0"))| < ¢ (4.2.9)

for any two points p'(w,0"),p (w,»") in Bs. In more detailed notation, what has
just been said means that for any ¢ > 0 there exists 6 > 0 such that

a.s.: lo[f,P,é(w,0")] — o[, P,é(w,0")]| < & (4.2.10)
or, what is the same,

as: | fo.go0)Ae@0) - X 0.8 o)] <z @211

for any partitions (P, &' (w,0')) and (P",E" (w, ")) with distinguished points on the
random interval [¢; (v, "), g2(0,»")] with A(P") < § and A(P") < 6.

Proposition 4.2.2. A necessary condition for a function f{w,x(w,®»")) defined on
Qx[q1(w,0"),92(0,0")] to be Riemann integrable on [¢,(w,»"),q:(w,»")] is that fbe
bounded a.s. on Q x [¢;(w,0"),q2(0,0")].

Proof. If fis not bounded a.s. on [¢;(w,0"),92(w,»")], then for any partition (P,&) of
[q1(0,0"),q2(w,0")] the function fis unbounded on at least one of the intervals
[xi1(0,0"),x:(w,0")] of (P,&). This means that, by choosing the point

Eilw,0") € [xi1(w,0"),xi(0,0")]

in different ways, we can make the quantity |f{w,&:(0,0"))Ax(0,0")| a.s. as large as
desired.But then the Riemann sum Z;ﬂw,éi(w,a)’))mi(a},m/) can also be made

as
large as desired in absolute value by changing only the point &;(w,®") in this interval.
We agree that when a partition P

g1(0,0") = xo(0,0") < x1(0,0") <...x,1(0,0") < xy(0,0") = g2(0,0").

is given on the closed random interval [¢,(w,0"),q2(w,®")], we shall use the symbol

Ai(w,0") to denote the interval [x,-(w,0"),x:/(w,®")] along with Ax;(0,»") as a
notation

for the difference x;(w,0') — xi-1 (w,0").

If a partition P* of the closed random interval [¢;(w,0'),g2(w,®")] is obtained from
the

partition P by the adjunction of new points to P, we call P* a refinement of P.

When a refinement P* of a partition P is constructed, some (perhaps all)



of the closed random intervals A;(w,0") = [xi-1 (0, 0"),x/(0,»")] of the partition P

themselves undergo partitioning: x; 1 (@,0") = x;(0,0") <...< x;, (0,0") = xi(0,0").

In that connection, it will be useful for us to label the points of P* by double indices.

In the notation x; (w,®") the first index means that x;,(w,0") € Ai(w,0"), and the
second

index is the ordinal number of the point on the closed random interval A;(w). It is
now

natural to set Ax; (w,0") = x;(0,0") —x;, (w,0") and A; (w,0"). Thus
Axi(@,0") = Ax;, (0,0") +.. . +Ax;, (0,0").

As an example of a partition that is a refinement of both the partition P'and P" one
can

take P* = P' U P", obtained as the union of the points of the two partitions P’ and
P".

We recall finally that Q(f{w,x(w,0")),E,»") denotes the oscillation of the function

fAlw,x) on the random set E(w,o'), that is

Q(flw,x(w,0")),E(0,0")) =
sup Aa,x1(@,0") — flo,x2(0,0"))]. (4.2.12)

a.s.: x1,(0,0)x2 (0,0 )eE(w,0")
In particular, Q(flo,x(w,0")),A;(w,0")) is the oscillation of f{w,x(w,®")) on the closed
random interval [x.1(0,0"),x:/(0,®")].
This oscillation is necessarily a.s. finite if f{w,x) is a.s. bounded function of variable
X.
Proposition 4.1.3. A sufficient condition for a.s. bounded function f{w,x) to be

integrable on a closed random interval [¢(w,®'),g2(w,®")] is that for every ¢ > 0
there

exist a number 6 > 0 such that
Zil Qflw, x(0,0")),Ai(0,0")Axi(w,0') < & (4.2.13)

for any partition P of [¢1(w,0"),q2(w,0")] with mesh A(P) < §.

Proof Let P be a partition of [¢1(w,®"),q2(w,®")] and P* a refinement of P. Let us
estimate the difference between the random Riemann sums o(f, P*,EX) — o (£, P, &).
Using the notation introduced above, we can write



o (f, P*.E%(0,0")) - o(f,P,&(0,0'))| =
DD fo,é(@,0)Ax(0,0") = Y flo,éi(0,0')Ax(0,0')

=1 j=1 i=1

33 0,64 (0,0)Ax (0,0) — 3 A, éi(@,0)Av (0,0)

=1 j=1 i=1

DD fo,éi(@,0") ~flo.éi(o,0')]Ax,(0,0)

=1 j=1

<

(4.2.14)

3 S 0.8 (@) — o &i(0)]|Ax (@.0) <

=1 j=1

i Z Q(flo,x(w,0")),Ai(0,0"))Ax; (0,0") =

=1 j=1

DO, x(0,0'),Ai(w,0'))Axi(0,0").
i=1
In this computation we have used the relation Ax;(w,0') = ZJ’.’:"I Ax;(0,0") and the
inequality
a.s.: [flo,éi(0,0")) - flw,éi(w,0"))] < Qflo,x(0,0")),Ai(0,0")), (4.2.15)
which holds because a.s.: () € Aj(0) < Ai(w) and a.s.: &i(w) € Ai(w).
It follows from the estimate for the difference of the random Riemann sums that

if the function satisfies the sufficient condition given in the statement of
Proposition 4.2.3, then for any & > 0 we can find 6 > 0 such that

a.s.: lo(f,P*,t*(w,0")) — o(f, P,é(w,0"))| < €2 (4.2.16)
for any partition P of [¢1(®),q2(w)] with mesh A(P) < &, any refinement P* of P,
and any choice of the sets of distinguished points &(w,0') and é*(o,0").
Now if (P',£") and (P",&") are arbitrary partitions with distinguished
points on [g,(w,®"),q2(w,»")] whose meshes satisfy A(P') < § and A(P") < 6, then,
by
what has just been proved, the partition P* = P' U P", which is a refinement of both
of
them, must satisfy

a.s.: |o(f,P*,t*(w,0")) — o(f, P& (w,0"))| < &/2,

4.2.17)
a.s.: lo(f, P*,t*(w,0")) —o(f,P",£" (0,0"))| < &/2.

It follows that



lo(,P', & (0,0")) —o(f,P",5"(0,0"))] < &, (4.2.18)
provided A(P') < 6§ and A(P") < &. Therefore, by the Cauchy criterion, the
limit of the random Riemann sums exists a.s.:

a.s.: 3 lim Zf(w Ei(,0)Axi(0,0"), (4.2.19)

A(P)-0

thatis / € R[q1(0,0"),q2(0,0")].

Definition 4.2.10. (i) A function flo,x(w,0')) : Q x §(Q, X,R) > §(Q, >,R) is a.s.

continuous at point xo(@, ") € [g1(w,0"),q2(0,0")] if

1.fAw,xo(w,0")) is defined, so that xo(w,®") is in the domain of w,x(w,w')).

2. limy(g)oxy(0) flo, x(@)) a.s. exists for x(w) in the domain of flw,x(w)).

3. a.s.: limy(g)ox, () 0, x(®)) = lo,x0(®)).

(i) A function flo,x(w,0")) : Q x §(Q,Z,[R) - g(Q,Z,[R) is a.s. continuouson on the

closed random interval [¢:(®),q2(®)] if flo,x(w)) is a.s. continuous at any point

x(0,0) € [q1(0,0"),q2(0,0")]

Notation 4.2.4.The set of a.s. continuous functions on a closed random interval

[q1(®),q2(w)] will be denoted C,;[q1(®),g2(®)]

Definition 4.2.11.

Corollary 4.21. flo,x(w,0")) € Cus[q1(0,0"),q:(0,0')] =

Ao, x(w,0")) € R[g1(0,0"),q2(0,0")], that is, every a.s. continuous function
fw,x(w))

on a closed random interval [¢1(w,®'),q2(w,®")] is integrable on that closed random

interval.

Proof. If a function is continuous on a closed random interval, it is a.s. bounded
there,

so that the necessary condition for integrability is satisfied in this case. But

a.s. continuous function on a closed random interval [¢;(w,®"),g2(w,®")] is uniformly

a.s. continuous on that interval. Therefore, for every ¢ > 0 there exists § > 0 such
that

a.s.: Qflw,x(0,0")),AMw,0'")) < —£ — on any closed interval
q2(0,0") — q1(0,0")

Aw,0") c [q1(0,0"),q:(w,0")] of length less than 5. Then for any partition P with
mesh A(P) < 6§ we have that

ZA(a)a))—

a.s.: ;Q(/{(w’x(w’a’,))’m(w’w,)) ) q2(0,0 ) q1(0,0")

elg2(0,0") — g1 (0,0")]

qz(waw/) _ql(waw/)

(4.2.20)

By Proposition 4.2.3, we can now conclude that f € R[g(0,0"),q2(0,0")].



Corollary 4.2.2. If a.s. bounded function fon a closed random interval
[91(@,0"),q2(0,0")]

is a.s. continuous everywhere except at a finite set of random points x;(w, "),
i=1,...,kthen fe R[g1(0,0"),q:2(0,0")].

Proof. Let a.s.: Q(flw,x(0,0")),[q1(w,0"),q2(0,0")]) < C < oo, and suppose f'has k
points of discontinuity on [¢:(w,0"),q2(0,»")]. We shall verify that the sufficient
condition for integrability of the function f'is satisfied.

For a given ¢ > 0 we choose the number §; = —£— and construct the

8C x k

01-neighborhood of each of the k points of a.s. discontinuity of fon
[91(0,0"),q2(0,0")].

The complement of the union of these neighborhoods in [¢1(w,®"),q2(w,0")]
consists

of a finite number of closed random intervals, on each of which fis a.s. continuous
and

hence a.s. uniformly continuous. Since the number of these intervals is finite, given

¢ > 0 there exists 6, > 0 such that on each interval A;(0,0") = [xi/(0,0"),xi-1(®)],

i =2,...,kwhose length [[A;(w,0")] = xi(w,0') — xi-1 (0,0") a.s. is less than 5, and

which is entirely contained in one of the closed random intervals just mentioned, on

which f'is a.s. continuous, we have

. ! / &
a.s.: Qflo,x(0,0")),Ai(o,0")) < o)) — @)

We now choose 6 = min{d;,0, }.Let P be an arbitrary partition of [¢, (), g2(®w)] for

which A(P) < 6. We break the sum Z; Q(flo,x(w,0")),A(w)) corresponding to
the

partition P into two parts:

> Q(flo,x(0,0')),Al0,0")Axi(o,0') =
3 O(fo,x(0,0")),Ai(0,0"))Axi(o,0') + (4.2.21)
> Q(flo,x(0,0),Al(0,0)Axi(0,0).
The sum Z' contains the terms corresponding to random intervals A;(w) of the

partition having no points in common with any of the §,-neighborhoods of the points
of discontinuity. For these random intervals A;(w,®") we have

a.s.. Q(f(a)’x(a),a)/)),Ai(w)) < 2((]2(60,&)/)8_(]1(60’&)/))

and so



a.s.. Y. Qflo,x(0,0')),A(o,0)Ax(o,0") <

& ! . /
2(g2(0,0") — g1(0,0")) 2 Axi(o,0") <

(92(0,0") —q1(0,0")) = %

£
2(q2(0,0") - g1(0,0"))

The sum of the lengths of the remaining intervals of the partition P, as

one can easily see, is at most (6 + 20, +0) < ﬁk = ¢/2C, and therefore

a.s.: Y Q(flw,x(w,0")), Aw,0')Ax(0,0') < Co= = 5.
Thus we find that for A(P) < 6 :
a.s.: ) Qflw,x(@,0")),Ai(0,0")Axi(0,0") < &.
that is, the sufficient condition for integrability holds, and so
fE m[ql(a),a)’),qz(a),a)/)].
Corollary 4.2.3. Any a.s. monotonic function on a closed random interval
[q1(0,0"),q:(w,0")] is integrable on that random interval.

(4.2.22)

(4.2.23)

(4.2.24)

Proof. It follows from the a.s. monotonicity of flw,x(w,®')) on [¢i(w,0"),g2(0,®")]

that

a.s.. Zyzl Q(f(wax(w’w/))a[ql(waw/)aqz(waw/)]) = lf(w’qz(w’w/)) —f(a),Q1(CO,60l))|.

Suppose ¢ > 0 is given. We set

N &
00 = @) fong @)

We assume

that a.s.: flo,q2(0,0")) - Aw,q:1(0,0")) + 0, since otherwise fa.s. is constant, and

there is no doubt as to its integrability. Let P be an arbitrary partition of

[q1(0,0"),q2(w,0")] with mesh a.s.: A(P) < §(w,w"). Then, taking account of the

a.s.monotonicity of f, we have
(4.2.25)
Thus / satisfies the sufficient condition for integrability, and therefore

.fG s‘R|:q1(a)a60/)5q2(6')5a),)]'
Remark 4.1.1. A monotonic function may have a (countably) infinite set of

discontinu ities on a closed random [g¢;(w,®"),q2(w,»")]interval. For example, the

function
defined by the relations

Apendix 5.Generalized random variables and double

stochastic processes.

Definition 5.1..Let Z(Z,R) be a set of the all R- valued random variables



defined on a generalized probability space ~ = (Q, ?,F),see def.5.4.
Definition 5.2.Let ¢, (0w, »") and ¢,(w,»") are Z(Z,R)- valued random variables
defined on a generalized probability space ¥ = (Q, ?,F),i.e.,

gi2(0,0") : Q- Q'= BE(Z,R).Assume that a.s.:—© < ¢(0,0') < g2(0,0') < ©.
Let §(Q, >,R) be a set of the all Z(Z,R)- valued random variables defined on a
generalized probability space = = (Q, f,f;)CIosed random interval

I:ql(a)’w,)aqz(waa)/)]
thatis a subset [g1(0,0"),q2(0,0")] < Z(Q',Z,R) such that
a.s..—o < g1(w,0') < g2(0,0") < 0 and

vw{g(wﬂw,) € [ql(w’w/)aqz(waw,)] =
{q(w,w/) € g(Q’,Z,[R) Aa.s.: (q1(0,0") < g(o,0") < qQ(a),w’))}}.

(5.1)

Notation 5.1.Assume that a.s.:q (0,0") < g2(®w,®"). Then we will write:

g1(0,0") < g2(0,0").
Assume that a.s.q1(w) < g2(®). Then we will write:

71(0,0") < ¢2(0,0").
Definition 5.3.Let E be a separable complete metric space and let £ be its Borel
o-algebra. Generalized random measure it is a function u : ¥ - E(Z,R), that
satisfies:
(1) IfE, < Ea, thena.s.u(E) < u(E>).
() IfE, €S, n=12,..and E;NE; = D (i # ), thena.s..u(U, E,) = > u(En).
If we further impose a condition u(Q) = 1, then the generalized random measure
so defined is called the generalized random probability measure and is usually
denoted by P.
Definition 5.4.The tuple (Q, S,F) is then called the generalized probability space.
Suppose (22,S) and (Q’,S/) are two measurable spaces. The function X : Q - Q'
is called a generalized random element, if for every 4 € S, X 1(4) € S. If the first

measurable space is equipped with a generalized random probability measure F,
then

the generalized random element X : Q - Q' induces a generalized random
probability

measure on the second space (Q/,S’) and given by P = P o X7!, called the

generalized random distribution of X.

Definition 5.5.1f the second measurable space (Q’,S') is taken to be
(ECE,R), Bzer)),

where Bz r) is the Borel o-algebra on Z(Z,R) the function X(0) : Q - Q' is called
a



generalized random variable. For this case, the generalized random distribution of X
is
completely determined by the random distribution function defined as
Fxw)(x(@,0')) = P(X(0) < x(0,01) (5.2)
where X < x is defined as the set {X(w) < x(w,0")} = {w € Q| X(0) < x(0,0")}.
The distribution function is continuously non-decreasing and gives the generalized
random measure associated with (x(w,0'), x(0") + d[x(0,0")]) € B as

d[F x()(x(0,0")))].
Definition 5.6.A special case is when the distribution function can be written in the

form

Flx(@,0) = [ plx(o,0)d[x(,0)] (5.3)

In this case, the function p(x(0,0")) : Z(Q,%,R) - Z(Q,3,R) is called the random
probability density function of generalized random variable X(w,®"), and the
generalized
random measure associated with d[x(o,®')] is
d[F x(0) (x(@,0"))] = p(x(@,0"))dx(@,0')].
Definition 5.7.Gaussian random distribution is a type of continuous random
probability distribution for a real-valued generalized random variable. The general

form
of its random probability density function is

/ 2
P(0,0')) = ! exp[— .0 = 1) J (5.3)

[27(w,0")c? 20?
where a.s.: n(w,0') = &

With the knowledge of the distribution function, one can define the expectation value
of
any function 4(X) as

E[h(X(0,0))] = [*“ h(x(0,0"))d[Fxw (x(@.0'))]). (5.4)

—oo(w,0')

Definition 5.8. A double stochastic process is an indexed set of generalized random
variables X;(w), ¢t €T, where T is called the index set and is usually taken (in the
continuous case) to be T = [0,%). In a physical setting, the index is time and a
stochastic process can be interpreted as, for each ¢ € T, X,(0) picks an event E € S
with random probability F(E), and returns X;(E).

Consider generalized probability space (Q, 3:,'13') and an 1-dimensional

time-dependent
generalized random variable X;(w) : Q c R - Z(Z,R), i.e. a E(Z,R)-valued function

that



maps elements of the sample space to Z(Z,R) .
Assume now that the random variable is time-dependent: X(z,0) : Q <R -
Q' =EZC,R),
then, given a sequence of timesteps ¢,1,...,ty With #; < t; <...< ty, we can write
{X(tl,a)) = xl(a),w’),X(tz,a)) = xz(a),w’),...,X(tN,a)) = xN(a),a)/)}, (5.5)

where xi(0,0"),x:(0,0'),...,xyv(0,0") € E(Q,Z,[R).

The sequence defined in Eq.(5.5) is a double stochastic process if the joint random

probability densityp, (x1(w,®"),t1,;x2(w,0"),t2,;...xn, ty(w,0")), fully describes the
system.

Depending on how the joint random probability density is defined, we can classify
the

double stochastic processes. Here, we consider two cases.

1.Purely double stochastic process or separable stochastic process. If successive

values of X(¢) are statistically independent, then we the joint random probability
density

is written as

/ / N
a.s.: pxi(o,0),t1,;x2(0,0'),t2,;... xv(0,0"),ty) = Hizlp(x,-(a),a)/),t,-). (5.6)

The underlying idea is that the random probability of an event x;(w,»") occurring at a
time ¢, does not depend on the past and in no way determines the future. In terms of
conditional random probabilities, we can write

a.s.: pen(o,0"), tvxi(o,0"),t,;x2(0,0"),t2,;.. . xyv1 (0,0"),t51)

/ (5.7)
= p(xN(wow )’tN)'
2.A second example of a stochastic process is the Markov process, whose joint
probability density is written as
pexi(e,0"),t1,5x2(0,0'), 12,5 ... xn(0,0),ty) =
N / / ! (5' 8)
= |1, pi@, 0. tikis (0,0, ti)p( (@,0), 1),

or in terms of conditional probabilities as

pln(w,0), tnxi (0,0, t1,:x2(0,0'),t2,; ... xn-1(@,0'), tv-1) = 5.9)

plv(w,0"), tnxy-1(@,0"),tv-1),

i.e., double stochastic Markovian process is a process without memory, whose
temporal evolution depends only on the present state, not on the past.

Apendix 6.Double stochastic space-time white noise.



Definition 6.1. A distribution valued double stochastic Gaussian process with
almost surely mean zero {W(t,x;0,0') : t € [0,T], x € R?} is a double stochastic
space-time white noise if

E(W(t,x; 0,0 YW (s,y,0,0') = 6(—s)5(x—y). (6.1)
More precisely :
Definition 6.2.We denote by D((0, 7) x R%;R?) the space of the infinitely
differentiable functions with compact support in (0,7) x R and values in R¥.
1.For any & € D((0,T) x R¥) the random variable W(&) is double stochastic Gaussian
variable with almost surely mean zero

E(W(E) =0 (2.6.10)

For any &:(t,x),&2(t,x) € D((0,T) x RY) the double stochastic random variables
W(&1), W(&,) almost surely have covariance

o EW(ENW(E)) = |

It is not difficult to construct a space-time white noise. In fact, let {f; : j € N} be a
complete orthonormal basis of L2([0,7] x RY) and {Z;(w,®") : j € N} be a family of
independent Gaussian generalized random variables with mean zero and variance
one. Then

0TI Ei1(t,x) « E2(t,x)dxdt. (2.6.11)

W(tx;0,0') =37 fi(60)Z(0,0) (2.6.12)

is a space-time white noise, where the action is defined as
W = X7 (E/)Z(0,0). (2.6.13)
Remark 2.6.1.1t is well know that the last action can be extended to
& e L*([0,T] xRY)

using Ité isometry.
Let p : R? - [0,0) be an infinitely differentiable symmetric function with compact
support such that IRd p(x) dx = 1. We will consider the mollifiers p,(x) = n?p(nx),

withn € N.
Definition 2.6.3.The regularization by p of the space-time white noise W(t,x; 0, '),
denoted by 17,,, are defined to be

W, (tx,0,0") = p, x Wt,x;0,0'). (2.6.14)

Remark 2.6.2.Note that V'Vpn is white in time and colored in space, in fact we have
that Wp,, (t,x) is a distribution valued Gaussian process with mean zero and
covariance,

E(W,, (t,x;0,0 YW ,,(s,y;0,0") = 8t —s)ha(x—y) (2.6.15)
where &, : RY - R is given by
ha(@) = |, Pn()pn(u +2)du. (2.6.16)



In terms of the expansion (2.6.13) we have that
W, (tx;0,0") = 37 pu* fi(t,1)Z;(0,0"). (2.6.17)
The mollified cylindrical Wiener process W, (x) associated with the space-time

white
noise W(t,x) is defined by

Wi (0,07 = Wi(pa(x—-)). (2.6.18)

The distributional time derivative of W, ,(x;®,0') is W,,(t,x;0,®'). We have that
W,.(x;0,0") is a double stochastic Brownian motion with quadratic variation,

Wp,(x;0,0") = llpl*n? - . (2.6.19)

Proposition 2.6.1.(,,(x)) is a good weak approximation to the cylindrical double
stochastic Wiener process .

Apendix 6.The Dirac equation.

The Dirac equation in the form originally proposed by Dirac reads

(ﬂm02 + 02,31 npn>l//(x t) = ih—/——=+ 8w(x )

where y(x,?) is the wave function for an electron of rest mass m with spacetime
coordinates (x,7),x = (x1,x2,X3),

6.1)

= —lh ,pz = —lh = —ih—— 8x3 (6.2)

are the components of the momentum, understood to be the momentum operator in

the Schrodinger equation. c is the speed of light, and h is the reduced Planck
constant;

these fundamental physical constants reflect special relativity and quantum
mechanics,

respectively.a, and S are 4 x 4 gamma matrices.

Apendix 7.Double stochastic quantization of massive

free Abelian gauge field

Free Abelian gauge field in the 4-dimensional Euclidean space is characterized by
the
action integral



S[4] = % Id4x[Au(x)(D6,lv + 8 wm? + 0,0,)A4,(x)] (7.1.1)

From (7.1.1) in terms of Fourier transforms A4,(k,¢) and n(o,,t),7 (@, k,t) we have
the double stochastic Langevin equation

kuk,
k> + m?

aAa(k £) = (k2+m2)(5w— )Az(k,r)+nz(w,k,z)+ﬁz(w,k,t) (7.1.2)

where
(ni(.k.0), = (Ti(@.k0) =0,

(nZ(m,k,t)n"i(w,k,t)}n = 200 wo*(k+ kK)o (¢t - 1), (7.1.3)

(i@, k,Omy(@,k,0), = 26a0,, 0% (k+ k)5~ 1').
Differential master equation corresponding to double stochastic Langevin equation
(7.1.2) reads

kuky

K+ m?
Solving (7.1.4) under a special initial condition 4,(k,0) = 0, one obtains

0 L A5k D) = (k2 + mZ)( )Az(k,t) + (e, k1), (7.1.4)

A4k, 1) = sz';(k,r— b, k,¢)dt (7.1.5)

where G4 (k,t—t') is the Green function given by
Gkt —1') = Gkt — 1),
: 7.1.6
G,uv(k,l— Z,) _ {(duv _ k,ukv . )e_(k2+m2)(z—t) + %}00_ l‘/), ( )

k> +m

where G, (k,t — t') is the solution of the equation
[5,m% + (R + m2)S e — kakey) }Gw(k,t— £) = 5uwd(t—1),
Guw(k,0-) = Guw(k,0.) = 0.

(7.1.7)

Thus correlation functions reads
(gD ALK 1)), = 2r)*8 w64 (k + KD (k, K, 1), (7.1.8)
where

(0)(k t: k! t) _
(5,”‘/ kﬂkv )e(szrmz)(tH') e2(k 21m?)ymin(r,t') _ 1 + Zkykv . (7 19)

— min(s,¢).
k% + m? k% + m? k% + m? (1)



Thus
(AL ALK 1)), = o ) * 8 u0* (k + k') x

(7.1.10)
X{—zl 2(5,uv_—2k#kvz)+2l fﬂkvz}.
k* +m k* +m k*+m
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