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This document presents an application of the extrinsic method through a
generic and pedagogical example that can be applied to the co-variant formu-
lation of the Lorentz law. The unsaid hope of this approach is the discovery
of some unexplored or weakly explored links between two theories because the
formalism of this law is a natural bridge between the electromagnetism and the
gravitation. The analysis is able to propose (i) a new formalism for the (2, 0)
version of the electromagnetic fields and (ii) a speculative confrontation with the
theory of spinors resulting in a theoretical prediction, precisely: the existence of
electromagnetic fields mimicking anti-symmetric variations of the metric tensor;
and conversely; (C)The visages of the Lorentz-Einstein law - Speculative analysis
with the extrinsic method.
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1 Introduction

1.1 Context and motivation

The study of interactions between electromagnetic and gravitational fields is
an old preoccupation of scientific communities. This was also the one of A.
Einstein all along his life. The quest is going on but, up today, no one was able
to connect both types of fields correctly within a four-dimensional approach
taking the quantum theories into consideration.

1.2 The history of the Lorentz law

The co-variant version of the Lorentz law is sometimes called the Lorentz-
Einstein law (short: LEL). The co-variant part of its formalism is the so-called
gravitational term. This term is a tensor product (i) acting on the 4-speed of
some particle and (ii) being deformed by the symmetric cube I'(2) containing
the Christoffel’s symbols of the second kind [02; p. 49], [07; §90, p. 256, (90.7)]:

d®u

S

m == >+ @rpy (U, Wp) > = LR D) [@u >

gravitational term

The classical version of Lorentz’s law is written in a three-dimensional formal-
ism. It is an attempt to describe the motion of point-particles immersed in an
electromagnetic field [07; §17, pp. 46-49, (17.5)]. This classical version has a
four-dimensional formulation [07; §23, pp. 60-62, (23.4)]. The concept of co-
variant differentiation plays already an important role in Einstein’s master work
[01]. A presentation of this kind of differentiation can be read in [07; §85]. Both,
the development of this concept and its application to the description of point-
particles moving under the influence of electromagnetic and gravitational fields,
explain the co-variant formalism of the Lorentz’s law [07; §90, pp. 254-257]. A
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1.3 What you will find in this exploration

deep analyze of this formalism has been extensively developed and presented in
[08]. A remaining problem accompanying the co-variant version of the Lorentz’s
law is the notion of point-particle itself because it is not directly compatible with
the philosophy promoted by the quantified approach of the reality.

1.3 What you will find in this exploration

A previous document [b] has roughly introduced a method allowing the decom-
position of deformed tensor products.

In section 2, this document explains the method with all necessary details and
constraints through a specific family of deformed tensor products. Among the
technical details, attention is focused: (i) on the necessary coherence that should
exist between the successive derivations; (ii) on the existence of a non-trivial de-
composition mimicking the simplest one; (iii) on the not-evident choice of the
non-degenerated bi-linear form [B] and (iv) on a natural link between the con-
cept of co-variant derivation and the decomposition of a subset of deformed
tensor products in which the pedagogical at hand can eventually be included.

In section 3, the document (i) proves that the co-variant formulation of the
Lorentz law belongs to the family which has been studied in previous section,
(ii) proposes a new formalism for the (2, 0) version of the electromagnetic fields,
(iii) sketches the difficulties associated with the choice of a suitable bi-linear
form [B] and (iv) dares to develop a speculation predicting the existence of elec-
tromagnetic fields mimicking anti-symmetric variations of the metric tensor |GJ:
the so-called chameleons fields when and if one can identify the bi-linear form
with the metric tensor (|[B] = [G]).

2 The extrinsic method

2.1 The extrinsic method: principles

The extrinsic method has the same purpose than the intrinsic one: the discovery
of at least one non-trivial decomposition for a given deformed tensor product.
The difference between both methods lies in the fact that the former involves
mathematical tools which are absent in the initial formulation of so-called (E)
question.

Any intrinsic method is condemned to work with only three ingredients: the
deforming cube, the projectile and the target (they are the intrinsic tools) with
the hope to discover a non-trivial decomposition which is a pair ([Matrix = main
part], vector = residual part).

Since any tensor product which has been deformed by an anti-symmetric cube
is a deformed Lie product, these methods can be involved in researches looking
for the decomposition of deformed Lie products. This possibility has been used
in any three-dimensional space; see |a| and [b]. The development of an intrinsic
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2 THE EXTRINSIC METHOD

method in a four-dimensional environment is not achieved; see an incomplete
introduction in [c|. This is the reason why one must invest all efforts in the de-
velopment of the extrinsic method. This method, as its name evokes it, involves
mathematical tools which are not implicitly present in the initial formulation of
the (E) question; precisely: a non-degenerated bi-linear form and the concept
of scalar product built with this form.

2.2 Useful definitions and remarks

Definition 2.1. Presumed decomposition

Whilst it has been proved that any deformed tensor product accepts at least
one trivial decomposition, the so-called simplest decomposition without residual
part, it is not certain that at least one non-trivial decomposition exists. Hence,
the existence of this non-trivial decomposition is presumed and one will write
it:

|®4 (a1, q2) >= [P].|q2 > +|z >

In the coordinates language, this relation writes:
35-q?-q§ = sy + 2
Definition 2.2. The scalar associated with the projectile

Per definition, it is:

Slar) =<an, |®a(ar, @2) > —{[P].|la2 > +|z >} >

In the coordinates language, this scalar writes:

The scalar associated with the projectile is the scalar product between the pro-
jectile and the default of realization of the presumed decomposition of the de-
formed tensor product at hand. This scalar vanishes when the presumed de-
composition is realized.

Definition 2.3. The scalar associated with the target

Per definition, it is:

S(q2) =< qz, |®a (a1, az2) > —{[P].|a2 > + |z >} >(p
In the coordinates language, this scalar writes:

S(a2) = bye-a¥ - {A%s ¥ 65 — (e -5 + 2}
The scalar associated with the target is the scalar product between the target
and the default of realization of the presumed decomposition of the deformed
tensor product at hand. This scalar vanishes when the presumed decomposition
is realized.
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2.2 Usetul definitions and remarks

Definition 2.4. The polynomial associated with a small variation of the pro-
jectile
Per definition, it is:
Pi(a1 + dai)

Pi(qi)+ < Gradg, Pi(q1), dqi >1q + = . <dqi, [Hessq,,0P1(a1)] . |dai >>1q4

Definition 2.5. The polynomial associated with a small variation of the target

Per definition, it is:
Pr(qa + ds.uy)

Pr(q2) + < Gradg, P2(q2), ds.ug >1q + - . < ds.up, [Hessq,,0P2(q2)] . |ds.us >>pq

N |

+0(3)
Definition 2.6. Pythagorean table

As generic example, let observe the matrix:

0,02° 0,020 0,22 0,32°
8u02’1 8u1 Zl 8u2 Zl auzazl
Oz 022 0,22 0,27
002 0023 0,223 0,328

T5(0)(Grady, z) =

Remark 2.1. Before starting explaining the eztrinsic method

One should first note that:

e The vanishing of a scalar associated with an argument involved in a given
deformed tensor product is not a guaranty for the realization of a decom-
position. Indeed:

Vi=1,2:|®4(q1,q2) >= [P].|q2 > +|z>= S(q;) =0

But conversely:
Vi=1,2:8(q) =0+ |®4(q1,q2) >= [P].|qz > +|z >

e The polynomial associated with a small variation of an argument involved
in a given deformed tensor product is not automatically coinciding with the
scalar associated with the deformed tensor product in which this variation
appears.
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2 THE EXTRINSIC METHOD

2.3 Let start with a pedagogical example

Let now consider for the pedagogy a generic deformed tensor product and
its presumed decomposition - here, k is an invariant scalar:

| @4 (ug, k.ug) >= [Q].|k.ug > +1|Z >

The scalar associated with the projectile of this deformed tensor product
is:

S(u) =<uy, |®4 (a1, k.ug) > —{[Q]. |k.uz > +|Z >} >p

And the scalar associated with the target of this deformed tensor product
is:

S(k.ug) =< k.ug, |®4 (ur, k.ug) > —{[Q].|k.uz > +|Z >} >
Whilst the polynomials of the respective variations are (recall):

P (U1 + dul)

1
P1(u1) + < GradulPl(ul), da; >54 + 5 < duy, [HESS(ULO)Pl(uﬂ} . |dlI1 >>1d

+0(3)

And:
Pg(k‘ . (112 + dllg))

Pg(k.ug)
+ < Grady ,P(k.u2), k.uz >4
1
+ 5 . < k.uog, [H€88(k.u270)P2(k.LI2)] . ’k‘.uz >>1d

+0(3)

2.4 The essence of the extrinsic method

The extrinsic method lies on the belief of situations for which it is possible to
write that, up to terms of degree three:

S(ul) = Pl(ul =+ dul) — Pl(ul) — 0(3)

And:
S(/C.ug) = PQ(k.llg + /{.dl,IQ) — PQ(k.llQ) — 0(3)
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2.5 Consequences for the variations of the projectile

2.5 Consequences for the variations of the projectile
Concerning the projectile, these situations are such that:

<duy, |®a (duy, k.uz) > —{[Q].|k.uz > +|Z >} >p

1
< GradulPl(ul), dui; >4 + 5 . < duy, [H€SS(U1,O)P1(111)] . \dul >>1d

They imply:
|Grady, Pi(u1) >= —[B].{[Q].|k.u2 > +|Z >}
And:
s _ 1 02Pi(w)
227 Jufoug
A condensed writing of this second relation is strongly depending on the prop-

erties of Py, [B] and A; therefore, it will be left under that formalism. But if in
particular the cube A is anti-symmetric, then one may write:

k-bxe- Ztﬂu

k. [B] . A(I)(ug) = % . [Hess(uhg)Pl(ul)]

One can also remark the existence of a subset of situations related to the van-
ishing of k:
k=0 = [Hessw, 0P1(u)] = [0]

.. and also:

Grady, Pi(u;) = [B].|Z > = constant (not depending onuy)

2.6 Consequences for the variations of the target
Concerning the target, these situations are such that:

<k.ug, |®4(ug, k.ug) > —{[Q].|k.ua > +|Z >} >8]

1
< Gradk,uQPQ(k.uQ), k.us >rg + 5 < k. ug, [HCSS(k_u%O)PQ(k.uZ)} . |]€.UQ >>714

They imply:
|Gradk.u2P2(/~c . UQ) >= —[B] . |Z >

And:

1
5-[H655(k.u2,0)P2(k-u2)] = [B] {a®(u1) — [Q]}
Here, one starts getting interesting results if (i) the polynomial Py is known, (ii)
the bi-linear form [B] is not degenerated and (iii) k # 0; more precisely:

1

Q] = a®(u1) — 5-[B]_l-[Hess(lc.uQ,o)Pz(k-uz)]

And:
|Z >= —[B]™'.|Grady u,P2(k.ug) >

But this procedure would be incomplete if one would not add the veiled con-
straints accompanying it.
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2 THE EXTRINSIC METHOD

2.7 The veiled constraints

The veiled constraints concern the link between a gradient and the Hessian that
can be obtained with it; concretely, let denote the presumed decomposition with:

ID>=[Q].|k.u2 > +|Z >

1. Concerning the polynomial P; depending on the projectile; let consider
the components of the gradient:

0P (u
g = —bye. D"

ous
Let calculate their partial derivations by respect for the components of
the projectile:

62P1(111) o _8ba6 DE — b 8DE
oufoug — Oul’ T ouy

Let confront this relation with the entries of the Hessian arising from the
extrinsic method and get the first veiled constraint:

5 Obac oD"

2.k by AS. Dt b 22 = 0
xerfop iz ¥ g0 BT e X

This constraint is a set of differential equations depending on the compo-
nents of the presumed decomposition and one might formally solve them.
Nevertheless, even if one would effectively find the components of the pre-
sumed decomposition in following that way, an incertitude would remain
on the possible pairs ([Q], Z).

2. Concerning the polynomial Py depending on the target; let consider the
components of the gradient:

8P2(k . IIQ)

= —bye.2L¢

Following the same vein as previously, let calculate their partial derivations
by respect for the components of the target:

82P2(/£ . UQ) . abae 0Z¢

— ¢ = by - —————~

ok . u)ok.ug) — O(k.u)

Let confront this relation with the entries of the Hessian arising from the
extrinsic method and get the second veiled constraint:

Obae 7
—_— boe . =~ =0
o)~ T

€ B
2~ba6-(AﬁX'u1 - QGX) =+ a(kug)
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2.8 Formalism of a presumed non-trivial decomposition obtained with the
extrinsic method

Example 2.1. When the bi-linear form represented by the matriz [B[ does
not depend on (k.uy).

In that case, the veiled constraint on the target is:

. oz
bae.{Q.( Bx.u’f - QEX) + W} =0
Let multiply by (k.duXs):
. oz
© 2

.. and then sum over x to get:
[B] . {2. k. {a®(u1) — [Q]}.|duz > +|dZ >} = |0 >
The condition is trivially true whatever the bi-linear form [B] is when:

2.k.{ACI>(u1) — [Q]}|du2 > +|dZ > = ‘0 >
2.8 Formalism of a presumed non-trivial decomposition ob-
tained with the extrinsic method

When the extrinsic method can be applied in a coherent manner, one can write
the presumed decomposition as:

| @4 (ug, k.ug) >

Afb(ul) . ’k .9 >
1
_ [B]—l . {5 . [HeSS(k.U%[))PQ(k' . UQ)] . |/€ .ug > + |Gradk.u2P2(/€ . ug) >}
This formulation:

1. is only useful when the polynomial Py and the non-degenerated bi-linear
form [B| are known. If the former is not known, one might prefer another
formulation involving the pair (|[B], Z) and its variations; see below for
more technical details.

2. differs obviously from the simplest decomposition without residual part.
Indeed, in absence of constraints, any deformed tensor product can be
decomposed in a simple way without residual part as:

| ®4 (u1, k.ug) >= 4P(uy).|k.uz >

Therefore, the extrinsic method gives rise to a difference:

1
— [B]_l . {5 . [HGSS(k.UZ,O)PQ(kZ . u2)] . |/{7 .U > + |Gradk.u2P2(k: . 112) >}
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2 THE EXTRINSIC METHOD

The essence of the extrinsic method lies in the belief that external cir-
cumstances (for examples physical circumstances) command how some
mathematical operations must be realized. The whole theory of the (E)
question - and this document in particular- applies this principle to tensor
products which have been deformed by some cube. This choice should be
understood as a pedagogical example.

Within this context, one may ask - at least at a formal level- if there
exists a link between, on one side the deformation induced by the cube A
and, on the other side, the polynomials Py and Py. For a given deformed
tensor product of the type which is studied here, the previous result indi-
cates that one gets a non-trivial decomposition in involving the pair (Pg,
[B]). Conversely, this result does not say if the nature acts in the same
way than the extrinsic method does.

2.9 Characteristics of a non-trivial decomposition equivalent to
the simplest decomposition without residual part

This subsection is motivated by an underlying question: "Does a non-trivial
decomposition effectively exist? If yes: when?" And this question is itself justi-
fied by the fact that there is apparently nothing more natural than the simplest
decomposition.

Definition 2.7. Non-trivial decomposition equivalent to the simplest decompo-
sitton without residual part.

A non-trivial decomposition equivalent to the simplest decomposition with-
out residual part is characterized by the vanishing of the difference between
both types of decomposition.

Remark 2.2. Sufficient condition characterizing a non-trivial decomposition
equivalent to the simplest decomposition without residual part.

For a non-trivial decomposition to be equivalent to the the simplest decom-
position without residual part, it is sufficient to verify the relation:

1
5 . [Hess(k‘u%o)Pg(k.uQ)] . ’k .u2 > + |Gradk,uQP2(k. U.g) >= ‘0 >

This condition describes a set of polynomials with specific characteristics.

Proposition 2.1. The condition insuring that a non-trivial decomposition re-
sembles the simplest decomposition without residual part can be reformulated

with the help of ([B], Z).
Proof. Here, one is studying the decomposition of:
‘ XA (ul, k‘.UQ) >

. and the difference is:

1
— [B]_l . {5 . {H@SS(k..uZ’O)PQ(k’ . u2)] . |]€ .ug > + ]Gradk,UQPg(k: . 112) >}
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2.9 Characteristics of a non-trivial decomposition equivalent to the simplest
decomposition without residual part

The Hessian at hand, like any Hessian, can be understood as a superposition
of gradients. Therefore, the Hessian can be represented by a special type of
Pythagorean table:

[Hess(k uy, 00 P2 (k. u2)]

Ty(0)(Grady v,, Grady y, P2 (k. ug))

_TQ(O)(Gradk.u27 [B] . ‘Z >)
And the condition writes now:

1
3 [B]7! . Ty(0)(Grady v,, [B].|Z>).|k.ug > +|Z >= |0 >

Diverse situations must now be envisaged to go further.
Remark 2.3. When [B] does not depend on (k.ug).
When, per hypothesis:

o[B]

VB: ————— =

Then, the condition has a particular formalism:

1
5.[3]_1.T2(0)(Gradk,u2, [B].|Z >).lk.ug > +|Z >= [0 >
1l
ko ax vy LB a
1l
ko ox ¢ B a
5.b .bw.a(k.ug)z oy + Z% =0
1l
k5o o 7Y W+ 7o =0
1
k a B «
5.8(,%5)2 oy + 2% =0
1l

1
B .Tg(o)(Grad(k.UQ), Z).|k.ug> +|Z>= 10>

Whatever the solutions of this relation are, the latter is extremely problematic
because it signs a lack of precision which is perfectly symbolized by the fact
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2 THE EXTRINSIC METHOD

that it can be rewritten in an infinite numbers of ways ... in re-injecting the
expression of Z into the gradient. Let introduce:

U = k‘.UQ

The condition insuring the coincidence between a non-trivial decomposition and
the simplest one when [B] doesn’t depend on U is equivalent to:

1
B .T5(0)(Grady, Z).|U > +|Z>= [0 >

Proposition 2.2. The condition insuring the coincidence between a non-trivial
decomposition and the simplest one when [B] doesn’t depend on U can be refor-
mulated as a set of relations depending on the Hessian of each component of the
residual part.

Proof. Since:
1
7% = —5- ; O 2. U

The following calculations can be made:

1
—3- > 0 0 z2*. U U + 2.2 = 0

B v
!
1 2 a B 1 a7 B B8 —
—i.ZZaUBmZ UY.U —5.{2281]72 o3y UP +2.2° =0
g B
!
1 1
—i.ZZagﬁmza.UV.Uﬁ—Q.ZaUBZa.Uﬂ+2.Za:o
B B
!
(0% 1 (0%
Z —E.ZZagﬁmz UT.UP =0
B
!

1
Z% = <. < U|{[Hess(u,0)2%.|U >}
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2.9 Characteristics of a non-trivial decomposition equivalent to the simplest
decomposition without residual part

Proposition 2.3. A first set of solutions for these conditions are quadratic
forms depending on the components of U.

Proof. Let suppose that each component of the residual part is a polynomial of
degree two with coefficient not depending on U:

Z°(U) = g3,.UP. U7 = g8 (U + Y (g5, + ¢5). U .U
B B<y v
A first partial derivation by respect for U7 is:
Tauv 2.95,-U" + (g8, + 935) .U’

And a second partial derivation by respect for U# is:

auraTy ~ o T 9)

With this result one gets:

ZZLZQ(U) U0 =" (g5, + ¢%). U2 .U = 2.2%(U)
e - 3U,38U'Y . . = : - gﬁ'y g’Yﬁ . . = .

Therefore, the conditions characterizing the residual part of a non-trivial de-
composition mimicking the simplest one have the following generic solutions:

Z*(U) = 3.g§V.Uﬂ.UV, g3, = constant

They are quadratic forms (one for each component of the residual part) with
constant coefficients depending on the components of U. O

Lemma 2.1. When the bi-linear form represented by the square matriz [Bf
doesn’t depend on U = k.uz (k is invariant), the deformed tensor product at
hand has eventually a non-trivial decomposition but the latter is finally equal to
the simplest one when there exists a cube G of which the knots don’t depend on
the components of U such that:

Z = 3. ®¢ (U, U)

One may remark here the similarity between the formalism of these residual
parts and the formalism of the so-called gravitational term characterizing the
co-variance of the Lorentz law; see below. In these circumstances:

| @4 (11, U) >= 4P(u1).|U >

Although the main part of the decomposition is theoretically:

1
[Q] = A<I>(u1) + 5 .Tg(o)(GradU, Z)
Furthermore, the veiled constraint which has been obtained in example 2.1 for
the same circumstances is automatically verified.
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2 THE EXTRINSIC METHOD

Remark 2.4. Formalism of an effective non-trivial decomposition obtained with
the help of the extrinsic method.

When the non-trivial decomposition cannot be identified with the simplest
one, the extrinsic method suggests to write:

| ®4 (a1, U) >

B . Tx(0)(Graduy, [B].|Z >)} .[U > +|Z >

{a®(uy) + %

D >

.. and there is no reason to think that the non trivial part of the decomposition
D vanishes. In opposition, one should write in general:

. [B]7!. Ty(0)(Graduy, [B].|Z >) + |Z >= 10 >

N |

This relation can be transposed in the language of components:
1
i.baX.OUg(bxw.Zw).Uﬁ + 7% = ¢~

il

1

§.baX.{aU5bw.Z¢ + by Ops 2V} UP + 2% = 6°
i

1 1
§.bax.8Ung¢.Z1/’.Uf3 + 5 0N by OysZ? UP + Z2* = ¢°
N——

=09

1

1 1
§.baX.aUﬁbw.Z¢.Uﬁ + §.aUﬁZa.U5 + Z% =6

Yoy
_00

The formalism clearly exhibits two parts: (i) a first one, denoted 0%, is the
component of the non-trivial part of D when the bi-linear form [B| does not
depend on the components of U and (ii) a second one is the contribution to
the component of the non-trivial part of D related to a modification of |B] by
respect for the components of U.
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2.10 A natural link between a non-trivial decomposition and a co-variant
derivation

2.10 A natural link between a non-trivial decomposition and a
co-variant derivation

In a canonical basis €2, let consider the vector u; = (u’, u!, ...) and a connection

C; '. The components of the co-variant derivation of this contra-variant vector
in this connection are per definition:

Vauf = (%u’f + Cﬁa.uf

Let now suppose that this contra-variant vector is the gradient of some function
f(q) by respect for the components of the vector q; per convention, this fact can
be written as:

VB ub = 95f(q) = E)gq(g) < u = Jqf(q) = Gradqf(q)

Let now inject these specific components into the components of the co-variant
derivation of this vector:

Vadsf(a) = 0a05f(a) + Cpo-0pf(a)

At this stage, let introduce a non-degenerated bi-linear form [B]:

DX . Vaaf(a) = bX*.0.0sfq) + bX*.Ch, . 0,f(a)
Nothing forbids the definition of a new cube A such that:

. = —A%
One can also write:
Afo(ﬁ'apf(Q) = A?.ig-“? = A(I)xﬁ(ul) = A(I)xﬂ(aqf((ﬂ)
The relations can be condensed into:
—[B]™" . [Vau]] = 4®(Gradgf(a)) — [B]™'.[Hess(q0)f(a)]

The r.h.s is the main part of a non-trivial decomposition which would have been
obtained ... for the deformed tensor product:

|®a (w1, @) >= —[B]™". 12(0)(Vq, u1).lg > +|Z >
. with the help of the extrinsic method when:

Py(q) = f(a), m = Gradqf(q) = Gradql%(q)

At this stage, one may remark that:

!The letter C has here nothing to do with the notation C representing the complex numbers.
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3 THE LORENTZ EINSTEIN LAW AND THE EXTRINSIC METHOD

e The pedagogical example which has been introduced in subsection 2.3 is
(recall):

k. l®@a(a, ug) >=k.[Q]. [ug > +|Z >

The previous result can be applied to it when:
q = k.uz = U; uy = GradyP(U)
In particular, if it happens that:
u =U

Then, the main part of a decomposition is effectively related to the concept
of co-variance if one can write:

U = Gradyf(U)

This condition imposes strange constraints to the vector U because it
must be the gradient of some function f depending on its components by
respect for these components. For example, in a one-dimensional space,
this constraint is equivalent to:

_ 9f(U) _ 1o
U = Pl :>f(U)—2.U + constant

If U represents a speed, this relation is a kind of reminiscence for the
kinetic energy per unit of mass of some particle of which the mass (m =
1) does not depend on its speed (the classical case).

e Future developments are possible when f is a continuous function in q:
—[VaUs] = [B]. a®(U") — [Hess(q,0)f(q)]
—[VaTp]" = 4®(U")". [B]' — [Hessq,0)f(@)]'
[Hess(q,0)f(@)]" = [Hess(q,0)f(a)]
[VaUp]" = [VaUp] = [B]. 42(U") — 42(U")". (B

This kind of relation appears again a little bit later in subsection 3.6.

3 The Lorentz Einstein Law and the extrinsic method

3.1 Why the extrinsic method can be applied to the Lorentz
Einstein Law

Up to now, the discussion concerns elements in V4= {E(D =4,R), ®p(2)} and
attention will be focused on the analysis of the Lorentz-Finstein law for non-
mass-less particles (m # 0) :

q
m.c2’

d
15> +] @ (u,u) > = [Pt 1) Ju >
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3.2 The Lorentz-Einstein law as non-trivial decomposition of the
gravitational term

Proposition 3.1. The Lorentz-Einstein law is equivalent to o decomposition of
the gravitational term and this decomposition is in the family of the generic and
pedagogical deformed tensor product (recall):

| @4 (g, k.ug) >= [Q].lk.ug > +1|Z >

Proof. When the mass of the particle at hand is not null (m # 0), the Lorentz-
Finstein law can be rewritten as:

q
m.c?

| @r) (1, w) >= [Pt D)) Ja> - I%‘ >

In multiplying this expression by an invariant k, it is also:

_q _ ;. du
|Gre) (0 kow) > = — [P D) ko> —k |2 >

Hence, provided one introduces the following identifications:

q
m.c2

du

I'2) =A u=u =u, [Q = 7

JFM )] Z2 = —k

. one can affirm that the study of k times the co-variant version of the Lorentz
law is equivalent to the study of the generic example introduced in subsection
2.3. 0

Therefore, the results of previous subsections can now be involved to de-
compose a vector which is k times the gravitational term. Let comment the
definitions:

e The cube A contains all Christoffel’s symbols of the second kind [02].
e The parameter "s" is referring to a curvilinear abscissa.

e u; = up = u is the four-dimensional speed (u’, u!, u?, u®) of some event
in Vy.

() is a matrix representing the electromagnetic field.

e 7 represents minus k times an acceleration. Therefore, within a discussion
related to the decomposition of the gravitational term, the vanishing of
the residual part Z corresponds to an invariant four-speed.

3.2 The Lorentz-Einstein law as non-trivial decomposition of
the gravitational term

Considering the subsection 2.8, one may think that the Lorentz-Einstein law is
a representation for a decomposition of the gravitational term which has been
obtained when a non-degenerated bi-linear form [B] and a polynomial P (k. u)
are known. The extrinsic method yields in general:

Q] = a®(w1) + 5 .[B]™! . Ta(0)(Grad u,), [B].|Z >)

1
5"
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3 THE LORENTZ EINSTEIN LAW AND THE EXTRINSIC METHOD

1Z >= —[B]™".|Grad;, y,)P2(k.uz) >

Here, these relations have now a precise visage:

@]

1 _
r2)®(u) — 3 [B]™' . [Hess . u,0)P2(k . 1)]

P, )

m.c?

And:
du

—k. =

They offer a new visage for the (2, 0) representation of the electromagnetic field:

1Z >= —[B]™'.|Grad, yPa(k.u) >=

q
m.c?

[F(2,0)] = [G].r@®) — =.[G].[B]"". [Hessg .0 Pa(k . w)]

N | =

3.3 The Lorentz-Einstein law and the first veiled constraint

At this stage attention has not yet been given to the first veiled constraint and
this should be done; recall that:

0b oD
2.k by Ay ul + 2% D 4 by = = 0
X A2 dul ouy
Here, more precisely:
Obae . oD
2.k by . T(2)55.u" + Gux D bac 5 =0
With [02]:
I'(2)as = T(2)ja
And:

D

Q].lk.u> +|Z >

b PO D) > 55y

18
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3.4 The Lorentz-Einstein law and the second veiled constraint

3.4 The Lorentz-Einstein law and the second veiled constraint

At this stage attention has not yet been given to the second veiled constraint
and this should be done; recall that:

ob, 0z°¢
2 bae . (A5, 1P — Q. 7 4 b =0
Ahy-tn = Qo) + G xy 20+ bae 57
Here:
. Obae  du oL

3.5 The problematic choice of a non-degenerated bi-linear form
for the Lorentz-Einstein law

There is only a small number of indications concerning the choice of [B]:

1. The first one is resulting from the well-accepted fact that the Lorentz
transformations [A] modify the electromagnetic fields:

[F'(0, 2)](x) = [A].[F(0, 2)](x) . [A]"
It is also known that the Lorentz transformations preserve the metric:
[A].[G].[A] = [G]

Here, the extrinsic method suggests the formalism:

L [F(2,0)] = [G].r@(u) - 1-[G]‘[B]71~[Hess(k.u,O)PQ(k-u)]

m.c?’ 2
In another frame, one should have similarly:

T [FQ, ) = (6] ry®) — 5 1G] [B] - [Hessr w0 Pk )]

These facts should help finding [B].

2. The second indication helping choosing [B] comes from Cartan’s work on
metrics related to Hessian matrices [12].

3.6 The simplest decomposition without residual part of the
gravitational term and the bi-vectors "a la Cartan"

Warning: as long as the matrix [B] has not been precisely discovered, what
follows is pure speculation or a simple exercise.

Proposition 3.2. Provided two conditions are realized:

o The non-degenerated bi-linear form [B] coincides with the metric [G]:

19
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3 THE LORENTZ EINSTEIN LAW AND THE EXTRINSIC METHOD

e The polynomial Py is smooth and continuous for each speed u:

[Hess (e u,0)P2(k - 0)] = [Hessg o 0)P2(k . )]’

. the treatment of the Lorentz-Finstein law with the extrinsic method gives a
specific formalism for the electromagnetic field:

q

Cﬁ-[Faﬁ] = - A{[G] .r@®(P) - r@®(p).[G]'}

DO | =

. and there exist mathematical configurations for which the formalism resulting
from the treatment of the Lorentz-FEinstein law with the extrinsic method is an
infinitesimal variation of the metric tensor [03; §172, pp. 145-146]:

0[G] = 5 AIG] . r2®(P) — re)®(P).[G]}

N

Remark 3.1. Preliminaries

A comparison between the expected formalism and the formalism obtained
with the extrinsic method yields:

0[G] = 2q.[Fas] + {r®'(p)- 1G] — r®(P).[G]}
Therefore, the proposition can only be validated when:

e FEither the simplest decomposition without residual part and the metric
are symmetric:

F(Q)@(P) = F(Q)Q)t(p)’ G] = [G]t

e Or the simplest decomposition without residual part and the metric are
anti-symmetric:

F(2)(I)(p) = —F(Q)‘I)t(P)? G] = —[G]t

Proof. Within the theory of spinors [03], each element (9)X in E(5,R) can be
represented in M(4,R) [03 ; §93, pp. 81-82]:

0 1 2
37@{ mao i O2
/
0,1 .2 . 7 . |y g 0 xZ,
Xa & (zg, 2o, o, T ) € E(5, R) : [C(Xy)] = 20 0 _m
2 no0
/
0 x5 -z, =z,

And each pair (X1, X3) of elements in E(5,R) has a representation [03 ; §95, p.
83|

O(X1, Xa)] = 5 AICK)][O(X2)] — [C(Xa)] . [C(X)])

The approach proposed in [03] can be applied without reduction of the general-
ity to elements in E(4,R); for that purpose, it is enough to write x° = 0.

20
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3.6 The simplest decomposition without residual part of the gravitational
term and the bi-vectors "a la Cartan”

In that context, one can easily verify that:

[C(X1)]. [C(X2)]

(z1.25 + 2f.2F) 0

0 (2t xd + 22 2B) (2.
0GR el Gl
(zf .2y — 27 . 23) 0

And, in inverting the subscripts 1 and 2, that:
[C(X2)]. [C(Xy)]

(.’L'z .Tl + .1‘2 /2) 0
0 (33/22 :c% + ZE% a:g) (:c’%l
0 (x5 .27 — 23.27) (23
(@} aft — o .af) 0

If one wants to prove the proposition in following the approach developed in
[03; §172, pp. 145-146], one must discover realistic circumstances for which the

simplest decomposition without residual part is a bi-vector:

[C(X1)].[C(X2)] = r@)®(P)

In details:
(z1.28 + af.2%) 0 0 (21.23 — 2f. 25
! (o1, 03 +apap) (oo o) 0

w2 o 0 o a) (. :1326901.:132) (. xh J(;xl .x5) o _?_x p
Ty Ty — Ty - Ty 1 2 s 2

Tho-»* Tpp-p Tho . Tpg.ph

F}LO.p“ F}n pH F;11,2 pH F/ﬁg.p“

Fio.p“ Fil.p“ I‘Zz.p“ Fi:s.p“

[og.pt Ty .pt oy ph Tog . pt

If this equality would be true, then one would automatically remark that:

Fiz-pu = th-pu = Fio’pu = Fiop“ =

Let adopt the conventional writings:
1,1

= T].%5 —i—x%.x

a
b /1 1

1 /1

Q
I

/1 1

e
| |

These conventions allow:

21
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3 THE LORENTZ EINSTEIN LAW AND THE EXTRINSIC METHOD

e ... A rewriting of the non-vanishing entries in the simplest decomposition:

1
FgO'pM = —Fzg.pu = i(a — b)
1
F}d.p“ = —Fzz.p“ = §(d —0)
[hs-p! = (v3.07 — 23.27)
2 /1

P};z-p“ = (»’512195% — x5.77)
Lha P = (a5 .2y — 23.27)
Dho-p!' = (25 .af — o .a)

e and, as consequence, a condensed formulation of the matrix [C(X1)].[C(X2)]:

[C(X1)],.[C(Xa)]

1.(a—b) 0 0 (23 .22 — 23 .21
0 1.d-¢ (o 22 — 23.2) 0
0 (22 .21 — 2i.2?) 1(c-4a 0
(2.2 — 2l 2?) 0 0 1(b— a)

Remark 3.2. A useful identity
a.b

(x] .28 + 2 2B) . (o 2 + 2 2d)

1 /1 /1 1 1 /1 12 2 2 12 /1 1 2 12 12 2
$1.$2 .$1 ..172 —+ 1‘1.562 .;E1 .$2 + x1.$2 ..fUl .;EQ + x1.$2 ..fUl .$2
On the same vein:

c.d

(1.2 + 2. 23). (o xd + 22 2B)

1,1 . 1 .1 2 72 202 1 2 20 20 )2
Ty.Ty .T] . Ty + T].Ty .X7].T9g + X .X53.27 . Ty + X .T5.2].0g

The previous results are now yielding:

a.b—c.d

1ol 22 11 20 2 2 2 N 1 2 2 1 1
Ty.Ty X Ty — T].Ty .T].Ty + T].Ty . Ty . Ty — Tf .T5.T] . Lo

22
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3.6 The simplest decomposition without residual part of the gravitational
term and the bi-vectors "a la Cartan”

1 /1 2 2 2 2 2 2 2 2 /1 1
ry.2y (2725 — 27 25) + (27.05 — 2] .15) .27 29
1.1 no1 2 2 )
(zy.2 — 27 . 23). (27 .25 — x7.25)
Let state that:
0 3 wo v
FM3.FVO.p .p
1 2 2 1 2 11 11 2
(xg.27 — x3.21) . (3 .27 — oy .2f)
1 2 2 1 .2 1 2 2 1 .2 11 2

wy . xt af at — ad a2 - ad a2 o 4 xdal ol o

And that:

2

F/LQ Ful p -p
/1 2 2 /1 2 1 1 2
(g .27 — 23.27) . (73 . 2] — 23.27)

n o2 2 1 no.2 1 2 2 1 /1 1 .02
Ty .X].Ty .T] — Ty .T] .2y . 2] — 5.2 . a:2 ml + x2 Ty . X7
At the end of the day:
0 3 1 2 wo, v
(F/,LB 'Fu - P,u2 Pul) p-p
1 .2 .2 nog2 2l 1 .01 .2 2 .1 2
Ty.x].Ty .T] — Ty .T].Ty .27 + 1:2 T1.Ty . x| — XT5.T] .Ty.T]
1 .1 2 2 2 2 1 .1 2 2 2 2
Ty (2] .7y — w5.27) — @y vy . (2775 — @5 .)

(o125 — af.23). (af .2} — 2f.a%)

This is a remarkable result.
Remark 3.3. Admissible matrices

Very important indications concerning the formalism of the matrix representa-
tion for a bi-vector can be read in [03 ; §125, pp. 109-110]. They allow the
definition of two families:

23
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3 THE LORENTZ EINSTEIN LAW AND THE EXTRINSIC METHOD

1. First family:

0 .u _ (1 .2 2 1y
F/,L3'p = (vy.7] — 75.77) =

0
Fi@.p“ = (x’zlx% — :1:%1:’11) =0
Loy ol = (a5 2y — 23.27) =
Fio.p“ = ($/22.:1:'11 - :1:/21.1"12) =0

When neither X; nor X3 have vanishing components:

x3 ol o xd
S = A= m=1=-kVE#O
T x x x
1 1 1 1
It is equivalent to write:
Xy = k.Xo

In that case:
a=b=c=d=kFk. (1.2} + 22 2}

And:
[C(X1)]. [C(X2)] = [0]

Elements in the first family are identified with the null matrix. This
situation coincides with any invariant geometry.

2. Second family
[P = —Tos.p" = =.(a—b) =0

(d—¢)=0

N = N =

Fil-p“ = _Fiz-Pﬂ =
Remark 3.4. A fist characteristic of the second family

Because of [10 ; p. 89, (17.5), DJ:

dlog\/lg
_ LT i oo
Va € Iy ={0,1,2,3} : T}, .p" = oo P =0

A sum on p when one accepts the classical definition p = m.u for the
kinetic momentum yields:

dlogy/
o dogVlgl

ds

This characteristic is trivially true in two sets of circumstances:

e The particle at hand is mass-less: m = 0.

Vm, s : log\/|g| = constant

24
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3.6 The simplest decomposition without residual part of the gravitational
term and the bi-vectors "a la Cartan”

Remark 3.5. A second characteristic of the second family

All matrices in the second family have only a small number of entries and
they all lie in a line orthogonal to the diagonal:

[0 =10 p';Th =T, p" 12 =10 .p' P =T . p"

0O 0 0 TV
0 0o Tt o
™ 0 0 0

These entries appear in the useful identity which has been discovered in
remark 2.2.:

M0 —T'.I?* = (T03.T5 — T)p.T5) .p'.p" =a.b—c.d
But here, a = b and ¢ = d (look at the top of this remark); hence:
' —rt.r=a - ¢
(a) Sub-family 2.1 : The simplest decomposition without residual part
is entirely symmetric.

Since :
M =r3r=r?

The useful identity writes:
(F0)2 _ (F1)2 —_ CL2 _ C2

One can define four configurations:

i. The configuration (+, +) :

M =qa;t=c¢

r2)®P) =

o o0 O O
o oo O
o O O

ii. The configuration (-, +) :

0 0 0 —a
0 0 c O
F(Q)(b(p) - 0 c 0 0
—a 0 0 O
25

©Thierry PERIAT, The visages of the Lorentz-Einstein Law - Speculative analysis with the extrinsic method, 12
June 2025.



3 THE LORENTZ EINSTEIN LAW AND THE EXTRINSIC METHOD

iii. The configuration (+, -) :

0 0 0 a
0 0 —c O
F(?)(I)(p) = 0 —c 0 0
a 0 0 O

iv. The configuration (-, -) :

—a 0 0 O

(b) Sub-family 2.2 : The simplest decomposition without residual part
is entirely anti-symmetric.

Since :
FO — _I'\3. Fl — —F2

Here, the useful identity writes:
(I-\l)2 _ (FO)Q _ CL2 _ C2
One can define four configurations:
i. The configuration (+, +) :

M=a1=c

0 0 0 c
0 0 a O
F(Q)q)(p) = 0 —a 0 0
—-c 0 0 0

0 0 0 ¢
0 0 —a O
F(Q)(I)(p) = 0 a 0 0
—c 0 0 O

IM'"'=a;1°=—¢

0 0 0 —c
0 0 a O
F(2)q)(p) - 0 —a 0 0
c 0 0 O
26
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3.7 The chameleons fields

iv. The configuration (-, -) :

Remark 3.6. A third characteristic of the second family

Some elements in the second family are Dirac’s matrices [09 ; §2.13, pp.29-
32].

O

3.7 The chameleons fields
Definition 3.1. What is a chameleon field?
Per convention, a chameleon field is an electromagnetic field:

1. resulting from the treatment of the Lorentz-Einstein law with the extrinsic
method,

2. when the simplest decomposition without residual term of the gravita-
tional term is a bi-vector "a la Cartan",

3. allowing the relation:
0|G] = [F(2, 0)]

The justification of this semantic is clear: a chameleon field is an electromagnetic
field resembling an anti-symmetric variation of the metric.

Remark 3.7. When simplest decomposition without residual term of the gravi-
tational term and the underlying metric are symmetric matrices

Here, one works with:

goo gor go2 4gos
V[G} — [G]t — go1r 9d11 412 glfi
go2 912 922 g23
go3 913 923 933

. and matrices in the sub-family 2.1 which will be denoted:

0 0 0 ¥
0O 0 T O
x 0 0 O
In this context:
[G] . r(2)®(P)
27
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3 THE LORENTZ EINSTEIN LAW AND THE EXTRINSIC METHOD

X-(goo —933)
X-901 — Y .g23
X-902 — Y .g13

goo go1 Go2 9o3 0 0 0 x
go1 911 912 913 00 YT O
go2 912 g22 g23 | [ O Y O O
go3 913 923 933 x 0 0 0
X-903 YT.g02 YT.go1 X-9oo
x-913 Y.g12 YT.g11 X-9o1
X-923 YT.g22 T.g12 X902
X-933 Y.g23 Y.g13 X-Go3
And:
r2)®(p) . [G]
0 0 0 x goo go1 Go2 9o3
00 YT O go1 911 912 Gi3
0O Y 0 O go2 912 g22 g23
x 0 0 0 go3 913 923 G33
X-903 X-913 X-923 X-933
T.gog T.glg T.gQQ T.ggg
YT.gon Y.911 YT.g12 Y.g13
X-900 X-901 X-902 X-903
Hence:
[G] . r2)®(P) — r@2)®(P) - [G]
0 T.go2 — x-913 Y.g901 — X-923
X-913 — Y .go2 0 T. (911 — 922)
X-923 — Y.g01 Y .(g922 — 911) 0
X-(933 —g900) Y.g23 — x-901 Y.913 — X-9go2

Let recall that [07]:

O E. E, E. 0

-E 0 -H, H E
F, = L Z Y 3| af] — z
[ 046] _Ey Hz 0 _HJ: [ ] Ey
-E. -H, H, 0 E.

_Ex
0
H,
_Hy

0

~E, —E.

~H. H,
0 —H,

H, 0

Hence, as expected, the matrix which has been calculated can formally be iden-
tified with a matrix mimicking an electromagnetic field (equivalently: can for-

mally be identified with a chameleon field) in writing:

q.Em: .{T.gog—x.glg}

N —= N~

q.-By = - AT . 901 — x-923}
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3.7 The chameleons fields

1

q.b, = 5-{X-(goo — 933)}
1

q.-H, = 5-{T-913 — X-go2}
1

C]-Hy = 5-{)(-901 - T-923}
1

q.-H, = 5-{T-(922 — gn)}

And this chameleon field is equivalent to an infinitesimal anti-symmetric varia-
tion of the metric such that:

dgoo = 0g11 = 0g22 = 6g33 = 0

1

0go1 = 5«{T-902 - X-913} = —dg10
1

0go2 = 5-{T-901 — X-923} = —0g2
1

0go3 = 5-{X-(900 - 933)} = —0g30
1

0g32 = 5-{T-g13 — X-.g02} = —0g23
1

0g13 = 5-{)(-901 — YT.go3} = —0g3n
1

0go1 = 5-{T-(922 —g11)} = —0g12

Example 3.1. Variations of an initial Minkowski’s geometry
Working with a metric with signature (+ - - -), one gets:
VY
onoo = 011 = Oz = O3z = 0
onor = 0 = —=dmo = q. Ey
omoz = 0 = —don20 = q. By

0os = x = —0n30 = q. E,
57732:0:—5?723:(].1{95
om3 =0 = —on31 = q.Hy
57721 = 0 = —57]12 = q.HZ
And:
0 0 E. 0 00 x 0 0 0 =I°
S o 00 o0| | o0oo0oo00| | 0 00 0
M=24 9 o0 o| "o ooo0o|l "] 0o 00 o
—-E. 00 0 —x 0 0 0 I 0 0 0
29
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If these calculations correspond to some reality, then:

1 0 0 4I°
W+ o —fel=| 0 b0

As usual in mathematical physics, one must ask: "What do these equations
really mean?"

Considering the definition of I'?, one might say - in a first try- that if a particle
with a mass m enters into an empty region of the universe with a Minkowski’s
geometry, then (i) that particle automatically deforms this initial geometry; (ii)
if 0 describes this deformation, the theory of spinors allows to think that it
mimics the z-component of an electromagnetic field. Does it mean that the
instruments would measure an electromagnetic field? Not sure. Are the ge-
ometrical deformations induced by the presence of the particle correctly and
entirely described through the quantity IT'°? No guaranty.

4 Conclusion

Once more time, the mathematics opens theoretical doors which don’t necessar-
ily correspond to some reality. But it would be a shame to not break the habits
that confine our minds in sterile territories. Who tries nothing cannot succeed.
This work does not pretend to be exhaustive. It leaves many topics unexplored:
"What does the matrix [B] really represent? Do the chameleons fields exist in
the nature? Do they correspond to a certain type of elementary particles? Why
do some r(2)®(u) matrices coincide with Dirac’s matrices?"...
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