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Abstract

Ausz clusters are considered as elementary buildings dor the formation of bigger gold
nanocrystals. Two concepts for a 13-atom gold etubhve been worked out in order to
compensate the mismatch between atomic radius o&mel circumsphere diameter of the
icosahedron as limiting atomic distance. The fo@mtcept deals with small deviations of the
outer shell gold atoms of the icosahedral nanoetutom spherical atomic shape by
maintaining the size. The second one proposedexeiitt size of shell atoms in contrast to the
central atom. This concept is supported by thentbeeublished experimental evidence for
the existence of a body-centered cubic structurgobd at high pressure besides the face-
centered one. The density of the gold nanoclustéound to be a little bit smaller than the
density of face-centered cubic gold. The elementiapsahedral A cluster may be
considered as mediator between BCC and FCC steucfur open question is whether Au
clusters are present in dense packing structuresodten gold. Applications of Ay gold
clusters are considered.

Keywords: Polyhedron, Platonic Solids, Mackay-PolyhedrongoRacci Numbers, Golden
Mean, Volume-Area Ratio, Polyhedral Void SpachisterDensity, Cluster Formation, Ads,
AU17.

1. Introduction

In 1962 Mackay reported about of a dense non-diggtaphic packing of equal spheres and
initiated the research on such icosahedral clugtgtsThe icosahedron belongs to the 5
Platonicsolids[2] [3]. It is a convex regular polyhedron in three-dimenal Euclidian space
and consists of 20 congruent equilateral triangialees F), 12 vertices\) and 30 edged<).
These geometric elements obey Ehder relationV + F — E = 2 [4]. We are interested in
the 13 atom cluster consisting of a first shelll@f atoms of gold completed with an atom
located at the center. Generally, the number ahatbuilding complete icosahedral clusters
results in a series of special numb€raccording to



10n3-15n2+11n-3

C(n) = ; (1)
One obtains for the first members
cH=1 C€(2)=13 C(3) =55 C(3) =147 (2)

where the first three numbers dféonacci numbers, but the forth one is né&ibonacci
numbers are derived and introduced Bisano around the year 12025]. About the
significance of especially number 13 for life, plegsand cosmos the reader may follow a
recent contributio6].

Referring to Ausz and bigger gold nano-assembliwe speak more general aboMiNCs
Their small size caused significant quantizatiorthi® conduction band leading to photonic
properties and native luminescent properties afigvisiomedical applications, for instance as
therapy tool in cancer treatmeif. However, in this contribution we deal with baustlers
without stabilizing ligand shells.

In the following we present a mathematical and tafi@graphic exercise for a better
understanding of the important icosahedral clustmasisting of 13 gold atoms. Two
concepts were worked out: 1. all atoms have theessine, but somewhat different shape, 2.
the shell atoms are somewhat bigger than the deaivan. We have calculated effective
cluster diameters in comparison with the experimlenalue and the density of clusters as
well as the void space. About greater gold clusfiersinstance chiral-Aueo gold fullerenes,
see referencg]. The Aus cluster seems to be the stable early clusterntiealiates as seed
the coalescence and formation of Au-nanocrysials Some time ago the present author
reported about the formation and application ofratally flat highly reflecting micro-
platelets of Au, grown in lead bismuth germanaté mea gold cruciblg10] [11].

2. Conclusion from the Existence of a BCC Gold Structure

The recently verified existence of body-centerebicgold under shock compression at 225
GPa comes as a great surpiis2] [13], because 8-coordinated bcc gold hardly represents
tightly packed structure, if thé = 2 gold atoms are considered as equivalent estifihe
density of gold at the named pressure is abou{@8n~3). The more open bcc crystal
structure with lattice parametaris characterized by the mismatch of the atomitadie of

V3
2
unit-cell axis. This mismatch condition means thatd spheres are not able to form a stable
BCC lattice. However, in order to overcome thismasch the size of both atoms could be
varied by charge transfer tentatively generating* andAul; . The oxidation state of 1+ was
frequently found in Au nanoparticles. The concejpgad atoms of different size could also
be applied to the 13-atom icosahedral gold cludtbrs leads us to believe that the central
atom could have a smaller size than the shell atoms/ercome the intrinsic mismatch of
icosahedral geometry as explained in the next tvapters.

a = 0.8660 a along the body diagonal and the full lattice pagten distance along the



The modifications of gold can be compared to timeilar iron modification:a-Fe (ferrite, <
912°C, bece-structures = 2.8665 A) ang/-Fe (austenite, >912°C, fcc-structuges 3.572(5)
A extrapolated to 20°C). Recently, jgelusters with closed shell electron configuratimve
been reported bgcott et al[14].

3. Properties of the | cosahedron

The icosahedron is a regular solid obeying nontalggraphic fivefold symmetry. The
polyhedron notation is given by the symlppf"], wherep is the polygon multiplicity an& is
the number of faces. The notation[8"]. Platonic solids can be drawn and dynamically
visualized using for instance the software foundarhttp://drajmarsh.bitbucket.idHowever,
the reader may construct the icosahedron with ¢ ¢f coordinates for the vertices given in
Table 1, wheregp is the golden mean

V5-1 V5+1

@ ="-=0.6180339887 .. ®="=¢ 1=¢+1=16180339887.. (3)

But division of all coordinates by would transfer + 1 to bigt® = +¢~! and+ ¢ to * 1.
These values were sometimes given in literature.

Table 1. Coordinates of Verticesfor thelcosahedron and Pentagonal Dodecahedron
(Both solids are centered the origin and suitably scaled for sake of siaityl)

Edge lengtha = 2¢
Regular icosahedron Regular pentagonal dodecahedron
X y z X y z
0 ) +1 +1 +1 +1
+ ¢ +1 0 0 + + ¢
+1 0 +p +o7 + ¢ 0

Figure 1 illustrated the rotated icosahedron in order tovslthe fivefold axis. The central
atom has a coordination of 12 in contrast to thellshtom with asymmetric 5 + 1
coordination. This means that the atoms at the different positions should show slightly
different properties.

Important geometric relations for the icosahedrom summarized beloyl5]. We use the
notationV, polyhedron volumeYspn in-sphere volumeA, polyhedron surface areAgy in-
sphere areag;. circumsphere radiug; in-sphere radiug polygon edge length.

V, =2 2a® = 2.1816945 - @’ (4)
Teire = o2 @ = 0.951056516 - a (5)
a 6 1/4
~5(15-3) (52)



= f—ﬁa =0.755761313 - a (6)
-6
Veph =T * 1(2\/§a3 (7)
Vsph _ . 97" _ . _ ~ Tt
ST E ST 0.263814507 = 0.8287977 ~ ——¢ (8)
A, =5- V3 a? =8.660254 - a? 9)
-4
Agpn = n(pTaz oj1
Asph _ o 970 T -4
Ay T isvz ~ 2137 (11)
Yo _ 9 _ i (12)
4y 6V3 3

Figure 1. lllustration of an icosahedron showing one of tlefbld axes.

Also the following important golden mean angle tielas may be useful for our exercise

sin(36°) . o
sinrz) P sin(72°) = Teire (13a,b)
oy =¥ o) i
cos(72°) =~ cos(36°) = » 13c,d)
tan(36°) = 2(p2rcirc (13e)

4. The 13-Atom Gold Cluster

From the lattice parameter of face-centered cubld gf a;.. = 4.0786 A at 20°C we can
obtain the atomic radius of gold

Ty = ‘*"’EGA =1.4428 1}, ~3A3 (14)
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However, a somewhat smaller parameter as develtspad the cubic lattice parameter of
gold may be possible due to the decrease of atwadé with decreasing coordination
number.

If we would have an icosahedral shell of only 12dgatoms without a central atom, the
cluster diameter would yield by applyiag= 21y,

2(Foire + Taw) = 2-(1.902113 + 1) - 14, = 8.30 A (15)

If the center is occupied to assemble a 13-atost@llby maintaining the atomic volume of
gold, the outer atomic shell suffer an atomic defation from spherical to slightly pancake
form to compensate for the mismatch caused byatiethatr,,,.. is a little bit smaller thaa
(equation 5). The mismatch caused a strain towtrespolyhedron center. You can also
follow the mismatch considering the in-sphere radtithe icosahedron;, which is smaller
than the higth; of a tetrahedron as an example for a dense spheking

r; = 0.755761313 - a (16)

“|&

hy=X-a=0.816496a (17)
We proceed with the derivation of the small outeellsatomic deformation of a 13-atom
icosahedral Au cluster. The formula for an elliptideformed sphere with equal volume as
the sphere is

V= %”c%az - cpa With ¢ = (18)

:Nl =

On can obtain anatching numerical result between the free halegahal distance, ;s and
the needed atomic space for an outer atom ancetiteat atom

Teff = C1° 27 gy " Teire (19)
1
Tor = €2 Taut Tau = (14 3) Tau (20)
Both equations result in a cubic equation with eespo the parametey

2
s Qg S T (21)

2T ¢ire 27 circ
The solution provided for the ellipsoid axes partare
c; = 1.0255718 (22)

and ¢, = 0.95075333 (23)
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From a number theoretical viewy can vice versa be approximated by

3

c1 ~ |2 =1.02704 24)
12

Finally, we obtain matching distances
€1 2T gy * Tire = 2.809085 A (25)

€2 Tau+7au=(1+ é) T4 = 2.809085 & (26)

Then the cluster diametdy; can be calculated to be
di3 = 474, C17 cive + 27 2yC2 = 8.356 A (27)

This result agrees well with the cluster diametbsesved experimentallyd,;(exp) =
84 pm = 8.4 A [16].
5. Density Considerations

We ask what the density of the cluster is in congpar with crystalline gold. Gold
crystallizes in the face-centered cubic crystaucitme with lattice parametea;.. =

4.0786 A andZ = 4 atoms in the unit cell, it has a calculatedsity D, of

Z-M 4-196.9665
Dx = == —
VuNg  4.07863:1024:0.602214-10724

=19.2827gcm™3 (28)

whereM is the molar weight anll, is Avogadrés number.

For the 13-atom gold cluster we obtain in a similay by adequate weighting of the 12 shell
atoms an effectiveZ of about 3 atoms. For sake of simplicity we replabe volume
contribution of the shell atoms by spherical cutsomstead of five-sided pyramids capped
with spherical sections. Therefore the base #e# the pyramid is replaced by a circle
having an effective radiug,

5 o
A =tan(54°) -1y, * = s (29)
Tuors = 0.74003038 - 1, 130

The height of the sphere section is

h=rm (1 - J1 — = tan(54°) ) = 0.327427 - Ty, (31)

The formula for the cut-out volume yields



2 h = 0.68576 1,3 (32)

V =
cut 3

Yot — 2. 3 .0327427 = 0.163713 ~ * (33)
Vau 3 41 6
With this result we obtain only about 3 gold atdmesting in the icosahedron
12 -2t 4 1 = 2965 ~ 3 34)
Vau
It gives too small a density of the gold cluster of
Dcluster ~ 17.25 (gcm‘3) (35)

However, when using the original icosahedron voliopeliminating the factor3, we get for
the density
D _ 3:196.9665
cluster ™ 53 3335.1024.0.602214-10~24

= 18.75 (gcm™3) (36)

This density approach, based on the cluster diaréggill 8.30A (relation 15), supposes that
the size of the central gold atom within the clussereduced a little bit by suffering an
internal pressure (chemical pressure) in contcatte shell atoms.

Now we use the second approach where the shape shell atoms is varied, but the volume
of all atoms remains unchanged. If we define theme that completely contains all 13 gold
atoms, we must choose the icosahedron edges amntartg the shell atoms. This means that
the half-diameter of the cluster have to be enhdubgea length oAl, approximately obtained
as

Al ~ (ﬁ _ 1) Oy Ty = 0.2928 A (37)
2

wherey = 110.90515° is the angle between edge and face of the icosaihed

Then we obtain for the edge length of this enhamnceshhedron

I d13+2Al _ Q
a = e - 470 A 138
and for the volume respectively
V=—_a=2265143 (39)
69

But we should reduce this volume by the volumehef produced pyramidal peaks about the
12 shell atoms. The small peak volume for the 2 sthtoms is about

12 Vyear = 5 - tan(54°) - tan?(55.45°) - @2 - (AD)® ~ 0.162 A3 (40)



Then the density of the cluster provides the follaplower estimate

Z-M > 13-196.9665
V:Ng — 226.35:1024:0.602214-10724

=18.78 (gcm™3) (41)

Deiyster =

The volume ratio of the gold atoms to the icosablediolume yields

. 2
A ot = 2 = 07200 (42)

and the void volume ratio respectively

1-— "Vﬂ = 0.23542 ~ ¢3 = 0.2800 (43)

P

Comparable values for the face-centered cubic gadd

4T 3

Vau _ 4"?"'Au T
S = o = T = 074048 (44)
1- Zﬂ = 0.259519 ~ 1 — /2 = 0.25952 (45)
fecc

It indicates again that the packing efficiency bé ticosahedral cluster is only marginally
smaller than that for the face-centered cubicdaiti

The density of solid gold just below the meltingimoat T,,, = 1064°C is about 18.31
(gecm™2) and that of liquid gold above the melting poinalsout17.31 (gem™3) [17]. One
may argue to find 13-atom gold clusters as densklibg entities in molten gold. The
transformation of gold exhibiting the body-centemtbic structure into the face-centered
cubic one may be via a liquid state composed it @gaglementary Ay units. The 13-atom
cluster with a 12-coordinated central atom candgarded as mediator between the eightfold
coordinated BCC structure and the twelvefold camatid FCC structure. A hard-sphere
respectively soft sphere transformation simulati@s recently reporteld 8]. The reader may
also study an early contribution to structural comgnts of molten gold published Bychter
andBreitling [19].

A fictive hard-sphere lattice parameter of BCC godah be calculated using the atomic radius
of gold. We obtain for the lattice parameter at eanbconditions

Apee = %rAu =33304 46}
and for the fictive density
_ 21969655 _3
Dpee = 36.931-0.602214 17.712 (gem™) (47)



If we tentatively apply the thermal expansion cogfht for FCC gold, reported ag,, =
13.4-107%(°C1) [20], we calculated for the fictive density just beltive melting point a
value of

DIY(T,) =~ 17.00 (gcm™3) < Dppee = 17.31(gem™3) (48)
This explains the non-existence of BCC gold undabiant conditions in contrast to the
relative stable A nanocluster, whereas under high-pressure conditilue to a fortunate
pressure coefficient BCC gold and its transformmatisto FCC gold respectively the fu
cluster could be observét3].

6. IrAuy, Cluster

Recently, it was reported about the synthesis aopenties of nearly perfect icosahedral
IrAu1, clusters showing superior photoluminescefiig. Because the central Ir atom has a
smaller atomic radius of 1.357 A compared to A, thismatch is considerably reduced. In
the reference the following atomic distances wemeamentally determine®1]

Ir — Au = 2.740 A Au — Au = 2.881 + 0.028 A (49)
135741442 _ 0.9712 > 0.9510 = L% (50)
2-1.442 2

The best choice would be vanadium as central atibtheogold icosahedron with an atomic
radius of about 1.314 leading to a mismatch of only 0.95458-0.95106 G085, or copper
with 1.278A giving 0.94379-0.95106 = - 0.0073.

7. Characteristics of X-Ray Scattering from Hollow Polyhedral Structures

Some years ago, the present author modeled a cuprate super-cage and calculatedXits
ray powder patterf22]. The pattern showed a pronounced intensity modunla&if the peaks,
which can be understood as resulting from a unifetettron density distributiop on the
shell of a hollow sphere of radiug approximating the empty polyhedral cage. Thisceqh
can be applied also to icosahedral Aclusters.

By calculating the structure facté k) as the Fourier transform of the radial chargesidgn
p(r), the property of the Dirac delta functiénis used, where the integral dftimes some
other functiori(r) is equal to the value of f(r) at the positidryo

j f(No(r -R)dr = f (R). 51)

Following in part the calculation conceptAifoul & Lyle [23] applied to G buckyballs, one
obtains the scale factor A from the total numbgopf\electrons of the polyhedron, confined to
a shell of radius R as



N, = I pr)d’r =T47‘[25(I‘ -R) Adr =477AR, A= N/ (47R). (52)

Using polar coordinates 1y, 6, for spherically symmetric functions, one obtafos the
volume element
d3r = r2dr de sin(0) d6. (53)

ThentheFourier transform yields

F (k) =Ip(r)exp(—ik-r o (54)
00 2
:Aj r?o(r-R) dr j d¢j exp(-ikr co® )sigdd (55)
0 0 0
Substituting cos@) =  gives
lfexp(—ikr co® )sinﬂdaz_jl £ Dexpikr¢ dg= ﬂ%r) (56)
_oa(SINKr) oo _ sinkR) _ ., sinkR)
Hence F(k)-4rrAJ; =T 3(r -R) dr = 47AR ol = (57)

Finally, the intensity results as

)47 (9 P | (58)

By replacing|k| = k =2r/d with the interplanar spacing = M(2sin@)) = a/(N(h*+k*+I%)
exemplarily for a body-centered cubic crystal,ahde seen thafk) shows zeros foR/d =
n/2 with integern and maxima neaR/d = (2n+1)/4, respectively. A more exact solution,
reflecting the slope of the denominator functiomyrbe applied to calculate the radRifrom

d ork values assigned to the ‘corrected’ maxima of order

R=K'f(d= k(= P, of5

where Z:ﬂ(m; 1)) : (60)

In addition, the intensiti(k) of an actual ‘powder’ pattern has to be correéted pG factors
and overall atomic displacement exf(}2respectively. This was applied Fgure 2 to
display the modulated intensity of the bar icosahledlu;, cage structure. Adding the central
gold atom would cause only a slight perturbatiothefobtained result.

The first maximum orFigure 2 is seen ak = 1.601A~1. We can reproduce the radiRsof
the cluster fom = 1 by using the relations (59) and (60) beRg 2.81A. For sake of
comparison, the location of the 111 and 200 reflest of face-centered cubic gold are
displayed inFigure 2 in blue color at|k| = 2.668 A~! respectivelyk| = 3.028 A~1, settled
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both in the second spherical shell diffraction kg he first diffraction fringe is not occupied
attributed to the selection rules for face-cermtengbic lattices.

u

B

N

X-Ray Intensity (au)
uJ

=

0 i 2 3
lk| (A"
Figure 2. Simulation of theX-Ray Intensity Distribution of an Spherical Shalbsahedral
Aup, Cage Structure (arbitrary intensity units, scattpvector|k| = %”, R = 2.814). The
blue lines display the location of the 111 and &€fctions of fcc gold.

6. Nanocluster For mation Forces

Among the forces involved in the formation of nalmsters, the driving out of the all-
pervading vacuum energy fiel@€#simir force) must be named fir§24]. Once elementary
icosahedral Ay clustersare formed under ambient conditions, they can sesv&eds around
which different bigger gold nanocrystals evol9é

The ligand stabilized Ay cluster always shows the closed electron shekrsipmic orbital
configuration (1SY1P¥. On the other side, by considering the next closteall we have a
connection with number 13

8+18=2-13 (61)

7. Extended Applications

The photonic properties of icosahedral gold clestwith native luminescence have been
successfully used in biomedical applications asaine tool in cancer treatmefit]. Besides
such applications, ligand stabilized icosahedrahtti®n gold clusters assembled in capillaries
are conceivable to generate amplified spontaneoussen and lasing and would promise a
quite stable facility. A recent example for suclplegation is the generation of random lasing
in capillaries doped with rhodamin&énicrosphere$25]. Exceptional optical and electronic
properties are suggested by the possibility that® st in the center of the 13-Au
icosahedral cluster.
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Recently, the synthesis of atomically precise #anoclusters were performed via catalytic
reduction of Al to AU’ by activated KHusing a palladium catalyg26]. Also the potential of
such clusters for CQeduction is there reported.

Very interesting from the viewpoint of crystallogtey as well as applications is the observed
helical charge movement in [AgP1oClo]%* clusters caused by a slight torsion between both
equatorial Ag pyramids of the icosahedrga7]. Could such a twist also be generated, when
the icosahedron suffers a moderate pressure altwegfald axis?

Another question is in what form nanoscale golgrisnary deposited, when gold eating
bacteria like cupriavidus mettalidurans keep hebithpumping out an excess of that toxic
metal? Could along this route Awgold clusters be produced in large-scale amount?

8. Magic Aui7 Nanocluster

The icosahedron with point group symmdirgan be build up from two pentagonal pyramids
where one pyramid is 180° rotated around a vertecat and then both pyramids are
connected by equilateral triangles. However, whaur fpentagonal pyramids connect their
sides by squares, and the cage center is occupiad hdditional atom, then a beautiful and
magic Au- cluster with non-crystallographidsg point group symmetry is formed, showing
an improperS axis. Another example for this point group symmesrthe puckered ring of
octasulfur. Number 17 can be obtained as the meéé#mecsuccessivEibonaccinumbers 13
and 21. Such assembly of Au atoms allows in contoathe icosahedral one more space for
the central atom. The distance between centrapaall atom match now almost perfectly the
space needed for an Au atom

’ 1
Yeirc = Yau +2- Tau 1-— W = 2.0515 - Tau (62)

The cluster diameter yields
dyy = 20eire + 274, ~ 8.80 A (63)

The dominance of such superatomic clusters withmgiac and electronic shell closure was
experimentally and theoretically verified for Agclusters by Yin et al28]. The results can
be applied to Ay clusters, too. Recently, unexpected otheg;Alusters were investigated
with star-like formg29].

9. Electron and 13-Atom Cluster

We proposed the vortex structure of the electrangoan icosahedralloebiusball, where
closed spiraling waves travel inwardly and outwarbngMoebiusslings thereby touching
the 12 vertices and the centg0] [31].These positions are equivalent to the atomic jowosit

of the 13-atom gold cluster. This magic body wsfbeauty and effectiveness. We connected
icosahedron mathematics with number 13 and thie fiftwer of the golden mean as well as
Sommerfeld universal structure constant! = 137.036 for rotational movement and the
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gyromagnetic factor of the electrgy. Some equations should demonstrate such numerical
interrelationg32] [33]

d,.. =13+ ¢° (64)
4 1\2 3

2(13+2) +¢® = 137.0407 (65)
137 + 25 = 137.03606 166
a~l =413 + (m + Dr = 137.0363 (67)

J2¢/a = 13.01482999 ... ~ (r + 1)m = 13.011197 (68)

_p o #°_19%s 1 9% _

g9,=2+% ()2 -2 (£)® = 2002319304 ... (69)

However, the exact derivation gf matching the exorbitantly accurate experimentdliera
was given byGuynn[34].

We should recognize some similarities between ttractsires of electron, atom and
superatom.

10. Conclusion

The icosahedral cluster consisting of 13 atomsaddl gepresents a dense solid body that is
only 2.6 % less dense than face-centered cubicwthdits dense sphere atomic packing. The
12 shell atoms of the 13-atom cluster can devibghtl from assumed spherical shape, in
this way compensating the geometrical mismatch ithataused by the occupation of the
center by an additional atom. The shell atoms @agproximated by an elliptically shaped
influence sphere having two equal half-axes enthtgethe factor of 1.02557, and the third
axis reduced by the factor of 0.95075. Another ibagy is to attribute slightly different sizes
for the central atom and the shell atoms. This @ggr may be supported by the existence of
body-centered-cubic gold at high pressure. Unddriemh conditions the Ay cluster serves
as seed, around which bigger nanocrystals of gabdve It should be investigated further,
whether icosahedral Aglclusters are formed in molten gold as dense pgcélternative.
Since Mackays approach of non-crystallographic packing of speemany important
biomedical applications of such clusters with ewew possibilities have exceeded all
expectations. We would like to conclude with thegsin make gold golden
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